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A

Almost-sure convergence
Cauchy’s condition, 253–254
characterization, 251
continuous functions, 253
definition, 250–251
independent random variables, 252
not imply convergence, 252
and plim, 251–252
with probability 1, 251
to random variable, 253
sums and products, 253

Asymptotically equivalent tests, 626
Asymptotically unbiased tests, 624
Asymptotic distribution
aggregate demand, beverage product,

290
binomial density, 291
CLTs (see Central limit theorems

(CLTs))
color screens for notebook

computers, 287–288
continuity correction, 291

customers, grocery store, 288–289
exponential distribution, 290
gamma density, 289
laws of large numbers (see Laws of

large numbers)
non-random and random sequence,

232
normally distributed random

variables (see Delta method)
n-variate random variables, 231–232
probability distribution, 231
proofs and proof references,

theorems, 276–287
random variables, convergence (see

Convergence of random variables)
Asymptotic pivotal quantity, 664
Asymptotic properties, estimators
consistent
population
mean, 387

sampling density, 387
sufficient condition, 387–389

CUAN, 391
definition, 385

nonuniqueness problem, 386
relative efficiency and admissibility
CAN (see Consistent
asymptotically normal (CAN)
estimators)

exponential probability
distribution, 389

function, normal random variable,
390

Slutsky’s theorem, 386
Asymptotics, GLR tests
consistency of
for binomial distribution, 623–624
description, 622–623
for exponential distribution, 623

description, 622
distribution
under local alternatives, 625–627,
685–686

under null hypothesis, 624–625,
683–685

Axiomatic approach
certain event probability, 11–12
countable additivity, 13–14



Axiomatic approach (cont.)
event space, 10
mathematical induction principle,

12–13
nonnegativity, 11
probability set function, 14–15
probability space, 16
properties, 9–10

B

Bayes’ rule
blood test accuracy, 31–33
description, 30
total probability, 30–31
two event case, 31

Behrens-Fisher problems, 690
Bernoulli, discrete density functions
density definition, 177
density, p ¼ .3., 178
moments and MGF, 177
outcomes, 178
parameterization, 177
probability, dichotomous outcome, 178
probability space, 177–178

Bernoulli distribution
admissible estimators, mean,

378–379
MVUE, mean, 383–384
population
Lehman-Scheffé minimal
sufficiency approach, 398–399

sufficient statistic, 392–394
Best linear unbiased estimator (BLUE)
definition, 384
Gauss-Markov theorem, 441–442
linear unbiased estimator, x’b, 442
mean, population distribution,

384–385
Beta, continuous density functions
and binomial density, 201–202
density definition, 200
density shapes, 200, 201
order statistics, 201
parameterization, 200
PDFs, 200
proportion outcomes, 200, 202

Bias matrix, 377
Binomial, discrete density functions
density definition, 178
density, n ¼ 5, p ¼ 0.3., 179
n Bernoulli trials, 178
parameterization, 178
PDF for n ¼ 5, p ¼ .3, 179, 180
sequences, 179

Bivariate normal population
distribution, 694

BLUE. See Best linear unbiased
estimator (BLUE)

Bonferroni joint tests, 644–645

C

CAN estimators. See Consistent
asymptotically normal (CAN)
estimators

Cauchy-Schwarz inequality, 151
CDF. See Cumulative distribution

function (CDF)
Central limit theorems (CLTs)
asymptotic distributions, 261–262
control charts, 288
definition, 261
dependent scalar random variables,

270–271
independent scalar random variables

(see Independent scalar random
variables, CLTs)

multivariate central limit theorems,
272–273

sequences, random variables, 261
triangular arrays (see Triangular

arrays of random variables, CLTs)
Change of variables technique
continuous random variables, 333
log-normal distribution, 335–336
multivariate and invertible, 338–339
in noninvertible function case,

337–338
piecewise invertible and univariate,

336–337
univariate and invertible, 334–335

Characteristic function, MGFs, 146
Chebyshev’s inequality, 135–136
Chi-square, continuous density

functions
additivity, 198–199
w2 densities, 198
density definition, 197
inverse additivity, 199
nonintegral, 198
parameterization, 197
table, 199–200

Chi-square distribution, 736–737
CIs. See Confidence intervals (CIs)
Classical general linear model (GLM)
b and s2 parameters, 637
assumption violation
consistency sufficient condition
1, 457

definite symmetric matrix, 459
degree, multicollinearity, 461
generalized least squares estimator,
458

heteroskedasticity/autocorrelation,
456

Markov’s inequality, 459
matrix theory lemma, 457
perfect multicollinearity, 460
properties, LS estimator, 455
simultaneous determination, Y and
X outcomes, 462

symmetric matrix, 462
asymptotic normality, ˆb, 447–448,

509
average squared prediction error, 446
bivariate case, 437
BLUE, 441–442
classical assumptions, 463–464
coefficient of determination, 440–441
definition, 436
design matrix, 437
disturbance vector, 450, 509–510
homoskedasticity, 438
linear model representation, 443
matrix calculus, 439–440
matrix multiplication, 445
e, multivariate normal
Bonferroni joint tests, 644–645
F-tests, 637–640
w2-tests, 645–648
T-tests, 640–643

nonnegative-valued random variable,
446

partitioned inversion, 445
point estimation problem, 452, 453
polynomial function, explanation

variables, 438
population distribution, 452
probability model, 439
production process, 443
regression hyperplane, 438
sample mean and variance, 452
semiparametric models
asymptotic w2 tests, 648–649
asymptotic normal tests, 649–652
description, 648
tests, s2, 652–653

