Chapter 2

Overconvergence and Convergence
in C of Some Integral Convolutions

This chapter deals with the overconvergence and convergence in C of some
trigonometric convolution operators and with the approximation by some
special type of convolutions called complex potentials, generated by the Beta
and Gamma functions.

2.1 Complex Convolutions with Trigonometric-Type
Kernels

In this section we study the overconvergence and convergence in C of the
convolution operators based on trigonometric-type kernels.

2.1.1 Convolutions with Positive Trigonometric Kernels

This subsection deals with quantitative estimates in the overconvergence phe-
nomenon for the classical convolution operators with positive trigonometric
kernels. Also, in the particular cases of the Beatson kernel and their iterates,
new shape-preserving properties are presented.

It is well known that if f : R — R is continuous and 27-periodic and
if Kn(t) =2+ 0" pencos(kt) is a positive, even kernel (with pi, € R,
for all k,n), then one can define the sequence of convolution trigonometric
polynomials:

1 [7 1 (7

P.(f)(x) == fla+t) K (t)dt = = fw) K (u—z)du, n € N. (2.1.1)
T ) T J)
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118 2 Overconvergence and Convergence in C of Some Integral Convolutions

Classical choices for K, (t) are the de la Vallée-Poussin kernel, the Fejér
kernel, the Jackson kernel, the generalized Jackson kernel, the Beatson kernel,
and the Korovkin kernel, to mention only a few.

The quantitative convergence properties to f(t) (of real variable ¢ € R) of
the above sequence P, (f)(t), n =1,2,..., are well studied and can be found
in any classical book in approximation theory (see, e.g., Stepanets [135] or
DeVore-Lorentz [31]).

Supposing now that f is of complex variable z € C, the “complexification”
of the above type of convolution polynomials can be done in two directions:

1) One replaces z + t in the first expression in (2.1.1) of P,(f) by ze® (here

i? = —1), obtaining

P.(f)(z) = — i f(ze™) K, (t)dt,

T J—x

which in the case when f is analytic in a disk D, centered at origin,
P, (f)(2) becomes a polynomial of degree < m,, of complex variable z €
D,.. In this direction, the approximation (and geometric) properties of the
sequence (P, (f)(2))nen were intensively studied in Chap. 3, Sect. 3.1,
pp. 181-204 of the book of Gal [49], where even exact estimates were

obtained.
2) One replaces z from 2+t simply by z in the first form in (2.1.1) of P, (f)z),
obtaining
1 s
Pu(f)(z)=— | flz+1)Kn(t)dt,

—T

where we have to suppose that f is, for example, at least continuous in a
strip of C. In this case, evidently that P, (f)(z) loses its convolution char-
acter, but it would be of interest to study the overconvergence properties
of P,(f)(2) in that strip containing the real axis.

The first goal of the present section is to study the above direction 2). It is
easy to observe that if we replace « by z in the second form for P, (f)(z) in
(2.1.1), then we don’t obtain an operator with good approximation properties.
Clearly that the approximation properties of P,(f)(z) depend on the
kernel.
For example, we can prove the following local /pointwise estimates.

Theorem 2.1.1. Let d > 0 and suppose that f : Sq — C is bounded and
uniformly continuous in the strip Sq = {z =z +iy € C; x € R, |y| < d}.
Also, denote Po(f)(2) = [T f(z+t) K, (t)dt:

(i) If K,(t) is the de la Vallée-Poussin kernel, that is, K,(t) =

(0% (2cos[t/2))*", then

I[P (f)(2) = f(2)] < 3wi(f; 1/\/73)[z,7,72+7,], for all z € Sg, n € N,

1.
2
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2.1 Complex Convolutions with Trigonometric-Type Kernels
where [z —mz+ 7] = {(z = 7)1 = A) + XMz +7); A € [0,1]} and for
0<§i<nm
wl(f; 6)[zf7r,z+7r] =

sup{|f(u+1) = fu);u,u+t €[z —mz+mteR,t| <d}.

