Chapter 2
Thermodiffusion Models

Abstract Three approaches to study thermodiffusion in binary and multicomponent
mixtures are explored in this chapter, viz., the nonequilibrium thermodynamics,
algebraic correlations, and artificial neural network. The first method employs the
principles of nonequilibrium thermodynamics to explain thermodiffusive separa-
tion, by considering the heat and mass fluxes in the mixture as linear functions
of forces such as temperature gradient and chemical potential. The second method
is based on the observation of relations between the thermodiffusion parameters
and parameters such as the mixture composition and pure component/mixture
properties. Finally, in artificial neural networks, a data mining of a reasonably
large set of experimental data is undertaken and a model is developed that predicts
the thermodiffusion data based on the principles of associative thinking. To this
end, mathematical functions are integrated in the model to quantify the decision-
making process. Expressions corresponding to all three methods are discussed in
this chapter.

2.1 Linear Nonequilibrium Thermodynamic Theory

In many irreversible processes, the state variables are functions of space and time.
Hence, in studying such systems, it becomes essential to formulate the basic
equations in a way so as to refer to quantities at a single point in space. In other
words, a local formalism of the fundamental equations is necessary. To this end, a
theoretical framework for the macroscopic description of the irreversible processes
is provided by the theory of nonequilibrium thermodynamics.

The key aspect of the theory of nonequilibrium thermodynamics is the entropy
balance for an infinitesimally small volume element. Entropy is a thermodynamic
property that can be used to determine the energy not available for work in a
thermodynamic process. It has a unit of JK . The change in entropy in this volume
element is due to two reasons, viz.,

S. Srinivasan and M.Z. Saghir, Thermodiffusion in Multicomponent Mixtures, 11
SpringerBriefs in Applied Sciences and Technology, DOI 10.1007/978-1-4614-5599-8_2,
© Springer Science+Business Media, LLC 2013



12 2 Thermodiffusion Models

1. Entropy flux into the element
2. Entropy production inside the volume element

Thus, a transport equation for the change in entropy would be of the form

ds .
Fri —divJ;+ 0o (2.1)
c>0. (2.2)

In the above equation, s is the entropy per unit mass, o is the entropy production
per unit volume per unit time or simply entropy production strength. Finally, J; is
the total entropy flux per unit area per unit time less the convective contribution in
this flux. It must be noted that in the transport equation (2.1), the second term on
the right side is the source term. Further, since entropy can only be created, for an
entropy balance, this source term is always positive, as indicated by (2.2).

Now, in order to relate the entropy source to the irreversible processes in the
system, a complete set of macroscopic governing equations is generally written for
a local volume element to account for the transport of mass, species, momentum,
and energy. Using these and the Gibbs thermodynamic relation, one can develop
a relation between the rate of change of entropy and other parameters, viz., rate
of change of internal energy, rate of change of composition, and rate of change of
specific volume. In particular, it is assumed that within the small mass element of
interest, an equilibrium state exists, local, if one may add, although the entire system
in itself might not be in a state of equilibrium. For such a small element, along the
center of mass, we can write the Gibbs equation as

ds du dv & deg
TE—E—FPE—I(:I[J E, (23)

where u is the specific internal energy, P is the pressure, v is the specific volume and
Uy is the chemical potential.

2.1.1 Phenomenological Equations

As is customary in any set of governing equations, an equation of state is also
included for closure. However, despite this, the set of governing equations including
the equation for entropy balance and the equation of state cannot be solved with
the initial and boundary conditions. This is due to the presence of the irreversible
fluxes that are unknown in this set of equations. To address this issue, a set of
phenomenological equations are also included in this system of equations. These
phenomenological equations relate the unknown irreversible fluxes linearly with
the thermodynamic forces in the entropy strength, and would be called the linear
phenomenological equations, i.e.,
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Ji=Y Ly, (2.4)
k

where J; is a component of the flux in the direction i, L;; are the phenomenological
coefficients and @; is the thermodynamic force in the direction i. It must be noted
that the entropy production is related to the fluxes and the forces as

o = zjk(pk- (25)
k

In summary, the entire set of partial differential equations consisting of the
governing equations, phenomenological equations, and the equations of state is
complete, and can be solved using the initial boundary conditions to study the
irreversible process.

Extensive details of the theory of nonequilibrium thermodynamics have been
presented in the book of de Groot and Mazur [21] and will not be pursued
further here. Instead, in the following section, drawing from these principles of
linear of nonequilibrium thermodynamics theory, relevant equations pertinent to the
derivations of the formalisms for thermodiffusion processes will be discussed.

2.2 Method 1: Thermodiffusion Models Based
on LNET Theory

For a n-component mixture at a temperature 7 and pressure P, if we assume that the
only external force acting on the system is gravity (g), then we can write the entropy
production strength as

1 1 &
o = —ﬁjlq'VT_ T];le'(VT.uk_g)v (2.6)

where J; is the molar diffusion flux relative to the molar average velocity of the kth
component. The vector J', is the heat flux due to pure conduction heat flow and is
given as

Vo=33=2 e 2.7)
k=1

In the above equation, J, is the total heat flux and Ay is the partial specific enthalpy
of the kth component. Thus, the total heat flux consists of two parts, viz., heat flux
due to pure conduction, denoted by J’ ¢» and heat flux due to the diffusion of mass,
denoted by the term Y}, hxJi.

Another method of expressing J', is to use the concept of net heat of transport
[8,54]. As per this representation,

Vo= 0, (2.8)
k=1



14 2 Thermodiffusion Models

where O is the net heat of transport of the kth component. More specifically, it is
the conductive heat flow of the kth component per particle per mole or per kilogram,
required to be absorbed by the local region to keep the temperature of the region
constant.

Now, keeping in mind that }; J; = 0, in a n-component system, there are n — 1
independent fluxes and so the entropy production strength in (2.6) can be written as

1 1 n—1
0 =—7534 VT - 7,;"" A(Vr (g — ) 2.9)

Further, incorporating (2.8) in the above expression, we get

n-l VT Vo(u—
M].Jk_ (2.10)

o3 |@i-0n7s +

k=1

At this time, one can write phenomenological equations for the diffusion mass flux
in terms of the phenomenological coefficients as

n—1 . . VT
Ji:_zLik [(Qk_Qn)?_FVT(Hk_.Un)] ) 21D
k=1

or slightly more explicitly as

vr ol J L

n—1
kg,l k [( k ) T jgl axl J

An additional way of writing the diffusion flux equations is by using the
transport coefficients in conjunction with the gradients of temperature, pressure,
and concentration. This will yield

J=—x(DuVx+Dr-VT+Dp-VP), (2.13)

where Dy, Dt and Dp represent the molecular diffusion coefficients, thermodif-
fusion coefficients, and barodiffusion coefficients, respectively, and y is the mole
density. Further, Dy is a matrix with elements Dy = [D;;]. On the other hand, Dy =
(2,22, ), Dp = (Y DY ,... DIV and Vx = (Vxy, Vi,
Vx,_1) are vectors. In the absence of any pressure gradient, the above equation
reduces to

J= —X (DMVX+DT : VT) . (2.14)

From (2.12) and (2.14) we can deduce the expression for the thermodiffusion
coefficient as

_ X (00— OLa

(7)
“n xxT

(2.15)
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2.2.1 The Net Heat of Transport

From (2.15) it is clear that for an accurate estimate of the thermodiffusion coeffi-
cient, precise evaluation of Q* is essential. As mentioned earlier, Q* is the amount
of energy which must be absorbed by the region per mole of a component while
diffusing out in order to maintain the constancy in the temperature and pressure
of the mixture. To this end, we can represent it in terms of the energy needed to
detach a molecule from its neighbors and the energy given out when a molecule fills
the hole. In this, we can use the viscous energy as an approximation of the energy
needed to detach a molecule. For a multicomponent mixture, an expression for Q*
has been proposed by Firoozabadi and coworkers [19] as

o =Yy ix-U-/T Y (2.16)
i i e JZIJY Zzzlkak7 :

1

where 7; is the ratio of the cohesive and viscous energy, of component i. U; and V;
are the partial molar internal energy and partial molar volume, respectively.

2.2.2 Equation of State

An equation of state is used to determine the state parameters such as density,
pressure, fugacity, and enthalpy. Depending upon the type of mixture being studied,
different equations of state have been developed in the literature. For instance, the
Peng—Robinson (PR) equation state [43] is more suited to the hydrocarbon mixtures
than water alcohol mixtures. For the latter type of mixtures, the Perturbed Chain
Statistical Associating Fluid Theory (PC-SAFT) equation of state [22, 23] is more
accurate. While there are other choices available for an equation of state (e.g., Cubic
Plus Association equation of state), the user must extensively evaluate them with
respect to experimental data before selecting them for a particular type of mixture.
Two equations of state are now discussed below to highlight the difference between
their formulations.