Slutsky’s theorem, 449–450
Ŝ2–non-iid residuals, 451–452,

510–511
statistical characteristics, 436
transformed model, 444
zero autocovariance/autocorrelation,

438
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Classical hypothesis testing theory
applications, 597
exponential class, densities, 569–582
monotone likelihood ratio approach,

563–569
multiparameter exponential class,

UMPU
hypothesis testing, 585–586, 601–602
nuisance parameters, 582–583
parameterization, exponential class
density, 586

population distribution, 586
power functions, 584–585
random variable’s distribution, 587
testing one and two-sided
hypothesis, 589

Neyman-Pearson approach, 553–563
statistical theory and procedures, 596

Classical probability
application, 6
and fair dice, 6–7

CLTs. See Central limit theorems
(CLTs)

Composite hypotheses, GLR tests
in Bernoulli population, 620–622
for exponential distribution, 619–620
vs. simple null, 618
UMP and unbiased, 620
UMP level a Ho vs. Ha, 618–619

Conditional density functions
bivariate case, 85–87
conditional CDFs, 85–87
description, 84–85
elementary event, 87
mean value theorem, integrals, 88

Conditional expectation, random
variables

analysis, regression, 126
bivariate case, 126–127
expectation-bivariate, 126
generalized iterated theorem, 127–129
regression, multivariate and bivariate

case, 129–132
substitution theorem, 128
and unconditional (see

Unconditional expectation,
random variables)

Conditional probability
description, 19–20
and frequency definition, 21
multiplication rule (see

Multiplication rule)
sample selection, 23
sample space, 20
theorems, 22

Confidence intervals (CIs)
definitions, one-sided/bound,

655–656
description, 654
duality with rejection regions
description, 656–657
ellipsoid, GLM, 660–661
y, exponential distribution, 659
m, normal distribution, 657
p, Bernoulli distribution, 659–660
Rb, GLM, 657–658

hypothesis testing, 654
level g and coefficient 1–a, 655
lower and/or upper limits, 655
pivotal quantities, 654
properties of, confidence regions (see

Confidence regions)
random set A(X), 655–656
scalar R(Q), 655
unknown R(Q), 656

Confidence regions
consistent level g, 663
and hypothesis tests, relationships,

661
from pivotal quantities (see Pivotal

quantities, confidence regions)
statistical tests, 667
UMA level g, 662
UMAU, 662
unbiased, 661–662

Consistent asymptotically normal
(CAN) estimators

asymptotic relative efficiency and
admissibility, 389

definition, 388
variance/covariance matrix, 390, 391

Consistent Uniformly Asymptotically
Normal (CUAN) class, 391

Continuous density functions
Beta, 200–202
gamma, exponential and chi-square

subfamilies, 193–195
gamma subfamily name
chi-square, 197–200
exponential, 195–197

logistic, 202–203
uniform, 192–193

Continuous random variables
characteristics, 54–55
class of, 57
fundamental theorem, calculus, 54
lower and upper bounded events,

56–57
real-valued sample space, 53–54

Convergence of random variables

almost-sure convergence, 250–254
in distribution (see Distribution,

convergence)
in mean square/quadratic mean,

247–250
modes relationships, 254
in probability (see Probability,

convergence)
Convergence with probability 1. See

Almost-sure convergence
Correlation, sample
definition, 321, 322
linear association, outcomes,

322–323
matrix, 325–326
properties, 323–324

Covariance, sample
definition, 319
matrix, 325
outcomes, moments, 319
properties of, 319–321

Cramer-Rao Lower Bound (CRLB)
asymptotic efficiency, 422–423
attainment theorem
and exponential class, 421–422
exponential population, 421
regularity conditions, 420

definition, 411
estimation, parameter vector, 418
exponential population, 419–420
Hessian form
evaluation, applicability, 417–418
exponential class, 416–417
regularity conditions, 416

joint density function, random
sample, 414–415

regularity
conditions, 411–412
exponential class, distributions, 413
exponential population, 412–413
geometric distribution, exponential
class, 413–414

scalar function case, 418
Cramer-Wold device
Bernoulli vectors, 272–273
description, 272
independent bounded random

vectors, 273
multivariate Lindberg-Levy CLT, 272
normal limiting distributions, 272

CRLB. See Cramer-Rao Lower Bound
(CRLB)

CUAN class. See Consistent
Uniformly Asymptotically
Normal (CUAN) class
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Cumulant-generating function
definition, 147
and multivariate MGFs
definition, 148
and marginal, 148–149

Cumulative distribution function (CDF)
discontinuity, 65–66
discrete, 63–64
formal definition, 63
mixed discrete continuous RV, 64
vs. PDFs
component, 68
description, 65–66
theorems, 67

properties, 64–65
random variable, 63
sampling
gamma distribution, 331
Leibnitz’s rules, 332

set definition, 62
truncation function, 64

Cumulative normal distribution, 734

D

Degenerate random variable and
density function, 155

Delta method
asymptotically normally distributed

random variables, 273–274
Bernoulli RVs, 274–275
definition, 274
first-order partial derivatives, 274
products and ratios, 275–276
vector function, 275
Young’s form, Taylor’s theorem, 274

DeMorgan’s laws, 704
Density functions. See also Univariate

random variables
algebraic representation, 176
continuous (see Continuous density

functions)
discrete (see Discrete density

functions)
domain elements, 176
exponential class of, 220–222
functional forms of, 176
normal family of
conditional normal densities,
215–219

description, 203
marginal normal densities, 212–215
multivariate normal density,
208–212

univariate normal, 203–208

parameter space, 175
parametric families, 175
PDFs, 176
statistical applications, 175

