Chapter 2
MotionCast: General Connectivity
in Clustered Wireless Networks

Abstract We propose a novel concept of (k, m)-connectivity in mobile clustered
wireless networks, in which there are n mobile cluster members and n¢ static cluster
heads. (k, m)-connectivity signifies that in each time period consisting of m time
slots, there exist at least k time slots, during any one of which every cluster mem-
ber can directly communicate with at least one cluster head. We investigate the
critical transmission range of asymptotic (k, m)-connectivity when cluster mem-
bers move according to random walk or i.i.d. mobility model. Under random walk
model, we propose two general heterogeneous velocity models which characterize
an inherent property of many applied wireless networks that cluster members move
with different velocities. We define weak and strong parameters conditions under
both mobility models and analyze the probability that the network is asymptotically
(k, m)-connected, denoted as P(%). For both mobilities, under weak parameters
condition, we provide bounds on P(%) and derive the critical transmission range
for (k, m)-connectivity. For random walk mobility and i.i.d. mobility, under strong
parameters condition, we present a precise asymptotic probability distribution of
P(%) in terms of the transmission radius. Our results provide fundamental insights
and theoretical guidelines on design of large-scale wireless networks.

Keywords General connectivity -+ Critical transmission range < Mobility -
Heterogeneous velocities * Precise probability distribution

2.1 System Model

2.1.1 Network Topology

Assume n cluster members and n? cluster heads are both initially independently
and uniformly placed in a unit square ., where n is a positive integer and d is a
positive constant. All cluster members have the same uniform transmission radius
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denoted as r(n), where r(n) is a function of n. Each cluster member is capable of
communicating with a node (a cluster member or a cluster head) within r(n). In some
places of this chapter, we use r to stand for r(n) for simplicity. The unit square .7 is
assumed to be a torus.

2.1.2 Mobility Models

In both random walk and i.i.d. mobility models, all cluster heads remain static after
the initial deployment. Each time slot has the same length 7, and each time period
consists of m time slots, where 7" and m are both positive constants.

2.1.2.1 Random Walk Mobility Model

At the beginning of each time period, each cluster member chooses a velocity. The
selection of velocity by each cluster member is characterized by velocity models
illustrated later. In the meantime, each cluster member independently and uniformly
selects a random direction in [0, 277) and moves along this direction with its velocity
during the time slot. As the unit square is assumed as a torus, cluster members do not
bounce off the border. Note that in all the m time slots of a given time period, each
cluster member only changes its direction and does not change its velocity. However,
in different time periods, a cluster member can move with different velocities. Also,
in a time slot, different cluster members may move with different velocities.

In our model, there are u groups of cluster members in the network denoted as
G1, G, ..., Gy, where u is a positive constant integer. For each y = 1,2,..., u,
group Gy, consists of My, cluster members. We have M, ~ c¢,n® and Z\_ 1 =n,
where ay, ¢, are both positive constants and oy, < l. At the beginning of each
time period, each cluster member in group Gy independently selects a velocity v,

according to a distribution fv )(v) and then moves with v, in all the m time slots of

this time period, where f, o (v) are different for different group Gy. We present two
heterogeneous velocity models as follows.

e VELOCITY MODEL WITH CONSTANT NUMBER OF VALUES (SIMPLE
V- MODEL)—foreachy = 1,2, ..., u fv (v) is a single value distribution. Specif-

)

ically, a random variable v, f0110w1ng the distribution £, (v) is equal to v with

probability 1, where v is a positive function of  and y.
e VELOCITY MODEL WITH CONSTANT NUMBER OF INTERVALS (GENERAL
V-MoODEL)—foreach y = 1,2, ..., u, fV (v) is a continuous uniform distrib-

utionin Ay =W, vf,y )], where V(Y) and va are positive functions of n and y, and

v < vff) A simple illustration is given in Fig.2.1.

Under both velocity models, we further define that v, = min{%) ly=1,2,...,u}
and assume '
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$ : cluster head

o: cluster member
(a,b,c,d,e)

Three groups of
cluster members:

G, ={a,b};

Gz = {C,d};

G, ={e}.
Velocity distributions:

A, =[1,3];

A, =[2,6];

A, =[4,5].

Fig. 2.1 Illustration of random walk mobility with velocity model with constant number of intervals
in a simple network consisting of 5 cluster members and 3 cluster heads. A time period has 4 time
slots here

&= Ve fory =yi,y2, ..., ¥z

(&)
VaT > v,, for other y.
where y1,y2, ...y, € {1,2, ..., u}.
Under random walk mobility model, we define weak and strong parameters con-
ditions as follows.

e WEAK PARAMETERS CONDITION—all velocities in the network are of the same
order w(,/k;#) and less than 1/T7.

e STRONG PARAMETERS CONDITION—all velocities in the network are of the same
order w(,/ k;%,") and o(n™1); we require d > 2.

The condition that all velocities are w( l(;gd") ensures that the distance that a

cluster member travels in a time slot is greater than its critical transmission range in
the order sense while the condition that all velocities are less than 1/7 constraints
the above distance to be less than 1, the side length of the unit square.

