
Chapter 2
Univariate Hardy-Type Fractional Inequalities

George A. Anastassiou

Abstract Here we present integral inequalities for convex and increasing functions
applied to products of functions. As applications we derive a wide range of frac-
tional inequalities of Hardy type. They involve the left and right Riemann-Liouville
fractional integrals and their generalizations, in particular the Hadamard fractional
integrals. Also inequalities for left and right Riemann-Liouville, Caputo, Canavati
and their generalizations fractional derivatives. These application inequalities are of
Lp type, p≥ 1, and exponential type, as well as their mixture.

2.1 Introduction

We start with some facts about fractional derivatives needed in the sequel; for more
details, see, for instance, [1, 9].

Let a < b, a,b ∈ R. By CN ([a,b]), we denote the space of all functions on [a,b]
which have continuous derivatives up to order N, and AC ([a,b]) is the space of
all absolutely continuous functions on [a,b]. By ACN ([a,b]), we denote the space
of all functions g with g(N−1) ∈ AC ([a,b]). For any α ∈ R, we denote by [α] the
integral part of α (the integer k satisfying k≤ α < k+1), and �α� is the ceiling of α
(min{n∈N, n≥α}). By L1 (a,b), we denote the space of all functions integrable on
the interval (a,b), and by L∞ (a,b) the set of all functions measurable and essentially
bounded on (a,b). Clearly, L∞ (a,b)⊂ L1 (a,b).

We start with the definition of the Riemann–Liouville fractional integrals;
see [12]. Let [a,b], (−∞ < a < b < ∞) be a finite interval on the real axis R.
The Riemann–Liouville fractional integrals Iαa+ f and Iαb− f of order α > 0 are
defined by
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(
Iαa+ f

)
(x) =

1
Γ (α)

∫ x

a
f (t)(x− t)α−1 dt, (x > a), (2.1)

(
Iαb− f

)
(x) =

1
Γ (α)

∫ b

x
f (t)(t− x)α−1 dt, (x < b), (2.2)

respectively. Here Γ (α) is the Gamma function. These integrals are called the left-
sided and the right-sided fractional integrals. We mention some properties of the
operators Iαa+ f and Iαb− f of order α > 0; see also [13]. The first result yields that
the fractional integral operators Iαa+ f and Iαb− f are bounded in Lp (a,b), 1≤ p ≤ ∞,
that is,

∥
∥Iαa+ f

∥
∥

p ≤ K ‖ f‖p ,
∥
∥Iαb− f

∥
∥

p ≤ K ‖ f‖p , (2.3)

where

K =
(b− a)α

αΓ (α)
. (2.4)

Inequality (2.3), which is the result involving the left-sided fractional integral, was
proved by H.G. Hardy in one of his first papers; see [10]. He did not write down the
constant, but the calculation of the constant was hidden inside his proof.

Next we follow [11].
Let (Ω1,Σ1,μ1) and (Ω2,Σ2,μ2) be measure spaces with positive σ -finite mea-

sures, and let k : Ω1×Ω2→ R be a nonnegative measurable function, k (x, ·) mea-
surable on Ω2 and

K (x) =
∫

Ω2

k (x,y)dμ2 (y) , x ∈Ω1. (2.5)

We suppose that K (x)> 0 a.e. on Ω1, and by a weight function (shortly: a weight),
we mean a nonnegative measurable function on the actual set. Let the measurable
functions g : Ω1→ R with the representation

g(x) =
∫

Ω2

k (x,y) f (y)dμ2 (y) , (2.6)

where f : Ω2→ R is a measurable function.

Theorem 2.1 ([11]). Let u be a weight function on Ω1, k a nonnegative measurable
function on Ω1×Ω2, and K be defined on Ω1 by (2.5). Assume that the function
x �→ u(x) k(x,y)

K(x) is integrable on Ω1 for each fixed y ∈Ω2. Define ν on Ω2 by

ν (y) :=
∫

Ω1

u(x)
k (x,y)
K (x)

dμ1 (x)< ∞. (2.7)

If Φ : [0,∞)→ R is convex and increasing function, then the inequality

∫

Ω1

u(x)Φ
(∣∣
∣
∣

g(x)
K (x)

∣
∣
∣
∣

)
dμ1 (x)≤

∫

Ω2

ν (y)Φ (| f (y)|)dμ2 (y) (2.8)
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holds for all measurable functions f : Ω2→ R such that:

(i) f ,Φ (| f |) are both k (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) ν (y)Φ (| f |) is μ2-integrable, and for all corresponding functions g given by

(2.6).

Important assumptions (i) and (ii) are missing from Theorem 2.1 of [11].
In this article we generalize Theorem 2.1 for products of several functions and

we give wide applications to fractional calculus.

2.2 Main Results

Let (Ω1,Σ1,μ1) and (Ω2,Σ2,μ2) be measure spaces with positive σ -finite measures,
and let ki : Ω1×Ω2→ R be nonnegative measurable functions, ki (x, ·) measurable
on Ω2, and

Ki (x) =
∫

Ω2

ki (x,y)dμ2 (y) , for any x ∈Ω1, (2.9)

i = 1, . . . ,m. We assume that Ki (x) > 0 a.e. on Ω1 and the weight functions are
nonnegative measurable functions on the related set.

We consider measurable functions gi : Ω1→ R with the representation

gi (x) =
∫

Ω2

ki (x,y) fi (y)dμ2 (y) , (2.10)

where fi : Ω2→ R are measurable functions, i = 1, . . . ,m.
Here u stands for a weight function on Ω1.
The first introductory result is proved for m = 2.

Theorem 2.2. Assume that the function x �→
(

u(x)k1(x,y)k2(x,y)
K1(x)K2(x)

)
is integrable on Ω1,

for each y ∈Ω2. Define λ2 on Ω2 by

λ2 (y) :=
∫

Ω1

u(x)k1 (x,y)k2 (x,y)
K1 (x)K2 (x)

dμ1 (x)< ∞. (2.11)

Here Φi : R+→ R+, i = 1,2, are convex and increasing functions.
Then

∫

Ω1

u(x)Φ1

(∣∣
∣
∣

g1 (x)
K1 (x)

∣
∣
∣
∣

)
Φ2

(∣∣
∣
∣

g2 (x)
K2 (x)

∣
∣
∣
∣

)
dμ1 (x)≤

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)λ2 (y)dμ2 (y)

)
, (2.12)

true for all measurable functions, i = 1,2, fi : Ω2→ R such that:

(i) fi, Φi (| fi|), are both ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) λ2Φ1 (| f1|), Φ2 (| f2|), are both μ2 -integrable,

and for all corresponding functions gi given by (2.10).
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Proof. Notice here that Φ1,Φ2 are continuous functions. Here we use Jensen’s in-
equality and Fubini’s theorem and that Φi are increasing. We have

∫

Ω1

u(x)Φ1

(∣∣
∣
∣

g1 (x)
K1 (x)

∣∣
∣
∣

)
Φ2

(∣∣
∣
∣

g2 (x)
K2 (x)

∣∣
∣
∣

)
dμ1 (x) =

∫

Ω1

u(x)Φ1

(∣∣
∣
∣

1
K1 (x)

∫

Ω2

k1 (x,y) f1 (y)dμ2 (y)

∣
∣
∣
∣

)
· (2.13)

Φ2

(∣∣
∣
∣

1
K2 (x)

∫

Ω2

k2 (x,y) f2 (y)dμ2 (y)

∣
∣
∣
∣

)
dμ1 (x)≤

∫

Ω1

u(x)Φ1

(
1

K1 (x)

∫

Ω2

k1 (x,y) | f1 (y)|dμ2 (y)

)
·

Φ2

(
1

K2 (x)

∫

Ω2

k2 (x,y) | f2 (y)|dμ2 (y)

)
dμ1 (x)≤

∫

Ω1

u(x)
1

K1 (x)

(∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

)
·

1
K2 (x)

(∫

Ω2

k2 (x,y)Φ2 (| f2 (y)|)dμ2 (y)

)
dμ1 (x) =

(calling γ1 (x) :=
∫
Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y))

∫

Ω1

∫

Ω2

u(x)γ1 (x)
K1 (x)K2 (x)

k2 (x,y)Φ2 (| f2 (y)|)dμ2 (y)dμ1 (x) =

∫

Ω2

∫

Ω1

u(x)γ1 (x)
K1 (x)K2 (x)

k2 (x,y)Φ2 (| f2 (y)|)dμ1 (x)dμ2 (y) = (2.14)

∫

Ω2

Φ2 (| f2 (y)|)
(∫

Ω1

u(x)γ1 (x)
K1 (x)K2 (x)

k2 (x,y)dμ1 (x)

)
dμ2 (y) =

∫

Ω2

Φ2 (| f2 (y)|) ·
(∫

Ω1

u(x)k2 (x,y)
K1 (x)K2 (x)

(∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

)
dμ1 (x)

)
dμ2 (y) =

∫

Ω2

Φ2 (| f2 (y)|) ·
[∫

Ω1

(∫

Ω2

u(x)k1 (x,y)k2 (x,y)
K1 (x)K2 (x)

Φ1 (| f1 (y)|)dμ2 (y)

)
dμ1 (x)

]
dμ2 (y) = (2.15)

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)
·
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[∫

Ω1

(∫

Ω2

u(x)k1 (x,y)k2 (x,y)
K1 (x)K2 (x)

Φ1 (| f1 (y)|)dμ2 (y)

)
dμ1 (x)

]
=

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)
·

[∫

Ω2

(∫

Ω1

u(x)k1 (x,y)k2 (x,y)
K1 (x)K2 (x)

Φ1 (| f1 (y)|)dμ1 (x)

)
dμ2 (y)

]
=

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)
·

[∫

Ω2

Φ1 (| f1 (y)|)
(∫

Ω1

u(x)k1 (x,y)k2 (x,y)
K1 (x)K2 (x)

dμ1 (x)

)
dμ2 (y)

]
= (2.16)

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)[∫

Ω2

Φ1 (| f1 (y)|)λ2 (y)dμ2 (y)

]
,

proving the claim. ��
When m = 3, the corresponding result follows.