Dependent scalar random variables,
CLTs

definition, 270
least squares estimator, 271
m-dependence, 271

Discrete density functions
Bernoulli, 177–178
binomial, 178–180
hypergeometric, 188–190
multinomial, 180–181
multivariate hypergeometric,

190–191
negative binomial and geometric

subfamily, 181–183
Poisson (see Poisson, discrete density

functions)
uniform, 176–177

Discrete random variables
class of, 57
concept, 52
point function, 51–52
probability mass function, 53
set function, 50

Discrete uniform population
distribution, 694

Distribution, convergence
asymptotic distribution
definition, 237–238
vs. limiting distribution, 238
vs. no limiting distribution, 238

to constant, 233–234
continuous functions
description, 238
limiting distribution, 238–239
scalar function, 239
vector function, 239

cumulative distribution function,
234–235

definition, 233
limiting density and distribution, 234
moment generating functions, 236
vs. in probability, 241–242
random sequence, 236
sequence, density functions, 236

E

EDF. See Empirical distribution
function (EDF)

Empirical distribution function (EDF)
description, 306

multivariate case
definition, 311–312
properties, 312

sample moments
empirical substitution principle,
312–313

origin and mean, 313–315
scalar case
and binomial, 308–309
definition, 307
empirical probabilities, 311
Glivenko-Cantelli theorem, 311
properties, 309–310

Empirical substitution principle,
312–313, 318

Equality of proportions, 694
Equal variances, 690
Equivalent-events approach,

332–333
Estimand, 373
Estimators and estimator properties,

point estimation theory
asymptotic (see Asymptotic

properties, estimators)
and estimand, 373
and estimate, 373
evaluation, performance, 374–375
finite sample (see Finite samples,

estimators)
procedure, 374

Events, probability theory
definition, 4
disjoint, 5–6
elementary, 4
occurrence, 5

Excess kurtosis, 138, 147
Expectations, random variables
approximation of area, under f(x), 115
conditional (see Conditional

expectation, random variables)
continuous mass, weightless rod, 114
continuous RV, 116
density function “weights”,

weightless rod, 111, 112
discrete case, 113
E(X) existence, bounded R(X), 117
function
concave/convex, 121
cumulative distribution function,
118

density function, 119
Jensen’s inequalities, 121
probabilities, 120–121
profit function, 119–120

gain, insurance, 113–114
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multivariate random variables,
123–125

scalar random variables, 122
Experiment, probability theory, 2–3
Exponential class, densities
definition, 220
differentiability and continuity,

power functions, 570–571
integral/summation sign, 570
linear transformations
noncentral t-distribution, 594
polar coordination, 592
power function, test, 594
probability mass, 591
reparameterization, 590
student t-distribution, 593
t-statistic, 593

normal family C, 221–222
UMPU level
Bernoulli population distribution,
572–573

binomial and normal distributions,
582

nonlinear equation solver, 580
normal population distribution,
574–576

power function, 577–578
a-size rejection region, 578–579
test statistic, 581
two sided tests, 582, 600–601

Exponential, continuous density
functions

density definition, 196
“good as new” electronics, 197
memoryless property, 196–197
nonnegative subset, 196
parameterization, 195

F

F-density
definition and derivation, 343–344
F-family, 344–346

F-distribution, 738–739
Finite samples
estimators
bias matrix, 377
BLUE (see Best linear unbiased
estimator (BLUE))

definition, 375
estimator admissibility, 378
estimator bias, 376
mean, Bernoulli distribution,
378–379

MSE (see Mean square error (MSE))

MVUEs (see Minimum variance
unbiased estimators (MVUEs))

relative efficiency, 376, 377,
380–381

SMSE (see Strongmean square error
(SMSE))

unbiased estimator, 381–382
GLR tests
composite hypotheses (see
Composite hypotheses, GLR tests)

simple hypotheses (see Simple
hypotheses, GLR tests)

UMP/even unbiased, 616
F-tests
characteristic roots, 638–639
joint explanatory variable

significance, 639–640
noncentral F-distribution, 638
small sample distribution, W, 638
Wald-type test, null hypothesis, 637

Function sequences
convergence, 728–729
order of magnitude, 729

G

Gamma, exponential and chi-square
subfamilies

a ¼ 3., 193, 194
additivity, 194–195
b ¼ 1, 193
definition and functions, density, 193
inverse additivity, 195
parameterization, 193
scaling, random variables, 195
time probability, machine

breakdowns, 194
Generalized likelihood ratio (GLR)

tests
asymptotics (see Asymptotics, GLR

tests)
constrained maximum likelihood,

616
finite sample (see Finite samples,

GLR tests)
functions of Q, 615
function values, 615
of size a, 615
test statistic l(x), 616

Generalized method of moments
(GMM)

asymptotic covariance matrix, 507
estimator properties, 504
first-order Taylor series

representation, 506

instrumental variables estimator.,
505–506

nonrandom positive definite
symmetric matrix, 504–505,
513–514

sample moment conditions, 502
two-stage least squares estimator,

508
vector function, 503
weighted squared Euclidean distance,

496
General random sampling
commonalities, 304–305
definition, 303–304

Glivenko-Cantelli theorem, 311
GLM. See Classical General Linear

Model (GLM)
GLR. See Generalized likelihood ratio

(GLR) tests
GMM. See Generalized method of

moments (GMM)
w2 Goodness of fit test
likelihood function, multinomial

distribution, 669
ML method, 670
multivariate, LLCLT, 669
null hypothesis, 668
population distribution, exponential

