Chapter 2
Some Applications of the Sheffer A-Type 0
Orthogonal Polynomial Sequences

In this chapter, we address several of the many applications of the classical
orthogonal polynomial sequences. These applications include first-order differential
equations that characterize linear generating functions, additional first-order differ-
ential equations, second-order differential equations (with applications to quantum
mechanics), difference equations and numerical integration (Gaussian Quadrature).
We first develop each of these applications in a general context and then cover
examples using specific Sheffer Sequences, i.e. the Laguerre, Hermite, Charlier,
Meixner, Meixner—Pollaczek, and Krawtchouk polynomials.

2.1 Preliminaries

Throughout this chapter, we make use of each of the following definitions,
terminologies and notations.

Definition 2.1. We always assume that a set of polynomials {P,(x)}, _ is such that
each P,(x) has degree exactly n, which we write as deg(P,(x)) = n.

Definition 2.2. A set of polynomials {Q,(x)},_ is monic if 0, (x) —x" is of degree
at most n — 1 or equivalently if the leading coefficient of each O, (x) is unitary.

Definition 2.3. The set of polynomials {P,(x)} . is orthogonal if it satisfies one
of the two weighted inner products below:

Continuous : (P (x),P,(x)) = A P (x) Py (x)w(x)dx = 0ty O (2.1)
1

Discrete : (Py(x),P.(x)) = Z‘Pm (x)Pa(x)w(x) = BnOmn, (2.2)

where 6, , denotes the Kronecker delta
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P 1 if m=n
00 if m#n,

with Q CR, €, € {0,1,2,...}, and w(x) > 0 is entitled the weight function. We
also always assume the following normalizations:

/-(21 w(x)dx=1 and %w(x) =1.

Definition 2.4 (The Three-Term Recurrence Relations). It is a necessary and
sufficient condition that an orthogonal polynomial sequence {P,(x)}, , satisfies
an unrestricted three-term recurrence relation of the form

Poi1(x) = (Apx+ By)Py(x) — CyPy—1(x), AzA,—1C, >0,
where P_j(x) =0 and Py(x) = 1. (2.3)

If 0, (x) represents the monic form of P,(x), then it is a necessary and sufficient
condition that {Q,(x)},_, satisfies the following monic three-term recurrence
relation

Qn+1 (x) = (-x_ bn)Qn (x) —cnQn-1 (-x)a cp >0,
where Q_1(x) =0 and Qp(x) = 1. (2.4)

We entitle the conditions A,A,,_C, > 0 and ¢, > 0 above positivity conditions.

Definition 2.5. We shall define a generating function for a polynomial sequence
{P.(x)},,_, as follows:

> GaPa ()" = F(x,1),

A

with A € {0,1,2,...} and {{,},_, a sequence in n that is independent of x and .
Moreover, we say that the function F (x,) generates the set {P,(x)}, .

Before we give our next definition, we discuss that in 1939 Sheffer [22] devel-
oped a characterization theorem that gave necessary and sufficient conditions for a
polynomial sequence to be A-Type O via a linear generating function. Originally,
in 1934, J. Meixner published [15], wherein he essentially determined which
orthogonal sets satisfy the aforementioned A-Type 0 generating function using a
different approach than Sheffer. Meixner basically used the A-Type O generating
function as the definition of the A-Type O class. In this chapter, we follow Meixner’s
convention. We mention that the interested reader can also refer to [1] for a concise
overview of Meixner’s analysis.

Definition 2.6. A polynomial set {P,(x)}_ is classified as A-Type 0 if {a J'};O:o
and {hj}j.o:l exist such that
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A(t):=Y an", ap=1 and H(t):= Y hut", hy=1.
n=0

n=1

The orthogonal sets that satisfy Definition 2.6, which are often simply called
the Sheffer Sequences, are listed below as defined by their A-Type 0 generating
function.

oo

The Laguerre Polynomials {L,(fx) )}

The Charlier Polynomials {C,(x;a)};

oo

D l'C,,(x;a)t” =¢ (1 - L)x

! a

The Meixner Polynomials {M(x;f3,¢)}7_,

i @M(x;ﬁ,cw = (1 - E)x(l — 1) 4P,
= N c

The Meixner—Pollaczek Polynomials {P,E)L)(x; )},

=3

z P,E)L)(X;(P)t” _ (1 _ eid)t)f?LJrix(l _ efid)t)flfix.
n=0
The Krawtchouk Polynomials {K, (x; p,N)}5_,

& n 1_17 ! N—x
Y C(N.n)K,(x;p,N)t" = (1= —=1 | (1+0)"7,
n=0 p

forx=0,1,2,...,N, where C(N,n) denotes the binomial coefficient.

Example 2.1. We see that we can write the generating function for the Krawtchouk
polynomials as
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=

)y %Kn(x;p,N)t” = (1+1)Vexp (xm (M))

= p(l+1)

from which A(¢) and H(¢) can be readily identified. Similar trivial manipulations
can be made to the generating functions of the remaining five orthogonal sets to
obtain the form A(r)exp (xH(1)).

Now that both orthogonality and the Sheffer Sequences have been defined, we
address the fact that the Laguerre, Hermite, and Meixner—Pollaczek polynomials
satisfy a continuous orthogonality relation of the form (2.1), and the Charlier,
Meixner, and Krawtchouk polynomials satisfy a discrete orthogonality relation of
the form (2.2). For more information refer to [11] and the references therein.

Definition 2.7. We can express each of our polynomials in the generalized hyper-
geometric form (,F;) as seen below:

ay,...,d
+Fy
(bla 7b

where the Pochhammer symbol (a);. is defined as

- ala -,a ) Zk
) ; b17 7b )kE’ (25)

(a)g:=ala+1)(a+2)---(a+k—1), (a)y:=1 (2.6)

and
(al,...,aj)k = (al)k---(aj)k.

The sum (2.5) terminates if one of the numerator parameters is a negative integer,
e.g., if one such parameter is —n, then (2.5) is a finite sum on 0 < k < n.

2.2 Differential Equations Part I: The “Inverse Method”

In this section, we demonstrate how each of the A-Type 0 generating functions
satisfy a first-order differential equation. We entitle our approach for deriving these
differential equations “the inverse method” because of the connection our approach
has to inverse problems. That is, in the study of orthogonal polynomials, the term
inverse problem refers to the problem of obtaining the weight function of an
orthogonal set by using only the corresponding recursion coefficients. For inverse
problems, the generating function that is obtained via a differential equation can
be viewed as a by-product. For additional examples of inverse problems, consider
Chap. 5 of [12] and the references therein.

