
n

Contents

n
n

1. Elements of Probability Theory 1

1.1. Introduction 1
1.2. Experiment, Sample Space, Outcome and Event 2
1.3. Nonaxiomatic Probability Definitions 6
1.4. Axiomatic Definition of Probability 9
1.5. Some Probability Theorems 16
1.6. Conditional Probability 19
1.7. Independence 25
1.8. Bayes’ Rule 30
1.9. Appendix: Digression on Events that Cannot Be Assigned

Probability 33
Keywords, Phrases, and Symbols 35
Problems 35

2. Random Variables, Densities, and Cumulative
Distribution Functions 45

2.1. Introduction 45
2.2. Univariate Random Variables and Density Functions 46

2.2.1 Probability Space Induced by a Random Variable 47
2.2.2 Discrete Random Variables and Probability Density

Functions 50



2.2.3 Continuous Random Variables and Probability Density
Functions 53

2.2.4 Classes of Discrete and Continuous PDFs 57
2.2.5 Mixed Discrete-Continuous Random Variables 60

2.3. Univariate Cumulative Distribution Functions 62
2.3.1 CDF Properties 64
2.3.2 Duality Between CDFs and PDFs 66

2.4. Multivariate Random Variables, PDFs, and CDFs 68
2.4.1 Multivariate Random Variable Properties

and Classes of PDFs 70
2.4.2 Multivariate CDFs and Duality with PDFs 74
2.4.3 Multivariate Mixed Discrete-Continuous

and Composite Random Variables 78
2.5. Marginal Probability Density Functions and CDFs 78

2.5.1 Bivariate Case 79
2.5.2 n-Variate Case 82
2.5.3 Marginal Cumulative Distribution Functions (MCDFs) 84

2.6. Conditional Density Functions 84
2.6.1 Bivariate Case 85
2.6.2 Conditioning on Elementary Events in Continuous

Cases-Bivariate 87
2.6.3 Conditioning on Elementary Events in Continuous

Cases: n-Variate Case 89
2.6.4 Conditional CDFs 90

2.7. Independence of Random Variables 90
2.7.1 Bivariate Case 91
2.7.2 n-Variate 94
2.7.3 Marginal Densities Do Not Determine an n-Variate

Density Without Independence 95
2.7.4 Independence Between Random Vectors and Between

Functions of Random Vectors 96
2.8. Extended Example of Multivariate Concepts

in the Continuous Case 98
Keywords, Phrases, and Symbols 100
Problems 101

3. Expectations and Moments of Random Variables 111

3.1. Expectation of a Random Variable 111
3.2. Stieltjes Integration and Implicit Support Convention 117
3.3. Expectation of a Function of Random Variables 118
3.4. Expectation Properties 122

3.4.1 Scalar Random Variables 122
3.4.2 Multivariate Random Variables 123

xvi Contents



3.5. Conditional Expectation 125
3.5.1 Regression Function in the Bivariate Case 129
3.5.2 Conditional Expectation and Regression in the

Multivariate Case 131
3.6. Moments of a Random Variable 132

3.6.1 Relationship Between Moments About the Origin
and Mean 138

3.6.2 Existence of Moments 139
3.6.3 Nonmoment Measures of Probability Density

Characteristics 141
3.7. Moment Generating Functions 142

3.7.1 Uniqueness of MGFs 144
3.7.2 Inversion of MGFs 146

3.8. Cumulant Generating Function 147
3.9. Multivariate MGFs and Cumulant Generating Functions 148

3.10. Joint Moments, Covariance, and Correlation 149
3.10.1 Covariance and Correlation 150
3.10.2 Correlation, Linear Association and Degeneracy 153

3.11. Means and Variances of Linear Combinations
of Random Variables 157

3.12. Appendix: Proofs and Conditions for Positive
Semidefiniteness 162
3.12.1 Proof of Theorem 3.2 162
3.12.2 Proof of Theorem 3.4 (Jensen’s Inequalities) 164
3.12.3 Necessary and Sufficient Conditions for Positive