Theorem 2.3. Assume that the function x �→
(

u(x)k1(x,y)k2(x,y)k3(x,y)
K1(x)K2(x)K3(x)

)
is integrable on

Ω1, for each y ∈Ω2. Define λ3 on Ω2 by

λ3 (y) :=
∫

Ω1

u(x)k1 (x,y)k2 (x,y)k3 (x,y)
K1 (x)K2 (x)K3 (x)

dμ1 (x)< ∞. (2.17)

Here Φi : R+→ R+, i = 1,2,3, are convex and increasing functions.
Then ∫

Ω1

u(x)
3

∏
i=1

Φi

(∣∣
∣
∣

gi (x)
Ki (x)

∣∣
∣
∣

)
dμ1 (x)≤ (2.18)

(
3

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)λ3 (y)dμ2 (y)

)
,

true for all measurable functions, i = 1,2,3, fi : Ω2→ R such that:

(i) fi, Φi (| fi|), are both ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) λ3Φ1 (| f1|) ,Φ2 (| f2|) ,Φ3 (| f3|), are all μ2 -integrable,

and for all corresponding functions gi given by (2.10).

Proof. Here we use Jensen’s inequality, Fubini’s theorem, and that Φi are increas-
ing. We have

∫

Ω1

u(x)
3

∏
i=1

Φi

(∣∣∣
∣

gi (x)
Ki (x)

∣
∣∣
∣

)
dμ1 (x) =

∫

Ω1

u(x)
3

∏
i=1

Φi

(∣∣
∣
∣

1
Ki (x)

∫

Ω2

ki (x,y) fi (y)dμ2 (y)

∣∣
∣
∣

)
dμ1 (x)≤ (2.19)
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∫

Ω1

u(x)
3

∏
i=1

Φi

(
1

Ki (x)

∫

Ω2

ki (x,y) | fi (y)|dμ2 (y)

)
dμ1 (x)≤

∫

Ω1

u(x)
3

∏
i=1

(
1

Ki (x)

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)
dμ1 (x) =

∫

Ω1

⎛

⎜⎜
⎝

u(x)
3
∏
i=1

Ki (x)

⎞

⎟⎟
⎠

(
3

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

dμ1 (x) =

(calling θ (x) := u(x)
3
∏

i=1
Ki(x)

)

∫

Ω1

θ (x)

(
3

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

dμ1 (x) = (2.20)

∫

Ω1

θ (x)

[∫

Ω2

(
2

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

k3 (x,y)Φ3 (| f3 (y)|)dμ2 (y)

]

dμ1 (x) =

∫

Ω1

(∫

Ω2

θ (x)

(
2

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

k3 (x,y)Φ3 (| f3 (y)|)dμ2 (y)

)

dμ1 (x) =

∫

Ω2

(∫

Ω1

θ (x)

(
2

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

k3 (x,y)Φ3 (| f3 (y)|)dμ1 (x)

)

dμ2 (y) =

∫

Ω2

Φ3 (| f3 (y)|)
(∫

Ω1

θ (x)k3 (x,y)

(
2

∏
i=1

∫

Ω2

ki (x,y)Φi (| fi (y)|)dμ2 (y)

)

(2.21)

dμ1 (x)

)

dμ2 (y) =

∫

Ω2

Φ3 (| f3 (y)|)
[∫

Ω1

θ (x)k3 (x,y)

(∫

Ω2

{∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

}
·
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k2 (x,y)Φ2 (| f2 (y)|)dμ2 (y)

)

dμ1 (x)

]

dμ2 (y) =

∫

Ω2

Φ3 (| f3 (y)|)
[∫

Ω1

(∫

Ω2

θ (x)k2 (x,y)k3 (x,y)Φ2 (| f2 (y)|) · (2.22)

{∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

}
dμ2 (y)

)
dμ1 (x)

]
dμ2 (y) =

(∫

Ω2

Φ3 (| f3 (y)|)dμ2 (y)

)[∫

Ω1

(∫

Ω2

θ (x)k2 (x,y)k3 (x,y)Φ2 (| f2 (y)|) ·
{∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

}
dμ2 (y)

)
dμ1 (x)

]
=

(∫

Ω2

Φ3 (| f3 (y)|)dμ2 (y)

)[∫

Ω2

(∫

Ω1

θ (x)k2 (x,y)k3 (x,y)Φ2 (| f2 (y)|) ·
{∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

}
dμ1 (x)

)
dμ2 (y)

]
= (2.23)

(∫

Ω2

Φ3 (| f3 (y)|)dμ2 (y)

)[∫

Ω2

Φ2 (| f2 (y)|)
(∫

Ω1

θ (x)k2 (x,y)k3 (x,y) ·
(∫

Ω2

k1 (x,y)Φ1 (| f1 (y)|)dμ2 (y)

)
dμ1 (x)

)
dμ2 (y)

]
=

(∫

Ω2

Φ3 (| f3 (y)|)dμ2 (y)

)[∫

Ω2

Φ2 (| f2 (y)|)
{∫

Ω1

(∫

Ω2

θ (x)
3

∏
i=1

ki (x,y) ·

Φ1 (| f1 (y)|)dμ2 (y)

)

dμ1 (x)

}

dμ2 (y)

]

=

(∫

Ω2

Φ3 (| f3 (y)|)dμ2 (y)

)(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)
·

(∫

Ω1

(∫

Ω2

θ (x)
3

∏
i=1

ki (x,y)Φ1 (| f1 (y)|)dμ2 (y)

)

dμ1 (x)

)

= (2.24)

(
3

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)

·
(∫

Ω2

(∫

Ω1

θ (x)
3

∏
i=1

ki (x,y)Φ1 (| f1 (y)|)dμ1 (x)

)

dμ2 (y)

)

=

(
3

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)

·
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(∫

Ω2

Φ1 (| f1 (y)|)
(∫

Ω1

θ (x)
3

∏
i=1

ki (x,y)dμ1 (x)

)

dμ2 (y)

)

=

(
3

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)λ3 (y)dμ2 (y)

)
, (2.25)

proving the claim. ��
For general m ∈N, the following result is valid.

Theorem 2.4. Assume that the function x �→
⎛

⎝
u(x)

m
∏

i=1
ki(x,y)

m
∏

i=1
Ki(x)

⎞

⎠ is integrable on Ω1,

for each y ∈Ω2. Define λm on Ω2 by

λm (y) :=
∫

Ω1

⎛

⎜
⎜
⎝

u(x)
m
∏
i=1

ki (x,y)

m
∏
i=1

Ki (x)

⎞

⎟
⎟
⎠dμ1 (x)< ∞. (2.26)

Here Φi : R+→ R+, i = 1, . . . ,m, are convex and increasing functions.
Then

∫

Ω1

u(x)
m

∏
i=1

Φi

(∣∣
∣∣

gi (x)
Ki (x)

∣
∣
∣∣

)
dμ1 (x)≤ (2.27)

(
m

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)λm (y)dμ2 (y)

)
,

true for all measurable functions, i = 1, . . . ,m, fi : Ω2→R such that:

(i) fi, Φi (| fi|), are both ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) λmΦ1 (| f1|) ,Φ2 (| f2|) ,Φ3 (| f3|) , . . . ,Φm (| fm|), are all μ2 -integrable,

and for all corresponding functions gi given by (2.10).

When k (x,y) = k1 (x,y) = k2 (x,y) = . . . = km (x,y), then K (x) := K1 (x) =
K2 (x) = . . .= Km (x). Then from Theorem 2.4 we get:

Corollary 2.5. Assume that the function x �→
(

u(x)km(x,y)
Km(x)

)
is integrable on Ω1, for

each y ∈Ω2. Define Um on Ω2 by

Um (y) :=
∫

Ω1

(
u(x)km (x,y)

Km (x)

)
dμ1 (x)< ∞. (2.28)

Here Φi : R+→ R+, i = 1, . . . ,m, are convex and increasing functions.
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Then ∫

Ω1

u(x)
m

∏
i=1

Φi

(∣∣∣
∣
gi (x)
K (x)

∣
∣∣
∣

)
dμ1 (x)≤ (2.29)

(
m

∏
i=2

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)Um (y)dμ2 (y)

)
,

true for all measurable functions, i = 1, . . . ,m, fi : Ω2→R such that:

(i) fi, Φi (| fi|), are both k (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) UmΦ1 (| f1|) ,Φ2 (| f2|) ,Φ3 (| f3|) , . . . ,Φm (| fm|), are all μ2 -integrable,

and for all corresponding functions gi given by (2.10).

When m = 2 from Corollary 2.5, we obtain

Corollary 2.6. Assume that the function x �→
(

u(x)k2(x,y)
K2(x)

)
is integrable on Ω1, for

each y ∈Ω2. Define U2 on Ω2 by

U2 (y) :=
∫

Ω1

(
u(x)k2 (x,y)

K2 (x)

)
dμ1 (x)< ∞. (2.30)

Here Φ1,Φ2 : R+→ R+, are convex and increasing functions.
Then

∫

Ω1

u(x)Φ1

(∣∣
∣
∣
g1 (x)
K (x)

∣∣
∣
∣

)
Φ2

(∣∣
∣
∣
g2 (x)
K (x)

∣∣
∣
∣

)
dμ1 (x)≤ (2.31)

(∫

Ω2

Φ2 (| f2 (y)|)dμ2 (y)

)(∫

Ω2

Φ1 (| f1 (y)|)U2 (y)dμ2 (y)

)
,

true for all measurable functions, f1, f2 : Ω2→R such that:

(i) f1, f2, Φ1 (| f1|), Φ2 (| f2|) are all k (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.
(ii) U2Φ1 (| f1|) ,Φ2 (| f2|), are both μ2 -integrable,

and for all corresponding functions g1,g2 given by (2.10).

For m ∈N, the following more general result is also valid.

Theorem 2.7. Let j ∈ {1, . . . ,m} be fixed. Assume that the function x �→⎛

⎝
u(x)

m
∏

i=1
ki(x,y)

m
∏

i=1
Ki(x)

⎞

⎠ is integrable on Ω1, for each y ∈Ω2. Define λm on Ω2 by

λm (y) :=
∫

Ω1

⎛

⎜
⎜
⎝

u(x)
m
∏
i=1

ki (x,y)

m
∏
i=1

Ki (x)

⎞

⎟
⎟
⎠dμ1 (x)< ∞. (2.32)

Here Φi : R+→ R+, i = 1, . . . ,m, are convex and increasing functions.
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Then

I :=
∫

Ω1

u(x)
m

∏
i=1

Φi

(∣∣∣
∣

gi (x)
Ki (x)

∣
∣∣
∣

)
dμ1 (x)≤ (2.33)

⎛

⎜
⎝

m

∏
i=1
i�= j

∫

Ω2

Φi (| fi (y)|)dμ2 (y)

⎞

⎟
⎠

(∫

Ω2

Φ j
(∣∣ f j (y)

∣
∣)λm (y)dμ2 (y)

)
:= I j,

true for all measurable functions, i = 1, . . . ,m, fi : Ω2→R such that:

(i) fi, Φi (| fi|), are both ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.

