Chapter 2
Univariate Hardy-Type Fractional Inequalities

George A. Anastassiou

Abstract Here we present integral inequalities for convex and increasing functions
applied to products of functions. As applications we derive a wide range of frac-
tional inequalities of Hardy type. They involve the left and right Riemann-Liouville
fractional integrals and their generalizations, in particular the Hadamard fractional
integrals. Also inequalities for left and right Riemann-Liouville, Caputo, Canavati
and their generalizations fractional derivatives. These application inequalities are of
L, type, p > 1, and exponential type, as well as their mixture.

2.1 Introduction

We start with some facts about fractional derivatives needed in the sequel; for more
details, see, for instance, [1, 9].

Leta < b, a,b € R. By CV ([a,b]), we denote the space of all functions on [a,b]
which have continuous derivatives up to order N, and AC([a,b]) is the space of
all absolutely continuous functions on [a,b]. By ACY ([a,b]), we denote the space
of all functions g with g1 € AC([a,b]). For any o € R, we denote by [c] the
integral part of o (the integer k satisfying k < o < k+ 1), and [] is the ceiling of o
(min{n € N,n > a}). By L (a,b), we denote the space of all functions integrable on
the interval (a,b), and by L. (a, ) the set of all functions measurable and essentially
bounded on (a,b). Clearly, L.. (a,b) C L (a,b).

We start with the definition of the Riemann-Liouville fractional integrals;
see [12]. Let [a,b], (—o < a < b < o) be a finite interval on the real axis R.
The Riemann-Liouville fractional integrals I, f and I}* f of order o > 0 are
defined by
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(1% f) (x) = /f (-0 Vdr, (x<b), 22)

respectively. Here I" (o) is the Gamma function. These integrals are called the left-
sided and the right-sided fractional integrals. We mention some properties of the
operators I, f and I f of order o > 0; see also [13]. The first result yields that
the fractional integral operators I, f and I f are bounded in L, (a,b), 1 < p < oo,
that is,

|, < KA. (1], <K (2.3)
where
B (b—a)*
K= o () (2.4)

Inequality (2.3), which is the result involving the left-sided fractional integral, was
proved by H.G. Hardy in one of his first papers; see [10]. He did not write down the
constant, but the calculation of the constant was hidden inside his proof.

Next we follow [11].

Let (21,2, 1) and (£2,,%,, ll>) be measure spaces with positive o-finite mea-
sures, and let k : 1 X ©Q, — R be a nonnegative measurable function, k (x,-) mea-
surable on £2, and

0= [ kedim (). xe . 2.5)
03

We suppose that K (x) > 0 a.e. on £y, and by a weight function (shortly: a weight),
we mean a nonnegative measurable function on the actual set. Let the measurable
functions g : £2; — R with the representation

/kxy Vi (), 2.6)

where f : €, — R is a measurable function.

Theorem 2.1 ([11]). Let u be a weight function on €21, k a nonnegative measurable
function on Q) x £, and K be defined on €21 by (2.5). Assume that the function

x> u(x) Ig( y>) is integrable on €| for each fixed y € €. Define v on €2, by

vo)i= [ uto ",ﬁ(y)) i1 (x) < o @7

If @ :[0,00) — R is convex and increasing function, then the inequality

Jawws [ vooUrohans) e
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holds for all measurable functions f : 2, — R such that:

(i) £, D (|f]) are both k (x,y)dus (y) -integrable, U, -a.e. in x € Q.
(ii) v (y) @ (|f]) is Up-integrable, and for all corresponding functions g given by
(2.6).

Important assumptions (i) and (ii) are missing from Theorem 2.1 of [11].
In this article we generalize Theorem 2.1 for products of several functions and
we give wide applications to fractional calculus.

2.2 Main Results

Let (21,%,1;) and (£,, 25, 1) be measure spaces with positive 6-finite measures,
and let k; : 1 x €, — R be nonnegative measurable functions, &; (x, ) measurable
on {2, and

K,‘(x):/Q ki (x,y)dpa (y), foranyx e Qy, (2.9)
2

i=1,...,m. We assume that K; (x) > 0 a.e. on £, and the weight functions are
nonnegative measurable functions on the related set.
We consider measurable functions g; : £2; — R with the representation

G0 = [, k() fi)dm ), 2.10)

where f; : £, — R are measurable functions, i =1,...,m.
Here u stands for a weight function on €2;.
The first introductory result is proved for m = 2.

u(x)ky (x,y)kp (x,)

Theorem 2.2. Assume that the function x — ( ) is integrable on £,

K1 (0)K2 ()
for each'y € €. Define A, on £, by
ky (x,y) ka (x,y)
A ::/ uk dpy (x) < oo, 2.11
2 (y) o, Kl (x) KZ (x) 251 (x) ( )

Here @; : R, — R, i = 1,2, are convex and increasing functions.

Then
feom (&) = (56
(/qu’zﬂfz ) due (y)) (/Qz D1 (|1 () A2 (v) dpa (y)), (2.12)

true for all measurable functions, i = 1,2, f; : 2 — R such that:

(i) fi, @i (|fi]), are both k; (x,y)d s (y) -integrable, 1| -a.e. in x € €.
(ii) 2@ (|f1]), D2 (|f2]), are both iy -integrable,

and for all corresponding functions g; given by (2.10).

i) <
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Proof. Notice here that @;, @, are continuous functions. Here we use Jensen’s in-
equality and Fubini’s theorem and that @; are increasing. We have

/QIM(X)CDI( )432( )dm(x):
/Qlu(x)d)1<K11()

o kG ) <y>D - 213)
o (|

W/szz (x,) f2 (v) di (y)Ddlil (x) <

/QIM(X)(DI (%(x) /szl (x,) /1 (y)ld,uz(y)>.

@ (o o e ) [0z ) ) da () <
1

'/Ql u(x) A0 (/92k1 (x,9) @y (|1 ()]) dua (y)) )

Kzl(x) < /Qz ka (x,y) @2 (/2 (v)]) dpt2 (y)> duy (x) =

82 (%)
K2 (x)

81 (%)
Kl (x)

(calling 7 (x) := [o, k1 (x,3) @1 (|f1 (¥)]) dpiz ()

u(x) v (x)
/gl o, Ki (0) K 12(x ka (x,y) @ (12 (v)]) diz (y) dpia (x) =

A glzg(&))ﬁz ko (63) B2 (1 () di (i b) = (2.14)

[ 020200 [, 0 y)a 9) ) -

[, @0R0):
(f, SLt) ()1 (1 0 0) ) s () ) s () =
J, @ 0A00)

UQ] (/Qz u(x)lg((j),;(zk(z gxay) @ (|1 (v)])dua (y)) duy (x)] dup (y) = (2.15)

(/Q’zIfz Ddua (y )
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[/Ql (/Q2 u(x) ki (x,y) ka (x,y) @y (11 (0)])dpa (y)) du (x)} _

Ky (x) K2 (x)

(/) @0r0Dd0):

[/Q(/Q u(x)ky iy >2(§ ><p1<|f1<>|>du1<x>)du2<y)}:

(f, @0n00de0):

[ etaon ([ ey, <x>> )= @10

(/qu’zﬂfz( )din (y )[/ @ (|f1 (y ()dliz(y)],

proving the claim. O

When m = 3, the corresponding result follows.

