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Double Series of Bessel Functions
and the Circle and Divisor Problems

2.1 Introduction

In this chapter we establish identities that express certain finite trigonometric
sums as double series of Bessel functions. These results, stated in Entries 2.1.1
and 2.1.2 below, are identities claimed by Ramanujan on page 335 in his lost
notebook [269], for which no indications of proofs are given. (Technically,
page 335 is mot in Ramanujan’s lost notebook; this page is a fragment pub-
lished by Narosa with the original lost notebook.) As we shall see in the
sequel, the identities are intimately connected with the famous circle and
divisor problems, respectively. The first identity involves the ordinary Bessel
function Ji(z), where the more general ordinary Bessel function J,(z) is
defined by

> (1) 2\ v+2n
()= —— (= , , (211
Jo(2) ;n!F(u+n+1)(2) 0<|z|<oo, veC. (2.1.1)

The second identity involves the Bessel function of the second kind Y (z) [314,
p. 64, Eq. (1)], with Y, () more generally defined by

Ju(z) cos(vm) — J_,(2)

sin(v)

Y. (z) :=

, (2.1.2)

and the modified Bessel function K;(z), with K,(z) [314, p. 78, Eq. (6)]
defined, for —7m < argz < %ﬂ', by

eI ] (iz) — e” /2 ], (i2)

sin(v)

K, (2) = g (2.1.3)
If v is an integer n, then it is understood that we define the functions by
taking the limits as v — n in (2.1.2) and (2.1.3).

To state Ramanujan’s claims, we need to next define
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8 2 Double Series of Bessel Functions and the Circle and Divisor Problems

Flz) = {[x], if 2 is not an integer, (2.1.4)

if x is an integer,

where, as customary, [x] is the greatest integer less than or equal to x.

Entry 2.1.1 (p. 335). Let F(z) be defined by (2.1.4). If 0 < 6 < 1 and
x>0, then

ZF ( ) sin(2mnf) = mx <% - 9) - icot(m?)
L& & [N (ryme0z) g (4r/mln 1= 0)0)

R T Ve V1=

(2.1.5)

Entry 2.1.2 (p. 335). Let F(z) be defined by (2.1.4). Then, for x > 0 and
0<h<1,

ZF( )cos 2mnl) = i — zlog(2sin(n0))
1 (4r/mn+0)z) I (4my/mn+1-0))

m(n+ 0) * m(n+1—0)

where

Ramanujan’s formulation of (2.1.5) is given in the form

m sin(28) + E} sin(476) + [g} sin(676) + E} sin(88) +

Ji(dmvmbz)  Ji(dmy/m(l — 0)x)
+J1(47T\/m(1 +0)z) J1(47T\/m(2 - 0)3:) . Ji(dmy/m(240)z)
Vm(1+6) V/m(2 = 6) Vm(2+0) ’

(2.1.8)

“where [z] denotes the greatest integer in x if x is not an integer and x — %

if = is an integer.” His formulation of (2.1.6) is similar. Since Ramanujan
employed the notation [z] in a nonstandard fashion, we think it is advisable
to introduce the alternative notation (2.1.4). As we shall see in the sequel,



2.1 Introduction 9

there is some evidence that Ramanujan did not intend the double sums to be
interpreted as iterated sums, but as double sums in which the product mn of
the summation indices tends to oco.

Note that the series on the left-hand sides of (2.1.5) and (2.1.6) are finite,
and discontinuous if x is an integer. To examine the right-hand side of (2.1.5),
we recall [314, p. 199] that, as © — oo,

2 \'/? 1
Jy(z) = <%> cos (z — gvm — 3m) + O (m) (2.1.9)

Hence, as m,n — oo, the terms of the double series on the right-hand side of
(2.1.5) are asymptotically equal to

) cos (MW - gw)

v/ 221/4m3/4 (n + 0)3/4

cos (MW - gw)

(n+1—0)34

Thus, if indeed the double series on the right side of (2.1.5) does converge,
it converges conditionally and not absolutely. A similar argument clearly per-
tains to (2.1.6).

We now discuss in detail Entry 2.1.1; our discourse will then be followed
by a detailed account of Entry 2.1.2.

It is natural to ask what led Ramanujan to the double series on the right
side of (2.1.5). Let r2(n) denote the number of representations of the positive
integer n as a sum of two squares. Recall that the famous circle problem is
to determine the precise order of magnitude, as x — oo, for the “error term”
P(z), defined by

S ra(n) = 7a + Pa), (2.1.10)
0<n<zx
where the prime / on the summation sign on the left side indicates that if x
is an integer, only 3rs(z) is counted. Moreover, we define r2(0) = 1. In [144],
Hardy showed that P(z) # O(z'/*), as x tends to co. (He actually showed a
slightly stronger result.)
In 1906, W. Sierpinski [288] proved that P(x) = O(x'/3), as x — co. After
Sierpiriski’s work, most efforts toward obtaining an upper bound for P(z) have
ultimately rested upon the identity

>

0<n<zx

! x

o 1/2
ra(n) =z + 3 ra(n) (—) Jy(2my/nz), (2.1.11)
n
n=1
(2.1.9), and methods of estimating the resulting trigonometric series. Here,
the prime /7 on the summation sign on the left side has the same meaning as
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above. The identity (2.1.11) was first published and proved in Hardy’s paper
[144], [150, pp. 243-263]. In a footnote, Hardy [150, p. 245] remarks, “The form
of this equation was suggested to me by Mr. S. Ramanujan, to whom I had
communicated the analogous formula for d(1)+d(2)+- - -+ d(n), where d(n) is
the number of divisors of n.” Thus, it is possible that Ramanujan was the first
to prove (2.1.11), although we do not know anything about his derivation.

Observe that the summands in the series on the right side of (2.1.11) are
similar to those on the right side of (2.1.5). Moreover, the sums on the left
side in each formula are finite sums over n < x. Thus, it seems plausible that
there is a connection between these two formulas, and as we shall see, indeed
there is. Ramanujan might therefore have derived (2.1.5) in anticipation of
applying it to the circle problem.

In his paper [144], Hardy relates a beautiful identity of Ramanujan con-
nected with r2(n), namely, for a,b > 0, [144, p. 283], [150, p. 263],

i 2my/(n+a)b _ (n) e —27m4/(n+b)a
— n —I— a

which is not given elsewhere in any of Ramanujan’s published or unpublished
work. If we differentiate the identity above with respect to b, let a — 0, replace
2mv/b by s, and use analytic continuation, we find that for Res > 0,

;7‘2( —Sf —1+27TSZ +4ﬂ_2 3/2,

which was the key identity in Hardy’s proof that P(z) # O(z'/*), as  — oc.

In summary, there is considerable evidence that while Ramanujan was at
Cambridge, he and Hardy discussed the circle problem, and it is likely that
Entry 2.1.1 was motivated by these discussions.

Note that if the factors sin(27nd) were missing on the left side of (2.1.5),
then this sum would coincide with the number of integral points (n,l) with
n,l > 1 and nl < z, where the pairs (n,[) satisfying nl = = are counted with
weight % Hence,

iF(%) - Z/ d(n), (2.1.12)
n=1

1<n<z

where d(n) denotes the number of divisors of n, and the prime 7 on the sum-
mation sign indicates that if x is an integer, only %d(:v) is counted. Of course,
similar remarks hold for the left side of (2.1.6). Therefore one may interpret
the left sides of (2.1.5) and (2.1.6) as weighted divisor sums.

Berndt and A. Zaharescu [71] first proved Entry 2.1.1, but with the order
of summation on the double sum reversed from that recorded by Ramanujan.
The authors of [71] proved this emended version of Ramanujan’s claim by first
replacing Entry 2.1.1 with the following equivalent theorem.
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Theorem 2.1.1. For 0 <0 <1 and z > 0,

ZF( ) sin(2mnf) - 7 (%—9)
S22 (e () - ().

(2.1.13)

It should be emphasized that this reformulation fails to exist for Ramanu-
jan’s original formulation in Entry 2.1.1. After proving the aforementioned
alternative version of Entry 2.1.1, the authors of [71] derived an identity
involving the twisted character sums

n) =Y x(k), (2.1.14)

k|n

where y is an odd primitive character modulo ¢. The following theorem on
twisted character sums is proved in [71]; we have corrected the sign on the
second expression on the right-hand side. The prime / on the summation sign
has the same meaning as it does in our discussions above, e.g., as in (2.1.10).

Theorem 2.1.2. Let q be a positive integer, let x be an odd primitive char-
acter modulo q, and let d, (n) be defined by (2.1.14). Then, for any x > 0,

Z dy(n) = L(1, )z + (X)L(1,>z)+i\/,5 > x(h)
1<n<z 2 T(X)1§h<qﬂ

33> Jl(“m)_*(“m) 2115)

where L(s,x) denotes the Dirichlet L-function associated with the character
X, and T(x) denotes the Gauss sum

(x) = Y x(m)emm/a. (2.1.16)

Using Theorem 2.1.2, Berndt and Zaharescu [71] derived a representation
for Z/Ogngm ra(n).
Corollary 2.1.1. For any = > 0,

!/

Z ro(n) = mx

0<n<zx

N ) (471'1 /m(n + %):1:) J1 (47n fm(n + %):1:)
+ 2\/57;; \/m - \/m . (2.1.17)
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A possible advantage in using (2.1.17) in the circle problem is that ro(n)
does not occur on the right side of (2.1.17), as in (2.1.11). On the other hand,
the double series is likely to be more difficult to estimate than a single infinite
series.

The summands in (2.1.17) have a remarkable resemblance to those in
(2.1.11). It is therefore natural to ask whether the two identities are equivalent.
We next show that (2.1.11) and (2.1.17) are formally equivalent. The key to
this equivalence is a famous result of Jacobi. Let x be the nonprincipal Dirich-
let character modulo 4. Then Jacobi’s formula [167], [44, p. 56, Theorem 3.2.1]
is given by

ro(n) =4y (=1)“V/% = 4d, (n), (2.1.18)
ddo‘dd

for all positive integers n. Therefore,

Zm(k) (%)1/2 J1(2nVkz)
k=1
= 4§: Z (—1)d=1/2 (%)1/2 J1(2nVkz)
k=1 dlk
d odd

— vm(dn +1) vm(4n + 3)
© > 1(4my/m(n Lyg 141y /m(n 3g
22y Y Aldrymint Do) Aldmym 3o . (2.1.19)

_4\/5% i <J1(2W\/WT+1)IE) J1(2w\/M)>

n=0m=1 \/mn+ 1) \/m

Hence, we have shown that (2.1.11) and (2.1.17) are versions of the same
identity, provided that the rearrangement of series in (2.1.19) is justified.
(J.L. Hafner [139] independently has also shown the formal equivalence of
(2.1.11) and (2.1.17).)

In this chapter, we prove Entry 2.1.1 under two different interpretations,
the first with the double series on the right-hand side summed in the order
specified by Ramanujan, and the second with the double series on the right
side interpreted as a double sum in which the product mn of the summation
indices m and n tends to infinity. The former proof first appeared in a paper
by Berndt, S. Kim, and Zaharescu [60], while the latter proof is taken from
another paper [57] by the same trio of authors. We do not here give a proof
of Entry 2.1.1 with the order of summation on the right-hand side of (2.1.5)
reversed [71]. We emphasize that the three proofs of Entry 2.1.1 under different
interpretations of the double sum on the right-hand side are entirely different;
we are unable to use any portion or any idea of one proof in any of the other
two proofs.
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Having thoroughly discussed Entry 2.1.1, we turn our attention to
Entry 2.1.2. Entry 2.1.2 was examined in detail in [48], where numerical cal-
culations were extensively discussed with the conclusion that the entry might
not be correct, because, in particular, the authors were not convinced that the
double series of Bessel functions converges. Further evidence for the falsity of
Entry 2.1.2 was also presented. Finding a proof of Entry 2.1.2, either in the
form in which Ramanujan recorded it, or in the form in which the order of
the double series is reversed, turned out to be more difficult than establishing
a proof of Entry 2.1.2 in [71] for the following reasons: The Bessel functions
Yi1(z) and K (z) have singularities at the origin. There is a lack of the “can-
cellation” in the pairs of Bessel functions on the right-hand side of (2.1.6)
(where a plus sign separates the pairs of Bessel functions) that is evinced
in (2.1.5) (where a minus sign separates the pairs of Bessel functions). We
have a much less convenient intermediary theorem, Theorem 2.4.2, instead of
Theorem 2.1.1, which replaces the proposed double Bessel series identity by
a double trigonometric series identity. At this writing, we are unable to prove
Entry 2.1.1 with the order of summation prescribed by Ramanujan. However,
we can prove Entry 2.1.2 if we invert the order of summation or if we let the
product of the indices of summation tend to infinity. Moreover, as we shall
see in our proof, we need to make one further assumption in order to prove
Entry 2.1.2 with the double series summed in reverse order.

As noted above, let d(n) denote the number of positive divisors of the
positive integer n. Define the “error term” A(x), for 2 > 0, by

Z/ d(n) =z (logz + (2v—1)) + % + A(z), (2.1.20)

n<zx

where v denotes Euler’s constant, and where the prime / on the summation
sign on the left side indicates that if = is an integer, then only %d(:c) is counted.
The famous Dirichlet divisor problem asks for the correct order of magnitude
of A(x) as  — oo. M.G. Voronoi [310] established a representation for A(z)
in terms of Bessel functions with his famous formula

S d(n) = @ (loga + (2y— 1)) + % + nzz:ld(n) (%)”2 L(4ry/nz), (2.1.21)

n<x

where z > 0 and I;(z) is defined by (2.1.7). Since the appearance of (2.1.21)
in 1904, this identity has been the starting point for most attempts at finding
an upper bound for A(z). Readers will note a remarkable similarity between
the Bessel functions in (2.1.6) and those in (2.1.21), indicating that there must
be a connection between these two formulas.

From the argument that we made in (2.1.19), it is reasonable to guess
that Ramanujan might have regarded the double series in (2.1.5) symmet-
rically, i.e., that Ramanujan really was thinking of the double sum in the
form limy 00 D, < - Thus, as with (2.1.5), we also prove (2.1.6) with the
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double series being interpreted symmetrically. Our proof uses (2.1.21) and
twisted, or weighted, divisor sums. Our proofs of Entry 2.1.2 under the two
interpretations that we have discussed first appeared in [57].

The identities in Entries 2.1.1 and 2.1.2, with the double series interpreted
as iterated double series, might give researchers new tools in approaching the
circle and divisor problems, respectively. The additional parameter 6 in the
two primary Bessel function identities might be useful in a yet unforeseen way.

In summary, there are three ways to interpret the double series in En-
tries 2.1.1 and 2.1.2. Our proofs in this volume cover both entries in two of
the three possible interpretations.

Analogues of the problems of estimating the error terms P(z) and A(x)
exist for many other arithmetic functions a(n) generated by Dirichlet series
satisfying a functional equation involving the gamma function I'(s). See, for
example, a paper by K. Chandrasekharan and R. Narasimhan [90]. As with
the cases of r2(n) and d(n), representations in terms of Bessel functions for
> n<s a(n) and more generally for ) a(n)(z —n)?, which are occasionally
called Riesz sums, play a critical role. See, for example, [26, 89], and [31].
A Bessel function identity for ' __a(n)(z —n)? is, in fact, equivalent to the
functional equation involving I'(s) of the corresponding Dirichlet series [89)].
The second author, S. Kim, and Zaharescu [59] have established a Riesz sum
identity for

!

Z (x —n) Z sin(27r),

n<z r|n

which in the special case v = 1 reduces to (2.1.5). One might also ask
whether Ramanujan’s identities in Entries 2.1.1 and 2.1.2 are isolated results,
or whether they are forerunners of further theorems of this sort. To that end,
the second author, S. Kim, and Zaharescu [58] have found three additional
results akin to the aforementioned entries. We provide one example.

Define, for Dirichlet characters xy; modulo p and x2 modulo g,

Ay xa ( ZXI )xz2(n/d).

d|n

Also, for arithmetic functions f and g, we define

C ety | S F)g(m), if z ¢ Z,
Y fn)g(m) {angmf(n)g(m)_%Enm_mf(n)g(m), if z € Z.

nm<z

Theorem 2.1.3. Let I1(x) be defined by (2.1.7). If 0 < 0, 0 < 1, and x > 0,
then
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ZI cos(2mnd) cos(2mmo)
SR L L(4my/(n+0)(m+o)x) L(An/(n+1—0)(m+ o))
+ Z { (n+60)(m+ o) Vin+1=0)(m+o0)

n,m>0

nLany/(n+ 6)(m +1—o)x) , hdry/(n+1—6)(m+1—ou) }
Vin+0)(m+1-o0) Vin+1=0)(m+1—-o0) ’
(2.1.22)

where in the double sum on the right-hand side of (2.1.22), the product mn
of the two summation indices tends to infinity.

The remaining two theorems in [58] involve sums of products of sines and
sums of products of sines and cosines, respectively. The employment of sums
of dy, v, (n) is crucial in all of the proofs.

2.2 Proof of Ramanujan’s First Bessel Function
Identity (Original Form)

In this section we provide a proof of Entry 2.1.1 in the form given by Ramanu-
jan. Our proof is a more detailed exposition of the proof given by the second
author, S. Kim, and Zaharescu [60]. On the other hand, these authors actu-
ally prove a more general theorem. First, they introduce a family of Dirichlet
series. For z > 0 and 0 < 0 < 1, let

Glz,0,5) = i w (2.2.1)

m=1
where the coefficients a(z, 0, m) are given by
o< | Jy (471'«/m(n + 9):1:) J1 (471'«/m(n +1-— 9)3:)

ale,8:m) =3 i i

: (2.2.2)

For z > 0 and 0 < 6 < 1, by (2.1.9), the series in (2.2.1) is absolutely
convergent in the half-plane Res > g. Second, to prove Ramanujan’s claim
in Entry 2.1.1, we need to establish an analytic continuation of G(z, 6, s) to a
larger region. In [60], the aforementioned authors prove the following theorem.