PDF, 670–671
test rule, 670

H

Heuristic approach, statistical test
construction

classical UMP and UMPU, 610
H0 vs. Ha

Poisson based on asymptotic
normality, 613–614

Poisson distribution, 610–611
principle, 610
significance, regression parameter,

611–613
test consistency, 614–615

Hypergeometric, discrete density
functions

density definition, 188
drawing objects with replacement,

190
drawing randomly without

replacement, 189
moments and MGF, 189
parameterization, 188
probability space, 189

Hypothesis testing theory
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Hypothesis testing theory (cont.)
acceptable region, 529–530
classical (see Classical hypothesis

testing theory)
control charting, 606
definition, 529
general procedure, 530, 531
noncentral t-distribution, 597–598
null and alternative hypotheses,

541–542
parametric and properties (see

Parametric hypothesis testing)
Pareto distribution, 605–606
population distribution, 604
power function graph, 603, 606
randomized test, 604–605
rejection region, 529–530
simple/composite hypothesis,

603–604
statistical (see Statistical hypothesis)
test statistics, 540–541
type I, type II error
applications, 537
Bernoulli random variables, 535
binomial distribution, 536
error probabilities, 533
hypothesis testing applications,
533

ideal statistical test, 532
probabilities, type II error, 539
protection against type I error, 537
size, statistical test, 538
test decision errors, 540
true probability distribution, 531

UMPU tests, 604

I

Independence
probability theory
complement event pairs, 26–27
description, 25–26
vs. disjointness, 27–28
event case, 28–29
two event case, 26
Venn diagram, 29–30

random variables
bivariate, 91–94
concept, 90
n-variate, 94–95
random vectors and functions,
96–98

Independent and identically
distributed (iid) random variables

scalar, 262–265

SLLNs, 258–259
WLLNs, 255–256

Independent scalar random variables,
CLTs

Bernoulli-type, 264
bounded, 266
chi-square, 264–265
continuity correction, 264
least squares estimator, 266–267
Liapounov CLT, 267
LLCLT, 262–263, 265–266
non-IID uniform RVs, 267–268

Iterated expectation theorem, 127–129,
132

J

Jacobian matrix, 338, 340, 343–344
Jarque-Bera (JB) test
asymptotic distribution, 677
null hypothesis, 676
test statistics, 676

JB. See Jarque-Bera (JB) test
Jensen’s inequalities, 121, 164
Joint density, random samples, 300,

304–305, 330–331
Joint moments, covariance and

correlation
bivariate function dependence, 153
bounds, correlation, 152
calculation, 150–151
Cauchy-Schwarz inequality, 151
covariance bound, 151–152
definition, 150, 152
expectation, product, 151
and independence, 152–153
linear association and degeneracy
bivariate random variable,
continuous case, 155, 156

degenerate random variable and
density function, 155

equivalent probability statement,
154

line integrals, 156
Markov’s inequality, 153–154
prediction, Y outcomes, 156–157

mean, 150
moments, 150
origin, 149

K

Kolmogorov’s inequality, 258
Kolmogorov-Smirnov (K-S) test,

671–672

K-S. See Kolmogorov-Smirnov (K-S)
test

Kurtosis, 138

L

Lagrangian multiplier (LM) tests
asymptotic chi-square-distributed

test statistic, 632
estimators, Q and l, 632
finite/asymptotic probability

distribution, 631
functional constraints, 632
functions of Q, 627
in MLE (see Maximum likelihood

estimator (MLE))
objective function, 631–632
power considerations, 633
restricted and unrestricted

estimation, probabilitymodel, 627
restriction, parameters, 633
vector, 633

Laws of large numbers
convergence behavior, 255
definition, 254–255
SLLNs, 257–260
WLLNs, 255–257

Least squares (LS) estimator
GLM (see Classical general linear

model (GLM))
NLS, 467–471
normality
finite sample distributions,
464–465

MVUE property, 465–466
normal approximation, 467

regression models, 434–436
Lehmann–Scheffé completeness

theorem, MVUEs, 423–424
Lehmann–Scheffé minimal sufficiency

theorem
Bernoulli, 398–399
determination, statistics, 425–426
g-function, 397
population distribution
Bernoulli, 398–399
gamma, 399
uniform, 399–400

vector function, 398
Lilliefors tests, 673–674
Lindberg-Levy CLT (LLCLT)
description, 262
distributions and asymptotic

distributions, 263
non-IID case, 265
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LLCLT. See Lindberg-LevyCLT (LLCLT)
LM. See Lagrangian multiplier (LM)

tests
Local alternatives
consistent tests, 625
GLR statistics, 625
H0: R(Q) ¼ r vs. Ha: R(Q) 6¼ r, 626, 631
and noncentral chi-square

distribution, 633
random variable sequence, 626
R(b)–r ¼ n–1/2 F, 650
unrestricted and/or restricted MLEs,

637
Wald test, 649

Log-normal distribution, 335–336

M

Marginal cumulative distribution
functions (MCDFs), 84

Marginal normal densities, density
functions

block diagonal Cov (X) )
independent subvectors, 219

conditional, N(m,S), 215–216
density via reordering, 214–215
description, 212
diagonal Cov(X) ) independence,

218–219
for N(m,S), 213–214
partitioned inversion and

determinants, 216–217
PDF, linear combinations, 212
trivariate normal, 214, 217–218

Marginal probability density functions
(MPDF)

bivariate case
continuous, 82
discrete, 80–82
joint density function, 79

definition, 79
MCDFs, 84
n-variate case
continuous, 83–84
description, 82–83
discrete, 83

probability space, 78–79
Markov’s inequality, 134
Mathematical induction principle,