To begin, we assume that {P,(x)}, , is a polynomial set that satisfies an
unrestricted three-term recurrence relation of the form (2.3). We first multiply
this relation by c,t", where ¢, is a function in n that is independent of x and ¢,
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and sum for n = 0,1,2,... Then, from the assignment F(¢;x) := X5, Py (x)t",
we obtain a first-order differential equation in ¢ with x regarded as a parameter.
The initial condition for this equation is F(0;x) = 1 via the initial condition
Py(x) = 11in (2.3). The existence and uniqueness of the solution to this differential
equation is ensured and the solution F(¢;x) will be a generating function for the
set {P,(x)},_,. To demonstrate the procedure, we work out all of the details for the
Charlier and Laguerre polynomials and sketch the details for the Miexner—Pollaczek
polynomials.

Example 2.2. To begin, we note that from examining the generating function of
the Charlier polynomials, ¢, as described above must be 1/n!. The three-term
recurrence relation for the Charlier polynomials can be written as

—xCy(x;a) = aCpy1(x;a) — (n+a)Cy(x;a) +nCp— 1 (x;a).

Thus, we multiply both sides of this relation by " /n! and sum the result for n =
0,1,2,...

_xicn(x';a)tn:aicn+l x;a) M 2

n=0 n: n=0
& Cal . Ch—1(x;a) o
o3 Tt RN
Next, we define F := F(t;x,a) := Yo o 27 C”(x 4 ¢ and it therefore follows that

Then, we see that our relation becomes

F— (1+L)F=0,
a

which is a first-order differential equation with initial condition F(0;x,a) = 1. A
general solution is
F(t;x,a) = c(x;a)e' (a—1)",

where c¢(x;a) is an arbitrary function of x. From the initial condition, it is immediate
that ¢(x;a) = a~* and thus, the unique solution turns out to be

- o
F(t;x,q) 2 t—et(l——),

a

which is the Sheffer A-Type 0 generating function for the Charlier polynomials.
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Example 2.3. We next consider the Laguerre polynomials, which have the follow-
ing unrestricted three-term recurrence relation:

(n+ DLY () = 2n+ o+ 1 =X)L (x) + (n+ o)LL) (x) = 0.

We multiply both sides of this relation by " (¢, = 1) and sum for n = 0,1,2,...,
which yields

i (n+ DL, (x 22 L\ ()" = (a4 1—x) 3 L ()¢
n=0 n=0

+> anlOi)l )" +a Yy Lgloi)l (x)" =0.
n=1 n=0

We next assign G := G(t;x) := Y, LY (x)" and recall that L(ﬂ) (x) = 0, which
gives

~2%G—(a+1-x)G+ Y, nL{™, (x)" + 1G = 0.
n=2

We also observe that

oo

Y L(“ i n—1)L" (x)" +ZL )" =12G+1G.

n=1
Using all of this, we can put our relation into standard form:

x+(o+1)(t—

G
+ 1—2t+12

1)} G=0; G(0;x)=1.

x+(o+1)(r—1)
1-21+12 dt
and through partial fraction decomposition, we obtain the general solution

The integrating factor in this equation turns out to be U = exp [ J

G(1:x) = c(x,00)(t — 1)@ Dexp (%) :

Therefore, from using our initial condition to determine c(x, &), we establish the
solution

G(t;x) _ 2 LSL(X) (x)tn _ (l _ 1)*(06+1)e Xp ([itl)

which is the Sheffer A-Type 0 generating function for the Laguerre polynomials.
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Example 2.4. For a more detailed example, we now consider the
Meixner—Pollaczek polynomials. These polynomials have the unrestricted
three-term recurrence relation

(n+1)PY) (x:0) =2 [xsin + (n+ A) cos ] P (x;0) + (n+22 — 1)PP) (x; 9) = 0.

n—1

We then multiply this relation by ", take ¢, = 1 and sum for n =0,1,2,.... From

letting H := H(t;x,A,9) :==3"_, ) (x;0)t" we achieve the differential equation
. A(t —cos¢) —xsing
H+2 H=0, HO;x,A,¢)=1.
+ < 1 —2cos¢t +12 (0:x,2,9)

The solution to this equation can be obtained by partial fraction decomposition, and
several manipulations, to be

=

H(tx, 2,0) = 3 P (0 0)" = (1—er) 4+ (1 — e 0r) =40,
n=0

2.3 Differential Equations Part II

We now discuss some additional characterizations of classical orthogonal sets via
differential equations. These results lead to a way to solve the time-independent
Schrodinger equation. Through our development of each characterization, addi-
tional results, definitions and concepts are addressed, which are important unto
themselves. We also supplement our characterizations by covering specific details
for the Laguerre polynomials and discuss how similar results can be achieved for
other A-Type O sets. This section is based on much of the analysis conducted in
[3-5,7,9,16,21,23]. We begin with an important fundamental condition.

Lemma 2.1. An Equivalent Orthogonality Condition: The set {P,(x)},_ is
orthogonal with respect to the weight function w(x) > 0 on Q, if and only if

/ VPw)d =0, Vj=0,1,2,....n—1. Q2.7
Ja,

Proof. (=) Assume (2.7) holds. It is clear that there exist constants {n,m j} such
that

Pu(x) = 2 nmej.
=0

We first assume that m < n, in which case we have

Jo, P (X) Py (x)w(x)dx = Za N, j /Ql ij,,(x)w(x)dx =0,



42 2 Some Applications of the Sheffer A-Type 0 Orthogonal Polynomial Sequences

because j < m < n.If m > n, we can simply interchange m with » in the logic used
above. Hence, we have shown that given (2.7) it necessarily follows that

A Py (x) P, (x)w(x)dx =0, for m # n,

and therefore {P,(x)}, _, is an orthogonal set with respect to the weight function
w(x) > 0 on £;.

(<) Assume the orthogonality relation directly above is true. Then, there exist
constants {7, } such that

) J
X = Z T, j P (x).
m=0

Therefore, for every j € {0,1,...,n— 1}, we know that

/Q B (xw(r)dr = mgo Fims /Q ()P (w(x)x =0,

because m < j < n, i.e., since m # n. O
We will also need the following result.