Theorem 2.2.1. For x > 0 and 0 < 0 < 1, G(z,0,s) has an analytic con-
tinuation to the half-plane Res > %. For s in this half-plane, and = > 0,
the series in (2.2.1) converges uniformly with respect to 0 in every compact
subinterval of (0,1). If x is not an integer, these conclusions hold in the larger
half-plane Re s > %

Fourier analysis is then employed to recover the value of G(z, 0, s) at s = %

2
and in this way, Entry 2.1.1 is established.



16 2 Double Series of Bessel Functions and the Circle and Divisor Problems
2.2.1 Identifying the Source of the Poles
Fix = > 0, and define, for 0 < 0 < 1,

o 1\/_ o oo [ (47T\/m(n—|—9)3:) Ji (47n/m(n—|—1—9):1:)
W= LN T e veeTTh

(2.2.3)

In order for Ramanujan’s Entry 2.1.1 to be valid, the double series in (2.2.3)
needs to converge, and the function g(#) needs to be continuous on (0,1).
We prove this by showing that the double series converges uniformly with
respect to 6§ in every compact subinterval of (0, 1). Also, in order for Entry 2.1.1
to hold, g(0) needs to have simple poles at § = 0 and § = 1. We start by
employing a heuristic argument, which allows us to identify that part of the
double series that is responsible for these poles.

Setting a = 47/x and taking the terms from the right-hand side of (2.1.5)
when n = 0, we are led to examine the series

() = 3~ Jilavhm)

N

We consider the Mellin transform of T'(¢), for o sufficiently large, and make
the change of variable t?> = a?0m to find that

o0 . - o L o0 .
/0 T(6)0 1d9_mz_1\/ﬁ/0 J1(aVOm)>—1do

m=1

p— 1 oo
== - Jy() 25t
a2s mZ:l mst+1/2 A 1( )
I'(3+35)

m, (2.2.4)

2 .
= @C(S +5)2%7!

where we used a well-known Mellin transform for Bessel functions [126, p. 707,
formula 6.561, no. 14], which is valid for —% <o < %. Applying Mellin’s

inversion formula in (2.2.4), for 2+ < ¢ < 2, we find that
1 [etiee I'(3+s) (a?0\ °
T) = — == — ) ds. 2.2.5
=5 ], <(5+2>F<%—s><4> w229

We would now like to shift the line of integration to the left of o = % by
integrating over a rectangle with vertices ¢ & i7,b + ¢T', where T > 0 and
0 < b < 2, and then letting T — oo. Thus, since the integrand has a simple

PR
a20\ "2 2
(F) -7

pole at s = % with residue
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we find that
2
TO)=—7%+--
(0) =~ 7
We assume that the missing terms represented by --- above are bounded

as § — 0T. Returning to (2.1.5) and recalling the notation a = 4m\/z, we
find that the portion of (2.1.5) corresponding to the terms when n = 0 is
asymptotically equal to, as § — 0T,

1\/5 2 1
2 947‘(\/@9_47T9.

1 1
~1 cot(mh) = ~nd +0(0),

as 0 — 0, we see that the right-hand side of (2.1.5) is continuous at 6 = 0.
A similar argument holds for 6 = 1.

By this heuristic argument, if we remove from the definition of g(#) all
the terms with n = 0, we should obtain a function that can be extended by
continuity to [0,1]. We prove that this is indeed the case, by showing that
the sum of terms with n > 1 converges uniformly with respect to 6 in [0, 1].
As for the terms with n = 0, we will show that their sum converges uniformly
with respect to € in every compact subinterval of (0, 1), and that if each of
these terms is multiplied by sin®(78), then their sum converges uniformly with
respect to 0 in (0,1) to a continuous function on (0,1), which tends to 0 as
6 — 0T or # — 1~. If we assume that the aforementioned statements have
been proved, it follows that the function G(6) defined on [0, 1] by G(0) = 0,
G(1) = 0, and G(0) = sin®(76)g(6) is well-defined and continuous on [0, 1].
We return to the function G(6) in Sect.2.2.10. We now proceed to study the
uniform convergence of the double series on the right side of Entry 2.1.1.
In what follows, by “uniform convergence with respect to #” of any series or
double series below, we mean that one simultaneously has uniform convergence
with respect to 6 on every compact subinterval of (0,1) for the given series,
and uniform convergence with respect to 6 in [0, 1] for the series obtained by
removing the terms with n = 0 from the given series.

Since

2.2.2 Large Values of n

Fix an x > 0, and set a = v/4wz. With the use of (2.1.9), the problem of the
uniform convergence with respect to 6 of the double series on the right side
of Entry 2.1.1 reduces to the study of the uniform convergence with respect
to 6 of the double series

s s cos(ay/ m(n — 3z
Sl(aﬁ):—zzmiM( ( 0=

(n + 0)%/4

_cos(ay/m(n +1—6) — 3?”) , (2.2.6)

(n+1— )/

m=1n=0
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We first truncate the inner sum in order to further reduce the problem to one
in which the summation over n is finite. Accordingly,

cos(ay/m(n+ 60) — 31) B cos(ay/m(n+ 1 —0) — 8

(n + 0)3/4 (n+1—6)3/4
‘cos(a\/m— 31y — cos(ay/m(n + 1 — ) — 2X)
- (n + 0)3/4
1 1
- (n+0)3/4  (n+1—0)34 | cos(ay/m(n +1—0) — 3]

- |a\/m(n+9)—a\/m(n+1—6‘)|+ 1 B 1
- (n+0)3/4 (n+0)3%*  (n+1-0)34]"
(2.2.7)
For n > 1, uniformly with respect to 6 € [0, 1],
1
)x/n+9—\/n+1—9}_0<—) (2.2.8)
n
and
1 1 1
— =0(—). 2.29
(n+0)3/4 (n+1-—0)3/4 n7/4> ( )

Thus, by (2.2.7)-(2.2.9),

cos(ay/m(n + 6) — 2%) B cos(ay/m(n+1—0) — 3r)

(n+ 6)3/4 (n+1—86)3/4

()

(2.2.10)
(Here, and in what follows, if the constant implied by O is dependent on a
parameter a, then we write O,.) It follows that

1 |cos(ay/m(n+6) — %’T) cos(ay/m(n+1—0)— %’T)
Z m3/4

n>m3 log® m

(n+6)3/4 (n+1—0)3/4

1 1 1

_o, 1o, <—> , (2.2.11)
ml/4 n2m3zlog5 . nb/4 mlog®*m

which shows that the sum over m at the left-hand side of (2.2.11) is conver-
gent. Therefore the double sum S (a, ) is convergent, respectively uniformly
convergent, if and only if the sum
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Sa(a, ) = i Z 1 <COS(a\/m(T+9)_ 3%)

ma/ (n+ 0)3/4

m=10<n<m3log® m

cos(ay/m(n+1—6)— %”))
(n+1—6)3/4
(2.2.12)

is convergent, respectively uniformly convergent.

2.2.3 Small Values of n

Our next goal is to remove from the sum those terms in which n is much
smaller than m. To this end, let us consider a general sum of the form

cos(ay/m + p+ 3
S(avﬂnuaHlaHQ) = E (( T )54 ), (2213)
Hi<m<H, moT

where o > 0, 8 € R, 1 € [0, 1], and H; < Hs are large positive integers. Define
costavy T+ f). (2.2.14)
(y+ p)?

We fix a small real number § > 0 and assume that H; and « satisfy the
inequalities

fly) ==

o <a<eH! T2 (2.2.15)

for some constants ¢; > 0, co > 0 that depend only on a (which, in turn,
depends only on z). Next, we fix a positive integer k > 2 such that
kd > 2. (2.2.16)

So we may take k =1+ [2/4].
We apply the Euler-Maclaurin summation formula of order &k in the form

& (-1

S(a767N7H17H2): Z f(m): " f(y)_ k!
1

Hy<m<H,

k
Ui (y) f*) (y)> dy

k
* Z (_ﬁ—f)g (f(é_l)(Hz) - f(g_l)(Hl)) By, (2.2.17)
=1

where f(y) is defined in (2.2.14), By, £ > 0, is the ¢th Bernoulli number, and
¥ (y) is the kth Bernoulli function, defined by

o0

Gi(y) = —k! Y (@min)Fe(ny), k>0, (2.2.18)

n#0
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where e(x) = ™. Since k > 2, the Fourier series on the right side of (2.2.18)
converges absolutely.

Let us note that the integral of f(y) on [Hy, H3] can be bounded via a
change of variable followed by an integration by parts, namely,

H> VHz+p
f( )dy:/ #Mdt

i, VTR \/E
_ 2 2sin(at + B) | e VYRR Gin(at + B) 1
+- 3/2 dt = 1/4 |
ot m olvme H,
(2.2.19)

uniformly with respect to 8 and p.
Let us also observe that for each ¢ € {0,1,...,k}, the derivative f)(y)
can be expressed as a sum of the form

) }j@cwfy+MZwmmvzr‘+m

7j=1

T
+ ) €0 (y + )P cos(an/y F i+ B), (2.2.20)
j=1

where 7, and 7, depend only on ¢, the coefficients c¢; and the exponents
agj, bej depend only on ¢ and j, and similarly, Ce and the exponents a BT
b’ depend only on ¢ and j. Consider the collectlon of all pairs (azj,sz)
1 < j < 7y, and (agj,bgj) 1 < j < 1y, and denote this collection by Cy.
Differentiating (2.2.3) with respect to y, and taking into account the possible
cancellation of terms, we conclude that C;41 is a subset of the set of all pairs
of the form (a,b — 1) and (a + 1,b — 1), with (a,b) € C;. Taking also into
account that Cy consists of the single pair (0, —%) and using induction on /£,
we see that each pair (a,b) in C; satisfies 0 < a < £ and —E—% <b< —%6— %.
As a consequence, we derive that for each ¢ and for each y € [Hy, Ha],

1 o\’
1O = 0, (W (ﬁ) ) , (2.2.21)

uniformly with respect to 8 and u. Therefore, recalling (2.2.15), we find that
k

—1)¢ 1
Z % (f(efl)(H2) - f(lfl)(Hl)) By = O <T/4> ; (2.2.22)
: H
(=1 1

uniformly with respect to 8 and u. Also,

Hy ( 1\k Hs
/ %%m@ﬁ@@-o%LJNWMQ

Hy

Ha « k % 1
—oc( [ m () ) =0 [ ) = 0w |1y
< Hy y3/4 \/g H%kf lké*%
1

=
=
N
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Thus, by (2.2.16), (2.2.17), (2.2.19), (2.2.22), and (2.2.23), we find that,
subject to (2.2.15) holding,

3 COS(?‘mV:L”JF);j LI, <%/4> : (2.2.24)
H1<m§H2 M Hl
We now consider the sum
g) — 3¢
(0,6,6) Z Z i/4 (cos(a\/m(n;—gﬂ) )
m=10<n<m!—9 m (n+ )
cos(ay/m(n+1—0) — 2K)
(n+1—0)3/4 ’
(2.2.25)

For each M > 1, we denote by S3 ar(a,6,0) the corresponding restricted sum
in S3(a,0,d), where the summation over m is restricted to 1 < m < M.
We intend to show that the sum Ss(a, 6,0) is convergent, and in order to do
this, we apply Cauchy’s criterion. Fix € > 0. We need to show that there exists
an M. such that for every My, My > M,

|S3.01, (0, 0,0) — Ss a1, (a,0,0)] < e. (2.2.26)

Let My < Ms be large, and interchange the order of summation to rewrite
S3.m,(a,0,0) — Ss.0, (a,0,0) in the form

Ss.a12(a,0,8) — S0, (a,0,6) = Y >

OgnSMQI*S max{n!/(1=8) M;}<m< M,

1 cos(ar/m(n +0) — 3%)

» 4
(n+ 0)3/4 m3/4
1 cos(ar/m(n+1—0) — 2r)
- p— . (2.227)

Using (2.2.24) with 8 = —37/4, u = 0, H; = max{n'/=9 M}, Hy = Mo,
and a = av/n + 0,av/n + 1 — 0, respectively, and noting that (2.2.15) holds,
we conclude from (2.2.24) that

|S3,M2 ((I, 9a 5) - S3,M1 (a‘v 07 5)|

1 1
= Oa,5 :
Z _ {(”"’9)3/4 Vi + 0 (max{nl—5, M, })'/*

0<n<M}~°

1 1
_|_ .
(n+1—0)3/4 oy — (max{nl/(pzs), Ml})1/4 })
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1
= Oll
8 Z 5/4max{n1/(4(1*5)), M11/4}

0<n<M;~° n

1 1
=045 Z —— 71 | T Oas Z nb/4+1/(4(1-9))
1

M7 <n<My~°

1 1
=045 | —— Oq

1 1 1
=0 <W> + Oas (W) = Oas (W) . (2.2.28)

The foregoing analysis implies (2.2.26) for M; sufficiently large, and proves
the convergence of S3(a, 8, d). Therefore the convergence of Sy (a, 8, ) reduces
to the convergence, respectively uniform convergence, of

(0.0.5) Z Z 1 <cos(a\/m(n+9) — 3

3/4 3/4
m=1ml- 5§n<mglog5mm/ (7’L+9) /
v 1—-0)-2r
_ooslaymint1=0) = F)) 5599
(n+1—0)3/4

2.2.4 Further Reductions

The remaining series under consideration, Sy(a,8,d), does not contain any
terms with n = 0. Therefore, in what follows, uniform convergence means
uniform convergence with respect to 8 in [0, 1]. Next, we write

Si(a,0,6) = Ss(a,0,5) + Se(a,0,d), (2.2.30)

where Ss(a,0,d) denotes the sum of those terms in Si(a,6,d) for which
n>m'*° and Se(a,0,6) is the sum of terms with n < m!'*?. The exami-
nation of Ss(a, 6, ) is like that for Ss(a,#,d). In this case, we take the sum
over n as the inner sum, and apply (2.2.24) with 3 = —37/4, a = ay/m, and
uw = 0,1 — 0, respectively. We accordingly find that the sum Ss(a,6,d) con-
verges uniformly with respect to 6. It follows that the convergence of S (a, 6, )
reduces to that of Sg(a,0,9).
Let us consider now the sum

87(0’7 97 5)
. N 1 B 3_7r . (a(l—20) m
- sin|{ay/m|(n 5 1 sin 1 \Van

= Z m3/4n3/4 )

m=1ml-3<nml+s

(2.2.31)
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We claim that Sg(a,d,0) is uniformly convergent if and only if S7(a,,0d) is.
Indeed,

1 1 1 1 1 1
(n—|—9)3/4_713/4_'_0<W>7 (n+1—9)3/4:n3/4+0 n7/4 )’
(2.2.32)
and it is easily seen that the error terms in (2.2.32) are small enough so that
the denominators (n + 0)3/* and (n + 1 — 0)3/* in Sg(a,6,5) can both be
replaced by n3/4 without influencing the uniform convergence of the sum.

Also,
cos (a\/m(n—i—G)—?%) — cos (a m(n—i—l—@)—?%)
) (aﬁ(\/n—kl—ﬁ—\/n—k@))
= 2sin
2
1-0 0
X sin (a\/m(\/n—i— VRt )—3—7T> (2.2.33)
2 4
Here
1-26 1
\/n—!—l—@—\/n—!—@—ﬁ—FO(m) (2.2.34)
and
Vn+1—0++vn+0 1 1

By (2.2.33)-(2.2.35),

( IR

i (M2 Y (o (- 3) -2 0 (47,
(2.2.36)

Again, it is easily checked that the error term in (2.2.36) is small enough so
that the left side of (2.2.36) may be replaced by the main term from the right
side of (2.2.36) in the modified version of Sg(a, 8, ) above without influencing
the uniform convergence of the series. This proves our claim, and it remains
to show the uniform convergence of S7(a, 6, 0).