. 2
(it) If Ky (t) is the Fejér kernel, that is, K, (t) = 5= - (ZZEE%?) , then

|Pa(f)(2) = f(2)| < Mwi(f;1/n)z—r 24n], for all z € Sg, n €N,

where M > 0 is a constant independent of n and f.
. 4
(i11) If K (t) is the Jackson kernel, that is, K, (t) = 2n(222+1) : (S;?n[ﬁt/ﬁ]) ,
then

1Pu(f)(2) = f(2) < Mwa(f;1/n)(z—r z4m), for all z € Sa, m €N,
where M > 0 is a constant independent of n and f and for 0 <6 <7
w2(f;6)[zfrr,z+ﬂ'] =
sup{|f(u+t)=2f(u)+ f(u—t)|;u,u—t,u+t € [z—m, 2+, t € R, [t| < }.

Proof. (i) We immediately get

PDE — 1@ < 7 [ 15 +0 - 1K

1 iy
<! / 1 (F 1) g Ko ()

—T

—T

< Wl(f; 1/\/5)[zf7r,z+7r] /:T (1 + |t|\/ﬁ)Kn(t)dt < 3"‘)1(][; 1/\/7;)[z77r,z+7r]'

(For the last inequality see, e.g., Gal [55], p. 427).
(ii) As above we arrive at the estimate

PN -1 < 1 [ 16+0 - FIKa

1 ™
< ;/ wl(f; |t|)[z77r,z+7r]Kn(t)dt

—T

< wl(f; l/n)[z—fr,z—i-ﬂ] / (1 =+ |t|n)Kn(t)dt < MCUl(f; 1/\/5)[2—77,2-1-77]5

—T
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taking into account that for the Fejér kernel, we have (see, e.g., Gaier
[37], Theorem 1) [ n|t|K,(t)dt < M < oo, with M > 0 independent
of n.

(iii) Firstly we easily obtain

which immediately implies

NG =1 = 1 [ a0 e Fanlt)

—T

1 ™
< ;w2(f; 1/”)[z77r,z+7r] /0 (1 + nt)an(t)dt < MW2(f; 1/”)[2771’.}“1’71’]7

because by, e.g., Lorentz [97], p. 56, we have [ (14 nt)>K,(t)dt < C,
with C' > 0 independent of n. 0.

The second goal of the present section is to discuss the shape-preserving
properties of the complex convolution operators as defined by the above-
mentioned direction 1), in the particular cases of the Beatson kernel and
their iterates. At the beginning, we will recall some approximation and shape-
preserving properties of these complex convolutions based on the Beatson
kernel and their iterates. For that purpose we need some preliminaries, as
follows.

Let us consider the open disk Dr = {z € C;|z| < R} and

A(Dy) = {f : Dy — C; f is analytic on Dy, and f(0) =0, f/(0) = 1}.

It is well known that f € A(IDp) is called starlike if f(IDy) is a starlike
plane domain with respect to 0 and it is called convex if f(ID1) is a convex
plane domain.

Define now for n,r € N the Beatson kernels by (see Beatson [13])

n t+7/n
By, (t) /t K, (s)ds,

2men r —x/n

where K, ,(t) are the Jackson kernels given by

. ns\ 2T
Koo (s) = (sznT) ,

)
SZn2

with ¢y, chosen such that %ffﬂ K, (s)ds = ¢, and the iterates of the
Beatson kernels by (see Gal [40]) By, r1(t) := By (t),
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n t+m/n
Bn,r,?(t) / Bn)nl(S)dS sy
t

B % —m/n

n t+7/n
By, rp(t) / By, rp—1(5)ds,
t

- % —m/n

p=2,3...,,n,r€N.
Through these trigonometric kernels, one can define the complex
convolutions

Lual£)E) = = [ fe™) By ()
and
Loa(£)) = = [ F(2*)Burp(u)d

Remark. The approximation properties by these complex convolutions were
obtained in terms of the second-order modulus of smoothness in Gal [39], at
p- 243 and p. 246.

The following subclasses of functions are important in geometric function
theory:

Sy ={f:Dy = C; f(2) = 2+ agz® + ..., analytic in D, ande|ak| <1},

k=2
Sy =
= {f: Dy — C; f is analytic on Dy, f(0) = f'(0)—1 =0,|f"(2)| < 1,2 € Dy},
R:

={f:Dy — C; f is analytic on D, f(0) = f/(0)—1 =0, Ref'(z) > 0,z € Dy},
and

Sar =
= {f:Dy — C; f is analytic on D, f(0) = f'(0)—1 = 0,|f'(2)] < M,z € D1 }.