Theorem 2.3. Assume that the function x — (”(x)lk('l((fc’)y I)éz()(:)f%}ﬂa)(x,y ) ) is integrable on
Qy, for each 'y € Q. Define A3 on £, by

o u(x)ky (x,y)ka (x,y) k3 (x,) .
10):= /!21 K (x) K> (x) K3 (x) i x) <= @17

Here @;: Ry — R4, i=1,2,3, are convex and increasing functions.

Then X .
Joeo Mo (5

<I]_£/ (/i 0)]) dia (y)> (/Qz @ (1f1 () A3 (v)die (y)),

true for all measurable functions, i = 1,2,3, f; : £, — R such that:

) dp (x) < (2.18)

(i) fi, @i (|fi]), are both k; (x,y) d s (y) -integrable, 1| -a.e. in x € €.
(ii) 23D (|/1]), P2 (f2]), D3 (| f3]), are all py -integrable,

and for all corresponding functions g; given by (2.10).

Proof. Here we use Jensen’s inequality, Fubini’s theorem, and that @; are increas-

ing. We have \
[, T (|00 a0 -

[Tl (| f st 000 Janw< o

=

{.O\

2
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26
2 1
K ki (x i)ld duy (x) <
,1;[1 <K(x/ )i )] uz()> W (x) <
S
91 ,1—1<K:(x /gzk’ x,y) @i (i (v duz(y)> duy (x) =
3
3 <H/QZ"I x,y) @i (|fi (v)|) dpz (y)> dp, (x) =
,91
(calling 6 (x) :=

3
,-13 <>

/Q1 0 (H /Q2 ki (x,y) @ (|fi (9)]) dia (y)> dp (x) = (2.20)

i=1

[ ot [/Q(l/ () Bl duz(y)>

ks (x,y) @5 (|3 (v)|) dua (Y)l du (x) =

2
A </Q 6() (H [, ki) @ ) da (y))

ks (x,y) D5 (| f3 (v)]) dua ()’)> du (x) =

2
A (/Q o) (H [, K @ 0w <y>>

ks (x,) D3 (13 (v)]) di (X)> dup (y) =

[, @s1pst </ 0(x)k (x.5) (q/ i (x.3) Ifz()l)duz()> @21

du (X)> dua () =

foaaon [ [ owmn ([ { [ kenenmhano}

w
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ky (x,y) D2 (|2 (v)]) dua (Y)> di (x)] dup (y) =

Looson| [ ([ eweenenedsm) e

{ b1 6) @1 (15 ) <y>} it <y>) duy <x>] dins () =

(/ s (15 O))dpiz (v )[/Ql (/Qze(x)kz(xvY)’%(xay)q’z(lfz(y)l)-

{ [ ) 1 ) <y>} it <y>) duy (xﬂ _

(/ s (15 O))dpiz (v )[/92(/Qle(x)kz(W)’G(xay)q’z(lfz(y)l)-

{ k) 15 ) <y>} i <x>> it <y>} - e

(/{22<D3(|f3 |)duo (v )[/ D (|f2(y (/ 0 (x) ks (x,y) ks (x,y) -

(/92 ki (x,y) @1 (|f1 (v)]) dua (y)) du (X)> di (Y)] =

(-/!22¢3(|f3( ) dua (y ) [/ D, (| f2( )|){/Ql ( Qze(x)lf[lki(x7y).

Dy (|1 ()]) dpa (y)> dp (x) }duz (y)] =

(/92<D3(|f3 ) dps (v )</ @, (|f2 () dia (v >

3
</!21 < Qze(x)[[lki (x,y) @1 (If1 (v)]) da (Y)> d (x)) = (2.24)

3
(}jz [, @150 <y>> -

3
</Qz </Ql o (X)gkf () @1 (11 O0)]) din (x)) di @)) -
<H D; (|fi (v)]) dua ()’)> :

i=2 /&
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</ D (|f1(y </ 0 (x) | | ki (x,y)dus (x ))#&(Y)) =
( / i (1fi (v duz(y)> ( /Q D (11 ()]) A3 (y)duz(y)), (2.25)

proving the claim. O

For general m € N, the following result is valid.

Theorem 2.4. Assume that the function x — is integrable on €2,

foreachy € . Define Ay on £, by

u (x) T i (x,)

i—1

Ao (¥) = / E dpy (x) < oo. (2.26)
a0 K@
i=1
Here @; : R, — R, i=1,...,m, are convex and increasing functions.
Then
m
8i(x) )
u(x D; duy (x) < 2.27
IREI I e .27)

( / i (1 0)]) dia (v )(/ @ (|f1 (v (y)dliz(Y)>,

true for all measurable functions, i = 1,...,m, f; : £, — R such that:

(i) fi, @i (|fi]), are both k; (x,y) d s (y) -integrable, 1| -a.e. in x € €.
(ii) 2@y (|1]), D2 (|12]) @3 (1 f3]) 5 - - -, @ (| fin]), are all p, -integrable,

and for all corresponding functions g; given by (2.10).

When & (x,y) = ki (x,y) = ko (x,y) = ... = ky (x,y), then K(x) := K (x) =
K> (x) = ... = Ky (x). Then from Theorem 2.4 we get:

Corollary 2.5. Assume that the function x — (%) is integrable on €2y, for
eachy € L. Define Uy, on £, by

Un(y) = /!21 (%”’(i};,y}) duy (x) < e (2.28)

Here @; : R, — R, i=1,...,m, are convex and increasing functions.
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Then
8i (x)

~/91M(X), 1<1§,-< K

(fljgzdzqfx )dpa v ) (/@A 0D )).

true for all measurable functions, i =1,...,m, f; : £, — R such that:

(i) fi, @i (|fi]), are both k (x,y)dus (y) -integrable, U -a.e. in x € ).
(ii) Un®@y (|11]), D2 (| /2]) s @3 (1 f3]) 5 - - -, @ (| fn]), are all p, -integrable,

and for all corresponding functions g; given by (2.10).

=

) dpy (x) < (2.29)

When m = 2 from Corollary 2.5, we obtain

Corollary 2.6. Assume that the function x — ( u(k? (x,y)

0 ) is integrable on €1, for
eachy € L. Define U, on £2; by

_ [ (R (xy) .
0= [ ("5 ) ) < 2.30)
Here @1, D, : R, — R, are convex and increasing functions.
Then
g1 (x) 82 (x)
/Qlu(x)<1>1< i ><p2< i )d,ul(x)g 2.31)

(/quﬁzﬂfz( )du (y )</ D (|1 (y 2()’)dlvlz(y)>7

true for all measurable functions, fi, f> : o — R such that:

(i) f1, fo, D1 (|f1]), P2 (| f2]) are all k(x,y)dus (y) -integrable, 1y -a.e. in x € €.
(ii) U@ (|11]), D2 (| f2]), are both i, -integrable,

and for all corresponding functions g1, 8> given by (2.10).