We replace S7(a,8,d) by another series that has the same terms, but the
double summation is performed over a union of rectangles. To be precise,
for each positive integer r, we consider those m satisfying the inequalities
2" < m < 2"+, and for each such m we replace the range of summation for
n, which in S7(a,6,6) is m'=% < n < m'*° with the somewhat larger range
2r(1=9) < p < 20r+D+8)  This does not influence the uniform convergence of
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the series, because the extra terms added by this procedure are contained in
the sums S3(a, 8,0) and Ss(a, 8, 0), which we have previously examined. More
specifically, the extra terms arise from the ranges 2"(1=% < n < m!=% and
m' o < p < 20049 Tn hoth these ranges, either n is significantly smaller
than m (n < m!'~?%), or n is significantly larger than m (n > m!'*%), and
so an appropriate use of (2.2.24) can be made in both cases. In conclusion,
S7(a,0,6) is uniformly convergent if and only if the same is true for the sum

a@ézz >

r=127<m<27t1 2r(1-9) <p<2(r+1)(1+4)

)y (-)-%)

m3/4Ap3/4 )

(2.2.37)

where, henceforth, we define, for simplicity,

a(1-20) _

b=
4

mVz(1 — 26). (2.2.38)

2.2.5 Refining the Range of Summation

In order to prove that Ss(a,6,0) is uniformly convergent with respect to 6
n [0, 1], we need to show that the right side of (2.2.37) converges uniformly
with respect to b in [—m\/z,7m/z]. To do this, we use Cauchy’s criterion.
Fix ¢ > 0 and denote, as usual, for any M > 1, the partial sum in (2.2.37)
corresponding to 1 < m < M by Ss y(a,d,0). Let My < M; be large, and set
r1 = [logy, Mi] and rq = [logy Ma]. Then Ss ar,(a,0,6) — Ss ar, (a,0,9) can be
written as a sum over integral pairs (m,n) in the union of ro —ry 41 rectangles,
which we denote by Ro, R1,..., Rr,—r,, as follows. We let Ry = (Ml, 2”*1) X
[27“1(1*5), 2(T1+1)(1+5)]7 Rj = [2mH7 omititly x [2(T1+J')(1*5), 2(T1+j+1)(1+5)] for
1<j<ry—r —1,and R, ,, = [2"2, My] x [22(1=9) 2r2(140)] Then

S8,M2 (a, 6‘, 5) — S8,M1 (a, 9, 6)
1 b T 1 _|_l _3_7T
ro—r, S11 n smilay/min D) 4
. (2.2.39)

= Z Z m3/4n3/4

j=0 (m,n)ER;

We now proceed to obtain bounds for the inner sum on the right side of
(2.2.39) for each individual R;. Fix such an R;, and, to make a choice, assume
that 1 < j <ry —r; — 1. The cases 7 = 0 and j = ro—r; can be examined in a
similar fashion. Also, for simplicity, we set 7' = 2"77, Then the corresponding
inner sum on the right side of (2.2.39), which depends on a, b, §, and T, and
which we denote by >_, , 57, or simply by >_, has the form
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=X = (/7) Singj/4g/gn+%) —?Zf>

a,b,6,T  T<m<2T T1-6 << (2T)1+5

(2.2.40)

At this point, we fix a number A, with 0 < \ < %, whose precise value will
be given later, and set L = [T*]. Then we subdivide the rectangle [T, 27) x
[T'=° (2T)'*°] into squares of size L x L. An explanation as to why we break
the range of summation into such small squares of size [T*] x [T?], with A < 1,
is in order. This choice may seem surprising, because for almost all exponential
sums, the best one can hope to achieve is a square-root-type cancellation. And
in our case, square-root cancellation over a square of size [T] x [T*] means a
savings over the trivial bound by a factor of T*. But this is not enough in our
case, even if we achieve a square-root cancellation for each individual square
of size L x L, because the trivial bound for the entire sum Ea,b,é,T’ even
ignoring the small but strictly positive d, is of order O(T'*/?). Thus we need
cancellation in Zmb~ s Dy a factor larger than T'/2, and so a cancellation by
a factor of T* with A\ < % will not suffice.

Our approach below, which proceeds via subdividing the range of sum-
mation into small squares of size [T] x [T], with A < 3, is based on two
fundamental ideas. The first one is that on such small squares, the functions
(m,n) — m~3/4n=3/* and (m,n) — by/m/n are almost constant, and the

function ay/m(n + 3) is almost linear. This gives us a chance to approximate

locally the corresponding sums on the right side of (2.2.40) by geometric series,
for which we have better than square-root cancellation. The second idea is to
approximate the function

an (0/57) 0 oy (n3) - )

(m,n) = m3/4,3/4

by a short sum in which each term is a product of a function of m and a
function of n. This, in turn, reduces the problem of bounding the right side of
(2.2.40) to the problem of bounding certain sums that are products of a sum
over m and a sum over n. This gives us the opportunity to combine the savings
achieved due to cancellation in the sum over m with the savings achieved in
the sum over n.

To proceed, we consider the set of integral points (m,n) in [T,2T) x
[T1=9,(27)**+°] for which both m and n are divisible by L. We also con-
sider all the squares of size L x L with vertices in the aforementioned set.
These squares almost cover the rectangle above. We first examine the portion
of the rectangle left uncovered, and bound its contribution on the right side
of (2.2.40).
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Let

ne [ o [2]n e [T o[22

L L L
(2.2.41)
For each my € {T1, T1 +1,...,Ta} and ny € {T3,T5+1,..., T4}, we consider
the L x L square whose southwest corner has coordinates (Lm;y, Lny), and
denote by >, . its contribution on the right-hand side of (2.2.40). To be
precise, we define

Y- vy ¥

mi,ny Lm1Sm<L(m1+l) Ln1Sn<L(n1+1)

sin | b m sin | ay/m n—l—l — 37
n 2 4
X

m3/4n3/4

>. (2.2.42)

Then we approximate the right side of (2.2.40) by the sum thm with
(m1,n1) running over the pairs of integral points in the rectangle [T7,Ts] x
[T5,T4]. The error made in this approximation is bounded as follows. Note that
each integral point (m,n) in [T,2T) x [T*=%,(2T)'*9] that does not belong
to any of the L x L squares of the form [Lmy, L(my + 1)) x [Lny, L(ny + 1)),
with T7 < my < Ts, T3 < ny < Ty, is at distance at most L from one of the

four sides of the rectangle [T,27") x [T'~°, (2T)'*°]. Therefore,

PRSP DD

a,b,0, 7 T1<m1<T> T3<n; <Tymi,n1

o 1
o Z Z m3/4n3/4
|m=T|<L T'=9<n<(2T)'+°
or
|m—2T|<L

1
+0 > Y. aa

|n—T'=0%|<L T<m<2T

or
[n—(2T)' *°|<L

L L
= . p(+8)/4 ¥ .7l/4
=0 <T3/4 r > +0 <T3(15)/4 r )
: )
T3-19
1

ﬁ) . (2.2.43)

|
.

(
g

[
Sl
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In our approach, we first fix A, and then we fix § depending on A. In particular,
0 is chosen small enough so that % - A - %(5 > 0, which ensures that the far
right side of (2.2.43) is negligible.

Next, we proceed to bound each sum Emhnl. Fixmy, € {Th,Th+1,..., Tz}
and ny € {T3,T5+1,...,Ty4}. For each m and n, with Lmy < m < L(m;+1)
and Ln; <n < L(n; + 1), we find that, with several uses of (2.2.41) below,

1 1 1
= = +0 , (2.2.44
m¥4 /Ayt (14 0(1)/my)) L3/4m§/4< <T1 A)) ( )

i - L3/ (11+ O(1/m)) L3/41n§/4 (1 o (ﬁ))  (2:245)
\/7 \/_ 1188%)))) = :—11 (1 +0 (ﬁ)) . (2.2.46)

and, noting the definition of b given in (2.2.38), we further see that
/ bly/
sin (by/ =) =sin (b, /"2 + 0O ||—m1
n n /g T1=A—¢
1
= sin (b ﬁ) + 0, (—3> , (2.2.47)
n1 Tl—)\—§6

uniformly with respect to 6 in [0, 1]. Hence, by (2.2.42) and (2.2.44)—(2.2.47),

1 1
> o= > > — (140 (—))
3/4 3/4 ( -
mi,mn1 Lmi<m<L(mi+1) Lni<n<L(ni+1) L3/2m1 nq T
1 1 3
X sin(b,/m)—i-om —_— -sin [ a m(n—i——)——7T
ni Tl*)\fi(; 2 4

sin (b\/ml/nl)

- L3/2m§/4ni>/4 Z Z

Lmy<m<L(mi1+1) Lni<n<L(ni+1)

1 3 L
X sin <a1 [m (n + 5) - f) + O, VL |- (2.2.48)
mi’/4n?/4T17A7§5

Here,

T\3* fri-oN\3* 5 3
m§/4n§/42T13/4T§/4><f) (L) ~T27 27

N[V

0 (2.2.49)
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By (2.2.48) and (2.2.49),

>l > >

3 3
2_3;5
mi,ni T2 4 Lmi<m<L(mi+1) Lni<n<L(ni+1)

X sin | ay/m (n—l—l) _an + O, % . (2.2.50)
2 4 TE_?))\_Z(;

2.2.6 Short Exponential Sums

Consider now the exponential sum

Emym, = > > e (2@) . (2.2.51)

Lmi<m<L(mi+1) Lni<n<L(ni+1)

where, as customary, e(t) := €27, Observe that

> 3 )sm<a m(n+%)_%>

Lmy<m<L(mi1+1) Lni<n<L(ni+1

=1Im (e (—g) Eml’nl) . (2.2.52)
i (¢ () B )| < (75) e
8 ' 8 '

by (2.2.50), we see that
Enin 1
=0 <%> +0 (ﬁ> . (2.2.53)
T§716 T§73)\716

mi,n1
Adding the estimates (2.2.53) for all relevant values of m; and n; and using
the bound

Since

= |Em1,n1|7

T2T4 =0 (T272>\+5) ,

we see that

2. >

T1<m1<T> T5<n;1<Ty

>

mi,ni1
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From (2.2.43) and (2.2.54), we deduce that
1
2 1=0\ g 2 D Bl |40 <—_> |
a,b,8,T T274° Ty <m <To Ts<ni <Ty T27"" 4
(2.2.55)
For fixed A < 3 and § small enough so that  — X — 12§ > 0, the second error

term on the right-hand side of (2.2.55) is negligible. In order to estimate the
first error term on the right side of (2.2.55), fix my and n;. We write each m
and n with Lmy <m < L(my + 1) and Lny <n < L(ny 4+ 1) in the forms

m = Lmy + mao, n = Lny + no, ma,ng € {0,1,..., L —1}. (2.2.56)
Then,
e \ /2
vm = /Lm <1+ 2 )
Lml
VImy (14 —2 mi o2
= m —_
! 2Lmy  8L*m? L3m3
2
mo ms 1
=+/L 1 - —==+0 2.2.57
ml( Y oLm  R’L2m2 T <T3—3A)>’ (2:257)
1/2
no + L
Jn+1=yIn (1 + Ln12)
nz+3  (n2+3)° (n2 +3)°
=+/Lny (1 2 — 2~ 40 :
" < * 2Lny 8L2n? * L3n3
ng + 3 (ne + 1)2 1
v L 1 2 _ 2 O . (2.2.58
" < 2Lm | 8Ln? O\ 7w (22.58)
Also, by (2.2.41) and (2.2.56),
mo (TLQ + %)2 L L2 1
. 0= —— | =0 —— 2.2.59
9Lm;,  SL’n? T T2% T332 ) (22.59)
2 1 2
my (nz + 5) L L 1
: 0% ) =0 2.2.60
8L2m2 2Ln, T2 T1-6 T3—3Xx=6 )’ ( )
2 142 2 2
m3  (n2+3) (L L > ( 1 >
: 0% =) =0(——). (2261
8L2m?  8Ln? T2 T2-25 TA—4x—25
By (2.2.57)-(2.2.61),
n2—|—l m2(7’L2—|— l) m2
L ma 2 2) 2
Vet 3) = Lymin ( 2Lmy | 2Lmy | 4LPmuinmy  RLZm2
(n2+ 3)? 1
O m . (2.2.62)

8L2n?
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Next, again with the use of (2.2.41) and (2.2.56),

1 T1+5/2 1
Lyman gy =0 (T33A36) =0 <T2—3,\—76/2) ,  (2263)

3 T 1
Lymg - —22 _ 0 < ) =0 (m) , (2.2.64)

4L2m1n1 L\/m
ng + i vming 1

By (2.2.62)-(2.2.65), we see that

_@<@_@>2+0 ;>+O<;).

T2—3X—75/2
(2.2.66)

Note that for
30 < 1—2),

which we may assume in what follows, T273A=70/2 . T1-2=0/2 Therefore, by
(2.2.66), we find that

1
e (—2L,/xm1n1 (1 + 4Ln1>) e (2\/xm(n + %))
_ e( %mz) e( xmlnz) e (_—\/xmlnl (@ - @>2>
mi ny 4L mq niy
1

Summing up the relations (2.2.67) over mq and ny in their appropriate ranges,
taking absolute values on both sides, and recalling (2.2.51), we find that

|Em1,n1| =

1
e (—2L\/W1n1 (1 + 4Ln1)> . Emlﬂu

rniy xrma
E E (& —MmMa9 | € nao
mi nq
0<m2<L0<n<L

y e<_@ (@_@f)‘

4L ma niy

) (T3A‘1+35/2) . (2.2.68)
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We now use the Taylor expansion for

. <_@ (@ . @>2> |

4L mi ny
Observe that

Vamm (my np\*_ @ fmdon3
4L mia ni - 4L %
2

2}

1

xmlnl

4L

Lz 1/2
=Ty mex 3/2’

T(1+6 /2 p=X)/2
_ A
=0q (T max{ T3(1=X)/2 * T3(1-6—X)/2 })

1

In what follows we fix a positive integer r, depending on A only, such that
(r+1)(3 — A) > 1. For example, we may take

r= {ﬁ] . (2.2.70)

We also assume that § is small enough so that
30 <1-—2\.

Then 1 —2X— 25 > 2 — A, and so by (2.2.69),

@<@—@)2—Omm< 1 ) (2.2.71)

4L mi s T27)\

We may then truncate the Taylor series expansion mentioned above as

. <_@ (@ . @>2>

4L mq ny

T

(—1) (wmynq)i/?
1L

I
N
Ik
SN

|
45

27 1
T(r+1)(§—)\)

v 2 /2 o3It (=53]
(—=1)7a? 27\ m{” ny ¢ 2j—¢
494!
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by (2.2.71). Inserting (2.2.72) in (2.2.68), and noticing that the error term on
the right side of (2.2.72) is small enough so that when inserted on the right
side of (2.2.68) it can be subsumed in the existing error term from (2.2.68),
we deduce that

r 2j

Byl = D> Aje(ma,ma)Vje(ma, ma) +Om,\5<T3’\+ 20~ 1>, (2.2.73)

§j=0 ¢=0

where we have defined

3
P L L—5]
(—1)729/2 (25 2J n. 2
Ajelmi,m) = —rm—| 7R (2.2.74)

and

rni xrma 0 2j—4
Vje(mi,mi) : E E ( m2> ( - n2> mony .

0<ma<L 0<no<L 1
(2.2.75)

In order to bound the coefficients A; ¢(m1,n1), we distinguish two cases: £ >
3j/2 and ¢ < 3j/2. If £ > 3j/2, in order to produce an upper bound for the
right side of (2.2.74), we need an upper bound for n;, which is 71=**%. When
¢ < 35/2, we need a lower bound for ny, which is 7*=*~%. For m1, both upper
and lower bounds have the same size, T'~*. Combining the two cases, we find
that

TA=N (550 | pE5-)(E=53)
T

1
=Ours 5 , (2.2.76)
Ti=35%]

uniformly for ¢ € {0,1,...,25}.
The exponential sum on the right-hand side of (2.2.75), as hinted earlier,
can be written as the product of two exponential sums, each in one variable,

ny Zmy 254
‘/j,f(ml, nl) = E € ma mg E e no nQJ
my ny

0<mo<L 0<na<L

|Aj7é(m17 n1)| = Ow,)\,é

(2.2.77)
In the case j = ¢ = 0, the exponential sums above are geometric series, which
can be accurately estimated. For any real number «, any integer M, and any
positive integer H, we recall the well-known uniform upper bound

=0 (min {H ﬁ}) , (2.2.78)

M+H

Z e(an)

n=M+1
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where ||| denotes the distance from « to the nearest integer. Using (2.2.78)
n (2.2.77), we find that, for j = ¢ =0,

Vo.o(mi,n1)| = O | min min
Vool ( { Ve } { Ve })
(2.2.79)
For general j and /¢, a familiar argument based on (2.2.78) in comblnatlon
with summation by parts for each of the two exponential sums on the right-
hand side of (2.2.77) gives

. 1
Wislmnm)| = Oy [ 2mind,— L
’ ’ [v/@ni/mi| ||\/$m1/”1||
(2.2.80)
Using (2.2.76) and (2.2.80) for all 0 < j < r, 0 < ¢ < 25 and defining r by
(2.2.70), we find from (2.2.73) that

2j

L% 1
|Em n | = Om,)\,é Lv T
o Z % Ti— -5J [[v/zn1 /mq]]

0<5<[1/(5 -]

><min {L, m}) + O (T3>\+%6_1) . (2281)

3
Here L2/T'72° < 1 for § < 2(1—2A), which we assume in the sequel, and so
R PO
the maximum value of L2 /T772% is attained at j = 0. Thus, by (2.2.81),

1
|Em1,n1| = Om,)\,é <m1n {L, —}
v/ zni/m||
1 3
xmin{ L, ———— +0 T3>\+§5—1) . 2.9.82
{ I /ama /] }) < (2.282)

Next, we employ (2.2.82) on the right side of (2.2.55). In doing so, note
that the error term on the right side of (2.2.82) produces an error term on
the right side of (2.2.55) that is bounded by

1 3 1
Oz rs <ﬁ To Ty - 7330 1) =0z <1—13> .
T2~ 1° T2 2719

This is smaller than the existing error term on the right side of (2.2.55), and
we deduce that
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N

1
Z =0z 5 3 Z Z min {TA }
a,b,8,T T2 40 7 Sy <Ty Ts<my <T4 v wnl/mlll
min d T, — L +0 —1 (2.2.83)
) z,\,0 . L.
[/ zma /ni|| T3-A-%8

2.2.7 Uniform Convergence When x Is Not an Integer

Our next idea is based on the observation that if for some m; and ny, both
Iv/xni/m4]| and ||y/xmi/n1|| are simultaneously small, thus producing a
large term on the right side of (2.2.83), then each of \/ani/my and \/zmy /n;
is close to an integer, and hence their product is correspondingly close to an
integer. But their product equals x, which is fixed throughout the proof, so
this event cannot happen unless x is an integer. Fix an = that is not an inte-
ger. Then ||z|| = min{|z —y| : y € Z} > 0. For each m; € {T1,...,T»} and
ny € {Ts,...,T4}, let d; and do be integers, depending on my and nj, such

that
H [any g, - /xnl

:d2_

(2.2.84)

and

(2.2.85)

