
Preface

The Boltzmann equation is a milestone of classical and quantum kinetic theory of
gases [1–6]. It describes the evolution of a dilute gas, initially prepared in a
nonequilibrium state, by means of a statistical approach which allows to disregard
the detailed knowledge of the motion of the single particles. In the absence of
external forces, the gas undergoes a process of relaxation to equilibrium, whose
mathematical essence is captured by the celebrated H-Theorem, which also
marked the first clear onset of irreversibility in classical particle systems. On the
other hand, a different perspective in the behaviour of a fluid is offered by the laws
of continuum physics, which found a self-contained settlement in the equations of
hydrodynamics. This work is concerned with the ambitious and long-standing task
of linking the two different levels of description, the kinetic and the hydrodynamic.
The question arises as to whether this is actually an original ambition. The Grad’s
moment method, for instance, which still spreads its influence on the modern
theory of Extended Irreversible Thermodynamics [7], dates back to the late 1940s
of the last century. Earlier attempts are represented by Hilbert’s procedure and by
the Chapman-Enskog expansion, which constitute an important success in kinetic
theory, as they allowed to derive the hydrodynamic laws from the Boltzmann
equation and provided consistent expressions for the transport coefficients. How-
ever, almost a century of effort to extend the hydrodynamic description beyond the
Navier–Stokes–Fourier approximation failed even in the case of small deviations
around the equilibrium, due to the onset of instabilities which prevent the use of
the hydrodynamic solutions [8, 9]. A different route, in kinetic theory, is repre-
sented by the recent Invariant Manifold method [10]. This technique, based on the
computation of a slow invariant manifold in the space of distribution functions,
provides hydrodynamic equations which are stable and remain valid also at short
length scales, provided that the condition of local equilibrium holds. Thus, the
purpose of this work is to offer a short survey over a field of active research, which
aims at bridging time and length scales, from the particle-like description inherent
in the Boltzmann theory up to the hydrodynamic setting. Our plan is to perform a
bottom-up approach, which steps from the statistical foundations of the Boltzmann
equation to the spectral properties of hydrodynamic fluctuations. Our natural
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inclination is to shape things as they were rooted and naturally emerging each from
the other: i.e., by showing, for instance, how typical kinetic equilibration rates
affect the normal modes of hydrodynamic fluctuations and, also, how the hydro-
dynamic setting may be successfully extended to length scales comparable with
the mean free path. A great scientist of our times, J. L. Lebowitz, expressed, in
[11], his own surprise in considering that, in spite of the hierarchical structure of
Nature, characterised by a variety of time and length scales, it is still possible, to
some extent, to discuss the various levels of description independently of one
another. ‘‘Thus, arrows of explanations between different levels always point from
smaller to larger scales, although the origin of higher level phenomena in the more
fundamental lower level laws is often very far from transparent’’. Our overall
impression, which we would like to share with the reader, is that a unifying
approach is finally starting to take shape.
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