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Model Construction

The two basic components of a statistical model, the deterministic part
and the stochastic part, are well separated in the penalized likelihood score
L(f)+(A\/2)J(f) of (1.3). The deterministic part is specified via J(f), which
defines the notion of smoothness for functions on domain X. The stochastic
part is characterized by L(f), which reflects the sampling structure of the
data.

In this chapter, we are mainly concerned with the construction of J(f)
for use in L(f) 4+ (A/2)J(f). At the foundation of the construction is some
elementary theory of reproducing kernel Hilbert spaces, of which a brief
self-contained introduction is given in §2.1. Illustrations of the construction
are presented on the domain {1, ..., K} through shrinkage estimates (§2.2)
and on the domain [0, 1] through polynomial smoothing splines (§2.3); the
discrete case also provides insights into the entities in a reproducing kernel
Hilbert space through those in a standard vector space. The construction
of models on product domains with the ANOVA structure of §1.3.2 built
in is discussed in §2.4, with detailed examples on domains {1,..., K;} x
{1,..., K5}, [0,1]2, and {1,..., K} x [0,1].

Also included in this chapter are some general properties of the penalized
likelihood score L(f) 4+ (A/2)J(f) that are largely independent of L(f).
One such property is the fact that a quadratic functional J(f) acts like
the minus log likelihood of a Gaussian process prior for f, which leads
to the Bayes model discussed in §2.5. Other important properties include
the existence of the minimizer of L(f) + (A/2)J(f) and the equivalence of
penalized minimization and constrained minimization (§2.6).
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in Statistics 297, DOI 10.1007/978-1-4614-5369-7_2,
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The definitions of numerous technical terms are embedded in the text.
For convenient back reference, the terms are set in boldface at the point of
definition.

Mathematically more sophisticated constructions, such as the thin-plate
splines on (—o0,00)9, are deferred to Chap. 4.

2.1 Reproducing Kernel Hilbert Spaces

By adding a roughness penalty J(f) to the minus log likelihood L(f), one
considers only smooth functions in the space { f:Jf) < oo} or a subspace
therein. To assist analysis and computation, one needs a metric and a
geometry in the space, and the score L(f) + (\/2)J(f) to be continuous
in f under the metric. The so-called reproducing kernel Hilbert space, of
which a brief introduction is presented here, is adequately equipped for the
purpose.

We start with the definition of Hilbert space and some of its elementary
properties. The discussion is followed by the Riesz representation theorem,
which provides the technical foundation for the notion of a reproducing
kernel. The definition of reproducing kernel Hilbert space comes next and
it is shown that a reproducing kernel Hilbert space is uniquely determined
by its reproducing kernel, for which any non-negative definite function
qualifies.

2.1.1 Hilbert Spaces and Linear Subspaces

As abstract generalizations of the familiar vector spaces, Hilbert spaces
inherit many of the structures of the vector spaces. To provide insights
into the technical concepts introduced here, abstract materials are followed
by vector space examples set in italic.

For elements f, g, h, ..., define the operation of addition satisfying the
following properties: (i) f+g = g+f, (i) (f+g)+h = f+(g+h), and (iii) for
any two elements f and g, there exists an element h such that f +h = g.
The third property implies the existence of an element 0 satisfying f +
0 = f. Further, define the operation of scalar multiplication satisfying
alf+g)=af +ag, (a+8)f =af +8f, 1f = f, and 0f = 0, where «
and [ are real numbers. A set £ of such elements form a linear space if
fyg € L implies that f+ g € £ and af € L. A set of elements f; € L are
said to be linearly independent if )" «; f; = 0 holds only for o;; = 0, Vi.
The maximum number of elements in £ that can be linearly independent
defines its dimension.

Take real vectors of a given length as the elements; the standard vector
addition and scalar-vector multiplication satisfy the conditions specified for
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the operations of addition and scalar multiplication. The notions of linear
space, linear independence, and dimension reduce to those in standard vec-
tor spaces.

A functional in a linear space £ operates on an element f € £ and
returns a real number as its value. A linear functional L in £ satisfies
L(f+9) = Lf+ Lg, L(af) = aLf, f,g € L, « real. A bilinear form
J(f,g) in a linear space L takes f,g € L as arguments and returns a real
value and satisfies J(af + Bg,h) = aJ(f,h) + BJ(g,h), J(f,ag + Bh) =
aJ(f,9)+BJI(f,h), f,g,h € L, a, B real. Fixing one argument in a bilinear
form, one gets a linear functional in the other argument. A bilinear form
J(+,-) is symmetric if J(f,g) = J(g,f). A symmetric bilinear form is
non-negative definite if J(f, f) > 0, Vf € L, and it is positive definite
if the equality holds only for f = 0. For J(-, ) non-negative definite, J(f) =
J(f, f) is called a quadratic functional.

Consider the linear space of all real vectors of a given length. A functional
in such a space is simply a multivariate function with the coordinates of the
vector as its arguments. A linear functional in such a space can be written
as a dot product, Lf = g¥ f, where g; is a vector “representing” L. A bilin-
ear form can be written as J(f,g) = fT B,g with By a square matriz, and
J(f,g) is symmetric, non-negative definite, or positive definite when B
is symmetric, non-negative definite, or positive definite. A quadratic func-
tional J(f) = fTByf is better known as a quadratic form in the classical
linear model theory.

A linear space is often equipped with an inner product, a positive def-
inite bilinear form with a notation (-,-). An inner product defines a norm
in the linear space, || f|| = /(f, f), which induces a metric to measure the
distance between elements in the space, D[f,g] = ||/ — g||. The Cauchy-
Schwarz inequality,

ICF )l < If1 gl (2.1)
with equality if and only if f = ag, and the triangle inequality,
1f+gll < If11+ gl (2.2)

with equality if and only if f = ag for some o > 0, hold in such a linear
space; see Problems 2.1 and 2.2.

Equip the linear space of all real vectors of a given length with an inner
product (f,g) = fTg; one obtains the Euclidean space. The Euclidean norm
If =/ fTf induces the familiar Euclidean distance between vectors. The
Cauchy-Schwarz inequality and the triangle inequality are familiar results
in a Fuclidean space.

When lim,,, « || fr. — f|| = 0 for a sequence of elements f,,, the sequence
is said to converge to its limit point f, with a notation lim, . frn = f
or f, — f. A functional L is continuous if lim,,_,., Lf, = Lf whenever
lim,, o fr, = f. By the Cauchy-Schwarz inequality, (f,¢g) is continuous in
f or g when the other argument is fixed.
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In the FEuclidean space, a functional is a multivariate function in the
coordinates of the wvector, and the definition of continuity reduces to the
definition found in standard multivariate calculus.

A sequence satisfying limy, ;oo ||frn — fml| = 0 is called a Cauchy
sequence. A linear space L is complete if every Cauchy sequence in £
converges to an element in £. An element is a limit point of a set A if it
is the limit point of a sequence in A. A set A is closed if it contains all of
its own limit points.

The Fuclidean space is complete. In the two-dimensional Fuclidean space,
(—00,00) x {0} is a closed set, so is [a1,b1] X [az,bs], where —oc0 < a; <
by <o0,i=1,2.

A Hilbert space H is a complete inner product linear space. A closed
linear subspace of H is itself a Hilbert space. The distance between a
point f € H and a closed linear subspace G C H is defined by DI[f,G] =
infyeg ||f — ¢l|- By the closedness of G, there exists an fg € G, called the
projection of f in G, such that ||f — fg|| = D[f,d]. Such an fg is unique
by the triangle inequality. See Problem 2.3.

In the two-dimensional Fuclidean space, G = {f : f = (a,0)",a Teal}
is a closed linear subspace. The distance between f = (ap,bf)T and G is
D[f,G] = |b¢|, and the projection of f in G is fg = (ays,0)7.

)T

Proposition 2.1 Let fg be the projection of f € H in a closed linear
subspace G C H. Then, (f — fg,9) =0, Vg € G.

Proof: We prove by negation. Suppose (f — fg,h) = a # 0, h € G. Write
B = (h,h) and take g = fg + (a/B)h € G. Tt is easy to compute

If =gl =1If = fell* = a®/B < If = fall*,

a contradiction. O

The linear subspace G¢ = {f :(f,g9) =0,Vg € g} is called the orthog-
onal complement of G. By the continuity of (f,g), G° is closed. Using
Proposition 2.1, it is easy to verify that

If = fo — foel® = (f — fo — foer f — fge — fa)
= (f_fguf_fgc)_(f_fgufg)
— (fge, f = fge) + (fge, fa)
-0,

where fg € G and fge € G° are the projections of f in G and G¢, respec-
tively. Hence, there exists a unique decomposition f = fg + fge for every
f € H. It is clear now that (G°)¢ = G. The decomposition f = fg + fge
is called a tensor sum decomposition and is denoted by H = G & G°,
G°=HO G, or G =HOSG° Multiple-term tensor sum decompositions can
be defined recursively.
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In the two-dimensional Fuclidean space, the orthogonal complement of
G={f:f=1(a,00",a real} is G°={f: f = (0,b)T,b real}.

Consider linear subspaces Hy and H1 of a linear space L, equipped with
inner products (-,-)o and (-,-)1, respectively. Assume the completeness of
Ho and H1 so that they are Hilbert spaces. If Hg and H; have only one
common element 0, then one may define a tensor sum Hilbert space H =
Ho @ H; with elements f = fo+ f1 and g = go + g1, where fo, go € Ho and
f1,91 € H1, and an inner product (f,g) = (fo0,90)o0 + (f1,91)1- It is easy to
verify that such a bottom-up pasting is consistent with the aforementioned
top-down decomposition; see Problem 2.4.