Using (2.2.84) and (2.2.85) and the fact that dids is an integer, we find that

||w||<|x—d1d2|—\w/”””l | < (%—dl) zm
mq ni1
dl( i d2> TR g | (2.2.86)
ni ni my ni
Here,
T 0, 5(T) (2.2.87)
ny
and
rny 1 s
M0, s(TY). 2.2,
d < [T 5 = 00(T) (2.2.88)

Thus, by (2.2.86)—(2.2.88),

Jall = Ou s (Témax{H,/% |
mi

}) . (2.2.89)
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It follows from (2.2.89) that, uniformly for my € {Ti,...,T2} and ny €
{T5,...,T4},

1 1
in , = 0,.5(T). (2.2.90)
{le/wnl/mlll II\/wml/mll}
y (2.2.90), it follows that

min {T)\ ;} -min{TA ;}
" fma| "ly/zma/n|
=0, | T° | min T’\,; min T’\7;}>>
e e e e e

(2.2.91)

Inserting (2.2.91) into the right side of (2.2.83), we deduce that

1 1
Z =0z 25 37 Z Z min {T’\, —}
a,b,0,T T2 710 1y Loy <T Ty <mr <T [v/zn1/mi|

1 1
dmin{ T, ——— )y 0,8 [ | (2.2.02)
{ ||vf€m1/n1||}> TE-A—1E0

The summation in the first of the two error terms on the right side of (2.2.92)
yields two double sums. For the first, we keep the order of summation as in
(2.2.92) and focus on the inner sum

1
F(z,0,\,T,my) := E min {TA,—},
T3<n,<Tu ||v$"1/m1||

while for the second, we interchange the order of summation, so that the inner
sum becomes

(2.2.93)

1
G(x,0,\,T,ny) := min {T)‘,—}.
Tlgmzlng [ vxml/mll

We proceed to derive an upper bound for F(x,d, A\, T, m1). Each term in the
sum on the right side of (2.2.93) lies in [2,7*]. We subdivide this interval
into dyadic intervals [2,4),[4,8),..., [2%,T*], where s = [\log, T]. For each
7=1,2,...,s, set

xrn
Bj1m1 = {nl S {T37"'5T4} : HV Fll

(2.2.94)

€ {2J_1+1 2%] } . (2.2.95)
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Then

F(‘Ivéa A71_‘5777'1)
< S VB, } + T {Tg <ny < Ty H,/M1
j=1

Now fix j € {1,2,..., s}. We need an accurate upper bound for #{B; ., }.
For each n1 € Bjm,, we let, as before, d; denote the closest integer to

vani/my. Then using (2.2.41), as we often have done and will continue to
do, we see that, for T sufficiently large,

T, 1 1
0<d < ,/% +5 < V2T 4 = < VBT, (2.2.97)
1

1
< (- (2:2.96)

By (2.2.95) and (2.2.97), it follows that

[V3zT?9]
Bim, € |J {B3<m <Tu:
d1=0

[V3z2T?]

m 1\? m 1\?
c dUO {T3§n1§T4!n1€l?1<d1—§) 7?1(6114-5)1}.
=

For each interval I of real numbers,
#{Z NI} <1+ length(J). (2.2.99)
From (2.2.98) and (2.2.99), we find that

[V3xT9)

#{Bjm}< Y (H o (dl + 21) - (dl B 2i>>

d1:O
V32T
+ miq [ g ] 4d1
T 27
d1=0

=0, (1°7) + 0, (% 1) (2.2.100)

:1+[\/ﬁ]

Similarly,

#{TBSMSTLH”@
mi
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Employing (2.2.100) and (2.2.101) on the right-hand side of (2.2.96), we de-
duce that

s _ my
F(z,5,0,T,my) = 0, | 3 27+ (TW n 7T‘s)

j=1
A(s/2 | T s
+0, (T (T/ ST ))
= 0,(2°T%% + sm T°) + O, (T*/2 4 m,T°)
= Op\s(TA2 4 m T log T), (2.2.102)

where we have recalled the definition s = [Alog, T'|. Reversing the roles of m;
and nq, using the same argument as above, appealing to (2.2.41), and invoking

the inequalities
</ s(T9/2 2.2.103

in place of (2.2.97), we also deduce that
G(z,6,\, T,n1) = Oprs(TA2 40y T log T). (2.2.104)
Combining (2.2.92)—(2.2.94), (2.2.102), and (2.2.104), we find that

0<dy <

1
Y1 =0uas | — 75 ) (THW +miT" log T>
a,b,6, T T2~ Z T1<m1<Ts
+ Ouni | = > (T mT l0gT)
T274° pylm<my
+ Oz,)\ § ( 1 )
7~

logT 1
= Oz < gl 19 ) + Oz 6 (1—13> . (2.2.105)
T3 79 T3 A~%9¢

So far, the only condition we have put on A is that A € (0, %) We now see
that in order for the argument above to work, we also need A > ;. Then the
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first error term on the far right side of (2.2.105) will be small enough. In order
to balance the exponents not involving ¢ in the two error terms on the far
right side of (2.2.105), we now choose A = %. Then by (2.2.105) and the fact
that log T is smaller than 7°%/4 for fixed § > 0 and T sufficiently large,

> =0m( 11 5§>. (2.2.106)

Let us recall that Za,b’ 5.1 is one of the inner sums on the right-hand side of
(2.2.40), with, from the discourse prior to (2.2.40), T' = 2"7J. Using (2.2.106)
for each of these sums and recalling the definition 71 = [log, M1], we find from
(2.2.39) that

T2—T1 1

S, a,8,0) — S, a,0,0)] = Oy _—
5006(0.0.0) = S 0.0.0)] = Ous | 3

o0

1
=0ps | ——— |, (2.2.107)
-

uniformly with respect to 6 in [0, 1]. This completes the proof that the sum
Ss(a, 8,6) converges uniformly with respect to 6 in [0, 1], which in turn implies
a corresponding statement for the initial double sum S (a, 6).

2.2.8 The Case That x Is an Integer

We now proceed to examine the case that x is an integer. In the case above, in
which « is not an integer, the relations (2.2.106) and consequently (2.2.107)
were stronger than needed, in the sense that a weaker savings, where the
exponent % is replaced by any smaller strictly positive constant, would have
sufficed. The fact that we had some room to spare in the proof above naturally
leads us to expect that exactly the same argument as above would cover as
well, at least partially, the case that = is an integer. With this in mind, we
subdivide the sum ), s into two sums, one for which the argument above
applies, to be exanrline’d,first7 and the second, to be examined later.

We begin by fixing a positive integer x. Next, we fix an arbitrary small real
number n > 0. With 7 fixed, we then choose a real number A < %, depending
on 7. The exact dependence of A\ on n will be clarified later, with the crux of
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the matter being that X is chosen such that % — A is much smaller than n. With
1 and A fixed, we then choose § > 0, depending on n and A. The dependence
of § on  and \ will be made explicit later, with the goal being that ¢ will be
chosen to be much smaller than % — X. Once 7, A\, and ¢ are fixed, we start
by following the same reduction procedure from the foregoing beginning of
the proof, which reduces the convergence, respectively uniform convergence,
of Si(a,d) to that of Ss(a,f,d). In order to investigate the convergence of
Ss(a,8,6), we again employ Cauchy’s criterion, and arrive at (2.2.40). We need
to show that the right side of (2.2.40) is in absolute value less than e, for an
arbitrary fixed e > 0. We again bound each of the inner sums on the right-
hand side of (2.2.40) separately. As before, we fix j, with 1 < j <rg—r; —1,
set T = 2"*J and consider the sum Y, 54, defined in (2.2.42). At this
point, we divide the sum Za’b, s into two ’p,a)rts, depending on 7, as follows.

Consider in R? the rectangle
D(8,T) := [T,2T) x [T*°, (2T)**+°].

For each divisor d of z, draw the ray from the origin with slope d?/x. Around
this ray, consider the thin trapezoidal region, say V(x,d,n,d,T), that consists
of all the points in D(d,T) for which the slope of the line from the origin
through the point lies in the interval

21 21
— - —+

, (2.2.108)
r T2 1 % T2-"1
Set
Ul (a/7 b7 57 T7 77)
i b m i + 1 3
in — | sin mln+-=-)——
Z n @ 2 4
= 3/4,,3/4
(m,n)eD(8,T)\Uq|.V (x,d,n,5,T) meen
(2.2.109)
and
UQ(a:, b7 55 T7 77)

i ™Y sin ayfm(n+ =) - 22
D> b 75( ) ) 2110

dlz (m,n)eV (z,d,n,5,T)

Thus,
> =Ui(a,b,6,T,n) + Us(a,b,8,T,n). (2.2.111)
a,b,8, T
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Before proceeding further, we observe that although the trapezoids
V(z,d,n,0,T) are very thin, we cannot afford to trivially estimate
Us(a,b,6,T,n), as we did in (2.2.45). Indeed, V(x,d,n,6,T) is a trapezoid

1
with (horizontal) height T lying inside an angle of measure roughly 1/727 ",
and so the two bases have size of the order of magnitude of 72", Therefore

the area of V(x,d,n,6,T) is of order T%"’". The number of integral points
(m,n) in V(x,d,n,0,T) is asymptotic to this area, since the perimeter of
the trapezoid is of smaller order, O(T). On the other hand, the denominator
m?3/4n3/* on the right side of (2.2.110) is of precise order of magnitude 73/2.
To see this, note that n/m lies between 1/x and z. For other points in the
trapezoid V (z,d,n,d,T), for T sufficiently large, n/m lies between 1/2x and
2x, say. Since T < m < 27T, this implies that T/2z < n < 42T. Therefore, if
we estimate the sum on the right side of (2.2.110) trivially, we obtain

|Ua(a, b,0,T,n)| = Oy pns(T"), (2.2.112)

which is not sufficient for our purposes. This discussion also shows that any
cancellation on the right side of (2.2.110) allowing us to save a factor of T,
for some constant ¢g > 0 independent of 7, would suffice (by taking 1 smaller
than ¢p).

Taking into account the shape of these trapezoids, we see that it does not
appear appropriate to consider subdividing them into small squares as before.
Instead, it is more natural to try to achieve cancellation on large exponential
sums taken along parallel lines of corresponding slope d?/z, which is what we
will do later.

We first bound Uy (a, b, 6, T',n). Subdivide D(4,T) \ Ug|,V (2, d,n,d,T) into
squares of size L x L, where, as before, L = [T*]. Let Ty, Ty, T3, and Ty be
as defined in (2.2.41). For each my € {T1,..., T2} and ny € {T5,..., T4}, we
define >, by (2.2.42). We consider all those squares [Lmi, L(m1 + 1)) X
[Lni, L(ny + 1)) for which the lower left corner does not belong to any of the
trapezoids V(z,d,n,d,T). Since the slope of the ray from the origin to this
lower left corner equals nq/mq, the condition above can be stated as

ny d2 1 d2 1
_ ¢ UdILE - 1
mq X T§—7]

(2.2.113)

Vo T%_n
Note that all the integral points (m,n) in D(5,T) \ Ug,V (z,d,n,d,T) that
do not belong to the union of squares [Lmy, L(my + 1)) X [Lny, L(ny + 1)),
my € {Th,..., T2} and ny € {T5,..., T4}, and that satisfy (2.2.113) are at a
distance O(L) from the boundary of D(5,T') \ Ug,V (z,d,n,d,T). We bound
the contribution of these points (m, n) on the right side of (2.2.109) as follows.
The contribution of those points (m, n) that are at a distance O(L) from the
four edges of the rectangle D(d,T) was estimated in (2.2.43), and it was found
to be



2.2 Proof of Ramanujan’s First Bessel Function Identity (Original Form) 41

1
o)
T2 4

The remaining points, namely, those (m,n) lying inside the rectangle D(5,T)
that are at a distance O(L) from the union over d | = of the rays from the
origin of slopes

d? 1 d? 1
— = — and — + —
Loy T3

can be bounded in a similar manner. One then finds that their contribution
to the right side of (2.2.109) is

o, ( E )
T2

Combining all these bounds, we deduce that

Ui(a,b,8,T,n) — > > =0, (%) :
T3-A70

T1<m1<T» mi,n1
T3<n1<Ty

n d’ 1 d? 1
my £Vl [?—1—1?+—1—}
727" 727"

(2.2.114)
Next, we apply (2.2.53) to each >~ in (2.2.114), and obtain a relation

analogous to (2.2.55), namely,

sna

1
|U1<a,b,6,T,n)|=O< Ry > |Em1,m|>
T2 4

T1<m1<Ts
T3<n1<Ty
d? 1 d? 1
%gudm[; T o T T :|
T27" T27"
1
+0, | — (2.2.115)
TQ—A—TzS

where FEy,, n, is defined in (2.2.51). The exponential sums FE,,, ,, were
bounded in (2.2.82). Employing those bounds on the right-hand side of
(2.2.115), we derive a relation analogous to (2.2.83), namely,
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1
|U1(a7b557Tan)| —Om,)\,5< 3 §5 Z
T2"4 Ty <mi1<T>
T3<n1<Ty

ny d? 1 d? 1
g #als [?——1—»7+—1—
r27" 727"

min {T’\, ;} -min {T’\, ;D
[/ zn1/mal| [/ xma /ni]|

1
+0, (1—13> (2.2.116)
T§—>\—T§

Unlike the previous case, in which = was not an integer and ||y/xni/m1|| and
lv/xm1/n1]| cannot be simultaneously small, in the present case in which
x is an integer, ||\/ani/m1| and ||\/zmi/n1|| can be small simultaneously.
This can happen only if ny /m; is close to a number of the form d?/z with d|z.
Conversely, if n1/m; is close to d? /x for some divisor d of x, then automatically

ma/ny is close to d'*/x, where dd' = z, and ||\/zny /m1|| and ||\/zm /n|

are simultaneously small. The extra condition on n;/m; in the summation

on the right side of (2.2.116) assures us that ||\/xni/m1]|| and [|\/zmi/n4]|

cannot be simultaneously small. This does not prevent the possibility that one
of ||\/xzni/m1]|| and ||\/xmi/n1|| is much smaller than the other, of course.
But in that case, the other is larger than 1/79, by (2.2.41), and so the term
corresponding to the pair (m,n1) on the right side of (2.2.116) is harmless,
as we have seen before.

With this in mind, we proceed as follows. Consider the sets of integral
points (m1,n1) defined by

Bi(x,m,A,6,T) := {(mlvnl) 1Ty <my < T35, T3 <ny < 1Ty,

ni d? 1 d? 1 xny
m—iudw ?— 1 ,?‘i‘ 1 , max
27" T27"
(2.2.117)
and

Ba(x,m,\,0,T) := {(mhnl) 2T <my <15, T3 <ny < Ty,

gu L1 &P }
_ d|z __1—5 1 T80 s
S T7 n T T

(2.2.118)
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The last condition in the definition of Bi(x,n, \,d,T) is equivalent to

1 1
min , <T°, (2.2.119)
{anl/mlll II\/wml/nlll}

which is analogous to (2.2.90). Therefore the contribution of Bi(x,n,\,d,T)
on the right side of (2.2.116) can be estimated as in the previous case when
x was not an integer. In the present case, we arrive at (2.2.91) and proceed
similarly as in the proof that previously led to (2.2.105), but now there remains
the estimate of the summation over (my,ny) in Ba(z,n, A, §,T). Accordingly,
up to this point, we obtain the bounds

[U1(a,b,6,T,m)]

1 . A 1
s [ 5 mm{T —}
T271° (my,n1)€Bs(2,0,7,6,T) vzn/ma]|

logT
1

L 1
xmin { T, ———— 13| + Oz x5 | ———5~ | + Owrs | ——5~ |-
{ ) |‘/xm1/n1|}> TZA—g—%J T%7A,%5

(2.2.120)

Next, let us observe that for each (my,n1) € Ba(x,n,\,6,T), if we denote
by d; and dy the closest integers to y/xni/my and \/xmq/ny, respectively,

then
|d1d2—x|:‘(d1— /ﬂ) do + %<d2_ :Eml)‘
mq ma ny

- HJﬂ ldy + |22, /2 (2.2.121)
mq mq ni
Here, by (2.2.41),
M _ 0,1 and  dp = |2 £ O(1) = 0,(T%?),
mq ni

while

[xnq 1 [xmy 1
— < = d <
H ma - T5 an H ni1 - T(;’

by (2.2.118). On using the foregoing estimates in (2.2.121), we find that

1

and since dy, da, and x are integers, (2.2.122) implies that dyds = x. Let us fur-
ther observe that for (m1,n1) € Ba(z,7n, A, 0,T), the quantities 1/||\/zn1/m4]|
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and 1/||\/2m1 /n1||, which are both larger than T° by (2.2.118), have the same

order of magnitude. Indeed,

H zny zny i Ty <d2 n $m1)
V' ma my 1 ny
T Tmy Tmy T\
d2 - d3 — di+,/—
ni ni mi

Here, by (2.2.41),

[xmy 1 _ 1
rni 1
=2 1
d1+“m1 d1< + O, <T6)>

) d
2 1 2 1
dl - | = — ‘dlml — d1d2n1| = —|d1m1 — d2n1|,

m1 m1 my
and

Ty

2
d2 - = —|d2n1 — d1m1|.
ni ni

By (2.2.123)—(2.2.127), we see that unless dany = dymy,

Wi = (1o (7))

H Tm,

But
Inq

mi rma 1 d2
" ds + O, (T‘;)

TS

By (2.2.128) and (2.2.129), it follows that

Wl ~ 5 (o (7))

H xrma

1
m m_1 di + Oy (T‘;)_ﬂ<1+0 (L))

(2.2.123)

(2.2.124)
(2.2.125)

(2.2.126)

(2.2.127)

(2.2.128)

(2.2.129)

(2.2.130)

unless dony = dimg, in which case both quantities |[\/zni/mq| and

||l\/xmi /ni1]|| are equal to zero. In both cases, we can conclude that
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min TA,; = O, | min TA,;}>.
{ ||\/l’m1/”1||} ( { [v@na/ma| (