According to, e.g., Mocanu, Bulboaci, and Salagean [110], p. 97, Exer-

cise 4.9.1, if f € S1, then |Z;E$) — 1] < 1,z € Dy and therefore f is starlike

(and univalent) on Dy.

By Obradovi¢ [116] it follows that f € S implies that f is starlike univa-
lent on ;.

Also, it is known that R is called the class of functions with bounded turn
(because f € R is equivalent to |argf'(z)| < 5, z € D) and that f € R
implies the univalence of f on Dj.
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Finally, according to, e.g., Mocanu, Bulboaca, and Salagean [110], p. 111,
Exercise 5.4.1, f € Sy implies that f is univalent on D1 = {z € C;[2] < =1

We can present the following shape-preserving properties, recalled in Gal
and Greiner [65] too:

Theorem 2.1.2. Let n,r,p € N.
(i) (see also Gal [40], Theorem 1, (i)) If f is convex on Dy, then Ly, ,p(f)

is close to convex;
(11) (see also Gal [42], Theorem 3.3, (1)) Ly, r»(S1) C S1;
(iii) (see also Gal [42], Theorem 3.4, (1)) Ly, v p(S2) C S2 and Ly, »»,(R) C R;
(iii) (see also [42], Theorem 3.5) Ly r»(Sn) C Sw.

Unfortunately, the convolution L, ,-(f)(z) does not preserve the convexity
of f. More exactly we have:

Theorem 2.1.3 (Gal-Greiner [65]). Let f € A(D). The convolution poly-
nomial defined by

LasNE) = = [ 7By w)dn

z =re' €D, does not preserve the convexity of f for any n,r € N.

Proof. Take, for example, the Koebe function k(z) = =L )2 Then by
straightforward calculation, we get that up to a constant we have

n

Zsmkﬂ'/n—i-l)) n+l—k
. -Z
sin(w/(n + 1)) n+1

Lpyia(
—0

These polynomials are known to be univalent but not convex in any direction;
see Suffridge [137].

Also, plots of L,, (k)(z), for r > 2 and n € N lead (at least numerically)
to polynomials which are not convex in any direction. O

In what follows, connected to a famous problem of Schoenberg, we will
give an explanation of the negative result contained by Theorem 2.1.3.
Thus, if Q(t) is a 2m-periodic kernel, f € A(D;) and one defines the con-

volution
1

LOE) =5 [ 1R

then in Ruscheweyh and Salinas [127], the complete solution to the problem
in Schoenberg [129] is found, by proving the following result.

Theorem 2.1.4 (Ruscheweyh—Salinas [127]). The convolution defined
through the 2m-periodic kernel Q(t) as above (with Q(t) appropriate smooth)
18 convexity preserving if and only if the following conditions are satisfied:
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(i) Q(t) is periodically monotone, that is, monotonically increasing on the
first subinterval of [—m, 7] and decreasing on the second subinterval of
[—7, 7.

(ii) log |Q'(t)| is concave in every subinterval of R in which Q(t) does not
take its minimum or mazimum value.

Remark. It is easy to see that for an appropriate smooth kernel Q(¢), the
fact that log|Q’(t)| is concave, one reduces to the inequality

Q") —Q'(t)-Q"(t) >0, for all t € R. (A)
The main result connected to the Beatson kernels is the following.

Theorem 2.1.5 (Gal-Greiner [65]). For any n,r € N the nth Beatson
kernel of order r, By »(t), satisfies

— B}, .(t) = By, (~t) >0, for all t € [0, ], (2.1.2)
B] (t)* = B, .()B)'.(t) > 0, for all t € R. (2.1.3)

Proof. The case n =1 is immediate. Fix n,7 € N, n > 2, and let

0= 210~ L (k1 7) Koo 7))

Cn,r

ne
cos & cos 2t
2 2
sin ™ "H” sin 2
n
2r
2 cos &
cos = — cost

"9(1),

2r

where

nt
26087
cos = —cost’
n

(t) := sinnt_ﬂ- 2T— sinnt_HT "
g = 2n 2n '

(Observe that f(¢)? is up to normalization the nth Fejér-Korovkin kernel.)