2.2.2.1 Peng-Robinson Equation of State

In the Peng—Robinson equation of state [43], the parameters are expressed in terms
the critical properties and the acentric factor. It is applicable to liquid as well as
gas phase, and is fairly accurate near the critical point. In particular, it has good
prediction capabilities for the compressibility factor and liquid density.
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Density: To calculate density, the following equation is used:

(2.17)

where Z is the unknown compressibility factor, R is the universal gas constant,
and M is the mixture molar mass. The pressure, P, is the second unknown in this
equation.

Pressure: Pressure is calculated using the relation

P RT a
V—b V(V+b)+b(V-b)

(2.18)

where V is the molar volume, a and b are the attraction and co-volume parameters,
respectively. Both a and b are functions of temperature, and their formulations will
be discussed shortly.

Compressibility factor: To calculate the compressibility factor, (2.18) is first
rearranged as

a

<P+V(V+b)+b(V—b)

) (V—b)=RIT. (2.19)
Now, comparing (2.17) and (2.19), we can write a cubic polynomial in Z as
73— (1—B)Z>+(A—3B*—2B)Z— (AB—B>—B*) =0. (2.20)

In the above equation,

aP
A= RTT (2.21a)
B = I]:—I; (2.21b)

It must be noted that the number of roots of this polynomial is governed by the
number of phases in the system.

If one applies (2.19) at critical temperature (7;) and critical pressure (7.), then
we get

RT.)?
alr—r, = 0.45724%, (2.22)
C
RT,
blr—1, = 0.0778TC, (2.23)
c
Z. = 0.3070. (2.24)

While b = b|y_7, at other temperatures, a is calculated as
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a(T)=a(T)6(T;, ®). (2.25)

Thus, a is scaled via a dimensionless function of reduced temperature (7;) and
acentric factor (@). The precise equation for 0 is

2
- [1 +B (1 - (T/Tc))} , (2.26)
where, depending upon the range of @

B = 0.37464 + 1.542260 — 0.269920*,0 < ® < 0.5, (2.27)
B = 0.3796 + 1.4850— 0.16440> 4 0.016670>;0.5 < ® < 2.0.  (2.28)

It must be noted that this dimensionless function (0) evaluatesto 1 at T = T¢..

Fugacity coefficient: The fugacity of the component in the mixture is calculated
using the relationship

Ok by, A
In— = Z—1)—In(Z—B) — ——
xi.P Zixibi( )~ In( ) 2V2B

" ( 23 i Xjaix by, )ln <Z+2.414B>
Zizjxinaij Z[xibi Z—0.414B '

(2.29)

In the above equation, a;; is related to an empirically determined binary interaction
coefficient between the components i and j, viz., §; i, and is given as

aij = (1 - &) /aia;. (2.30)

Enthalpy: Enthalpy is calculated as

T _ Z+2.414B
ar 4 ( + ) 2.31)

2/2b Z—0.414B

where Hjqq,1 is the enthalpy of the ideal gas at the same temperature and pressure
conditions.

H :Hideal+RT(Z— 1) +

Volume translated Peng—Robinson equation of state: The volume translated
Peng—Robinson (v-PR) equation of state is a slight modification of the PR equation
of state to improve the volumetric predictions. In this, the following shift parameter,
€, is introduced [34]

e=1—-d/M". (2.32)
In the above equation, d and e are constants that depend upon the mixture. For

example, for n-alkanes, d = 2.258 and e = 0.1823. With this shift parameter, the
corrected molar volume is
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Veorrected = VPR — €Xibi- (2.33)
As a result of this small modification, the v-PR equation of state predicts the
equilibrium properties of the hydrocarbon mixtures quite accurately.

2.2.2.2 Perturbed Chain Statistical Associating Fluid Theory
Equation of State

In Perturbed chain statistical associating fluid theory equation of state, proposed by
Gross and Sadowski [22,23], once again, the density is computed as

P
=—M. 2.34
P = (2.34)
In this expression, unlike PR equation of state, the compressibility factor is
calculated using the relation

adres
Z—14n ( ) , (2.35)
an TC,'

where @™ is the residual Helmoltz free energy and 1) is the packing fraction.

The residual Helmoltz free energy, @™, that is used to compute the other
necessary mixture properties, is the key factor in PC-SAFT equation of state. It is
represented as the sum of three contributing factors, viz., the hard chain (a"), dis-
persion (@%%P), and association (G**°°). The hard chain contribution is computed as

= /ma"™ ZC —1)Ing™(0y), (2.36)

where / is the mean segment number in the system, m; is the number of segments
per chain of the ith component, and oj; is the segment diameter. Additionally, in the
above equation, the hard sphere fluid’s Helmoltz free energy (a"), and the radial
distribution function (g ?) are given as

ns _ 1 [ Iny Yg’ <y3 ) ]
R0 " +{ 2w ) -n), 2.37
a wL(1—71) pl-7)? 2 1 ) In(1 —73) (2.37)

1 did; 3 did; \* 29
hs _ J J 2 (238
8 (1—73)+(di+dj) (1—73)2+(di+dj) (1-7)? (239

where 7, represents

=pnr/6 cimidy. (2.39)

In this relation, the temperature-dependent segment diameter, d;, of the ith compo-
nent is given in terms of the depth of the potential pair (g;) by
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8.
di = o; [1 —0.12exp (—3ﬁ)} (2.40)
The dispersion contribution to the Helmoltz free energy is
[l—disp _

—2npli(n,m)m2ec3 — npmC L(N,m)m2e263, (2.41)

where three abbreviations have been used, viz.

_8n—2n? ) 20n—27n2+12n3—2n4>
C1—< +m———r+(l—m , (2.42a)
= T ey
meo? = ZZCICJm,mJ (8” ) Gl-3j, (2.42b)
m2e2a5 — 226,6 p— (8”) c}. (2.42¢)
In the above equations, o;; and ¢;; are determined as

Cij = 0.5(c; + G/) (2.43)

&) = /& (1 —kij), (2.44)

ki; being the binary interaction parameter. In (2.41), the integrals of the perturbation
theory, /; and I, are approximated via the following expressions

6 .
m) =Y ai(m)n’, (2.45)
i=0
6 .
L(n,m) =" bi(m)n'. (2.46)
=0

The coefficients a; and b; in these expressions depend upon the chain length and are
given as

B m—1
ai(m) = ap;i+a ; - +ay;

, (2.47)

_ m—1 m—
bi(h) = boi+b1i———+bri—— (2.48)

where a; ; and by ; are model constants.
Finally, the association contribution, @***°, is given by

@ = 3.6 (X, 0.5, +0.5M) 2:49)
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where M; is the number of associating sites on the molecule of type i and Xy, is the
fraction of A sites that do not form associating bonds with other active sites. Further,
Xy, is a solution of the following system of equations:

1

= — (2.50)
1+p¥ic;i¥s, XBJ.AAIB/

Xy,

where B; indicates the summation over all the sites and A8/ is a measure of the
association strength between site A on molecule i and site B on molecule j. Now, if
sites A and B are on the molecules of the same type, then

A;B;
st oo () 1] s

where k48/ is the association volume and €45/ is the association energy. On the
other hand, if sites A and B are on molecules of different type

AABj — \/ AABi AAjB; (2.52)

Using the above relations, quantities such as density, pressure, fugacity, enthalpy,
and entropy can be determined as derivatives of the residual Helmoltz energy. The
computation of these quantities are done as follows:

Density: In order to compute the density at a given system pressure, an iterated
approach is followed in which the reduced density (1) is adjusted to match the
calculated pressure with the system pressure. Once a value for 7 is determined, the
number density of molecules, p, is estimated as

—1
p=6/mn <2c,-m,»d,»> . (2.53)

The molar density p is then calculated as

N p 10A° _3kmol
=———+(10"— ) (10 . 2.54
P= 6022 x 1023( m) ( mol (2:54)
Pressure: From the residual Helmoltz free energy, the compressibility factor can
be determined as
adres
Z=14+n ( ) . (2.55)
an T,C,'

The pressure is then calculated in the units of Pa as

A° 3
P=ZkTp <IOIOE> : (2.56)
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Fugacity coefficient: The residual chemical potential, 1;*, is obtained from @™ as

‘ulzes(T’ v) s B 0a'es B N . 9ares
oy At +(Z-D)+ e ), 2 i Ger I (2.57)
Vi€ j#k ’ ViCiztj

Jj=1

The fugacity coefficient, ¢, is then obtained from the chemical potential as

res T
In gy (T,v) = % —InZ (2.58)

Enthalpy and entropy: From the derivative of the residual Helmoltz free energy
with respect to temperature, the molar enthalpy, 4™, is given by the relation

~res
e — RT [—T (aa )
oT

The residual entropy at a given pressure and temperature condition is

(adres ) + dres
oT PCi T

Finally, from the above two equation, the Gibbs free energy, §™(P,T), is defined as

+(z- 1)1 . (2.59)
psCi

§*S(P,T) = —RT +RIn(2). (2.60)

g = jres _ gres (P,T). (2.61)

2.2.3 Binary Liquid Mixtures

A thermodiffusion theory for a multicomponent mixture has been outlined in
Sect. 2.2. However, most of the experimental research is conducted on two or more
lately on the three component systems. This is primarily because of the complexity
of the inter-particle interactions that is not well understood even in such simple
systems. Consequently, numerous models have been proposed over time for binary
mixtures. Most of these models differ in the way the net heat of transport has been
modeled. Additionally, some of the models also incorporate the effects of additional
forces that contribute to the separation behavior in the non-isothermal mixtures.