Inserting (2.2.131) into the right-hand side of (2.2.120), we find that

2.2.131)

Us(a,b,6,T,n)|

1 T (min {Tk’m}f

3
=4
47 (m1,n1)€B2(z,m,\,8,T)

log T 1
= + O | =137 |- (2.2.132)
6 T2~ ——5

+ Om,)\,(; 1 19
T3~

We proceed to estimate the sum in the first error term on the right-hand
side of (2.2.132). Recall that for any (mi,n1) € Ba(x,n, A, 0,T), on the one

hand, ||\/2zn1/m1| < 1/T°, and on the other hand
&? 1 4 1
+

=035 3
T2~

n
m_ll ¢ Ud\z ; 1 7; 1 )
727" 727"
and so, in particular,
d? 1
'ﬂ _ _1' > (2.2.133)
ma x Tﬁfn
where as before, dy is the closest integer to \/ani/mi. By (2.2.133) and
(2.2.125),
o|E ™
H rni x my > T
= 1
V' ma V PR T§n<dl+ %)
mi mi
1
> —F, (2.2.134)
2d1T2 -1 47277
for sufficiently large T
We next subdivide the interval
1 1
i’ T
into dyadic intervals of the form

3

1 1
2i+17 27
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and, for each j, bound the contribution to the first O-term on the right side
of (2.2.132) of those pairs (mq,n1) for which

IR

1
Recall that & — X is smaller than 7, and so 1/T* < 1/(472~"). Hence,

(2.2.135)

1 1
min {TA, } =
| v/zni /ma| [v/ani/ma

for all (my1,n1) € Ba(z,n, A, 6,T). In conclusion, if we set s1 := [§log, T'] and
S9:=2+ [(— — 1) log, T, then, with the use of (2.2.99) below,

2
1
s (et )
(m1,n1)EB2(x,n,\,0,T) < { || Inl/ml”
s2
< Z 22j+2#{(m17n1) € Ba(x,m,\,6,T) H\/ -

: |:2J+1 ! 2J:| }
J=s1

S2
2j+2 1 1
<y ey ¥ oafe:| M ode g
j= dlz Ti<m1<T>

J=s1
S m > m 1)?
2742 _1 - _1 -
3oy 3 plan|m (-2 (e 1)}
Jj=s1 dlz Ti<m1<T>
> ; dm
2742 1
IO DI (P -y
Jj=s1 dlz T1<m1<T>
S2 ) S92 )
=0, | Y 2T | +0. [ > 2 Y m
Jj=s1 j=s1 T1<m1<Ts

= Oz .51 (2252T1_>\) + Oz .61 (252T2_2)‘)
5
= 00y s A (T2 4 Oy s A (T27772), 22.130)

Combining (2.2.136) and (2.2.132), we finally deduce that

1 1
|U1 (a7 ba 57 Ta 77)| = Om,)\,5,n — 1 3. + Om,)\,é,n - 3.
T>\+27]—§—25 T2>‘+77_1_Z§

logT 1
o2 o )
T2>\_§_T[s TE—)\_Ifs

(2.2.137)
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We now see that for any fixed n > 0, we can make all the O-terms on
the right side of (2.2.137) sufficiently small by choosing X close to % and then
choosing § > 0 small enough. To be precise, we fix a small > 0, and then let
A = 3 — 2n. Thus, (2.2.137) takes the shape

We now let § = 1/39, and so from (2.2.137) we can now deduce that

1
|U1(a, b, T7 77)| = Omm (W) s (2.2.139)

where, for simplicity, we deleted the symbol § on the left-hand side of (2.2.139),
because § is a function of 7.

There remains the problem of obtaining a suitable bound for the sum
Us(a,b,6,T,n). As above, we delete ¢ from the notations V (z,d,n,d,T) and
Us(a,b,6,T,n), which we now proceed to estimate.

2.2.9 Estimating Uz(a,b, T, n)

In order to bound Us(a, b, T, n), we estimate, for each divisor d of x, the inner
sum on the right side of (2.2.110). For each (m,n) € V(x,d,n,T), by (2.2.108),

n  d?

m x

1

727"

< (2.2.140)

By (2.2.140),

sin (bﬁ) = sin (%5) +0, <T%1’7> (2.2.141)

1 3/4 1
m3/An3/4 T J3/2ma2 1+ 0, - . (2.2.142)

and
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b
sin <$>
_.34aN"__\ @ /)
Us(a,b,T,n) == E : 372 Z m3/2

dje (mn)EV (z.d,n.T)

Z > # . (2.2.143)

dlz (m,n)eV(xz,dn,T)

Hence, by (2.2.110),

1
5*77

Recall from the reasoning leading to (2.2.112) that the number of integral

3
pairs (m,n) in each V(z,d,n,T) is of the order of T2%". Thus, using this
estimate in the O-term above and recalling that 7' < m < 2T, we find that
(2.2.143) reduces to

) o sl

Us(a,b,T;n) 1372 m3/2
(m,n)eV (z,d,n,T)
1
+ 0, | — : (2.2.144)
T2
From the inequalities T < m < 2T combined with (2.2.140), it follows that
2 1
n— T < opgtn (2.2.145)
x
and
Pm 1 d?
1y _
T ()
1/2
=—11
x * d?m
d 2m)?
SalTTT 8dim?
‘ é In dim

2
d*>m
Cdm a e am @P(Eno2)
x T%7377 .
(2.2.146)
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Recall that a = 4m\/z. Therefore,
3T
- 1
sin (a m(n+3) — I)
1

2
— sin | 22d +7Tx+2ﬂ':1:n ma? (§+n_li27m) 37
Il I d 2dm 4

1
+Oz< : ) (2.2.147)
T2

Here, 2rdm + 2wazn/d is an integral multiple of 27, and w2/d is an integral
multiple of 7, which is a multiple of 27 if and only if 2/d is even. It follows
from (2.2.147) and (2.2.144) that

U2(a7b7T777)
1 by\/T
_ ,.3/4 :
— ;_dwsm( d)
2
d’>m
Coy ey (3o tr) g
m3z o 2dm 1

(mn)eV (z,dn,T)

S5 el

1o
dlxz (m,n)eV(x,d,n,T) 27

m/d+1 b\/E
34
oy s (M)

2377

d|z
) mc2(l+n_d2_m)2 3
2 x

X ) —- _sin + =

m3/2 2d3m 4

(m,n)eV(z,dn,T)
1
+0, ( ) . (2.2.148)
T3

Furthermore, by (2.2.145) and the inequalities T' < m < 27T,

2
7m;2(l+n—d2—m) — d2m)? 1
2 mw(xn m) L0, (

- , (2.2.149)
2d3m 2d3m T%_">
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which, when inserted in (2.2.148), gives
m/d+1 b\/E
3/4 si
Us(a,b,T,n) = Z d3/2 <d)

1 . (7w(xn —d*m) 3
I

(mn)eV (z,dn,T)

+OI< 11 ) (2.2.150)

T2~
Next, for each divisor d of x, consider the function Hy(u,v) of two real
variables defined on [T, 2T) x [T'~9, (2T)'*9] by
1 . (#(zv—d*u)?® 37
Hy(u,v) == 37 St ( 5 + =) (2.2.151)

1
Note that on V(z,d,n,T), |zv — d*u| < 22727, by (2.2.145), and so

0H, 1 m(zv — d*u)? 37\ 7w o 1
‘ av |~ w32 ( 2d%u 1) E )| =0
(2.2.152)
and
OHy 3 sin (zv — d?u) 3
du 2ub/2 2d3u 4
1 (xv — d?u)?  3r\| 7 |2(d*u — av)d*u — (d*u — 2v)?|
+ s + 20 ) =
u3/2 2d3u 4 )| 2d3 u?
1
O, (m) (2.2.153)

Using (2.2.152) and (2.2.153), we may replace each sum on the right side of
(2.2.150) by a double integral. More precisely, for each (m,n) € V(z,d,n,T),
: (ﬂ'(:z:n —d*m)? N 37r> ) )
sin | ————+ — 1 1
2d3 4 mte [t
m —/ ) / Hy(u,v)dvdu

1
2

m3/2

0Hg 0Hy
P, 2,m+2]{‘m(“’”>‘+ W(“’“)‘}
ve[n n+2]

N:I)—A

{Hd(u v) — Hy(m,n)} dvdu

(2.2.154)
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Adding relations (2.2.154) for all (m,n) € V(x,d,n,T), we see that

1 . (7w(xn —d?m)? n 3r
573 Sin 3 —
(m,n)eV(x,d,n,T) m?/ 2d*m 4

mt 1
= > / / (u, v)dvdu + Oy | — . (2:2.155)
T2

(m,n)eV(x,d,n,T)

Let us observe that if we define
V*(Ivdaan) = U(m,n)EV(m,d,n,T)[m_ §7m+ ] [n_ §an+ %]a (22156)
then

Area (V(.I, d? , T)\V* (Iv da , T)) U (V* (Iv da , T)\V(Iv da m, T)) = OI(T)v
(2.2.157)
because the perimeter of the trapezoid defining V(x,d,n,T) is O(T). Since

|Hq(u,v)| = O (#)

on V(x,d,n,T)UV*(x,d,n,T), by (2.2.157), it follows that

m+2
/ / (u,v)dv du

(m, n)EV z,d,n,T)
1
= Hy(u,v)dvdu + O, (—) . (2.2.158
//V(w,dﬂhT) (1) i) | )

Combining (2.2.150) with (2.2.155) and (2.2.158), we find that

(_1)m/d+1 ) b\/f
Us(a,b,T,n) = 23/4 sin Hg(u,v)dv du
% d3/2 d V(z,d,n,T)

+0m< 11 ) (2.2.159)

T2~

To evaluate the double integrals on the right side of (2.2.159), we perform
the change of variable v = u(w + d?/x) to deduce that

2T 2
// Hy(u,v)dvdu —/ / 1 (u, u(w + d?/z))u dw du
V(w,dn,T) /T2~

rrluw?® 3w

2T 1/T2 —n sin <—3+—)
/ / 2d 1 dw du.

1/T2 -7 Vu

(2.2.160)
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Next, we make a second change of variable to balance the shape of the region
of integration by setting u = Tt and w = z/v/T. Then (2.2.160) reduces to

2 " 24,2
1 t 3
// Hy(u,v)dv du :/ — sin (mc 32 7T) dz dt.
V(e.dn,T) 1 V) 2d 4
(2.2.161)

In the inner integral we make a further change of variable, z = d3/2y/(xt'/?),
so that (2.2.161) now takes the form

T ppl/2g—3/2

d3/2
// Hd(uvdvdu——/ / sin( —y +—>dydt
V(z,dn,T) Tigtl/2d—3/2 2

(2.2.162)
We approximate the inner integral by

co = / sin <2y + —> dy. (2.2.163)

A change of variables followed by an integration by parts yields

si < +37T)
3 1
/ sin(2y + F)dyz—/ 2—4dp

Tnawtl/2d=3/2 4 2 Jrong2ga-s pt/?

o ™ +37T o o ™ +37‘r
2771 1 /°° "\27 7
_— 7 - — ——————dp.

7Tp1/2 21 T2n22¢d—3 p3/2

T2nz2td—3

(2.2.164)
By (2.2.164), it follows that, uniformly for 1 <t <2,

o 37 1
i d Oy | — ). 2.2.165
Joaoein (505 )| =0n (75). 269

It is clear that the same bound as in (2.2.165) also holds for the integral from
—00 to —TMxt'/2d=3/2. Using these relations in combination with (2.2.162),
we deduce that

3/2¢0log 2 1
// Hau, v)do du — 0182 4 (-) . (2.2.166)
V(xz,d,n,T) xz ™

We now insert (2.2.166) into the right-hand side of (2.2.159) to deduce that

b
Uz(a,b, T, 77) = $_1/4CO log 2 Z(_l)m/d-i-l sin (%)
d|x

+0m<1)+0 < L ) (2.2.167)
Tn T2—477
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Recall that b = 71/z(1—26). Therefore, the series over d on the right-hand
side of (2.2.167) cannot cancel for general . Thus, in order for the convergence
of our initial series Si(a,f) to hold for general 6, it is necessary that ¢y be
equal to 0, and indeed it is. To that end [126, p. 435, formula 3.691, no. 1],

c—/oosin —|—37T d
0 = . 29 1 Y

1 [~
= \/_ sm( dy—l— / cos dy
_ 2 + 1 =0
V2 Ve

In particular, we note that the term %’ in the argument of the sine on the

right side of (2.2.163) is essential in order to have ¢y = 0. We conclude from
(2.2.167) that

Uz(a,b,T,m)| = O (T1n>+0< ! ) (2.2.168)

T34

By (2.2.168) and (2.2.139),

1 1
|U1(avb7 T, 77)| + |U2(CL,b, T, 77)| =0, <W> + Oy < 1 > : (22169)

T2~
We now let n = 117 Then both O-terms on the right-hand side of (2.2.169)
are O, (1/T*/3%), and so by (2.2.111),

S| =o. (ﬁ) , (2.2.170)

a,b,T
uniformly for € [0, 1], where on the left side of (2.2.170) we deleted ¢, which
is fixed (recall that 6 = 7/39 = 2/663). With (2.2.170) in hand, the proof
of the uniform convergence of the initial series Si(a,6) can immediately be
completed, as in the previous case when = was not an integer.

2.2.10 Completion of the Proof of Entry 2.1.1

We return to the function G(#) defined in Sect. 2.2.1, which we now know is
well-defined and continuous on [0, 1]. We want to prove that

sin? {Z F ( ) sin(2mnf)—m (%—9) —|—i cot(w@)}

e [ (anmr ) (e m0)
DI B e

= G(0). (2.2.171)

sin?(6)
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The identity G(0) = —G(1—0) is also satisfied. We find the Fourier sine series
of G(f) on (0,1), and so write

G(0) = i b; sin(2756). (2.2.172)

For j > 1, interchanging the order of integration and double summation by
the uniform convergence and continuity established in the foregoing sections,
we find that

12 oo oo [ (4ny/min ¥ 00z) T (dn/mn+ 1= 0z

(R AP (m ) (m )
x sin? () sin(27j0)d0

7\/_5": i/lﬂ Ji (4W\/m) 1 (47T\/m(n+—1—9)$)

as ) Vi 8 Jmnt10)

X (sin(27rj9) - %sin(27r9(j +1) - %sin(?wﬁ(j - 1)))d9.
(2.2.173)

In the first set of integrals of the series on the far right-hand side of
(2.2.173), set

u=4m\/m(n+ 0)x, so that 40 du

m(n+6) - 2rma/z’

and in the second set of integrals of the series, set

u=4dmry/m(n+1-0)x, so that 40 _ )
vm(n+1-0) 2mmy/x

Thus, we find that for each j > 1,

o = /e [ (dr/mn T 0)z) (dny/mln T 1 0)e)
\F,HZ_Z/ VYm0 /mn+1-0)

x sin(2m;6)do

4w/ m(n+1/2)x u?
J in(27mj (| ———— — d
Jrme 0050 (2 (g =) )
47 (n+1/2)x u2
—|—/ J1(u) sin <2ﬂ'j (n—l—l—T))du
4my/m(n+1)x 16m*mx

4w/ m(n+1/2)x Uzj
/ J1(u) sin < ) du
dn\/mnz 8mma
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dry/m(n+1/2)z u2j
—/ J1(u) sin ( ) du

4my/m(n+1)z 8mmx
0o 00 1 4/ m(n+1)x . ’U,Qj
=> > 5 Ji(w) sin du
m—1n—0 2mm dm/mnz 8mmax
- Ji(u)si du. 2.2.174
mzzl 2mm /0 (wsin (87me) b ( )

Similar calculations hold for the integrals involving j41 and j—1 in (2.2.173).
Thus, for each j > 1,

N J 1. (u?(+1)
N mZ: 2mm / Tilu {sm <87rm:10> 2 s ( 8mmx

1 . [(u?(j—1)
—5 S (W) } du.

For a,b > 0, recall the formula [126, p. 759, formula 6.686, no. 5]

/°° sin(au?)Jy (bu)du = 1sin ﬁ
0 ! b da )"
Thus,

b — i 1 Sin(27rmx) _ 1 Sin(27rmx> _ 1Sin(27rmx>
o 2rm j 2 j+1 2 j—1/]"

m=1
(2.2.175)

where the last term is not present if j = 1. From the fact that for any real
number y,

i sin(2rmy) _ 0, if y is an integer, (2.2.176)
mm |y —[y] - L, ifyisnot an integer, o

i sin(2mma/j) 0, ) if /7 is an integer,
™m B —E, + E + =, if £/j is not an integer,
m=1 JoLJ 2
x z 1
A DA 2.2.177
Q) 2 ( )

2?)%@%@%)#9
5(r(G5) 7))
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where the last term is not present if j = 1. Thus,

1 3z 1 1 x
b= - S+ SF@) - oF (5) : (2.2.178)

and for j > 2,

1 T 1 T 1 T T
b, =-F|Z2)—--F|——)—-=F/[( - + . 2.2.179
T2 (J) 4 <J+1) 4 <J—1> 2j(j* - 1) ( )

Next, we find the Fourier sine series on (0, 3) of the left-hand side of
(2.2.171). We have

F (%) sin(27nf) sin(70)
= %F (%) {sin(27m9) - %sin(27r9(n +1)) — %sin(27r9(n - 1))}

and
cot(70) sin?(70) = cos(7f) sin(mf) = % sin(270).