Inequality (2.1.2) now immediately follows from g(¢) < 0 for ¢ € [0, 7]. For
the proof of (2.1.3) we are left to show, because of symmetry and periodicity,
that

0 < b(t)% —b(t)b"(t)
= fOT 2 2r (F1(0 = FOF (@) 90 + F(1)? (o' (1) = 9(t)g" (1))] -
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for all ¢ € [0, x]. To this end we shall establish the two inequalities
0< f'(t) = FO)f" (1), (2.1.4)

0<g'(t)* = g(t)g" (). (2.1.5)

Inequality (2.1.5) is implied by the representation

2
12 mey T . nt-l—ﬂ')zr*l ( nt—ﬂ')zr*l
J(0) - g(t)g (t>—2[(sm - + (sin 2

7T ComNZ L mt4+m\TT2 ot — 22
+r (2r cos — +2r — 1 — cos t) (sm —) (sm ) (sm )
n 2n 2n 2n

> 0.

To prove inequality (2.1.4) we first observe

(cost — cos %)4 ()2 = f()f" ()]
=n? (cost — cos %)2 -2 (1 — cost cos %) (1 + cosnt)
=n? (3: — cos %)2 -2 (1 — zcos %) (1 +Tn(x)),

where = cost € [—1, 1] and T), is the nth Chebyshev polynomial of the first
kind. Hence we are left to show that

2
pr(x) =2 (1 — xcos E) (1+ Ty (x)) < n? (cos T_ 3:) ) (2.1.6)
n n
for z € [-1,1]. If n = 2,3 is immediate, for n > 4, we consider two cases to
prove (2.1.6). First, let € [—1, cos(27/n)]. Since 1+T),(z) = 1+ T, (cost) =
1+ cosnt < 2 and

n* (x —cos T)* (1+2cosZ)? ( T )2

2 1—xcos® 1+ 2cos = + 2(cos Z )2 nsm%

2
(1+2cos%)? ( 2\/§7r>
n -

~ 1+2cos§ +2(cos §)? T 2n
=2+v2>2
we obtain (2.1.6) for those x.

Now, let = € [cos(27m/n), 1]. Since py,(cos(m/n)) = p,(cos(w/n)) = 0, in-
equality (2.1.6) follows from

pl(x) < 2n?, for x € [cos(27/n), 1], (2.1.7)

by integrating twice. Hence, we are left to establish (2.1.7).
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Elementary properties of the Chebyshev polynomials 73, as their differen-
tial equation

(1 —2*)T) (z) — 2T (2) + n*Tp(z) =0

and
km &
T,|cos— ) =(-1) for k=0,1,...,n,
n
k
T,g(cos—”>_o for k=1,2...,n—1,
n
imply
//( k7T> ( 1)k+12 2 1 —COS% f k 1 2 1
cos— | = (— n‘—— 2 — ork=1,2...,n—
P n 1 — (cos £x)2
and show together with lim,_, p!/(2) = —oo that this polynomial of exact

degree n — 1 has one zero in the interval (cos(m/n),+0oc0) and one zero in
each of the n — 2 intervals (cos(kw/n), cos((k — 1)w/n)), k =2,3,...,n — 1.
Hence, p!! has exactly n — 2 extremas x,—2 < Tp—1 < ... < x1, each one
of them between two consecutive zeros. In this enumeration, the point x;
is a maximum if [ is odd and a minimum if [ is even. Particularly we have
xg < cos(2m/n). Furthermore,

pslg) (cos z) =0,
n
2

(4)( z):_n_; 2_1_L 0
P8y 12 (sin Z)2 " (sin Z)2 =Y

which imply z1 = cos(w/n). Therefore, p!/ attains its maximum in the interval
[cos(2m/n), 1] at the point cos(m/n). This proves (2.1.7). O

Remarks. 1) Inequality (2.1.6) also follows by writing 1+75,(x) as a product
(knowing its zeros), dividing the left-hand side of (2.1.6) by the right-
hand side and an examination of its logarithmic derivative in the interval
(cos(3m/n),1). This may shorten the proof a little bit, depending on how
explicit one would like to be.

2) In conclusion, Theorem 2.1.5 combined with Theorem 2.1.3 show that
despite of the fact that the kernels B, ,.(t) satisfy condition (i) in The-
orem 2.1.4 and the above inequality (A), however do not fully satisfy
condition (i) in Theorem 2.1.4, because any B!, ,.(t) has roots at which
B, ,(t) does not neither take its minimum nor its maximum value.