Consider the two-dimensional vector space. Equip the space Ho = {f :
f = (a,0)",a real} with the inner product (f,g)o = asay, where f =
(ag,0)" and g = (ag,0)”, and equip H1 = {f : f = (0,b)T,b real} with
the inner product (f,g)1 = bgb,, where f = (0,b5)T and g = (0,b,)7.
H = Ho & Hi has elements of the form f = fo+ f1 = (ay,0)T +(0,b5)T =
(af,bp)T and g = (ag,0)T + (0,b5)T = (ay,by)", and an inner product
(f,9) = (fo,90)0 + (f1,91)1 = aray + byrby.

A non-negative definite bilinear form J(f,g) in a linear space H de-
fines a semi-inner-product in H which induces a square seminorm
J(f) = J(f, f). Unless J(f,g) is positive definite, the null space N; =
{f:J(f, f)=0,f € H} is a linear subspace of H containing more elements
than just 0. With a nondegenerate N, one typically can define another non-
negative definite bilinear form .J (f,g) in H satisfying the following condi-
tions: (i) it is positive definite when restricted to Ny, so J(f) = J(f, f) de-
fines a square full norm in Ny and (ii) for every f € H, there exists g € N
such that J(f —g) = 0. With such an J(f, g), it is easy to verify that J(f, g)
is positive definite in the linear subspace N; = {f : J(f,f) = 0, f € H}
and that (J+ J )(f,g) is positive definite in H. Hence, a semi-inner-product
can be made a full inner product either via restriction to a subspace or via
augmentation by an extra term, both through the definition of an inner
product in its null space. If H is complete under the norm induced by
(J + J)(f,9), then it is easy to see that A and N7 form a tensor sum
decomposition of H.

In the two-dimensional vector space H with elements f = (af,bs)” and
g = (ag, b))%, J(f,g) = bsb, defines a semi-inner-product with the null
space Ny = {f + f = (a,0)T,a real}. Define J(f,9) = asa,, which
satisfies the two conditions specified above. It follows that Nj = {f :
f = (0,0)T,b real}, in which J(f,g) = bysby is positive definite. Clearly,
(J + J)(f,g) = bsb, + asa, is positive definite in H.

Example 2.1 (L, space) All square integrable functions on [0, 1] form a
Hilbert space

Lo[0,1) = {f: [ f2dx < o0}
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with an inner product (f,g) = fol fgdz. The space

g= {f : f = gI[zSO.S]vg € 52[071]}

is a closed linear subspace with an orthogonal complement

gc = {f : f = gI[xZO5]7g € 52[07 1]}

Note that elements in £5[0, 1] are defined not by individual functions but
by equivalent classes.

The bilinear form J(f,g) = f00'5 fgdz defines a semi-inner-product in
£L5[0, 1], with a null space

Ny =G ={f:f=glu>05,9 € L2[0,1]}.

Define j(f, g) = Cfolf) fgdx, with C > 0 a constant; one has an inner

product (f,g) = (J + J)(f,9) = 00'5 fgdx + Cfolv5 fgdx on L5]0,1]. On
G=Ly0 Ny, J(f,g) is a full inner product. O

Example 2.2 (Euclidean space) Functionson {1,..., K} are vectors of
length K. Consider the Euclidean K-space with an inner product

K
=Y f@)g(x) =
=1

The space G = { f:fa = f(K } is a closed linear subspace with
an orthogonal complement gc = { f: Zz flz) = 0}
Write f = 21:1 f(z)/K. The bilinear forrn

1

K
J(f,9) =Y (f(x) = f)(g(z) — g) = f" (I— EHT) g
rx=1
defines a semi-inner-product in the vector space with a null space

Ny=G={f:f(1)=" = f(K)}.

Define J(f,g) = Cfg = CfT(117/K)g, with C > 0 a constant; one has
an inner product in the vector space,

(o) =T+ D ha) = 7 (14 S "),

which reduces to the Euclidean inner product when C' = 1. On G° = { f:
ZI L f(@) =0}, J(f,9) is a full inner product. O
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2.1.2 Riesz Representation Theorem

For every g in a Hilbert space H, Lqyf = (g, f) defines a continuous linear
functional L,. Conversely, every continuous linear functional L in # has a
representation Lf = (g;, f) for some ¢g; € H, called the representer of
L, as the following theorem asserts.

Theorem 2.2 (Riesz representation) For every continuous linear func-
tional L in a Hilbert space H, there exists a unique g;, € H such that

Lf =g, [), VfeH.

Proof: Let N, = {f cLf = 0} be the null space of L. Since L is continuous,
Ni is a closed linear subspace. If N, = H, take g; = 0. When N C H,
there exists a nonzero element gy € H © Ny. Since (Lf)go — (Lgo)f € N,
((Lf)go — (Lgo)f, go) = 0. Some algebra yields

sz( Lg0 go,f>.
(90,90)

Hence, one can take g, = (Lgo)go/(go, go). The uniqueness is trivial. O
The continuity of L is necessary for the theorem to hold, or otherwise
N7 is no longer closed and the proof breaks down.
All linear functionals in a finite-dimensional Hilbert space are continuous.
Actually, there is an isomorphism between any K-dimensional Hilbert space
and the Euclidean K-space. See Problems 2.5 and 2.6.

2.1.3 Reproducing Kernel and Non-Negative Definite
Function

The likelihood part L(f) of the penalized likelihood functional L(f) +
(A/2)J(f) usually involves evaluations; thus, for it to be continuous in
f, one needs the continuity of the evaluation functional [z]f = f(x).
Consider a Hilbert space H of functions on domain X'. If the evaluation
functional [z]f = f(x) is continuous in H, Vo € X, then H is called a
reproducing kernel Hilbert space.

By the Riesz representation theorem, there exists R, € H, the represen-
ter of the evaluation functional [z](-), such that (R., f) = f(x), Vf € H.
The symmetric bivariate function R(z,y) = Ry (y) = (Rs, R,) has the re-
producing property (R(z,-), f(-)) = f(z) and is called the reproducing
kernel of the space H. The reproducing kernel is unique when it exists
(Problem 2.7).

The £3[0,1] space of Example 2.1 is not a reproducing kernel Hilbert
space. In fact, since the elements in £5]0, 1] are defined by equivalent classes
but not individual functions, evaluation is not even well defined. A finite-
dimensional Hilbert space is always a reproducing kernel Hilbert space since
all linear functionals are continuous.
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Example 2.3 (Euclidean space) Consider again the Euclidean K-space
with (f,g) = fTg, with vectors perceived as functions on X =
{1,..., K}. The evaluation functional [z]f = f(z) is simply coordinate
extraction. Since f(x) = el f, where e, is the xth unit vector, one has
Ry(y) = Ijz—y). A bivariate function on {1,..., K} can be written as a
square matrix, and the reproducing kernel in the Euclidean space is simply
the identity matrix. O

A bivariate function F(z,y) on X is said to be a non-negative definite
function if 3, ; ca; F(zi, ;) > 0, Vo, € X, Vo real. For R(z,y) = Ra(y)
a reproducing kernel it is easy to verify that

H Za’iR1i ? = ZaiajR(xi,xj) >0,
i i

so R(z,y) is non-negative definite. As a matter of fact, there exists a
one-to-one correspondence between reproducing kernel Hilbert spaces and
non-negative definite functions, as the following theorem asserts.

Theorem 2.3 For every reproducing kernel Hilbert space H of functions
on X, there corresponds an unique reproducing kernel R(x,y), which is
non-negative definite. Conversely, for every non-negative definite function
R(z,y) on X, there corresponds a unique reproducing kernel Hilbert space
H that has R(z,y) as its reproducing kernel.

By Theorem 2.3, one may construct a reproducing kernel Hilbert space
simply by specifying its reproducing kernel. The following lemma is needed
in the proof of the theorem.

Lemma 2.4 Let R(x,y) be any non-negative definite function on X. If

i i aiajR(:vi, ,Tj) = 0,

i=1 j=1
then > i a;R(wi,x) =0, Vo € X.
Proof: Augment the (z;, ;) sequence by adding (xo,ap), where o € X
and «q real are arbitrary. Since

n n

ZZ ;0 R xl,xj)—2oz02az (zi,70) + a R(wo, 70)

=0 j=0 =1

and R(zg,xo) > 0, it is necessary that > . | a;R(z;,z9) = 0. O

Proof of Theorem 2.3: Only the converse needs a proof. Given R(z,y),
write R, = R(x,-); one starts with the linear space

H = {f cf=20iRe, i € Xy 1rea1}7
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and defines in H* an inner product
( > aiR.,y Bijj) = @ifiR(zi,y;).
i J 2%

It is trivial to verify the properties of inner product for such a (f, g), except
that (f, f) = 0 holds only for f = 0, which is proved in Lemma 2.4. It is
also easy to verify that (R, f) = f(z), Vf € H*.

By the Cauchy-Schwarz inequality,

|f(@)] = [(Be, )| < VR(z,2) I ],

so convergence in norm implies pointwise convergence. For every Cauchy
sequence {f,} in H*, {f,(z)} is a Cauchy sequence on the real line con-
verging to a limit. Note also that | || full = || full | < |fa = full, so {lIfnll}
has a limit as well. The limit point of {f,} can then be defined by f(z) =
limy, 00 fn(x), Yo € X, with || f|| = limy, o0 || fn]]- It will be shown shortly
that ||f||, thus defined, is unique; that is, for two Cauchy sequences { f,}
and {g,} satisfying lim, o fn(z) = lim, 00 gn(x), Vo € X, it is neces-
sary that lim, e || fr|| = limp— oo ||gn||- Adjoining all these limit points of
Cauchy sequences to H*, one obtains a complete linear space H with the
norm | fI|. 1 is easy to verify that (f,g) = (||f +gl* — |FI — lg]12)/2 ex-
tends the inner product from H* to H and that (R, f) = f(x) holds in H,
so H is a reproducing kernel Hilbert space with R(x,y) as its reproducing
kernel.

