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1 Introduction

Let .Xt ; Px/ be the standard Brownian motion on a complete Riemannian manifold.
We investigate the asymptotic behavior of the moments of the exit time from a
geodesic ball when the radius tends to zero. This is combined with a “stochastic
Taylor formula” to obtain a new expansion for the mean value of a function on the
boundary of a geodesic ball.

Several authors [3–5] have considered mean value formulas on a Riemannian
manifold, using the exponential mapping and integration over the unit sphere
of the tangent space, at each point. In general the stochastic mean value is not
equal to the exponential mean value. If these coincide, the manifold must be
Einsteinian (constant Ricci curvature). Our expansions are used to answer some
inverse questions in stochastic Riemannian geometry. If the mean exit time from
every small ball is the same as for a flat manifold then the manifold is flat, in case
d D 2 or d D 3. Our method of proof begins with an expansion of the Laplacian in
a system of Riemannian normal coordinates [6]. The successive correction terms in
the expansion of the moments is obtained by a perturbation expansion, the rigorous
validity of which is established by systematic application of the stochastic Taylor
formula.
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We use the summation convention throughout. The notation jxj < 	 ! 0 means
that the indicated asymptotic estimate holds uniformly in the ball of radius 	, when
	 ! 0.

2 Stochastic Taylor Formula

For completeness we include the proof of this formula, which was previously treated
by several authors (Athreya-Kurtz, Airault-Follmer, and Van der Bei). Let .Xt ; Px/
be a diffusion process on a locally compact and separable space V . Let f be a
real-valued function such that

f 2 D.Ak/ k D 1; 2; : : : ; N C 1;

where A is the infinitesimal generator defined by

Af .x/ D lim
t!0

t�1ExŒf .Xt / � f .x/�:

Let T be a stopping time with

Ex.T
NC1/ < 1:

Proposition 2.1. Under the above conditions we have for N � 1

Exf .XT / D f .x/C
N�1X

kD1

.�1/kC1

kŠ
Ex
�
T kAkf .XT /

�
;C.�1/N�1RN�1; (2.1)

where

R D RN�1 D 1

.N � 1/ŠEx
�Z T

0

uN�1ANf .Xu/ du

�
: (2.2)

The empty sum is defined to be zero.

Proof. For N D 1 we have an empty sum and Dynkin’s identity: Exf .XT / D
f .x/CR1. In general for N � 1 we have

Akf .Xt /� Akf .X0/ D
Z t

0

AkC1f .Xu/ du CMt; (2.3)

whereMt is a local martingale. From the stochastic product rule we have

d
�
tkAkf .Xt/

� D tk dMt C �
tkAkC1f .Xt /C ktk�1Akf .Xt /

�
dt: (2.4)

Integrating and taking the expectation, we have

Ex
�
T kAkf .XT /

� D Ex

Z T

0

tkAkC1f .Xt / dt C kEx

Z T

0

tk�1Akf .Xt/dt: (2.5)
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Dividing by kŠ, we have

1

kŠ
Ex
�
T kAkf .XT /

� D RkC1 CRk: (2.6)

Multiplying by .�1/kC1 and summing for k D 1; : : : ; N gives the stated result. ut

2.1 Some Special Cases

The stochastic Taylor formula allows one to pass freely between classical solutions
of equations and moments of various functionals.

Example 2.1a. Let B be the unit ball of Rn centered at the origin and T be the first
exit time from B . If f D 0 on S D @B and solves Af D �1 in B , then we have

0 D Exf .XT / D f .x/C Ex

Z T

0

Af .Xu/ du D f .x/ � Ex.T /:

Thus the mean exit time can be retrieved from the value at the starting point. Explicit
computation gives f .x/ D .1 � jxj2/=2n.

The stochastic Taylor formula can be used to give a probabilistic representation
of the solution of some higher-order elliptic boundary-value problems.

Example 2.1b. Let B be a bounded region of Euclidean space with boundary
hypersurface S D @B . Let u be the solution of the boundary-value problem

ujS D 0; : : : ; AN�1ujS D 0;AN ujB D g: (2.7)

We first note that the left side of Eq. (2.1) is 0� u.x/ whereas all of the terms on the
right are zero, save the last term, which D 1=.N � 1/Š times

Ex

�Z T

0

sN�1ANf .Xs/ ds

�
D Ex

�Z T

0

sN�1g.Xs/ds
�
;

so that we have

u.x/ D 1

.N � 1/Š

�
Ex

Z T

0

sN�1g.Xs// ds

�
;

which is the desired probabilistic representation. In the special case g D 1 we can
perform the integration to obtain

u.x/ D Ex.T
N /

N Š
:
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Stated otherwise, the higher moments of the exit time are obtained by solving a
higher-order boundary-value problem.

