Chapter 2
Algebraic and Data-Analytic Aspects

2.1 Introduction

As outlined in Chap. 1, the algebraic structure of natural interest for the dihedral
analysis is the dihedral group algebra CD,,, defined by the elements

X = Z.X‘[T,

in one-to-one correspondence with the points x in C?".

Although the algebraic aspects reviewed in this chapter are focused on the
dihedral groups, many related extensions and examples can be found in [2]. Unless
stated otherwise, all vector spaces are finite, and their dimensions are assumed to be
evaluated over the complex field.

2.2 The Dihedral Groups

The dihedral groups D, can be objectively introduced as matrix groups of planar
rotations and reversals. Specifically, they can be generated by a central counter-
clockwise rotation

R [cosa} —sinq)]

sing cos¢

of ¢ = 2m/nradians and a line reflection (say along the horizontal axis)
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12 2 Algebraic and Data-Analytic Aspects

by observing that together, the iterated rotation R/ and reversal R/H matrices for
n > 2 multiply according to the rules

R'=1, H*=1, HRF =R 7H, j=0,...,n—1. 2.1)

We observe that the anti-commutativity HR = R~'H of R and H has the effect of
producing two equivalent reversal mechanisms distinguished only by the direction
of the rotation mechanism.

We briefly recall that an algebraic group is a nonempty set G equipped with
an associative binary operation G x G — o7 € G, an (identity) element 1 € G,
satisfying 17 = 71 = 7, for all T € G and such that for every T € G, there is
an (inverse) element 7' € G such that 7t~! = 7717 = 1. The dihedral matrices
introduced above, for example, give a non-commutative matrix group of order 2n
for n > 2. The dihedral matrix groups can also be generated by any two reflection
matrices along lines with an angular separation of (27r/n)/2 radians. These angles
are often referred to as dihedral angles.

In its abstract formulation, the dihedral group D,, of order 2x is the (set) orbit

C,UGCh

of
Cn:{l,r,rz,...,rnfl}, ’1225

by an involution {1,4}, with multiplication rules given by

M=1, W*=1, hl=r7h, j=0,....n—1. (2.2)
A word about notation: Denoting

oa:de{l,-1}—a(d)=(1-d)/2€{0,1},

we may occasionally write

pipedy = ) i i d=1 (2.3)
tj if d=-1
for j =0,...,n— 1, to indicate a generic rotation (d = 1) or a reversal (d = —1) in

D,,. We observe that the multiplication in D, is just the semi-direct product
(j,d)x (j,d)=(j+dj modn, dd') (2.4)
in Z, x Z,. Similarly, we shall write

B:=RH*Y j=0,....n—1,d==+l,
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to indicated the corresponding rotation and reversal matrices, and their correspond-
ing harmonics

5—1 ifniseven,

2L ifnis odd,

Bk = gk modnped) k_1,2,...,m_{ (2.5)

understanding that B! = 3.

2.3 D, Conjugacy Orbits

Writing
] ={wmt ', teD,}

to indicate the conjugacy orbit of 1 € D, and using the defining relations h*>=1,
hr/ = r~Jh for Dy, it directly follows that #/1 (r/2)r=/t = r/2, and r/' h(r/2)hr—/1 =
92, so that

7 = (7.}
is the conjugacy orbit of 7/. In particular, [1] = {1}. Moreover,
i (rjh)fj‘ = 21 *ip, and rjlh(rjh)hrfjl =i,

so that one obtains, for n even

[ /h] {] th: j —O,...,n_l}, 10]jeven;
7 — )
{ s n: jl 07---7” 1}, f()l’ded,

whereas, for n odd, the reversals are self-conjugate:
[h)={r'h: j=0,...,n—1}.
To illustrate, if n = 6, the conjugacy orbits are
(3, {nr}, {7274, 7P, {h,Phr kY, {rh, P h, Py,
whereas, if n = 7, the orbits are

{1}, {r,ré}, {rz,rs}, {r3,r4}, {h,rh,...,r6h}.
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2.4 Dihedral Sets and Modules

We say that a set S is a dihedral set if there is a mapping
(1,8) EDyxS+—>1Ts€ES

such that 1s = s and o(7s) = (o7T)s for all 6,7 € Dy, and s € S. In this case we also
say that D,, acts on S. We say that the action is opposite if o(1s) = (70)s for all
0, T€Dy,,ands € S.

If a vector space V is a finite dihedral set and

T(x+y) = x+ 1y, T(Ax) = A (1),

for all x,y € V and scalars A, then we say that the dihedral action is linear, and that
V is a dihedral representation space or a dihedral module. In this case we also say
that x — 7x is a dihedral representation. Its dimension is equal to the dimension of
the module V' as a complex vector space.

Clearly D, is itself a dihedral set under the (left) regular action

o — 10,

that extends to an opposite linear action
TX=TY X0 = Y X; 150 (2.6)
o o

on CD,, thus affording the group algebra CD, with a (left) module structure
of dimension 2n. We may refer to CD, as the dihedral regular module. The
corresponding facts apply to the right regular action ¢ — o7~ !, and unless
otherwise stated we will assume all modules to be left modules.

From (2.6), with y,x € CD,,, we have

T o T o

. <2yﬂ>x:§y1(m>:§y1<§x,W) =2<2y1xrlc>(7:2(y*x)cc,

so that the multiplication xy in CD,, is given by the group convolution xxy, allowing
us to write
Xy =X%Y.

Also from (2.6), the matrix form of the regular representation x — Tx is a 2n X 2n
permutation matrix, indicated from now on by ¢, with entries

((PT)GTI = 1 << T0 = n.
Direct calculation then shows that, for all T,v € D,,,

OOy = Pyr, (2.7)
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so that ¢ is a dihedral anti-homomorphism, whereas its transpose ¢’ gives the
corresponding dihedral homomorphism. These notions are equivalent, and will
generally be referred as dihedral homomorphisms.

We say that V is a submodule of CD,, to indicate that V is a subspace of CD,,
where D,, acts linearly. Consequently, all submodules are stable subspaces in the
sense that tx € V forallx € V and 7 € D,,.