Lemma 2.2. With o, as in (2.1) and ¢, as in (2.4), we have
n
oy = Hck.
k=1

Proof. We first multiply both sides of (2.4) by P,_;(x)w(x) and integrate over €,
leading to

/-(21 Pn+1(x)P,,,1(x)w(x)dx=/Ql XPy (x) P,y (x)w(x)dx
—b,,./gl Py (x)Py— 1 (x)w(x)dx
o | B ()P ()

From the orthogonality relation (2.1), we observe that our relation directly above
becomes

CnOp—1 = [ xXPy(x)Py—1(x)w(x)dx.
€

Since our polynomial sequence {P,(x)},_ is monic, we have
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CnOp—1 = / +O (.Xn )) w(x)dx
= o, P2(x)w(x)dx
= Oly,

which follows from Lemma 2.1 and (2.1). Thus, by iterating ¢, 0,1 = 0, with
op = 1 via the normalization in Definition 2.3, we obtain our result. O

Theorem 2.1 (The Christoffel-Darboux Identity). For N > 0 we have

& Ekpk(X)Pk(y) - Othl(x—y)

Ni | _ Bv@Py-1 () — PvO)Py-1 (). (2.8)

Proof. After replacing Q,(x) with P,(x) in (2.4), we multiply both sides of the
resulting relation by P, (), leading to

Pui1(X)Bu(y) = xPu(x)Poa(y) = buPu () Pa(y) = cnbPu1 (X)Ba()- 29)

We then exchange x with y in (2.9) and subtract this result from (2.9), which gives

Pn+1 (X)Pn (y) - Pn+1 (y)P,,(x)
= (x—=y)P(x)Pu(y) + cn (Pa(x)Pi—1 () — Pu(y) Pu1 (%)) - (2.10)

We then define the following operator:
A = P(x)P_1(y) = Pe(y) Pe1(x)
and we see that (2.10) becomes
(X =Y)Pa(x)Pa(y) = A7) — ey

Lastly, we divide both sides of the equation above by ¢, and utilize Lemma 2.2,
which yields
1 1 I o xy 1

—P,(x)P, — A
o, n(x) n(y) x—y n+1 " 0y

Xy
An

Summing both sides of this identity from O to N — 1, we see that the right-hand side
becomes a telescoping series that converges to the right-hand side of (2.8). O

The limiting case y — x of (2.8) is readily achieved via L’Hopital’s Rule to be

_ Py(0)Py_1(x) = Py(x)Py_ (x )'

2.11
=0 Ok ON—1 ( )
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The Christoffel-Darboux Identity has many general usages and will be needed
throughout this chapter.
We next write w(x) as in (2.1) as

w(x) = exp(—v(x)), (2.12)
where v = v(x) is a twice continuously differentiable function on €. For this

section, we also use the orthonormal form {p,(x)}, _, of {P,(x)}, . This definition
is as follows.

Definition 2.8 (Orthonormality). Itis a necessary and sufficient condition that an
orthogonal polynomial sequence {p,(x)}_, satisfies an orthonormal three-term
recurrence relation of the form

XPn(X) = Api1 Png1 (X) + bppu(x) + anpp—1(x),
where p_j(x) =0 and po(x) = 1. (2.13)

For ¢, as in (2.4) we have (see [9]):
an = +/Cn. (2.14)

Therefore, we can of course equivalently write (2.13) as

xpn(x) = VECn+1Pn+1 (x) + bnpa(x) + \/apnfl (x).

The orthonormal form p,(x) can be expressed in terms of P,(x) by
Pu(x). (2.15)

This leads to the (continuous) orthonormal relation
(). Pu(2)) = [ )l w(3)d = 6,
1

Remark 2.1. We do not call upon a discrete orthonormal relation in this section.
We now have the following.

Theorem 2.2. If v(x) is as defined in (2.12) and {p,(x)},,_, is an orthonormal set
as defined by Definition 2.8, then py(x) satisfies the differential equation

Ph(x) = =B (x)pu(x) + An(x)pu_1(x), (2.16)

with Ap(x) and By (x) as defined as



2.3 Differential Equations Part IT 45

A) = an (p,%(y)w(y)

y—x

Pn\Y)Pn—1Y)WLY
Bulx) = ay [ LA OO) | Pu(Y)Pa-1()w(y)dy |,
y—x o Jer x-y
(2.18)
when the above integrals and boundary terms exist.
Proof. Since deg(p),(x)) =n— 1, there exist constants {c,x } such that
e
L(x) = 2 Cn Pk (). (2.19)
k=0

We then multiply both sides of (2.19) by py,(x)w(x) and integrate over Q:

n—1
o, PP = 3 ok [ pel)pmCm()d

We then observe that the right-hand side is nonzero if and only if m = k, in which
case we have

Cnkk = /Q 1 Pn() Pk (y)w(y)dy

after changing our integration variable to y. Then, using integration by parts (with
the substitution u = p;(y)w(y)), we obtain

Cnk = / PPk )w()dy = pa(») pr ()W)l g,
= [, PO (PRI )+ phOI))
Via (2.12) we have w'(y) = —V'(y)w(y) and therefore
cnk = Pa)PEOIWO) o, — /Q 1 pn(y) (P (¥) = PV () w(y)dy.
From Lemma 2.1, the integral with the p) (y)-term is zero. This finally gives us

k= POIPOMOlay + [, PaOIPEOI OIw)ay

From substituting this into (2.19) we have
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n—1
pn(x) = Z Pc@)pe(y)|  + /Q Pu(y) (Z pk(x)pk(y)> V (y)w(y)dy.
Q 1 k=0

Now notice, via Lemma 2.1, that the integral directly above is zero if v/ (y) is
replaced by V/(x). Thus, we can replace V/'(y) with v/(y) —V/(x), in which case we
see that

n—1
Pp(x) = w(y)pn (y)k;)pk (x)pe(y)

2
n—1
+ [, m0) ( > pk<x>pk<y>> () =V () wiy)dy:

Next, via (2.15), we take P,(x) = \/0,pn(x) and use the Christoffel-Darboux
Identity (Theorem 2.1) to evaluate each of the sums in the above equation. With
some manipulations, we obtain (2.16). a

Our next result relates A(x) and B(x) as in Theorem 2.2 and also plays a key role
in our application to quantum mechanics.