One can also make conclusions based on approximate solutions.

Example 2.1c. If f D 0 on S D @B and solves1 Af D �1C 	; then we have

0 D Exf .XT / D f .x/C Ex

Z t

0

Af .Xu/ du D f .x/ �Ex.T /.1˙ 	/I

hence Ex.T / D f .x/ � .1 ˙ 	/: Thus the mean exit time can be retrieved with 	
accuracy from the value at the starting point.

3 Expansion of the Laplacian

Now consider the case of an n-dimensional Riemannian manifold V . Let O 2 V

and consider the exponential mapping

expOVO ! V:

A choice of an orthonormal basis in VO gives rise to normal coordinates
.x1; : : : ; xn/.

Let � be the Laplacian in normal coordinates:

�f D 1p
g
@i
�p
ggij @j f

�
g WD det.gij /: (2.8)

From Eq. (2.8) it follows that � is self-adjoint with respect to the weight function
x ! p

g.
Let 
	 be the dilation operator, defined by

.
	f /.x/ D f
�x
	

	
: (2.9)

Definition. A differential operator A is is said to be homogeneous of degree j if
and only if for every homogeneous polynomialQ of degree k, AQ is homogeneous
of degree k C j .

Proposition 3.1. For every integer N � 0, there exists a finite set of second-order
differential operators�0; : : : ; �N such that�j is homogeneous of degree j and we
have the asymptotic expansion


�1
	 ı� ı 
	f D 	�2��2f C

NX

jD0
	j�jf CO.	NC1/; (2.10)

1This means that supx2B jAf .x/C 1j � 	.
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where

��2f D
nX

iD1
.@i@i /f

for any twice differentiable function f .

Proof. In normal coordinates we have the asymptotic expansion [5]

gij D ıij C aijklx
kxl C terms of order 3 and higher (2.11)

with similar expressions for
p
g; gij . Substitution into Eq. (2.8) and collecting terms

give the formula

�f ���2f D Pij @i@j f CQi@if; (2.12)

where Pij begins with the quadratic terms and Qi begins with linear terms. Now
replace f by 
	f in Eq. (2.12). Clearly 
�1

	 ı.��2/ı
	f D 	�2��2f . On the other
hand when we apply the right side of Eq. (2.12) to 
	f , we obtain an asymptotic
series in 	. The coefficient of 	0 is the quadratic term in Pij plus the linear terms in
Qi . Proceeding to the next stage, the coefficient of 	 consists of the cubic term in
Pij and the quadratic terms in Qjf . Continuing this to higher powers of 	 we can
compute the coefficient operators �0;�1; : : :; hence we have completed the proof
of Proposition 3.1. ut

3.1 Computation of �0

To compute�0f we begin with Cartan’s formula

gij D ıij C 1

3
Rijklx

kxl CO.jxj3/; .x ! 0/; (2.13)

g˛ˇ D ı˛ˇ � 1

3
R˛ˇklx

kxl CO.jxj3/; .x ! 0/: (2.14)

The Christoffel coefficients are computed from Eq. (2.13). We use the covariant
form of the Laplacian:

�f D gij
�
@i@j f � �kij @kf

	
: (2.15)

When we substitute these expansions and collect terms, there results

�f D @i@if C
�

�1
3
Rijklx

kxl CO.jxj3/
�
@i @j f

C
�

�2
3
Rikk0i x

k0

@if CO.jxj2/
�
:
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Hence

�0f D �1
3
Rijklx

kxl@i@j f � 2

3
Rikk0i x

k0

@kf: (2.16)

Of particular interest is the case f D �.r/, where � 2 C2Œ0;1/. This yields

�0.� ı r/ D �1
3
�kl
xkxl

r
�0.r/;

where �kl is the Ricci tensor, defined by �kl D Rikil (sum on i ).