A detailed description of the formulation and derivation of every model in the
literature is beyond the scope of this book. Instead, in the ensuing paragraphs, we
present an overview of a subset of them, in chronological order, giving adequate
references for the reader to pursue them in detail.
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2.2.3.1 1955—Dougherty and Drickamer—Model 1

As per this model [10], based on the principles of nonequilibrium thermodynamics,
the flux equation for the first component in a binary system, for instance, can be
written as
o
Ji = —xDy [Vxl - T—“TVT} . (2.62)
X2

At steady state, the fluxes J; and J, vanish. Combining this condition with (2.12) for
a binary mixture, and noting from the Gibbs—Duhem relation at constant pressure
and temperature that

indui = 0, (263)
i
the thermodiffusion factor, ar, for a binary system can be written as

or = %-9 (2.64)
I
Xla—xl

Now, in their model, Dougherty and Drickamer [10] related the net heat of
transport to the energy needed to create a hole (Wy ) and the energy needed to occupy
a hole (Wp), respectively. Their model also accounted for the different sizes and
shapes of the molecules by considering the different fractions of the two molecules
that create and occupy a hole. More precisely,

Q1 = Wy1 — w1 W, and (2.652)
05 = Wiz — yaWp, (2.65b)
where
v = m (2.662)
Wi, = x1Wg, +xWg, and (2.66b)
Whi = —% (Ui —Uy) - (2.66¢)

In the above equation, 7 is the ratio of the energy of vaporization of the liquid and
the activation energy of the viscous flow, U; is the partial molar energy of the ith
component, and Uj, is the energy of the ideal gas at the corresponding temperature
and pressure.

2.2.3.2 1955—Dougherty and Drickamer—Model 2

In this model, the authors proposed a slightly different expression for o as [11]
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or = MO~ M0 (2.67)

9
(M1x1 +M2x2)x1 agl

Unlike the previous model where the center of mass of the system is assumed
stationary, the above expression avoids this hidden assumption. Now, expressing
the net heats of transport in terms of Wy; and Wy, orr is calculated as

oy = MV + MV, (WHZ WH1> . (2.68)

(M1x1 +M2x2)x1 alJI V2 Vi

It must be noted that the convention in the Drickamer models is that if o > 0 for
component-1, then it enriches near the hot side.

2.2.3.3 1956—Tichacek, Kmak, and Drickamer

By discussing the thermodiffusion process in a center-of-volume frame of reference,
the authors proposed an expression for o as [54]

Vi V- M, Q%  M,0*
o = 172 - ( 205 _ 1Q1>. (2.69)
(Vix) +Vaxp)x1 55 ﬂ Va Vi

2.2.3.4 1969—Haase

While Haase [26] studied the barodiffusion process in isothermal gas mixtures
subjected to pressure gradients, he proposed an expression for thermodiffusion in
binary electrolyte mixtures, by analogy, as

(0) (0)
M\(H,—H,")—M(H —H RT
o 1( 2 2 ) 2( ;uz 1 ) 55 00, (2.70)
(Mlxl +M2X2)X2 oxs xz—ax

where H is the partial molar enthalpy and o is the thermodiffusion factor for the
ideal gas mixture at the corresponding temperature. In the above equation, the first
term on the right side is the thermodiffusion factor of the mixture with respect to the
ideal gas phase that is indicated by the superscript (0), and the second term is the
contribution due to the thermodiffusion in an ideal gas state.

2.2.3.5 1986—Guy

In a barycentric frame of reference, Guy [25] proposed the following expression for
thermodiffusion factor in electrolyte solutions:
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B M2 (hxs th)

dpp ’
29, 8x2

2.71)

where i7" is the partial excess enthalpy of the ith component in the mixture.

2.23.6 1989—Kempers

Following an initial model [35] based on the principles of statistical nonequilibrium
thermodynamics, that is similar to the Haase model, in 2001, Kempers [36] proposed
revised expressions for thermodiffusion factor in multicomponent systems. In
particular, two expressions of his work that correspond to the center-of-volume and
center-of-mass frames of reference, applicable to binary systems, are as follows:

Center of volume frame of reference

(H-H") (-1

A% - RT
:< 172 > V2 . oo —— oo (2.72)

Center of mass frame of reference

(H-1")  (m-1")

ocT_< M > L — T G ¥ £
Mix) + Mx; X ‘;l;ll X1 ‘;511

In the above equations, o is the thermodiffusion factor of the mixture at the
corresponding temperature in the ideal gas state.

2.2.3.7 1998—Shukla and Firoozabadi

Coupling the model of Drickamer with the volume translated Peng—Robinson
equation of state, Shukla and Firoozabadi proposed a model for ¢t in binary liquid
mixtures as [50]

lrj—l'—% (Vz—Vl)(XlTl +x 72 )

or = >+ . (2.74)
xl?)_l;clll (a1 —I—XZVQ)XI 8x

It is worth noting that the sign convention in this expression is that when o > 0 for
component-1, it enriches near the cold side.



2.2 Method 1: Thermodiffusion Models Based on LNET Theory 25

2.2.3.8 2008—Artola, Rousseau, and Galliero

Following the propositions of Prigogine [44], Artola et al. [1] proposed the
following expression based on the principles of nonequilibrium thermodynamics:

_ AG,—AG, M, —M; AG; +AG,
- RT M+ M, RT '

or (2.75)

In the above equation, AG; is the activation-free enthalpy of the ith component and
is obtained as

Di :D[oexp(—AGi/RT). (276)

In this equation, D; and Dj are the self diffusion coefficients at current temperature
T and reference temperature 7y, respectively.

2.2.3.9 Other Expressions Based on Activation Energy of Viscous Flow

Several other models have evolved in the study of thermodiffusion, which are
particularly influenced by the work of Tichacek et al. [54], modeling the net heat
of transport via an activation energy of viscous flow (EV$). While a universal model
for thermodiffusion is still lacking in the literature, as outlined below, one can find
different expressions for og for different types of mixtures, viz., nonassociating
liquids [12], associating liquids [13], polymers [17], and DNA solutions [18].

Nonassociating liquid mixtures, e.g., hydrocarbon liquid mixtures [12]:

Evis _ Evis
or = %JMZ (2.77)
X1 (7_)61
M Evis -M Evis
op = — 21 172 (2.78)

a )
(Mlxl +M2X2)x19—ﬁ:

Evis_ Evis
ap = ECTV z_. (2.79)
(lel + VQ.XQ)Xl a—l;ll

In addition to the above expressions, one can also use a weighted combination of
(2.78) and (2.79) as a measure of or.

Associating liquid mixtures, e.g., water—alcohol mixtures [13]:

B M2 (EI/iS _Evis ) _M1 (E%/is _Evis )

mix mix

(Ml)q + szz)xl ‘3_/;11

o , (2.80)
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Vz (EI/IS Ev1s ) Vl (EVIS Ev1s )

mix mix

or = I
(Vixi +Vaxa)x1 5

2.81)

While these two equations are not particularly good in their predictions, an
equation that performs somewhat better is given as

E}Iis EViS aln(nmix/HO)

2.82
xIM 8x1 ( )

or = —

where 1) is a reference viscosity, e.g., viscosity of water (1 cP at room temperature).
In this last expression, by including a term containing the derivative of the natural
logarithm of viscosity with respect to the composition, there is an attempt to account
for the nonlinear relation between the mixture viscosity and composition, which is
often observed in associating mixtures. Thus, by including this term, the sign change
in the thermodiffusion factor has been forced at the maxima or minima on the In(7)
versus x| graph.

Dilute polymer and DNA solutions [18]:

vlsa In (ZMP) Ev1s

= 2.83
oy =T ; (2.33)

where Mp and M) are the molecular weights of the polymer and monomer,
respectively. a is a polymer-solvent characteristic parameter that varies between 0.5
and 0.8. EVls and E)® are the activation energy of viscous flow of the solvent and
the monomer, respectlvely.