2.1.2.2 i.i.d. Mobility Model

At the beginning of each time slot, each cluster member independently and uniformly
chooses a point as its new position in the unit square .’ and remains static at the
new position during the rest of the time slot. Note that the position of each cluster
member in each time slot is uniformly distributed in the unit square. The position of
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each cluster member in a future time slot is independent with its position in a past
time slot.

Similar to random walk mobility model, under i.i.d. mobility, we also define weak
and strong parameters conditions as follows.

e WEAK PARAMETERS CONDITION—d > ﬁ
e STRONG PARAMETERS CONDITION—d > 2.

2.1.3 Definition of (K, M)-Connectivity

Let X1, X2, ..., X, denote the n cluster members in the network. X; can directly
communicate with a cluster head if and only if the distance between X; and a cluster
head is no greater than X;’s transmission range r. For i = 1,2, ..., n, We say the
cluster member X; is (k, m)-connected if in any given time period consisting of m
time slots, there exist at least k time slots for X; and in any one of these k time slots,
X; can directly communicate with at least one cluster head, where k and m are both
positive constant integers and we have k < m. Otherwise, X; is not (k, m)-connected
and we use E; to denote this event. Then! P(E;) is the disconnected probability of
cluster member X;. If the probability that n cluster members are all (k, m)-connected
goes to 1 as n — oo, we say the network is asymptotic (k, m)-connected and let €
denote this event. For simplicity, we refer asymptotic (k, m)-connectivity as (k, m)-
connectivity.

2.1.4 Definition of Critical Transmission Range
The definition of critical transmission range is quite straightforward and is presented
as follows.

Definition 1 For clustered networks, r, is the critical transmission range if the
following two properties both hold, where c| and ¢ are both constants.

lir_ir_l P(@) <1, if r <ciry, forany0 < c; < 1; (2.1)
n— +00
lim P(%) =1, ifr > cary, forany cy > 1. 2.2)
n—-+00

! For a event E, we use P(E) to denote the probability that E happens, and use E to denote its
complementary event.



2.2 Main Results 39

2.2 Main Results

1. Under random walk mobility model:

(1-a) with either simple or general V-model, in presence of the weak parameters

.. .. .. . _ logn .
condition, the critical transmission range is r = okt T

(1-b) with simple V-model, in presence of the strong parameters condition, if the

lo; .
21EY __ where w is a constant, we have,

transmission range 1S r = m

asn — +o0o,

z m _V(yp
P(%) ~ exp |: — Z (k _ l)cyfe Ve W].

J=1

2. Under i.i.d. mobility model:

(2-a) in presence of the weak parameters condition, the critical transmission

. _ logn .
range is r = /—(m—k+1)nnd ;

(2-b) in presence of the strong parameters condition, if the transmission range is

r= /Lﬂvd, where w is a constant, we have, as n — 400,
(m—k+1)mn
m
P(€) ~exp| — e ™.
(@) P[ (k B 1)

2.3 The Disconnected Probability of a Cluster Member

In this section, we present a general evaluation on P(E;), the disconnected probability
of cluster member X;. This general evaluation holds for both random walk and i.i.d.
mobility models.

Let 7; denote the m time slots in a given time period, where j = 1,2, ..., m. We
define the indicator function

1, if X; can directly communicate with at least
Ijj = one cluster head in time slot 7},
0, otherwise.

Let p;; and g;; be P(I;; = 0) and P(I;; = 1), respectively. The covered transmission
area of cluster member X; at a time instant is a circle centered at X; with radius r.
We use §j; to denote the area covered by cluster member X; within time slot 7;. Note
that S;; and §; j 11 may have overlapped areas, which will be discussed in the proof



40 2 MotionCast: General Connectivity in Clustered Wireless Networks

Fig. 2.2 The two red solid points represent positions of cluster member X; at the beginning of and
at the end of a time slot. The arrowed line between them is the moving track of X; and the arrow
on the line indicates the moving direction. X; moves with velocity v; in this time slot. The dotted
area S; is the area covered by X; within this time slot. Clearly, S; = 7t +2mT

of Lemma 14 in detail. Clearly, p;; is the probability that none of the n? cluster heads
is in S;. Thus, py = (1 — S, gj = 1 — (1 — S)™.

Under random walk mobility with simple or general V-model, if X; moves with
velocity v; in all time slots of a time period, S;; = nrt 4+ 2rv;T for 1 <j < m. An
illustration is given in Fig. 2.2. Under random walk mobility, when X;’s velocity is v;,
for clarity, we use P(E, v;) instead of P(E;) to denote the disconnected probability
of cluster member X;. Under i.i.d. mobility, S;; = Trl. Thus, under both mobility
models, for each particular cluster member X;, S;; are equal for 1 < j < m. Therefore,
for simplicity, we use S;, p; and g; to denote Sj;, p;j and g, respectively. Then we
have p; = (1 = S)™, gi =1 — (1 — S)"’.