If V is a dihedral submodule in dimension of m, we write p; to indicate the matrix
form (in a given basis) of a generic dihedral (linear) action on V, so that then p; in
a point in the vector space € GL,,(C) of all invertible m x m linear mappings over
C. By definition, then, p is dihedral homomorphism.

If p is a dihedral homomorphism then clearly FpF~! is also a dihedral
homomorphism, for all F € GL,(C). In that case we say that the dihedral
homomorphisms p and FpF~! are equivalent, and write p ~ FpF~! to indicate
the equivalence.

Every module has at least two submodules: itself and the zero submodule
{0}. A module with no other submodule is called a simple module. Clearly, one-
dimensional modules are simple.

Definition 2.1 (Dihedral linearizations). Given a dihedral homomorphism p on
GL,,(C) and x € CD,,, the evaluation

<x,p >= Y xepr € My(C)

is called a linearization of CD,, in M,,,(C). In particular, < x, ¢ > is called the regular
linearization of x.

Proposition 2.1. For all dihedral homomorphisms p,n,&, all x,y € CD,, and
scalars A, we have:

1. Ifp=n@E then < x,p >=<x,N>D<x,& >,
2. <x+y,p>=<x,p >+ <y,p>;

3 A<x,p>=<Ax,p>;

4. <xy,p >=<x,p ><y,p >=<Xx%y,p >.

Proof. The proof is by direct evaluation. For the equalities in 4, we recall that

Xy= Y XyoT0 =) <2xﬁyclr> T=(x*y)T=xxY,
7,0 T o T

as introduced earlier on page 14. (]

Decompositions such as < x,p >~< x,1 > & < x,& > appearing in Proposition 2.1
are often referred to as product of matrix algebras, e.g. [3, p.79], [4, p.48].
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We also remark that, more generally, the notation p ~ mn & ... & né indicates
that there is a basis in the representation space of p relative to which

pr =Diag (I, ®N¢,...,. [, &), T€G,

where I, indicates the r X r identity matrix.
Proposition 2.2. Let, forn > 2, and (j,d) =t € D,

o 1:(j,d)—1;

e a:(j,d)—d;

o 7 :(j,d) = (=1)/, for n even;
o v :(j,d)~d(—1)), for n even.

Then, for & € {1,a,v;,v-} and x in CD,,, the linearizations < x,& > are simple
dihedral submodules of CD,,.

Proof. The result follows by directly showing that each & € {1,0,y,,7-} is a one-
dimensional dihedral homomorphism, so that < x, £ > is simple. O
Example 2.1. The simple D3 submodules described in Proposition 2.2:

o <x, 1 >=3 1xe=x1+x,+x2+xp+ X+ X2,

o KX, O >= Y OXy = X1+ X X2 — Xp— X — X2

Example 2.2. The simple D4 submodules described in Proposition 2.2:

o <x, 1 >=3 lwxe=x14+x+X2+X3 X5+ X0+ X2, + X35

o <X, 00 >= Y 04Xt =X +Xr+ X2 FX,3 = Xp— Xph — X2, — X305

o XYy >= D1 ijr =X =X+ X2 — X3+ X — X + X2, — X35

o X, Y- >= Ve Xt =X =X X2 — X3 — Xy Xpp — X2+ X,3,

Example 2.3. Simple one-dimensional modules are constant over conjugacy orbits.
The following is the evaluation of the simple dihedral modules described in
Proposition 2.2 over the conjugacy orbits

{1}, {r,rs}, {rz,r4}, {r3}, {h,r211,r4h}7 {rh,r3h,r5h},
of Dg, from Sect. 2.3:
Lof+b {3 {+3 {+1 {+}1 {+}

o {+}7 {+}7 {+}7 {+}7 {_}7 {_}a
Y+ {+}a {_}a {+}a {_}7 {+}7 {_}7
Y- {+}a {_}a {+}a {_}7 {_}7 {+}



2.4 Dihedral Sets and Modules 17

Similarly, over the conjugacy orbits

{1}, {rn,r®}, {27}, {34, {h,rh,... . r°h}.
of D7, we obtain:
Lofp {43 {+8 {+3 {+)
a: {+}a {+}a {+}a {+}a {_}
Proposition 2.3 (Orbit invariance). If p is a dihedral homomorphism and x €
CD,, then, for all T,0 € D,,
< TP >=pr<x,p >, <xXO,p>=<X,p>pPo.

Proof. From (2.6), we have,

<P >= DX 16Po = D XyPry = X XyPePy = Pr <X, P >,
[ Y Y

and, similarly, <x0,p >= 3 ;x5 1pr = Xy XyPyo =< X,p > Po-. O
In particular

<t lp>=pr<x,p>p.
Proposition 2.4. The row (column) spaces of the linearizations < x,p > are
dihedral left (right) submodules of CD,,.

Proof. Observing that the row (column) j of a matrix product AB is a linear
combination of the rows (columns) of B (A), with coefficients the row (column)
J of A (B), the result follows from Proposition 2.3, which defines the actions

YO =Yypgs, O € Dy,
on the right for every y in the column space of < x,p >, and
Ty =Py, TED,

on the left, for every y in the row space of < x,p >. O

It then follows, from Proposition 2.4 that the column (row) space of the regular
linearization < x, ¢ > is a dihedral left (right) submodule of CD,,.

Proposition 2.5. CD,, allows for m =n/2 — 1 distinct two-dimensional submodules
forn even and m = (n— 1) /2 submodules for n odd, n > 2.

Proof. Direct verification shows that the B* defined in (2.5) are dihedral homomor-
phisms, so that the corresponding linearizations
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—1 ifniseven,
> ifnisodd, xe& CD,,

I IS

<x,Br>, k_1,2,...,m_{

give two-dimensional submodules according to Proposition 2.4. O
Proposition 2.6. The two-dimensional submodules < x,B' >,...,< x,B™ > are
simple.