(ii) λmΦ j
(∣∣ f j

∣
∣) ;Φ1 (| f1|) ,Φ2 (| f2|) ,Φ3 (| f3|) , . . . , ̂Φ j

(∣∣ f j
∣
∣), . . . ,Φm (| fm|), are all

μ2 -integrable,

and for all corresponding functions gi given by (2.10). Above ̂Φ j
(∣∣ f j

∣
∣) means

missing item.

We make

Remark 2.8. In the notations and assumptions of Theorem 2.7, replace assumption
(ii) by the assumption,

(iii) Φ1 (| f1|) , . . . ,Φm (| fm|) ;λmΦ1 (| f1|) , . . . ,λmΦm (| fm|), are all μ2 -integrable
functions.

Then, clearly it holds,

I ≤

m
∑
j=1

I j

m
. (2.34)

An application of Theorem 2.7 follows.

Theorem 2.9. Let j ∈ {1, . . . ,m} be fixed. Assume that the function x �→⎛

⎝
u(x)

m
∏

i=1
ki(x,y)

m
∏

i=1
Ki(x)

⎞

⎠ is integrable on Ω1, for each y ∈Ω2. Define λm on Ω2 by

λm (y) :=
∫

Ω1

⎛

⎜
⎜
⎝

u(x)
m
∏
i=1

ki (x,y)

m
∏
i=1

Ki (x)

⎞

⎟
⎟
⎠dμ1 (x)< ∞. (2.35)

Then
∫

Ω1

u(x)e

m
∑

i=1

∣∣
∣

gi(x)
Ki(x)

∣∣
∣
dμ1 (x)≤ (2.36)

⎛

⎜
⎝

m

∏
i=1
i�= j

∫

Ω2

e| fi(y)|dμ2 (y)

⎞

⎟
⎠
(∫

Ω2

e| f j(y)|λm (y)dμ2 (y)

)
,

true for all measurable functions, i = 1, . . . ,m, fi : Ω2→R such that:
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(i) fi, e| fi|, are both ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.

(ii) λme| f j|;e| f1|,e| f2|,e| f3|, . . . ,
̂
e| f j|, . . . ,e| fm|, are all μ2 -integrable,

and for all corresponding functions gi given by (2.10). Above
̂
e| f j| means absent

item.

Another application of Theorem 2.7 follows.

Theorem 2.10. Let j ∈ {1, . . . ,m} be fixed, α ≥ 1. Assume that the function x �→⎛

⎝
u(x)

m
∏

i=1
ki(x,y)

m
∏

i=1
Ki(x)

⎞

⎠ is integrable on Ω1, for each y ∈Ω2. Define λm on Ω2 by

λm (y) :=
∫

Ω1

⎛

⎜
⎜
⎝

u(x)
m
∏
i=1

ki (x,y)

m
∏
i=1

Ki (x)

⎞

⎟
⎟
⎠dμ1 (x)< ∞. (2.37)

Then
∫

Ω1

u(x)

(
m

∏
i=1

∣
∣
∣
∣

gi (x)
Ki (x)

∣
∣
∣
∣

α
)

dμ1 (x)≤ (2.38)

⎛

⎜
⎝

m

∏
i=1
i�= j

∫

Ω2

| fi (y)|α dμ2 (y)

⎞

⎟
⎠
(∫

Ω2

∣
∣ f j (y)

∣
∣α λm (y)dμ2 (y)

)
,

true for all measurable functions, i = 1, . . . ,m, fi : Ω2→R such that:

(i) | fi|α is ki (x,y)dμ2 (y) -integrable, μ1 -a.e. in x ∈Ω1.

(ii) λm
∣
∣ f j

∣
∣α ; | f1|α , | f2|α , | f3|α , . . . ,

∣̂
∣ f j

∣
∣α , . . . , | fm|α , are all μ2 -integrable,

and for all corresponding functions gi given by (2.10). Above
∣̂∣ f j

∣∣α means absent
item.

We make

Remark 2.11. Let fi be Lebesgue measurable functions from (a,b) into R, such that(
Iαi
a+ (| fi|)

)
(x) ∈R, ∀ x ∈ (a,b), αi > 0, i = 1, . . . ,m, e.g., when fi ∈ L∞ (a,b).

Consider
gi (x) =

(
Iαi
a+ fi

)
(x) , x ∈ (a,b) , i = 1, . . . ,m, (2.39)

we remind
(
Iαi
a+ fi

)
(x) =

1
Γ (αi)

∫ x

a
(x− t)αi−1 fi (t)dt.

Notice that gi (x) ∈ R and it is Lebesgue measurable.
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We pick Ω1 =Ω2 = (a,b), dμ1 (x) = dx, dμ2 (y) = dy, the Lebesgue measure.
We see that

(
Iαi
a+ f

)
(x) =

∫ b

a

χ(a,x] (t)(x− t)αi−1

Γ (αi)
fi (t)dt, (2.40)

where χ stands for the characteristic function.
So, we pick here

ki (x, t) :=
χ(a,x] (t)(x− t)αi−1

Γ (αi)
, i = 1, . . . ,m. (2.41)

In fact

ki (x,y) =

{
(x−y)αi−1

Γ (αi)
, a < y≤ x,

0, x < y < b.
(2.42)

Clearly it holds

Ki (x) =
∫

(a,b)

χ(a,x] (y)(x− y)αi−1

Γ (αi)
dy =

(x− a)αi

Γ (αi + 1)
, (2.43)

a < x < b, i = 1, . . . ,m.
Notice that

m

∏
i=1

ki (x,y)
Ki (x)

=
m

∏
i=1

(
χ(a,x] (y) (x− y)αi−1

Γ (αi)
· Γ (αi + 1)

(x− a)αi

)

=

m

∏
i=1

(
χ(a,x] (y)(x− y)αi−1αi

(x− a)αi

)

=

χ(a,x] (y) (x− y)

(
m
∑

i=1
αi−m

)(
m
∏
i=1

αi

)

(x− a)

(
m
∑

i=1
αi

) . (2.44)

Calling

α :=
m

∑
i=1

αi > 0, γ :=
m

∏
i=1

αi > 0, (2.45)

we have that
m

∏
i=1

ki (x,y)
Ki (x)

=
χ(a,x] (y)(x− y)α−m γ

(x− a)α
. (2.46)

Therefore, for (2.32), we get for appropriate weight u that

λm (y) = γ
∫ b

y
u(x)

(x− y)α−m

(x− a)α
dx < ∞, (2.47)

for all a < y < b.
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Let Φi : R+ → R+, i = 1, . . . ,m, be convex and increasing functions. Then by
(2.33) we obtain

∫ b

a
u(x)

m

∏
i=1

Φi

(∣
∣
∣
∣
∣

(
Iαi
a+ fi

)
(x)

(x− a)αi

∣
∣
∣
∣
∣
Γ (αi + 1)

)

dx≤

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠
(∫ b

a
Φ j

(∣∣ f j (x)
∣
∣)λm (x)dx

)
, (2.48)

with j ∈ {1, . . . ,m}, true for measurable fi with Iαi
a+ (| fi|) finite (i = 1, . . . ,m) and

with the properties:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).

(ii) λmΦ j
(∣∣ f j

∣
∣) ;Φ1 (| f1|) ,Φ2 (| f2|) , . . . , ̂Φ j

(∣∣ f j
∣
∣), . . . ,Φm (| fm|) are all Lebesgue

integrable functions,

where ̂Φ j
(∣∣ f j

∣
∣) means absent item.

Let now
u(x) = (x− a)α , x ∈ (a,b) . (2.49)

Then

λm (y) = γ
∫ b

y
(x− y)α−m dx =

γ (b− y)α−m+1

α−m+ 1
, (2.50)

y ∈ (a,b), where α > m− 1.
Hence (2.48) becomes

∫ b

a
(x− a)α

m

∏
i=1

Φi

(∣
∣
∣∣
∣

(
Iαi
a+ fi

)
(x)

(x− a)αi

∣
∣
∣∣
∣
Γ (αi + 1)

)

dx≤

(
γ

α−m+ 1

)
⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠

(∫ b

a
(b− x)α−m+1Φ j

(∣∣ f j (x)
∣
∣)dx

)
≤

(2.51)(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

∫ b

a
Φi (| fi (x)|)dx

)

,

where α > m−1, fi with Iαi
a+ (| fi|) finite, i = 1, . . . ,m, under the assumptions (i), (ii)

following (2.48).
If Φi = id, then (2.51) turns to

∫ b

a

m

∏
i=1

∣
∣(Iαi

a+ fi
)
(x)

∣
∣dx≤
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⎛

⎜
⎜
⎝

γ
(

m
∏
i=1

Γ (αi + 1)

)
(α−m+ 1)

⎞

⎟
⎟
⎠

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
| fi (x)|dx

⎞

⎟
⎠ ·

(∫ b

a
(b− x)α−m+1 ∣∣ f j (x)

∣
∣dx

)
≤

⎛

⎜
⎜
⎝

γ (b− a)α−m+1

(
m
∏
i=1

Γ (αi + 1)

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|dx

)

, (2.52)

where α > m− 1, fi with Iαi
a+ (| fi|) finite and fi Lebesgue integrable, i = 1, . . . ,m.

Next let pi > 1, and Φi (x) = xpi , x ∈ R+. These Φi are convex, increasing, and
continuous on R+.