We now verify the uniqueness of the definition of || f|| in the completed
space, and it suffices to show that for every Cauchy sequence { f,,} in H* sat-
isfying lim,, o frn(x) = 0,V € X, it necessarily holds that lim,,—, || fr| =
0. We prove the assertion by negation. Suppose f,(z) — 0, Vo € X, but
I fal®> = 36 > 0. Take € € (0,8). For n and m sufficiently large, one
has || full?, | fmll? > 26 and ||fn — fml* < €. Fix such an m and write
fm = > ; @Ry, a finite sum. Since f,(x) — 0, Vo € X, it follows that
> @ifn(zi) = 0. Hence, for n sufficiently large,

|(fnufm)| = ‘(fnazz O‘iRzi) = ‘ Zz azfn(xz)| <€

Now,

€ > [lfn = fnll® = [ fall® + [ fmll* = 2(fn, fin) > 46 — 2¢ > 26,

a contradiction.

It remains to be shown that if a space H has R(z,y) as its reproducing
kernel, then 7 must be identical to the space H constructed above. Since
R, = R(z,-) € H,Vz € X, s0 H C H. Now, for any h € H & H, by
orthogonality, h(z) = (R.,h) = 0, Yo € X, so H = H. The proof is now
complete. O
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From the construction in the proof, one can see that the space H
corresponding to R is generated from the “columns” R, = R(-,z) of R,
very much like a vector space generated from the columns of a matrix.

In the sections to follow, we will be constantly decomposing reproducing
kernel Hilbert spaces into tensor sums or pasting up larger spaces by taking
tensor sums of smaller ones. The following theorem spells out some of the
rules in such operations.

Theorem 2.5 If the reproducing kernel R of a space H on domain X can
be decomposed into R = Ry + Ry, where Ry and R are both non-negative
definite, Ro(x,-), Ri(z,-) € H,Vz € X, and (Ro(:v, ), Ra(y, )) =0,Vx,y €
X, then the spaces Ho and H1 corresponding respectively to Ry and Ry form
a tensor sum decomposition of H. Conversely, if Ry and Ry are both non-
negative definite and Ho NHy, = {0}, then H = Ho ® H1 has a reproducing
kernel R = Ry + R;.

Proof: By the orthogonality between Rg(z,-) and Ry(y, ),

Ro(fb,y) = (RQ(ZE, ')7 R(ya )) = (RO(Ia ')a RO(yv ))7

so the inner product in Hgy is consistent with that in H; hence, Hy is a
closed linear subspace of ‘H. Now, for every f € H, let fy be the projection
of f in Ho and write f = fo + f§. Straightforward calculation yields

f(x) = (R(Ia )a f)
= (RO(Ia ')afO) + (RO(xv )me) + (Rl(xv ')7f0) + (Rl(xa )afg)
= fO(I) + (Rl(xa ')a fOc)7
o (Ri(z,), f§) = f(z) — fo(z) = f§(x). This shows that R; is the repro-

ducing kernel of H & Hg; hence, H = Ho ® H1.
For the converse, it is trivial to verify that

(R(‘Tv )7f) = (RO(J;7 ')7f0)0 + (Rl(xv ')7f1)1 = fO(x) + fl(x) = f(x)a

where f = fo+ f1 € H with fo € Ho and f1 € H1, and (+,)o and (+,-); are
the inner products in Ho and H;, respectively. O

2.2 Smoothing Splines on {1,..., K'}

As discussed in Example 2.3, a function on the discrete domain X =
{1, LK } is a vector of length K, evaluation is coordinate extraction,
and a reproducing kernel can be written as a non-negative definite matrix.
A linear functional in a finite-dimensional space is always continuous, so a
vector space equipped with an inner product is a reproducing kernel Hilbert
space.
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Let B be any K x K non-negative definite matrix. Consider the column
space of B, Hp = {f : f=Bc= Zj ch(~,j)}, equipped with the inner
product (f,g) = f¥ Bg. The standard eigenvalue decomposition gives

T
B=UDUT = (U,,U,) (%1 g) (gﬁ =U,D,UT,
where the diagonal of D; contains the positive eigenvalues of B and the
columns of U; are the associated eigenvectors. The Moore-Penrose inverse
of B has an expression BT = UlDl_lUfF. It is clear that Hg = Hp+ =
{f: f = Uic}. Now, B"B = U,U{ is the projection matrix onto Hg, so
BTBf = f,Vf € Hp. It then follows that

[z]f = f(z) = el f = el BTBf = (B'e,)" BY,

Vf € Hp (i.e., the representer of [z](-) is the xth column of BT). Hence,
the reproducing kernel is given by R(z,y) = Bt (z,y), where Bt (z,y) is
the (z,y)th entry of BT. The result of Example 2.3 is a trivial special case
with B = 1.

The duality between (f,g) = f7'Bg and R = B* provides a useful
insight into the relation between the inner product in a space and the
corresponding reproducing kernel: In a sense, the inner product and the
reproducing kernel are inverses of each other.

Now, consider a decomposition of the reproducing kernel in the Eu-
clidean K-space, R(x,y) = Ijz—y = 1/K 4 (Ij;—,] — 1/K), or in matrix
terms, I = (117/K) + (I — 117 /K). Since (117 /K)(I — 117/K) = O,
(Ro(x,-),Ri(y,)) = 0, Va,y. By Theorem 2.5, the decomposition de-
fines a tensor sum decomposition of the space R¥ = Hy @ Hi1, where
Ho={f:f(1)=--=f(K)} and H1 = {f: Zle f(xz) = 0}. The inner
products in Ho and H; have expressions (f,g)o = fFg = fF(117/K)g
and (f,9)1 = fTg = fT(I — 117 /K)g, respectively, where 117 /K is the
Moore-Penrose inverse of Ry = 117 /K and I — 117 /K is the Moore-
Penrose inverse of Ry = I — 117 /K. The decomposition defines a one-way
ANOVA decomposition with an averaging operator Af = Ele f(z)/K.
See Problem 2.8 for a construction yielding a one-way ANOVA decompo-
sition with an averaging operator Af = f(1).

Regression on X = {1, oK } yields the classical one-way ANOVA
model. Consider a roughness penalty

= 2 117

a0 =Y ()= 1) = 17 (1= 5 )7
r=1

where f = Zle f(z)/K. The minimizer of

n

LS (i nw)? A (o) )’ (23)

i=1
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defines a shrinkage estimate being shrunk toward a constant. Similarly, if
one sets J(f) = fTf, then the minimizer of

n K
2 2
- 1221 (Vi —n(z;))” + A;Zln (x) (2.4)

defines a shrinkage estimate being shrunk toward zero. Hence, smoothing
splines on a discrete domain reduce to shrinkage estimates.

The roughness penalty Zle (f(z)— f)2 appears natural for z nominal.
For = ordinal, however, one may consider alternatives such as

3 (f@) - fla = 1),

=2

which have the same null space but use different “scaling” in the penalized
contrast space Hy = {f : Zm L f(x) =0}

2.3 Polynomial Smoothing Splines on [0, 1]

The cubic smoothing spline of §1.1.1 is a special case of the polynomial
smoothing splines, the minimizers of
n

2 1 2
> (@)’ + [ () e (25)

=1

in the space C("™][0,1] = {f: M) e £yo, 1]}. Equipped with appropri-
ate inner products, the space C (m)[O, 1] can be made a reproducing kernel
Hilbert space.

We will present two such constructions and outline an approach to the
computation of polynomial smoothing splines. The two constructions yield
identical results for univariate smoothing, but provide building blocks sat-

isfying different side conditions for multivariate smoothing with built-in
ANOVA decompositions.

2.3.1 A Reproducing Kernel in C"™[0, 1]
For f € C(™)|0, 1], the standard Taylor expansion gives

m—1 1 m—1
n=Y ) (@—uwi o Wdu

where (-)4+ = max(0, -). With an inner product

m—1

(F.9)= 3 D060 + [ g, (2.7)

v=0
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it can be shown that the representer of evaluation [z](-) is

m—lxl, v 1 ,CC—’U,m71 _umfl
Ru(y) = 2:; J% +/0 ((m _);)! (y(m _)B! du. (2.8)

To see this, note that RS (0) = 2/vl, v = 0,...,m—1, and that R{™ (y) =
(x —y)7'/(m — 1)!. Plugging these into (2.7) with g = R,, one obtains
the right-hand side of (2.6), so (R,, f) = f(x).

The two terms of the reproducing kernel R(z,y) = R, (y),

Ro(z,y) = i %TyV—T (2.9)
prdR AR
and
1 T —u m—1 —u m—1

are both non-negative definite themselves, and it is also easy to verify
the other conditions of Theorem 2.5. To Ry there corresponds the space
of polynomials Hy = {f o fm) = 0} with an inner product (f,g)o =
22:01 f@(0)g™)(0), and to R; there corresponds the orthogonal comple-
ment of Ho,

Hi={f:fP0)=0,0=0,....,m—1, [ (f)dz < o0}, (2.11)

with an inner product (f,g)1 = fol fgmdy. The space Ho can be
further decomposed into the tensor sum of m subspaces of monomials
{f : f ()”} with inner products f*)(0)g*)(0) and reproducing ker-
nels (z¥ /v (y”/V!), v=10,...,m — 1.

Setting m = 1, one has Ro(x,y) = 1 and

1
Rl(xu y) = ‘/0 I[u<z]I[u<y]du =TANY, (212)

where A y = min(x,y). This setting is useful for the computation of a
linear smoothing spline, the minimizer of

n

1 () 1'2:10
= (Yi— () +A/O i dz. (2.13)

i=1
Setting m = 2, one has Ro(z,y) = 1 + a2y and
1
Riw) = [ (@ =)y =)

— (@ Ay)*(3(x Vy) — (& Ay)) /6, (2.14)
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where Vy = max(z,y). The latter formula can be used in the computation
of a cubic smoothing spline.

For m = 1, the tensor sum decomposition characterized by R = Ry +
Ry = [1] + [z A y] naturally defines a one-way ANOVA decomposition with
an averaging operator Af = f(0), where the corresponding H, spans the
“mean” space and H; spans the “contrast” space; see §1.3.1 for discussions
on ANOVA decomposition and averaging operator.