12–13
Maximum likelihood (ML)
invariance principle, 472
likelihood function, 472
MLE (see Maximum likelihood

estimator (MLE))

Maximum likelihood estimator (MLE)
approach, 492
asymptotic properties
direct evaluation, 480
exponential density function, 484
exponential distribution, 488–489
gamma distribution, 489–491
gamma population distribution,
480–482

hessian matrix, 486
Jensen’s inequality, 483
maximization problem, 485–486
normality and efficiency, 487
normality-sufficient conditions,
487–488, 512

parameter vectors, 484–485, 511
attainment, CRLB, 477
Bernoulli population distribution, 493
exponential distribution, 474
GLM, 494–495
hypergeometric distribution,

476–477
implementation, 472–474
invariance principle, 492–494, 513
LM tests
asymptotic distribution, 631, 688
first order conditions, 628
H0: a ¼ 1 vs. Ho: a 6¼1, Gamma
population distribution, 629–630

H0: R(Q0)¼r vs. Ha: R(Q0) 6¼r,
628–629, 686–688

Neyman Factorization theorem, 478
normal distribution, 474–475
parameterization, density functions.,

491
point estimation, 495–496
reparameterization, density family,

492
uniform distribution, 476
unique unbiased/ bias-adjusted,

478–479
MCDFs. See Marginal cumulative

distribution functions (MCDFs)
Means and variances, random variables
and correlations calculation, 161–162
covariance matrix, 158–161
linear combination
matrix, 158–160
vector, 158, 159

Mean square, convergence
to constant vector, 248
correlation convergence, 248–249
definition, 247
description, 248
probability and distribution, 249–250

Mean square error (MSE)
matrix, estimator, 376–377
and relative efficiency, 376
scalar case, 376

Mean value theorem, integrals, 88
Memoryless property, 182
Method of moments (MOM)
consistency and asymptotic

normality, 501–502
estimated sample moments, 496
gamma and normal distribution

parameters, 500
gamma population distribution,

498–499
normal distribution parameters, 499
population distribution, 497
sample moment conditions, 498
statistical model, 497

MGFs. See Moment-generating
functions (MGFs)

Minimal sufficient statistics
definition, 395
domain elements, 396
identification, 426
Lehmann–Scheffé theorem (see

Lehmann–Scheffé minimal
sufficiency theorem)

nonredundant coordinate functions,
397

Minimum variance linear unbiased
estimators (MVLUEs). See Best
linear unbiased estimator (BLUE)

Minimum variance unbiased
estimators (MVUEs)

and complete sufficient statistics,
423–424

CRLB (see Cramer-Rao Lower Bound
(CRLB))

mean, Bernoulli distribution,
383–384

MVLUE/BLUE and efficiency,
381–382

scalar, 408–409
uniqueness, scalar and vector,

409–412
Mixed discrete-continuous random

variables
category, 60
density function components, 61

Mixture distribution, 681
ML. See Maximum likelihood (ML)
MLE. See Maximum likelihood

estimator (MLE)
MOM. See Method of moments

(MOM)
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Moment-generating functions (MGFs)
bivariate, 173
central moments, 144
continuous RV, 143–144
definition, 142
density function, 172
determination, mean and variance,

169
function g(t), 143
gamma function, 169
identification, PDF, 145–146
inversion, 146–147
mean and variance, 173
multivariate and cumulant-

generating function, 148
properties, 144
sampling distributions, 330–331
uniqueness, 145

Moments, random variables
binomial theorem, 138
central moments, 139
Chebyshev’s inequality, 135–136
definition, 132–133
existence, 139–140
kurtosis and excess kurtosis, 138
Markov’s inequality, 134
mean, random variable, 133
MGFs (see Moment-generating

functions (MGFs))
nonmoment measures, probability

density characteristics,
141–142

nonsymmetric density function, 139
origin, 169
origin, rth central moment, 133
skewed density functions, 138–139
standard deviation, 134
symmetric and skewed densities, 136
m3, symmetry and skewness, 137
variance, 134, 139

Monotone likelihood ratio approach
Bernoulli distribution, 564
density functions, 563
exponential class, densities, 564
Gamma distribution, 564–565
hypergeometric distribution,

565–566
UMP level
exponential distribution, 567–568
hypergeometric distribution, 568
nonexistence, 568
a tests, 566–567, 600

MPDF. See Marginal probability
density functions (MPDF)

MSE. See Mean square error (MSE)

Multinomial, discrete density
functions

density definitions, 180
moments and MGF, 180
parameterization, 180
probability, customer payment

modes, 181
probability space, 180
sequences, n repetitions, 180

Multiplication rule
one-stage inspections, 24
three card draw, 25
two card draw, 24
two events, 24
two-stage inspections, 25

Multivariate CDFs and duality
concept, 74
continuous bivariate, 76–77
continuous multivariate PDFs, 75
discrete bivariate, 75–76

Multivariate central limit theorems.
See Cramer-Wold device

Multivariate concepts, continuous
case, 98–100

Multivariate hypergeometric, discrete
density functions

binomial density, 191
density definition, 190
moments and MGF, 191
parameterization, 190

Multivariate mixed discrete-
continuous and composite
random variables, 78

Multivariate normal density, density
functions

central limit theorems, 212
density definition, 208
iso-density ellipses of, 211
n-variate, 209
parameterization, 208
three-dimensions and an iso-density

ellipse, 209, 210
Multivariate random variables
continuous, 70
discrete, 70
expectation of matrix, 125
independent random variables, 124
joint density function, 123
n-variate, 69
properties and classes
discrete and continuous, 70–71
support and range equivalence, 71

real-valued vector function, 68–69
MVUEs. See Minimum variance

unbiased estimators (MVUEs)