Proof. Since < 1x,B* > reduces as B¥ < x,B* >, it is sufficient to study the
C-reducibility of B* in D,. Since the eigenvectors for (all) the rotation components
of B* in D, are (i,1) and (—i,1) for all k,n, it then follows that the only proper
subspace of the (column) spaces of < x,B% > is the null space, completing
the proof. (]

As a consequence, referring to Proposition 2.2 on page 16, the sum of the squares
of the corresponding dimensions in

B”:{lvaaerv’yfaﬁla"'vBm} (28)

is equal to 44 (n/2 — 1)2% = 2n when 7 is even, and is equal to 2+ ((n — 1) /2)2? =
2n in

Dy={1,0,B1,....,Bn} (2.9)

when 7 is odd. Therefore, e.g. [2, Prop. 4.2], these are exactly the simple modules
of CD,,. As a result, we have:

Proposition 2.7. CD,, as a semi-simple module factors as

n/2—1
CDp~<x,1>@<x,00>D <5,y >0 <x,1 > P <xf>
k=1
when n is even and as
(n=1)/2
Choy=<xl>@<xa> P <xfi>
k=1
when n is odd, n > 2. |

Definition 2.2 (Dihedral Fourier Transforms). Each simple module < x,& > in
the decomposition of CD,, given by Proposition 2.7 is called the Fourier transform
of x at the corresponding representation &.

Additional Notation: From now on we assume that, for n > 2,

—1 ifniseven,
> if nis odd.

ST
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Here are a few examples of dihedral decompositions, following Proposition 2.7.

Example 2.4. CD, gives four simple modules all in dimension of 1:

<x, 1 >=x1+x-+xp+x21;
<X, 00> =X +Xp —Xp— Xpps
<X, V4 > = X1 = Xr T Xp— Xk

<X, V- > =X] —Xp—Xp+Xpp.
Example 2.5. CDs has two simple modules in dimension of 1:

<X, 1 > =x1+x+ X2 + X5+ X + X255

<X, 00> =X+ X+ X2 —Xp— Xpp — X225

and one in dimension of 2:

<x,B>= l 2x1 = Xp — X2+ 2Xp — Xpp — X,25, \/g(_xr+xr2+xrh_xr2h)
) 2 \/g(-xr_.er +th—.xr2h) 2x1_xr_xr2_2xh+th+xr2h .

Example 2.6. CDy4 gives four simple modules in dimension of 1 and one in
dimension of 2:
<x,1 >=x1+x+x2+x3+X5+ X5+ X2, + X3
<X, 00> =X+ X+ X2+ X3 — X — X — X2, — X35
<X, Y4 > =X —Xp+ X2 — X3+ X — X+ X2, — X35
<X, Y- > =X = Xp+ X2 — X3 — X+ X — X2+ X,3,5

X1 — X2 +Xp — X2, —Xp+ X3+ X — X3,

<x,f>=
Xr— X3+ X — X3, X1 —X2—Xp+ X2,

Example 2.7. CDg allows for four simple modules in dimension of 1:

<X, 1> =x1+x+x2+X3+ X4+ X5+ Xp+ X+ X2, + X3, + X4, + X5,
<X 0> =X1+X+X2+X3+ X4+ X5 —Xp— X — X2, — X3, — X4, — X, 55,
<X, Y4 > =X =X+ X2 — X3+ X4 — X5 + X — X+ X2, — X3, + X,4) — X,5,

<X, Y- >=X =X+ X2 — X3+ X4 — X5 —Xp+Xpp — X,25 + X3, — X4+ X,5,)

and two simple modules in dimension of 2. The matrix entries of < x, §; > are:
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1

<x,P1>11= 3 (2x1 42X, —x,2 =2X,3 =X, +X,5+2X + X —X,2),— 2X,3,— X, 4, +X,5,)
1

< xvﬁl >2,1= E\/g(_x” = X2+ X4+ X5+ X+ X2y — X4y _xrsh)
1

< X,ﬁl >12= E\/g(xf_FXrZ = X4 = X5 X X2, — X4y, _xr5h)
1

<x,P1>20= 3 (2x14X,—%x,2 =2X,3 — X, 4 FX,5s = 20X —Xpp+X,2, +2X,3),+X,4),—X,55,)

whereas the matrix entries of < x, B, > are given by
1

< x,ﬁz >11= 5 (2)(1 —Xr—X,2 —|—2xr3 —X,4—X,5 +2xh—xrh—xr2h+2xr3h—x,4h—xr5h)
1

< By >20= V(2 = X s X — X2+ Xy — X5,
1

<x,Br>12= 5\/§(xr = X2+ X4 = X5+ Xy = X2, X4, — X,5p)

1
<x,Pr>00= 3 (2x1 =X —x,24+2X,3 —X,4 —X,5 = 22X+ X +X,2),—2X, 3, X4, +X,5,) -

2.5 Class Functions

A point x € CD,, that is constant on the components of a dihedral conjugacy orbit is
called a dihedral class function. More precisely, x is such that x ;-1 = x¢, for all
o,T € D,.

Proposition 2.8. If x € CD, is a class function then the dihedral linearizations
<x,p > commute with pz for all T € D,.

Proof. In fact,

Pt <X,p > Prot =<X,PrPPr-1 >= zxcpm'rl = 2x101*1p101*1 =<X,p >,
o o

completing the proof. ]

Definition 2.3 (Dihedral characters). The character of & € D, is the point 755 =
tr&=%,(tr &)t € CD,.

Therefore, given &, 1 € D, and since 755 is a class function, Schur’s Lemma implies
that

<x5n>= Ay,
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so that taking the trace in each side of the equality and solving for A we obtain
¢ 1 & oM
<X ,n>:n—<x x>y (2.10)
n

Clearly, the dihedral characters are simply
xF=¢&, ifng=1
or else, when & = 3%,

21 jk

)
n

k=1,...,m.

Xia =1t By = (1+d)cos

It immediately follows that

Proposition 2.9 (Orthogonality of dihedral characters). For all y,n in D,
we have

1 |
5= 2 Xt Xt = Oy,
zngff Ul

and, moreover,

2
1 L1 ifr=1
5 A = 2ey =L fr=1
& 0, ift#1.
2.6 Dihedral Projections
Define, for & € D,,,
e = TE 6 € CD
5 ZnZ "

Proposition 2.10. Forall£,n € D, the following properties hold:

1. ng = @ (projection);
2. ey =0, n# & (algebraic orthogonal);
3. X mg = 1 (partition of unity).