Notice that it is for the first time when one really has to read the charac-
terization in Theorem 2.2.4 so carefully that the small difference between
condition (ii) in Theorem 2.1.4 and the inequality (A4) in the Remark after
the statement of Theorem 2.1.4 comes up.
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Finally, several interesting open problems could be raised, as follows:

Problem 1. Do the inequality (2.1.3) in Theorem 2.1.5 satisfy the iterative
Beatson kernels By, , ,(t) too?

Problem 2. If the answer to the Problem 1 is positive, then for p > 2, do
the iterative Beatson kernels B, , () satisfy for the conditions in Theorem
2.1.47

Problem 3. Do the convolution polynomials Ly, ».(f)(z) or Ly ,p,(f)(z) pre-
serve the subordination and the distortion of f(z)?

Problem 4. What other geometric properties could the convolutions have
based on the Beatson kernels?

2.1.2 Convolutions with Nonpositive Cosine Kernels

In this subsection we derive approximation properties of the complex convo-
lution operators based on nonpositive kernels of the form

< us
Kp7t(u):/0 e cos{m}ds,pEN,t€R+.

More exactly, we deal with the following two types of complex convolutions,
which were defined and studied in Gal, Gal, and Goldstein [64]:

Sq(t)f(z) =
1 e > — 524 us i
avien) /m UO ¢ COS{tl/(z‘_q)}dS} flze™™)du, q > 2,
and
Ty(t) f(2) =
1 oo i _g2at1 us _iu
= ntl/Ce+D) [m UO € Cos{m}ds} fze™")du, ¢ > 1,

where z € ]])Tl, t > 0 and f is considered analytic in ID; and continuous in D;.
In this sense, we present the following.

Theorem 2.1.6 (Gal-Gal-Goldstein [64]). Let f be analytic in D1 and
continuous in D1, andt € R, t > 0.

(i) For ¢ € N, q > 2, the following estimate holds:

1S40 F(2) = F(2)] < Cogur (it D)5, for all z € By, ¢ >0,
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where Caq > 0 is a constant independent of t and f and w1 (f; 5)E denotes
the modulus of continuity, defined by

wi(f30)5; = sup{|f(u) = f(v)] : [u—v[ < 8 u,v € Dy}
(ii) For ¢ € N, g > 1, we have
ITy(8)f(2) = F(2)] < Cograwn (f;¢/ P )5, for all z € Dy, t >0,

where Caqq1 > 0 is a constant independent of t and f.

Proof. (i) Reasoning exactly as in the proof of Theorem 2.1, (v) in Gal, Gal,
and Goldstein [64] (whose details are too long to be reproduced here) and
taking into account the maximum modulus theorem, we obtain

—+oo [e'e) 2q )
Si0f@) =1 < 2 [ | [ et eostas)as| Iz ) = f2)lda

T J-

1o e a :
< —/ / et cos(as)ds| wi(f;[1 — e "|)g-da
0

T J-

LT [
= —/ / et cos(as)ds| wy (f;2 ‘singDida
™ 0 2 Dy

— 00

1 +oo 00 24
< —/ / e " cos(as)ds| wi(f; o) dex
0

— 00

< Caqur (f31/39)

Dy-
(ii) The proof is similar to that from the above point (i). O

Remark. Denoting
A(Dy) = {f : Dy — C; f is analytic in D; and continuous on D },

in Gal, Gal, and Goldstein [64], it is proved that (Sg(t),t > 0) and
(Ty(t),t > 0) are (Cp)-semigroups of linear operators on A(D) and wu,(t,-) =
Sq(t)f(-) and vg(t,-) = T,4(t) f(-) are the unique solutions of the following two
Cauchy problems for higher-order evolution equations in C:

Ouy
ot

24
0%%uq

(t.2) = (-1 G

(t,2), (t,2) € (0,+00) x D, z=re?, 2#0,

uw(0,2) = f(2), z€ D, fe A(D)
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and
% a2(2q+1)v ;
8t2q (t,2) + (9(,02(2114-1;1 (t,2) =0, (t,2) € (0,400) X D, z =re"?, 2 #0,
vy(0,2) = f(2), 2 € D, fe€ ADy),
respectively.