Then, by (2.48), we get

I1 :=
∫ b

a
(x− a)α

m

∏
i=1

∣
∣∣
∣
∣

(
Iαi
a+ fi

)
(x)

(x− a)αi

∣
∣∣
∣
∣

pi

dx≤

⎛

⎜
⎜
⎝

γ
(

m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
| fi (x)|pi dx

⎞

⎟
⎠ ·

(∫ b

a
(b− x)α−m+1 ∣∣ f j (x)

∣
∣p j dx

)
≤

⎛

⎜
⎜
⎝

γ (b− a)α−m+1

(
m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

. (2.53)

Notice that
m
∑

i=1
αi pi > α; thus, β := α− m

∑
i=1

αi pi < 0. Since 0 < x− a < b− a (x ∈
(a,b)), then (x− a)β > (b− a)β .

Therefore

I1 :=
∫ b

a
(x− a)β

m

∏
i=1

∣
∣(Iαi

a+ fi
)
(x)

∣
∣pi dx≥

(b− a)β
∫ b

a

m

∏
i=1

∣
∣(Iαi

a+ fi
)
(x)

∣
∣pi dx. (2.54)

Consequently, by (2.53) and (2.54), it holds
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∫ b

a

m

∏
i=1

∣
∣(Iαi

a+ fi
)
(x)

∣
∣pi dx≤ (2.55)

⎛

⎜⎜
⎝

γ (b− a)

((
m
∑

i=1
αi pi

)
−m+1

)

(
m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

where pi > 1, i = 1, ..,m, α > m− 1, true for measurable fi with Iαi
a+ (| fi|) finite,

with the properties (i = 1, . . . ,m):

(i) | fi|pi is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|pi is Lebesgue integrable on (a,b).

If p = p1 = p2 = . . .= pm > 1, then by (2.55), we get
∥
∥
∥
∥∥

m

∏
i=1

(
Iαi
a+ fi

)
∥
∥
∥
∥∥

p,(a,b)

≤ (2.56)

⎛

⎜
⎜
⎝

γ
1
p (b− a)

(
α−m

p +
1
p

)

(
m
∏
i=1

(Γ (αi + 1))

)
(α−m+ 1)

1
p

⎞

⎟
⎟
⎠

(
m

∏
i=1
‖ fi‖p,(a,b)

)

,

α > m− 1, true for measurable fi with Iαi
a+ (| fi|) finite, and such that (i = 1, . . . ,m):

(i) | fi|p is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|p is Lebesgue integrable on (a,b).

Using (ii) and if αi >
1
p , by Hölder’s inequality we derive that Iαi

a+ (| fi|) is finite
on (a,b). If we set p = 1 to (2.56) we get (2.52).

If Φi (x) = ex, x ∈ R+, then from (2.51) we get

∫ b

a
(x− a)α e

m
∑

i=1

(∣
∣
∣
∣
∣
(I
αi
a+ fi)(x)
(x−a)αi

∣
∣
∣
∣
∣
Γ (αi+1)

)

dx≤
(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

(∫ b

a
e| fi(x)|dx

))

, (2.57)

where α > m− 1, fi with Iαi
a+ (| fi|) finite, i = 1, . . . ,m, under the assumptions:

(i) e| fi| is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) e| fi| is Lebesgue integrable on (a,b).

We continue with

Remark 2.12. Let fi be Lebesgue measurable functions : (a,b) → R, such that
Iαi
b− (| fi|) (x)< ∞, ∀ x ∈ (a,b), αi > 0, i = 1, . . . ,m, e.g., when fi ∈ L∞ (a,b).
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Consider

gi (x) =
(
Iαi
b− fi

)
(x) , x ∈ (a,b) , i = 1, . . . ,m, (2.58)

we remind
(
Iαi
b− fi

)
(x) =

1
Γ (αi)

∫ b

x
fi (t)(t− x)αi−1 dt, (2.59)

(x < b).
Notice that gi (x) ∈ R and it is Lebesgue measurable.
We pick Ω1 =Ω2 = (a,b), dμ1 (x) = dx, dμ2 (y) = dy, the Lebesgue measure.
We see that

(
Iαi
b− fi

)
(x) =

∫ b

a
χ[x,b) (t)

(t− x)αi−1

Γ (αi)
fi (t)dt. (2.60)

So, we pick here

ki (x, t) := χ[x,b) (t)
(t− x)αi−1

Γ (αi)
, i = 1, . . . ,m. (2.61)

In fact

ki (x,y) =

{
(y−x)αi−1

Γ (αi)
, x≤ y < b,

0, a < y < x.
(2.62)

Clearly it holds

Ki (x) =
∫

(a,b)
χ[x,b) (y)

(y− x)αi−1

Γ (αi)
dy =

(b− x)αi

Γ (αi + 1)
, (2.63)

a < x < b, i = 1, . . . ,m.
Notice that

m

∏
i=1

ki (x,y)
Ki (x)

=
m

∏
i=1

(

χ[x,b) (y)
(y− x)αi−1

Γ (αi)
· Γ (αi + 1)

(b− x)αi

)

=

m

∏
i=1

(

χ[x,b) (y)
(y− x)αi−1αi

(b− x)αi

)

= χ[x,b) (y)
(y− x)

(
m
∑

i=1
αi−m

)(
m
∏
i=1

αi

)

(b− x)

(
m
∑

i=1
αi

) . (2.64)

Calling

α :=
m

∑
i=1

αi > 0, γ :=
m

∏
i=1

αi > 0, (2.65)

we have that
m

∏
i=1

ki (x,y)
Ki (x)

=
χ[x,b) (y)(y− x)α−m γ

(b− x)α
. (2.66)
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Therefore, for (2.32), we get for appropriate weight u that

λm (y) = γ
∫ y

a
u(x)

(y− x)α−m

(b− x)α
dx < ∞, (2.67)

for all a < y < b.
Let Φi : R+ → R+, i = 1, . . . ,m, be convex and increasing functions. Then by

(2.33) we obtain

∫ b

a
u(x)

m

∏
i=1

Φi

(∣
∣
∣
∣
∣

(
Iαi
b− fi

)
(x)

(b− x)αi

∣
∣
∣
∣
∣
Γ (αi + 1)

)

dx≤

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠
(∫ b

a
Φ j

(∣∣ f j (x)
∣
∣)λm (x)dx

)
, (2.68)

with j ∈ {1, . . . ,m},
true for measurable fi with Iαi

b− (| fi|) finite (i = 1, . . . ,m) and with the properties:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).

(ii) λmΦ j
(∣∣ f j

∣
∣) ;Φ1 (| f1|) , . . . , ̂Φ j

(∣∣ f j
∣
∣), . . . ,Φm (| fm|) are all Lebesgue integrable

functions,

where ̂Φ j
(∣∣ f j

∣∣) means absent item.
Let now

u(x) = (b− x)α , x ∈ (a,b) . (2.69)

Then

λm (y) = γ
∫ y

a
(y− x)α−m dx =

γ (y− a)α−m+1

α−m+ 1
, (2.70)

y ∈ (a,b), where α > m− 1.
Hence (2.68) becomes

∫ b

a
(b− x)α

m

∏
i=1

Φi

(∣
∣(Iαi

b− fi
)
(x)

∣
∣

(b− x)αi
Γ (αi + 1)

)

dx≤

(
γ

α−m+ 1

)
⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠

(∫ b

a
(x− a)α−m+1Φ j

(∣∣ f j (x)
∣
∣)dx

)
≤

(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

∫ b

a
Φi (| fi (x)|)dx

)

, (2.71)

where α > m−1, fi with Iαi
b− (| fi|) finite, i = 1, . . . ,m, under the assumptions (i), (ii)

following (2.68).
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If Φi = id, then (2.71) turns to

∫ b

a

m

∏
i=1

∣
∣(Iαi

b− fi
)
(x)

∣
∣dx≤

⎛

⎜⎜
⎝

γ
(

m
∏
i=1

Γ (αi + 1)

)
(α−m+ 1)

⎞

⎟⎟
⎠

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
| fi (x)|dx

⎞

⎟
⎠ ·

(∫ b

a
(x− a)α−m+1 ∣∣ f j (x)

∣
∣dx

)
≤

⎛

⎜
⎜
⎝

γ (b− a)α−m+1

(
m
∏
i=1

Γ (αi + 1)

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|dx

)

, (2.72)

where α > m− 1, fi with Iαi
b− (| fi|) finite and fi Lebesgue integrable, i = 1, . . . ,m.

Next let pi > 1, and Φi (x) = xpi , x ∈R+.
Then, by (2.68), we get

I2 :=
∫ b

a
(b− x)α

(
m
∏
i=1

∣∣(Iαi
b− fi

)
(x)

∣∣pi

)

(b− x)

m
∑

i=1
αi pi

dx≤

⎛

⎜⎜
⎝

γ
(

m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟⎟
⎠

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
| fi (x)|pi dx

⎞

⎟
⎠ ·

(∫ b

a
(x− a)α−m+1 ∣∣ f j (x)

∣
∣p j dx

)
≤

⎛

⎜
⎜
⎝

γ (b− a)α−m+1

(
m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

. (2.73)

Notice here that β := α −
m
∑

i=1
αi pi < 0. Since 0 < b− x < b− a (x ∈ (a,b)), then

(b− x)β > (b− a)β .
Therefore

I2 :=
∫ b

a
(b− x)β

(
m

∏
i=1

∣
∣(Iαi

b− fi
)
(x)

∣
∣pi

)

dx≥
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(b− a)β
∫ b

a

(
m

∏
i=1

∣
∣(Iαi

b− fi
)
(x)

∣
∣pi

)

dx. (2.74)

Consequently, by (2.73) and (2.74), it holds

∫ b

a

m

∏
i=1

∣∣(Iαi
b− fi

)
(x)

∣∣pi dx≤ (2.75)

⎛

⎜
⎜
⎝

γ (b− a)

((
m
∑

i=1
αi pi

)
−m+1

)

(
m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

where pi > 1, i = 1, ..,m, α > m− 1,
true for measurable fi with Iαi

b− (| fi|) finite, with the properties (i = 1, . . . ,m):

(i) | fi|pi is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|pi is Lebesgue integrable on (a,b).

If p := p1 = p2 = . . .= pm > 1, then by (2.75), we get
∥
∥∥
∥
∥

m

∏
i=1

(
Iαi
b− fi

)
∥
∥∥
∥
∥

p,(a,b)

≤ (2.76)

⎛

⎜
⎜
⎝

γ
1
p (b− a)

(
α−m

p +
1
p

)

(
m
∏
i=1

(Γ (αi + 1))

)
(α−m+ 1)

1
p

⎞

⎟
⎟
⎠

(
m

∏
i=1

‖ fi‖p,(a,b)

)

,

α > m− 1, true for measurable fi with Iαi
b− (| fi|) finite, and such that (i = 1, . . . ,m):

(i) | fi|p is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|p is Lebesgue integrable on (a,b).