N

Negative binomial and geometric
subfamily

Bernoulli trials, 181–182
defect after x trials, 182–183
density definition, 181
meeting quota, x trials, 182
memoryless property, 182
moments and MGF, 181
parameterization, 181
Pascal distribution, 181

Neyman factorization theorem
density function, random sample,

394–395
joint density, 395

Neyman-Pearson approach
probability calculation, 554, 598–600
simple hypothesis, 553–554
UMP
Bernoulli, 554–556
exponential mean vs. composite
alternative, 560–561

nonexistence, 561–562
rejection region, 559–560
two exponential means, 556–558

UMPU
Bernoulli random variable, 558–559
one-sided and two-sided alternative
hypotheses, 563

Nonaxiomatic probability
classical, 6–7
relative frequency, 7–8
subjective, 8–9

Noncentral w2-distributions
definition, 680
mixture distribution, 681
parameterization, 680
power function, statistical tests, 681

Noncentral F-distribution
definition, 682
degrees of freedom, 682
parameterization, 682
power function, statistical tests, 682

Noncentral t-distribution
application, 597–598
moments, 597
parameterization, 597

Non-independent and identically
distributed (non-iid) random
variables

independent scalar random variables,
265–268

SLLNs, 259–260
WLLNs, 256–257
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Nonlinear least squares (NLS)
estimator

computational approaches, 468
functional flexibility, 467
Gauss-Newton method, 468
noise component moment, 471
random residual vector outcomes,

469–470
sampling properties, 468–469
statistical properties, 471

Nonparametric models
definition, 366
regression, 366–368

Nonparametric tests, distributional
assumptions

description, 667
of functional forms
w2 goodness of fit test, 668–671
JB test, 676–677
K-S and Lilliefors Tests, 671–674
SW test, 674–676

iid assumption
runs, 677–678
WW runs test, 678–680

maintained hypothesis, 668
probability, density functions, 668

O

Order statistics
definition, 350
extreme values, sampling

distribution, 353
kth order statistic, 350–351
observations, largest and smallest,

349–350
pairs, sampling distribution, 352
waiting time, 351–352

Outcome of random samples, 299, 301,
303, 304

P

Paired comparisons of mean, 691–692
Parameter estimation problems
model, 368
objectives, 367
semiparametric and nonparametric

models, 368
Parametric families
continuous (see Continuous density

functions)
discrete (see Discrete density

functions)
Parametric hypothesis testing

Bernoulli distribution, 542
definition, 542
maintained hypothesis, 543–544
power function, 544–545
properties, statistical tests
asymptotic, 552
consistency, 549
power function, 545–546
P-values, 549–550
rejection region, 550
test size and level, 546–547
UMP, 547–549
unbiasedness, 547

Parametric models
definition, 365
regression, 366–368

Pascal distribution, 181
PDFs. See Probability density

functions (PDFs)
Permutations and combinations
binomial theorem, 717
description, 715
factorial operation, 716
power set, 718

PIT. See Probability integral
transformation (PIT)

Pittman drift, local alternatives, 625
Pivotal quantities, confidence regions
continuous population, PDFs,

665–666
definition, 663
location-scale parameter families,

PDFs, 665
mean of power distribution, 666–667
method of, 663–665

Point and set function
binary relation, 708–709
Cartesian product, 707–708
concepts, 707
domain and range, function, 710
function, 709–710
indicator function, 714
inverse function, 712
real-valued function, 711
size, 714

Point estimation methods
BLUE, 518
CRLB, 434
daily cash transactions, 516–517
GMM (see Generalized Method of

Moments (GMM))
least-squares estimator, 519
linear and nonlinear models, 520–521
LS estimator (see Least squares (LS)

estimator)

method of ML (see Maximum
Likelihood (ML))

minimal sufficient statistics, 520
MOM (see Method of moments

(MOM))
MVUE, 518
population distribution, 517
statistical model, 516
t-distribution, 515–516

Point estimation theory
estimators
and estimator properties (see
Estimators and estimator
properties, point estimation
theory)

probability, 430
unbiased/consistent, 430

Poisson distribution, 426
math coprocessor installation,

personal computer, 425
mean and variance, estimator, 430
MVUEs (see Minimum variance

unbiased estimators (MVUEs))
nonparametric models,

366–368
objectives, 364
parametric models, 365–368
population distribution mean,

freshmen’s I.Q., 427
population mean, 429–430
probability models (see Probability

models)
proportion, voters, 426–427
random sampling, exponential

population distribution, 428
resets, circuit breakers, 430–431
semiparametric models, 365–368
sufficient statistics (see Sufficient

statistics, point estimation
theory)

test plots, wheat, 428–429
toymanufacturer, MVUE estimation,

429
trigger mechanisms, air bags,

427–428
Poisson, discrete density functions
background and application,

183–184
density definitions, 183
moments and MGF, 183
number, machine breakdowns, 188
parameterization, 183
) poisson density, 186–188
process and PDF, 185–186
x defects in n trials, 184–185
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Population distribution
defective/nondefective keyboards,

300–301
definition, 299
EDF, 306
gamma family of densities, 301
marginal, 319
method-of-moments, 312
order statistics, 350
random sampling with replacement,