3.2 Computation of �k; k � 1

To compute the higher corrections�1;�2 : : :, we introduce polar coordinates in VO ;
letting x D r� , we have

�k D bk.�/r
1Ck @

@r
C rk Q�k; (2.17)

where Q�k are second-order differential operators in �1; : : : ; �n and bk is a homoge-
neous function of degree zero. By Gauss’ lemma, the terms with @2=@r2 or @2=@r@�i
are not present. To compute bk.�/, we recall the expansion of Gray–Vanhecke [4]
for the determinant of the exponential map of a Riemannian manifold:

! D 1 � 1

6
ˇ2r

2 � 1

12
ˇ3r

3 C 1

24
ˇ4r

4 CO.r5/; .r ! 0/; (2.18)

where

ˇ2 D �ij �i�j ; (2.19)

ˇ3 D ri �jk�i �j �k; (2.20)

ˇ4 D
�
1 � 3

5
r2
ij C 1

3
�ij �kl � 2

15
RiajkRkalb

�
�i�j �k�l : (2.21)

Performing the long division we have

!0

!
D b0r C b1r

2 C b2r
3 CO.r4/;

b0 D �1
3
�i�j �i �j ;

b1 D �1
4
�j �k@i@i@j �j �k;

b2 D �1
9

r2
ij �kl � 1

45
RiajbRkalb�i �j �k�l :
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4 Estimate of the Moments Ex.T k
r /; r ! 0

Let V be an N -dimensional complete Riemannian manifold and .Xt ; Px/ be the
Brownian motion process on V; a diffusion process with infinitesimal generator �.
The exit time from a ball of radius R centered at O 2 V is defined by

TR WD infft W t > 0; d.Xt;O/ D Rg: (2.22)

We emphasize that the computations are made as a function of the unspecified
starting point p D X0 where we set p D O at the end. We will prove the following.

Proposition 4.1. For each k � 1;EO.T
k
R/ 	 cnkR

2k; R ! 0, where cnk are
positive constants. In case V D Rn we have for each k � 1;EO.T

k
R/ D cnkR

2k for
all R > 0.

Proof. Let B D fy W d.y;O/ � Rg and let f k
0 .r/ be the solution of

��2f k
0 D �f k�1

0 ; f k
0 j@B D 0; f 0

0 � 1 .k � 1/: (2.23)

In case V D Rn f k
0 .r/ is a polynomial of degree 2k. The substitution r ! r=	 with

subsequent normalization allows one to study the case R D 1. In detail, we have
f k
0 .r/ ! 	2kf k

0 .r=	/:

By explicit computation, we have

�f 1
0 .r/ D r2 � 1

2n
; f 1

0 .0/ D 1

2n

�f 2
0 .r/ D r4

8n.nC 2/
� r2

4n2
C nC 4

8n2.nC 2/
; f 2

0 .0/ D nC 4

8n2.nC 2/
;

�f 3
0 .r/ D r6

48n.nC 2/.nC 4/
� r4

16n2.nC 2/

C r2.nC 4/

16n3.nC 2/
C n2 C 12nC 48

48n3.nC 2/.nC 4/
:

In general f k
0 is a polynomial of the form

�f k
0 .r/ D r2k

2k
kŠn.nC 2/ � � � .nC 2k � 2/C

k�1X

jD0
.�1/j cknj r2k�2j :

ut
In order to confirm the polynomial character of f k

0 .r/, one can either use
mathematical induction or proceed directly, as follows: given functions g.x/; h.x/,
it is required to solve the differential equation f 00.x/ C .g0=g/f 0.x/ D �h on the
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interval 0 � x < R, with the boundary conditions that f .R/ D 0 and f remains
bounded when x ! 0. To do this, multiply the differential equation by g to obtain
.gf 0/0 D �gh, gf 0 D C � R 1

x
gh. Solving for f 0 and doing the integral, we obtain

the formula

f .x/ D
Z 1

x

1

g.t/

�Z t

0

h.u/g.u/du

�
dt; (2.24)

which can be directly checked as follows:

f 00 C .g0=g/f 0 D .1=g/.gf 0/0 D .1=g/.�gh/ D �h:

The boundary condition f .1/ D 0 follows from Eq. (2.24). The integral defining
f .0/ is absolutely convergent since f is displayed in terms of the ratio of two terms
each of which tends to zero. l’Hospital’s rule applies to the ratio of the derivatives,
namely

lim
t!0

R t
0
h.u/g.u/du

g.t/
D lim

t!0

h.t/g.t/

g0.t/
D h.0/ lim

t!0

g.t/

g0.t/
:

This shows that the integral in Eq. (2.24) is well defined wheneverg=g0 is integrable;
in particular this is the case where g.x/ D xn�1 and g=g0 D x=.n � 1/.