Also, since 0 < 0 < 1, by (2.2.176),

sin (w@)(— - 9) 5 (1 — cos(276) ) Z n(2mmé)

1 <~ sin(2rmé 1 o~ sin(2w0(m + 1 1
>y ( ) >y (2m( )

m™m

sin(2wf(m — 1)) .

m™m

”Fqg

3
Il
3
Il
3
Il

Thus, if the Fourier sine series of the left-hand side of (2.2.171) is

Z ¢; sin(2mjh),
j=1

then

w

x
8
by (2.2.178), and for j > 2,

T 1 x 1 x 1 x
i=——+-F(=)|—-—-F|—— | —=-F| - =b,,
TR 2 (J) 4 (J+1) 4 (J—l) !

by (2.2.179), which completes the proof of (2.1.5).
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2.3 Proof of Ramanujan’s First Bessel Function
Identity (Symmetric Form)

We prove Ramanujan’s first Bessel function identity (2.1.5), emphasizing that
the double sum on the right-hand side of (2.1.5) is being interpreted sym-
metrically, i.e., the product mn of the summation indices m and n tends to
infinity. A slight modification of the analysis from [26, pp. 354-356], in partic-
ular, Lemma 14 of [26], shows that the series on the right-hand side of (2.1.5)
converges uniformly with respect to 6 on any interval 0 < 67 < 6 < 6y < 1.
(There is a misprint in (3.5) of Theorem 4 in [26]; read b(n)/um L/2m for
b(n)ud~'/*™ ) By continuity, it therefore suffices to prove Entry 2.1.1 for ra-
tional 8 = a/q, where ¢ is prime and 0 < a < g.
First define

H(aq:v)

Z Z { Ji (4my/m(n+a/q)x ) Ji(4my/m(n+1—a/q)x) }
el Vil 1=a/)

s i J1 471' mrx/ i i Ji(4m/mrx
S % ( N Zl Z ( \/_\/mT /q)

r=a mod q r=—a mod g

m=1n=0

With the restriction = a/q and with the notation above, we now refor-
mulate Entry 2.1.1.

Theorem 2.3.1. If g is prime and 0 < a < q, then

H(a,q,x ZF( ) i (27;1”) —mc(% — g) +411C0t (%) =: P(a,q,x).

In the analysis that follows, we demonstrate that in order to prove Theo-
rem 2.3.1, it suffices to prove the next theorem.

Theorem 2.3.2. Let q be a positive integer, and let x be an odd primitive
character modulo q. Then, for any x > 0,

Z/dx(”) = L(1,x)r + Z;(:)L Zd \/7J1 47n/n:p/q)

n<zx

(2.3.1)

Proof. Suppose that y is a primitive nonprincipal odd character modulo q.
Then [101, p. 71]

(z)*(Zerl)/QF(S N %)L@s, ) = _ir(x) (E)i(lis)lﬂ(l 9L -2%)

q
(2.3.2)
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Recall again the functional equation of ((s), namely,
1
75 0(5)C(28) = 77_(1/2_S)F(§ - s)c(1 —2s). (2.3.3)

Multiply (2.3.2) and (2.3.3) to deduce that

a—25—1/2

ir 7_‘_73/2+2s
- \%) - S)F(% - S)L(l —25,%)C(1 — 25).
(2.3.4)

If we invoke the duplication formula for the gamma function,

(28)/7 = 223*1F(s)r(s + %)

then (2.3.4) can be written as

722 /7D (2s
2 L2, )

- —3/242s ['(2(1/2 — 8) )7

= _W\%() Wq—1+s (22(1/2—5)—2 L(1 = 2s,X)C(1 = 25)
- —1+2s I _

- _”\%) Z_HS (;_252S)L(1 — 25, %)C(1 — 25).

Thus,

(%)_%F@s)uzs,x)c@s)

*—iT(X) 2—7T o — 28 — 28, X — 25
=-— (\/6) (1 - 28)L(1 — 25, 7)¢(1 — 2).

Replacing s by s/2, we have

27\ —$ 1T (x) 7 2m\s—1 _
(%) T)L(s0C0) = =2 (%) I(1—s)L(1 - 5,7)¢(1 — s).
In the notation of Theorem 2 of [26], ¢ = 0, 7 = m = 1, Ay, = pp, = 270/,/q,
a(n) = dy(n), b(n) = —it(x)dx(n)/\/q, and K1(2\/finx;0;1) = J1(2\/1tr).

We therefore record the following special case of [26, Theorem 2]. Let z > 0.
Then

S () = 20 S ) (i>1/2 L) + Qola), (235)
\/a n=1

An<z
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where
Qo(x) = %/C (27‘-/\/6) jt;(SvX)C(S)fE ds,

where C' is a positively oriented closed contour with the singularities of the
integrand in the interior.
We now replace = by 27z/,/q in (2.3.5) to obtain

Sy () = —TX Z ()1/2J1(47r\/nx/q)+Qo(27rx/\/§). (2.3.6)

n<zx

Now, since ¢(0) = —3,

Ouara - [ Lot

ds — —%L(O,x) FL(L e (2.3.7)
S

From the functional equation (2.3.2),

m\~1/2 RO UK Py
(3) Ta/L0.x0 =~ 0.
So, _
L0, = X p5)
Thus, from (2.3.7),
Qo(2mx/\/q) = L(1, x)z + %L(l,y). (2.3.8)

Lastly, putting (2.3.8) in (2.3.6) and using the identity 7(x)7(X) = —¢, since
X is odd, we complete the proof of Theorem 2.3.2. a

After proving the following lemma, we show that Theorem 2.3.2 implies
Theorem 2.3.1.

Lemma 2.3.1. If 0<a<q and (a,q) =1, then

!

iF(g)sm(%m) Z¢ S @@ Y dyn).
d>1

n=1 X mod d 1<n<dz/q
x odd

Proof. We have

2F<%>Sm<2wm> %(HC;Q/dF( ) sin (27rqna>
_% mzl ( ) . (27r;na>
(m,d)=1
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> r(m)+ P> > r(gm)em ()

d>1 (m d) 1

d>1 (m d) 1

We know that for any positive integers a1, ae, and g,

0, otherwise.
x mod ¢q

Using (2.3.10) and the formula [101, p. 65]

ST S e

Z x(a)x(az) = {¢(Q)a if a1 = as (mod q) and (ay,q) =

L,

727rima/d)_

(2.3.9)

(2.3.10)

(2.3.11)

q
=) — Zy(h)e%rinh/q,
h=1
for any character x modulo ¢, we find that for m,d such that (m,d) = 1
and d > 1,
e?frima/d Z 2mimh/d Z
x mod d
1 d .
=S X @) R
x mod d h=1
1
=—= x(a)7(X)x(m)
¢(d) x mod d
Thus,
- Z Z ( ) 27rima/d _ e—27rima/d)
m= 1
aﬂql (m,d)=

d|gq m=1 x mod d
d>1 m,d)=1
1 > dx
S om X F(q—m)xrgidx(aﬁ(x)x(m)
d>1 (m,d)=1 X even
1 _ > dx
> 5@ Xrgddxw)f(x) mZ P2 )xm)
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Y om X xer® fle(j—;)xm),

d|q X mod d m=
a>1 X even

since x(m) = 0 if (m,d) > 1. Hence, using the calculation above in (2.3.9),
we obtain

n=1
S PN 3w Y P am)
m=1 q d|q x mod d m=1 q
d>1 x odd
/ 1 /
= > dm)+) ) Y xa)rx) dy(n),
1<n<z/q dlg x mod d 1<n<dz/q
d>1 x odd
where we used (2.1.12). Thus, our proof of Lemma 2.3.1 is complete. O

As promised, we now show that Theorem 2.3.2 implies Theorem 2.3.1.

Proof of Theorem 2.3.1. We easily see that H(a,q,x) = —H(q—a,q,z) and
P(a,q,x) = —P(q¢—a,q,x), and so we can assume that 0 < a < ¢/2. Consider

H(a,q,z)
ZZ{JI (4m/m(n + a/q)z ) 1(47r\/m(n+1—a/q)x)}
o vm(n+a/q) vmn+1—a/q)

% i i Ji (4m/mra/q) i Ji (4m/mra/q)

=Y = P L~ W L
_ 2% mj’i; i & “”fmﬁ:—x/” X%q—m (x(a) = x(~a))
- g i A (Mf—ﬁ) X ngdddqu(a)
- X moqu(“)niiw o (/)

= L) x(a) de(n)\/qznh (4m/nz/q). (2.3.12)
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On the other hand, by Lemma 2.3.1,

Pla,q,z) = iF(%) sin (27ma) —WI(% — ﬂ) + icot (E)

n=1 q q q
—q _ , 1 4 ) .
- Mxngd qX(a)T(X)lgnzgm dy(n) — m(i _ 5> + ot (7)
x odd

Applying Theorem 2.3.2 and using (2.3.12), we only need to show that

¢Zq) > @ (2 0+ T L) = —“‘(%—g) +{cot (7).
x mod g
o (2.3.13)
We use the following formulas, which are (2.5) and (2.8) in [71]:
T()L(L,x) =2mi Y X(h)(% - g) (2.3.14)
1<h<gq/2
— m _ mh
TOOLILT) = lggq/zx(h) cot (7) (2.3.15)

We also can easily deduce from (2.3.10) that

S x@x) = Y wax(h) = {“b@/ 2. ith=almodg), ., 4,4

oven Yoaa 0, otherwise,

since (a,q) = 1.
Then, using (2.3.14)—(2.3.16), we deduce that

1

Xxnéodddq
2mx 1 h 1 7h
=1 s )t > (X NOND
?(q) 1<hz<:q/2 (2 q> 2¢(q) 1§hz<q/2 ( q ) X%dq
X O

which completes the proof of (2.3.13) and therefore also of Theorem 2.3.1. O

In fact, Theorem 2.3.1 is equivalent to the following theorem [57].
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Theorem 2.3.3. Let q be a positive integer, and let x be an odd primitive
character modulo q. Then, for any x > 0,

Zd L(1,x)z + 2(7T)L(1,Y)+£ Z X(h)

T(X) 1<h<q/2

n<x

« lim {J1(47n/m(n+h/q):zr) B Ji(4my/m (n+1 —h/q) ) }
N_)OOmn<N \/m(n—l—h/q) Vm(n+1_h/Q)

(2.3.17)

2.4 Proof of Ramanujan’s Second Bessel Function
Identity (with the Order of Summation Reversed)

2.4.1 Preliminary Results

We now embark on a proof of Entry 2.1.2, where now we consider the double
series on the right side of (2.1.6) to be an iterated double sum. As emphasized
in the introduction, we will approach Entry 2.1.2 with the order of summation
on the double series reversed. Our proof depends upon the following formula-
tion of the Poisson summation formula due to A.P. Guinand [132, p. 595].

Theorem 2.4.1. If f(z) can be represented as a Fourier integral, f(x) tends
to 0 as x — o0, and xf'(x) € LP(0,00) for some p, 1 < p < 2, then

J\}i_r)noo{z:f(n)—/o f(t)dt}— lim {Z / )dt} (2.4.1)

where

x) = 2/000 f(t) cos(2mat) dt.

We need the following two lemmas from [48, Lemmas 3.5, 3.4].

/OOO I (z)dz = 0.

Lemma 2.4.2. With I, defined by (2.1.7) and b,c > 0,

Lemma 2.4.1. We have

/O "~ cos(ba?) I (cx)dr = lsm <ZZ) (2.4.2)
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2.4.2 Reformulation of Entry 2.1.2

Theorem 2.4.2. Let F(x) be defined by (2.1.4) and let I (x) be defined by
(2.1.7). Then, forx >0 and 0 <0 <1,

{11 (wm) I (4Wm) }

VA
n=0m=1

V8 Jm(nrio0)
(S5 [ () [ () )

n=0 =1
+_§i L ﬁés. 2 (nt1—0)a
1 m| ————-
0 7’L+1—9 M — o0 o’ m
M J—
—/)sm<§ifﬂ—@3)ﬁ . (2.4.3)
O t
Proof. Let

fo) /tn + 0)z)

t(n+0)

in Theorem 2.4.1. First, setting u = 4m+/t(n + 0)a and using Lemma 2.4.1,
we find that

M
lim {Z Li(4my/m(n+0)x) /M 11(47T\/t(n+9)$)dt}
0

M—00 m(n + 6) t(n+0)

) M I(4my/m(n + 0)x) 1 0
lim {mz_l T 0 - 271_(”_'_9)\/5/0 I (u)du

m=1

M—o0
= Li(dmy/m(n+0)x)
_2; —rew R (2.4.4)

Second, putting v = 4m+/t(n + 0)x and using Lemma 2.4.2, we find that

[ L@m/t(n + 0)x)
g(m) = 2/0 T 0) cos(2mmt)dt

e RCE
) 1 - (27r(n + 9)$> ' (2.4.5)

w(n+0)vz m
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Hence,

s o~ [ a0l
- v | o (PO ) - [ ()
(2.4.6)

We make a digression here to demonstrate conclusively that the limit in

(2.4.6) actually does exist. Write, for a > 0

p { o () [ ()}

M —o0

M
. . a a
g A (i () -

[ ()
0

1
:Ll—LQ—/ sin
0

1
:Ll—LQ—/ sm( )dt—l—a”y,
0

where v denotes Euler’s constant and where

Li = lim i (Sin (%) - %) )

M —o0
m=1
M
(s (&) - %)t
L t) ot

Returning to our proof and putting together (2.4.4) and (2.4.6) in (2.4.1)

f_j— [ d;}_/olsm(t)dt
—log M}

(? dt + a {log M+~ + o(1)

LQ = lim
M —o0

we find that

ih(zxw\/m)

m=1 m(n+9)

R I B SR Y LA W Ly U )L

e i { S () [ (200
(2.4.7)
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Now in (2.4.7) replace § by 1 —6 and add the result to (2.4.7). Sum both sides
on n, 0 < n < oco. Then multiply the resulting equality by %\/E to deduce
(2.4.3) and thus complete the proof of Theorem 2.4.2. O

If we compare (2.1.6) with (2.4.3), we see that in order to prove Entry 2.1.2,
but with the order of summation reversed in the double series, we need to prove
that

( ) cos(27m6‘)—}1+x log(2 sin(76))

F
( 9, {mi s (#0) - [ (=) d’f}

M
1 ) . (27(n+1-6)x
C3 g g {3 (2

2.4.3 The Convergence of (2.4.3)

M|H HME%

Fix x > 0, and set a = 2wz. We are interested in the question of convergence
(pointwise, or uniformly with respect to 6 on compact subintervals of the
interval (0, 1)) of the series

0o M M
. 1 . (a(n+0) . (a(n+6)
S(a, 9) = nzo nt 9 I\/}gnoo {7; Sin (T) — /O Sin <T dt
oo M
1 . [(a(n+1-0)
3 | Y (122
M p—
0 t
For m > 2,
sin < n+96) sm <w) dt

)1
L g 18) i (22:2)s

m 2( a(n+6) (n+9))cosl<a(”+9)_“(”+9>)dt.

t 2 m t

m—1
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(R0 [ (4020
L

Thus,

m aln+0)(t —m)
2/m_1 sin <—2mt > dt
</ a(n + %m =D gy < :LEZ@JF—?)' (2.4.8)

Fix 6; > 0 and set M; = [n'*%], where [z] denotes the greatest integer
< x. We write

(S () [ (229

m=1
My My
— m 0 t
m=1
M M
0 0
e {35 () (s |
M— o0 m M t
m=My+1 1
Here the last limit exists, and, by (2.4.8), is a real number bounded by
= 0 0 1
Z a(n 4+ 0) _ a(n + 0) <, 7
m(m — 1) M, no
m=M-,+1

uniformly with respect to 6 in [0, 1]. Therefore the series

00 M M
S hm{ > (AE0) Sm<w>dt}
gnt Moo 41 m My t

converges uniformly with respect to 6, and the same holds for the other, similar
series involving n + 1 — 8. We deduce that the series

S1(0.5) =3 — {i sin (W) - /OMI sin <M) dt}

n=0 m=1

+2n+1_0{§sin(a(n+ﬂi—9))_/OMlsin(a(n—i—tl—G))dt}

m=1

converges pointwise if and only if the initial sum S(a, @) converges pointwise,
and Si(a, 0, 01) converges uniformly with respect to 6 on compact subintervals
of (0,1) if and only if this holds for S(a,@).
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Next, we need a bound for

S (L) g (0

m=1

We write this expression in the form

5% (A 0) [ (20200)

m=1
B () ()

Here the first sum is bounded in absolute value by \/n. The same bound holds
for the integral, i.e.,
(V7] 0
/ sin < a(n + )) dt
0

As for the last sum above, we use (2.4.8) to bound each term in order to

conclude that
B ((22) - [ (22)

m=[y/n] +1

< +/n.

a(n +0) a(n+0)
< > — < .
m=[y/n]+1
We thus have shown that

s (A0 [ (050

m=1

<q VN,

uniformly with respect to 6 on compact subsets of (0,1).