For m € N, the following more general result is also valid.

Theorem 2.7. Let j € {1,...,m} be fixed. Assume that the function x —

u() 11 k()
———— | is integrable on 1, for each 'y € £,. Define Ay, on , by

3.

I1 Ki(x)

i=1

u (x) IT ki (x,y)
Ao () = /91 ——

—_

iy (x) < oo, (2.32)

Here @; : R, — R, i=1,...,m, are convex and increasing functions.
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Then

> dpy (x) < (2.33)

il;[}/ (1 ) di (v) (/Qz @i (|£;0)]) A () dita (y)> 1,
true for all measurable functions, i =1,...,m, f; : £, — R such that:
(i) fi (1), are both ki (x,y) i () -inegrable, s inxe a
(ii) 2n®; (1) @1 (1), @2 (15D, D5 (155]) o @ (|£i]) - s Do (| fn

U mtegrable

), are all

—

and for all corresponding functions g; given by (2.10). Above @; (|fj‘) means
missing item.

We make

Remark 2.8. In the notations and assumptions of Theorem 2.7, replace assumption
(ii) by the assumption,

(i) @1 (If1]) -, P (| fin]) s Am @1 (I11]) 5 - -+, A @i (| fin|), are all p, -integrable
functions.

Then, clearly it holds,

m
Py
1< = (2.34)
m
An application of Theorem 2.7 follows.
Theorem 2.9. Let j € {1,...,m} be fixed. Assume that the function x —
u() I ki(x)
—=—— | is integrable on 1, for each 'y € £,. Define Ay, on , by
IT Ki(x)
i=1
u (@) I ki (x.)
A (y) = / S (2.35)
€ 1:[1 K; (x)
Then
yz": gi(x)
/ u () e 5 gy () < (2.36)
Q)
m
1, a0 | ([, o2 0)ama ).
517 2
i#]

true for all measurable functions, i =1,...,m, f; : £, — R such that:
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(i) fi, Vil are both ki (x,y) dus (y) -integrable, 11 -a.e. in x € Q.
(ii) Ameli

;e‘fl‘,e‘fz‘,e‘fﬂ,...,e|f/'|,...,e‘f’"‘, are all U, -integrable,

—

and for all corresponding functions g; given by (2.10). Above e|ff'| means absent
item.

Another application of Theorem 2.7 follows.

Theorem 2.10. Letr j € {1,...,m} be fixed, a > 1. Assume that the function x —

u(x) T1 ki)
=1

is integrable on Q, for each 'y € . Define A, on £, by

3|

I Ki(x)
i=1
u ()C) H ki ('xay)
I )= [ | e | () < 2.37)
a0 KG)
i=1
Then
rr| gi () |
/91 u(x) (H () ) duy (x) < (2.38)
[T, 10 dia) | (f, 1601201 ).
i#]
true for all measurable functions, i =1,...,m, f; : £ — R such that:

(i) |fi|%is ki (x,y) duy (v) -integrable, [y -a.e. in x € €.
(i1) 2o [ £ 1AL AR L

@ are all Uy -integrable,

and for all corresponding functions g; given by (2.10). Above |fj |a means absent
item.

We make

Remark 2.11. Let f; be Lebesgue measurable functions from (a,b) into R, such that
(I (1f:]) (x) ER,V x € (a,b), 0; > 0,i=1,...,m, e.g., when f; € L.. (a,b).
Consider
gi(x)= (I3 fi) (x), x€(ab),i=1,....m, (2.39)

we remind

(I fi) () = %/ax (x—0)% " £ (1) dr.

OCi)

Notice that g; (x) € R and it is Lebesgue measurable.
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We pick Q| =, = (a,b), du; (x) = dx, di (y) = dy, the Lebesgue measure.

We see that

- b X(ax] (t) ('x - t)aﬁl
- [T A

where y stands for the characteristic function.
So, we pick here

¢ o;—1
ki(x,t):: (11(( ) ) , i=1,...,m.
In fact 1
=)~
ki(oy) =4 Tl > 4SYS®
0, x<y<b.
Clearly it holds

Hag =" (x—a)
@ Tl@) 0T T(at)

a<x<b,i=1,....m
Notice that

ki(%)’) _ i X(a,x] (y) (-x_y)aﬁl 'F(O(i—l—l)
i=1 K; (x) i—1 d

m
Ll

Calling

we have that

Hk xy X(ax]()( ) '}/

i1 (x—a)*
Therefore, for (2.32), we get for appropriate weight u that
OC m
=y / —————dx < oo,

foralla <y <b.

(%m Y- )%105:’) Hun0) -5 ) (fie)

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)
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Let &, : Ry — Ry, i=1,...,m, be convex and increasing functions. Then by
(2.33) we obtain
m O‘l
/ H¢,<M r(ai+1)>dxg
a i=1 x a)
b
/ (Ii (x (/ @; (|£; (x)]) Am (x)dx) : (2.48)
a Ja

I%J
with j € {1,...,m}, true for measurable f; with I, (|f;|) finite (i = 1,...,m) and
with the properties:
(i) D; (|fi]) is ki (x,y) dy -integrable, a.e. in x € (a D).
(i) 2n@; (| £5]) @1 (|f1]), D2 (| 12]) (|f,\) , @y (|fn]) are all Lebesgue

1ntegrable functions,

where @; (| f;|) means absent item.
Let now
u(x)=(x—a)*, xe(a,b). (2.49)

Then

: (2.50)

y € (a,b), where o0 > m— 1.
Hence (2.48) becomes

[ <x—a>wﬁ¢i< (1£1i) ()

(x—a)*

<a m+1> /‘D (Ififx <./ab(b—x)am+1‘1?i(!f.f(X)!)dX>§
’ - 2.51)
(7(1; tjn+1 )(H/ (1 )

where o >m— 1, f; with I (| f;]) finite, i = 1,...,m, under the assumptions (i), (ii)
following (2.48).
If ®@; = id, then (2.51) turns to

/ a+l )‘dxg

F((Xi—l—l)) dx <



34 George A. Anastassiou

. ! 11/ 15
<nr(a,-+1))(a—m+1) oL

i—1
([ 6= gy o)) <

a—m+1 m
= <H / blﬁ(x)ldx>, 252)
(HF(OG—F 1)) (c—m+1) | \i=t7¢

where a > m — 1, f; with I;% (|fi|) finite and f; Lebesgue integrable,i=1,...,m
Next let p; > 1, and @; (x) = x”i, x € Ry. These @; are convex, increasing, and
continuous on R ;.
Then, by (2.48), we get

e fi| RO
h /a( ) 111 —a)® <
m b
- Y H/ If; ()P dx
([l:ll(r(ai+1))pi) (O(—m+1) §7:é§ a