2.2.3.10 A Note on the Activation Energy of Viscous Flow

As mentioned at the beginning of Sect. 2.2.3.9, in (2.77)—(2.83) the net heat of
transport Q7 for the ith component has been calculated by correlating it with
activation energy of viscous flow. In this, by applying Eyring’s rate theory [20],
viscosity of a liquid can be related to the activation energy of the viscous flow.
In particular, in the vicinity of the temperature of interest, if we plot the natural
logarithm of the experimental data of viscosity or its product with the molar volume
against 1 /RT, the graph exhibits a straight line with a slope corresponding to the
activation energy of viscous flow. More precisely

vis alnn
bTaaTy

This calculation of activation energy of viscous flow is applicable for nonassociating
mixtures like liquid hydrocarbons.

(2.84)
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Fig. 2.1 Natural logarithm of
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For the activation energy of viscous flow for the mixture (Elﬁliisx) in (2.80)—(2.82),
the above correlation cannot be used. This is because in associating mixtures like
water—alcohol, for instance, there is a nonlinear relationship between Inn and 1 /RT.
This is clearly evident in Fig. 2.1 where the natural logarithm of viscosity for two
representative water—alcohol mixtures are plotted alongside the viscosity data of two
hydrocarbon mixtures. The reason behind the nonlinear trend in these associating
mixtures is that with the change in the concentration of the liquid, the interactions
between the molecules and the structure of the mixtures change. One way to account
for these changes is to simply multiply the expressions of o by a correction term,
Er‘l’]ifx, which is prescribed as [13]

; dIn (N
Er\r]::x ~ (nan;x/nO) ) (2.85)
This gives us the corrected orr as in (2.82). Note that the above equation is also
incorporated in (2.80) and (2.81).

The calculation of the activation energy of viscous flow in the polymer solutions
is even more complicated. This is because polymers are in solid state at room
temperature although they are soluble in certain liquids, resulting in a liquid mixture.
Now, with most of the thermodiffusion experiments on polymer solutions being
performed at room temperatures, viscosity data of pure polymer at room temperature
is unavailable.

On the other hand, what is known of polymers is that in dilute polymer
solutions, small sections of these long chain molecules called beads or segments
move independent of each other. It must be noted that this is valid only for a
very low concentration of the polymer in the mixture. So, in this case, we can
use the activation energy of the viscous flow of the monomers that represent the
moving segments, instead of the activation energy of the polymer. This is something
that can be calculated since the monomers are usually in liquid state even at
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room temperatures. Now, for the activation energy, viscosity data are needed. One
correlation that can be used is the Mark—Houwink equation [30],

n = KM, (2.86)

where K is a constant dependent on the polymer-solvent system. Using the above
expression, we can obtain the activation energy of viscous flow of the polymer as

vis _ dn(Vn) | Me '\
EY = G01/RT) In (MB> , (2.87)

where Mp is the molecular weight of the moving segment of the polymer and the
other notations have the usual meaning, as defined before.

2.2.3.11 Other Theoretical Formulations

While the nonequilibrium thermodynamic approaches using the net heats of trans-
port have been a fairly popular approach to study thermodiffusion and formulate
theoretical equations for this phenomenon in different mixtures, there are other
theories for the thermodiffusive separation.

A hydrodynamic approach: In this approach to study thermodiffusion, one
can express the thermodiffusional driving force as a combination of equilibrium
and nonequilibrium terms [41]. The equilibrium term can be attributed to the
temperature gradient of the partial pressure. Further, by applying the solvation
theory to the inter-particle interactions, one can write

1 8p1
Sp= sl 2.88
L ksT <8T>Nﬁ0’ (2.88)

where n1, p1, and ¢ are the number of moles, partial pressure, and the concentration
of the first component, i.e., the solute.

By theoretically defining the partial pressure, Morozov [41] deduced two useful
expressions for the Soret coefficient as

o 1 (9 (nzTle)

Sy = T [—8T L, (2.89)
1 [d(mT[Z;—2))

Sy = T [—ar L. (2.90)

In the above equations, n; is the number of moles of solvent, Z;; is the compressibil-
ity factor of the first component in the solvent, and Z; is the compressibility factor
of the solvent.



2.2 Method 1: Thermodiffusion Models Based on LNET Theory 29

Statistical thermodynamics approach: By considering thermodiffusion on the
basis of statistical thermodynamics and force balance, one can express the thermod-
iffusion coefficient in terms of the pair-interaction potential between the colloidal
spheres [9]. More precisely,

on
Dr =DoB 5. (2.91)

where Dy is the Einstein’s translational diffusion coefficient, f = 1/xpT, kp being
the Boltzmann constant, and IT is the osmotic pressure. This osmotic pressure is a
function of the colloid number density, temperature, and the chemical potential of
the pure solvent with which the suspension is in osmotic equilibrium, and is given as

1= pKBT——p/ 3ged L f (2.92)

where r is the distance between the two colloidal spheres and f is the pair-interaction
potential of mean force. g® is the equilibrium pair-correlation function which for
low colloidal concentrations is given as

g =exp(=BJf). (2.93)

2.2.4 Ternary Liquid Mixtures

Recent advances in experimental techniques has resulted in experimental investi-
gations on thermodiffusion in ternary liquid mixtures. Theoretical framework for
studying ternary mixtures has been around for much longer though. Of course, the
general multicomponent formulation of Sect. 2.2 with n = 3 will give an expression
for the ternary mixture as well. Nevertheless, there are some formulations for the
thermodiffusion coefficients in ternary mixtures in the literature. Here we present
two sets of expressions for the thermodiffusion coefficients in ternary mixtures,
one for nonassociating liquids and the other for associating liquids, as outlined by
Eslamian and Saghir [14].

The starting point of the derivation for both associating and nonassociating liquid
mixtures is the molar flux of the ith component in a n-component mixture that can
be written as

vT 10
Zsz 0 +Z a“" dLi=1,.n (2.94)

At steady state, for a ternary mixture (n = 3), the flux of each component is zero,
i.e., J1 = J» = J3 = 0. In other words, we have
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I m, VT
T o Ve T T (2-958)
i dl _ VT
a_leXI + a—sz)cz = —Q2 T s (295b)
U3 dus - VT
(9_)61 X1+ a—szxQ = —Q3 T . (295C)

In writing the above system of equations, it is noted that the phenomenological
coefficients are nonzero and can therefore be eliminated. Further, since the fluxes
of only two components are independent, we can eliminate the third equation in
the above system using the Gibbs—Duhem relation at constant temperature and
pressure conditions, and writing ‘;—513 and 3—523 in terms of the chemical potentials
and mole fractions of the first two components. This modifies the above system of
equations as

. W VT

B“V)cl —‘rBle)Cz = _(Ql — Q3)T, (2.96a)
. W VT

By VX1 4+ BynVxy = —(05 — Q3)T, (2.96b)

where B;; are elements of the matrix B, and are given as
[0 X 0 X

By = ﬂ 1+ 21 + ﬂ 2

| dx1 X3 dxip \x3

By, = | M (1+x ) 4 oK ()2> , (2.97b)

, (2.97a)

L aXZ 8x2

3/
By — |22 1+x ZINERTS (2.97¢)
_8x1 8x1 X3
By — |22 (1422 4 k(2] (2.97d)
| dxp X3 dxy \x3 ) |

To calculate the derivatives of the chemical potential one can employ an appropriate

equation of state to first calculate the fugacity and its derivative for the ith
component. Subsequently, these values can be used to calculate a—“ using the
relation

dui _ RT df;

3 T (2.98)

As noted previously, one can write the flux equations using the transport
coefficients as

Ji = —x (D1Vxi + D1V + 241 VT) (2.99a)
J2 = =X (D Vx1 + DV + Z5VT) (2.99b)
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where D;; are the components of the 2 X 2 matrix for molecular diffusion, viz., D.
Also, it must be noted that for the above system of equations, Y, } = 0. Once
again, at steady state, in the absence of any flux, the left side of the above system
can be set to zero and we can compare the above equations to (2.96) to obtain the
thermodiffusion coefficients as

1 d(01—-03)—b(05-03)

Dy = 2.100
T T (ad — bc) ’ ( %)
2 —c(Q] - 05)+a(Q5—05)
= 2.100b
7 T(ad — bc) ’ ( )
where
Bi11Dyy — Bi2D
o — BuDn—BuDa (2.101a)
ID|
—B11D B,D
b= 11D12+ B2 117 (2.101b)
ID|
By1Dyy — By D
¢ = 22— Tl (2.101c¢)
ID|
—B>y 1D By»,D
d=—2 1|"‘D‘|L 21 (2.101d)

Nonassociating mixtures: For the nonassociating mixtures like liquid hydrocar-
bons, in (2.100) we can use the activation energy of viscous flow as a measure of
the net heat of transport, i.e.,

Qi =E'S. (2.102)

This will get us the thermodiffusion coefficients for the ternary mixture as'

d(EY* — EY®) — b(EY™ ~ E}¥)

1 _

7= T (ad — bo) : (2.103a)
y _ —C(EN —EY) +a(Ey — By

e T(ad — be) : (2.103b)

Associating mixtures: As in the case of the expressions for the binary associating
mixtures, the contributions due to the nonlinear relationship between the natural
logarithm of viscosity and the composition of the mixture must be taken into account
even in the ternary formulations. This can be done by multiplying each (E} s E}’is)

IWe would like to caution the readers that in [15] these equations were validated using an incorrect
experimental data. The authors inadvertently used a wrong sign of the experimental data in the
validation of these expressions with respect to the ternary hydrocarbon mixtures of n-dodecane-
isobutylbenzene-tetralin.
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term in (2.103) by a factor corresponding to the rate of change of the viscosity
of a binary mixture of components i and j with respect to the mole fraction of
component i. As a result, (2.103) gets modified for a ternary mixture of associating
liquids as [16]

d(EYiS _Egis) (*91[1597)7(13/770)) _ b(E%/is _Egis) (*9111(7723/770))

1 dxy

1
7 = =50 . (2.104a)
92 _C(Eizis _Egzis) (*alng}cll}/no)) _|_a(E%/is —E;is) (*91[1597)7(23/770)) ) o
L T (ad — bc) - @ )

In the above equation, the coefficients a,b,c, and d are as described in (2.101). 1;;
is the viscosity of the binary mixture of component i and j.