In particular if g.x/ is a monomial—g.x/ D xn and h.x/ is a polynomial, then
f .x/ is also a polynomial.

From the stochastic Taylor formula we have

ExŒf .XT /� D f .x/C
N�1X

kD1

.�1/kC1

kŠ
Ex
�
T kAkf .XT /

�C .�1/N�1RN�1; (2.25)

where

R D RN�1 D 1

.N � 1/ŠEx
�Z T

0

uN�1ANf .Xu/ du

�
: (2.26)

By construction, f k
0 is identically zero on the sphere S when k < N . We can

write 0 � f .x/ D Ex.T
N /=N Š which proves that EO.T N / D cNR

2N . This proves
the proposition in case of Euclidean space.

In the general case, we can still use the stochastic Taylor formula with A D
�;T D TB; f D f k

0 . Then

f .XT / D O.	/; : : : ; AN�1f .XT / D O.	/; ANf .XT / D �1CO.	/:

From the decomposition of the Laplacian of V we have�f ���2f D O.	/

f N
0 .r/ D 1

N Š
Ex.T

N /
�
1CO.	2/

�
:
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Taking r D 0;R D 	 ! 0, we see that

lim sup
R!0

EO.TR/

RN
D 1:

To compute an explicit form, we specialize to Euclidean space, V D RN ; f .x/ D
e<˛;x>˛ 2 RN . The stochastic Taylor formula gives

E0e
<˛;XTr > D

1X

kD0

j˛j2k
kŠ

E0.T
k
r /:

But the PO hitting measure of XT is uniform on the sphere jxj D r . Hence

E0e
<˛;XTr > D

Z

Sn�1

exp.j˛jr cos �/d�

D
1X

mD0

j˛jm
mŠ

:

Comparing the two expansions, we have

E.T kr /

r2k
D kŠ

.2k/Š

Z

Sn�1

.cos �/2k D �.n
2
/

�.k C n
2
/
2�2k:

Hence cnk D �. n2 /

�.kC n
2 /

.

5 Refined Estimate of E.Tr/; r # 0

The mean exit time of Brownian motion is affected by the curvature � of the
manifold. When � is zero, we have the Euclidean space, which has been well
studied. If � > 0 a geodesic disk has smaller volume than the Euclidean counterpart
and the mean exit time is greater. Finally in the case of negative curvature the volume
is strictly smaller and the mean exit time is strictly larger than the corresponding disk
in Euclidean space. Here is a precise result.

Proposition 5.1.

E0.Tr/ D r2

2n
C �

r4

12n2.nC 2/
CO.r5/ .r # 0/: (2.27)

Proof. For this purpose, let

F D f 1
0 C 	2f 1

2 C 	3f 1
3 C 	4f 1

4 ; (2.28)
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where

f 1
0 D .1� r2/=2n; (2.29)

��2f 1
2 C�0f

1
0 D 0; in B; f2j@B D 0; (2.30)

��2f 1
3 C�0f

1
1 C�1f

1
0 D 0 in B; f3j@B D 0; (2.31)

��2f 1
4 C�0f

1
2 C�2f

1
0 D 0 in B; f4j@B D 0: (2.32)

Now we set f D 	2
	F . From Eq. (2.10) and Proposition 2.1 we have

�f D �1CO.	5/; �2f D O.	3/; f j@B	 D 0:

Therefore, from the stochastic Taylor formula with N D 2

0 D f .x/C Ex.T	/.�1CO.	5//;

Ex.T	/ D 	2
�
f 1
0 .x/C 	2f 1

2 .x/C 	3f3.x/C 	4f4.x/
�CO.	7/; jxj < 	 ! 0:

In the previous section it was proved that f 1
0 .0/ D 1=2n. To compute f 1

2 .0/ we
first note that

��2f 1
2 D ��ij �i �j r2=2n D r2

2n
b.�/:

To compute f 1
2 .0/; f

1
4 .0/ we invoke the following lemma. Integration over S D

Sn�1 is taken with respect to the uniform probability measure d� . ut
Lemma 5.1. Let j.�/; g.�/ be polynomials which satisfy the relation ��2j D
rkg.�/; gj@S D 0 where k is an integer. Then

j.0/ D 1

.nC k/.k C 2/

Z

S

g.�/:

Proof. We can write j in the form j D rkC2c.�/ C h where c is a homogeneous
polynomial and h is a harmonic function, solution of ��2h D 0. Then