Lemma 2.3. The coefficients A, (x) and B, (x), as respectively defined in (2.17) and
(2.18), satisfy the relation

Balx) + By (x) =

with w(x) as defined in (2.12) and w(x) vanishing at the boundary points of Q.

Proof. Assuming that w(x) vanishes at the boundary points of €y, from (2.18) we
have

V(X)) —V'()

By (x) + Byy1(x) = ay / Pn(¥)Pn—1(y)w(y)dy

Q xX=y
o [, %;(y)pm@)pn(y)w@)dy, (2.20)

which can be written as

B+ B = [ pa)” ) (y) (ns1Pner (0) + dnpas () W)y
2.21)

From (2.13), it follows that a,1pu+1(¥) + anpu—1(y) = (y — bp)pn(y) and we
therefore obtain
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Bu(x) +Bui1 (x) = / Vi) —V)

_ 2
Jo,” x—y (y—="bn) Pu(Y)w(y)dy. (2.22)

We then take y — b, = (y —x) + (x — b,) and see that the above integral becomes

(b [ OO s [ 00— )Ry

2

:“_“ﬁlﬂfm“wﬁ@www—ﬂwﬁf%wme
= x;ﬂbnAn(x)—i-/Ql V() p2(y)w(y)dy — v (x),

where we have used (2.17) and the orthonormality of {p,(x)},_,. From using
integration by parts (with the substitution # = V/(x)) and orthonormality, we see
that

YOOIy = ¥ (W), — [ () =0.

Hence, we have

By (x) + Byi1(x) = An(x) =V (x). 0
Theorem 2.3. If w(x) is as defined in (2.12) and {p,(x)},,_ is an orthonormal set
as defined by Definition 2.8, then {p,(x)}_ satisfies the (factored) second-order
differential equation

L}C’” n n

with the differential operators L\ and L2 defined as

d
¢W=a+m@ (2.24)

d
ﬁﬁ:_a+mm+ﬂm (2.25)
Proof. In light of (2.24), we can write (2.16) as

LY p(x) = Ap(xX) pa1 (x). (2.26)
Next, we define the weighted inner product

(), Pa(@) 3= [, P@paw(e)d
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and utilize the Hilbert Space where the (p,, p,),, is finite and p,(x)/w(x) is zero
at the end points of €, (finite or infinite). Thus, L>" = (L)lc’”) )
Using (2.16) and (2.13) leads to the adjoint equation

(- 5480+ pra ) = A ). 220

n—1

Thus, we can use (2.26) to readily obtain

L;7nl7n (x)

A,,(x) :pﬂfl(x)

and with (2.25) we can rewrite (2.27) as

Ln X dp
i (SR = sones

and the theorem is established. O

We additionally have an equivalent form for (2.23), which also emphasizes the
fact that it is a second-order equation.

Corollary 2.1. The differential equation (2.23) can equivalently be expressed as
P11 (x) + Cax) P}y (x) + Du(x) pa (x) = 0, (2.28)

where

(2.29)

Dy (x) := A,,(x)% (fZEX) — By(x) (v'(x) + Ba(x)) + jflA,, (x)A,—1(x). (2.30)

Proof. By expanding the left-hand side of (2.23) and using some manipulations, we
achieve (2.28). a

Remark 2.2. We see that (2.24) is in fact a degree-lowering operator analogous
to the ones used in Sheffer’s analysis [22]. In contrast, we also note that (2.25)
is a degree-raising operator or equivalently, a ladder operator. What has been
shown through Corollary 2.1 is that every classical orthogonal polynomial sequence
(written in orthonormal form) is a solution to a second-order linear differential
equation or equivalently possesses a degree-raising operator.

In addition, classical orthogonal polynomials have an important connection to
quantum mechanics via Theorem 2.3 (and Corollary 2.1). Namely, we can now show
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that the solution to the time-independent Schrédinger equation can be expressed in
terms of {p,(x)},_ if (2.23), or equivalently (2.28), is satisfied.

Theorem 2.4. The second-order linear differential equation (2.23), or equivalently
(2.28), can be written in the Schrodinger form:

¥ (x) +V(x;n) ¥ (x) =0, (2.31)
where
g () e SRV /2) 232
(9= T ) 03
and

Virin) =A0) g (30 ) = Bula) /()4 Bul0) + 2204, 1 (9

dx Ap(x) ap-1
Ly Ld (A@Y 1/, A
+§v (x)—i—za <A,,(x))_é_t<v (x)—l—A”(x)) . (2.33)

Proof. Substituting ¥,(x) and V(x;n) into the left-hand side of (2.31) and using
manipulations, we see that the resulting expression vanishes. O

In light of Theorem 2.4, we have the following discussion. For a particle confined
to one dimension, the time-independent Schrodinger equation is written in the form

V() + T3 (B = U)y() = O, (234
where y(x) represents the wave function, m the mass of a particle, i := h/(27),
where A is Plank’s constant, E the total energy (constant), and U (x) the potential
energy. This equation is attributed to Erwin Schrodinger, who formulated it in late
1925 and published it in 1926, e.g., [18, 19]. We discuss this equation further.

To begin, the wave function y(x) itself is not directly related to any actual
physical phenomena. In addition, y(x) may be a real- or complex-valued function.
However, the square of its modulus (absolute magnitude) |1;/()c)|2 when evaluated
at a certain location in space is directly proportional to the probability of locating a
particle in the same location. The quantity |y/(x)|* is referred to as the probability
density. In fact, from knowing y(x) explicitly, the linear momentum, the energy,
and other physical quantities of a particle can be inferred. We also mention that the
entire field of quantum mechanics can basically be summarized as determining y/(x)
for a given particle when its range of motion is restricted by potential fields.

The wave function w(x) must adhere to certain physical restraints. One, since
|w(x)|* is directly proportional to the probability, say P, of locating a particle
modeled by y(x), it follows that the following must hold:

/:Q|l//(x)|2dx:/:of]’dx:1.
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Intuitively, this means that if the particle exists, it must be somewhere in space. The
above relation is a normalization. The probability that the particle will be discovered
in a certain region of space, say [a,b] C R, is then given by

b
Plas) = / ly(x)]dx € [0,1].