2.3 Method 2: Simple Algebraic Expressions to Quantify
Thermodiffusion

In the previous section, a detailed formalism of the thermodynamic approaches
to study thermodiffusion in multicomponent mixtures has been presented. The
numerous expressions presented, especially the ones requiring extensive thermo-
dynamic data, need to be coupled to an appropriate equation of state to obtain
estimates of quantities such as enthalpy, fugacity (to calculate chemical potential),
and compressibility factor (for density calculation). On the other hand, following
years of research on specific types of mixtures, simpler algebraic equations have
been developed which can give a fairly accurate quantitative estimate of the
thermodiffusion process. These are discussed in the ensuing paragraphs.

2.3.1 Liquid Hydrocarbon Mixtures

Several expressions are found in the analysis of the experimental data of different
nonassociating mixtures, hydrocarbons in particular. One type of analysis procedure
is to choose a binary mixture of two components and study the thermodiffusion in
this mixture at different composition, or different temperatures. Such analyses cast
light on the composition and temperature effects in the thermodiffusion process.
Another type of analysis is to keep one component fixed and change the second
component. This study, for instance, can yield information on the effect of the
relative molecular weights of the participating components.

Several empirical correlations have been proposed after studying numerous
binary systems. The correlations presented are for the Soret coefficient or for
the thermodiffusion coefficient. A very often postulated relation for the Soret
coefficient is
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Spoec T2, (2.105)

However, this power law is not true for all mixtures.

One correlation for a binary hydrocarbon mixture suggests that the Soret
coefficient can be expressed in terms of composition- and temperature-dependent
functions as [56]

Sr(x,T) = 0(x)¢(T) + i, (2.106)

where 6 (x) is a composition-dependent function, ¢ (7') is a temperature-dependent
amplitude factor, and S’ is a constant offset that is independent of composition as
well as temperature. These composition- and temperature-dependent functions are
polynomials that are written as

0(x) = ap+ax* +asx> +---, (2.107a)
O(T) = 14+b1(T —To) +bao(T = Tp)* + -+~ . (2.107b)

In the above equations, a; and b; are constants that are empirically determined
and T is a reference temperature. Further, the degree of these polynomials would

depend on the type of binary mixture studied, and is also determined empirically
based on some experimental data about the mixture of interest.
Another such closely related algebraic formulation is [29]

M, — M,

Sr(x,T)=0(x)9(T) +CW7

(2.108)
where c is a constant with a unit of K~!. In addition to the composition and the
operating temperature, this relation also incorporates the difference between the two
participating molecules via the molecular weight term.

In a binary hydrocarbon mixture of two very similar molecules, if one in-
vestigates the isotopic effects by introducing varying degrees of deuteration, for
instance, we can present the Soret coefficient as a sum of two contributions. The
first contribution is due to the difference between the mass and the moment of inertia
of the two components. This contribution is independent of the composition of the
mixture and is attributed to the isotopic effect. The second term arises from the
chemical contribution and is a function of composition. Thus, the Soret coefficient
can be represented as [7]

St =S5+ (a6M + bSI), (2.109)

where a (K™!) and b (K1) are empirically determined coefficients. S5 (K1 is
also empirically determined by regression analysis of the experimental data and has
a form

G = (mix+my)my, (2.110)
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where mg (K1), m; and m, are constants, and x is the mole fraction of the first
component. 8M and 61 correspond to the effects of mass and moment of inertia,
respectively, and are given as

My—M

oM = 21 (2.111a)
M+ M,
L—1

61 =21 (2.111b)
L+Db

where /; is the moment of inertia of the ith component.
It must be noted that (2.109) only valid over a very narrow range of molecular

masses and moments of inertia. A slight modification to this equation, making it
accurate for a much wider range, has been proposed by Wittko and Kohler [55] as

St =87+ (aAM + bAI), (2.112)

where
AM = M, — My, (2.113a)
Al =1 — 1. (2.113b)

By expressing the Soret coefficient as a function of the absolute difference instead
of the relative difference of molecular weights and the moments of inertia, the range

of equation has been extended.

In equimolar binary n-alkane mixtures, a quantitative estimate of the thermod-
iffusion coefficient can be obtained via a simple algebraic formulation that is
essentially a polynomial in relative molecular weight. This is based on the fact that
a simple quadratic relation exists between the thermodiffusion coefficient and the
relative molecular weight, as shown in Fig. 2.2. This correlation is expressed as [2]

Dy = DroSM (1+A8M), (2.114)

where D is a reference thermodiffusion coefficient that is different for different
n-alkane series and A is a mixture-specific constant.

Algebraic correlations for the thermodiffusion coefficients can also be written in
terms of the mixture thermodynamic properties such as dynamic viscosity and ther-
mal expansion coefficients. For the equimolar binary n-alkane series considered in
Fig. 2.2, viz., nC;9p—nC;, nCj,—nC;, and nC;g—nC;, Blanco et al. [2] have noted
that there is a linear relation between the absolute molecular weight difference and
Q,ie., AM =< Q, where £ is defined as

D
Q= oo 2.115)

B
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Fig. 2.2 A quadratic trend 10
between the thermodiffusion
coefficients reported in [2]
and the relative molecular
weight in (2.111a) for
equimolar binary n-alkane
mixtures. nCj is n-decane,
nCy, is n-dodecane, and nCg
is n-octadecane. Figure
modified from [2]

Dy X 1012 [m?/sK]

where the subscripts » and 2 are for the reference species and the second species,
respectively, and B is the thermal expansion coefficient. A linear relationship
between AM and € implies that we can write the thermodiffusion coefficient for
the n-alkane mixtures as

B

Dr=K(M, — M
T (M, 2)ncr627

(2.116)

where K (m s~2) is the proportionality constant.
To understand the formulation of (2.116), two points are worth noting:

1. The extent of the separation due to thermodiffusion in a binary mixture is
governed by the amount of similarity between the molecules. The larger the
similarity, the smaller the separation process and vice versa. A measure of
the similarity between the molecules is the difference between their molecular
weights (defined by AM in (2.113a)). This concept of similarity between the
molecules is shown in Fig. 2.3 where AM = M, — M, is plotted against Dr.
We can see that as the difference between the molecular weights increases, the
thermodiffusion coefficient increases.

2. A closer look at the figure reveals that Dt increases rapidly as the molecular
weight of the second species (M,) becomes much smaller than the reference
species (AM < 0). However, if the molecular weight of the second species is
much larger than the molecular weight of the reference species (AM > 0), the
value of Dt is not very large. This is despite a large dissimilarity between the
molecules. This is because when AM > 0, the viscosity of the mixture increases,
leading to decreased mobility of the species. At this point, if we recall the
activation energy of viscous flow concept used to quantify thermodiffusion, it
is noted that the energy needed to set the molecules in motion is very high for
highly viscous fluids. So, in a highly simplistic algebraic model, one can use the
viscosity of the mixture account for the mobility of the species in the mixture.
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In (2.116), the similarity between the molecules is reflected in the term (M, — M)
and the mobility is represented quantitatively by the inverse of viscosity. Of course,
for equimolar mixtures,

M, M,
=—"=— 2.117
CrC) (Mr +M2)27 ( )
which transforms (2.116) to
Dr = K(M, — M>) (M, + M5)? B (2.118)

ﬂMer'

Two issues with (2.114) and (2.116) are:

1. The constants in these equations are mixture specific. Hence, before employing
these expressions, prior experimental data are needed to calculate these constants.
2. These equations are only valid for equimolar mixtures.