Œ.k C 2/.nC 1/C .n � 1/.k C 2/�c.�/���2c.�/ D �g.�/:

Integrating over S , we have .kC2/.nCk/ R
S
c.�/ D � R g.�/. But j.0/ D h.0/ D

� R
S
c.�/d� D 1=.nC k/.k C 2/

R
S
g.�/:

Hence

f 1
2 .0/ D 1

4n.nC 2/

Z

S

b0.�/ D �

12n2.nC 2/
: (2.33)

To compute f 1
4 .0/, we have��2f 1

4 D ��0f
1
2 ��2f

1
0 ; f4jS D 0. We treat the

two terms separately.
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Recalling that f 1
0 .r/ D .1�r2/=2n;�2 D r3b2.�/

@
@r

, it follows that�2f
1
0 .r/ D

�r4b2.�/d�: By Lemma 5.1, this term contributes to f4.0/ in the amount

1

6.nC 4/

Z

S

b2.�/d�:

To handle the second term, we use the fact that �0 C ˇ2��2 is self-adjoint with
respect to Lebesgue measure on B . Thus

Z

S

�0f2 D �
Z

S

ˇ2��2f2

D
Z

S

ˇ2f0

D 3

Z

S

b20.�/:

Thus the second term contributes to f 1
4 .0/ in the amount 1=2.n C 4/

R
S
b0.�/

2.
Combining this with the previous computations, we have

f 1
4 .0/ D 1

6.nC 4/

Z

S

b2.�/C 1

2.nC 4/

Z

S

b0.�/
2:

Finally we note that f 1
3 .0/ D 0, since ��2f 1

3 D ��1f
1
0 D r3b1.�/=n which is

a cubic polynomial; hence the integral is zero. ut

6 Mean Value Formulas for General Manifolds

On Euclidean space one may define the mean value of a function on a sphere. This
can be effectively computed in terms of the radius of the sphere and the values of
�f;�2f; : : : at the center of the sphere. The resulting series expansion is known as
Pizetti’s theorem in classical differential geometry.

When we pass to manifolds of variable curvature, the corresponding series
expansion is much more complicated than for the Euclidean case, leading one to ask
for a simpler mean value. In the following sections we will explore the properties of
the stochastic mean value formula.

6.1 Stochastic Mean Value

The stochastic mean value of a continuous function f on a sphere is defined as the
following linear functional on continuous functions:

ˆ	Of D EOŒf .XT	 /� D
Z

S

f .y/dS	.y/;
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where the existence of the probability measure dS	 is guaranteed by the Riesz
representation theorem. We propose to find a three-term asymptotic expansion of
the measure dS	 when 	 ! 0. Equivalently we can find a three-term expansion
of the linear functional ˆ	O when 	 ! 0: The key to success is through Dynkin’s
formula, which is transformed into the identity

ˆ	Of D EOŒf .XT	 /� D EOf C EO

�Z T	

0

�f .Xs/;ds

�
; 	 > 0; f 2 C.V /:

(2.34)
For any f 2 C5.V /, we can write for jxj < 	 ! 0

�f D d0 C
nX

iD1
dixi C 1

2

nX

i;jD1
dij xixj CO.jxj3/:

Equivalently

d0 D �f.O/; di D @i�f .O/; dij D @i @j�f .O/:

Therefore it is sufficient to consider test functions f which are either constant,
linear, or purely quadratic. From Dynkin’s formula, to study ˆ, it is equivalent to
study the integral (2.34). In the next section we study the equation

Ep

Z T	

0

�f .Xs/ ds D d0u
	
0.x/C

nX

iD1
diu

	
i .x/C

nX

i;jD1
d 	iju	ij .x/CO.	5/: (2.35)

6.2 Solution of Poisson’s Equation in a Geodesic Ball

In order to proceed further, we develop the properties of the mean value of three
functionals as follows: the result of these computations is that the Euclidean mean
value differs from the non-Euclidean mean value to within O.	5/ when 	 ! 0.