Using (ii) and if αi >
1
p , by Hölder’s inequality, we derive that Iαi

b− (| fi|) is finite
on (a,b).

If we set p = 1 to (2.76) we obtain (2.72).
If Φi (x) = ex, x ∈ R+, then from (2.71), we obtain

∫ b

a
(b− x)α e

m
∑

i=1

(∣∣
∣
∣
∣
(I
αi
b− fi)(x)
(b−x)αi

∣∣
∣
∣
∣
Γ (αi+1)

)

dx≤
(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

(∫ b

a
e| fi(x)|dx

))

, (2.77)

where α > m− 1, fi with Iαi
b− (| fi|) finite, i = 1, . . . ,m, under the assumptions:

(i) e| fi| is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) e| fi| is Lebesgue integrable on (a,b).
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We mention

Definition 2.13 ([1], p. 448). The left generalized Riemann–Liouville fractional
derivative of f of order β > 0 is given by

Dβ
a f (x) =

1
Γ (n−β )

(
d
dx

)n ∫ x

a
(x− y)n−β−1 f (y)dy, (2.78)

where n = [β ]+ 1, x ∈ [a,b].

For a,b∈R, we say that f ∈ L1 (a,b) has an L∞ fractional derivative Dβ
a f (β > 0)

in [a,b], if and only if:

(1) Dβ−k
a f ∈C ([a,b]), k = 2, . . . ,n = [β ]+ 1

(2) Dβ−1
a f ∈ AC ([a,b])

(3) Dβ
a f ∈ L∞ (a,b)

Above we define D0
a f := f and D−δa f := Iδa+ f , if 0 < δ ≤ 1.

From [1, p. 449] and [9] we mention and use

Lemma 2.14. Let β > α ≥ 0 and let f ∈ L1 (a,b) have an L∞ fractional derivative

Dβ
a f in [a,b] and let Dβ−k

a f (a) = 0, k = 1, . . . , [β ]+ 1, then

Dα
a f (x) =

1
Γ (β −α)

∫ x

a
(x− y)β−α−1 Dβ

a f (y)dy, (2.79)

for all a≤ x≤ b.
Here Dα

a f ∈ AC ([a,b]) for β −α ≥ 1, and Dα
a f ∈C ([a,b]) for β −α ∈ (0,1).

Notice here that

Dα
a f (x) =

(
Iβ−αa+

(
Dβ

a f
))

(x) , a≤ x≤ b. (2.80)

We give

Theorem 2.15. Let fi ∈ L1 (a,b), αi,βi : βi > αi ≥ 0, i = 1, . . . ,m. Here ( fi,αi,βi)
fulfill terminology and assumptions of Definition 2.13 and Lemma 2.14. Let α :=
m
∑

i=1
(βi−αi), γ :=

m
∏
i=1

(βi−αi), assume α > m− 1, and p ≥ 1. Then

∥
∥
∥
∥∥

m

∏
i=1

(Dαi
a fi)

∥
∥
∥
∥∥

p,(a,b)

≤ (2.81)

⎛

⎜
⎜
⎝

γ
1
p (b− a)

(
α−m

p +
1
p

)

(
m
∏
i=1

(Γ (βi−αi + 1))

)
(α−m+ 1)

1
p

⎞

⎟
⎟
⎠

(
m

∏
i=1

∥
∥
∥Dβi

a fi

∥
∥
∥

p,(a,b)

)

.

Proof. By (2.52) and (2.56). ��
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We continue with

Theorem 2.16. All here as in Theorem 2.15. Then

∫ b

a
(x− a)α e

m
∑

i=1

(∣∣
∣∣
∣
(D

αi
a fi)(x)

(x−a)(βi−αi)

∣
∣
∣∣
∣
Γ (βi−αi+1)

)

dx≤
(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

(∫ b

a
e

∣
∣
∣
(

D
βi
a fi

)
(x)

∣
∣
∣
dx

))

. (2.82)

Proof. By (2.57), assumptions there (i) and (ii) are easily fulfilled. ��
We need

Definition 2.17 ([6], p. 50, [1], p. 449). Let ν ≥ 0, n := �ν�, f ∈ ACn ([a,b]). Then
the left Caputo fractional derivative is given by

Dν
∗a f (x) =

1
Γ (n−ν)

∫ x

a
(x− t)n−ν−1 f (n) (t)dt

=
(

In−ν
a+ f (n)

)
(x) , (2.83)

and it exists almost everywhere for x ∈ [a,b], in fact Dν∗a f ∈ L1 (a,b), ([1], p. 394).
We have Dn∗a f = f (n), n ∈ Z+.

We also need

Theorem 2.18 ([4]). Let ν ≥ ρ + 1, ρ > 0, ν,ρ /∈ N. Call n := �ν�, m∗ := �ρ�.
Assume f ∈ACn ([a,b]), such that f (k) (a) = 0, k =m∗,m∗+1, . . . ,n−1, and Dν∗a f ∈
L∞ (a,b). Then Dρ

∗a f ∈ AC ([a,b]) (where Dρ
∗a f =

(
Im∗−ρ
a+ f (m

∗)
)
(x)), and

Dρ
∗a f (x) =

1
Γ (ν−ρ)

∫ x

a
(x− t)ν−ρ−1 Dν

∗a f (t)dt

=
(

Iν−ρa+ (Dν
∗a f )

)
(x) , (2.84)

∀ x ∈ [a,b].

We give

Theorem 2.19. Let ( fi,νi,ρi), i = 1, . . . ,m, m ≥ 2, as in the assumptions of The-

orem 2.18. Set α :=
m
∑

i=1
(νi−ρi), γ :=

m
∏
i=1

(νi−ρi), and let p ≥ 1. Here a,b ∈ R,

a < b. Then ∥
∥
∥
∥∥

m

∏
i=1

(
Dρi∗a fi

)
∥
∥
∥
∥∥

p,(a,b)

≤ (2.85)
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⎛

⎜
⎜
⎝

γ
1
p (b− a)

(
α−m

p +
1
p

)

(
m
∏
i=1

(Γ (νi−ρi + 1))

)
(α−m+ 1)

1
p

⎞

⎟
⎟
⎠

(
m

∏
i=1

‖Dνi∗a fi‖p,(a,b)

)

.

Proof. By (2.52) and (2.56), see here α ≥ m > m− 1. ��
We also give

Theorem 2.20. Here all as in Theorem 2.19, let pi ≥ 1, i = 1, . . . , l; l < m. Then

∫ b

a
(x− a)

(
α−

l
∑

i=1
pi(νi−ρi)

)(
l

∏
i=1

∣
∣Dρi∗a fi (x)

∣
∣pi

)

·

e

(
m
∑

i=l+1

∣
∣
∣D

ρi∗a fi(x)
∣
∣
∣

(
Γ (νi−ρi+1)

(x−a)(νi−ρi)

))

dx≤
⎛

⎜
⎜
⎝

γ (b− a)α−m+1

(
l
∏
i=1

(Γ (νi−ρi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
l

∏
i=1

∫ b

a
|Dνi∗a fi (x)|pi dx

)

· (2.86)

(
m

∏
i=l+1

∫ b

a
e

∣
∣∣D

νi∗a fi(x)
∣
∣∣
dx

)

.

Proof. By (2.51). ��
We need

Definition 2.21 ([2, 7, 8]). Let α ≥ 0, n := �α�, f ∈ ACn ([a,b]). We define the right
Caputo fractional derivative of order α ≥ 0, by

D
α
b− f (x) := (−1)n In−α

b− f (n) (x) , (2.87)

we set D
0
− f := f , i.e.,

D
α
b− f (x) =

(−1)n

Γ (n−α)
∫ b

x
(J− x)n−α−1 f (n) (J)dJ. (2.88)

Notice that D
n
b− f = (−1)n f (n), n ∈ N.

In [3] we introduced a balanced fractional derivative combining both right and
left fractional Caputo derivatives.

We need

Theorem 2.22 ([4]). Let f ∈ ACn ([a,b]), α > 0, n∈N, n := �α�, α ≥ ρ+1, ρ > 0,
r = �ρ�, α,ρ /∈N. Assume f (k) (b)= 0, k = r,r+1, . . . ,n−1, and D

α
b− f ∈ L∞ ([a,b]).

Then
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D
ρ
b− f (x) =

(
Iα−ρb−

(
D
α
b− f

))
(x) ∈ AC ([a,b]) , (2.89)

that is,

D
ρ
b− f (x) =

1
Γ (α−ρ)

∫ b

x
(t− x)α−ρ−1

(
D
α
b− f

)
(t)dt, (2.90)

∀ x ∈ [a,b].

We give

Theorem 2.23. Let ( fi,αi,ρi), i = 1, . . . ,m, m ≥ 2, as in the assumptions of The-

orem 2.22. Set α :=
m
∑

i=1
(αi−ρi), γ :=

m
∏
i=1

(αi−ρi), and let p ≥ 1. Here a,b ∈ R,

a < b. Then ∥∥
∥
∥
∥

m

∏
i=1

(
D
ρi
b− fi

)
∥∥
∥
∥
∥

p,(a,b)

≤ (2.91)

⎛

⎜⎜
⎝

γ
1
p (b− a)

(
α−m

p +
1
p

)

(
m
∏
i=1

(Γ (αi−ρi+ 1))

)
(α−m+ 1)

1
p

⎞

⎟⎟
⎠

(
m

∏
i=1

∥∥
∥D

νi
b− fi

∥∥
∥

p,(a,b)

)

.

Proof. By (2.72) and (2.76), see here α ≥ m > m− 1. ��
We make

Remark 2.24. Let r1,r2 ∈ N; A j > 0, j = 1, . . . ,r1; B j > 0, j = 1, . . . ,r2; x ≥ 0,

p ≥ 1. Clearly eA jxp
,eB jxp ≥ 1, and

r1

∑
j=1

eA jxp ≥ r1,
r2

∑
j=1

eB jxp ≥ r2. Hence, ϕ1 (x) :=

ln

(
r1

∑
j=1

eA jx
p

)

, ϕ2 (x) := ln

(
r2

∑
j=1

eB jx
p

)

≥ 0. Clearly here ϕ1,ϕ2 : R+ → R+ are

increasing, convex, and continuous.