Semidefiniteness 164
Keywords, Phrases, and Symbols 165
Problems 166

4. Parametric Families of Density Functions 175

4.1. Parametric Families of Discrete Density Functions 176
4.1.1 Family Name: Uniform 176
4.1.2 Family Name: Bernoulli 177
4.1.3 Family Name: Binomial 178
4.1.4 Family Name: Multinomial 180
4.1.5 Family Name: Negative Binomial, and Geometric

Subfamily 181
4.1.6 Family Name: Poisson 183
4.1.7 Poisson Process and Poisson PDF 185
4.1.8 Family Name: Hypergeometric 188
4.1.9 Family Name: Multivariate Hypergeometric 190

4.2. Parametric Families of Continuous Density Functions 192
4.2.1 Family Name: Uniform 192
4.2.2 Family Name: Gamma, and Exponential

and Chi-Square Subfamilies 193

Contents xvii



4.2.3 Gamma Subfamily Name: Exponential 195
4.2.4 Gamma Subfamily Name: Chi-Square 197
4.2.5 Family Name: Beta 200
4.2.6 Family Name: Logistic 202

4.3. The Normal Family of Densities 203
4.3.1 Family Name: Univariate Normal 203
4.3.2 Family Name: Multivariate Normal Density 208
4.3.3 Marginal Normal Densities 212
4.3.4 Conditional Normal Densities 215

4.4. The Exponential Class of Densities 220
Keywords, Phrases, and Symbols 222
Problems 222

5. Basic Asymptotics 231

5.1. Introduction 231
5.2. Convergence in Distribution 233

5.2.1 Asymptotic Distributions 237
5.2.2 Convergence in Distribution for Continuous Functions 238

5.3. Convergence in Probability 239
5.3.1 Convergence in Probability Versus Convergence

in Distribution 241
5.3.2 Properties of the Plim Operator 242
5.3.3 Relationships Involving Both Convergence

in Probability and in Distribution 243
5.3.4 Order of Magnitude in Probability 246

5.4. Convergence in Mean Square (or Convergence
in Quadratic Mean) 247
5.4.1 Properties of the Mean Square Convergence Operator 248
5.4.2 Relationships Between Convergence in Mean Square,

Probability, and Distribution 249
5.5. Almost-Sure Convergence (or Convergence

with Probability 1) 250
5.5.1 Relationships Between Almost-Sure Convergence

and Other Convergence Modes 251
5.5.2 Additional Properties of Almost-Sure Convergence 252

5.6. Summary of General Relationships Between
Convergence Modes 254

5.7. Laws of Large Numbers 254
5.7.1 Weak Laws of Large Numbers (WLLNs) 255
5.7.2 Strong Laws of Large Numbers (SLLNs) 257

5.8. Central Limit Theorems 261
5.8.1 Independent Scalar Random Variables 262
5.8.2 Triangular Arrays 268
5.8.3 Dependent Scalar Random Variables 270
5.8.4 Multivariate Central Limit Theorems 272

xviii Contents



5.9. Asymptotic Distributions of Differentiable Functions
of Asymptotically Normally Distributed Random Variables:
The Delta Method 273

5.10. Appendix: Proofs and Proof References for Theorems 276
Keywords, Phrases, and Symbols 287
Problems 288

6. Sampling, Sample Moments and Sampling Distributions 295

6.1. Introduction 295
6.2. Sampling 297

6.2.1 Simple Random Sampling 299
6.2.2 Random Sampling Without Replacement 302
6.2.3 General Random Sampling 303
6.2.4 Commonalities in Probabilistic Structure

of Probability Samples 304
6.2.5 Statistics 306

6.3. Empirical Distribution Function 306
6.3.1 EDF: Scalar Case 307
6.3.2 EDF: Multivariate Case 311

6.4. Sample Moments and Sample Correlation 312
6.4.1 Scalar Case 312
6.4.2 Multivariate Case 318

6.5. Properties of Xn and S2n when Random Sampling
is from a Normal Distribution 326

6.6. Sampling Distributions of Functions of Random Variables 330
6.6.1 MGF Approach 330
6.6.2 CDF Approach 331
6.6.3 Event Equivalence Approach (for Discrete