For m = 2, the same ANOVA decomposition is characterized by the
kernel decomposition

R = Roo + [Ro1 + R1] = [1] + [zy + {(z A y)*(3(x Vy) — (x A y))/6}],

where Ry = 1 + zy is further decomposed into the sum of Rypy = 1 and
Ro1 = xy. The kernel Ry generates the “mean” space and the kernels Ry
and R; together generate the “contrast” space, with Ry contributing to
the “parametric contrast” and R; to the “nonparametric contrast.”

2.3.2 Computation of Polynomial Smoothing Splines

Given the sampling points x;, ¢ = 1,...,n in (2.5) and noting that the
space {f : f =311 a;Ri(zi,)} is a closed linear subspace of H; given in
(2.11), one may write n € C"™[0, 1] as

m—1 n

n(x) = Z dl,xy—l; + ZciRl(xi, z) + p(x), (2.15)
Ti=1

v=0

where ¢; and d, are real coefficients, R; is given in (2.10), and
peHio{f:f=21" ciRi(zi-)}.

By orthogonality, p(z;) = (Ri(zi,-),p) = 0, i = 1,...,n. Denoting by S
the n x m matrix with the (¢, v)th entry =7 /v! and by @ the n x n matrix
with the (i, 7)th entry Ry(z;,x;), (2.5) can be written as

(Y — Sd — Qc)' (Y — Sd — Qc) + nAc’Qc + n (p, p), (2.16)

where the fact that fol Rgm) (2, :C)Rgm) (zj,x)dx = Ri(x;,x;) is used. Note
that p only appears in the third term in (2.16), which is minimized at p = 0.
Hence, a polynomial smoothing spline resides in a space

Ho@ {f: f=31 cifa(wi )},

of finite dimension, and so can be computed via the minimization of the
first two terms of (2.16) with respect to ¢ and d.

In this approach to the computation of polynomial smoothing splines,
one needs the reproducing kernel R; that corresponds to a space H; in
which the roughness penalty fol ( f (m))de is a full square norm, plus a
basis that spans the null space of the penalty.
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2.3.3  Another Reproducing Kernel in C™]0, 1]

The bilinear form fol ) g(m) dz is a semi-inner-product in C("[0, 1], which
can be augmented to a full inner product by the addition of an inner prod-
uct in its null space, the space { fofm = 0} of polynomials up to order
m — 1. Tn §2.3.1, we used 7' f()(0)g™)(0) as the inner product in
{ fofim = O} In this section, we will use a different inner product,

_01 (fol f(”)dx)(fol gWdz), in {f : f(™ = 0}, and derive the repro-
ducing kernel associated with

_ 2)1 (/01 f¥dz) (/Olg(”)d:v) + /01 Fmgmdz, (2.17)

which defines an inner product different from that in (2.7).
The sought-after reproducing kernel can most conveniently be expressed
in terms of the functions

exp(2mipx
=1,2,... 2.18
(zz)mwm, 219

p=—00

where i = /—1. It is easy to verify that for r > 1, k, is well defined and
continuous on the real line, and for » = 1, it is well defined and continuous
at noninteger points; see Problem 2.9(a). It is also easy to verify that k,(x)
is real-valued and is periodic with period 1; see Problem 2.9(b). It can be
seen that k") = k,_,, p=1,...,r—2 and that k" " (z) = k() for 2 not
an integer. It is known that ki (z) = z — 0.5 on (0,1) (Problem 2.9(c)), and
we define kg = 1. The k, functions are actually scaled Bernoulli polynomi-
als, k.(z) = By(z)/r!; see Abramowitz and Stegun (1964, Chap. 23) for a
comprehensive list of results concerning the Bernoulli polynomials B, (x).
From the properties listed above, it is easy to verify that fol kl(fl)dac =0u,
w,v=0,...,m—1, where §,,, is the Kronecker delta. It then follows that
ky, v =0,...,m — 1 form an orthonormal basis of Hy = {f : fm) = 0}
under the inner product (f,g)o = ZT:_OI (fol f(”)dac)(fol ¢Wdz) and that

m—1

v=0

is the reproducing kernel in Hg; see Problem 2.5(c) for the definition of or-
thonormal basis. In fact, H can be further decomposed into the tensor sum
of m subspaces {f : f o k,} with inner products (fol f(”)dx)(fol 9" dz)
and reproducing kernels k, (2)k,(y), v =0,...,m — 1, respectively.

We now show that in the space

Hi={f: [y [Pde=0,v=0,....,m—1,f™ e L[0,1]}  (2.20)
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with a square norm (f, g)1 = fo Fmg(m) dg the function

Ro(y) = ki (2)km (y) + (=1)" " ham(z — ) (2.21)

is the representer of evaluation [z](-). From the properties of k.., it is easy to
verify that fol RY (y)dy =0,v=0,...,m—1, and that Rgm)(y) = kpy(x)—
Em(x—y) € L2]0,1],s0 Ry € Hy for Hy given in (2.20). Integrating by parts,
and using the periodicity of k., » > 1, and the fact that fol fWdx = 0,
v=0,...,m— 1, one can show that, for m > 1,

(Rov )1 = / (ko (2) — o (2 — 1)) £ (3)ly

1
- /0 bz — ) £ (y)dy

1
=== [ k= (222)
see Problem 2.10. Now, since
x—y—05=Fk(x)—y, € (0,z),
bz — ) = y 1(z) —y y € (0,z)

straightforward calculation yields

1
—/O ky(z —y) f(y)dy

1 1 1
=— | ki(x)f(y)d (y)dy — | fly)d
| m@ s+ [ viway= [ iway
=0+ f(1) = (f(1) - f(2)) = f(2).
The result holds for m = 1 via direct calculation. This proves that
Ri(z,y) = km(2)km (y) + (=1)" ham(z — y) (2.23)

is the reproducing kernel of H; given in (2.20).
Obviously, HoNH1 = {0}, so by the converse of Theorem 2.5, (™[0, 1] =
Ho & H1 has the reproducing kernel R = Ry + R;. The identity

m—1 1 1
x) = x @) x)—km(z— (m) .
)= 3 hle) / £ () dy+ / (o (2)— o (2= ) £ () dy, (2.24)

Vi e clm [0,1], may be called a generalized Taylor expansion, where the
scaled Bernoulli polynomials &, () play the role of the scaled monomials
x” /vl in the standard Taylor expansion of (2.6). The standard Taylor ex-
pansion is asymmetric with respect to the domain [0, 1], in the sense that
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a swapping of the two ends 0 and 1 would change its composition entirely,
whereas the generalized Taylor expansion of (2.24) is symmetric with re-
spect to the domain.

The computation of polynomial smoothing splines as outlined in §2.3.2
can also be performed by using the Ry of (2.23) instead of that of (2.10).
Also, one may use any basis {¢,,}:,”:_01 of the subspace Hy in the place of
{z¥/v1}" ! in the expression of 7 given in (2.15). The coefficients ¢; and
d, will be different when different ¢, and R; are used, but the function
estimate

m—1 n
n(x) = dvdu(z) + Y c:iRi(wi,7)
v=0 =1

will remain the same regardless of the choices of ¢, and R;.
When m =1, Ro(x,y) =1 and

Ri(z,y) = k1(2)k1(y) + ka2 (z — y). (2.25)
When m = 2, Ro(z,y) = 1+ k1(z)k1(y) and
Ri(z,y) = ko (2)k2(y) — ka(z — y). (2.26)

The Ry in (2.25) and (2.26) can be used in the computation of linear and
cubic smoothing splines in lieu of those in (2.12) and (2.14). To calculate
Ry in (2.25) and (2.26), one has, on x € [0, 1],

ko) = 5 (K@) — 33,

2 i
k() = o (i)~ 1 4 T,

(2.27)

where k1 (z) = £—0.5; see Problem 2.11. Note that kg and k4 are symmetric
with respect to 0.5 on [0, 1], so for z € [—1,0],

kz(x) = kg(l’ + 1) = kg (05 + (JJ + 05)) = kg (05 — (JJ + 05)) = kz(—l‘),

and likewise, kq(z) = ks4(—2). It then follows that kq(z — y) = ka2 (J — y|)
and kq(z — y) = k4 (|z — y|), for z,y € [0,1].

For m = 1, the tensor sum decomposition characterized by R = Ry +
Ry = [1]+ [k1(@)k1(y)+k2(z—y)] defines a one-way ANOVA decomposition
with an averaging operator Af = fol fdz, where the corresponding Hg
spans the “mean” space and H; spans the “contrast” space.

For m = 2, the same ANOVA decomposition is characterized by the
kernel decomposition

R = Roo + [Ror + Ra] = [1] + [k1(2)k1(y) + {ka(x)k2(y) — ka(z —y)}],

where Ry = 1+ k1(2)k1(y) is further decomposed into the sum of Rgp =1
and Ro; = ki(x)k1(y). The kernel Ryy generates the “mean” space and
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the kernels Rp; and R; together generate the “contrast” space, with Ry
contributing to the “parametric contrast” and R; to the “nonparametric
contrast.”

2.4 Smoothing Splines on Product Domains

To incorporate the ANOVA decomposition introduced in §1.3.2 for the
estimation of a multivariate function, one may construct a tensor product
reproducing kernel Hilbert space. Given Theorem 2.3, the construction of
the space can be done through the construction of the reproducing kernel,
for which one uses reproducing kernels on the marginal domains. One-
way ANOVA decompositions on the marginal domains naturally induce an
ANOVA decomposition on the product domain.

We begin with some general discussion of tensor product reproducing
kernel Hilbert spaces, where it is shown that the products of reproducing
kernels on the marginal domains form reproducing kernels on the prod-
uct domain. The construction is then illustrated with marginal domains
{1, LK } and [0, 1], using the (marginal) reproducing kernels introduced
in §§2.2 and 2.3.