We give

Theorem 2.25. Let ( fi,αi,ρi), i = 1,2, as in the assumptions of Theorem 2.22.

Set α :=
2
∑

i=1
(αi−ρi), γ :=

2
∏
i=1

(αi−ρi). Here a,b ∈ R, a < b, and ϕ1,ϕ2 as in

Remark 2.24. Then

∫ b

a
(b− x)α

2

∏
i=1

ϕi

⎛

⎝

∣
∣
∣D

ρi
b− fi (x)

∣
∣
∣

(b− x)(αi−ρi)
Γ (αi−ρi + 1)

⎞

⎠dx≤ (2.92)

(
γ (b− a)α−1

α− 1

)(
2

∏
i=1

∫ b

a
ϕi

(∣∣
∣D

αi
b− fi (x)

∣∣
∣
)

dx

)

,

under the assumptions (i = 1,2):
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(i) ϕi

(∣∣
∣D

αi
b− fi (t)

∣
∣
∣
)

is
(
χ[x,b) (t)

(t−x)αi−ρi−1

Γ (αi−ρi)
dt
)

-integrable, a.e. in x ∈ (a,b).

(ii) ϕi

(∣∣
∣D

αi
b− fi

∣
∣
∣
)

is Lebesgue integrable on (a,b).

We make

Remark 2.26. (i) Let now f ∈ Cn ([a,b]), n = �ν�, ν > 0. Clearly Cn ([a,b]) ⊂
ACn ([a,b]). Assume f (k) (a) = 0, k = 0,1, . . . ,n−1. Given that Dν∗a f exists, then
there exists the left generalized Riemann–Liouville fractional derivative Dν

a f
(see (2.78)) and Dν∗a f = Dν

a f (see also [6], p. 53). In fact here Dν∗a f ∈C ([a,b]),
see [6], p. 56.
So Theorems 2.19 and 2.20 can be true for left generalized Riemann–Liouville
fractional derivatives.

(ii) Let also α > 0, n := �α�, and f ∈ Cn ([a,b]) ⊂ ACn ([a,b]). From [2] we de-
rive that D

α
b− f ∈ C ([a,b]). By [2], we obtain that the right Riemann–Liouville

fractional derivative Dα
b− f exists on [a,b]. Furthermore if f (k) (b) = 0, k =

0,1, . . . ,n− 1, we get that D
α
b− f (x) = Dα

b− f (x), ∀ x ∈ [a,b]; hence Dα
b− f ∈

C ([a,b]).
So Theorems 2.23 and 2.25 can be valid for right Riemann–Liouville fractional

derivatives. To keep this article short we avoid details.

We give

Definition 2.27. Let ν > 0, n := [ν], α := ν−n (0≤α < 1). Let a,b∈R, a≤ x≤ b,
f ∈ C ([a,b]). We consider Cν

a ([a,b]) := { f ∈ Cn ([a,b]) : I1−α
a+ f (n) ∈ C1 ([a,b])}.

For f ∈ Cν
a ([a,b]), we define the left generalized ν-fractional derivative of f over

[a,b] as

Δν
a f :=

(
I1−α
a+ f (n)

)′
; (2.93)

see [1], p. 24, and Canavati derivative in [5].
Notice here Δν

a f ∈C ([a,b]).
So that

(Δν
a f ) (x) =

1
Γ (1−α)

d
dx

∫ x

a
(x− t)−α f (n) (t)dt, (2.94)

∀ x ∈ [a,b].
Notice here that

Δn
a f = f (n), n ∈ Z+. (2.95)

We need

Theorem 2.28 ([4]). Let f ∈ Cν
a ([a,b]), n = [ν], such that f (i) (a) = 0, i = r,r +

1, . . . ,n− 1, where r := [ρ ], with 0 < ρ < ν . Then

(Δρ
a f ) (x) =

1
Γ (ν−ρ)

∫ x

a
(x− t)ν−ρ−1 (Δν

a f ) (t)dt, (2.96)
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i.e.,

(Δρ
a f ) = Iν−ρa+ (Δν

a f ) ∈C ([a,b]) . (2.97)

Thus f ∈Cρ
a ([a,b]).

We present

Theorem 2.29. Let ( fi,νi,ρi), i = 1, . . . ,m, as in Theorem 2.28 and fractional

derivatives as in Definition 2.27. Let α :=
m
∑

i=1
(νi−ρi), γ :=

m
∏
i=1

(νi−ρi), pi ≥ 1,

i = 1, . . . ,m, assume α > m− 1. Then

∫ b

a

m

∏
i=1
|Δρi

a fi (x)|pi dx≤ (2.98)

⎛

⎜
⎜
⎝

γ (b− a)

((
m
∑

i=1
(νi−ρi)pi

)
−m+1

)

(
m
∏
i=1

(Γ (νi−ρi+ 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
|Δνi

a fi (x)|pi dx

)

.

Proof. By (2.52) and (2.55). ��
We continue with

Theorem 2.30. Let all here as in Theorem 2.29. Consider λi, i = 1, . . . ,m, distinct
prime numbers. Then

∫ b

a
(x− a)α

m

∏
i=1

λ

(∣
∣∣Δρi

a fi(x)
∣
∣∣
Γ(νi−ρi+1)

(x−a)(νi−ρi)

)

i dx≤

(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

∫ b

a
λ

∣
∣
∣Δνi

a fi(x)
∣
∣
∣

i dx

)

. (2.99)

Proof. By (2.51). ��
We need

Definition 2.31 ([2]). Let ν > 0, n := [ν], α = ν − n, 0 < α < 1, f ∈ C ([a,b]).
Consider

Cν
b− ([a,b]) := { f ∈Cn ([a,b]) : I1−α

b− f (n) ∈C1 ([a,b])}. (2.100)

Define the right generalized ν-fractional derivative of f over [a,b], by

Δν
b− f := (−1)n−1

(
I1−α
b− f (n)

)′
. (2.101)

We set Δ0
b− f = f . Notice that
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(
Δν

b− f
)
(x) =

(−1)n−1

Γ (1−α)
d
dx

∫ b

x
(J− x)−α f (n) (J)dJ, (2.102)

and Δν
b− f ∈C ([a,b]).

We also need

Theorem 2.32 ([4]). Let f ∈Cν
b− ([a,b]), 0 < ρ < ν . Assume f (i) (b) = 0, i = r,r+

1, . . . ,n− 1, where r := [ρ ], n := [ν]. Then

Δρ
b− f (x) =

1
Γ (ν−ρ)

∫ b

x
(J− x)ν−ρ−1 (Δν

b− f
)
(J)dJ, (2.103)

∀ x ∈ [a,b], i.e.,
Δρ

b− f = Iν−ρb−
(
Δν

b− f
) ∈C ([a,b]) , (2.104)

and f ∈Cρ
b− ([a,b]).

We give

Theorem 2.33. Let ( fi,νi,ρi), i = 1, . . . ,m, and fractional derivatives as in

Theorem 2.32 and Definition 2.31. Let α :=
m
∑

i=1
(νi−ρi), γ :=

m
∏
i=1

(νi−ρi), pi ≥ 1,

i = 1, . . . ,m, and assume α > m− 1. Then

∫ b

a

m

∏
i=1

∣
∣Δρi

b− fi (x)
∣
∣pi dx≤ (2.105)

⎛

⎜
⎜
⎝

γ (b− a)

((
m
∑

i=1
(νi−ρi)pi

)
−m+1

)

(
m
∏
i=1

(Γ (νi−ρi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a

∣
∣Δνi

b− fi (x)
∣
∣pi dx

)

.

Proof. By (2.72) and (2.75). ��
We continue with

Theorem 2.34. Let all here as in Theorem 2.33. Consider λi, i = 1, . . . ,m, distinct
prime numbers. Then

∫ b

a
(b− x)α

m

∏
i=1

λ

(∣
∣∣Δρi

b− fi(x)
∣
∣∣
Γ (νi−ρi+1)

(b−x)(νi−ρi)

)

i dx≤

(
γ (b− a)α−m+1

α−m+ 1

)(
m

∏
i=1

∫ b

a
λ

∣
∣
∣Δνi

b− fi(x)
∣
∣
∣

i dx

)

. (2.106)

Proof. By (2.71). ��
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We make

Definition 2.35. [12, p. 99] The fractional integrals of a function f with respect to
given function g are defined as follows:

Let a,b ∈ R, a < b, α > 0. Here g is an increasing function on [a,b] and g ∈
C1 ([a,b]). The left- and right-sided fractional integrals of a function f with respect
to another function g in [a,b] are given by

(
Iαa+;g f

)
(x) =

1
Γ (α)

∫ x

a

g′ (t) f (t)dt

(g(x)− g(t))1−α , x > a, (2.107)

(
Iαb−;g f

)
(x) =

1
Γ (α)

∫ b

x

g′ (t) f (t)dt

(g(t)− g(x))1−α , x < b, (2.108)

respectively.

We make

Remark 2.36. Let fi be Lebesgue measurable functions from (a,b) into R, such that(
Iαi
a+;g (| fi|)

)
(x) ∈R, ∀ x ∈ (a,b), αi > 0, i = 1, . . . ,m.

Consider
gi (x) :=

(
Iαi
a+;g fi

)
(x) , x ∈ (a,b) , i = 1, . . . ,m, (2.109)

where
(
Iαi
a+;g fi

)
(x) =

1
Γ (αi)

∫ x

a

g′ (t) fi (t)dt

(g(x)− g(t))1−αi
, x > a. (2.110)

Notice that gi (x) ∈ R and it is Lebesgue measurable.
We pick Ω1 =Ω2 = (a,b), dμ1 (x) = dx, dμ2 (y) = dy, the Lebesgue measure.
We see that

(
Iαi
a+;g fi

)
(x) =

∫ b

a

χ(a,x] (t)g′ (t) fi (t)

Γ (αi) (g(x)− g(t))1−αi
dt, (2.111)

where χ is the characteristic function.
So, we pick here

ki (x, t) :=
χ(a,x] (t)g′ (t)

Γ (αi) (g(x)− g(t))1−αi
, i = 1, . . . ,m. (2.112)

In fact

ki (x,y) =

{
g′(y)

Γ (αi)(g(x)−g(y))1−αi
, a < y≤ x,

0, x < y < b.
(2.113)

Clearly it holds

Ki (x) =
∫ b

a

χ(a,x] (y)g′ (y)

Γ (αi) (g(x)− g(y))1−αi
dy =
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∫ x

a

g′ (y)
Γ (αi) (g(x)− g(y))1−αi

dy =
1

Γ (αi)

∫ x

a
(g(x)− g(y))αi−1 dg(y) = (2.114)

1
Γ (αi)

∫ g(x)

g(a)
(g(x)− z)αi−1 dz =

(g(x)− g(a))αi

Γ (αi + 1)
.