299–300
sample correlation, 322

Probability, convergence
to constant, 240
definition, 240
and in distribution
constant, 244–245
difference and convergence, 243
limiting distribution, 244
RVs and parameters, 245
Slutsky’s theorem, 245, 246

vs. in distribution, 241–242
order of magnitude
bounded in probability, 246
definition, 246
random sequence, 246–247
real numbers/matrices, 247

outcomes, random variable, 239
plim operator
addition, multiplication and
division, 243

of continuous function, 242
definition, 242
matrix functions, 243
scalar additive and multiplicative
functions, 243

probability limits of matrices, 241
Probability density functions (PDFs)
continuous (see Continuous random

variables)
discrete (see Discrete random

variables)
support and range equivalence, 58–59
verification, 59–60

Probability integral transformation
(PIT)

definition, 346
exponential distribution, 346
exponential RV, 347
inverse PIT, 347–348
uniform distribution, 346–347

Probability models
abbreviated notation, random

variable, 365
definition, 364, 369

parametric functional specification,
sampling distribution, 369–371

point estimation problem
parameter space, 371–372
phraseology, 373

Probability samples
commonalities in structure, 304–305
definition, 298–299
random sample, 299
sample outcomes, 296

Probability space
bivariate continuous RV, 73–74
bivariate discrete RV, 71–72

Probability theory
axiomatic definition (see Axiomatic

approach)
Bayes’ Rule, 30–33
belief functions, 2
concept, 1
conditional (see Conditional

probability)
description, 1
digression, events, 33–34
events, 4–6
experiment (see Experiment,

probability theory)
fiducial probability, 2
independence (see Independence,

probability theory)
nonaxiomatic (see Nonaxiomatic

probability)
outcome propensity, 1–2
sample space, 3–4
structural probability, 2
theorems, 16–19

Q

Quantile of X, 142

R

Random samples
definition, 299
general random sampling, 303–305
with replacement, 300–301
sample mean and variance
filling process, 329–330
linear and quadratic forms,
326–327

under normality, distribution, 329
normal population distribution,
328

t-distribution, 326
simple random sampling, 299–300

simulation (see Simulations, random
samples)

size of, 299
without replacement, 302–303

Random sampling without
replacement

characteristics, 302
defectives, 303
definition, 302
joint density, 302–303

Random sampling with replacement
defectives, 300–301
definition, 300
joint density, 300

Random variables
calculation, expected value, 169
CDF (see Cumulative distribution

function (CDF))
commodity exchange, bivariate, 167
cumulant-generating function,

147–149
densities, sample spaces, 45
expectation (see Expectations,

random variables)
game of chance, 168–169
joint moments, covariance and

correlation (see Joint moments,
covariance and correlation)

mean
bivariate, 174
median, mode and quantiles, 172
trivariate, 174
and variances, 157–162

moments (see Moments, random
variables)

net dollar return, project, 171–172
PDFs, 173
positive semidefiniteness, 162–165
regression curve, tablet computers,

172–173
Stieltjes integration and implicit

support convention, 117–118
variance, dollar return, 174

Rao-Blackwell theorem
scalar case, 401–402
vector case, 402

Real analysis elements
adding, subtracting and multiplying

sequences, 725
boundedness and limits, matrices,

724–725
bounded sequence, real numbers, 723
combinations, sequences, 725
continuity properties, functions,

726–728
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convergence properties, sequences,
726

probability density functions, 722
random variables sequences, 721
real number sequence, 722
real-valued matrix sequence, 724
sequences, 720

Real numbers
bounded sequence, 723
matrix, 724
set, 710
vectors, 722

Regression function, bivariate case
conditional expectation, 130
definition, 129
investment return, 130–131

Regression models
linear
explanatory variables, 435
levels, generality, 434
Weierstrass’s approximation
theorem, 435

nonlinear, 436
Relative frequency probability
coin tossing and, 7–8
event, 7

S

Sample moments
correlation (see Correlation, sample)
covariance (see Covariance, sample)
definition, 312
empirical substitution principle,

312–313
mean, 315–316
multivariate asymptotic normality,

316
in multivariate case, 318–319
origin and mean
from EDF, 314
on EDF, 313–314

properties of origin, 314–315
variance (see Sample variance)

Sample space, probability theory
continuous, 4
discrete, 4
element/member, 3–4

Sample variance
calculation, 356–357, 360
covariance matrix, 325
definition, 316, 317
properties, 317–318
and sample covariance, 323
and sample mean, 318

Sampling
characteristics, 297–298
distributions
CDF approach, 331–332
change of variables approach,
333–339

description, 330
equivalent-events approach,
332–333

MGF approach, 330–331
variables approach, 333–339

EDF (see Empirical distribution
function (EDF))

error, 298
F-density, 343–346
moments (see Sample moments)
normal population distributions, 354
order statistics (see Order statistics)
population, 297
probability samples (see Probability

samples)
random sample (see Random

samples)
statistical inference, 295–296, 306
stochastic process, 297
t-density, 339–343
t-distribution, 326

Semiparametric models
definition, 365–366
regression, 366–368

Set theory
associative laws, 703
characteristics, 699
classifications, 701
commutative laws, 703
complements of complements, 702,

704
DeMorgan’s Laws, 704
description, 698–699
distributive laws, 703
empty/null set, 701
equality of sets, 701
finite set, 701
idempotency laws, 703
intersection and union,

complements, 702, 704
intersection, null set, 704
interval set notation, 706
multiple intersection notation,