2.2 Approximation by Complex Potentials
of Euler Type

In the real case, the approximation properties of the potentials such as
those of Riesz, Bessel, generalized Riesz, generalized Bessel, and Flett have
been studied by many authors; see, e.g., Kurokawa [93]; Gadjiev, Aral, and
Aliev [36]; Uyhan, Gadjiev, and Aliev [140]; Sezer [131]; Aliev, Gadjiev, and
Aral [6]; and their references.

In this section, we obtain some results concerning the approximation by
several types of complex potentials generated by the I' and Beta Euler’s
functions.

Let us recall that in the real case, the classical Bessel-type potential is
defined for any f € LP(R?), 1 < p < oo, by

B%ﬂ@w»—fézﬁzf[/i;m”>%7ﬂd%ﬂf@—y¢—TMydn

where o > 0, I'(«v) is the Gamma function and W (y,7) = \/176*92/(47) is

4nT

the Gauss—Weierstrass kernel.
It is known that formally, we can write

92 9 /2
B0 = (1 gz ) Sl

and the following convergence properties hold (see Uyhan—Gadjiev—Aliev

[140]):

(i) If f € LP(R?), 1 < p < oo, is continuous at (z,t) € R? then
lim, o+ BY(f)(,t) = f(z,t) .

(ii) If f € LP(R?) N Co(R?), where Co(R?) denotes the space of all contin-
uous functions on R? wvanishing at infinity, then lim,_o+ BY(f) = f
uniformly on R? .

(iii) If f € LP(R?)NC(R?), where C(R?) denotes the space of all continuous
functions on R?, then lim,_,q+ B*(f) = f uniformly on every compact
KCcR?.

(i) In addition, for f in some suitable Lipschitz-type classes, quantitative
upper estimates of order O(«) are obtained.
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Also, let us recall that the classical Flett potential is defined for any f €
LP(R) by (see Flett [35])

1 o0
e == t*le! dt
(@) = 755 | e Q@)
where Qq(f =1L L OOOO fu,f - ;;) du is the classical Poisson—Cauchy singular
integral.

It is known that the following convergence properties hold (see Sezer [131]):

(i) If f € LP(R) N Co(R), then lim, o+ F*(f) = f uniformly on R .;
(ii) For f in some suitable Lipschitz-type classes, quantitative upper
estimates of order O(a) are obtained.

Remark. The form of the Flett potential suggests us to study the approxi-
mation properties as a — 07 of new potentials, as follows:

F3(f)(x) = ﬁ / ety () @),

where U (f)(x) can be any from P;(f)(z) = 5 eroo (z—u)e~ "I/t du, (the Pi-
£I+OO flz—u) du

7 J—oo m
type singular integral), and W (f)(z) = \/_,?tffoo flo — uwe ¥/t du (the
Gauss—Weierstrass singular integral). Also, in the form of the Flett poten-
tial, we could replace the Gamma function with other special function, for
example, with the Beta function, so that we could study the approximation
properties as o« — 0T, of new potentials of the form

card singular integral), R:(f)(z) = (a Poisson—Cauchy-

= ; ! a—1 _ 1\B-1 r
N Beta(a,ﬂ)/o (1 = )P U(f) (w)dt,

where o, > 0, a+ § > 1 and U(f)(z) are any of the above-mentioned
singular integrals.

Gy (f)()

In what follows, first we study the approximation properties of the complex
versions of the potentials F7(f)(z) (that includes the Flett potential) and
G (f)(z). The complexification is made in two directions:

1) The complex forms are obtained from their real versions by replacing the
translation = — y by the rotation ze™"Y, where z = re** € C, that is, in
the convolution form

FSUNG) = iy [ e VD

(a

5 1 '
G (NG = om0 T



130 2 Overconvergence and Convergence in C of Some Integral Convolutions

where Uy(f)(2) = Qu(f)() = £ [°2, L2 du or Uu(f)(2) = Bu(f)(2) =
1 +:OO f(ze—zu)e_\ul/t du or U(f)(2) = Re(f)(2) = %f—‘roo fee™) o

2t J— —oco (u2+t2)2
* +o0 —iu\,—u?
or U(£)(2) = Wi (F)(2) = o [72 flee)e"/ du.
2) The complex forms are obtained simply replacing in the form of any
U(f)(z), the real variable x € R by z € S, where S C C is a strip, case
when in fact we obtain some overconvergence results of these potentials.