Proof. To verify the above properties we recall that, for x,y € CD,,

Xy= Y XysT0 =Y, <2xcy617> T= (x*y)cT=x%y,
T,0 T c T
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as introduced earlier on page 14. In each case, it is then sufficient to evaluate the
convolution components ¥, Xy 5-1,. With the semi-direct product (2.4) notation

(j,d)x (j',d') = (j+dj modn, dd')

in mind, we identify (j,d)e = n? and write

© (Jid)=1/2n;

Joa =d/2n;

)y = (=1) /2}1, for n even;
)y. =d(=1)7/2n, for n even;
) 2

°
)

(J,d
* (j,d
* (j,d
(J.d

. g = 2Cos [%} [n;ifd =1, and (j,d)ge =0, ifd = —1; k=1,...m

Therefore
XoVo-17 = (]7d)x[(]7d);1 X (j/7d,))’] = (.Ivd)x[(_]/dvd)y X (j/7d,))’]
= (Jad)x(_f/d+dj/ mOdnadd/)ya

)

and

ngya p=2(j,d)x(—j/d+dj modn,dd), (2.11)
j.d

then gives the T = (j',d") component of x*y. The proof of the three properties
follows from directly evaluating (2.11) in each of the cases. For the projection
property we have:

11 1

d) =Y (jd)(—j/d+dj dn,dd); =y ——=—=(j,d
(] )7':2 %(.’7 )1( .]/ +dj modn, )1 ]d2n2n n (]7 )71:1,

forall (j/,d"), that is, 77 = my. Similarly,

(j/’d/)ﬂ,%:z(]’ Ya(—j/d+dj modn,dd),
Jjd

d dd d do,

— = i d

2n 2n 2 4n2 2n = @)
forall (j',d"), that is, &2 = 7t;

(', d/)”z =Y(j.d)y, (—j/d+dj modn,dd),,

j.d
(=1 (1)l
_jzd‘ 2n 2n
IS S
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1 i’ —j modn
= (=17 +n(=1)" "
(-1 (=1)/
“ w2 T =(/.d) Py 5

forall (j,d), that is, 7r],+ =Ty,
(/' d)g =X d)y (—j/d+dj modn,dd')y,
j.d

] dd/( )j/d+dj/

_2 2n

RN G Dl Gt Ve Gl D LA
_d% 2n 2n - 2n = () s

forall (j,d"), that is, n%ﬁ = my_, and similarly, noting that (j, _1)ﬂ5k =0 for all

j=0,....n—1,

(J d/)rcz _2( 71)ﬁk(_./+.// mOdnal)ﬁk
J

2 — Cos [211“1 Cos {M}

n

:;Cos } :(j’,l)ﬂﬁk,
and (j/’d/)”zk =0ifd =0, so that (j/,d/)ﬂzk = (j/,d/),rﬁk for all j',d'. The
B B

derivations proving the orthogonality property are similar and are left as an
exercise. To prove the partition of unit property Y. g we first assume that n is
odd. Then, if (j,d) = (0,1), we have:

2 {2 jkm

(0,1)1 4 (0,1 imﬁk %Jr% ”;1:1,
thatis (Ye e )1 = 1. If j > 1 and d = 1 we have,
A X A
whereas if j > 1 and d = —1 we have,
(D1 + (Dt XD = 5~ 5-+0=0
n  2n

k

1
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that is, (X¢ Te )j =0, if j # 1, and hence Yeme = L. If nis even, we have the
additional terms

i (G,d) = (0,1);

(Jsd)y, + (J,d)y. = (=1, ifj>1,d=1;
0ifj>1, d=—1,

NSNS

whereas, for n even,
B2 j=0;
(j71)[3k= —% if j>liseven;
0ifj>1isodd .

M=

k

1

Therefore, if (j,d) = (0,1), we have:

2(07 1)5 = (071)1 + (Ov 1)06+ (jvd)Y+ + (jvd)Y— + 2(071)[3k
¢ k=1
4 n-2
_%4— n =L

so that (Xg mg )1 = 1; If j > 1 is even, we have

4 2

2(]71)5 :E_;:O;
¢
whereas if j > 1 is odd,
2 2

Therefore, (3¢ mg); =0 for all j > 1 and d = 1. Finally, if d = —1,

. L (=) (=
E(J’_l)é_Zn_Zn_F 2n 2n =9,

and hence 3.z mz = 1, concluding the proof. O

Proposition 2.11 (Canonical Projections). Let &z =< 7z, ¢ >, where ¢ is the
dihedral (D,) regular homomorphism. Then, for all &, n € D, we have:

1. c@g = 325 N

2. 9&917207 é#n;

3. e Pe=1
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Proof. Equalities 1 and 2 follow from equality 4 in Proposition 2.1 on page 15
and equalities 1 and 2 of Proposition 2.10. Equality 3 follows from equality 1 in
Proposition 2.1 on page 15 and equality 3 in Proposition 2.10. (]

Proposition 2.11 gives a decomposition of the identity element in GL,,(C) into an
algebraically orthogonal sum of projection matrices that decompose the identity
matrix of the corresponding dimension. The many applications and interpretations
of the canonical projections decomposition are presented in detail in [2].

Proposition 2.12. The (algebra) homomorphism
@:xECDy— P <x.&>€ HMng(C)
3 3
in an isomorphism.
Proof. First note that ¢(1) = @¢ <1, >= D¢ & = D¢ I, - Suppose that ¢(x) =

De In . for some non-null x € CD,,. Then < x,& >=1, . forall £ € D,, so that, from
Proposition 2.3 on page 17,

< T.x,é >= é‘[ < .x,é >= é‘[[né = é‘[,

so that
n <TX, G >= n T.
Taking the trace on both sides, we have,
<ot >= ok = Lyt

Summing over Bn we obtain, from Proposition 2.9 on page 21,
2<"L')C,7l'5 >:<Tx72n-é >_ Z%l% — Zé Zn_l ift=1
¢ £ 0, if T#1.