So for a < x < b, i = 1, . . . ,m, we get

Ki (x) =
(g(x)− g(a))αi

Γ (αi + 1)
. (2.115)

Notice that

m

∏
i=1

ki (x,y)
Ki (x)

=
m

∏
i=1

(
χ(a,x] (y)g′ (y)

Γ (αi) (g(x)− g(y))1−αi
· Γ (αi + 1)

(g(x)− g(a))αi

)

=

χ(a,x] (y)(g(x)− g(y))

(
m
∑

i=1
αi−m

)

(g′ (y))m
(

m
∏
i=1

αi

)

(g(x)− g(a))

(
m
∑

i=1
αi

) . (2.116)

Calling

α :=
m

∑
i=1

αi > 0, γ :=
m

∏
i=1

αi > 0, (2.117)

we have that

m

∏
i=1

ki (x,y)
Ki (x)

=
χ(a,x] (y)(g(x)− g(y))α−m (g′ (y))m γ

(g(x)− g(a))α
. (2.118)

Therefore, for (2.32), we get for appropriate weight u that (denote λm by λ g
m)

λ g
m (y) = γ

(
g′ (y)

)m
∫ b

y
u(x)

(g(x)− g(y))α−m

(g(x)− g(a))α
dx < ∞, (2.119)

for all a < y < b.
Let Φi : R+ → R+, i = 1, . . . ,m, be convex and increasing functions. Then by

(2.33) we obtain

∫ b

a
u(x)

m

∏
i=1

Φi

(∣∣
∣
∣
∣

(
Iαi
a+;g fi

)
(x)

(g(x)− g(a))αi

∣∣
∣
∣
∣
Γ (αi + 1)

)

dx≤

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠
(∫ b

a
Φ j

(∣∣ f j (x)
∣
∣)λ g

m (x)dx

)
, (2.120)

with j ∈ {1, . . . ,m},
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true for measurable fi with Iαi
a+;g (| fi|) finite, i = 1, . . . ,m, and with the properties:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).

(ii) λ g
mΦ j

(∣∣ f j
∣
∣) ;Φ1 (| f1|) ,Φ2 (| f2|) , . . . , ̂Φ j

(∣∣ f j
∣
∣), . . . ,Φm (| fm|) are all Lebesgue

integrable functions, where ̂Φ j
(∣∣ f j

∣
∣) means absent item.

Let now

u(x) = (g(x)− g(a))α g′ (x) , x ∈ (a,b) . (2.121)

Then

λ g
m (y) = γ

(
g′ (y)

)m
∫ b

y
(g(x)− g(y))α−m g′ (x)dx =

γ
(
g′ (y)

)m
∫ g(b)

g(y)
(z− g(y))α−m dz = (2.122)

γ
(
g′ (y)

)m (g(b)− g(y))α−m+1

α−m+ 1
,

with α > m− 1. That is,

λ g
m (y) = γ

(
g′ (y)

)m (g(b)− g(y))α−m+1

α−m+ 1
, (2.123)

α > m− 1, y ∈ (a,b).
Hence (2.120) becomes

∫ b

a
g′ (x)(g(x)− g(a))α

m

∏
i=1

Φi

(∣∣∣
∣
∣

(
Iαi
a+;g fi

)
(x)

(g(x)− g(a))αi

∣
∣∣
∣
∣
Γ (αi + 1)

)

dx≤

(
γ

α−m+ 1

)
⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠ ·

(∫ b

a

(
g′ (x)

)m
(g(b)− g(x))α−m+1Φ j

(∣∣ f j (x)
∣
∣)dx

)
≤ (2.124)

(
γ (g(b)− g(a))α−m+1 ‖g′‖m

∞
α−m+ 1

)(
m

∏
i=1

∫ b

a
Φi (| fi (x)|)dx

)

,

where α > m− 1, fi with Iαi
a+;g (| fi|) finite, i = 1, . . . ,m, under the assumptions:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) Φi (| fi|) is Lebesgue integrable on (a,b).

If Φi (x) = xpi , pi ≥ 1, x ∈ R+, then by (2.124), we have

∫ b

a
g′ (x) (g(x)− g(a))

(
α−

m
∑

i=1
piαi

)
m

∏
i=1

∣
∣(Iαi

a+;g fi
)
(x)

∣
∣pi dx≤ (2.125)
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⎛

⎜
⎜
⎝

γ (g(b)− g(a))α−m+1 ‖g′‖m
∞(

m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

but we see that

∫ b

a
g′ (x)(g(x)− g(a))

(
α−

m
∑

i=1
piαi

)
m

∏
i=1

∣∣(Iαi
a+;g fi

)
(x)

∣∣pi dx≥

(g(b)− g(a))

(
α−

m
∑

i=1
piαi

)
∫ b

a
g′ (x)

m

∏
i=1

∣
∣(Iαi

a+;g fi
)
(x)

∣
∣pi dx. (2.126)

By (2.125) and (2.126) we get

∫ b

a
g′ (x)

m

∏
i=1

∣
∣(Iαi

a+;g fi
)
(x)

∣
∣pi dx≤ (2.127)

⎛

⎜
⎜
⎝
γ (g(b)− g(a))

(
m
∑

i=1
piαi−m+1

)

‖g′‖m
∞(

m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

α > m− 1, fi with Iαi
a+;g (| fi|) finite, i = 1, . . . ,m, under the assumptions:

(i) | fi|pi is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|pi is Lebesgue integrable on (a,b).

We need

Definition 2.37 ([11]). Let 0 < a < b < ∞, α > 0. The left- and right-sided
Hadamard fractional integrals of order α are given by

(
Jαa+ f

)
(x) =

1
Γ (α)

∫ x

a

(
ln

x
y

)α−1 f (y)
y

dy, x > a, (2.128)

and
(
Jαb− f

)
(x) =

1
Γ (α)

∫ b

x

(
ln

y
x

)α−1 f (y)
y

dy, x < b, (2.129)

respectively.

Notice that the Hadamard fractional integrals of order α are special cases of left-
and right-sided fractional integrals of a function f with respect to another function,
here g(x) = lnx on [a,b], 0 < a < b < ∞.

Above f is a Lebesgue measurable function from (a,b) into R, such that(
Jαa+ (| f |))(x) and/or

(
Jαb− (| f |)

)
(x) ∈ R, ∀ x ∈ (a,b).

We give
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Theorem 2.38. Let ( fi,αi), i = 1, . . . ,m; Jαi
a+ fi as in Definition 2.37. Set α :=

m
∑

i=1
αi,

γ :=
m
∏
i=1

αi; pi ≥ 1, i = 1, . . . ,m, assume α > m− 1. Then

∫ b

a

m

∏
i=1

∣
∣(Jαi

a+ fi
)
(x)

∣
∣pi dx≤ (2.130)

⎛

⎜
⎜
⎝

bγ
(
ln
(

b
a

))
(

m
∑

i=1
piαi−m+1

)

am (α−m+ 1)

(
m
∏
i=1

(Γ (αi + 1))pi

)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

where Jαi
a+ (| fi|) is finite, i = 1, . . . ,m, under the assumptions:

(i) | fi (y)|pi is

(
χ(a,x](y)dy

Γ (αi)y
(

ln
(

x
y

))1−αi

)

-integrable, a.e. in x ∈ (a,b).

(ii) | fi|pi is Lebesgue integrable on (a,b).

We also present

Theorem 2.39. Let all as in Theorem 2.38. Consider p := p1 = p2 = . . .= pm ≥ 1.
Then ∥

∥
∥
∥
∥

m

∏
i=1

(
Jαi

a+ fi
)
∥
∥
∥
∥
∥

p,(a,b)

≤ (2.131)

⎛

⎜
⎜
⎝

(bγ)
1
p
(
ln
(

b
a

))
(
α−m

p +
1
p

)

a
m
p (α−m+ 1)

1
p

(
m
∏
i=1

(Γ (αi + 1))

)

⎞

⎟
⎟
⎠

(
m

∏
i=1
‖ fi‖p,(a,b)

)

,

where Jαi
a+ (| fi|) is finite, i = 1, . . . ,m, under the assumptions:

(i) | fi (y)|p is

(
χ(a,x](y)dy

Γ (αi)y
(

ln
(

x
y

))1−αi

)

-integrable, a.e. in x ∈ (a,b).

(ii) | fi|p is Lebesgue integrable on (a,b).

We make

Remark 2.40. Let fi be Lebesgue measurable functions from (a,b) into R, such that(
Iαi
b−;g (| fi|)

)
(x) ∈R, ∀ x ∈ (a,b), αi > 0, i = 1, . . . ,m.

Consider
gi (x) :=

(
Iαi
b−;g fi

)
(x) , x ∈ (a,b) , i = 1, . . . ,m, (2.132)

where (
Iαi
b−;g fi

)
(x) =

1
Γ (αi)

∫ b

x

g′ (t) f (t)dt

(g(t)− g(x))1−αi
, x < b. (2.133)

Notice that gi (x) ∈ R and it is Lebesgue measurable.
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We pick Ω1 =Ω2 = (a,b), dμ1 (x) = dx, dμ2 (y) = dy, the Lebesgue measure.
We see that

(
Iαi
b−;g fi

)
(x) =

∫ b

a

χ[x,b) (t)g′ (t) f (t)dt

Γ (αi)(g(t)− g(x))1−αi
, (2.134)

where χ is the characteristic function.
So, we pick here

ki (x,y) :=
χ[x,b) (y)g′ (y)

Γ (αi) (g(y)− g(x))1−αi
, i = 1, . . . ,m. (2.135)

In fact

ki (x,y) =

{
g′(y)

Γ (αi)(g(y)−g(x))1−αi
, x≤ y < b,

0, a < y < x.
(2.136)

Clearly it holds

Ki (x) =
∫ b

a

χ[x,b) (y)g′ (y)dy

Γ (αi)(g(y)− g(x))1−αi
=

1
Γ (αi)

∫ b

x
g′ (y)(g(y)− g(x))αi−1 dy = (2.137)

1
Γ (αi)

∫ g(b)

g(x)
(z− g(x))αi−1 dg(y) =

(g(b)− g(x))αi

Γ (αi + 1)
.