Now we present three lemmas used to evaluate P(E;).

Lemma 13 For any positive number H and any number h with 1 < h < H, if

P(Illll =0, Ilz]z =0,. lh/h - 0)
P(Illjl - O)P(Ilzlz - O) (th/;, = O)’

then we have

Uiy = Biji> Linjo = Bisjos - - -+ iy, = Biyjn)
P(Illjl ,Blljl)P(Iizjz = /312]2) ( injn — ﬂihjh):

where lBiLil s ,3,'2/'2, ey IBih/h (S {0, 1}.

Proof. The basic idea is that A-wise independence for the values 0 easily and induc-
tively implies s-wise independence for values 0,1. Due to space limitation, we omit
the details.

Lemma 14 Under i.i.d. mobility model with

/ logn clogn
< [t = E— —_—
r C n—k 1)7‘[1’1‘1 or under random walk mObllllV model with r < 2m—k l)v,Tnd
where c is aposmve constant, we have, asn— +090,

(1) under weak parameters condition,

(1_a) P(Iljl = ﬂlj]a Iljz = ﬂijzv .. ljh ﬂljh)
~ P(lij; = Bij)Pij, = Bijy) - 'P(Iijh = Bijy)
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where 1l <i<n, 1< h=<m,1=<j <jo<---<jp<m,and Bj, Bij» - - -, Bij, €
{0, 1}.

(1-b) P(Iiy1 = Biy1, iz = Biy2, -+ - Liyn = Birhs
Iiy1 = Bir1s lia = Biy2s - -+ s Iiyh = Biok)

~ P(liy1 = Biy)Piy2 = Biy2) - - - P(Liyn = Biyn)
P(liy1 = Bi,1))Pi2 = Biy2) - - - PUixh = Birn),

where 1 <iy < ip <n,1 <h <m,and Bi 1, B2, -- -, Birh» Bir1> B2 - -+ Bioh €
{0, 1}.

(1-c)P(Ei;, Eiy) ~ P(E;))P(Ej,), 1 < i) <ip <n.

(1-d) > P(E) — (ZP(E-))2 <P@) <> PE).
i=1 i=1 i=1

(1-¢) P(@) = Y P(E) / (1 + zzma)).
i=1 i=1

(2) under strong parameters condition,
n
P6) ~ [ PE.
i=1
Proof. Refer to appendix.

Lemma 15 x and y are both positive functions of n. If x, xzy — Qasn — +o0o,
then (1 — x)Y ~ e™9.

Proof. Proof is provided in [42].

Then, we have the following proposition.
Proposition 1 Given that §;, Sl.znd , e‘si”d — 0 as n — 400, then under both
mobility models, in presence of the weak parameters condition, we have

P(E) ~ (k'f 1)6““”"(’"—”“.

Proof. If cluster member X; is not (k, m)-connected in a time period, this means that
the number of time slots that X; can directly communicate with at least one cluster
head canbe 0, 1, 2, ..., k — 1. Therefore,
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k—1 m
P(E) = ZP( >y = x) 2.3)
x=0 j=1
k-1
=>. D, PUa=pulo="Pa . Lin=Bin)
x=037L, By=x

In P(E;), the number of items P(I;1 = Bi1, Iin = Bia, - -+ » Lim = Bim) 18 Zﬁ;(l) M <
2™ = ©(1). According to property (1-a) of Lemma 14, we obtain

k—1

m _
P(E;) ~ Z( )p/" gi. 24)
x=0 *
Since S;, $?n? — 0asn — oo, from Lemma 15, p; = (1 —5)" ~eSin? 0
as n — +o00. Therefore, g; — 1 as n — +o00. Applying p; ~ e=Sn" and qi —> 1
into (2.4), we acquire
PE)~ (" ot g L (2.5)
k—1
Using p; ~ e=Sm" and gi — 1 again in (2.5), the result follows.

Remark 1 This proposition shows that if S;, Sl.znd and =5 all goto0asn —
400, the dominant part of P(E;), which is the disconnected probability of cluster
member X, is that in a time period consisting of m time slots, there exist exactly k — 1
time slots for X; and in any one of these k — 1 time slots X; can directly communicate
with at least one cluster head while in the other m — k + 1 time slots, X; can not

directly communicate with any cluster head.

2.4 (K, M)-Connectivity Under Random Walk Mobility Model

2.4.1 Disconnected Probability of a Cluster Member Under
Random Walk Mobility Model

Under random walk mobility, we use Proposition 1 given before to evaluate P(E, v;).
Afterwards, under weak parameters condition, we provide bounds on P(%’) and
derive the critical transmission range. Under strong parameters condition, we present
precise asymptotic evaluation on P(%).
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Proposition 2 Under random walk mobility, if cluster member X; moves with
velocity v; in all time slots of a time period, under weak parameters condition,

(a)if r = Mf’ﬂ%, where w is a constant, then

m o N
P(E,vi) ~ (k—l)n e WY,

(b)if r = —<18" __ \ohere ¢ is a constant, then

2(m—k+1)v, Tnd’
P(E. v;) S Pt
E) Vi ~ n Ve E)
! k—1

)
where v, = mm{%b} =1,2,...,u}.