Random Variables) 332
6.6.4 Change of Variables Approach (for Continuous

Random Variables) 333
6.7. t-and F-Densities 339

6.7.1 t-Density 339
6.7.2 F-Density 343

6.8. Random Sample Simulation 346
6.9. Order Statistics 349
Keywords, Phrases, and Symbols 353
Problems 354

7. Point Estimation Theory 363

7.1. Parametric, Semiparametric, and Nonparametric
Estimation Problems 363
7.1.1 Parametric Models 365
7.1.2 Semiparametric Models 365

Contents xix



7.1.3 Nonparametric Models 366
7.1.4 Scope of Parameter Estimation Problems 367

7.2. Additional Considerations for the Specification
and Estimation of Probability Models 368
7.2.1 Specifying a Parametric Functional Form

for the Sampling Distribution 369
7.2.2 The Parameter Space for the Probability Model 371
7.2.3 AWord on Estimation Phraseology 373

7.3. Estimators and Estimator Properties 373
7.3.1 Evaluating Performance of Estimators 374
7.3.2 Finite Sample Properties 375
7.3.3 Asymptotic Properties 385

7.4. Sufficient Statistics 391
7.4.1 Minimal Sufficient Statistics 395
7.4.2 Sufficient Statistics in the Exponential Class 400
7.4.3 Relationship Between Sufficiency

and MSE: Rao-Blackwell 401
7.4.4 Complete Sufficient Statistics, Minimality,

and Uniqueness of Unbiased Estimation 403
7.4.5 Completeness in the Exponential Class 404
7.4.6 Completeness, Minimality, and Sufficiency

of Functions of Sufficient Statistics 407
7.5. Minimum Variance Unbiased Estimation 408

7.5.1 Cramer-Rao Lower Bound on the Covariance Matrix
of Unbiased Estimators 411

7.5.2 CRLB Attainment 420
7.5.3 Asymptotic Efficiency and the CRLB 422
7.5.4 Complete Sufficient Statistics and MVUEs 423

Keywords, Phrases, and Symbols 424
Problems 425

8. Point Estimation Methods 433

8.1. Introduction 433
8.2. The Least Squares Estimator 434

8.2.1 Linear and Nonlinear Regression Models 434
8.2.2 Least Squares Estimator Under the Classical General

Linear Model Assumptions 436
8.2.3 Violations of Classic GLM Assumptions 455
8.2.4 GLM Assumption Violations: Property Summary

and Epilogue 463
8.2.5 Least Squares Under Normality 464
8.2.6 Overview of Nonlinear Least Squares Estimation 467

8.3. The Method of Maximum Likelihood 472
8.3.1 MLE Implementation 472
8.3.2 MLE Properties: Finite Sample 477

xx Contents



8.3.3 MLE Properties: Large Sample 479
8.3.4 MLE Invariance Principle and Density

Reparameterization 491
8.3.5 MLE Property Summary 495

8.4. Method of Moments and Generalized Method of Moments
Estimation 496
8.4.1 Method of Moments 497
8.4.2 Generalized Method of Moments (GMM) 502

8.5. Appendix: Proofs and Proof References for Theorems 509
Keywords, Phrases, and Symbols 514
Problems 514

9. Hypothesis Testing Theory 523

9.1. Introduction 523
9.2. Statistical Hypotheses 524
9.3. Basic Hypothesis Testing Concepts 529

9.3.1 Statistical Hypothesis Tests 529
9.3.2 Type I Error, Type II Error, and General Non-Existence

of Ideal Statistical Tests 531
9.3.3 Controlling Type I and II Errors 533
9.3.4 Type I Versus Type II Error Tradeoff and Protection

Against Errors 537
9.3.5 Test Statistics 540
9.3.6 Null and Alternative Hypotheses 541

9.4. Parametric Hypothesis Tests and Test Properties 542
9.4.1 Maintained Hypothesis 543
9.4.2 Power Function 544
9.4.3 Properties of Statistical Tests 545

9.5. Classical Hypothesis Testing Theory: UMP
and UMPU Tests 553
9.5.1 Neyman-Pearson Approach 553
9.5.2 Monotone Likelihood Ratio Approach 563
9.5.3 UMP and UMPU Tests in the Exponential Class

of Densities 569
9.5.4 Conditioning in the Multiple Parameter Case 582
9.5.5 Examples of UMPU Tests in the Multiparameter