Then, we will study the approximation properties of the complex Bessel-type
potential, obtained from its real version by replacing the translation z —y by
the rotation ze™*, where z = re** € C, that is,

F(;/2) /0 {/ T(a/Z)*leﬂ-W(y, T)f(Zeiiy,t — )dy| dr.

Note that in order to exist F}7(f)(z) and Ggﬁ(f)(z) for all |z] < R, it is
enough to suppose that the function f(z) is analytic in |z| < R, with R > 1,
while in order to exist B*(f)(z,t), it is enough to suppose that the function
f(z,t)is in LP(Dg x R), 1 < p < oo, where Dp = {2z € C;|z| < R}. For the
approximation properties of B*(f)(z,t), we will suppose, in addition, that
f(z,t) is analytic in Dg, R > 1, for any fixed ¢t € R.

For R > 0 let us denote D = {z € C; |z| < R}.

The first main result is the following.

Theorem 2.2.1 (Gal [56]). Let us suppose that o > 0 and that f : Dg — C,
with R > 1, is analytic in Dg, that is, f(2) =Y jo, axz®, for all z € Dp.

BY(f)(z,1) =

(i) For U(f =1 ju2+;2u du, we have that F§G(f)(z) is analytic in
Dgr cmd we can wmte

1 k
— E —_— . Dp.
Z) Oak (k 1) 27,z e DR

Also, if [ is not constant for ¢ = 0 and not a polynomial of degree < q—1
for q €N, then for all1 <r <r; <R, ¢ € NU{0}, a € (0,1], we have

IEF D = f DYy ~

where ||f|l- = sup{|f(2)|; |z| < r} and the constants in the equivalence
depend only on f, q, r, and 1.

(ii) For Uy(f)(2) = % j:oo f(zem™)e~ 1/t qu, we have that Fg(f)(z) is
analytic in Dr and we can write

Fg(f)(z) = Zakbk,azk; S DR7
k=0

l—t

o0 X
where by, o = f e d



2.2 Approximation by Complex Potentials of Euler Type 131

Also, if f is not constant for ¢ = 0 and not a polynomial of degree < q—1
for g €N, then for all1 <r <r; <R, ¢ € NU{0}, a € (0,1], we have

IEF D = f DYy ~

where the constants in the equivalence depend only on f, q, r, and ry.
(iii) For Uy(f)(2) = % [roe e qu, we have that FG(f)(2) is analytic

—oco (uZ+2)
i Dr and we can write

o 1
FU(f Zakm[kf(O&—Fl)—Fl] Z ZE]D)R
k=0

Also, there ezists ag € (0,1] (absolute constant) such that if f is not
constant for ¢ = 0 and not a polynomial of degree < q — 1 for q € N,
then for all 1 <r <r; <R, ¢ € NU{0}, a € (0, 0], we have

IFG (D = F O, ~ o,
where the constants in the equivqlence 2depend only on f, q, r, and r1.
() For Uy(f)(z) = \/%fj:; f(ze™™)e=% /t du, we have that Fg(f)(z) is
analytic in Dr and we can write
zk, z € Dp.

9=

k=

Also, if f is not constant for ¢ = 0 and not a polynomial of degree < q—1
for g €N, then for all1 <r <r; <R, g€ NU{0}, a € (0,1], we have

IFG (D = f D, ~ o,

where the constants in the equivalence depend only on f, q, r, and 1.

Proof. (i) By Gal [49], p. 213, Theorem 3.2.5, (i), Uy(f)(2) is analytic (as
function of z) in Di and we can write

U(f)(z) = Zakefktzk, for all |z] < R and ¢ > 0.
k=0

Since | Yoo are M2k < 307 |ak| - |2|* < oo, this implies that for fixed
|z| < R, the series in ¢, Y poare "2zF is uniformly convergent on [0, 00),
and therefore we immediately can write

oo 1 0o ol
2) = Z akzkm/o t 16 (k+1)tdt,
k=0
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where by making use of the change of variable (k+ 1)t = s, we easily get that

© ya—1,—(k+1)t g, — I'(a)
fO t* & ( ) dt = m
In other order of ideas, we easily can write

RS - 1) =75 | T UL () (2) - F(t,

which together with the estimate |U,(f)(z) — f(2)| < C,(f)t in Gal [49],
p. 213, Theorem 3.2.5, (iii), implies

FSOE) - 16 < 7 | T U ) — f(2)

I'a+1)

<O [ etan = TS

= OT(f)aa

for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r.