Now that the wave function y(x) is better understood, we can discuss our
equation at hand. By letting V(x) := E — U (x) we can of course equivalently write
(2.34) as

V() + 2 () = 0.

From this relation, it is clear why (2.31) is named as such. Moreover, in essence, the
time-independent Schrodinger equation describes how the wave function evolves
over space. Our relation (2.34), and therefore (2.31), is useful in many physical
situations when the potential energy of a particle does not depend upon time.

To complete our discussion, it is noteworthy to mention that the time-dependent
Schrodinger equation can be written as

) n 9?
iha Y1) = =55y +Ux)ylx).

Furthermore, Schrodinger basically established his equation(s) based on thought
experiments. In regard to his development, Richard Feynman said:

Where did we get that equation from? Nowhere. It is not possible to derive it from anything
you know. It came out of the mind of Schrodinger.

For more details related to the Schrédinger equations and quantum mechanics, refer
to [6,20].

Next, we have another relationship between A,(x) and B,(x), which we use
specifically in Example 2.1.

Theorem 2.5. The coefficients A,(x) and By (x) as respectively in (2.17) and (2.18)
satisfy

_ Apr1A,11(x) aA, 1 (x) 1 (2.35)

B —B —
w1 (X) = Ba(x) x—b, an—1(x—>b,) x—>y

Proof. Refer to [14]. O

We note that (2.35) is referred to as the string equation.
We use the following fundamental special function in what follows.

Definition 2.9. The gamma function, I (z), is defined as

I'(z) ::/ w7 le7"dr, Re(z) > 0.
0
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Also, I'(z) satisfies the functional equation
I'(z+1)=2z(2), (2.36)

which in fact extends I'(z) to a meromorphic function with poles at all of the non-
positive integers. See Chap.?2 of [17] for an extensive development of the gamma
function.

From (2.36) and (2.6), we see that

I'(c+n)
(c)n= W (2.37)
Example 2.5. We now discuss the details of how a particular Sheffer A-Type
0 orthogonal set solves the Schrodinger Form (2.31). We first note that each
classical orthogonal set yields a unique set of functions {A,(x),B,(x)}, which are
of course dependent on the polynomials themselves, the corresponding interval of
orthogonality €, the weight function w(x) [and therefore v(x) as in (2.12)] as
well as the recursion coefficient a,. Therefore, each of the three Sheffer A-Type
0 sets with continuous orthogonality relations (Hermite, Laguerre and Meixner—
Pollaczek) has a unique wave function ¥,(x) and consequently a unique kinetic
energy function V (x;n).

In general, we must first write our orthogonal set in orthonormal form. Then we
must find a,, v(x), A, (x), and B, (x). For our particular example, we use the Laguerre
polynomials, which are defined as

(OC+1) (—I’l)k xk
nl (oc—i—l)k K

L% (x) := o> —1 (2.38)

and have the following (continuous) orthogonality relation

[ e =T,
0 n: '

The restriction on ¢ is essential, as {LS,OO (x)}_, is undefined for all oo < —1. It is

worth noting that taking into account that (ot + 1), /(a+ 1) = (ot +k+ 1), leads
to the equivalent form

Ko+ k+1), .

(@) _L"
L, _ng

Moreover, using this relationship, we can define the Laguerre polynomials for all
aeR.

For this application, we first assume o > 0. We begin by putting our orthogonal-
ity relation in orthonormal form using (2.37) on I' (. + 1 +n):
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n! x%e ¥

o (
PREACERE T Fla T = O (2.39)
This enables us to define
Y nl ()
pn(x)=(-1) @t 1)nLn (x) (2.40)
and
x%e™*

We first determine A,(x) as in (2.17) and begin by evaluating the boundary
conditions, noting that the interval of orthogonality for the Laguerre polynomials
is Q) = [0,00). We readily obtain

2
! AIZEO]
y:():]*(oc—i—l)(oc—i—l),,;}g?o eb(b—x) —0=0.

Next, we see from (2.41) that

w(x) = exp <—ln <w>>

and therefore

v(x) =1n (%) (2.42)
=V (x)= x;a'

Moreover,
Y-V @

x=y Xy’
Putting all of this together, we thus far have

oc 1 eV
——dy.
o | POy
We evaluate the above integral using integration by parts (with the substitution u =
p2(y)e™), which leads to
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2 a (b oo oa—y
a . PaY)y y°e
An(x) == (l}gn —"(ey) + /0 a(y) dy
o 0 -

_2/ Pr(Pa(y y(a+1)d>

In the result directly above, it is clear that the boundary conditions equal zero. The
middle integral is equal to 1 via the orthonormality relation in Definition 2.8. Using
the fact that deg(p),(y)) = n— 1 and Lemma 2.1, it follows that the last integral is
equal to zero. This results in

An(x) =2, (2.43)

We derive B, (x) in a similar fashion. In this case, it is also immediate that the
boundary conditions for (2.18) are zero as well. Therefore, we have the following

o oa—1

B = 0 [ pa) s () o
n(\X) = xopnypnflyr(a_’_l)y

We use integration by parts on the above integral (with the substitution u =
Pn(¥)pn—1(y)e) and again call upon Lemma 2.1 to achieve

_ G y%e
== [ DO g (2.44)

In order to fully evaluate (2.44), we momentarily digress. We assume that
{Q,(x)};_, defines a generic orthogonal set, with Q,(x) = gn.,x" + O(x"~!). Then,
using Lemma 2.1, we know that

/ Qi (y)w(y)dy = / () [gnay" + O™ Hw)dx = gun / Qu(y)y"w(y)dy.
Q JQ Q

Also, from directly evaluating (2.13), it is clear that the coefficient of y”
pu(v) is (ay---a,)~'. Thus, using this fact, our simple relation directly above and
orthonormality, we have

y nfl y(xe y q
/p”l 2Py r(a+1 /p”l [ ---aJF(OH—l)y

o ynfl yaefy q
=n —
/0 Pr-10) |:al"'an1] I'loe+1) Y

) yre ™
- 2T 4
n/O pnfl(y)r(aﬂ) y

=n
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and we conclude that
B,(x) = —. (2.45)
X

To get a complete expression for A, (x), we must determine the recursion coefficient
an, which of course can be done by using (2.14) and taking into account that the
monic three-term recurrence relation for the Laguerre polynomials is

X0 (x) = Onr1(x) + 2n+ o+ 1)0y(x) +n(n+ a)Q0y—1(x),

0, (x) := (—=1)"nIL{ ().