From Proposition 2.10 we know that 3¢ 7é =1, so that then < Tx,1 >= 87, or
x =1, concluding the proof. (]

Proposition 2.13 (Inversion Formula).

xe= X 00 [ <x,E )
S

Proof. From Proposition 2.3 on page 17, we have

n n
2—‘5<rx§>: 2—i§7<x,§>,
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so that, taking the trace on both sides,

< TX, 5 >= Z_f,tr [E: < x,&>],
summing over D,, and applying Proposition 2.10, gives

n
< 1x,1 >:22—itr [Er < x,& >],

13
or
n
xe= Y 5ot e <8 >
g
which is the inversion formula. O

2.7 Fourier Bases

In data analytical applications it is often useful to have a C>" interpretation of
Proposition 2.12, in a way that the algebra isomorphism and the resulting inversion
formula appear in terms of a non-singular matrix transformation. To illustrate,
consider the CD4 decomposition, and write

[<x,1>
<Xx,0 >
<X, Y+ >
<X, Y- >
<x,[3 >11
<x,[3 >21
<x,[3 >12
_<x,B > |

e Cs.

The Fourier basis for this space is defined as the normalized rows of the matrix F
satisfying

2 =Fx,

with normalizing (row) constants 4 /ng /2n. In the present example, the constants

are, respectively, \/5/4 for the representations in dimension of one and 1/2
for the representation in dimension of two. The matrix F is shown in (2.12),
where the horizontal line separates the rows corresponding to the one-dimensional
representations from the rows associated with (the columns of ) the two-dimensional
representation f3.
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(1 1 1 1 1 1 1 1]
11 1 1j-1-1-1-1
1-1 1-1) 1 -1 1-1
1-1 1-1j—-1 1-1 1

F= : (2.12)
1 0-1 o 1 0-1 0

01 0-1] 0 1 0-1
0-1 0 1] 0 1 0-1
L1 0—-1 0|—-1 0 1 O]
In general, we have
2n —~
(Fx)e = n—<x,§>, & e Dy, (2.13)
3

where (#x)¢ indicates the partition of Zx corresponding to & € D,, with the
understanding that here < x,& > is written as a ng x 1 vector with components
given by the columns of < x,& >.

In the D4 case above, we adjoined 4 blocks in dimension of 1 x 8 and one block
in dimension of 22 x 8. If .% is the normalized (hence orthogonal) version of F
given by (2.12) and ¢ the (left) regular representation of D, then direct calculation
shows that

ﬁ‘q)ﬁ’:Diag(1,06,)4,}/,,12@[3), (2.14)
and, in general, we have:

Proposition 2.14. [f .% indicates the D, Fourier basis and ¢ the corresponding
(left) regular representation, then

y(bgﬂ’ = Diag (...,In‘g ®§G"")f§eﬁn'

Proof. The columns of .# ¢s when ¢ is the left regular representation are given
by {07 : T € D,}. Moreover, any row of .% ¢ associated with & € D, is given by

ng/g{égr :T € Dy} forsome i, f =1,...n¢, and a column of .#" is a row of .7,
or \/nn/g{n{k 1€ D,}, forsomen € D,, and j, k = 1,...,ny, and if & or 1 are in

dimension of one we make i = f or j = k, respectively. Therefore, the £, 1 (block)
entry of .Z ¢.% is given by

negn if .
(F 06T )i = ; 1y et
T

whereas, writing £ = Zf:l é(’féff , we obtain

n
TeTin S ; .
(F b T )ig o = Yot ; S ey e nkt =
/=1 T
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when & # 1 e.g., [4], [2, p.81]. If n = &, then, recalling that &/* ,1,

(fg‘¢6 tf jk = — z lzz&fféf—il = 5 261[ & 6[j5fk -
T

if £ j or f # k. Otherwise, when ¢ = j and f = k, the £,& (block) entry of
F o F' is

(F 96 F )it jr = s,

when k = 1,...,n¢, thus giving ng copies of &s. Arranging the rows of .% that
correspond to & according to 11,...,n¢g1,... 1ng, ..., ngng expresses the £, & entry
of F s F' as In; ® &g, so that, together, 7 ¢5.F " is a block diagonal matrix with

the diagonal components given by I, e ® &, for the distinct & € D,, concluding the
proof. O

Proposition 2.15. If 7 indicates the Fourier basis of D, and P it the left regular

canonical projection associated with & € Dy, then

®1,

yﬁéylzDiag(O,...,I nes--

. ,0).

Proof. Evaluation of the regular canonical projection for & € D, using Proposi-
tions 2.14 on the preceding page and 2.9 on page 21, and the equality in (2.10),
gives

FP 6\/ Z X2 T O F = @ Z Xt ér
TGD T€Dy,
_ Ep e n,
S %Iné(g) <X ,é >= %Iné ® %Iné —Ing ®In§

As a consequence, considering (2.13), we obtain the analysis of variance of x in
terms of its spectral decomposition;

Corollary 2.1 (Parseval’s Equality). Ifx € C*" then

2 ne 2
— < R > .

e,

Example 2.8. Consider the following two points x,y in CDy,
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T x Yy
1l 15
rl 21
214
P13
h| 53
rh|10 4
hl 41
Phl 55

From Example 2.6 on page 19, we have,
<x,1>=29 <y 1>=26;

<x,o0>=-19, <y,o0 >=0;
<X, Yy >=-=T, <y, 7 >=0;

<X, Y- >=-5, <y,7- >=10;

<x,p>= (é_?), <y,B>= <_§ _i)

xox = ||x|? zzx%Z 173,
T

Then,

whereas, equally,

ng 2 _
Y %jl<xg>|P=

2
(297 + 197+ 72 +5%) + §(12+42+62+ 12) =173.
€D,

00| ==

Moreover,

n
X'y:z-x‘ry‘r:98: 2 2—5 <-x7§ ><y7€ >7
T

—~ n
[

with the understanding that when & is of dimension greater than one & the products
of the two transforms should read as the (Hadamard) inner product < x,& > -
< y,& > two matrices.

More generally, then, Corollary 2.1 read as:
Corollary 2.2. Ifx,y € CC then

n
x-y= Z 2—2 <x,E><y &>,
§eDy
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Example 2.9. Given two points
X =x0+X10+00%, y=yo+y10+y0°
in the group algebra of C3, then
<x, & >=x0+x14x, <x,EH>=x0+x10+x00%, <x,&>=x0+x10°+x0

are the Fourier transforms of x, and similarly for y. Direct calculation then shows that
1e _—
X-y= Zxrir = 5 z <x,§j > <y,§j >.
T Jj=1

It is understood that in Corollaries 2.1 and 2.2 the inner products are Hermitian
products.