_ logn+w :
Proof. (a)Ifr = ok iynd Ve obtain

(logn 4+ w)v;

S; = 2miT +7r> ~ —=—— "1
! ! (m —k + 1)vnd

(2.6)

Considering that all velocities in the network are of the same order and the definition

of v., we have \Y_' = ©@(1). Using this and v, = w( l‘;%,"), we can derive S;, Sl-znd

and e=5" all go to 0 as n — 4-o00. Thus, using (2.6) in Proposition 1, the result
follows.
O Ifr= %’ we acquire
cvilogn
S; = 2miT+nmr? ~ ———2=_ 2.7
! ! (m —k + 1vnd @.7)
Using :—i = ©O(1) and v, = w( k;gd"), we can derive S;, S?n, =Sl 50 as

n — +o0. Therefore, using (2.7) in Proposition 1, the result follows.

2.4.2 The Critical Transmission Range Under Random Walk
Mobility Model with Simple V-Model

We have a theorem on the critical transmission range.

Theorem 11 Under random walk mobility model with simple V-model, in presence
of the weak parameters condition, for (k, m)-connectivity in clustered wireless net-
works, the critical transmission range is

_ logn
T 2(m—k+ Vv, Tnd’

T
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. ™
where v, = m1n{a—y|y =1,2,...,u}.
To derive the critical transmission range, from its definition, we prove the neces-
sary and sufficient conditions, respectively.

2.4.2.1 Necessary Condition of Theorem 11

Proposition 3 Under random walk mobility with simple V-model, if r(n) =

log n+w

ok DTl where w is a constant, defining @ as
- *

o)

z

m _v, w

= Z(k— l)cyje o
Jj=1

then we have, as n — 400,

(a) in presence of the weak parameters condition,
@ — @ < P(¢C) < &;
(b) in presence of the strong parameters condition,
P(@) ~ e 2.

Proof. By Proposition 2 (a), we obtain that

e W

, m
M,P(E, v0'>)~cy(k l)na" e

Due to % =oayfory =y1,y2,...,y; and % > ay for other y, then we obtain
MyP(E,v")) = 0(1) for 1 <y <u,and asn — +0o0,

> P(E) =D MPE W)~ .

i=1 y=1

Using the above result in Lemma 14 (1-d), we acquire property (a).
For 1 <y < u, owing to MyP(E, vy = O(1), then P(E, v®) and P2(E(y))My
both go to 0 as n — +o00. Thus, according to Lemma 15,

)My

(1= P(E, V)™ ~exp (— MyP(E, vY)). (2.8)

Under strong parameters condition, from Lemma 14 (2), P(%) ~ H’;zl (1 - P
(E,v0))™  Then
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u
P(%) ~ exp ( ~ > M,PE, v@)) ~e?.
y:l

Hence, we have also proved property (b).

2.4.2.2 Sufficient Condition of Theorem 11

Proposition 4 Under random walk mobility model with simple V-model, if r(n) =

%, where ¢ is a constant and ¢ > 1, then in presence of the weak para-

meters condition, we have
P(€) — 1, asn — +oo.

Proof. From Proposition 2 (b), we have

o)
MyP(E,v?) ~ ¢, Ck=1p® =,

Due to ¢ > 1, % =ay fory =y1,y2,...,y; and %) > oy, for other y, we get as
n — +oo, for 1 <y <u, MyP(E,v")) — 0. Thus

n u
> PE) =D MPE V) - 0, asn — +oo. (2.9)
i=1 y=1

Using (2.9) in Lemma 14 (1-d), the result follows.

2.4.3 The Critical Transmission Range Under Random Walk
Mobility Model with General V-Model

We have a theorem on the critical transmission range.

Theorem 12 Under random walk mobility model with general V-model, in pres-
ence of the weak parameters condition, for (k, m)-connectivity in clustered wireless
networks, the critical transmission range is

_ logn
T 2m—k+ Dv,Tnd’

I

. (O
where v, = m1n{Va—V|y = 1,2,...,u}.
'y
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2.4.3.1 Necessary Condition of Theorem 12

Proposition 5 Under random walk mobility model with general V-model, if r(n) =
—cloen __\pore ¢ is a constant and 0 < ¢ < 1, then in presence of the weak
2(m—k+1)v Tnd’ ’

parameters condition,

P(®) <1/2,asn — +o0.

Proof. We define vﬁy ) = vO) (1 4+ L) For each cluster member in Gy, we denote

the probability that its velocity lies in [V, v, )] as p,. Then considering v and v
are of the same order, we acquire

TISLY0) »» o ( 1 )
p* = = = .
v v 0 — v logn logn

We assume the number of cluster members in G, with velocities in O, vy )] is
Ny. Then we can obtain for any number A with 1 <A < M,,

A

PNy <A) =) (Aj.y)z/;a —p) ™.
j=0

From Hoeffding’s inequality[43], when A < M, p,,

a2

M,

Let A = Myp,/2. Due to p, = O ( we get

log n)

M . ay 1,2
P(NygyTp) < exp(—cynzp*) — 0.