As it turns out, from our analysis above, we can also obtain a,. We first substitute
our relations (2.43) and (2.45) into the string equation (2.35), which yields

at —d:=b, (2.46)
Using Lemma 2.3 in the same way, we get
b, =a+2n+1. (2.47)

Hence, (2.46) and (2.47) imply that

a, =+/n(n+ a), (2.48)

which follows since n(n + o) is nonnegative. Therefore, we have

An(r) = Y+ @) (2.49)

X

Furthermore, we can disregard the restriction o > 0, as the above relation is clearly
valid for ¢ > —1.
To evaluate the wave function '¥,(x) in (2.32), we first note that
xoc/2
exp(—v(x)/2) = .
p( ( )/ ) ex/Z(F(a+1))1/2

Using this relation and (2.49) we have

_ xaTHeix/zpn(x)
A4 o)V (o +1))1/2

¥, (x) (2.50)

Now, we substitute (2.49), (2.45), (2.48) and (2.42) into (2.33) and use manipula-
tions to obtain the kinetic energy function
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Fig. 2.1 ¥ (x) for ¢ =0

—x242 2n+1 1—a?
V(xin) = X +2(o+2n+1)x+ o 2.51)

4x2

Lastly, as a concrete example we take o = 0 and n = 2, which gives the following
wave and kinetic energy functions:

1 [xe ™= —x?+10x+1
lPZ(x):EV 3 p2(x)  and V(x2)= ———F—.

4x2

The graph of ¥ (x) is displayed in Fig. 2.1.
We also display the graph of the kinetic energy function V (x;2) in Fig. 2.2.

For both of these plots we used Mathematica® .

Example 2.6. The motivated reader can show that for the Hermite polynomials,
v(x) = x%, A, (x) = v/2n and B, (x) = 0 and determine ¥, (x) and V (x; n) accordingly.

Next, we show how (2.16) of Theorem 2.2 and (2.28) of Corollary 2.1 can be
applied to a specific Sheffer A-Type O set.

Example 2.7. Now that we have A,(x) and B,(x) for the Laguerre polynomials via
Example 2.5, we can utilize these results in determining the specific differential
equations (2.16) and (2.23) [and therefore (2.28)] that are satisfied by this particular
A-Type 0 orthogonal set. Using p, (x) in (2.40), as well as (2.17) and (2.18) for A, (x)
and By (x), respectively, we see that (2.16) becomes
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Fig. 2.2 V(x;2) foraa =0
d n oa+n
S0 = 2L ) - L ),

since (ax+1),/(0c+ 1),—1 = ot + n. Similarly, (2.23) and (2.28) take on the form

d? d
X@Lfﬁ @)+ (1+a +x)aL5,a) (x) + nLY (x) = 0.

2.4 Difference Equations

In Sects. 2.2 and 2.3, we gave examples of how continuous orthogonal polynomials
are important in differential equations. Here, we show how discrete orthogonal
polynomials play an important role in difference equations. In particular, what
follows is a discrete analogue of the characterizations of Sect. 2.3 and is essentially
based on [13].

To begin, we assume that {p,(x)},_, satisfies a discrete orthogonality relation
as in (2.2). We expand on this assumption for this section by assuming the discrete
weight function w(x) is supported on the set {s,s+ 1,...,7} C R, where s is a finite
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number, but # may be either finite or infinite. We then write the orthogonality relation
(2.2) as

1
Z w(j) = Bubun, w(s—1)=w(t+1)=0. (2.52)
In order to develop our analogues, we must find a discrete version of v(x) as in

(2.12). We call this analogue u(x), which is defined as

_owlx—1)—w(x)
u(x) := B (2.53)

The discrete analogue of the Christoffel-Darboux Identity (Theorem 2.1) is

n—1 Pr(X)pr(y) a1 Pn(X) 1) = Pu(¥)Pn_1(x)
/ZE) B YubBn ( Yy ) (2.54)

where 7, denotes the leading coefficient of p,(x)—we use this notation throughout

this entire section.
We now state the analogue of Theorem 2.2.

Theorem 2.6. Let {p,(x)}, _ satisfy (2.52). Then, we have

Apn(x) = =By (%) pn(x) + Ap(x) pr—1(x), (2.55)

where the linear difference operator A is defined as

Af(x) = flx+1) = fx),

with
T pu(t+1)pa(t) ux+1)—u(j) .
A"(x)_ynﬁnq ( — —i—ZPn Jpa(j—1 T—jw(])>
(2.56)
and
_ T pn(t+1)pai(t)
B(n) = ot (ALl
+ Z 1)%)1%0)). @57

The s and t-values are as in (2.52).
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Proof. The proof is similar to that of Theorem 2.2 and is left to the reader as an
exercise. O

Notice that in Theorem 2.6, {p,(x)}, _, was only assumed to be an orthogonal
set with respect to the discrete weight function w(x). If it is further assumed that
{pn(x)},_, is an orthonormal set, i.e., B, = 1, then it satisfies (2.13). Consequently,
Yi—1/Vn = an, and A, (x) and B, (x) as respectively in (2.56) and (2.57) take on the
form

Anoc):an(M +zpn Dpali— >Mw>) 2.58)

r— x+1—j
and
_ pn(t+1)pn 1 _ u(x+1)—u(]) .
B,,(x)—cl,,( P +2pn Dpn1(j—=1) 1= w(j) | -

(2.59)

To demonstrate the applicability of (2.55) to the discrete Sheffer A-Type 0 orthog-
onal sets, we consider the Meixner polynomials in our next example. To complete
this example, we need the very useful Chu-Vandermonde Sum, which is

—n,b
2k (
C

It is worthwhile to note that the Chu-Vandermonde Sum can be obtained as the
terminating version of the Gauss Sum:

i (a,cb 1> _I'(c)I'(c—a—D)

-~ TI'(c—a)(c—b)’
Namely, if in the Gauss Sum we replace a with —n, we are left with the
Chu-Vandermonde Sum. Refer to Chap.4 of [17] and Chap.1 of [25] for more
information on these and other similar sums.

Re(c—a—b)>0.