2.8 The Center of CD,,

The center of D, is the subset of D,, whose elements commute with all points in
D,. We write Cent. D, to indicate the dihedral center. By linearity, the definition
extends to CD,, and all dihedral linearizations, and clearly Cent. D,, = Cent. CD,,.
The reader can check that Cent. D,, is an associative algebra. CD,, is also called the
enveloping algebra of D, 3, p.79].

Example 2.10 (A basis for the center of the regular linearization of D3). The reader
can verify, using the definition of conjugacy classes, that a basis for the center of the
D5 regular linearization algebra, see page 15,

{<x,¢ >;x € CDs},

where ¢ is the (left) regular representation of D3, is given by the identity /, and the
matrices

(0110007 [000111]
101000 000111
110000 000111
“=1000011|" @~ 111000/
000101 111000
1000110 (111000

so that the matrix elements in the center of the regular linearization have the form
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[abbccec]
babccc
C—al+bCi+ccy= |PPOcCC
cccabb
cccbab

_cccbba_

Similar argument shows that the canonical projections %1, &, & for the regular
representation of D3 also form a basis for the center of the regular linearization
algebra, with the advantage of being (algebraically) orthogonal. For example, since
C is in the center of the algebra, we must have

C:€1<@1+éa9a+éﬁgﬁ,

so that then
CP =01 P, CPy=0qPy, Cf@ﬁzfﬁgzﬁ. (2.15)

Taking the trace on both sides, we have

tr CH tr CH,,
= = 2b+3c, by = = 2b—3c, lg =
T, at2bt3c ta tr Py, @t < B

trCH B
=a—>b.
tr & B
(2.16)
The reader may also verify that the characterization of the matrix elements in
the center of the regular linearization algebra of D3 can be obtained by taking an
arbitrary matrix

[abcapBy]
cabyalp
bcaPrya
ayBach
Boybac

| YBacba]

H=<a,¢>=

in the algebra and centralizing it

C~ 2 O:Ho,.

1eG

The matrices C in the center of the regular linearization algebra transform
according to

FCF ' =€ =Diag ({1,0q,pls). (2.17)
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2.9 Group Rings

The following definitions are relevant to the analysis of data indexed by symmetries.

Definition 2.4. Given aring R and a group G, the set

RG = {Zr,r, rtER,TE G}
T

of all finite formal R-linear combinations of elements of G, together with the
operations of addition (component-wise) and multiplication (induced by the group
multiplication), is called the group ring of G over R.

Example 2.11 (Visual fields). The matrix

[0 0 026272421 0 0 0
0 0232326282522 0 0
0 2729272728292928 0
282929 29 31 20 20 28 28 29
26 26 29 30 33 34 28 27 28 27
28 303031323333 4 2728
27129 31 3132323029 28 27
0 3031312829323030 0
0 0283229282928 0 0
L0 0 0262728290 0 0

describes the output of an automated perimetry test used in the assessment of the
visual field. The entries represent the sensitivity of the retina in detecting the light
stimulus and is expressed in decibel units, with a maximal possible reading of 50db.
A 50db target is the dimmest target the instrument can project. The smaller the
reading the lower the sensitivity at that retinal location given by reference to the
rows and columns of the matrix.

The set of matrices

{FlaFraFrvar37FhaFrh7Fr2h7Fr3h}

shown below give a dihedral (Dy4) orbit on the visual field and each matrix field is
a point in the ring of the 10 x 10 matrices over the reals, indexed by Dy, so that the
formal sums

Y, Fit,

TEDY
gives an example of a point in the group ring of D4 over the ring of the real 10 x 10

matrices. Each one of the following matrices is obtained from F by applying the
corresponding planar (counterclockwise) rotations and reversals to its row-column
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indices, in the natural way, with the x (y) axis placed between rows (columns)

5 and 6.

Fy,

Fay, =

[0 0 0262724210 0 0]
0 0232326282522 0 0
0 2729272728292928 0
28 29 29 29 31 20 20 28 28 29
26 26 29 30 33 34 28 27 28 27
28 30 30 31 32 33 33 4 27 28
27 29 31 31 32 32 30 29 28 27
0 3031 312829323030 0
0 0283229282928 0 0

L0 0 0262728290 0 0 |

[0 0 0292827260 0 0]
0 0282928293228 0 0
0 3030322928 313130 0
27 28 29 30 32 32 31 31 29 27
28 27 4 33 33 32 31 30 30 28
27 28 27 28 34 33 30 29 26 26
29 28 28 20 20 31 29 29 29 28
0 2829292827272927 0
0 0222528262323 0 0
L0 0 0212427260 0 0 |

[0 0 0262728290 0 0]
0 0283229282928 0 O
0 30 31 312829323030 0
27 29 31 31 32 32 30 29 28 27
28 30 30 31 32 33 33 4 27 28
26 26 29 30 33 34 28 27 28 27
28 29 29 29 31 20 20 28 28 29
0 2729272728292928 0
0 0232326282522 0 O

LO 0 026272421 0 0 0 |

[0 0 0212427260 0 0]
0 0222528262323 0 0
0 2829292827272927 0
29 28 28 20 20 31 29 29 29 28
27 28 27 28 34 33 30 29 26 26
28 27 4 33 33 32 31 30 30 28
27 28 29 30 32 32 31 31 29 27
0 3030322928 313130 0
0 0282928293228 0 0
L0 0 0292827260 0 O |

[0 0 026272421 0 0 0]
0 0232326282522 0 O
0 2729272728292928 0
28 29 29 29 31 20 20 28 28 29
26 26 29 30 33 34 28 27 28 27
28 30 30 31 32 33 33 4 27 28
27 29 31 31 32 32 30 29 28 27
0 3031312829323030 0
0 0283229282928 0 O

LO 0 026272829 0 0 0 |

[0 0 0292728270 0 07
0 0 2828282728300 O
022292827 4 293028 0
21 2529 20 28 33 30 32 29 29
24 28 28 20 34 33 32 29 28 28
27 26 27 31 33 32 32 28 29 27
26 23 27 29 30 31 31 31 32 26
0 2329292930313128 0
0 0272926302930 0 0
LO 0 028262827 0 0 O |

[0 0 0272827290 0 0]
0 0302827282828 0 O
0283029 4 27282922 0
29 29 32 30 33 28 20 29 25 21
28 28 29 32 33 34 20 28 28 24
27 29 28 32 32 33 31 27 26 27
26 32 31 31 31 30 29 27 23 26
0 2831313029292923 0
0 0302930262927 0 0

LO 0 027282628 0 0 0 |

[0 0 0282628270 0 07
0 0272926302930 0 0O
0 2329292930313128 0
26 23 27 29 30 31 31 31 32 26
27 26 27 31 33 32 32 28 29 27
24 28 28 20 34 33 32 29 28 28
21 2529 20 28 33 30 32 29 29
022292827 4 293028 0
0 0 2828282728300 O
LO 0 029272827 0 0 0]
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2.10 Multivariate Normal Data

The following result follows from applying Propositions 2.14 and 2.15.