Therefore, N, > ‘p = almost surely.
From Proposmon 2 (b), we have

m _wi
P(E,v;) ~ (k )n Ve, (2.10)
Hence, P(E, v;) is monotonically decreasing for v;. Then we can further obtain

> PE) = PE ) Mp, /2. @.11)
i€Gy



24 (K, M)-Connectivity Under Random Walk Mobility Model 47

Considering that all velocities in the network are of the same order, we acquire that

) )
22 = 0(1). From &2 = 0(1), W =vO (1 + L) and (2.10),
PE VW) i) W )
T — e = e, (2.12)
P(E, v(y))
Since % =a,(y =y1,¥2,...,¥7), we have o, — Cviy) > 0for0 < ¢ < 1. Note

that p, = @(@),wehavefory =Y1,¥2, ..., V7, a8 1 — +00,

oW o
Ve C}' nwy Dx

&) mn
P(E,v?")Myp, ~ k1 n

m oy — o®
~ C}’ k . 1 n Vi p*

— +00. (2.13)

Combining (2.12) and (2.13), fory = y1, y2, ..., ¥z,
P(E VY )M,p, — +00,as n — +oo. (2.14)

Applying (2.14)in (2.11),fory = y1, y2, ..., y;, we obtain that Zier P(E;) —» 4+
as n — +oo. Thus, ’

n u
ZP(Ei) = Z Z P(E;) — +00, as n — +00. (2.15)
i=1 y=11ieG,

Using (2.15) in Lemma 14 (1-e), the result follows.

2.4.3.2 Sufficient Condition of Theorem 12

Proposition 6 Under random walk mobility model with general V-model, if r(n) =
log n+w
2(m—k+1)v,Tnd”’

dition,

where w is a constant, then in presence of the weak parameters con-
P(€) — 1, asn — +oo.

Proof. We define v&y ) = y» ( 1+ ﬁ) For each cluster member in Gy, we denote

the probability that its velocity lies in [V(Y), viy )] as py. Similar to the proof of neces-
1
Jlogn J°
We also assume the number of cluster members in G, with velocities in v, viy )]
is Ny. For any number A with 1 <A < M,,

sary condition, we acquire p, = @(
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My—A
S M\ ,—j .
PNy =A) = > (J}),;ﬁ A= pa).
j=0

Following Hoeffding’s inequality [43] and several similar steps, we can obtain that
Ny < 2M,p, almost surely.
From Proposition 2 (a), we have

P(E, v;) ~ (k'f l)n_:;e_ww. (2.16)

Hence, P(E, v;) is monotonically decreasing for v;. Then, we can further obtain

> P(E) < P(EVO)Ny + P(E ) (M, — Ny)

ieGy
< 2P(E, v)M,p, + P(E, v )M, (2.17)
From o — O, v =vO (1 + — L) and (2.16)
o T Jlogn ol
) Wm0
PEVYPE V) ~n~ e Y
»»)
~ ¢ vl BT (2.18)
From (2.16), we have
m O]
P(E, v0’>)My~cy(k l)n“r e, (2.19)
Due to % = ay fory = y1,y2,...,y; and % > oy for other y, we obtain

P(E, v(y))My = O(1) for 1 <y < u. Using this and (2.18), we obtain for 1 <
y=u,

P(E, v )M, — 0, as n — +oc. (2.20)
From P(E,v0))M, = O(1) and p, = @(wfm)’
P(E,v))Myp, — 0, as n — +o0. (2.21)

Applying (2.20) and (2.21) into (2.17), then we acquire for 1 < y < u,
2icc, P(E)) — Oasn — +oo0. Thus,
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D P(E) =D D P(E)—> 0, asn — +oo. (2.22)
i=1

y=1i€G,

Using (2.22) in (1-d) of Lemma 14, the result follows.

2.4.4 The Critical Transmission Range Under Random
Walk Mobility Model with Homogeneous Velocity
Model

By the term of homogeneous velocity model, we mean all cluster members have a
same velocity at any time and in addition, any cluster member doesn’t change its
velocity in all the m time slots of any particular time period. Therefore, there is only
one value of velocity in the network and we denote it as v.

Under random walk mobility model, we can regard homogeneous velocity model
as a special case u = 1 of velocity model with constant number of values. Conse-
quently, now the values of the parameters defined in velocity model with constant
number of values are as follows: M| = n,c; = 1,1 = 1,z=1,y1 = 1, v, = v.
Hence, we obtain

.. .. . o logn .
1. the critical transmission range is r = 5——=-+—3 ks T
. log n+w .
2. if r = —=————, where w is a constant, we have, as n — 400,

2(m—k+1)vTnd”’
(2-a) in presence of the weak parameters condition,
2 _
(e =[] = P@) = (e
(2-b) in presence of the strong parameters condition,
P(€) — exp [—(k’:’])e’w] :

. -1 .
3. ifr = L"W where ¢ is a constant and ¢ > 1, under weak parameters
2(m—k+1)vTn

condition, as n — 4090,
P(&) — 1.