The first problem can be fixed by extending (2.114) for non-equimolar mixtures
by introducing a correction term. More precisely, by including a linear or quadratic
term to account for the effect of the mole fraction of the species, we can write two
equations for the thermodiffusion coefficient in binary n-alkane mixtures as

D1 = DroOM (1 + A 6M + A (x, — x2)), (2.119a)
Dt = D1oSM (1+ MM + 2(x —x2) + A3(x, —x2)%),  (2.119b)

where x, and x; are the mole fraction of the reference species and the second species,
respectively. A; are series specific dimensionless constants. As before, Drg is a
reference thermodiffusion coefficient that is different for different binary n-alkane
series. Note that for an equimolar case, these expressions reduce to (2.114).
Despite the aforementioned formulation in (2.119), making it valid for a much
wider composition, we still need experimental data to determine the various
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Table 2.1 Values of Dty and A; in (2.121) and (2.122)

Dro x 10" A3 x 10%
Equation # [mZs~ 1K1 M A2 [mol g~ ']
(2.121) 4.905 —0.114 —0.122 —3.27
(2.122) 1.213 —0.094 —1.053 —1.86
These constants are the same for any binary n-alkane mixture of any

composition

constants in this equation. This drawback is unlikely to be fixed in this enhanced
formulation that presents thermodiffusion coefficients solely in terms of the molec-
ular weights and composition. On the other hand, by pursuing (2.116) that takes
into account the mixture properties, one can extend/modify it to be valid for non-
equimolar mixtures and also avoid the need for experimental data to determine any
constants. To this end, an empirical equation proposed by Madariaga et al. [39] is

B

nCrCQ’

DT :Ko(xr)(Mr_MZ) (2120)

where Ko (x,) = (5.34x, — 7x2 +1.65x}) x 1074 ms2.2

Another formulation that is also valid for a wide range of n-alkane series of
any composition and which does not need any prior data to determine the model
constants is

2 mix BAM™X
Dy = Dro (xr+)Lle—|—/'Lg(Ax) +AAM ) S 2.121)
r€2

where Ax = x, — xp and AM™X = M, — Mpix, Mumix being the molecular weight of
the mixture. A slight variation of the above equation is

Dy = Do (1 + MAx+ Aa(Ax)* + 1AM) fl AM. (2.122)
CrC

All three formulations ((2.120), (2.121), and (2.122)) are very accurate in
predicting the thermodiffusion coefficients in any binary n-alkane mixture. The
constants Do and A; in the latter two expressions are summarized in Table 2.1.
Again, it must be emphasized that these constants in (2.121) and (2.122) do not
change with the n-alkane series.

2In the original reference [39], this exponent has been incorrectly typed as —11 m s~2.
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2.3.2 Liquid Polymer Mixtures

Unlike alkanes, theoretical considerations for polymers reveal that viscosity of the
solvent plays a more dominant role in the thermodiffusion of polymer solutions.
For instance, if one looks at the thermodiffusion in solutions of polystyrene (PS)
in toluene [46], it is found that for a molar mass in the range of 5 — 4,000 kg
mol~ !, Dy is independent of the molar mass for almost any concentration. In fact,
the thermodiffusion coefficient is purely dictated by the microscopic local viscosity,
Neff» and one can write a very simple expression for Dt and S7 in such mixtures as

A
Dr = ——, (2.1232)
Neff
_ _OmRyAr (2.123b)
T (1-¢)*keT’ .

where A7 (Pam? K1) is a constant that depends upon the polymer. R} and ¢ are the
apparent hydrodynamic radius of the polymer and volume fraction of the polymer,
respectively. Further, in a very dilute solution, Negr = 75, the viscosity of the solvent.

In case of oligomers and short polymer chains, Dt increases with the molecular
weight of the polymer and eventually reaches a steady state value for very large M.
This trend is seen in Fig. 2.4, where the variation of the product nDr with the
molecular weight is plotted for the solution of PS in two solvents, viz., cyclooctane
and methyl ethyl ketone (MEK). In fact, an analysis of PS in various solvents reveals
that the thermodiffusion coefficient can be represented as [53]

A
Dr=2_ 2 (2.124)
n M“

where 7 is the viscosity of the solvent and a (kg m? s~! K~! mol~!) is a amplitude
factor that depends upon the solution. From the above equation it is clear that for
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small values of M, there is an impact of M on Dt. However, for large values, i.e.,
when the Kuhn segments are more than 1 kg mol~!, the second term becomes
irrelevant and the equation looks like (2.123a). More precisely, it is seen that the
thermodiffusion coefficient can simply be written as

Dr~0.6x10"*xn~". (2.125)

Two other correlations are applicable for the dilute polymer solutions. The
first one is proposed by Khazanovich [37] and the other one is by Semenov and
Schimpf [48]. According Khazanovich [37], the thermodiffusion coefficient can be
written as

Dr= ’ (2.126)

where Dj, is the self diffusion coefficient of the bead, R is the gas constant, and E4 ¢
is the activation energy. D}, can be calculated using the hydrodynamic radius, Ry,
and the solvent viscosity, 1, as

. kg1
B 6mNsRy

Dy (2.127)

The activation energy can be expressed in terms of the viscosity data of the
solvent as

dInng
ar -

Since (2.126) makes use of an activation energy principle, one can argue that
this expression is more appropriate in the thermodynamic models considered in
Sect. 2.1. Nevertheless, due to the fact that this is a much simpler expression
requiring only the viscosity data for calculating the derivative in (2.128), we present
it in this section.

According to the correlation presented by Semenov and Shimpf [48], for
a diminishing concentration of the polymer in a solution, the thermodiffusion
coefficient can be estimated as

2
o _ SBov/AA (1_ fﬁ)j (2.129)

T 27vens A,

Eps = —RT? (2.128)

where fs is the cubic thermal expansion coefficient of the solvent and ry, is the
radius of the monomer. A, and A are the Hamaker constants of the monomer and
the solvent, respectively. v; is the volume occupied by each solvent molecule and is

calculated as
M

Vg = ———,
) PsNa

(2.130)

where N, is the Avogadro number.
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There is also a simple equation proposed by Brenner [5] following a kinematic
analysis which presents the thermodiffusion coefficient as

Dr = ABD}, (2.131)

where A is a non-ideality factor that is of O(1) and is equal to one for ideal gas
mixtures, and Df is the self-diffusion coefficient of the solvent.

Finally, if one considers the temperature effects on the Soret effect, then it is
found that the Soret coefficient varies with the mixture temperature via a simple

correlation as
T*—-T
St =87 [1—exp( )] , (2.132)
To

where T* is the temperature at which the temperature switching occurs and Ty is
some reference temperature in Kelvin. It must be noted that since the numerator
of the exponent is a difference between two temperatures, the choice of Celsius or
Kelvin should not matter.

2.3.3 Colloidal Mixtures

Thermodiffusion is studied as thermophoresis in colloidal mixtures. The objective
in these studies is to determine the separation behavior of the suspended particles in
the presence of a temperature gradient in the mixture. Currently, a good physical
understanding of thermophoresis is still considerably poor and the direction of
separation is also quite unpredictable. While the dispersed particles mostly move
to the cold side, there is some experimental evidence showing an opposite result as
well. Nevertheless, our current understanding of thermophoresis has produced some
simple correlations for the process.

Temperature effects on thermophoresis in colloidal solutions can still be repre-
sented by (2.132). In fact, several macromolecular and colloidal systems, including
mixtures of proteins and polypeptides, follow this equation. The effect of the three
parameters, viz., S7, T* and Ty, on the evolution of this equation is illustrated in
Figs. 2.5-2.7. As seen in Fig. 2.5, the amplitude factor, S7, dictates the pace at
which the Soret coefficient changes with temperature. Small values of S implies a
relatively smaller value of dS7 /dT, and also a lower final steady state value of S7.

T* has an effect of shifting the null point in the curve. More precisely, a large
value of 7" implies a larger temperature at which a change in the sign of St occurs.
Nevertheless, in view of the fact that S7 is constant in these curves, all three lines in
Fig. 2.6 converge to the same horizontal asymptote of S7 = 0.01 KL

Finally, the contribution of the reference temperature, Ty, is similar to the impact
of §7, i.e., it somewhat controls the pace at which the Soret coefficient changes with
temperature. At smaller values of Ty, the value of dS7/dT is large and Sy reaches
the final steady state value of S7 at a much earlier operating temperature.
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Fig. 2.5 The effect of ST on
the evolution of (2.132). In all
three curves shown in the
figure 7% = 15°C and

Th=20 K

Fig. 2.6 The effect of 7* on
the evolution of (2.132). In all
three curves shown in the
figure S = 0.01 K~! and
Th=20 K

Fig. 2.7 The effect of Ty on
the evolution of (2.132). In all
three curves shown in the
figure S5 = 0.01 K~! and
T*=15K
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The three parameters just discussed can vary due to a change in the ionic strength
of the solution that can be controlled by adding salt, NaCl for instance, in the
solution. This is illustrated in Fig. 2.8 where (2.132) is plotted for the lysozome
solutions with different concentration of NaCl as investigated by Iacopini and
Piazza [32]

One way to interpret thermophoresis is to look at it as a consequence of the drift
of particles due to the unbalanced interfacial stresses in the immediate neighborhood
of the particle surface. These unbalanced stresses arise due to the temperature
inhomogeneity in the mixture. A quantitative consideration of this results in a
microscopic hydrodynamic model [33] that presents the Soret coefficient in the
colloidal system as

_drr d(ly)
AT
where r is the particle radius, / is the microscopic length scale that depends upon the
range of the interactions between the particle and the solvent, and 7 is the particle-
solvent interfacial tension.