Lemma 6.1. For each 	 > 0, let B D B	 denote the geodesic ball of radius 	 in the
tangent space. Functions u0; ui ; and uij are defined as the solutions of the following
boundary-value problems and respective stochastic representations:

�u	0jB D �1; u	0j@B D 0 ) u0 D Ep.T	/;

�u	i jB D �xi ; u	i j@B D 0; 1 � i � n; ) ui .p/ D Ep

�Z T	

0

Xi.s/ds

�
;

�u	ij jB D �xixj ; u	ij j@B D 0; 1 � i; j � n ) uij .p/ D Ep

�Z T	

0

Xi .s/Xj .s/

�
ds:
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To see this, apply Dynkin’s formula successively to f D u	0; f D u	i ; f D u	ij . We
have the asymptotic formulas when 	 ! 0:

u	0.x/ D 	2U0.x=	/C 	4V0.x=	/CO.	5/; (2.36)

u	i .x/ D 	3Ui .x=	/CO.	5/; (2.37)

u	ij .x/ D 	4Uij .x=	/C CO.	5/; (2.38)

where

U0.x/ D 1 � jxj2
2n

; Ui .x/ D xi .1 � jxj2/
2nC 4

; Uij .x/ D xixj .1 � jxj2/
2nC 8

;

.nC 4/V0.x/ D .1 � jxj2/
6n

 
nX

iD1
�ix

2
i

!

C �
.1 � jxj2/
6n2

� �
.1 � jxj4
12n.nC 2/

;

where .�i / are the eigenvalues of the Ricci tensor.

Proof. The stochastic representations follow immediately from Dynkin’s formula,
applied successively to u0; ui ; and uij .

In terms of the Euclidean Laplacian ��2, we verify that U0; Ui ; and Uij satisfy
the following identities:

��2U0 D �1;
��2.xi xj / D 2ıij ;

��2.x2i jxj2/ D 2jxj2 C .2nC 8/x2i ;

��2jxj4 D .4nC 8/jxj2;
��2.xixj jxj2/ D .2nC 8/xixj ;

where we use the identities

��2.jxj2/ D 2n; etc; etc:

We combine this with Dynkin’s formula—the stochastic Taylor formula withN D 1

Epf .XT	 / D f .p/CEp

�Z T	

0

�f .Xs/ ds

�
; p 2 B; f 2 C2.V /: (2.39)

To prove Eq. (2.36) apply Dynkin’s formula with the choice
f D 	2U0.x=	/C 	4V0.x=	/ for which f D 0 on S. Then we obtain
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�f D �1CO.	3/ ) 0 D f .p/C
Z T

0

��1CO.	3/
�

ds;

which proves Eq. (2.36).
To prove Eq. (2.37), apply Dynkin’s formula with f D 	2Ui.x=	/. Then �f D
�xi CO.	3/.
For Eq. (2.38), apply Dynkin to the choice f D 	4Uij , for which �f D �xixj C
O.	4/ 2 B; f D 0 on S: ut

7 Comparison with the Gray–Willmore Expansion

When we combine the results of Sects. 1–6, we find the following asymptotic
formula:

EOf .XT	 / � f .O/ D �f.0/
�
	2U0.y/C 	4V0.y/

�C 	3
Pn

iD1 @i .�f /CO.	5/;

EOf .XTr / D f .O/C r2

2n
�f .O/Cr4

h
�2f .O/

8n.nC2/� ��f .O/

12n2.nC2/
i

CO.r5/; r!0: (2.40)

It is interesting to compare this with the Gray–Willmore expansion as defined by
integration in the tangent space:

M.r; f / D f .O/C r2

2n
�f .O/C r4

24n.nC 2/
.3�2f .O/� 2 < r2f; � >

�3 < rf;r� > C4

n
��f .O//CO.r5/; r ! 0:

Proposition 7.1. Suppose that for all f 2 C2.V /, M.r; f / D EOf .XTr / for all
r > 0. Then V is an Einstein manifold.

Proof. From the above formulas we have

lim
r!0

ŒEOf .XTr / �M.r; f /�
r4

D < r2f; � >

12n.nC 2/
C < rf;r� >

8n.nC 2/
� < �;�f >

12n2.nC 2/
:

(2.41)

If the right side is zero for all f 2 C2.V /, we first take f to be linear in the normal
coordinates so that rf is perpendicular to r� , from which we find r� D 0: The
remaining term of Eq. (2.41) is

1

12n.nC 2/

h
< r2f; � > ��

n
�f

i
:
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Take normal coordinates so that the Ricci tensor is diagonal at O; thus �ij 0 D 0 for
i ¤ j . Now choose f so that @i @j D 0 for i ¤ j from which we conclude that
�jj D 1

n
.�11 C � � � C �nn/: Hence the Ricci tensor is a multiple of the identity, i.e.,

V is an Einstein manifold. ut
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