2.5 (K, M)-Connectivity Under i.i.d. Mobility Model

Theorem 13 Under i.i.d. mobility model with weak parameters condition, for
(k, m)-connectivity in clustered wireless networks, the critical transmission range is

. logn
() =\ ok D



50 2 MotionCast: General Connectivity in Clustered Wireless Networks

2.5.1 Necessary Condition of Theorem 13

Proposition 7 Under i.i.d. mobility model, if r = /%, where w is a
constant, as n — 400,

(a) under weak parameters condition,

2 —
(e = [(kﬂ)e_w] < P(@) = ([2)e
(b) under strong parameters condition,

P(¢) — exp [—(k’fl)e_w]

Proof. We have that
5 logn +w

Si=mrt= —8nTW
T T =kt Dnd

Then we can derive S;, Sl.znd, e*Si"d — 0 asn — 4o00. P(E;) are equal for i =

1,2,...,n,soweuse P(E) to denote P(E;). From Proposition 1, we have

m -1 —w
P(E) ~ (k— 1)n e .

Using this in Lemma 14 (1-d), property (a) follows.
Under strong parameters condition, from Lemma 14 (2), we acquire P(%) ~
[1 — P(E)]". Since P(E), nP*(E) — 0 as n — oo, then from Lemma 15,

m

P(€) ~ e "PE) 5 exp (- (k |

)e_w), asn — +00.

Thus, we have proved property (b).

2.5.2 Sufficient Condition of Theorem 13

Proposition 8 Under i.i.d. mobility model, if

r=c /%, where c is a constant and ¢ > 1, then under weak parameters

condition,
P(€) — 1, asn — +oo.

Proof. P(E;) are equal fori = 1,2,...,n, so we use P(E) to denote P(E;). We
obtain P(E) ~ (k’f])n"‘2 by similar steps in Proposition 7. Using this in property
(1-d) of Lemma 14, the result follows.
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2.6 Discussion

In this section, we discuss our results in some aspects.

2.6.1 Explanation on the Expression of the Critical
Transmission Range

When r is equal to the critical transmission range, for | <i < n,1 <j < m, the

covered transmission area of cluster member X; in time slot 7}, i.e., Sjj, is —2—="—
(m—k+1)ven

(m—ll(z%)nd under i.i.d. mobility model. Note as
shown in Sect. 2.4, under both mobility models, for each particular cluster member
X;, S are equal for 1 < j < m. Therefore, for simplicity, we use S; to denote
S;j. Below we explain the common part in the expression of S; under both mobility
models. Since the density of cluster head is n9, an item n¢ exists in the denominator
of S;. The logn in the nominator of S; is due to the randomness caused by the
distribution of the n¢ cluster heads in the unit square. From Proposition 1, we have
P(E;) ~ (k’_" l)e_Si”d('"_kH), the intuition of which has already been discussed in
Remark 3 and is now explained again for clarity. The above result shows that the
dominant part of P(E;), which is the disconnected probability of cluster member X,
is that in a period consisting of m time slots, there exist exactly k — 1 time slots for X;
and in any one of these k — 1 time slots X; can directly communicate with at least one
cluster head while in the other m — k + 1 time slots, X; can not directly communicate
with any cluster head. Therefore, after derivation, there is an item (m — k + 1) in the
denominator of the critical transmission range.

Note that we have S; = @(l(;#) under both mobility models. Owing to S; =

7r2+2rv;T ~ 2rv;T under random walk mobility and S; = 7 r2underi.i.d. mobility,

therefore, if all velocities are constants, the critical transmission range is © ( (:1%,")

under random walk mobility and is

under random walk mobility and is @( ljlgd") under i.i.d. mobility.

2.6.2 Random Walk Mobility Model with Different
Velocity Models

Under random walk mobility with general V-model, only the lower boundary v of
the interval [v®?, vc(;v )]
va@) has no impact on it, which we call as dominant phenomenon of minimum velocity
ina group. If the item log n in the critical transmission range is replaced with log n+w,
where w is a constant, the probability of (k, m)-connectivity goes to 1 as n — +-o00.

affects the critical transmission range and the upper boundary
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However, under random walk mobility with simple V-model, when the item log
in the critical transmission range is replaced with log n 4- w, the probability that the
network does not have (k, m)-connectivity is bounded away from zero as n — +o0.
The reason of different results for the two velocity models is that for general V-model,
velocities are continuously distributed in intervals. The intuition is that in this case,
most cluster members in the network travel with velocities greater than the lower
boundary of the velocities interval, i.e., v, s0 they are (k, m)-connected when the
item log n in the critical transmission range is replaced with logn 4 w.