Proposition 2.16. Let x be a random vector with components indexed by D,
carrying a multivariate normal distribution with vector of means [l and covariance
matrix A, or x ~ N(U,A) and assume that A is in the center of the (left) regular
C-algebra of D,,. Then

A= 2 AP

e,

where P¢ is the regular canonical projection associated with ¢ e D, /’L;; =
tr géA/tr 9@, and if F indicates the Fourier basis of D,,

Fx~ N(Fp.Diag (... Aehg .- Jecp,)

Moreover, for each & € Bn,

(Fx)e ~N((FU)e ’Af[né )s

is the distribution of the block-component (a@x)é of Fx corresponding to &, and
these components are independently distributed (and independent) multivariate
normal models.

2.11 Selected Dihedral Bases

In this section we derive the element components of Proposition 2.16 for the dihedral
groups D3, D4, Ds, D¢, and D7.

Example 2.12 (D3). The Fourier basis for D3, following Sect. 2.5, is giving by

042 042 042 042 042 042
042 042 0.42 -0.42 —0.42 —0.42
0.59 —0.30 —0.30  0.59 —0.30 —0.30
0.0 0.51 -0.51 0.0 0.51 —0.51
0.0 —-0.51 0.51 0.0 0.51 —0.51
0.59 —0.30 —0.30 —0.59 0.30 0.30

Fy =

whereas

[abblcce
bab|ccc
bbalccc

ccclabb
ccclbab
lccclbba]
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is the covariance structure amenable to Proposition 2.16. The first two rows of %3
account for the two characters of D3 in dimension of one, and the remaining ones
for the single character in dimension of two. The two row blocks correspond to
rotations and reversals, respectively, and similarly for the two column blocks. This
notation applies to similar matrices in this section. The matrix Aj is in the center of
D3, and hence in the center of its group algebra. Its coefficients in the basis given
by the regular canonical projections are,

M=a+2b+3¢c, Ag=a+2b—3c, \g=a—b,

corresponding to the symmetric, signature and (single) two-dimension characters.
From Proposition 2.16, corresponding to the symmetric and alternating characters,
respectively,

(Fx) ~N(Fu),a+2b+3¢), (Fx)g~N((Fl)g,a+2b-3c),
whereas, corresponding to the single character in dimension of two,
(Fx)p ~ N((Fx)p.(a— b)Ly).
Example 2.13 (Dg4). Similarly,

(036 036 036 036 0.36 0.36 036 0.36]
036 0.36 0.36 0.36 —0.36 —0.36 —0.36 —0.36
0.36 —0.36  0.36 —0.36 0.36 —0.36 0.36 —0.36
0.36 —0.36  0.36 —0.36 —0.36 0.36 —0.36 0.36
0.50 0 —0.50 0 0.50 0 —0.50 0

0 0.50 0 —0.50 0 0.50 0 —0.50
0 —0.50 0 0.50 0 0.50 0 —0.50
1 0.50 0 —0.50 0 —0.50 0 0.50 0]

N
I

is the Fourier basis for D4, where the first four rows are indexed by the symmetric
(1), anti-symmetric (o), ¥, and y~ characters, all in dimension of one (their
interpretation is discussed later on in Sect.2.7). The remaining four rows account
for the single character in dimension of two (f3). The covariance structure in the
center of D4 has the pattern of

[abcbldede]
babcleded
cbabldede
bcbaleded
dedelabch
ededlbabc
dedelcbab

leded|bcbal
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and

M=a+2b+c+2d+2e, Ay=a+2b+c—2d—2e
Aypp =a—2b+c+2d—2e, A, =a—2b+c—2d+2e, Ag=a—c

are its coefficients in the regular canonical projection basis.

Example 2.14 (Ds). Its Fourier basis

[0.31 031 031 031 031 031 031 031 031 031]

0.31 0.31 0.31 0.31 0.31 —0.31 —0.31 —0.31 —0.31 —0.31
045 0.16 —0.36 —0.36 0.16 0.45 0.16 —0.36 —0.36 0.16
0.0 042 026 —-026—-042 0.0 042 0.26 —0.26 —0.42
0.0 042 -0.26 026 042 0.0 042 0.26 —0.26 —0.42
045 0.16 —0.36 —0.36 0.16 —0.45 —0.16 0.36 0.36 —0.16
045 -0.36 0.16 0.16 —0.36 0.45 -0.36 0.16 0.16 —0.36
0.0 026 —-042 042 -026 0.0 026 —-042 042 -0.26
0.0 -0.26 042 —-042 026 0.0 0.26 —0.42 0.42 —0.26

10.45 -0.36 0.16 0.16 —0.36 —0.45 0.36 —0.16 —0.16  0.36 |

N
I

is indexed by the symmetric and alternating characters, one fundamental character

in dimension of two (B) and its first harmonic (B'), also in dimension of two. The
covariance structure with the symmetry of Ds has the pattern of

fabccblddddd
babcclddddd
cbabclddddd
ccbablddddd
bccbalddddd
dddddlabccb|’
ddddd|babcc
ddddd|lcbabc
ddddd|ccbab

lddddd|bccbal

As

and is expressed, in the canonical projection basis, in terms of the coefficients

M=a+2b+2c+5d, A¢y=a+2b+2c—5d
Ap=a+2cos(2/5m)b—2cos(1/5m)c, Agi =a—2cos(1/5m)b+2cos(2/57)c.