Example 2.8. Here, we sketch the details of deriving the coefficients A,(x) and
B, (x) in (2.55) for the Meixner polynomials. These polynomials can be defined
as

—n,— 1
My(x;B.c)i=oF [ T 1-2), (2.60)
B c
where x =0,1,2,.... The weight function for the Meixner polynomials is
¢
w) = BEC o0 2.61)

x!
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via the discrete orthogonality relation

(B)xc®  n!(1 —c) P

My (x;p5¢)My(x;psc = Omyn- (2.62)
3 M (a3 BicMy (i) S5 =
Then, it follows from (2.53) that
X
"= e "

Next, we consider g(x) such that deg(g(x)) < n and take c to be an arbitrary constant.
Then, from our discrete analogue of the Christoffel-Darboux Identity (2.54), we
observe that

3 20, ) g )3, 2o 263
j=s J=S

J

which follows from (2.52). Using (2.63), as well as A, (x) in (2.56) and the Meixner
weight function (2.61), it can be shown after several manipulations that

( Dict
k!

Yoo1 Pu(=B)

M) = 25 B e

Pn (k)

HMx

Using the definition of the Meixner polynomials (2.60), it can also be shown further
that

_ Y Wi (1 1Y s (B it
Ap(x) = B /3+x Za' (1 C) -1y T

For the next step, we call upon the binomial theorem, which we write using the
Pochhammer symbol:

i Do (1-2)7

where, in general, we must require |z| < 1 if a is not a negative integer. We apply
the binomial theorem to the right most sum in our last manipulation for A, (x) and
also utilize the Chu-Vandermonde Sum to obtain

Y1 pa(—=B)(1—c)'Pn!
YaBn-1  c(B+x)(B)n

The binomial theorem and (2.60) lead to

Ap(x) =

—n

pa(=B) = 1F0<

1— 1) _L (2.64)
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Then, from (2.60) and (2.62), we obtain

1 1\" n!
Y”‘m(l‘E) and P= ),

By using (2.64) and the expressions for ¥, and 3, above to find ¥,—1 /¥, and B,_1,
we eventually have

—n
Ap(x) = ————.
W= B
To derive the expression for B,(x), we use (2.61), (2.56), (2.57), (2.63) and (2.64)
to arrive at p)
Pn—1{— —-n
B,(x) =————A,(x) = .
=B M B

Collecting all of this analysis, we establish the following theorem.

Theorem 2.7. With respect to the operator A as defined in Theorem 2.6, the
Meixner polynomials satisfy the first-order difference equation

Ay (3:B.0) = (570 ) M) = (g ) Mo (B

Proof. See all of the above analysis. a

2.5 Gaussian Quadrature

Informally, the idea behind Gaussian Quadrature is to approximate the integral of a
given function, say f(x), multiplied by a weight function, with a linear combination
of f(x) at known x-values. That is given f(x), we want to obtain

./Iéf(x)w(x)dx ~crf(x)+eaf(x) 4+ +enflxn).

Of course, one would need to develop a method to accomplish this, i.e., how to
specifically determine the ¢;-terms, the N-value, and the set {x; }iv:l. The essence of
such a method was essentially devised by Carl F. Gauss.

As we have mentioned, this introduction is of course very informal, but should
give a clear idea of our motivation. In this section, we show how Gaussian
Quadrature is connected to classical orthogonal polynomial sequences and give a
specific example using the Hermite A-Type 0 polynomials. To begin, we must first
discuss two important ideas that are necessary in the construction and proof of the
main theorem of this section: the Lagrange Interpolation Polynomial and the nature
of the zeros of classical monic orthogonal polynomials.
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Definition 2.10. For a set of distinct points {xj,...,x,}, called nodes, the La-
grange Fundamental Polynomial, which we denote [ (x), is

) _ Sn(x)
j=1,j#k (xk —x]-) S;(xk)(x _xk) 7

lk(x) = kE{l,...,n},

with

n
$(0) = [T —x).
j=1
As an immediate consequence, the Lagrange Interpolation Polynomial of a
function f(x) at the nodes {xi,...,x,} is the unique polynomial L(x) such that
deg(L(x)) =n—1 and f(x;) = L(x;) is satisfied. In addition, it is also immediate
that L(x) can be written as

L(x) = kzl LS = 3 Fl) o) (2.65)

We emphasize that Lagrange Interpolation Polynomials do not form an orthogonal
set and are not of any Sheffer Type. Nonetheless, as we discussed, they are necessary
in the construction of the main result of this section. The interested reader can
however refer to [24] for a more in-depth coverage of Lagrange Interpolation,
including convergence properties.

We next state an important result about the zeros of classical monic orthogonal
polynomials that will be needed in our main theorem. Moreover, for establishing
this theorem, we call upon the Christoffel-Darboux Identity and its limiting case,
which makes for a quite simple proof. For the remainder of this section we assume
that {P,(x)}, _, is a monic sequence of orthogonal polynomials that satisfy (2.4).

Theorem 2.8. IfS := {P,(x)},_ satisfies the monic three-term recurrence relation
(2.4), then the zeros of each P(x) € 8 are both real and simple (distinct).

Proof. Assume that P;(x) has a complex zero, say z. Then, since complex zeros
of polynomials with real coefficients come in conjugate pairs, we know that 7 is
also a zero of Pi(x). Now let x = z and y = Z and substitute these into (2.8). By
the properties of the complex conjugate, we know that P;(Z) = P(z) and therefore
the right-hand side of (2.8) is zero. However, the left-hand side is nonzero. This
contradiction implies that the zeros of each Py(x) € 8 are all real.

Next, assume that P;(x) has a zero of multiplicity 2, say xo. Then, the right-hand
side of (2.11) is clearly zero since Pi(xo) = P/(xo) = 0, while the left-hand side is
nonzero (positive). Therefore, we know that the zeros of each P(x) € 8 are simple.

O

We now can prove the following.