<./ab (b=x)* " f )] dx) <

_\oa—m+1 m b
rb=a) <]‘[ / |ﬁ(x)|1’fdx>. (2.53)
i—1/a

(T (0 + 1))’”) (—m+1)

(

m m
Notice that Y, ogp; > o; thus, B: =0 — Y o;p; <0.Since 0 <x—a<b—a(x€
i=1

i=1

=P

(a,b)), then (x — a)ﬁ > (b— a)ﬁ.
Therefore

Il—/ X — a a+, ’p’dx>

_aﬁ/ (19 )

Consequently, by (2.53) and (2.54), it holds

Pi dx. (2.54)
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b m
/ 11 ) (o] dx < (2.55)
a i1

g a;p;i | —m+1
b—a <<i:1 ) ) m - rb )
A I/ 1r o) .
<H(F(Oci+1))”f> (c—m+1) | \i=t"¢
i=1
where p; > 1,i=1,..,m, @ > m— 1, true for measurable f; with I (|f;]) finite,
with the properties (i = 1,...,m):

() |fi|"" is ki (x,y) dy -integrable, a.e. in x € (a,b).
(ii) | f;]7" is Lebesgue integrable on (a,b).

If p=pi=pr=...=pm> 1, then by (2.55), we get

< (2.56)

p.(ab)

m o
‘H1 (175 f3)
L

y% (b—a)(a7%+71’) (

m . ||fi||p7(a,b)> :
(l:[1 (F(Oti+1))) (—m+1)r =1

o > m— 1, true for measurable f; with I (|f;|) finite, and such that (i = 1,...,m):

1

() |fi|” is ki (x,y) dy -integrable, a.e. in x € (a,b).
(i) |fi]” is Lebesgue integrable on (a,b).

Using (ii) and if o4 > %, by Holder’s inequality we derive that Iy} (| f;]) is finite
on (a,b). If we set p = 1 to (2.56) we get (2.52).
If @; (x) = €, x € Ry, then from (2.51) we get

/b (x—a)ae’gl<
(7(2 - c:i:’:“) (1:-'1 < / befi(x)dx>> , 2.57)

where o > m — 1, f; with I (| fi|) finite, i = 1,...,m, under the assumptions:

(tat 1) )

()%

F((X,‘+1))
dx <

(i) elfil is k; (x,y) dy -integrable, a.e. in x € (a,b).
(i) elfil is Lebesgue integrable on (a,b).

We continue with

Remark 2.12. Let f; be Lebesgue measurable functions : (a,b) — R, such that
L7 (1fi]) (x) <eo,Vx € (a,b), 0 >0,i=1,...,m, eg., when f; € L. (a,b).
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Consider
g0 = (% £) (x), x€(ab),i=1l,....m,
we remind
o 1 b o
(1) ()= gy [ @0 a—0""ar
(x < Db).

Notice that g; (x) € R and it is Lebesgue measurable.

(2.58)

(2.59)

We pick Q) = Q, = (a,b), du, (x) = dx, dus (y) = dy, the Lebesgue measure.

We see that

a;—1
(5 0= [ 7m0 s

So, we pick here

f—x o;—1 .
b 0) = 2 ) =,

In fact

!
o - { L v
, a<y<ux.

Clearly it holds

p-0* b

Ki(x) = Axp) (V) dy =

(ab) " I (o) I'(ei+1)

a<x<b,i=1,....m
Notice that

m
o: 2 o; >0, 7—11061>0
P

we have that
o—m

moki(x,y) X)) =)y
,11 () (b—x)* '

(2.60)

2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)
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Therefore, for (2.32), we get for appropriate weight u that

(Xm

=y / 2y < oo, 2.67)

foralla <y <b.
Let &, : Ry — Ry, i=1,...,m, be convex and increasing functions. Then by

(2.33) we obtain
m
[wofTe
i=1

Q/ab@uﬁ(xmdx ([ 2lsehmma),  co

(1"" fi) (%)
x) J

F(Oc,—i—l)) dx <

with j € {1,...,m},

true for measurable f; with 1, (| f;|) finite (i = 1,...,m) and with the properties:
() D; (Ifi]) is ki (x,y) dy integrable ae.inx € (a,b).
(i) An@; (| £5]) ;@1 (| f1]) (|fj‘) Dy, (| fin]) are all Lebesgue integrable
functlons
where @; (|f;|) means absent item.
Let now
u(x)=(b-x)%, x€(a,b). (2.69)
Then "
v - ro—a)*"
A :/ L P A ) N 2.70
mO) =7 [ (=07 Vdx= "0 (2.70)
y € (a,b), where o0 >m— 1.
Hence (2.68) becomes
b m I(Xl :
/ b—x)*]] P w1"(oc,+ 1) |dx <
Ja i=1 (b —X) t

(oc m+1) H y (5 (/ab(x—“)am“‘?i(\f.f(x)\)dx) <

i#]

')/(b a(x m+1 m b
< pop—— )( i D (|f; (x ), 2.71)

where oo > m— 1, f; with I,f‘i (Ifi]) finite, i = 1,... ,m, under the assumptions (i), (ii)
following (2.68).
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If ®@; = id, then (2.71) turns to

/abﬁ |(177f;) (x)|dx <

: 1/ i (x)|dx | -
(lﬁr(ai+l))(a—m+l) (5/1 fz()d)

i—1
([ =t nwlar) <

—a oa—m+1 m
Lo <H / blﬁ(x)ldx>, @72)
(_1‘[1F(oci+l)> (@—m+1) | \i=1’

where ot > m — 1, f; with I, (|fi|) finite and f; Lebesgue integrable, i =1,...,m
Next let p; > 1, and @; (x) = xPi, x e Ry.
Then, by (2.68), we get

1|1 f) (0]

Iz::./ab(b—x)“ <"‘1 " )dxg

gal 1
(b—x)= "

- ! I/ trprar |-
(H(F(al-+1))"f)(a—m+1) e

=1
([ a0 Pa) <

o—m+1 m
m Y(b — Cl) <H /b |ﬁ (x)|17i dx> . (273)
<H (I' (0 + 1))”") (—m+1) | \i=1"¢

Notice here that 8 := o — Z o;pi <0.Since 0 <b—x<b—a (x € (a,b)), then

b—x)P > (b-a)P. .

Therefore
b B UL pi
b ::/ (b—x) <H|(Iblfi) (x)] ) dx 2
a i=1
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v-af | ’ (ﬁ (1% £7) ()

Consequently, by (2.73) and (2.74), it holds

1"’) dx. (2.74)

b m
/a [TI(E) ()" dx < 2.75)

m b.xpix
(q/ %) d>,

y(b—a) ( (éi “ipi) 7m+1)

<f[1 (I (o + 1))Pi> (—m+1)

where p; > 1,i=1,..m, o0 >m—1,
true for measurable f; with 1, (| f;|) finite, with the properties (i = 1,...,m):

() |fi|"" is ki (x,y) dy -integrable, a.e. in x € (a,b).
(ii) | f;]?" is Lebesgue integrable on (a,b).