So for a < x < b, i = 1, . . . ,m, we get

Ki (x) =
(g(b)− g(x))αi

Γ (αi + 1)
. (2.138)

Notice that

m

∏
i=1

ki (x,y)
Ki (x)

=
m

∏
i=1

(
χ[x,b) (y)g′ (y)

Γ (αi) (g(y)− g(x))1−αi
· Γ (αi + 1)

(g(b)− g(x))αi

)

=

χ[x,b) (y) (g′ (y))
m (g(y)− g(x))

(
m
∑

i=1
αi−m

)
m
∏
i=1

αi

(g(b)− g(x))

m
∑

i=1
αi

. (2.139)

Calling

α :=
m

∑
i=1

αi > 0, γ :=
m

∏
i=1

αi > 0, (2.140)
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we have that

m

∏
i=1

ki (x,y)
Ki (x)

=
χ[x,b) (y)(g′ (y))

m (g(y)− g(x))α−m γ
(g(b)− g(x))α

. (2.141)

Therefore, for (2.32), we get for appropriate weight u that (denote λm by λ g
m)

λ g
m (y) = γ

(
g′ (y)

)m
∫ y

a
u(x)

(g(y)− g(x))α−m

(g(b)− g(x))α
dx < ∞, (2.142)

for all a < y < b.
Let Φi : R+ → R+, i = 1, . . . ,m, be convex and increasing functions. Then by

(2.33) we obtain

∫ b

a
u(x)

m

∏
i=1

Φi

⎛

⎝

∣∣
∣
∣
∣
∣

(
Iαi
b−;g fi

)
(x)

(g(b)− g(x))αi

∣∣
∣
∣
∣
∣
Γ (αi + 1)

⎞

⎠dx≤

⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠
(∫ b

a
Φ j

(∣∣ f j (x)
∣
∣)λ g

m (x)dx

)
, (2.143)

with j ∈ {1, . . . ,m},
true for measurable fi with Iαi

b−;g (| fi|) finite, i = 1, . . . ,m, and with the properties:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).

(ii) λ g
mΦ j

(∣∣ f j
∣
∣) ;Φ1 (| f1|) , . . . , ̂Φ j

(∣∣ f j
∣
∣), . . . ,Φm (| fm|) are all Lebesgue integrable

functions, where ̂Φ j
(∣∣ f j

∣
∣) means absent item.

Let now
u(x) = (g(b)− g(x))α g′ (x) , x ∈ (a,b) . (2.144)

Then

λ g
m (y) = γ

(
g′ (y)

)m
∫ y

a
g′ (x)(g(y)− g(x))α−m dx =

γ
(
g′ (y)

)m
∫ y

a
(g(y)− g(x))α−m dg(x) = γ

(
g′ (y)

)m
∫ g(y)

g(a)
(g(y)− z)α−m dz =

(2.145)

γ
(
g′ (y)

)m (g(y)− g(a))α−m+1

α−m+ 1
,

with α > m− 1. That is,

λ g
m (y) = γ

(
g′ (y)

)m (g(y)− g(a))α−m+1

α−m+ 1
, (2.146)

α > m− 1, y ∈ (a,b).
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Hence (2.143) becomes

∫ b

a
g′ (x)(g(b)− g(x))α

m

∏
i=1

Φi

⎛

⎝

∣
∣
∣∣
∣
∣

(
Iαi
b−;g fi

)
(x)

(g(b)− g(x))αi

∣
∣
∣∣
∣
∣
Γ (αi + 1)

⎞

⎠dx≤

(
γ

α−m+ 1

)
⎛

⎜
⎝

m

∏
i=1
i�= j

∫ b

a
Φi (| fi (x)|)dx

⎞

⎟
⎠ ·

(∫ b

a
Φ j

(∣∣ f j (x)
∣
∣)(g′ (x)

)m
(g(x)− g(a))α−m+1 dx

)
≤ (2.147)

(
γ (g(b)− g(a))α−m+1 ‖g′‖m

∞
α−m+ 1

)(
m

∏
i=1

∫ b

a
Φi (| fi (x)|)dx

)

,

where α > m− 1, fi with Iαi
b−;g (| fi|) finite, i = 1, . . . ,m, under the assumptions:

(i) Φi (| fi|) is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) Φi (| fi|) is Lebesgue integrable on (a,b).

If Φi (x) = xpi , pi ≥ 1, x ∈ R+, then by (2.147), we have

∫ b

a
g′ (x)(g(b)− g(x))

(
α−

m
∑

i=1
αi pi

)
m

∏
i=1

∣
∣
∣
(

Iαi
b−;g fi

)
(x)

∣
∣
∣

pi
dx≤ (2.148)

⎛

⎜
⎜
⎝
γ (g(b)− g(a))α−m+1 (‖g′‖∞)m

(α−m+ 1)
m
∏
i=1

(Γ (αi + 1))pi

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

but we see that

∫ b

a
g′ (x) (g(b)− g(x))

(
α−

m
∑

i=1
αi pi

)
m

∏
i=1

∣
∣
∣
(

Iαi
b−;g fi

)
(x)

∣
∣
∣

pi
dx≥

(g(b)− g(a))

(
α−

m
∑

i=1
αi pi

)
∫ b

a
g′ (x)

m

∏
i=1

∣∣
∣
(

Iαi
b−;g fi

)
(x)

∣∣
∣

pi
dx. (2.149)

Hence by (2.148) and (2.149) we derive

∫ b

a
g′ (x)

m

∏
i=1

∣
∣
∣
(

Iαi
b−;g fi

)
(x)

∣
∣
∣

pi
dx≤ (2.150)

⎛

⎜
⎜
⎝
γ (g(b)− g(a))

(
m
∑

i=1
piαi−m+1

)

‖g′‖m
∞(

m
∏
i=1

(Γ (αi + 1))pi

)
(α−m+ 1)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

α > m− 1, fi with Iαi
b−;g (| fi|) finite, i = 1, . . . ,m, under the assumptions:
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(i) | fi|pi is ki (x,y)dy -integrable, a.e. in x ∈ (a,b).
(ii) | fi|pi is Lebesgue integrable on (a,b).

We give

Theorem 2.41. Let ( fi,αi), i = 1, . . . ,m; Jαi
b− fi as in Definition 2.37. Set α :=

m
∑

i=1
αi,

γ :=
m
∏
i=1

αi; pi ≥ 1, i = 1, . . . ,m, assume α > m− 1. Then

∫ b

a

m

∏
i=1

∣
∣(Jαi

b− fi
)
(x)

∣
∣pi dx≤ (2.151)

⎛

⎜
⎜
⎝

bγ
(
ln
(

b
a

))
(

m
∑

i=1
piαi−m+1

)

am (α−m+ 1)

(
m
∏
i=1

(Γ (αi + 1))pi

)

⎞

⎟
⎟
⎠

(
m

∏
i=1

∫ b

a
| fi (x)|pi dx

)

,

where Jαi
b− (| fi|) is finite, i = 1, . . . ,m, under the assumptions:

(i) | fi (y)|pi is

(
χ[x,b)(y)dy

Γ (αi)y(ln( y
x ))

1−αi

)
-integrable, a.e. in x ∈ (a,b).

(ii) | fi|pi is Lebesgue integrable on (a,b).

We finish with

Theorem 2.42. Let all as in Theorem 2.41. Take p := p1 = p2 = . . .= pm ≥ 1. Then
∥
∥
∥∥
∥

m

∏
i=1

(
Jαi

b− fi
)
∥
∥
∥∥
∥

p,(a,b)

≤ (2.152)

⎛

⎜
⎜
⎝

(bγ)
1
p
(
ln
(

b
a

))
(
α−m

p +
1
p

)

a
m
p (α−m+ 1)

1
p

(
m
∏
i=1

(Γ (αi + 1))

)

⎞

⎟
⎟
⎠

(
m

∏
i=1
‖ fi‖p,(a,b)

)

,

where Jαi
b− (| fi|) is finite, i = 1, . . . ,m, under the properties:

(i) | fi (y)|p is

(
χ[x,b)(y)dy

Γ (αi)y(ln( y
x ))

1−αi

)
-integrable, a.e. in x ∈ (a,b).

(ii) | fi|p is Lebesgue integrable on (a,b).



56 George A. Anastassiou

References

1. G.A. Anastassiou, Fractional Differentiation Inequalities, Research Monograph, Springer,
New York, 2009.

2. G.A. Anastassiou, On Right Fractional Calculus, Chaos, Solitons and Fractals, 42(2009),
365–376.

3. G.A. Anastassiou, Balanced fractional Opial inequalities, Chaos, Solitons and Fractals,
42(2009), no. 3, 1523–1528.

4. G.A. Anastassiou, Fractional Representation formulae and right fractional inequalities, Math-
ematical and Computer Modelling, 54(11–12) (2011), 3098–3115.

5. J.A. Canavati, The Riemann-Liouville Integral, Nieuw Archief Voor Wiskunde, 5(1) (1987),
53–75.

6. Kai Diethelm, The Analysis of Fractional Differential Equations, Lecture Notes in Mathemat-
ics, Vol 2004, 1st edition, Springer, New York, Heidelberg, 2010.

7. A.M.A. El-Sayed and M. Gaber, On the finite Caputo and finite Riesz derivatives, Electronic
Journal of Theoretical Physics, Vol. 3, No. 12 (2006), 81–95.

8. R. Gorenflo and F. Mainardi, Essentials of Fractional Calculus, 2000, Maphysto Center, http://
www.maphysto.dk/oldpages/events/LevyCAC2000/MainardiNotes/fm2k0a.ps.
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