2.4.1 Tensor Product Reproducing Kernel Hilbert Spaces

A convenient approach to the construction of reproducing kernel Hilbert
spaces on a product domain H,l;:l X, is by taking the tensor product of
spaces constructed on the marginal domains X,. The construction builds
on the following theorem.

Theorem 2.6 ForRq,(z1,,ya,) non-negative definite on Xy and R 2, (x 2y,
Ye2)) non-negative definite on X, R(z,y) = R, (zq),ym) R (22),y2)
s non-negative definite on X = &1 X Xo.

Proof: It suffices to show that, for two non-negative definite matrices A
and B of the same size, their entrywise product, A o B, is necessarily non-
negative definite. By elementary matrix theory, A and B are non-negative
definite if and only if there exist vectors a; and b; such that A =3, a;al
and B =3, b;b] . Now,

A0B = (S aal) o (;0:07)
= (aia]) o (b)) =Y (aiob;)(aioby)T,
1,5 5,
so A o B is non-negative definite. O

By Theorem 2.3, every non-negative definite function R on domain X
corresponds to a reproducing kernel Hilbert space with R as its reproducing
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kernel. Given H 1, on &7 with reproducing kernel R, and H 2, on X5 with
reproducing kernel R,»,, R = R, R, is non-negative definite on X; x X3
by Theorem 2.6. The reproducing kernel Hilbert space corresponding to
such an R is called the tensor product space of H;, and Hs,, and is
denoted by H 1, ® H,2y. The operation extends to multiple-term products
recursively.

Suppose one has reproducing kernel Hilbert spaces H,, on domains
Xy, v=1,...,T, respectively. Further, assume that the spaces have one-
way ANOVA decompositions built in via the tensor sum decompositions
Heyy = Howy ® Higy,, where Hoy = {f : f x 1} has a reproducing
kernel Ro.y, o< 1 and Hi(, has a reproducing kernel R, satisfying side
conditions AyRiy (2, ) = 0, Vzy, € X, where A, are the averaging
operators defining the one-way ANOVA decompositions on X. The tensor
product space H = ®5:1H<'y> has a tensor sum decomposition

r
H= »El(HOW SHiy) = ESB{ (7(§$H1W>) ® (7§8H0w>)} = ?715, (2.28)

which parallels (1.7) on page 7, where the summation is over all subsets S C
{1, ceey F}. The term Hs has a reproducing kernel Rgs Hves Ry, and
the projection of f € H in Hs is the fs appearing in (1.7). The minimizer
of L(f)+(X\/2)J(f) in a tensor product reproducing kernel Hilbert space is
called a tensor product smoothing spline. Examples of the construction
follow.

2.4.2 Reproducing Kernel Hilbert Spaces on {1,..., K}?

Set Ay f = Zf&:l f(x)/K, on discrete domains X, = {1,...,K,}, v =
1,2. The marginal reproducing kernels that define the one-way ANOVA
decomposition on X, can be taken as Roy, (v, Yy,) = 1/K, and

Ry (@), Yem)) = Iiw y=yey] — 1/K,,

v =1,2, as given in §2.2.
A function on {1, .. .,Kl} X {1, .. .,KQ} can be written as a vector of
length KlKQ,

F=(FO 0, FOL K)o f(B1 ), F (R KS))

and a reproducing kernel as a (K3 K3) x (K;K>) matrix. Using matrix
notation, the products of the marginal reproducing kernels Ry, and R,
given above and the subspaces they correspond to are listed in Table 2.1,
where 1k is of length K, Ik is of size K x K, and, as a matrix operator,
® denotes the Kronecker product of matrices. The corresponding inner
products are defined by the Moore-Penrose inverses of these matrices, which
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TABLE 2.1. Product reproducing kernels on {17 . 7K1} X {17 A Kz}.

Subspace Reproducing kernel
Hoy @ Hoe, (1, 1%, /K1) ® (1i, 1, /K2)
Hoy @ Hig, 1k, 1%, /K1) © (I, — 1k, 1%, / Ko2)
Higy @ Hoe, (I, = 1r, 15, /K1) © (1i, 1, [ KCo)

Higy @ Hioy Ik, — 1k, 15 /K1) @ (Ix, — 1k, 1%,/ K))

are themselves because they are idempotent. The decomposition of (2.28)
is seen to be

H = (Hoa, ® Hia)) ® (Hoe) © Hi)
= (Hoa) ® How)) ® (Hi1y @ Ho))
® (Hoay @ Hiz)) @ (Higy @ Haz))
= 'H{} D 'H{l} D H{Q} (S5) H{LQ}, (2.29)
where Hy spans the constant, H 1y spans the z1, main effect, H oy spans

the 2, main effect, and H; 2) spans the interaction.
If one would like to use the averaging operator Af = f(1) on a marginal

domain {1, oo K }, the K-dimensional vector space may be decomposed
alternatively as
HodHi={f:f(1)=---=f(K)}a{f: f(1)=0},

with the reproducing kernels given by Ry = 1 and Ry (z,y) = Ij;—,21]; see
Problem 2.8.

2.4.3 Reproducing Kernel Hilbert Spaces on [0, 1>

Set Af = fol fdx on [0,1]. The tensor product reproducing kernel Hilbert
spaces on [0,1]? can be constructed using the reproducing kernels (2.19)
and (2.23) derived in §2.3.3.

Example 2.4 (Tensor product linear spline) Setting m = 1 in §2.3.3,
one has

(F:fele0)y={f:fox1ya{f: [ fdz=0,f¢€ Ls[0,1]}
= Ho ® Hi,

with reproducing kernels Ro(x,y) = 1 and Ry (x,y) = k1 (2)k1 (y)+k2(z—y).
This marginal space can be used on both axes to construct a tensor product
reproducing kernel Hilbert space with the structure of (2.28), with averag-
ing operators A, f = fol fdx,y, v = 1,2. The reproducing kernels and the
corresponding inner products in the subspaces are listed in Table 2.2. O
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Example 2.5 (Tensor product cubic spline) Setting m = 2 in §2.3.3,
one has

{f:feLa0,1]}={f:fox1}@{f: fock}

@ {f: [} fde= [} fde =0, € L2[0,1]}
= Hoo ® Ho1r ® Hi,

where Ho1 ® Hy forms the contrast in a one-way ANOVA decomposition
with an averaging operator Af = fol fdxz. The corresponding reproduc-
ing kernels are Roo(z,y) = 1, Roi(z,y) = k1(x)k1(y), and Ri(x,y) =
ko(z)ka(y) — ka(x — y). Note that fol Ro1(z,y)dy = fol Ry(x,y)dy = 0,
Vz € [0,1]. Using this space on both marginal domains, one can con-
struct a tensor product space with nine tensor sum terms. The subspace
Hoo1y @ Hoo2y spans the constant term in (1.7) on page 7, the subspaces
Hoo1y ® (7‘[01(2) ® Hi2)) and (Hoi1, 'Hl<1>) ® Hooc2, span the main ef-
fects, and the subspace (Ho11y ® Hi1y) @ (Hoie) @ Hiczy) spans the in-
teraction. The reproducing kernels and the corresponding inner products
in some of the subspaces are listed in Table 2.3. The separation of Hg
and H; is intended to facilitate adequate numerical treatment of the dif-
ferent components; it is not needed for the characterization of the ANOVA
decomposition in (2.28). O

For the averaging operator Af = f(0), similar tensor product repro-
ducing kernel Hilbert spaces can be constructed using the marginal spaces
described in §2.3.1; details are to be worked out in Problem 2.13. Note that
it is not necessary to use the same marginal space on both axes. Actually,
the choice of the order m and that of the averaging operator Af on differ-
ent axes are unrelated to each other. Although the reproducing kernels of
§62.3.1 and 2.3.3 lead to identical polynomial smoothing splines for univari-
ate smoothing on [0, 1], they do yield different tensor product smoothing
splines on [0, 1]?, as their respective roughness penalties are different.

2.4.4 Reproducing Kernel Hilbert Spaces
on{l,...,K} x|0,1]

Setting A; f = me:l f(@)/K on Xy ={1,...,K} and Ay f = fol fdz o,
on Xy = [0, 1], tensor product spaces with the structure of (2.28) built in
can be constructed using the marginal spaces used in §§2.4.2 and 2.4.3.

Example 2.6 One construction of a tensor product space is by using
Roay(zy,ya,) = 1/K and Rig(za,,Ya,) = Lz, =y, — 1/K on X and
Roo)(2),y2)) = 1 and Ri2)(2(2),Y2)) = k1(@2)) k1 (Ye2)) + k2 (22) —y2))
on Xs. The reproducing kernels and the corresponding inner products in
the subspaces are listed in Table 2.4. O
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Example 2.7 Using Roa, = 1/K and Rig, = iz, =y,,) — 1/K on &)
and Roo) = 1, Rowz) = ki(z2)ki(y2), and Ry, = ka(z2))k2(ye2)) —
ka(x2) — y2)) on X, one can construct a tensor product space with six
tensor sum terms. The subspace Ho1, ® Hoo2, spans the constant, Ho1y ®
(Ho12y ® Hi2y) and Hi1, @ Hooczy span the main effects, and Higqy ®
(Ho12y ® Hi2)) spans the interaction. The reproducing kernels and the
corresponding inner products in the subspaces are listed in Table 2.5. O

2.4.5 Multiple-Term Reproducing Kernel Hilbert Spaces:
General Form

The examples of tensor product reproducing kernel Hilbert spaces on prod-
uct domains presented above all contain multiple tensor sum terms. In
general, a multiple-term reproducing kernel Hilbert space can be written
as H = ®gHp, where § is a generic index, with subspaces Hg having
inner products (fg, gg)s and reproducing kernels Rg, where f3 is the pro-
jection of f in Hg. It is often convenient to write (f,¢)s for (fs,98)a:
which can be formally defined as a semi-inner-product in H satisfying
(f = fa. f — fa)s =

The subspaces ‘Hg are independent modules, and the within-module met-
rics implied by the inner products (f3, gg)s are not necessarily comparable
between the modules. Allowing for intermodule rescaling of the metrics, an
inner product in H can be specified via

29 (f5:98)8 (2.30)

where 65 € (0,00) are tunable parameters. The reproducing kernel associ-
ated with (2.30) is Ry = > 5033, as

J(R; 29 (0sRs(x,°), f5) 5 = Y fola) =
5

When some of the 63 are set to oo in (2.30), J(f,g) defines a semi-inner-
product in H = @zHg. Such a semi-inner-product may be used to specify
J(f) = J(f, f) for use in L(f) + (A/2)J(f). Subspaces not contributing
to J(f) form the null space of J(f), Ny = {f : J(f) = 0}. Subspaces
contributing to J(f) form the space H; = H & Ny, in which J(f,g) is a
full inner product.