If p:=p;=pr=...=pn > 1, then by (2.75), we get

< (2.76)
p.(a.b)

)

b b —a) =5 0) "
m yr (b—a) : (Hllfiﬂp,(a,;,)),
<,1:[1(F(0¢i+1))) (—m+1)r | \i=l

o > m— 1, true for measurable f; with I, (| f;) finite, and such that (i = 1,...,m):
() |fi|” is ki (x,y) dy -integrable, a.e. in x € (a,b).
(ii) | f;]? is Lebesgue integrable on (a,b).
Using (ii) and if o; > %, by Hélder’s inequality, we derive that " (| f;]) is finite
on (a,b).
If we set p =1 to (2.76) we obtain (2.72).
If @; (x) = €, x € Ry, then from (2.71), we obtain

(11 7) )
(b—x)%

F(OC,‘+1)>
dx <

./ab(b—x)aeﬁ'(
(7(2 = 2:’:“) (1—’1 ( / bef,-mdx)) , 2.77)

where o0 > m — 1, f; with I, (|fi]) finite, i = 1,...,m, under the assumptions:

(i) el/il is k; (x,y) dy -integrable, a.e. in x € (a,b).
(i) eil is Lebesgue integrable on (a,b).
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We mention

Definition 2.13 ([1], p. 448). The left generalized Riemann-Liouville fractional
derivative of f of order § > 0 is given by

Do) = o () [ o e

where n =[]+ 1, x € [a,b].
Fora,b € R, we say that f € L; (a,b) has an L., fractional derivative Dg f(B>0)
in [a, b], if and only if:
(W) DE*rec(an), k=2,....,n=[B]+1
) DE~'f e AC([a,b])
3)DEfeL.(a,b)
Above we define D)f := fand D0 f :=12, f,if 0 < § < 1.
From [1, p. 449] and [9] we mention and use
Lemma 2.14. Let B > o« > 0 and let f € Ly (a,b) have an L., fractional derivative
DEfin [a,b] andlethfkf(a) =0,k=1,...,[8]+1, then

DEF ()= =g | = DL () 2.79)

foralla <x<b.
Here DY f € AC ([a,b)]) for B —a > 1, and DS f € C([a,b]) for B — o € (0,1).
Notice here that

e (x) = (1% (DBr)) (), a<x<b. (2.80)

We give

Theorem 2.15. Let f; € Ly (a,b), o, B;: i > 0; >0, i =1,...,m. Here (f;, 04, ;)
Sulfill terminology and assumptions of Definition 2.13 and Lemma 2.14. Let O :=

m m
Y (Bi—oa), 7:=1I (Bi— o), assume & > m—1, and p > 1. Then
i=1 i=1

< (2.81)

,,M,b)) '

[10% 1)
i=1

p.(ab)

_1 a,erL)

yr b— ( rp-r m

_ (b—a) | <H ’
(1__[1 (r(ﬁi_ai‘f'l))) (a—m+1)ﬁ i=1

Proof. By (2.52) and (2.56). O

DY fi
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We continue with

Theorem 2.16. All here as in Theorem 2.15. Then

/b (x— a)ae’g'<
(%) <ﬁl ( / be(Dgi'ﬂ>(x>dx)> , (2.82)

Proof. By (2.57), assumptions there (i) and (ii) are easily fulfilled. O

(pa'£;)
(x—a) (5,'*%' )

F(ﬁi*aﬂfl))
dx <

We need

Definition 2.17 ([6], p. 50, [1], p. 449). Let v > 0, n:= [v], f € AC" ([a,b]). Then
the left Caputo fractional derivative is given by

1

Dra ()C) = m ./ax (x—t)”fvflf(lﬂ ([)d[

- (Ig;V W) (x), (2.83)

and it exists almost everywhere for x € [a,b], in fact DY, f € Ly (a,b), ([1], p. 394).
We have D" f = f") ne Z,.

We also need

Theorem 2.18 ([4]). Letr v>p+1, p >0, v,p ¢ N. Call n:= [v], m* := [p].
Assume f € AC" ([a, b)), such that f¥) (@) =0, k=m*,m*+1,...,n—1, and D), f €

L. (a,b). Then D%, f € AC(|a,b]) (where DL, f = (I;'ifpf('"*)) (x)), and

1

_ * v—p—1 v
Dfa (X)—Hv—_m/a (x—t) P D*a (t)dt

= (1P (D)) (), (284
V x € [a,b].
We give

Theorem 2.19. Let (f;,vi,pi), i = 1,...,m, m > 2, as in the assumptions of The-
m

3

orem 2.18. Set o := Y, (vi—p;i), ¥:= I (vi—pi), and let p > 1. Here a,b € R,
i=1 i
a <b. Then

Il
—

(D41) < (2.85)

p.(ab)

T
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=5 g (@-2+1)
. 77 (b—a) 1 (H”D*a 4 )
<'n (C(vi—pi+ 1))> (@ —m+1)7

Proof. By (2.52) and (2.56),see here o >m>m—1. 0O
We also give

Theorem 2.20. Here all as in Theorem 2.19, let p; > 1,i=1,...,1; | <m. Then

b .
/ (x— a)( E: pi(vi— Pl)) <H |D*a - )‘I’i) .
a i=1
D‘:la 1 I'(vi—p;j+1) ))
e(l [+1 f( ‘<(x—a)(vifpi) dx S

l 7(b—a)ﬁfm+1 <H/ DY f: |p’dx> (2.86)
(l:ll(r(vi—l)i‘f'l))m) (@—m+1)

<ﬁ /beDﬁ‘-’["(”dx).
i=l+174

Definition 2.21 ([2, 7, 8]). Let o > 0, n:= [ o], f € AC" ([a, b]). We define the right
Caputo fractional derivative of order o > 0, by

Proof. By (2.51). O
We need

Dy_f (x):= (=1)"I;=f" (x), (2.87)
we set E(if =f,i.e.,
—_1)\? b
Dy f(x)= % | /x (J—x)"" % (yal. (2.88)

Notice that D, f = (—1)" f), n e N.
In [3] we introduced a balanced fractional derivative combining both right and
left fractional Caputo derivatives.