Exponential Class 586
9.5.6 Concluding Remarks 596

9.6. Noncentral t-Distribution 597
9.7. Appendix: Proofs and Proof References for Theorems 598
Keywords, Phrases, and Symbols 602
Problems 603

Contents xxi



10. Hypothesis Testing Methods and Confidence Regions 609

10.1. Introduction 609
10.2. Heuristic Approach to Statistical Test Construction 610
10.3. Generalized Likelihood Ratio Tests 615

10.3.1 GLR Test Properties: Finite Sample 616
10.3.2 GLR Test Properties: Asymptotics 622

10.4. Lagrangian Multiplier Tests 627
10.4.1 LM Tests in the Context of Maximum Likelihood

Estimation 628
10.4.2 LM Tests in Other Estimation Contexts 631

10.5. Wald Tests 633
10.6. Tests in the Context of the Classical GLM 637

10.6.1 Tests When e Is Multivariate Normal 637
10.6.2 Tests in Semiparametric Models 648

10.7. Confidence Intervals and Regions 654
10.7.1 Defining Confidence Intervals and Regions

via Duality with Rejection Regions 656
10.7.2 Properties of Confidence Regions 661
10.7.3 Confidence Regions from Pivotal Quantities 663
10.7.4 Using Confidence Regions to Conduct

Statistical Tests 667
10.8. Nonparametric Tests of Distributional Assumptions 667

10.8.1 Nonparametric Tests of Functional Forms
of Distributions 668

10.8.2 Testing the iid Assumption 677
10.9. Noncentral w2- and F-Distributions 680

10.9.1 Family Name: Noncentral w2-Distribution 680
10.9.2 Family Name: Noncentral F-Distribution 682

10.10. Appendix: Proofs and Proof References for Theorems 683
Keywords, Phrases, and Symbols 689
Problems 689

Math Review Appendix: Sets, Functions,
Permutations, Combinations, Notation, and Real Analysis 697

A1. Introduction 697
A2. Definitions, Axioms, Theorems, Corollaries,

and Lemmas 697
A3. Elements of Set Theory 698

Set Defining Methods 699
Set Classifications 701
Special Sets, Set Operations, and Set Relationships 701
Rules Governing Set Operations 703
Some Useful Set Notation 705

A4. Relations, Point Functions, Set Functions 707
Cartesian Product 707

xxii Contents



Relation (Binary) 708
Function 709
Real-Valued Point Versus Set Functions 712

A5. Combinations and Permutations 715
A6. Summation and Integration Notation 718
A7. Elements of Real Analysis 720

Sequences of Numbers and Random Variables 720
Limit of a Real Number Sequence 722
Continuous Functions 726
Convergence of a Function Sequence 728
Order of Magnitude of a Sequence 729

Keywords, Phrases, and Symbols 731
Problems 731

Useful Tables 735

B1. Cumulative Normal Distribution FðxÞ ¼ R x
�1

1ffiffiffiffi
2p

p e�t2=2dt 735
B2. Student’s t Distribution. The first column lists

the number of degrees of freedom (v). The headings
of the other columns give probabilities (P) for t
to exceed the entry value. Use symmetry
for negative t values 736

B3. Chi-square Distribution. The first column lists
the number of degrees of freedom (v). The headings
of the other columns give probabilities (P) for the w2v
random variable to exceed the entry value 737

B4. F-Distribution: 5% Points. The first column lists
the number of denominator degrees of freedom (v2).
The headings of the other columns list the numerator
degrees of freedom (v1). The table entry is the value
of c for which PðFv1;v2 � cÞ ¼ :05 739

B5. F-Distribution: 1% Points. The first column lists
the number of denominator degrees of freedom (v2).
The headings of the other columns list the numerator
degrees of freedom (v1). The table entry is the value
of c for which PðFv1;v2 � cÞ ¼ :01 741

Contents xxiii



http://www.springer.com/978-1-4614-5021-4


	Contents