Example 2.15 (Dg). With similar interpretations, we have:
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A =

fabcdcbh
babcdc
cbabcd
dcbabc
cdcbab
bcdcba

efefelf]
fefefe
efefef
fefefe
efefef
fefefe

efefef
fefefe
efefef
fefefe
efefef
Lfefefe

abcdch
babcdc
cbabcd
dcbabc
cdcbab
bcdcbal

with coefficients

M=a+2b+2c+d+3e+3f, Ay =a+2b+2c+d—3e—3f
Ay —a—2b+2c—d+3e—3f, A, —a—2b+2c—d—3e+3f
Ap=bt+a—c—d, Agg=a—c+d—Db.

Example 2.16 (D7). The matrices in its center have the form

fabcddcb
babcddc
cbabcdd
dcbabcd
ddcbabc
cddcbab
bcddcba
e

"R RN
LSS N N N N NN
S W N NN

S W N NN
U8 8 8 8 & &
LSS N N N N NN
LSS N N N N NN

e e

Az

abcddcbh
babcddc
cbabcdd
dcbabcd
ddcbabc
cddcbab
bcddcbal

eeeeece

[ I I AN
[ L A I N
[ A AN
[ A I AN
[ A I AN
LTS NI S NI N NI

e
e
e
e
e
L e

Its coefficients are indexed by the symmetric, alternating, the fundamental two
harmonics, specifically,

M=a+2b+2c+2d+7e, Agy=a+2b+2c+2d—7Te,
Ag=a+2cos(2/Tm)b—2cos(3/Tm)c—2cos(1/7m)d,
Agr=a—2cos(3/7m)b—2cos(1/7m)c+2cos(2/Tm)d,
Agr=a—2cos(3/7m)d+2cos(2/Tm)c—2cos(1/7m)b.
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2.12 Log-Transformed Multinomial Data

Here the dihedral data x is such that the underlying dihedral group is also the support
for a multinomial distribution with probability parameters p based on N =< 1,x >
observations. Let £ indicate the corresponding log count data, with components ¢ =
log(x¢/N), for T € D,, and D, = Diag (..., pr,...). Then, e.g., [5, p.494],

Proposition 2.17.
LIVNF(L=1)] = N (0,FD,' F*— Fed F*),

where Ay = log pr are the components of A.

In particular, here,

Fed F* =Diag (g2,0,...,0).

2.13 Additional Remarks

1. Most of the definitions introduced in this chapter are, more precisely, definitions
on the left, with corresponding definitions obtained by dihedral actions defined
on the right;

2. The regular linearizations < x,¢ > are particular types of linearizations in the
sense of [1]. Specifically, if a finite group G acts on a set S and x € C5, then

[T(1)2](s) =x(z7"s)

gives a linear representation of G in C5, so that when § = G the regular
linearization is

¢T(X)G =Xr-lg5

3. Proposition 2.10 on page 21 is a general result for finite groups and depends
essentially of the orthogonality relations among irreducible characters, e.g., [4,
p.50], [6, p.473].

4. Proposition 2.12 on page 25 is the central result underlying the algebraic aspects
presented in these notes and a general property of semisimple algebras e.g., [4,
Sect. 6.2].

Problems

2.1. Describe (1) the action of the dihedral group D3 on the distinct vertices {a, b, c}
of a regular triangle and (2) its action on the oriented edges
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{(a7b)7 (b7c)7 (C7a)7 (b7a)7 (a7c)7 (C7b)}

of the triangle. Re-evaluate (1) and (2) above when a and b are indistinguishable.

2.2. Describe the distinct dihedral groups D, as permutation subgroups of S4. For
example D; can be generated both by {(12),(34)} and by {(12)(34),(13)(24)}.

2.3. Describe the distinct dihedral groups D3 as permutation subgroups of S3.
2.4. Describe the distinct dihedral groups D4 as permutation subgroups of Sy.
2.5. Verify that rotations and reversals have opposite parity.

2.6. Describe the Dy trace indexing x; = tr [3;X] of a an arbitrary 2 x 2 covariance
matrix.

2.7. Describe the Dy trace indexing x; = tr [(B; ® B¢)X] of a an arbitrary 4 x 4
covariance matrix.

2.8. Functional invariance can be characterized by its commutativity with a given
symmetry operator. Show that when the two-dimensional Laplace operator A f =
Oxf + dyy f s applied to a function f(p) subject to rotation »(p) of its argument,

then Af(r(p)) =r(Af(p)). Thatis, (Af)r =r(Af).

2.9. Referring to Problem 1.2 on page 7, study the correspondence between the
power set of n objects and the set of all n-ary words in length of n. Endowing the
power set with the inclusion-exclusion multiplication turns it into an Abelian group.
Carry on the Fourier analysis and evaluate the canonical projections.

2.10. Determine the dihedral invariants of D,, acting (by permutation) on the power
set of n = 2,3,4,5,6 objects. Study how the invariants depend on the chosen
realization of D,,.

2.11. Determine the dihedral linearizations < x,p > of the permutation represen-
tations p of D, acting on {1,...,n}, for n = 2,3,4,5,6. Specify the particular
realization of D,, adopted in the linearization.

2.12. Following with the definitions introduced on page 12, show that 8%, . =
BsB:-
2.13. Starting with the D4 linearization

l+h—r*—rh —r+rh+r3—r3h}

<x,fB >=
xp [r+rh—r3—r3h 1—h—r*+rh

of x at B, using the short notation x; = 7, let each entry (Bi*j,Bi’j) of

B (L+h, r2+72h) (rh+7, r+rh)
L r+rh, PR (1+72h h+17)
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indicate the signed components of < x, 3 >. Show that B transforms as

B = [32; Bx
Bll BIZ

Ap— {Bzﬁ By
Bi1 B2

rhB = {BZI Bzz} , r*hB = [

Bi1 Bz

where Bilj indicates the transposed entry (B

, r°hB = {

By Bsz}
By Bip ]’

B?;) of B;j. Argue that the signed

components of B and their complements are stable within each column space of

<x,p>.

2.14. Prove the algebraic orthogonal property in Proposition 2.10 on page 21.
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