We need

Theorem 2.22 ([4]). Let f € AC" ([a,b]), o >0, neN, n:=[al,a>p+1,p >0,
=[p], a,p ¢ N. Assume f&) (b) =0, k=r,r+1,...,n—1,and D, _f € Lo (|a,b]).
Then
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D)) = (1" (D5-r)) (x) € AC([a, b)), (2.89)
that is,
D)_f(x)= ;/b (t—x)* P! (T)"‘ f) (t)dt (2.90)
b— r ((X . p) . b— ) .
Vx € [a,b]
We give
Theorem 2.23. Let (f,, 0, pi), I = m m > 2, as in the assumptions of The-
orem 2.22. Set 0. _2 (i —pi), 7 H (a; — pi), and let p > 1. Here a,b € R,
a < b. Then - -
1 ( pi. ﬁ) < 2.91)
i=1
p,(a,b)

7 (b—a)(@57)
(ﬁ (F(ai—PH-l))) (o — m—l—l)l’

(f1ipe 11,

Proof. By (2.72) and (2.76),see here o >m>m—1. 0O
We make

Remark224Letr1,r2€NA>Oj—1 r1,B >0,j=1,...,r; x>0,

p > 1. Clearly ¢**" %" > 1, and Z A >, Z B > ry. Hence, ¢y (x) :=
Jj=1 Jj=1

n p 2 p
In < 3 A >, @ (x) :=1n ( Y erx’> > 0. Clearly here ¢, : R, — R, are
Jj=1 j=1
increasing, convex, and continuous.
We give

Theorem 2.25. Let (f;,0,p;), i = 1,2, as in the assumptions of Theorem 2.22.

2 2
Set 0 := Y (05—pj), 7:= II (0; — pi). Here a,b € R, a < b, and ¢, @, as in
=1 i—1
Remark 2.124. Then I
- \D )
4 L I(i—p; <
/ (b—x) ]‘! e — T (@i—pit+1) | dx < (2.92)

(@—“) (11 (o))

under the assumptions (i =1,2):



44 George A. Anastassiou

—a oi—pi—1
(i) @i (’DZ’,fi (1) ) is (XW’) (1) %dt) -integrable, a.e. in x € (a,b).

(ii) o; (IBZLJC,D is Lebesgue integrable on (a,b).
We make

Remark 2.26. (i) Let now f € C"([a,b]), n = [v], v > 0. Clearly C"([a,b]) C
AC" ([a,b)). Assume f¥) (a) =0,k=0,1,...,n— 1. Given that D", f exists, then
there exists the left generalized Riemann-Liouville fractional derivative D) f
(see (2.78)) and DY, f = D}, f (see also [6], p. 53). In fact here DY, f € C([a,b]),
see [6], p. 56.

So Theorems 2.19 and 2.20 can be true for left generalized Riemann-Liouville
fractional derivatives.

(ii) Let also o > 0, n:= [o], and f € C"([a,b]) C AC"([a,b]). From [2] we de-
rive that D_f € C([a,b]). By [2], we obtain that the right Riemann—Liouville
fractional derivative DY f exists on [a,b]. Furthermore if f%) (b) = 0, k =
0,1,...,n— 1, we get that D _f(x) = DY f(x), ¥V x € [a,b]; hence DY f €
C([a.b)).

So Theorems 2.23 and 2.25 can be valid for right Riemann—Liouville fractional
derivatives. To keep this article short we avoid details.

We give

Definition 2.27. Letv > 0,n:=[v],a:=v—-n(0< o <1).Leta,b e R,a<x<b,
f € C([a,b]). We consider C) ([a,b]) := {f € C"([a,b]) : [,;*f™ € C" ([a,b])}.
For f € C) (|a,b]), we define the left generalized v-fractional derivative of f over
[a,D] as

!
’

AL = (1) (2.93)
see [1], p. 24, and Canavati derivative in [5].
Notice here A) f € C([a, b]).
So that
AW = fr—g g | =0 Oar .94
“ I'(l—o)dx /g ’
V x € [a,b].
Notice here that
Alf=f" neZ,. (2.95)

We need

Theorem 2.28 ([4]). Let f € CY ([a,b]), n =[], such that f) (a) =0, i = r,r +
1,...,n—1, where r := [p], with 0 < p < v. Then

@NE == [ G-0 P @HOa @96
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ie.,
(ALf) =17 (AL f) € C([a.b]). (2.97)
Thus f € C4 ([a,b)).
We present

Theorem 2.29. Let (f;,Vi,pi), i = 1,...,m, as in Theorem 2.28 and fractional

m m
derivatives as in Definition 2.27. Let a2 := Y, (Vi—pi), v:= 1 (Vi—pi), pi > 1,
i=1 i=1

i=1,...,m, assume & >m— 1. Then
b m
/ [T142: fi (x)|7" dx < (2.98)
a =]
y(b—a) < (El(vfpi)p,) 7m+1>

(ﬁ/bw"f'( )Pd )
<lfn[ (F(Vi—Pi-i-l))m) (@—m+1) L1/, 1% : '

i=1
Proof. By (2.52) and (2.55). O
We continue with
Theorem 2.30. Let all here as in Theorem 2.29. Consider A, i = 1,...,m, distinct

prime numbers. Then

AR i)

( r(vi—pit1) )
/b (x—a)aﬁk (v—a)(Vi—Pi)

i=1

,y(b_a)ocferl m/b A,Y"f,-(x)‘
A A— A dx ). (2.99)
( o—m—+1 g a

Proof. By (2.51). O

We need

Definition 2.31 ([2]). Let v > 0, n:=[v], o =v—n, 0 < o < 1, f € C([a,b)).
Consider

Cy_(la,b]) == {f € C"([a,b]) : 1L f") € C' ([a,b])}. (2.100)
Define the right generalized v-fractional derivative of f over [a, b], by

/

A f=(=1)" (I,i:“f“’)) (2.101)

We set Agﬁ f = f. Notice that
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1yl b
IE(ll—)—oc)%/ (=2 ) al, (2.102)

(4)_f) (x) =
and A} f € C([a,b]).
We also need

Theorem 2.32 ([4]). Let f € C/_([a,b]), 0 < p < v. Assume ) (b) =0, i=rr+

1,...,n—1, where r :== [p], n:=[v]. Then
A f(x) = ;/b =x)"P (A f) ()dd, (2.103)
r'(v—-p) -
Vxelablie
Apf=1"" (4] f) €C(la,b]), (2.104)

and f € C_([a,b]).
We give

Theorem 2.33. Let (f;,vi,pi), i = 1,....,m, and fractional derivatives as in
m m
Theorem 2.32 and Definition 2.31. Let ot := 3, (vi—pi), Y= 11 (Vi—pi), pi > 1,

i= i—
i=1,...,m, and assume o. > m— 1. Then

b m
/H|A51fi(x)\”"dx§ (2.105)
a =1

.gl("i*Pi)Pi —m+1 "
m?’(b—a)<<t ) ) <H /b‘AZ’;fi (x)‘Pidx> '
<1H (I'(vi—pi+ 1))”"> (—m+1) =174

i—1

Proof. By (2.72) and (2.75). O
‘We continue with

Theorem 2.34. Let all here as in Theorem 2.33. Consider A;, i = 1,...,m, distinct
prime numbers. Then

A% )| L) )
<| | )( pi) dx S

b
/a (b—x) g&'

j/(b atxm+1
( a—m+1 )( /)L

Proof. By (2.71). O

Al
) (2.106)
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We make

Definition 2.35. [12, p. 99] The fractional integrals of a function f with respect to
given function g are defined as follows:

Let a,b € R, a < b, & > 0. Here g is an increasing function on [a,b] and g €
C' ([a,b]). The left- and right-sided fractional integrals of a function f with respect
to another function g in [a,b] are given by

X / d
(e f) () = F(la)/a (gfx)(tij;((?))fa, x>a, (2.107)
1 b ! d
() 0= 77 | <gi>(t—)gi)>>f“’ weho G
respectively.
We make

Remark 2.36. Let f; be Lebesgue measurable functions from (a,b) into R, such that
(a+g(|fl|)) (x) eR,Vx€ (a,b),0>0,i=1,....m
Consider

gi(x) = (I3} ofi) (x), x€ (a,b),i=1,...,m, (2.109)

where

Lo @) findr
(o fi) () = r(a,)/ o e FT (2.110)

Notice that g; (x) € R and it is Lebesgue measurable.
We pick Q) = Q, = (a,b), du, (x) = dx, dus (y) = dy, the Lebesgue measure.
We see that

b K ()8 (1) fi (1)
(I i) (x) = /ar( YT @.111)

where y is the characteristic function.
So, we pick here

X ()& (1)

ki (x,1) := — . i=1,...,m. (2.112)
‘ I (0s) (8(x) — g (1)
In fact
g’(Y) <
ki(x,y) = { Tlonem—gon—° ¢SV=® 2.113)
0, x<y<hb.
Clearly it holds




48 George A. Anastassiou

' g0 dy=— Mg —g0)% dgy)= @114
L rarat o T, 0 -s 00 s = g
LE a1, _ (8(x)—g(@)

Fa) Jowy 807 dz= T(a+1)

Sofora<x<b,i=1 m, we get
K (x) = B —g (@) 2.115)

i ki(x,y) B i X(agc] (y)g/(y) . F(ai+1) _
I1 K () _-H<F(a,» : ) a

i=1

— (2.116)
2 al
(g(x) —g(a)) <":' )
Calling
a::iai>0, y::ﬁai>0, (2.117)
i=1 i=1
we have that
moki () X 0) (8(0) —g ) " (8" )"y
= . 2.118
e (60 —(@)” e
Therefore, for (2.32), we get for appropriate weight u that (denote A,, by ;)
: ooy (7 (8() —g(1)*
A8 (y) = G—dx < oo, 2.119
50) = (¢ )" [ uta) SR ZEON 2.119)

foralla <y <b.
Let &, : Ry — Ry, i=1,...,m, be convex and increasing functions. Then by

(2.33) we obtain
( a+ gﬁ) (x)

Xt HQ< ) —g(@)"

m b .
[1/ @fix)))dx @; (| £ (x)]) A3 (x)d (2.120)
I !

with j € {1,...,m},

I'(o4+ 1)) dx <
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true for measurable f; with [ T
() D; (|fi]) is ki (x,y) dy -integrable, a.e. in x € (a b).
(iD) A5; (|5]) : @1 (LA]), P2 (I12) .- ®; (|17])s- - @ (|ful) are all Lebesgue

integrable functions, where @; (] f, ‘) means absent item.

(|fi|) finite, i = 1,...,m, and with the properties:

Let now
u(x) = (g(x)—g(a)*¢ (x), xe(a,b). (2.121)
Then .
B0 =1 0)" [ (809~ ()" "8 ()ar =
(®)
7" /;, fy)b (z—g()* "dz= (2.122)
_ o—m+1
7(g' ()" (g(b)a _g;yi)l :

(g(b)—g()* !
o—m+1

: (2.123)

oa>m—1,y€ (a,b).
Hence (2.120) becomes

(Igi;gfi) (x)

b m
[ ¢ -g@) H‘D“(W

i=1

F(Oti-i-l)) dx <

Di(|fi(x
() [T @r0n

i#]

(/ab (&' ()" (g(B) =g (x)* " @y (|£; (x)]) dx) < (2.124)

y(g(b)—g (@) ™ |g|l2
(3 oa—m+1 : )(H/q)|ﬁ )

wherea>m—1,flw1thlf’+g

(i) D; (|fi]) is ki (x,y)dy -integrable, a.e. in x € (a,b).
(ii) @; (|fi|) is Lebesgue integrable on (a,b).

If @; (x) = xPi, p; > 1, x € Ry, then by (2.124), we have

[ ¢ W& -s@ e 2”’“’)ﬁ\(m ) ()

(|fi]) finite, i = 1,...,m, under the assumptions:

V[P dx < (2.125)
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y(g(d) —g (@) """ gl (ﬁ / I (x)|"fdx>
<l’_n[(1"(oc,»+1))”"> (a—m+1) | \i=1”¢

i—1

but we see that

o— ZP: l)

TT10% o f) )] dx >

i=1

fgw@w—m (=

2 pit ud

(¢(b)~g(a /g M) )] d
1

i=

(2.126)

By (2.125) and (2.126) we get

¢ @I

i=1

re0)=e@) ) oy ( [ a6 mw)

<,ﬁ (I (o + 1))Pi> (—m+1)

Prax < (2.127)

i=1
o>m—1, fiwith I}
() |fi|"" is ki (x,y) dy -integrable, a.e. in x € (a,b).
(ii) | f;]?" is Lebesgue integrable on (a,b).
We need
Definition 2.37 ([11]). Let 0 < a < b < o, & > 0. The left- and right-sided
Hadamard fractional integrals of order ¢ are given by

(Ifi]) finite, i = 1,...,m, under the assumptions:

X o—1
(T2 f) (x) = %a)/a (m’y-‘) @dy, x>a, (2.128)
o 1qh -Lf ( )
(T f) (x) = e /x (lnx) I gy x<b, (2.129)
respectively.

Notice that the Hadamard fractional integrals of order o are special cases of left-
and right-sided fractional integrals of a function f with respect to another function,
here g (x) =Inxon [a,h],0 <a < b < oo,

Above f is a Lebesgue measurable function from (a,b) into R, such that
(72, (|f|)) (x) and/or (J}fi (1) (x) ER, VY x € (a,b).

We give
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m

Theorem 2.38. Let (f;,04), i=1,...,m; Jgjrfi as in Definition 2.37. Set o0 .= Y, o,
i=1

m
Yyi=Iloipi>1,i=1,...,m assume o« >m— 1. Then
i=1

b m _
/ [TIU& ) ()" dx < (2.130)
a =1
b (glpiaifmﬂ) -
b?’(ln(g)) ; (H/ |fi(x)|pidx>,
am(a—m+1) (H (F(Oci+1))”i) =174
i=1
where J(?i (Ifil) is finite, i = 1,...,m, under the assumptions:

(i) |fi )" is Ml—*](y)dyl,—al -integrable, a.e. in x € (a,b).
I(ei)y(1n(%))

(ii) | f;|P" is Lebesgue integrable on (a,b).