With this bound in hand, we now proceed to remove the dependence on 6
from the coefficients 1/(n+6) and 1/(n+1—80) in S;(a, 8, 61). More specifically,
we consider the sum

Sa(a,0,6) = nf% ni ; {mism <w> _ /OMI sin (M) dt

+ Zs (M)—/O%sin(w)dt}.
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Note that the sum

Sy ) B (20 - [ (222) )

n=0 m=1

N /OMl sin (M) dt}} (2.4.9)

is uniformly and absolutely convergent, since for each n,

My M
1 1 0 ! 0
0- 4 |
Lo VN K4 375
(n + %)(n—l—@)\/_ n3/2

uniformly in §. We obtain the same bound for the other sum in (2.4.9) by the
same argument. It follows that the sum Ss(a,0,d1) is convergent for a given
value of 6 if and only if Si(a,6,d:1) is convergent for that value of 6. Also,
Sa(a, 8,67) is uniformly convergent with respect to 6 on closed subintervals of
(0,1) if and only if S;(a,,d1) has this property. Next, using the oscillatory
behavior of the function y + siny, we perform another truncation of the inner
sum in Sa(a, 0, d1), by replacing M; by a smaller value Ms, to be determined
later. Consider the sum

i) = 37 [ 8 (H00) (0210

L (e (Y (L0

In order to relate the convergence of Ss(a,0) to that of Saz(a,6,d1), we esti-
mate, for each m € {My+ 1, M2 + 2,..., My}, the quantity

N (M) i <a(n+1 _9))
L (DY (0 L=0))

2

(52 (222
1 m m+u

2

R e O



70 2 Double Series of Bessel Functions and the Circle and Divisor Problems

Here,

antf) _ _an+b) _ant) (“ﬁw(%))

m+u m(l+u/m) m
_an+6)  aln+0)u n
T m m? +0a (W) ’

uniformly in 6. So,

N a(n+0) _ sin a(n+6) a(n+0)u Lo, (i)
m+u m m? m3
We will choose My much larger than /n. Then the ratio a(n + 6)u/m? will
be small, a is fixed, 6 € [0,1], and u € [—3, 2]. Then, using the estimate

sin(a — €) = sina — ecosa + O(€?)

with a = a(n + 0)/m and € = a(n + §)u/m?, we see that

(52 o (52252 (252)

+o(:1—i)+o(%).

a(n+0ju (a(nﬂ;{— 9)> "

Since

o= NI
3
o

it follows that

an (M) [ (a0 () 0 ).

Similarly,

an (L) [ (D) 0 () o ().

We add up these relations for m = Ms + 1,..., My to find that

3 (n(t0) cm(221=0)
L ) 21

n2 n
—O(ﬁ;)”(m)’

=
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uniformly for 6 in compact subsets of (0,1). Therefore, if we choose, for in-
stance, My = [n?/%logn], then the series

Bt (8 (n(t0) v st

m=Ms+1

L () (221

is uniformly and absolutely convergent.
Let us also remark that for t € [My, My + 3],

an+8) _ (2 . andso  sin an+0)\ _ (L ,
t no t nd

and also

/MJ\141+% (sin <M) +sin <w>) it =0 (nié) . (2.4.10)

Hence, the series

S [ (o () o (20

1
— n+ 35 Jan

is uniformly and absolutely convergent. Combining all of the above, we deduce
that the initial series S(a,6) is convergent for a given value of 4 if and only if
the series S5(a, 0) is convergent for that value of §. Moreover, S(a, #) converges
uniformly on compact subintervals of (0, 1) if and only if the same holds for
Sg (a, 6‘)

Let us observe that the contribution of the integrals in (2.4.10) is small,
while on the other hand, we do not have any cancellation inside the integrals

[ (o () g (A0 )

Indeed, one can show that the integrand here is almost constant, in fact
equal to

an 1 ant/3 1
2sin| — | +O0O| ————— | =sin|{ —— | + O | ——— | .
(M2> (n1/310g2n) (10g2n> (n1/310g2n)

Moreover, one can show that the series

> 1 anl/3
E 1 sin< >
n+§

2
— log”n
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is mot absolutely convergent. This forces us to keep at this stage My + %
instead of My as the upper limit of integration in the definition of Ss(a, ).
As a side remark, one can show that the series above, although not absolutely
convergent, is convergent, via proving that the fractional parts

(i)

mlog®n

are “very” uniformly distributed in the interval [0, 1], where “very” means
that the discrepancy of the first N terms is < N~ for some absolute constant

c>0.

Next, we choose a new (integral) parameter M3, whose precise value as a
function of n will be given later, and consider the sum

i) = 3 (8 (B0 (0210

() (22

Ma 1 Ma+3 1
+2 ) sin (—a(n+ 2)) —2/ sin (—a(n: 2)) dt

m =
m=Ms+1 Msz+35

Note that the sum Sy(a, ) differs from S3(a, ) by having 6 replaced by 3 in
the range M3+ 1 < m < Ms. In order to relate the convergence of these two

sums, we write, for m = M3+ 1,..., My,
0 1—6 +1
sin (a(n——i—)) +sin (M) — 9sin (M)
m m m

= 2sin <a(nﬂj %)> cos (a(en: %)> ~ 2sin <G("T+%))

= —4sin (‘L("TJF%)) sin? (‘1(2—;1%)) .
>

an (50 gy (HEIZ0) g (D)
m=M3z+1

Mo 1 Mo
< 4 E Sin (T < E W < ﬁg7

m=Msz+1 m=Msz+1

Therefore,

Mo
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uniformly with respect to 6. Similarly,

/Mff (s (200 s (A0 L) g (DY)

1 1

Mz+3 a(n+ %) a(n+ %) Mat3 gt 1
- . 2 : 2 2 — _
=4 / , sin <—t )sm <—2t )dt <<a/ B < 0

Msz+35 Msz+35

If we now take Mz = [log? n], the sum

(e’ M-
Z 1 1 { Z Sin<a(n+9))+Sin<a(n+1—9))
n:On+§ m=Msz+1 m m

()| e (52)
- sin (L0 g (022 )

will be uniformly convergent with respect to 6. Consequently, the sum Ss(a, )
will be convergent for a given 6 if and only if the sum Sy(a, ) converges for
the same value of 8, and S5(a, 6) converges uniformly on compact subintervals
of (0,1) if and only if Sy(a, ) does.

In what follows, we define

S5(a,0) = i ni% {% <Sin (W) +sin <w>)

n=0 m=1

L (e (M g (L0

and

s 3L LS () (2

n=0 2 m=Msz+1

so that
5’4(@, 9) = S5(@, 9) + QSg(a).

Here the inner sum in S5 (a, 0) has a very short range, of the size of log® n, while
the inner sum in Sg(a) has a larger range, but is independent of . We now turn
our attention to Ss(a,f) and see whether this sum is pointwise convergent,
respectively uniformly convergent on compact subintervals of (0,1). Set
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+6 aln+1-10
>) +sin (—< - )))
m

74

A, 6, ) Z zmz((

and
R N N

N
B(a,d,N) Z

Then Ss(a, ) converges (respectively converges uniformly on compact subin-
tervals of (0, 1)), provided that for every e > 0, there exists an N (e) such that

t

41
+3

for every N1, Na > N (e),
B(a,0,N3)| < e

|A(a‘7 97 Nl) + B(a‘7 97 Nl)
(respectively uniformly for all 6 in a given compact subinterval of (0, 1))

Fix € > 0. For every positive integer N, we put A(a,d, N) in the form
Aa,0,N) =2 E E sin a(n + %) cos a(26-1)
B 2 m 2m '
1<m<log?n

Here the condition m < log? n is equivalent to eV < n. Thus, interchanging

- A(a’a 95 N2) -

the order of summation above, we find that
20— 1 1 i
Aa,0,N) =2 Z cos <M) Z T sin<a(n+2))
2m n-+ =
1<m<log? N eVm<n< N 2
a(20 —1) 1 . [(a(2n+1)
=4 COS(T) 2 2n—|—lsm< om )
evVm<n<N
— A(a,0,Ny) in

1<m<log? N
For two large positive integers N; < Na, we put A(a, 6, N2)
the form
a(2n+1)
2m

A(a’a 95 NQ) - A(a’a 95 Nl)
B a(20 — 1) 1
=4 Z cos (T) Z M1 sin (
N1+1<n<Nj
1 (a(2n+ 1))

1<m<log? N1

a(260 — 1)

2 COS( om ) 2. (T
eVm<n< Ny

+4
log? N1 <m<log? N2
For every positive real numbers U < V, consider the function
sin{(2n + 1)y}

hov(®) = D on + 1
U<n<V
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With this notation, we may write

Aw0.00) = A0 N =4 Y eos (D Y, ()

2m
1<m<log? N1

+4 3 cos <%) Mo, (%) L (2.4.11)

log? N1 <m<log? Nj

We are interested in the behavior of the function hy v (y). This function is odd
and periodic modulo 27, and so it is sufficient to study the function on the
interval [0, 7r]. Also, we note that hy v (y) = hy,v (7 — y), and so furthermore,
it is sufficient to consider this function on the interval [0, 7]. Observe that
hy,v(0) = 0. Next, since the series is alternating with decreasing terms,

1N (=" 1
|huv (3m)| = US;SV o+ 1 = U +1°

For 0 < y < g, we write hy,y (y) in the form

§7T
huy (y) = huyv (37) + hov (y) — hoy (37) = huv(37) — / vy (t)dt.
Yy

(2.4.12)
Here we write [126, p. 36, formula 1.342, no. 4]

1
vv(t) = Z cos{(2n + 1)t} = Seing (sin{2(|V] 4+ 1)t} —sin(2[Ut)),
U<n<V
(2.4.13)
where | V] is the floor of V, that is, the largest integer < V, and [U] is the
ceiling of U, that is, the smallest integer > U. From (2.4.12) and (2.4.13) and
an integration by parts,

27T
hu (y) = huv(3m) — /
Yy

(sin{2(|V | + 1)t} — sin(2[U]t)) dt

2sint
1
B 1 cos{2(| V] + 1)t}  cos(2[UTt)\]|2"
_hU’V(%”)J’zsmt( 2o[V]+1) 20U )U
1
2™ cost [(cos{2(|V]+ 1)t} cos(2[U]t)
[ aan (U )

cof
o

) +o () o ()
(+35))

S I
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uniformly for 0 < y < %ﬂ'. If we need a bound that holds for all y > 0, we
may write

1 1
ol =0 (17 ).

where ||y/7|| denotes the distance from y/7 to the nearest integer, which
is proportional (via a factor of 7) to the distance from y to the set 7Z =
{...,—m,0,7,2mr,...}. Recall that at these points 7Z, the function hy v (y)
vanishes.

We are now ready to apply these considerations to our expression for
A(a,0,Ny) — A(a,0, Ny) from (2.4.11). For log? Ny < m < log> Ny and a
fixed, a/(2m) is a small positive number, which belongs to (0, 7). Hence,

a 1 4m? m?
heme (55)] =0 (2 (1+ 5 ) ) =0 (%)

It follows that
a(20 —1) a
4D s (T) herm i (5)

log? N1<m<log? Na
a
e v, (2m)’

<4

log? N1 <m<log? N>

2
ol oy oz

log? N1 <m<log? N2

e8] 2 oo 2t5 1 5N
ol [ ) -o( [, 2e)-o (%)

log2? Ny ev® log N; € N

Next, we similarly examine the sum

B = e}

1<m<log? N1

at least as far as the terms with large m, so that a/(2m) € (0,47], are
concerned. These are terms for which m > a/7. To that end,

1% (e (5)

a/m<m<log? Ny

S5 ()

a/m<m<log? N;

1 4m?
=0 > F<1+a_2)

a/m<m<log? Ny 1
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- 1 2] log® N,
=0 |y >ooom _o( v )

! a/m<m<log? Ny

Lastly, the sum

4 Y cos(%wmﬂm (%) (2.4.14)

1<m<a/7m

has a bounded number of terms. For each m, with 1 < m < a/7, we distinguish
two cases. Either a/(2m) is an integral multiple of 7, or it is not. In the former
case, we know that

a
hny+1,N, (%) =0,

and hence these terms do not have any contribution to the sum (2.4.14). For
all the other values of m, with 1 < m < a/m, we examine the distances
between the numbers a/(2mm) and the set Z. These distances, no matter how
small, are some fixed strictly positive numbers, which are independent of Ny
and Ns. If we let § > 0 denote the smallest such distance, in other words,

a a a
i 1<m<f 2 g 2)
0 mm{H27TmH _m<7r7 2m¢ ’
then
a(260 — 1) a a
|3 (Y () <4 T e ()
1<m<a/m 1<m<a/m
1
:O _—
N162
1<m<a/m
a/(2m)¢Z

1
”(m)-

Thus this sum too tends to 0 as N1 < Ny tend to infinity, since 6 > 0 is fixed.
In conclusion, for every ¢ > 0, there exists N(e) such that for all
Ny, Ny > N(E),
|A(a, 0, Nl) — A(a, 0, Ng)l < €,

uniformly for all  in any given compact subinterval of (0, 1), as desired.
Similarly, working with integrals instead of sums, we find that

|B(a,0,N1) — B(a,0, N2)| <,

for N1, Ny sufficiently large. This implies that S;(a, 8) is uniformly convergent
on compact subsets of (0,1). The conclusion is that the initial sum S(a,6) is
uniformly convergent on compact subintervals of (0, 1) if and only if Sg(a) is.
But Sg(a) does not depend on 0. So the convergence at one single value of 6
implies uniform convergence in compact subintervals of (0,1).
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2.4.4 Reformulation and Proof of Entry 2.1.2

In view of Entry 2.1.2, Theorem 2.4.2, and the proof of convergence in
Sect. 2.4.3, we now reformulate and prove the following theorem.

Theorem 2.4.3. Fiz x > 0 and set 0 = u + %, where —% <u< % Recall

that F(x) is defined in (2.1.4). If the identity below is valid for at least one
value of 0, then it is valid for all values of 8, and

Z (-)"F (%) cos(2mnu) — % + xlog(2 cos(mu))

1<n<z

1 — 1 - 2r(n+ 3 +
. —F— lim Zsm M
27Tn:On—|—§+uM—>oo m

m=1

- /OMSin (27T(n +t% + u):zc) dt}

1 & 1 > 2n(n+ % —u)x
_ N | in ([ ——— 2 /7
+27r n—l—%—uMl—I»Iloo{ZSIIl( m )

n=0 m=1

_ /OMSm <w) dt}. (2.4.15)

Moreover, the series on the right-hand side of (2.4.15) converges uniformly
on compact subintervals of (—%, %)

Proof. For each nonnegative integer n, set

M 1
1 . . (2r(n+ 5 +u)x
Fnlu) = mz\}iﬁo{z sin (T

m=1

- /OM - (27r(n +t% - u)x) dt}

M 1
1 2m(n+ 1 —
A S, {Zm(M>
n+§—uM—>oo m

m=1

_/OMsin (M) dt}. (2.4.16)

From our work in Sect. 2.4.3, we know that the series Y.~ f,(u) either di-
verges for each value of u or converges for each value of u with the convergence
being uniform in every compact subinterval of (—%, %) Assuming that the lat-

ter holds, we define

fu) = Z fn(w),
n=0
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and we endeavor to prove that the two sides of (2.4.15) have the same Fourier
coefficients. If f(u) denotes the left-hand side of (2.4.15), then we want to
show that

1 1
1 & 12 . 2 . .
—> / L fa(w)e™ M duy = / S’ du, (2.4.17)
™ = =
n=0""2 2

for each integer k. Since f(u) as well as each of the functions f,(u), n > 0, is
an even function of wu, it is sufficient to show that for every integer k > 0,

o L 1
3 / ® fu(u) cos(2rhu)du = 2 / ® F(u) cos(2mhu)du. (2.4.18)
n=0""3 )

In what follows, k is fixed, and we proceed under the aforementioned assump-
tion of uniform convergence of the series >~ f(u), so that the convergence
at the left side of (2.4.18) is assured. Let us denote, for each positive integer N,

N-1 .1
2

Iy = Z / L fn(u) cos(2mku)du,

n=0"Y "3

so that (2.4.18) is equivalent to
2 .

lim Iy = 27r/ f(u) cos(2mku)du. (2.4.19)
N—o00 7%

Next, for N large, write Iy in the form

Nl g cos(2mku) M 2m(n + & +u)x
_ - : 2
IN_;‘/_%H+%+U<J\/}I—I>I100{;SIH< m )

- /OM w (27r(n +t§ + u)x) dt}

n cos(2mku) lim {i “in (27r n+i-— u);v)
’]’L—i———’u,M%oo m

m=1

- /OM sin <w) dt}) du. (2.4.20)

From Sect. 2.4.3, we know that for each fixed n, We have uniform convergence
with respect to uw on compact subintervals of ( 3.%) as M — oco. Thus, in
(2.4.20), we may interchange the order of summation, integration, and taking
the limit as M — oo to deduce that



80 2 Double Series of Bessel Functions and the Circle and Divisor Problems

M N-1 1 1
= lim Z Z /2 e %ku) sin (2W(n+5+u)x> du
M~>oom 1 n=0 -3 nta +u m

=

n+ s —

i
- 2
2 1
/ /2 cos(2mku) in( 7r(n—|—2—|—u)3:) i di
ln+i+u

(217Tku) ‘i ( T(n+3— u)x) i

o= N

t

; 2 i_
/ / cos(2mku) in( m(n+ 3 u):z:)dudt
1 n+——u

t

(2.4.21)

For each n, 0 <n < N — 1, we rewrite the integrals with respect to u on the
right side of (2.4.21) in the forms

[y

mh—- o=

(27Tku) - (2w(n +3+ u)a:) i
+ +u m
+

Yeos(2mk(w —n — %

2)) sin <27wa) dw
w m

n+1
_ (_Uk/ cos(2mkw) sin <2wwx> duw
n w m

1

/_2; (27Tﬁu) w ( m(n ﬂ% - u)a:) "

and

1
2

_|_
/ cos(2mk(n+ 3 —w)) | <27rwx)
sin dw
w m
_(—1) /7" cos(2mkw) sin (277103:) .
—n—1 w m

Similar calculations hold for the remaining two integrals in (2.4.21) with m
replaced by t. Hence, (2.4.21) can be rewritten in the form

27k 2
In = (- 1k}\}1m {Z/ cos(2mkw) in<7rwx)dw
—00

m

_/ / cos(2mkw) sin <27rw:1:) duw dt}. (2.4.22)
0 J-N v !
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The first integral on the right side of (2.4.22) can be rewritten as

N
/ cos(2mkw) sin <27rw:1:) dw
_N w m

1 /N sin ((27k + 2mx/m)w) o 1 /N sin ((27k — 22 /m)w) dw
2 _N w 2 _N w
1 27k+27x/m)N siny 1 (27k—27x/m)N siny

== dy — - dy.
2 —(2nk+2rz/m)N Y 2 —(2nk—27z/m)N Y

A similar representation holds for the last integral on the right-hand side of
(2.4.22) with m replaced by ¢. Therefore, (2.4.22) can be recast in the form

IN _ (—1)k i i /(2#k+27rm/m)N sinydy_/(erkQﬂ'z/m)N Slnydy
2 M- —(2nk+2nz/m)N Y —(2rk—2rz/m)N Y

2rk+2mx/t)N _: 2rk—2mx/t)N _:
/ / smydydt+/ / Y gyt b
@rnk+2rz/t)N Y (2rk—2rz/t)N Y

(2.4.23)

In the following we now need to assume that k& > 0. For large m,

27k+2mx/m)N 2mk+2nz/t)N .
I (m) :/ smy / / smydy &
(2rk+2rz/m)N Y (2rk+2rz/t)N Y

m (2rk+2mx/m)N (2rk+2mx /t)N
:/ / smydy_/ smydy &t
-1 (2rk+2rz/m)N Y (2rk+2rz/t)N Y
(2rk+2mx /t)N m (2rk+2mx/m)N
/ / SINY gy di— / SIY g dt.
m—1J2nk+2rz/m)N Y m—1 (27k+2mx /t)N Y

(2.4.24)

Note that
2wk + 27z /t)N > 2wk 4 2mx/m)N > 2wkN,

and so the integrand in each of the double integrals on the far right side of
(2.4.24) is O(1/N). Also, the two double integrals are over domains of area

bounded by
2771:N_27T:1:N_0<£>_0<£).
t m mt m2

Hence, we see that the first double integral on the extreme right side of

(2.4.24) is
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We now consider the second double integral on the far right side of (2.4.24).
Note that
27k — 27x/m)N > (2rk — 27z /t)N > N.