705–706
multiple union notation, 705
mutually exclusive/disjoint sets,

702–703
set difference, 701
subset, 701

union, 702
universal set, 701
verbal rule, 699–700

Shapiro-Wilks (SW) test
description, 674
residuals of GLM, normality,

675–676
statistic calculation, 675

Simple hypotheses, GLR tests
of exponential distribution,

617–618
Neyman-Pearson lemma, 616–617

Simulations, random samples
Bernoulli distribution, 349
exponential distribution, 348–349
PIT (see Probability integral

transformation (PIT))
SLLNs. See Strong law of large

numbers (SLLNs)
Slutsky’s theorem, 245, 246, 386
SMSE. See Strong mean square error

(SMSE)
Statistical hypothesis
Bernoulli process, 525–526
composite
exponential population, 525
non-iid normally-distributed
sample, 526

semiparametric model, 526–527
definition, 524–525
set-defining conditions, 528–529

Statistics
definition, 306
vs. nonobservables, 306
observable random variable, 306
statistical inference, 295–296

Stieltjes integration and support
convention

expected value, 118
operator, 117–118

Strong law of large numbers (SLLNs)
description, 257–258
iid random variables, 258–259
Kolmogorov’s inequality,

257–258
non-iid random variables,

259–260
Strong mean square error (SMSE)
relative efficiency and admissibility,

380–381
superiority, 379

Student’s t distribution, 735
Substitution theorem, 128, 132
Sufficient statistics, point estimation

theory
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Sufficient statistics (cont.)
Bernoulli population distribution,

392–394
definition, 392
exponential class
completeness, 405–407
density functions, 400–401

invertible functions, 407–408
Lehmann–Scheffé minimal

sufficiency theorem, 397–400
minimal sufficient statistics,

395–400
Neyman factorization theorem (see

Neyman factorization theorem)
objective, 391
Rao-Blackwell theorem (see Rao-

Blackwell theorem)
Summation and integration notation,

718–720
SW. See Shapiro-Wilks (SW) test

T

t-Density
convergence, 342
definition and derivation, 339–341
standard normal random variable,

341
symmetry, 342, 343
t-family, 341–342

w2-Tests, GLM
equal tails test, 646
GLR approach, 645–646
rejection regions, 647
variances, GLM under normality,

647–648
Test statistics
asymptotic tests, 541
convergence properties, 552
definition, 540
exponential class of densities,

UMPU, 581
Neyman-Pearson Lemma, 558

Triangular arrays of random variables,
CLTs

column, 269
definition, 268–269
least squares estimator, 270
Liapounov CLTs, 269–270
row averages, 269

T-tests
constant elasticity GLM, 642–643
F-statistic, 640
individual explanatory variable

significance, 641–642

sequence, 641
unbiasedness, 640

U

UMA. See Uniformly Most Accurate
(UMA) Level g

UMAU. See Uniformly Most Accurate
Unbiased (UMAU)

Unbiased confidence regions, 661–662
Unconditional expectation, random

variables
bivariate RV linear function,

iteration, 128, 129
nonlinear function, iteration, 128, 129

Unequal variances, 690
Uniform
continuous density functions
density definition, 192
parameterization, 192
probability spaces, 192
Teller services, 192–193

discrete density functions
density definition, 176
moments, 176
parameterization, 176
probabilities, correctly at random,
177

probability f(x;N) ¼ 1/N, 176
UniformlyMost Accurate (UMA) Level

g, 662
Uniformly Most Accurate Unbiased

(UMAU), 662
Uniformly most powerful (UMP) test
monotone likelihood ratio approach
exponential distribution,
567–568

hypergeometric distribution, 568
nonexistence, 568
a tests, 566–567

Neyman-Pearson approach
Bernoulli means, 554–556
exponential mean, composite
alternative hypothesis, 560–561

nonexistence, 561–562
rejection region, 559–560
two exponential means,
556–558

Uniformly most powerful unbiased
(UMPU) tests

exponential class of densities
Bernoulli population distribution,
572–573

binomial and normal distributions,
582

nonlinear equation solver, 580
normal population distribution,
574–576

power function, 577–578
a-size rejection region,
578–579

test statistic, 581
two-sided test, 571

multiparameter exponential class
hypothesis testing, 585–586
nuisance parameters, 582–583
parameterization, density, 586
population distribution, 586
power functions, 584–585, 588
random variable’s distribution,
587

testing one and two-sided
hypotheses, 589

Neyman-Pearson approach
Bernoulli random variable,
558–559

one-sided and two-sided alternative
hypotheses, 563

Univariate normal, density functions
assign probabilities, 205–206
behavior of, 204
and chi-square, 206–208
density definition, 203
parameterization, 203
random variable, 205
standard normal distribution,

204–205
table, 208

Univariate random variables
concept, 46
equivalent events, 48–49
induced probability space, 50
outcome, 46–47
probability space, 47–48

V

Variances, 689–690

W

Wald tests
asymptotic distribution, under Ha: R

(Q) 6¼ r, 636
of asymptotic size a, 634–635
description, 633
finite sample properties, 634
GMM estimator, 636–637
outcome, unrestricted estimator,

634
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R(Q) values, 633–634
variance, exponential population,

635
Wald-Wolfowitz (WW) runs test,

678–680
Weak law of large numbers (WLLNs)
description, 255–256
random variables
iid, 255–256
non-iid, 256–257

Weierstrass’s approximation theorem,
435

WLLNs. See Weak law of large
numbers (WLLNs)

WW. See Wald-Wolfowitz (WW) runs
test

Y

Young’s form, first-order Taylor series
expansion, 274

Z

ZAP Electric Co. manufactures electric
circuit breakers, 38

Z-statistics
asymptotic level a tests
R(b), 649
s2, 653

outcome, 651, 652
and Wald, 650
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