Under random walk mobility model, from the expression of the critical transmis-
sion range, the impact on (k, m)-connectivity by groups and velocities in the network

is embodied in the form of v,, where v, is defined as min{% ly=1,2,...,u}. For

3
o . .
each y, we call % as the velocity-number index of cluster member group G,. Then

we know that only groups with minimum values of velocity-number indexes exert
impact on the critical transmission range. The effect of group G, on the (k, m)-
connectivity of the network is decided by both a,, and v The factor ay corresponds
to the number of nodes My in the group, where M, ~ c,n®. The constant c, has
no influence on the critical transmission range. The factor v0) is related with the
velocities in group Gy. Smaller « and greater v®) mean less impact of the group
Gy on (k, m)-connectivity of the network. Clearly, if the velocities of groups with
minimum values of velocity-number indexes all increase, then v, increases. If so,
the critical transmission range decreases, so we can reduce the energy and power
for communication. Thus, in some sense, mobility increases (k, m)-connectivity in
clustered wireless networks.

2.7 Conclusion

We investigate (k, m)-connectivity in mobile clustered wireless networks which
means that in a time period consisting of m time slots, there exist at least k time
slots for each cluster member and in each of these k time slots the cluster member
can directly communicate with at least one cluster head. For random walk mobil-
ity model with simple V-model and i.i.d. mobility model, under strong parameters
condition, we present a precise asymptotic distribution of the probability that the
network has (k, m)-connectivity in terms of the transmission radius. For both mobil-
ity models, under weak parameters condition, we provide bounds on the probability
that the network has (k, m)-connectivity and derive the critical transmission range
for (k, m)-connectivity.
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Appendix: Proof of Lemma 14

Proof of property (1-a):
We define 42,1 and £, as follows:

Par = Plijy =0, I, =0, ..., I, = 0)
P = PUjj; = 0P, = 0) - - P(I, = 0)

From Lemma 13, to prove property (1-a), we only have to show &1 ~ Pp.

Under both mobility models, for 1 < j < m, we have P(l;; =0) = (1 — S,')"d, SO
we get P = (1 — Si)”dh.

Recall that §j; is the covered transmission area of cluster member X; in time slot
T;. We use S} to denote the union of the areas that Sj;, , Sij,, ..., Sjj, cover. Note that
Sij1» Sijs - - - » Sij, may have overlapped areas, under random walk mobility model
due to the change of direction and the intersection of the segments of the track, and
under i.i.d. mobility model due to the factor of randomness.

(1°) under random walk mobility with weak parameters condition

From the result in [37], we get S;‘ ~ hS;. Then as S; and S,-ndh both go to 0 as
n — +oo, from Lemma 15,

Py (A=SH" S
P (1 =Spn'h  e=hsin

— 1,asn — +o0.

(2°) under i.i.d. mobility with weak parameters condition

Clearly, property (1-a) holds for 7 = 1. Now we prove property (1-a) for h = 2.
As S is a circle with radius 7, we use Oy, and Ojj, to denote the centers of Sj;; and
Sjj,» respectively. Let § stand for the distance between O, and Oyj,. As given in [37],
it is easy to prove that P(8 > 2r) < 47r?. Then from Lemma 15,

P < (1 - JTF2)ndj'[r2 +(1 - 27”,2);1‘1 g2

Py >0 anz)"d(l —4xr?) ~ e 2mrn’

Thus, &, ~ 27" Dye to Py ~ e=285mt — 6_2’”2”‘1, therefore, we have
P ~ Py for h = 2. Using similar technique, we can also easily show the result
for 3 < h < m. Due to space limitation, we omit the details. Finally, under both
mobility models, we obtain property (1-a).
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Proof of property (1-b):
We define &7, and &%, as follows:

Py =PU;;1 =0,1;2=0,...,L;;, =0,
11 =01, =0,...,1,, =0)
Ppy =Piy1 = 0)P(ljjz =0)---P(lj;, = 0)
X P(liy1 = 0)P(ljo = 0) - - - P(Ij, = 0)

From Lemma 13, to prove property (1-b), we only have to present that &%,1 ~ Ppy.
Note that S;,1, Sij2, .-, Sijns Siy15 Siy2, - - ., Si,, may have overlap areas, under
random walk mobility model due to the change of direction and the intersection
of the segments of the track, and under i.i.d. mobility model due to the factor of
randomness.
Below we will prove that for 1 <ij <ip <ip <n,1 <j1 <h,1<j, <h,we
have
P, =0, 1j, = 0) ~ P(I;;, = 0)P(I;j, = 0) (2.23)

Clearly, setting j; = j» = 1 in (2.23), then property (1-b) holds for 4 = 1. Since
property (1-a) holds and m is a constant, using (2.23), we can also easily prove
property (1-b) for 2 < h < m. Due to space limitation, we omit the details. Now we
focus on proving (2.23).