Thus, it is easy to see that we will obtain the same estimates for the second
double integral on the right-hand side of (2.4.24). We now sum both sides of
(2.4.24), [log N] +1 < m < M, to find that

fi M“”:OQQN)

m=[log N]+1

We now use the bound above in (2.4.23), so that (2.4.23) now reduces to

[log N] 2nk+4+2mx/m)N _: 2rk—2wx/m)N _:
—1)k @nrk+2mz/m)N o) ( /MmN Gin
m=1 —(2nk+27z/m)N Y —(2nk—27z/m)N Y
B (—1)k /[logN] /(27rk+27rm/t)N Sinydy_/(zwk—zm/t)zv Sinydy »
2 0 —(2nk+2rz/t)N Y —(2nk—2rz/t)N Y
1
+OCQW>' (2.4.25)

Next, we divide the sum on m into two parts, m < [2z] and [2z] < m <
[log N], and we similarly divide the interval of integration with respect to t.
Note that for each m > [2z] + 1 and every ¢t € [m — 1,m],

27Tk—27T—I227Tk—27r—x227rk—27r—$227rk—ﬂ'27r,
m t [22]

for all & > 1. Therefore, for such m, all the integrals in (2.4.25) are of the

type, for B > 7N,
/B sinyd —|—O<1>
y=m — .
-B Y N

This estimate is uniform in m, for m > [2z] + 1, and uniform in ¢, for ¢ €
[m — 1, m]. It follows that

/(27rk:|:27rm/m)N Sinydy_/m /(27rk:|:27rm/t)N sulydydt
—(2nkx27z/m)N Y m—1J—Q2rk£2rz/t)N Y

(o) (o) 06

uniformly for m > [2z] 4+ 1, where the + signs above are the same in all
four places, i.e., either all of the signs are plus, or all of the signs are minus.
It follows that the ranges of summation and integration in (2.4.25) can be
further reduced to a bounded range. Thus,
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_1\k [22] 27k+2mx/m)N (2mk—2mxz/m)N _:
In = (-1) (/ smydy_/ smydy>

(]

2

o1 \J-@rk+2rz/m)N Y —(2nk—27z/m)N Y
B (_1)k /[2ﬂ </(2wk+2m/t)zv Siﬂdy - /(27rk—27rm/t)N w@) "
2 Jo —(@rk+2re/)N Y —(@rk—2rz/ON Y
O <log1N> . (2.4.26)
Inside the sum on m, each integral has a limit as N — oo, and these limits are
@mk+2ma/mN g

lim
N—roo —(2nk+2rz/m)N Y

dy = 7, 1<m<[2z],

, if 2k > 2 ,
(2rk—27x/m)N Siny ™ 1 m 7TI/m
dy=+<0, if 27k = 27z /m,

-, if 27k < 2mx/m.

lim
N—o0

—(2nk—27z/m)N Y

In summary,

_1\k [22] (2wk+2mx/m)N _: (2mk—2mx/m)N _:
th ( 21) Z </ smydy_/ Smydy)
— o0

m=1 —(2nk+27z/m)N Y —(2nk—27z/m)N Y

1)k
:( 21) ([22lm —#{1 <m < [22] :m>a/k}n

+#{1<m < [20] :m < a/k} )

(=Dfr
i ([22] = [22] = #{L <m < [2z] :m==x/k}
F22H4{1L <m < [2x] :m < zx/k})
x —1)kr
— (~1)fr m _ 12) s, (2.4.27)

where
5= 1, if /k is an integer,
N 0, otherwise.
Hence, by (2.4.26) and (2.4.27),

. k[T _(_l)kw
ym Iy =(=1) ”M 3 O

. (_l)k /f2;ﬂ /(27rk+27r;n/t)N Slnydy B /(27rk:—27rm/t)N Slnydy i
N—oo 2 0 —(@2rk+2rz/t)N Y —(@2rk—2rz/t)N Y 7
(2.4.28)

provided that the limit on the right-hand side of (2.4.28) indeed does exist.
As we have seen above, the first integral on the right-hand side of (2.4.28)
equals 7 + O(1/N), uniformly in ¢, t € (0, [2x]). Therefore,




84 2 Double Series of Bessel Functions and the Circle and Divisor Problems

[22] (2rk+2mx /t)N —1)k 1
li smyd = lim (=) (DMW—FO (—))
N—roo —(2rk+2rz/t)N Y N—oo 2 N
—_1)F
- % [22] . (2.4.29)

For the remaining double integral in (2.4.28), we subdivide the outer range
of integration [0, [2z]] into the three ranges

Ox 1
"k logN|’

Using the fact that

T 1 a:+ 1 a:+ 1 2]
k' logN'k logN|’ k  logN’ ol

B .
s
/ mydy < oo
-B Y

sup
BeR
we find that
x 1
Etoa Ny [@rk—2mz/t)N 1
/ o / MY qyat = 0 (—> . (2.4.30)
%—@ —(2nk—2mz/t)N Y IOgN

Next, uniformly for t € [% + ﬁ, (235”, we see that

-1

2rk—2nz/t)N _: )
/ smydy =7+0 2mk — —mvl N
—(2nk—2rz/t)N Y E + —
k  logN
log N
0]
nro (M),

and hence
[22] 2rk—2nz/t)N _:
/ / sin ydydt
(2rk—2mx /t)N Yy
T 1 log N
= 2 — — -
(2= (F 4w ) (0 (5F7))

= [2z]m — % +0 <10g1N) : (2.4.31)

Lastly, uniformly for ¢ € (0, £- @),

-1

2rk—2nz/t)N _:
/ Y = —etr 0| | |2nk - —2™ | N

—(2rk—2rz/t)N Y
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and hence
T 1
T Toa N 2rk—27x/t)N _: 1 loe N
L it~ (5w ) (0 (57))
0 —(2nk—2mz/t)N Y k logN N
T 1
=——+40—— ). 2.4.32
k * (logN) ( )

Combining (2.4.29)—(2.4.32), we conclude that
—1)k [22] 2rk+27x /)N _: 2rk—27x/t)N _:
T ) / / Yy —/ Yy | dt
N—oo 2 0 —@rk+2rz/t)N Y —(2rk—2mz/t)N Y

- (_21)k (r2e1m - 201w + 22 4 75
1

( Vera
== (2.4.33)

Combining (2.4.33) and (2.4.28), we finally deduce that

kﬂ'.’IJ

lim Iy = (—1)kr [E} _ D (L

)

So, assuming that the right-hand side of (2.4.15) converges for at least
one value of 0, we see that either (2.4.15) or (2.4.19) is equivalent to the
proposition that

21 (=% (=D 3
(—1)F H B GatO P S z) :2/_lf(u) cos(2mku)du,  (2.4.35)

for each k > 1, where

5= 1, if 2/k is an integer,
N 0, otherwise.

There remains the calculation of the integral on the right-hand side of
(2.4.35). First, for each k > 1,

2 / 21 > (-)'F (%)COS(QWnU)COS@WkU)du:(_1)kF (E)

T2 1<n<zx
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Trivially, for each k > 1,
1
2 1
2/ v cos(2mku)du = 0. (2.4.37)
T2

Next, recall the Fourier series [126, p. 46, formula 1.441, no. 2]

R \n—1008(2mnu) 1 1
log(2 cos(mu)) = Z( 1) — 5 <u<jy

n=1
Because the series on the right-hand side above is boundedly convergent on
[—%, %], we may invert the order of summation and integration to deduce that
1
2
21:/ . log(2 cos(mu)) cos(2mku)du
2

=3

B oo (_l)nfl 2
=2z Zl — | cos(2mnu) cos(2mku)du
n= 2
- (_1 k—1
—a——. (2.4.38)
Bringing together (2.4.36)—(2.4.38), we find that
1
2 I 54 0 D el
2/_%f(u) cos(2mku)du = (1) ([k] 25) to—. (2439)

Comparing (2.4.39) with (2.4.35), we see that indeed (2.4.35) has been proven
for k> 1.

Let us summarize what we have accomplished. We have assumed that
(2.4.15) holds for one particular value of §. We have shown that the right
side of (2.4.15) converges uniformly on compact subsets of (—1, 1). Thus, the
right side is a well-defined, continuous function of 6 on (—%, %), and we need
to check that it is equal to the function on the left side of (2.4.15). Consider
the difference of these two functions, which is a continuous function of 6 on
(—3.3). We have proved that all its Fourier coefficients for k 7 0 vanish.
Then, as a function of 6, this function will be constant. Moreover, since the
two sides of (2.4.15) are equal for one particular value of 6, the aforementioned
constant must be zero. And so (2.4.15) holds for all §. This then completes

the proof of Theorem 2.4.3. a

2.5 Proof of Ramanujan’s Second Bessel Function
Identity (Symmetric Form)

In this section, we prove Ramanujan’s second assertion on page 335 of [269],
i.e., Entry 2.1.2, under the assumption that the product of the indices of the
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double series tends to infinity. As in our proof of the first identity in symmetric
form, it will be sufficient to prove Entry 2.1.2 for rational § = a/q, where ¢ is
prime and 0 < a < q.

We define

G(a,q, )

7@ 2= | Li(Am/m(n + a/q)x) 11(477\/m(n—|—1—a/q):1:)
2 mZ_M;){ m(n+a/q) * m(n+1—a/q)
_Vax e e 11(47n/m7":1:/q)

= ¥ mz::l ; o (2.5.1)

Thus, Entry 2.1.2 is equivalent to the following theorem.
Theorem 2.5.1. If q is prime and 0 < a < g, then

G(a,q,x) = iF(E) cos (27an&) — i + xlog(2sin (ra/q)) =: K(a,q,x).

(2.5.2)

n=1

Our first task in reaching our goal of proving Entry 2.1.2 or Theorem 2.5.1
is to establish the following theorem.

Theorem 2.5.2. If x is a nonprincipal even primitive character modulo q,
then

ZI dy(n) = Va Z dx(n)\/%ll (4m\/nz/q)

n=1

— —— Y " x(h)log (2sin(7h/q)). (2.5.3)

Proof. Recall the functional equation of ¢(2s) [101, p. 59,

7 °I(8)¢(2s) = W_(%_S)F(% —5)¢(1 — 2s).

Recall also that if x is an even nonprincipal primitive character of modulus
g, then the Dirichlet L-function L(z, x) satisfies the functional equation [101,
p. 69]

~—

(X

W(W/q) 2 “Ir(5 - s)L(1 - 25,%).

(w/q)°I'(s)L(2s, x) =
Then, if

Plovx)i= C29L(2s ) = D dilnn~™
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and
6(87X) = (W/\/a)_%[Q(S)F(SvX)v

the functional equations of {(s) and L(s, x) yield the functional equation

T(X) ;1 =
gsvx :_6 37 5X)-
We next state a special case of [26, p. 351, Theorem 2; p. 356, Theorem
4]. In the notation of those theorems from [26], ¢ = 0, r = %, m=2 A\, =
i = 7202 /q, a(n) = dy(n), and b(n) = 7(x)dx(n)/\/q. Also, as above, J, ()
denotes the ordinary Bessel function of order v. Let > 0. Then

_X
)\nz<m \/_

where [26, p. 348, Definition 4]

! X

S 1/4
> st (—) Ko (4 — 4 2) + Qola), (25.4)

Ky (w3 1152) = /OOO u’ M (u) (2 /u)du

and

S

T —2s s 5
QO(;E):%/C( /@) F(s,X) s,

where C' is a positively oriented closed curve encircling the poles of the in-
tegrand. Moreover, the series on the right-hand side of (2.5.4) is uniformly
convergent on compact intervals not containing values of A,,.

We calculate Qo(z). Since L(s, x) is an entire function, and since L(0, x) =
0, when the character x is even, the only pole of the integrand is at s = %

2
arising from the simple pole of ((2s). Thus,

Qolr) = Y211, = - ﬁz Mol =Gl (255)

where ¢, = €2™/9, and where we have used an evaluation for L(1,) found
n [104].
Next, recall that [314, p. 54]

2 2
J_1)2(2) = \/gcosz and Jl/g(z)zy/gsinz.

Thus, anticipating a later change of variable and using a result that can readily
be derived from [314, p. 184, formula (3)], we find that
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1 e 47
K1/2(47r nx/q; — , 2)=— i/ cosu sm( T nx)du

— — \/% —Y)(4m\/nx/q )+K1(47T\/W))
=1 (47ﬁ/nx/q). (2.5.6)

We now replace z by 722 /¢ and substitute the values A\, = p, = 7°n?/q
n (2.5.4). Using (2.5.5) and (2.5.6) in (2.5.4), we conclude that

q—1

! T = )
> dy(n) = ) de(n)\/>ll(47n/nx Z n)log |1 —¢J'|.
n<x \/a n=1 n n=1
(2.5.7)
Using the fact that 7(x)7(X) = ¢ and the simple identity
log|1 — (| = log|¢; ™% — (/%] = log(2sin(mn/q)),
we obtain
!/ > xX
Z dy(n) = i_q Z dX(n)\/jll (47r\/nx/q)
n<x T(X) n=1 n
z 2
- — X(n)log (2sin(mn/q)),
) 2 X(mog (2sin(rn/)
which completes the proof. a

We need one further result before commencing our proof of Theorem 2.5.1.

Lemma 2.5.1. If 0<a<q and (a,q) =1, then

>r(7)eos ()

n=1

!/

= Z +Z¢ Yo xR Y, dyn).

1<n<z/q d|q X mod d 1<n<dz/q
a>1 X even

The proof of Lemma 2.5.1 is very similar to that of Lemma 2.3.1, and so
we omit the proof.

Proof of Theorem 2.5.1. First, using (2.3.10) and the fact that x is even, we
see that

G(a,q,x) = g Z Z ih (4m\/mrx/q)
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L(4my/mrz/q) Y x(r)(x(a) + x(—a))

I
[\
A‘Q
S
NE
NE
=)
s\a
S

m=1r=1 x mod g
:LZZ x I (47 /mra/q) Z x(a)x(r)
¢(q) m=1r=1 amr x mod g
_a &S detm). |1 (4n/mm
“ g T @3 NG

=
oty X i i) [ o T)

= S Alw/e) - S AW)
gty X x é@@)&h(wﬂ)

~ gy X )+ 5 X )= o+ o
P x<a>§dx<n>ﬁfl (irv/nefa).  (259)

On the other hand, by Lemma 2.5.1 with ¢ prime,

!

K(a,q,x):—%)zld(n)_k 1+ ¢(q) Z d(n)_i

q) =, ?(q) n<ala
1

—i—m Z Z dy(n) + zlog(2sinma/q). (2.5.9)
4 X7X0 1<n<z

X even
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Thus, in view of (2.5.8), (2.5.9), and (2.5.2), it suffices to show that

Z x(a)7(X) Z/ dy(n) + (¢ — zlog(2sinma/q)

XA£X0 1<n<z
X even
o0
=q Z Z 1/ 11 47n/nx/ )—l—xlogq.
X7X0 n=1
X even

By Theorem 2.5.2, we now only have to show that

q—1
Z x(a) » x(h)log (2sin(rh/q)) = (¢—1)log(2sinwa/q)—logg. (2.5.10)
X7#X0 h=1
X even
Now
q—1
Z x(a) » X(h)log (2sin(mh/q)) Z log (2sin(wh/q)) Z x(a)x(h)
e S e

log (2sin(wh/q)) > x(a)x(h) =Y _log (2sin(wh/q))
h=1

X even

>
Il
—

= (¢ —1)log(2sinma/q) — log <2q_1 1:[ sin(wh/q))

h=1
= (¢ —1)log(2sinma/q) —logq,

where we have used the familiar formula [126, p. 41, formula 1.392, no. 1]

qg—1
H sin(wh/q) =
h=1

Thus, (2.5.10) has been established, and we have completed the proof. O
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