Observing Y; = n(x;) + €, where x; € X is a product domain and
€; ~ N(0,0?), one may estimate 7 via the minimization of

S3 (% = )+ M), (2.31)
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where J(f) = J(f, f) is as given above. The minimizer of (2.31) defines a
smoothing spline on X'. The computation strategy outlined in §2.3.2 readily
applies here, with the subspaces Ho and H; in §2.3.2 replaced by N and
H j, respectively.

When some of the 63 are set to 0 in J(f) = J(f, f), the corresponding f3
are not allowed in the estimate. One simply eliminates the corresponding
Hp from the tensor sum.

Note that for the computation of a smoothing spline, all that one needs
are a basis of Ay and the reproducing kernel R; associated with J(f) in
H; =H S Ny. In particular, the explicit form of J(f) is not needed.

Example 2.8 Consider the construction of Example 2.5 on X = [0, 1]2.
Denote Hy o = Huy @ Hyg2y, v, 0 = 00,01, 1, with inner products (f, g)v,.
and reproducing kernels R, , = R, 1,2, One may set

J(fa g) = ei(l)o(fa 9)1,00 + ef(l)l(fa 9)1101
+ 90701,1(f, 9)oo,1 + 9511,1(f, 9)o1,1 + 9;%(f, g)1,1
and minimize (2.31) in H = @, , H,,,. The null space of J(f) = J(f, f) is
N = Hoo,00 ® Ho1,00 & Hoo,01 @ Hot,01

= span{ 0,00, $01,00, $00,01, Po1,01 }
= Span{L ki(z)), ki(z2)), k(@) ki ($<2>)}7

where the basis functions ¢, , are explicitly specified. The minimizer of
(2.31) in H = &, . H,,,, has an expression

n

77(17) = Z du,,u(bv,,u(fr) + ZCiRJ(Iivx)v

v,1u=00,01 =1
where
Ry = 01,00R1,00 + 01,00 R1,01 + 000,1R00,1 + 001,1R01,1 +01,1R1.1.

The projections of 1 in ‘H,,,, are readily available from the expression. For

example, 101,00 = do1,00001,00() and no1,1 = Y ¢i0o1,1Ro1,1 (4, x).
To fit an additive model, one may set

J(f,9) = 0700(f, 91,00 + b0 1 (f> 9)00.1

and minimize (2.31) in H, = 7‘[00700 (&) 7‘[01100 (&) 7‘[1700 ©® 7‘[00701 (&) 7‘[0011. The
null space is now

N = Hoo,00 ® Ho1,00 ® Hoo,01 = span{oo,00, Po1,00, $00,01}
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and Hj = Hi,00 ® Hoo,1 with a reproducing kernel
Ry = 01,00R1,00 + 00,1 Roo,1.

The spaces Ho1,01, H1,01, Ho1,1, and Hi 1 are eliminated from H,. O

2.5 Bayes Model

Penalized likelihood estimation in a reproducing kernel Hilbert space H
with the penalty J(f) a square (semi) norm is equivalent to a certain em-
pirical Bayes model with a Gaussian prior. The prior has a diffuse compo-
nent in the null space N of J(f) and a proper component in H; = HSN;
with mean zero and a covariance function proportional to the reproducing
kernel Ry in H ;. The Bayes model may also be perceived as a mixed-effect
model, with the fixed effects residing in A/; and the random effects residing
in Hj.

We start the discussion with the familiar shrinkage estimates on discrete
domains, followed by the polynomial smoothing splines on [0, 1]. The calcu-
lus is seen to depend only on the null space Ny of J(f) and the reproducing
kernel R; in its orthogonal complement H; = H © AN, hence applies to
smoothing splines in general. The general results are noted concerning the
general multiple-term smoothing splines of §2.4.5.

2.5.1 Shrinkage Estimates as Bayes Estimates

Consider the classical one-way ANOVA model with independent observa-
tions Y; ~ N(n(xi),a2), 1=1,...,n, where x; € {1, . .,K}. With a prior
1 ~ N(0,bl), it is easy to see that the posterior mean of 7 is given by the

minimizer of
1« 2 1 K
52 (Yi—n()" + 5 > n’(@). (2.32)
=1 rx=1

Setting b = 02 /n), (2.32) is equivalent to (2.4) of §2.2.
Now, consider n = a1 +1n;, with independent priors o ~ N (0,7 ) for the
mean and 7y ~ N(0,b(I — 117 /K)) for the contrast. Note that n{'1 =0

almost surely and that 77 = Ele n(z)/ K = «. The posterior mean of 7 is
given by the minimizer of

1 <& o 1 &
—22 n EZ (2.33)
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Letting 72 — oo and setting b = 02/n), (2.33) reduces to (2.3) of §2.2.
In the limit, « is said to have a diffuse prior. This setting may also be
considered as a mixed-effect model, with a1 being the fixed effect and 7;
being the random effect.

Next we look at a two-way ANOVA model on {1, ey Kl} X {1, ey Kg}
using the notation of §2.4.2. Assume that n = ny + 11 + 12 + 71,2 has four
independent components, with priors ng ~ N(0,b00yRg), n1 ~ N(0,b01R1),
N2 ~ N(O,b92R2), and m,2 ~ N(O,boLQRLQ), where R@ = R0<1>R0<2>,
R1 = R1<1>R0<2>, R2 = R0<1>R1<2>, and Rl)g = R1<1>R1<2>, as given in
Table 2.1. Note that Rg’s are orthogonal to each other and that an ng
resides in the column space of Rg almost surely. The posterior mean of 7
is given by the minimizer of

1 & 2 1 _
= (Wi =) + : > o' R, (2.34)
i=1 8

Setting b = o?/nX and J(f) = Y405 TR} f, (2.34) reduces to (2.31)
of §2.4.5, which defines a bivariate smoothing spline on a discrete product
domain. A g = oo in J(f) puts ng in N, which is equivalent to a diffuse
prior, or a fixed effect in a mixed-effect model. To obtain the additive model,
one simply eliminates 71 2 by setting 612 = 0.

2.5.2  Polynomial Smoothing Splines as Bayes Estimates

Consider n = no+mn1 on [0, 1], with ny and 77 having independent Gaussian
priors with mean zero and covariance functions,

Elno(z)mo(y)] = 72 Ro(x,y) = 7° Z o VT’
— vl

m—1

E[m(z)m(y)] = bRi(z,y) = b/o (J;n; ﬁ)f)! (y(,; I_L)I); du,

where Ry and R; are taken from (2.9) and (2.10) of §2.3.1. Observing
Y; ~ N(n(z;),0?), the joint distribution of Y and 7(z) is normal with
mean zero and a covariance matrix

bQ + 12887 + 021 b¢ + 2S¢
( be” +2¢7ST  bRy(z,x) + T2¢T¢>> (2.35)
where @ is n x n with the (4, j)th entry Ri(z;,x;), S is n x m with the
(i,v)th entry ¥~ '/(v — 1), £ is n x 1 with the ith entry Ry(x;,2), and
¢ is m x 1 with the vth entry 2¥~!/(v — 1)!. Using a standard result on
multivariate normal distribution (see, e.g., Johnson and Wichern (1992,
Result 4.6)), the posterior mean of n(z) is seen to be
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En(z)|Y] = (b¢" + 720" ST)(bQ + 72SST + o*1)7'Y
=£T(Q+pSST +nA)7'Y
+ ¢ pST(Q + pSST + nAI)7LY, (2.36)

where p = 72/b and n\ = o2 /b.

Lemma 2.7 Suppose M is symmetric and nonsingular and S is of full
column rank.

lim (pSST + M)t =M~ - M1S(STM1S) I STM T, (2.37)

p—r00

lim pST(pSST + M)t = (STM1S) ST ML (2.38)
p—r00
Proof: Tt can be verified that (Problem 2.17)

(pSST + M) =
M= MS(STMIS) I+ p 1 (STMLS) " ~LsT Mt (2.39)
Equation (2.37) follows trivially from (2.39). Substituting (2.39) into the
left-hand side of (2.38), some algebra leads to
pST(pSST + M) = p(I — (I +p 1 (STMS)" )" H)sT !
= (STM7IS) I+ p7H(STMTIS) ) ST M
Letting p — oo yields (2.38). O

Setting p — oo in (2.36) and applying Lemma 2.7, the posterior mean
E[n(x)|Y] is of the form €"c+ ¢"d, with the coefficients given by

c=M"-M1'SSTMS) ST MY,

2.40
d=(STM1'8)" 1T MY, (2.40)

where M = Q + nAl.

Theorem 2.8 The polynomial smoothing spline of (2.5) is the posterior
mean of n = no + N1, where no diffuses in span{z'~ 1, v =1,...,m} and
has a Gaussian process prior with mean zero and a covariance function

m—1 m—1

bRy (z,y) = b /0 (iﬂ;ﬁ)f); (y(n_lli)f)! e,

for b= o%/n\.