Unlike the Soret coefficient, the thermodiffusion coefficient varies linearly for
many systems including polypeptides, sodium polystyrene sulfonate (NaPSS),
polystyrene latex particles, and sodium dodecyl sulfate (SDS)-f-dodecyl-maltoside
micellar (DM) solutions [33]. In such solutions, the thermodiffusion coefficient is
simply written as

(2.133)

Dr=A(T*—T), (2.134)

where A (m? s~! K~?) is a amplitude factor that depends upon the type of the system
investigated.

Thus, in summary, it can be said that numerous thermodiffusion/thermophoresis
investigations have identified several empirical correlations that are prescribed
either exclusively for a particular system or for a class of liquid mixtures. Although
not complete, with little effort in determining the constants and other easily
accessible parameters, these correlations can be conveniently employed to study
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a variety systems. A primary use of these correlations would be in quickly planning
new experiments. In any case, with availability of new experimental data these
correlation must be verified and if needed upgraded/corrected.

2.4 Method 3: Neurocomputing Models to Study
Thermodiffusion

2.4.1 What are Neural Networks?

Artificial Neural Networks (ANN) or simply neural networks (NN) are an attempt
to combine the principles of associative approaches and mathematical modeling
to develop a engineering system that can emulate the human brain. The primary
application of such a system would be in studying difficult engineering problems
that lack accurate mathematical modeling. Needless to say, before attempting to
outline the theoretical framework of such a computational tool, it is pertinent to first
introduce some basic neurobiology to understand how the human brain works.

Human brain consists of nearly 100 billion nerve cells that are called neurons.
A highly simplified example of the functioning of the neurons and the human brain
in general is depicted in Fig. 2.9. Essentially, neurons communicate via electrical
pulses that are generated via small voltage spikes of the cell walls. The information
passes through the axon and reaches the other neurons via the synapses. Upon
receiving these signals, the information is processed and if a sufficient threshold
is reached then the recipient neuron will generate a voltage impulse in response.
Once again, this is transmitted to the other neurons via the axon. This flow of
information/signal is indicated by the arrows in Fig. 2.9.

axonof gy nanse
pervious
nueron

1 neuron cell body

nucleus axon
Yt
axon Electrical
tips / signal
dendrites

dendrites of next neuron

Fig. 2.9 Functioning of a neuron in a simplified format



44 2 Thermodiffusion Models

Network
Outputs

Network
Inputs

Input Hidden Output
layer layer layer

Fig. 2.10 Schematic of an artificial neural network where several layers of nodes are connected

Inputs Outputs
from to
other other

nodes nodes

Fig. 2.11 The functionality of a node in an artificial neural network

In solving difficult engineering problems where the response or the output
of a system depends upon complex interactions between several parameters that
are either known or unknown, this neurobiological principle can be employed to
develop what is known as an Artificial Neural Network. A schematic of ANN is
shown in Fig. 2.10. Thus, analogous to the neurons, we can employ nodes that
receive inputs from other nodes, evaluate a response function that takes all of these
inputs, and calculate an output. A weighted fraction of the output is then passed to
the other nodes. A design of a node is depicted in Fig. 2.11. Thus, a more structured
definition of an artificial neural network can be given as follows:

An Artificial Neural Network is an assembly of an extensive interconnection
of fundamental units called nodes that are analogous to the neurons in the
human brain. Further, these nodes process a set of inputs or information
and pass on the evaluated response/output/data to the adjoining nodes in the
network.
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2.4.2 Why Artificial Neural Networks?

In several instances, some of the physics can be neglected to simplify the math-
ematical formulation of the problem without compromising the validity or even
the accuracy of the solution. However, there are several applications where this
simplification is not acceptable. Much worse, despite extensive research, several
problems cannot be completely formulated due to our limited understanding of
the underlying physics. As a result, a precise mathematical modeling of the entire
process is extremely challenging in many engineering problems.

In such cases, when the complexity of the problem at hand cannot be solved
exactly via existing mathematical models, the principles of artificial neural net-
works come in handy as they are applicable to problems where a number of
parameters influencing the outcome of a system interact in a complex manner.
Additionally, as will be discussed in the subsequent sections, it is also possible
to include the effect of the parameters that are either unknown or neglected in
determining the output of the system using an incomplete set of input parameters.

In the literature, ANN has been employed by researchers to study a variety of
problems such as the mechanical [28, 31], electrical [6,49], and thermophysical
properties of the materials [38]. It has also been used to study tribological properties,
viz., wear rate and the friction coefficient of fiber composites [57], corrosion
studies [40,47], and surface texture studies [4,45].

Like the above problems, thermodiffusion is also an equally intricate phe-
nomenon in which despite nearly a century of research, there is still a lack of a
single unified theory that can explain the observations at a molecular or microscopic
level. One of the main issues is the complexity of the underlying inter-particle and
intra-particle interactions, as well as external forces that can affect the liquid at
the molecular level. The application of ANN to study thermodiffusion is therefore
pertinent.

2.4.3 Theoretical Formalisms

In this section, a detailed formalism of an artificial neural network that can be used to
study thermodiffusion problems is presented. As mentioned earlier, ANN combines
the principles of associative thinking with the precision of mathematical modeling.
Development of such a neural network model involves the following steps, each of
which will be discussed in detail:

1. Choosing a network topology

2. Database generation

3. Neural network training and testing
4. Neural network validation
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Fig.. 2.12 Examples of some Two layer neural network
typical neural network

topologies. In each case, the —>( Layer1 H Layer 2 ]—>

inputs enter the neural
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2.4.3.1 Network Topology

Network topology refers to the structure of the network. Specifically, choosing a
network topology involves deciding the number of nodes to be employed in each
layer of the neural network, the number of such layers and the way in which the
layers are interconnected. Some of the suggested topologies for solving problems
related to physics are shown in Fig. 2.12. Any of these topologies can be employed
to study thermodiffusion.

As seen in this figure, several complicated topologies are possible. Two points
must be noted about these topologies:

1. A layer can have an arbitrary number of nodes, i.e., the number of nodes in each
layer can be different. A prior study is essential in determining the number of
layers on the neural network as well as the number of nodes to be employed in
each layer.

2. Usually, the network connections are such that nodes from each layer is
connected to every node in the subsequent layer. All the topologies shown in
Fig. 2.12 correspond to a feed forward neural network. As the name indicates,
the inputs enter the neural network through the first layer on the left and
propagate from one layer through the next in one direction (right). The output
of the last layer represents the output of the neural network. There are other
possible interconnections, but they are out of the current scope. The readers
can refer to dedicated works on neural networks that describe the other network
implementations in greater depth [24,27].

To determine a neural network topology that is capable of predicting, say for
instance, the Soret coefficient, thermodiffusion coefficient or even the mixture
properties such as density and viscosity, the the first step is to finalize the number of



2.4 Method 3: Neurocomputing Models to Study Thermodiffusion 47
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layers in a network. To this end, a three layer network can be employed since it is
sufficient to solve most engineering problems. Next, the number of nodes in these
layers is determined through the analysis of the neural network. More precisely, the
number of nodes are progressively increased until the performance of the neural
network stabilizes, i.e., for a given set of input data, the network predictions are
compared with the experimental data. The mean square error of all the data are
studied by plotting them in a graph as shown in Fig. 2.13. In this example figure, it is
evident that increasing the number of nodes beyond 5 does not produce a noticeable
improvement in the performance of the neural network. Hence, using five nodes in
this layer would suffice.

An appropriate topology is important since the number of network layers and the
number of nodes in each layer determine the ability of the network to capture the
important thermodiffusion trends in the mixtures. It must be noted that a network
with many nodes can result in an over-fitting of the data. On the other hand a network
with too few nodes may not be able to predict the thermodiffusion trends accurately.
This is illustrated in Fig. 2.14 where the data (with some errors) more or less obey
a linear trend. However, with excessive nodes, the error in the data is also modeled
by the neural network and it predicts a polynomial behavior of the data.

As mentioned earlier, the input parameters are fed to the neural network through
the nodes at the extreme left of the network. Each node processes this information,
produces an output, and transfers it to every node in the subsequent layer. In this
way, information propagates through the network and the outputs (corresponding to
the modeled parameters) are obtained from the last layer of nodes in the network.
Mathematically, the output, u, of the ith node in the kth layer of the network is [27]

i Jji

J
=1
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where w are weight coefficients that scale the inputs to a node and J is the number
of nodes in the layer (k— 1). b is called the bias term that is included in the above
expression to account for the following:

1. Parameters that have been missed in the input parameter set which impact the
process and thereby the output variables.