Theorem 2.9 (Gauss—Jacobi Mechanical Quadrature). Let {P,(x)},_, satisfy
the monic three-term recurrence relation (2.4), with real and simple zeros ordered as
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XN,1 > XN2 > " > XNN-

Then, given a positive integer N, there exist a unique sequence of positive numbers
{3, such that

N
[ pewods =¥ Aepava). (2.66)
R k=1

which is valid for all polynomials p(x) such that deg(p(x)) < 2N — 1. Moreover, the
Ax-values, called the Christoffel Numbers, are not dependent on the polynomial
p(x) and can be computed via

B Py (x)w(x)dx
N o 207

Proof. Let L(x) be the Lagrange Interpolation Polynomial in (2.65) of p(x) at the
nodes {xy 4 }_,, which we assign to be the zeros of {P,(x)};_,. These choices are
permissible, as each of the zeros {P,(x)},_, is real and simple via Theorem 2.8 and
can be ordered as in the statement of this theorem. Therefore,
L(x) = p(x) at x=xyx, Vke{1,2,...,N}.
Thus, there exists a polynomial g(x) with deg(g(x)) < N — 1 such that
p(x) = L(x) = Py (x)q(x)-

Multiplying the result directly above by w(x) and integrating gives

[ plomar = [ Lwweds+ [ Pux)awia

From Lemma 2.1, the rightmost integral is zero. By (2.65) with S(x) replaced by
Py(x) we see that our relation above becomes

N XWX
[ ptemwtons = 3 ([ B o

and (2.66) and (2.67) are both satisfied. Since we have proven (2.66), we can now
apply it to p(x) = P3(x)/(x — xy)* from which it follows that

X 2
M= /R (PIIV(xN,IZ;/((x)_xN,k)) wle)d

This implies that {2 }2[: | is a unique sequence of positive numbers. O
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We now demonstrate Theorem 2.9 concretely.

Example 2.9. We apply Theorem 2.9 to the polynomial p(x) := 3x® — 2x* using
the Hermite polynomials, in which case €2; = R. Since the weight function for the

Hermite polynomials is w(x) = e

303 —2x%) e dx
(
R

via the right-hand side of (2.66). The Hermite polynomials are defined as

, we wish to evaluate

[n/2] (_ 1)kxn72k
Ho(x):=n2" ¥ %
() =n ,Z;) 22Kl (n — 2k)!

where |n/2] is the floor function. Through some manipulation, we can write these
polynomials in the following hypergeometric form as in (2.5):

E&C@::(ZXYZE)(_"/l(I_Jﬂ/ﬂ __l>

2

from which it is clear that the leading coefficient of H,(x) is 2". So, the monic form
of the Hermite polynomials is P, (x) =2~ "H,(x). We next take N = 3 and thus

The zeros of P3(x) give us the nodes

X371 = 3/2,
x32 =0,
X33 = — 3/2.

Also, we evaluate P and P’ at each of these nodes to respectively obtain
P(x31) = 43"1 (3v6-4)
P(x32) =0
P(x33) = —% (3\/6— 4)

and

PI(X3’1) :3,
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P(x32) =—3/2,
P/()C3’3) 3.

We next compute the A;-values using

k=1,2,3.
/P/)C3k x X3k), I

Specifically, this gives

M =VT/6,
)LZ = 2\/E/37
A3 =+/r/6.

Putting all of this together, after some calculations we obtain

3
;(/P (o) (= x3k)>17(x3,k)——\/%

and of course

/R(3x —2x%) _—2/2*)‘ _—2<\/Tﬁ)_—\/ﬁ

via the gamma function in Definition 2.9.
Also, the interested reader can consider instead using the Meixner—Pollaczek or
the Laguerre polynomials for this example.

To summarize, we have established a numerical estimate of an integral by picking
optimal abscissas (the x-values) at which to evaluate the function. The Gauss—Jacobi
Mechanical Quadrature Theorem (Theorem 2.9) states that these values are exactly
the roots of the orthogonal polynomial for the same interval and weight function
as the integral being approximated. Gaussian Quadrature is optimal since it fits all
polynomials up to degree 2N — 1.

The natural question is of course how Gaussian Quadrature applies when f(x)
is a function more general than a polynomial of degree at most 2N — 1. A detailed
analysis of such a development and related results is quite detailed and a discussion
of this nature is not germane to the work at hand. Nonetheless, it is certainly
worthwhile to cover one such fundamental result and we refer the interested reader
to [24] for a thorough treatment.

The result below essentially states that for large N, the quadrature of Theorem 2.9
becomes very close to the actual value of the integral jf f(x)dx, for which the
integral exists.
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Theorem 2.10. Let w(x) > 0 be a weight function defined on an arbitrary interval
[a,b] and QN (f(x)) := 3I_, Aup(xn &) the corresponding Gauss—Jacobi Mechanical
Quadrature as in Theorem 2.9, where the Ag-values are the Christoffel Numbers
(2.67). Then the quadrature convergence

b
lim On(/(0) ~ [ f0)dx =0

N—roo

holds for an arbitrary function f(x) for which the above integral exists.
Proof. Refer to Chap. 15 of [24]. a

We conclude this section by briefly addressing two additional types of similar
quadrature formulas. The first is Radau Quadrature [10], which is also a Gaussian
Quadrature-like formula. In essence, Radau Quadrature requires N + 1 points
and fits all polynomials up to degree 2N and hence yields exact results for all
polynomials of degree 2N — 1. This procedure requires the use of a weight function
W (x) in which the endpoint —1 in the interval [—1,1] is included in a total of N
abscissas, leading to N — 1 free variables.

Also, Laguerre-Gauss Quadrature (often also called Gauss-Laguerre Quadra-
ture) [2, 8] is additionally a Gaussian-like quadrature over the interval [0, ) with
the Laguerre (Lff’) (x)) weight function W (x) = e, This procedure also fits all
polynomials up to degree 2N — 1.

2.6 Problems

We finalize this section by stating some interesting problems that naturally arise
from the analysis we have covered.

Problem 1. Supply the rigorous details of Meixner—Pollaczek case of Example 2.4
and also consider applying the inverse method to the remaining three A-Type O sets.
For the Hermite polynomials ¢, := 1/n!, for the Meixner polynomials ¢, := (), /n!,
and for the Krawtchouk polynomials ¢, := C(N, n).

Problem 2. Develop an analogue of Example 2.5 for the Meixner—Pollaczek
polynomials.

Problem 3. Construct an analogue of Example 2.8 for the other Sheffer Sequences
that satisfy a discrete orthogonality, i.e., the Charlier and Krawtchouk polynomials.

Problem 4. Establish a discrete analogue of Theorem 2.4 and apply it to the
Meixner, Charlier and Krawtchouk polynomials.
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