(1°) under random walk mobility with weak parameters condition
Due to v = w( 1‘;%’,") and r = O(kv’fd" = o k;%,”), we have vIT = £2(r).
As shown in Fig. 2.3, for simplicity, we regard S;,; (x = 1, 2) as the rectangle with

length v; ;. T and width 2r in it, denoted as R; ;.. Let O;,;, be the center of R;,;, and
S, be the area that O;,;, covers when R;;, and R;,;, have overlapped areas. Assume

- . - . — arcsin 2~ — o 2r(iyjy +Vigy ) Tn
Viji = Vipj, and then S;,;; > Si,j,. Let& = arcsin T and 7, = e i1 TVigjp ) I
We can obtain that

S =iy T + 2rcot(p/2)) (viyj, T + 2r cot(p/2)) sin ¢
— 4r%(1 + cos (p)2 coty — 412 cos @sing

The expression of &% in terms of S, is

4 § nd
%lzg[ =277, d

2 )]ndS(pd(p

bl 4r
+ [1 = (2rOij +vip)T =
§

sin ¢

% d
+/0 (1 =2r(vij, + Vi)D" (1 — S(p)dfﬂ}
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Fig. 2.3 Overlap of covered transmission areas S;,;, and S;,j, under random walk mobility model.
For simplicity, we regard S; ;, (x = 1,2) as the rectangle with length v; ; T and width 2r in it,
denoted as R; ;.. O;,), is the center of R;,j, and S, is the area that O;,j, covers when R;,;, and R}, ,
have overlapped areas

Then we evaluate &7, as below.

2 d
D1 = ;(1 —2r(iyj; +viyj))D" ~ P (2.24)
ybl 2 % {lrz nd /g
o2 e Sydg — Sd)
f@b 4 (/g: ¢ ¢ ¢ 0 ¢ ¢
2 3
4 Z vy T / Sydg + 1 (2.25)
T 0

Let 2" and % denote the first and second item in the right hand side (R.H.S.) of
(2.25), respectively. For sufficiently large n,

Sy < 2vij,viaj T sin (2.26)

Below for simplicity, we place (2.26) above operator symbols when (2.26) is used
in the derivation. We acquire

>——/ Syde —> O asn — +o0. 2.27)

Consider the function f (x) = ( 4rintx _ 1) / x. We can show that f (x) is a monoton-
ically increasing function for x > 0. Thus, asn — 400

(2262 (2, 42 4
A < = / (esinrpn — 1)2Vi1jlvizizT2 sin (pd(p
T Je

< 23, Vi T2 f (1 /sin &) — 0. (2.28)
(2.26)
From (2.27) and (2.28), we get 2" — 0, asn — +o00. Also % >0, asn —

+00. Due to space limitation, we omit the details. As 2 and % both go to 0
as n — 400, then RH.S. of (2.25) — 1. Combining this with (2.24), %, ~
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e~ 2V 7oi)T | Finally, as shown below, 22,1 ~ Pp,.

2
P =[]0 = @i, T+ 7)™
k=1
~ o 2 Wi i) T — P, ~ Py

(2°) under i.i.d. mobility with weak parameters condition
The proof is similar to that of (2°) in property (1-a).
Proof of property (1-c/d/e):
Firstly, using properties (1-a) and (1-b), we acquire property (1-c). Due to space

limitation, we omit the details. For simplicity, we define % = >7_, P(E;) and
V=2 <i<j<n P(EiE}). Then from property (1-c),

Vo~ > PEIPE) U

1<i<j<n

Since € = U:?:l E;, we have the following two inequalities. First, from Bon-
ferroni inequality [44], % — V < P(¥) < % (the right part of this inequality
is simply the union bound). In addition, from K. Chung-P. Erd6s inequality [45],
P(€) > % Applying ¥ < %? as n — oo into the above two inequalities,
properties (1-d) and (1-e) directly follow, respectively.

Proof of property (2):

(1°) under i.i.d. mobility with strong parameters condition

For each i, j, the area Sj; is a circle with radius . Let P* be the probability that
any two of the mn circles do not overlap. For any given point X, its distance away
from another point Y no less than 2r means that Y falls outside the area of the circle
centered at X with radius 2r. Thus, for any given point, the probability that all other
u — 1 points are away from it no less than 2r is (1 — (1 — 47 r2)#*=1). Then using

Lemma 15, the union bound, r < ¢,/ loid and u < mn, we have
(m—k+1)mn

P >1—u(l — (1 -4
>1— M{l _ e747rr2u7407‘r2r4u/3}

>1— u[4nr2u +4On2r4u/3] — 1, as n — +oo.

Thus, lim,,, oo P* = 1.

(2°) under random walk mobility with strong parameters condition

Let the center of the rectangle (R;; : 2r x v;;T) in §;; be P;j. Use L;j to denote the
length of the diagonal of R;;. The circle with center P;; and radius L;; covers Sj; for



2.7 Conclusion 57

sufficiently large n. Let P* be the probability that any two of the mn circles don’t
overlap. Using similar method in (1°) above, we obtain P* — 1, as n — +o00.

Finally, under both mobility models, in presence of the strong parameters condi-
tion, P* — 1 means the mn covered transmission areas do not overlap almost surely,
therefore property (2) holds.
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