Proof: The only thing that remains to be verified is that ¢ and d in (2.40)
minimize (2.16) on page 36. Differentiating (2.16) with respect to ¢ and d
and setting the derivatives to 0, one gets
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Q{(Q+nA)c+Sd-Y} =0,

ST{Qc+Sd-Y} =0. (2.41)

It is easy to verify that ¢ and d given in (2.40) satisfy (2.41). O

2.5.3 Smoothing Splines as Bayes Estimates: General Form

Besides the choices of covariance functions Ry and R;, nothing is specific
to polynomial smoothing splines in the derivation of §2.5.2. In general,
consider a reproducing kernel Hilbert space H = @gon,@ on a domain X
with an inner product

P

P
Z ’ Z fﬁvgﬁ

B=0 B=0

and a reproducing kernel

P
y) = 0sRs(x,y),
B=0

where (f,g)s is an inner product in Hg with a reproducing kernel Rg,
fs is the projection of f in Hg, and Hy is finite dimensional. Observing
Y, ~ N(n(:vi), 02), a smoothing spline on X’ can be defined as the minimizer
of the functional

%Z (i = n(z:)’ +AD 05 ()8 (2.42)
B=1

i=1

in H; see also (2.31) of §2.4.5. A smoothing spline thus defined is a Bayes
estimate of n = Zgzo ng, where 79 has a diffuse prior in Hg and 7g,
B8 =1,...,p, have mean zero Gaussian process priors on X with covariance
functions E[ng(z)ns(y)] = b0sRs(z,y), independent of each other, where
b = 02/n\. Treated as a mixed-effect model, 19 contains the fixed effects
and ng, S =1,...,p, are the random effects.

2.6 Minimization of Penalized Functional

As an optimization object, analytical properties of the penalized likelihood
functional L(f)+(A/2)J(f) can be studied under general functional analyti-
cal conditions such as the continuity, convexity, and differentiability of L(f)
and J(f). Among such properties are the existence of the minimizer and
the equivalence of penalized optimization and constrained optimization.
We first show that the penalized likelihood estimate exists as long as the
maximum likelihood estimate uniquely exists in the null space Ny of J(f).
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We then prove that the minimization of L(f) + (A/2)J(f) is equivalent to
the minimization of L(f) subject to a constraint of the form J(f) < p for
some p > 0, and quantify the relation between p and .

2.6.1 Existence of Minimizer

A functional A(f) in a linear space L is said to be convex if for f,g € L,
Alaf+(1—a)g) < @A(f)+(1—a)A(g), Va € (0,1); the convexity is strict
if the equality holds only for f = g¢.

Theorem 2.9 (Existence) Suppose L(f) is a continuous and convex
functional in a Hilbert space H and J(f) is a square (semi) norm in H
with a null space Ny, of finite dimension. If L(f) has a unique minimizer
in Ny, then L(f)+ (A\/2)J(f) has a minimizer in H.

The minus log likelihood L(f|data) in (1.3) is usually convex in f, as
will be verified on a case-by-case basis in later chapters. The quadratic
functional J(f) is convex; see Problem 2.18. A minimizer of L(f) is unique
in N if the convexity is strict in it, which is often the case.

Without loss of generality, one may set A = 2 in the theorem. The proof
of the theorem builds on the following two lemmas, with L(f) and J(f) in
the lemmas being the same as those in Theorem 2.9.

Lemma 2.10 If a continuous and convex functional A(f) has a unique
minimizer in Ny, then it has a minimizer in the cylinder area C, = {f :

feH,Jif) Sp}, Vp € (0,00).

Lemma 2.11 If L(f)+ J(f) has a minimizer in C, = {f : f € H,J(f) <
p}, Vp € (0,00), then it has a minimizer in H.
The rest of the section are the proofs.

Proof of Lemma 2.10: Let || - || be the norm in N, and fy be the unique
minimizer of A(f) in ;. By Theorem 4 of Tapia and Thompson (1978,
p.162), A(f) has a minimizer in a “rectangle”

Roy={f:feH,I(f)<p,f = follo <7}

Now, if the lemma is not true (i.e., that A(f) has no minimizer in C, for
some p), then a minimizer f, of A(f) in R, must satisty || f, — follo = 7.
By the convexity of A(f) and the fact that A(f,) < A(fo),

Alafy + (1= a)fo) < aA(fy) + (1 = a)A(fo) < A(fo), (2.43)

for a € (0,1). Now, take a sequence v; — oo and set o; = *yi_l, and write
Qifye + (1 —ay)fo = 2+ fF, where ff € Ny and ff € HON,. It is
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easy to check that ||f? — follo = 1 and that J(f}) < a?p. Since N is

finite dimensional, {ff} has a convergent subsequence converging to, say,

f1 € Ny, and || f1 — follo = 1. It is apparent that f — 0. By the continuity

of A(f) and (2.43), A(f1) < A(fo), which contradicts the fact that f

uniquely minimizes A(f) in N;. Hence, || fy — follo = 7 cannot hold for all
€ (0,00). This completes the proof. O

Proof of Lemma 2.11: Without loss of generality we assume L(0) = 0. If
the lemma is not true, then a minimizer f, of L(f)+ J(f) in C, must fall
on the boundary of C, for every p (i.e., J(f,) = p, ¥p € (0,00)). By the
convexity of L(f),

L(af,) < aL(f,), (2.44)
for o € (0,1). By the definition of f,,
L(fp) + J(fp) < Llaufp) + J(efp). (2.45)

Combining (2.44) and (2.45) and substituting J(f,) = p, one obtains
L(afy)/a+p < Llaf,) + o’p,
which, after some algebra, yields
L(af,) < —a(l+a)p. (2.46)
Now, choose v = p~1/2. Since J(af,) = 1, (2.46) leads to
L(fr) < =(p'? + 1),

which is impossible for large enough p. This proves the lemma. O

Proof of Theorem 2.9: Applying Lemma 2.10 on A(f) = L(f) + J(f)
leads to the condition of Lemma 2.11, and the lemma, in turn, yields the
theorem. O

2.6.2 Penalized and Constrained Optimization

For a functional A(f) in a linear space £, define Ay ,(a) = A(f + ag) as
functions of « real indexed by f,g € L. If A; ,(0) exists and is linear in g,
Vf,g € L, A(f) is said to be Fréchet differentiable in £, and A; ,(0) is
the Fréchet derivative of A at f in the direction of g.

Theorem 2.12 Suppose L(f) is continuous, convex, and Fréchet differ-
entiable in a Hilbert space H, and J(f) is a square (semi) norm in H.
If f* minimizes L(f) in C, = {f f e HJI(f) < p}, then f* mini-
mizes L(f)+(N/2)J(f) in H, where the Lagrange multiplier relates to p via
A= —p‘lL'f*,fl* (0) > 0, with f} being the projection of f* in H; = HON.
Conversely, if f° minimizes L(f) + (A/2)J(f) in H, where A > 0, then f°

minimizes L(f) in {f : f € H,J(f) < J(f°)}.
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The minus log likelihood L(f|data) in (1.3) is usually Fréchet
differentiable, as will be verified on a case-by-case basis in later chapters.

Proof of Theorem 2.12: If J(f*) < p, then by the convexity of L(f), f*
is a global minimizer of L(f), so the result holds with A = Lf*x.ff (0)=0.
In general, J(f*) = p; thus, f* minimizes L(f) on the boundary contour
cp = {f:feH,J(f) = p}. It is easy to verify that J1.4(0) = 2J(f,9),
where J(f,g) is the (semi) inner product associated with J(f). The space
tangent to the contour C'g at f* is thus G = {g:J(f* 9)=J(ff.9)=0}.
Pick an arbitrary g € G. When J(g) =0, f*+ ag € Cp. Since

0 < L(f* +ag) = L(f*) = aLs- 4(0) + o(a),
one has L. ,(0) = 0. When J(g) # 0, without loss of generality one

may scale g so that J(g) = p; then, V1 —a?f* + ag € Cj. Now, write
v = (V1—a? —1)/a. By the linearity of Ly4(0) in g, one has

0< L(V1-a2f* +ag) — L(f*)
= L(f*+alyf +9)) — L(f")
= ayLy- 1+ (0) + aLy- 4(0) + o(a)
= O‘Lf*yg(o) + o(a),
where ay = V1 — a2 — 1 = O(a?) = o(a); so, again, L 4(0) = 0.
It is easy to see that J(f{) = p and that G¢ = span{f;}. Now, every

f € H has an unique decomposition f = Bf; + g, with § real and g € G;
hence,

. 2. . .
Ly (0) + 5 Jp £ (0) =L 551 (0) + L g (0) + AT (f7, BFT + 9)
=BLg- 1:(0) + BAp. (2.47)

With A\ = —p~*Ly. 1+ (0), (2.47) is annihilated for all f € H; thus, f*
minimizes L(f) + (A/2)J(f). Finally, note that L(f* — afy) > L(f*) for
a € (0,1), so Lf*yff (0) < 0. The converse is straightforward and is left as
an exercise (Problem 2.21). O

2.7 Bibliographic Notes

Section 2.1

The theory of Hilbert space is at the core of many advanced analysis
courses. The elementary materials presented in §2.1.1 provide a minimal
exposition for our need. An excellent treatment of vector spaces can be
found in Rao (1973, Chap. 1). Proofs of the Riesz representation theorem
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can be found in many references, of different levels of abstraction; the one
given in §2.1.2 was taken from Akhiezer and Glazman (1961). The theory of
reproducing kernel Hilbert space was developed by Aronszajn (1950), which
remains the primary reference on the subject. The exposition in §2.1.3 is
minimally sufficient to serve our need.

Section 2.2

Shrinkage estimates are among basic techniques in classical decision the-
ory and Bayesian statistics; see, e.g., Lehmann and Casella (1998, §5.5).
The interpretation of shrinkage estimates as smoothing splines on discrete
domains has not appeared elsewhere. Vector spaces are much more famil-
iar to statisticians than reproducing kernel Hilbert spaces, and this section
is intended to help the reader to gain further insights into entities in a
reproducing kernel Hilbert space.