We also present

Theorem 2.39. Let all as in Theorem 2.38. Consider p:=p1 =pry=...=pn > 1.
Then
m
T1G%55) < (2.131)
= p(ab)

: L)) (ﬁmu,,,(a,b)) ,
ar (a—m+1)r (H (F(oci+1))> =l

where Iy (|f;|) is finite, i = 1,...,m, under the assumptions:

(i) |fi )| is % -integrable, a.e. in x € (a,b).
F(%‘)Y(ln(f)) '

(ii) | f;|? is Lebesgue integrable on (a,b).

We make
Remark 2.40. Let f; be Lebesgue measurable functions from (a,b) into R, such that
(If‘i;g(|f,-|)) (x) RV x€ (a,b), 0y >0,i=1,...,m.

Consider
gi(x) = (I,f‘i;gﬁ) (x), x€(a,b),i=1,...,m, (2.132)

a N L P ) f@)dr
(157 o) (x)_r(ai)/x 0 sy F<b (2.133)

Notice that g; (x) € R and it is Lebesgue measurable.

where
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We pick Q| =, = (a,b), du; (x) = dx, di (y) = dy, the Lebesgue measure.
We see that

o b Kiwp) (1) 8 (1) f (1) dt
L' fi)(x)= , (2.134)
(b ”’f)() Ja T (04) () —g ()"~
where y is the characteristic function.
So, we pick here
Xiwp) ()8 ()
ki(x,y):= i=1,...,m. 2.135
5 ) (60— s ) 1)
In fact
8
ki(x,y) = { T(ai)(g(y)fyg(x))l’“i’ x<y<b, (2.136)
0, a<y<ux
Clearly it holds
(e [P Kep OBy
' /a T (00)(g(y) —g ()~
o ¢ () (g 0) — g ()% dy = (2.137)
L s a1 (8(b) —g(x)*
ol /gm (e g () dg ) = TR A
Sofora<x<b,i=1,...,m, we get
Ki(x) = 8 (;’)(;i (T;)% (2.138)
Notice that
"ok (x,y) Xeo) 0)8'(6)  T(e+l) )
g K; (x) —H(r(%) (80 —gx)' ™ (g(b)_g(x))ai>
, m (2 o; > m
Ay ) (&' ()" (8 (v) —g (%)) Il o
_ =1 (2.139)

Calling

m
o= 0;>0, y:= Ha,>0 (2.140)
i=1 i=1



2 Univariate Hardy-Type Fractional Inequalities 53

we have that

Mok () Xy ) (8 0))" (8 () —g(x)* "y
H = @ . (2.141)
ot Ki(x) (g(b) —g(x))
Therefore, for (2.32), we get for appropriate weight u that (denote 4,, by A;,)
v (80) =g ()"
AS y(g' (v m/ u(x dx < oo (2.142)
() ( ()) p () (g(b _g(x))ll
foralla <y <b.
Let &, : Ry — Ry, i=1,...,m, be convex and increasing functions. Then by
(2.33) we obtain
/ WI]® (15) 9 Flait1) | dx<
—. o x <
Ja T (b) —g(x)% ’
m o ob b )
I/ ednena | ([ e(swhrma). e
1 Ja g
i)
with j € {1,...,m},
true for measurable f; with Igi; ¢ (/i) finite, i =1, ... ,m, and with the properties:

() D (Ifi]) is ki (x,y) dy 1ntegrable ae.inx € (a,b).
(i) A5 D, (|fj ) D, |f1 (|fj‘) Dy, (|fm|) are all Lebesgue integrable

functions, where @; (| fi |) means absent item.

Let now
u(x) = (g(b)—g(x) g (x), x€(ab). (2.144)
Then
250)=7(¢ )" [ ¢ ) (e0) - g(0)" " dr =
»)
7@ )" [ 60) -5 () "dz) = (g 0)" [ a0 9 "dz=
) (2.145)

_ a o—m+1
(& )" (g(y)—g(a))

o—m+1

with oo > m — 1. That is,

))(Xferl

2500 = (g ()" B =8l

2.146
pop— ; ( )

oa>m—1,y€ (a,b).
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Hence (2.143) becomes
(1 o) @)

b m
[ ¢waer-eerle ( DEREK

(a—Zl—i—l) (ﬁ/ﬂbéi(fi(x))dx) .
i#]

([ 0w @) cw-ga@ ™ a)s  cu

Y(g(b)—g(a)* " g/l
( : o—m+1 : )(H/(D (Ifi )’

where o0 >m — 1, f; with I, .o (|fi]) finite, i = 1,....m, under the assumptions:

() D (Ifi]) is ki (x,y) dy -1ntegrable, ae. inx € (a,b).
(ii) @; (|f;|) is Lebesgue integrable on (a,b).

If @; (x) = xPi, p; > 1, x € Ry, then by (2.147), we have

H‘( ) ‘ dx < (2.148)

7(8(b) — (@)™ " (l¢/]..) < " )
I1 [ 1w

(a—m+1)f[1( (0+1))"

I'(og+ 1)) dx <

./ab g (x)(g(b)—g(x < 2 oc,,;,)

but we see that

) gty " E) [ewl|(e )@ e e

Hence by (2.148) and (2.149) we derive
b pi
| ¢ T (15 1) 0] " ax < (2.150)
a i=1

m
Y piti—

y(gim—g(a))(fl ") g (H [ e |mdx>
(n<r<ai+1>>')f)<a me1)

i=1

o >m—1, f; with I;‘i.g (|f;]) finite, i = 1,...,m, under the assumptions:
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() |fi|"" is ki (x,y) dy -integrable, a.e. in x € (a,b).
(ii) | f;]?" is Lebesgue integrable on (a,b).
We give
Theorem 2.41. Let (f;,04), i=1,...,m; Jgifi as in Definition 2.37. Set o0 := ﬁl o,

l

m
Yyi=Iloipi>1,i=1,...,m assume o« >m— 1. Then
i=1

b m
/ [TIG3f) (0] dx < @.151)
a i
g pi%‘*mH)
b’)/ In b <i:1 m b .
( (a)) — (H/ |fi(x)|p‘dx>,
am(a—m+1)( (F(ai+1))Pi> i—1Ja
i=1
where J," (|f]) is finite, i = 1,...,m, under the assumptions:

. ., (dy j :
(i) |fi ()| is (La) -integrable, a.e. in x € (ab).
) 1fi ()] re)y(n(3)) : -

(ii) | f;|P" is Lebesgue integrable on (a,b).

We finish with
Theorem 2.42. Let all as in Theorem 2.41. Take p:=py =pr=... = pm > 1. Then
m
1T 5) < (2.152)
=1 p.(ab)
on)F (n(2) P :
- am TTIilp ) )
ar (o—m+1)r (H(F(Otﬁ-l))) i=1
i=1

where J," (|f;]) is finite, i = 1,...,m, under the properties:

(i) I )| is <#((y;;§lal> -integrable, a.e. in x € (a,b).

(ii) | f;|? is Lebesgue integrable on (a,b).
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