2. Other unknown parameters that might be contributing to the physics of the
problem.

In (2.135), f is a transformation function that modulates the sum of the bias and
weighted inputs. While different types of transformation functions can be employed,
two popular functions are

1—e 2
f(§) =tanh({) = T3 20 (2.136a)
1
(&) = Tt (2.136b)

2.4.3.2 Database Generation

In this step, experimental data of the quantities of interest, viz., Soret coeffi-
cient, thermodiffusion coefficient, thermodiffusion factor, mixture density, mixture
viscosity, etc. are collected for various input parameter combinations. In typical
thermodiffusion studies, the input parameter set would include the mole fraction
of the participating components and pure component properties like the molecular
weight, density, and viscosity.

Following the compilation of the database, before using it with an artificial neural
network, standardization and normalization of the database are common practice.
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These are necessary and are usually done to shield the neural network from the
influence of the absolute value of a particular parameter. Standardization is done by
adjusting the input parameters of the database such that each parameter set in the
database has a mean of zero and a standard deviation of one. This can be done via
the following equation

(p;,: —Di )

Di: = G (2.137)
where p; . are the values of the ith standardized input parameter, and p; and o; are
the mean and standard deviations, respectively, of the ith input parameter. p;. are
the actual values of the parameters in the respective experiments. '

Following this, the range of each parameter is normalized such that p; €
{—=1,41}. This can be achieved by applying the following transformation to the
standardized database.

min

Pi:—Pi;
o= e T 2.138)
([7 i —Di )
where p™in and pMaX represent the minimum and maximum values, respectively,

i
of the ith parameter in the standardized database.

2.4.3.3 Neural Network Training

As the input data propagates through each node, it gets transformed via a set of
bias and weights values. The agreement between the output values predicted by
the neural network and the experimental data (called the target values) is directly
governed by the accuracy of the set of weights and bias values. To obtain the optimal
combination of the bias and weights values that result in a good network, a search
algorithm is applied. This process is called network training or simply training
which will culminate in a network that is capable of predicting the target data with
the least error.

For training a neural network, the standardized and normalized database is
randomly shuffled and split into two parts. Usually, 60—80% of the randomly
shuffled database is employed for training and is called the training data. The
remaining 40-20% of the unused database is saved to evaluate the trained neural
network and is called the validation data. These data are not seen by the NN while
it is being trained.

For the optimal weight determination problem in hand, one could resort to
gradient-based search algorithms or heuristic search methods. The former includes
Newton’s method, Conjugate gradient method, Levenberg—Marquardt backpropaga-
tion (LMBP) algorithm, etc. On the other hand, Genetic algorithm-based searches
come in the category of heuristic methods.

A gradient-based training algorithm that is well established in the literature is the
LMBP algorithm [27] that minimizes a mean square error function over a multidi-
mensional parameter space. This algorithm begins with a network initialization in
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which a random set of values for weights and bias are chosen as an initial guess.
One could also employ a more systematic initialization method such as the Nguyen
and Widrow’s algorithm [42]. Following the initialization of the network weights
and bias values, the algorithm performs the following steps iteratively:

Step 1: Evaluate the response of the network for the training data set and compare
it with the desired experimental data.

Step 2: If the convergence criterion is not reached, update the network weights and
bias values, and go to Step 1.

To update the weights, the LMBP algorithm uses an enhanced version of the
Newton’s method that is derived as follows: In the kth iteration of the algorithm, a
Newton’s update for a node that receives N input parameters and that are scaled by
a weight vector w € RV> 1 can be written as

w(k+1)=w(k) —H; 'g, (2.139)
where the Hessian, Hy, is a real valued matrix, i.e., Hy € R¥*Y and g, € RV*! is
the gradient of mean square error, E. The subscript, k, in H; and g; indicates that

these quantities are evaluated at w = w(k). In other words,

= V2E |w_wik)» (2.140)
g=VE |w:w(k)

In the above equations, E is a measure of the error and is expressed as

J
th, Ya.i)s (2.141)

lml -
u M“‘*

1 ¢
E=gg 2lta-

where { is the total number of training vectors that are applied in each iteration. The
target vector, t, has J outputs and the vector y consists of the corresponding output
values predicted by the network.
In the expression of the Hessian, the V2E term can be written in terms of the
Jacobian, J as
VZE=)T)+ . (2.142)

J, in the above equation, has the elements
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Table 2.2 The key steps of the Levenberg—Marquardt backpropagation
algorithm [27], reproduced from [52]

Step 1: Initialize network weights and biases.
while w # w*
for j=1,2,---,P
Step 2: Calculate the network output for a particular data vector.
Step 3: Calculate the jth row of the Jacobian matrix in (2.143).
end for loop
Step 4: Update network weights using (2.149) and check if w = w*.
end while loop

Also, @ in (2.142) is
P
P = Zeivzei7 (2.144)

i=1

where ¢; = (t; — yi)/ \/E and P = {J. Close to the convergence criterion, w
approaches the optimal value of w*, ¢; — 0 and @ — 0. In other words, we can
approximate the Hessian as

H~]"J. (2.145)
Further, the gradient can be written in terms of the Jacobian as
_ 4T
g=1J%e, (2.146)
and we can rewrite (2.139) as
—1
wk+1) =w(k) - [JiJi]  Jier (2.147)

Now, it must be noted that in the above equation, the inversion of the Hessian can be
an ill-conditioned problem. To overcome this drawback one can introduce a small
perturbation to the Hessian and write it as

H~JTJ+El (2.148)

where I € RVV is an identity matrix and & is a small scalar called the learning
parameter. Introducing this approximation of Hessian in (2.147), we obtain the
Levenberg—Marquardt update as

wik+1)=w(k) — [JFT+Ed] ' Ie. (2.149)

Theoretically, convergence must be obtained after a large number of iterations. More
precisely, as k — oo, &, — 0 and w — w*. In other words, w converges to the most
appropriate weight matrix w* that enables the network to predict the target values
with minimal error. The key steps of the LMBP algorithm are outlined in Table 2.2.
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2.4.3.4 Termination Criterion of the Algorithm

Keeping in mind the numerics of the implementation of the algorithm, the optimal
weight determination procedure described above is coupled with a set of termination
criterion that are checked at each iteration of the training process. These criteria are
as follows:

1. The training is terminated if the mean square error is less than tolyse. The
choice of this tolerance value is decided after some numerical experimentation.
This is because a very small error tolerance can result in an over-fitting of the
experimental data, and with a large value of tol. there is a risk of developing a
neural network model with poor prediction capabilities.

2. During the course of network training, the updated network in each iteration is
tested with respect to a small data set. These test data are a subset of the training
data and are not taken from the validation data set. Now, in evaluating these test
data, if the network performance does not improve for tol; successive iterations,
then it is assumed that the network training is complete and the training process
is terminated.

3. Since the LMBP algorithm is a gradient-based search algorithm, the zero gradient
point corresponds to an optimal value. However, an absolute zero gradient is
perhaps too stringent a condition to implement. Hence, the training is usually
stopped when the gradient in (2.146) is sufficiently small. In other words, the
training is terminated if the gradient is less than tolgp,g.

4. Trrespective of the above conditions for ending the optimization process, the
algorithm is terminated if the number of iteration reaches a specified upper limit,
i.e., P > Pnax. While the previous three termination criteria indicate some sort
of convergence to an optimum, this criterion indicates a poor convergence and
must be generally avoided. For this, a large value of Pyax must be specified. In
the thermodiffusion studies, it has been found that the use of P ~ 0(105 ) is
sufficient to ensure that the optimization process terminates in one of the first
three conditions, i.e., an optimal set of weights is found.

2.4.3.5 Neural Network Validation

This is the final step in which the generated neural network is tested with some
experimental data to ensure that the neural network is well trained. For this step,
the part of the database that was not used for the training is generally employed.
It is important to ensure that this validation data set is sufficiently diverse. This is
to verify the prediction abilities of the neural network for the entire range of the
parameters in the input data for which the neural network has been trained.

In addition to the testing of the neural network with respect to the experimental
data values, it is also essential to conduct studies on its abilities to predict the
important trends. For instance, it should be able to predict the effect of the relative
molecular weights in a binary n-alkane mixture, for instance, where we know that
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the thermodiffusion process is more pronounced if the relative molecular weights
are very large. Also, in some mixtures, a change in the direction of separation has
been observed experimentally. A good neural network should be able to predict
this direction switch. The application of neural network approach, discussed in this
section, to binary liquid mixtures is taken up in detail in Chap. 6. There the ability
of the neural network to predict these trends is considered more elaborately.
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