Section 2.3

The space C(™)[0,1] with the inner product (2.7) and the representer of
evaluation (2.8) derived from the standard Taylor expansion are stan-
dard results found in numerical analysis literature; see, e.g., Schumaker
(1981, Chap. 8). The reproducing kernel (2.21) of C("™[0, 1] associated with
the inner product (2.17) was derived by Craven and Wahba (1979), and
was used more often than (2.8) as marginal kernels in tensor product
smoothing splines. Results concerning Bernoulli polynomials can be found
in Abramowitz and Stegun (1964, Chap. 23).

The computational strategy outlined in §2.3.2 was derived by Kimeldorf
and Wahba (1971) in the setting of Chebyshev splines, of which the polyno-
mial smoothing splines of (2.5) are special cases; see §4.5.2 for Chebyshev
splines. For many years, however, the device was not used much in ac-
tual numerical computation. The reasons were multifold. First, algorithms
based on (2.16) are of order O(n?), whereas O(n) algorithms exist for poly-
nomial smoothing splines; see §83.4 and 3.10. Second, portable numerical
linear algebra software and powerful desktop computing were not available
until much later. Since the late 1980s, generic algorithms and software have
been developed based on (2.16) for the computation of smoothing splines,
univariate and multivariate alike; see §3.4 for details.

Section 2.4

A comprehensive treatment of tensor product reproducing kernel Hilbert
spaces can be found in Aronszajn (1950), where Theorem 2.6 was quoted
as a classical result of I. Schur. The proof given here was suggested by
Liging Yan.
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The idea of tensor product smoothing splines was conceived by Barry
(1986) and Wahba (1986). Dozens of references appeared in the litera-
ture since then, among which Chen (1991), Gu and Wahba (1991b, 1993a,
1993b), Gu (1992b, 1995a 1996, 2004), Wahba, Wang, Gu, Klein, and Klein
(1995) and Gu and Ma (2011) registered notable innovations in the the-
ory and practice of the tensor product spline technique. The materials of
§62.4.3-2.4.5 are scattered in these references. The materials of §2.4.2, how-
ever, had not appeared in the smoothing literature prior to the first edition
of this book.

Section 2.5

The Bayes model of polynomial smoothing splines was first observed by
Kimeldorf and Wahba (1970a, 1970b). The materials of §§2.5.2 and 2.5.3 are
mainly taken from Wahba (1978, 1983). The elementary materials of §2.5.1
in the familiar discrete setting provide insights into the general results. In
Bayesian statistics, such models are more specifically referred to as empir-
ical Bayes models; see, e.g., Berger (1985, §4.5).

Section 2.6

The existence of penalized likelihood estimates has been discussed by many
authors in various settings; see, e.g., Tapia and Thompson (1978, Chap. 4)
and Silverman (1982). The general result of Theorem 2.9 and the elemen-
tary proof are taken from Gu and Qiu (1993).

The relation between penalized optimization and constrained optimiza-
tion in the context of natural polynomial splines was noted by Schoenberg
(1964), where L(f) was a least squares functional. The general result of
Theorem 2.12 was adapted from the discussion of Gill, Murray, and Wright
(1981, §3.4) on constrained nonlinear optimization.

2.8 Problems

Section 2.1
2.1 Prove the Cauchy-Schwarz inequality of (2.1).

2.2 Prove the triangle inequality of (2.2).

2.3 Let H be a Hilbert space and G C H a closed linear subspace. For
every f € H, prove that the projection of f in G, fg € G, that satisfies

£ = foll = it | — g1

uniquely exists.
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(a) Show that there exists a sequence {g,} C G such that

I —gul =6 =it ||f —g]|.
Jim [|f = gal| inf [|f — gl

(b) Show that

Im + 9n H2

”gm_gnH2:2||f_gm|‘2+2”f_gn”2_4||f_ D)

Im+gn |
2

Since limy, pooo ||f — | =46, {gn} is a Cauchy sequence.

(c¢) Show the uniqueness of fg using the triangle inequality.

2.4 Given Hilbert spaces Ho and H; satisfying HoNH1 = {0}, prove that
the space H = {f f=fo+ fi,fo € Ho, [1 € 7—[1} with an inner product

(fa g) = (vagO)O + (flvgl)l is a Hilbert space, where f = fO + f17 g =
go+91, fo, 90 € Ho, f1,91 € Hi, and (-, ) and (-, -); are the inner products
in Ho and H;, respectively. Prove that Ho and H; are the orthogonal
complements of each other as closed linear subspaces of H.

2.5 The isomorphism between a K-dimensional Hilbert space H and the
Euclidean K-space is outlined in the following steps:

(a) Take any ¢ € H° = H nonzero, denote ¢ = ¢/| ||, and obtain
H' =H o {f: f =g, real}.
Prove that H! contains nonzero elements if K > 1.
(b) Repeat step (a) for Hi=1, i =2,..., K, to obtain ¢; and
H =H""o{f:f=ad;,areal}.
Prove that HX =1 = {f: f = a¢k, a real}, so HF = {0}.

(c) Verify that (¢;,¢;) = d;;, where ;; is the Kronecker delta. The
elements ¢;, i = 1,..., K, are said to form an orthonormal basis of
‘H. For every f € H, there is a unique representation f = Ezlil ;b;,
where «; are real coefficients.

(d) Prove that the mapping f <> «, where a are the coefficients of f,
defines an isomorphism between H and the Euclidean space.

2.6 Prove that in an Euclidean space, every linear functional is continu-
ous.

2.7 Prove that the reproducing kernel of a Hilbert space, when it exists,
is unique.



58 2. Model Construction

Section 2.2

2.8 On X = {1, ceey K}, the constructions of reproducing kernel Hilbert
spaces outlined below yield a one-way ANOVA decomposition with an av-
eraging operator Af = f(1).

(a) Verify that the reproducing kernel Ry = 1 = 117 generates the space
Ho = {f: f(1) = -+ = f(K)} with an inner product (f,g)o =
fraat/K?)g.

(b) Verify that the reproducing kernel Ry = Ijp—ys1) = (I — e1e])
generates the space H; = {f : f(1) = 0} with an inner product
(f,9)1 = fT(I — e1eT)g, where e, is the first unit vector.

(c) Note that Ho NH1 = {0}, so Ho & Hi is well defined and has the
reproducing kernel Ry+ R;. With the expressions given in (a) and (b),
however, one in general has (f1, f1)o # 0 for f1 € H;y and (fo, fo)1 #0
for fo € Ho. Nevertheless, f = 1el f for f € Ho, so one may write
(f,9)o = [T (e1eT)g. Similarly, as f = (I—1e¥) f for f € H1, one may
write (f,g)1 = f7(I —e117)(I —1e¥)g. Verify the new expressions of
(f,9)0 and (f, g)1. Check that with the new expressions, (f1, f1)o = 0,
Vf1 € Hi, and that (fo, fo)1 =0, Vfo € Ho, so the inner product in
Ho @ Hy can be written as (f,g) = (f,9)o + (f,9)1 with the new
expressions.

(d) Verify that (117 + 1 — ejel)™! = erel + (I - e 1T) (I - 1) (ie.,
the reproducing kernel Ry+ R; and the inner product (f, g)o+ (f, 9)1
are inverses of each other).

Section 2.3
2.9 Consider the function k,(z) of (2.18).

(a) Prove that the infinite series converges for r > 1 on the real line and
for r = 1 at noninteger points.

(b) Prove that k,.(z) is real-valued.

(c) Prove that ki(z) =2 —0.50n z € (0,1).

2.10 Prove (2.22) through integration by parts, for m > 1. Note that k.,
r > 1, are periodic with period 1 and that fol fWdxr=0,v=0,...,m—1.

2.11 Derive the expressions of kz(z) and k4(z) on [0,1] as given in (2.27)
by successive integration from ki (z) = x—.5. Note that for r > 1, dk, /dz =
ky—1 and k-(0) = k,(1).
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Section 2.4

2.12 On X = {1, ey Kl} X {1, ceey KQ}, construct tensor product
reproducing kernel Hilbert spaces with the structure of (2.28).

(a) With A, f = f(1,$<2>) and Apf = f(xd)v 1)'

(b) With Ay f = f(1,20) and Ayf = 25;21 f(@)/ K>,
2.13 On X = [0,1]?, construct tensor product reproducing kernel Hilbert
spaces with the structure of (2.28).

(a) With A1 f = f(0,2z2,) and Aaf = f(za,,0), using (2.9) and (2.10)
with m = 1,2.

(b) With Ay f = f(0,x2,) and Aof = fol fdz 9, using (2.9), (2.10),
(2.19) and (2.23), with m = 1, 2.

2.14 On X = {1, cee K} x [0,1], construct tensor product reproducing
kernel Hilbert spaces with the structure of (2.28).

(a) With Ay f = f(1,24) and Aof = f(z,,0).
(b) With Ay f = f(1,2,) and Aof = [} fdas,.

(c) With A, f = me:l f(z)/K and Asf = f(x,,0).

2.15 To compute the tensor product smoothing splines of Example 2.8,
one may use the strategy outlined in §2.3.2.

(a) Specify the matrices S and @ in (2.16), for both the full model and
the additive model.

(b) Decompose the expression of 7(z) into those of the constant, the main
effects, and the interaction.

2.16 In parallel to Example 2.8 and Problem 2.15, work out the corre-
sponding details for the computation of tensor product smoothing splines
on {1, ceey K} x [0, 1], using the construction of Example 2.7.

Section 2.5
2.17 Verify (2.39).
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2.18 Prove that a quadratic functional J(f) is convex.

2.19 Let A(f) be a strictly convex functional in a Hilbert space H. Prove
that if the minimizer of A(f) exists in H, then it is also unique.

2.20 Consider a strictly convex continuous function f(z) on (—oo,00)?.
Prove that if fi(z1,) = f(%1,,0) has a minimizer, then f(z) 4 2%, has a
unique minimizer.

2.21 Prove that if f° minimizes L(f) + AJ(f), where A > 0, then f°
minimizes L(f) subject to J(f) < J(f°).
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