Now, let ¢ € NU{0} and 1 < r < r; < R. Denoting by + the circle of radius
r1 and center 0, since for any |z| <r and v € 7y, we have |[v — z| > r1 —r, by
using Cauchy’s formula, for all |z| < r and o > 0, we get

JEEEC

(v—z)att

FE(PIO ) — 1O = &

q 27ry

gCrl(f)a-%-W,

which proves the upper estimate
IEGN@ = Yl < Cra,

with C* depending only on f, ¢, r, and 7.
It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.5, at pages 218-219 in the book of Gal [49],
for z = re? and p € NU {0}, we get
1 [7 »
— [ 2% = (N9 (2)]e"dp

2 J_,
=agip(@+p)g+p—1)...(p+1)rP[1 — e~ @tP],

Multiplying above with ﬁto‘*le*t and then integrating with respect to ¢,

it follows
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r=gg [ {5 [ 096 - @ e g et

1 o0
= agiplg+p)(g+p—1)...(p+ rf —— / t e 1 — em @y
I'(a) Jo
1
=ag+p(g+p q—l—p—l...p—i—lrp{l——],
wrpla+D)a D= 1) o D |1
because taking into account that by making use of the change of variable
(g4 p+ 1)t = s, we easily get that

1 /oo —le—t —( 1 = a1 - 1
—_— e 'l —e ‘Hp)t]dt -1 — toe—1lo—(atpt Dt gy
I'(e) Jo I'(a) Jo

1
(g+p+1)>

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

1

27

[ e [0 - o e al dw‘

- (a

~lagsslla+ D)+ p =Dt 0 |1 ],

Since

L AT (@ ([Tt gs — 1@ () _ R ]@ (s
i [ U6 - D9 @l et = 10 - (B 6)

the previous equality immediately implies

‘% /F e iPe {f(Q)(z) — (Fg(f))(q)(z)} d(p‘

—T

= lagipl(q+p)g+p—1)...(p+ 1)r? [1 - m}

and

el o)a+p=1) .-+ 0 1= | < IO - (F )

First take ¢ = 0. From the previous inequality, we immediately obtain

Y R T A,
ol (1 o5s ) < 1 = FE O
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In what follows, denoting V,, = inf,>; (1 - ﬁ), we clearly get V, =
1— L.
20(

Denoting g(z) = 27%, by the mean value theorem, there exists £ € (0, ) C
(0, 1] such that

Vo = g(0) — g(a) = —ag' (&) = a-275In(2) > a27%n(2) > a2 1in(2),

which immediately implies

In(2 %
o ; ) P ap| <N = FG (Dl
that is,
2 o< = FEDI
5 a

for all p > 1 and « € (0, 1].
This implies that if there exists a subsequence (ay)r in (0,1] with

limg o0 o, = 0 and such that limpg_, W = 0, then a, = 0 for

all p > 1, that is, f is constant on D,.. '
Therefore, if f is not a constant function, then inf,¢ 1) LE, (ja)*fHT > 0,

which implies that there exists a constant C,(f) > 0 such that ”Fa({l)*fﬂr >
Cr(f), for all a € (0, 1], that is,

WEG(f) = fllr = Cr(f)a, for all a € (0,1].

Now, consider ¢ > 1 and denote V, o = inf,>¢(1

we have Vo > inf,>1(1 — m) >a- lnéQ)'

Reasoning as in the case of ¢ = 0 we obtain

II[Ff}(f)](;’ =l Jagipl 2L @
p:

— G+ )- Evidently that

.7’-1),

for all p > 0 and « € (0, 1].
This implies that if there exists a subsequence (ay)r in (0,1] with
IFG (D =9,

limy oo o = 0 and such that limg_ o o

=0, then ag4p, =0
for all p > 0, that is, f is a polynomial of degree < g — 1 on D,.

Therefore, because by hypothesis f is not a polynomial of degree < g — 1,

apy)(a) _ p(a)
we obtain inf,e g1 MEG DI = e, 0, which implies that there exists a

constant C). 4(f) > 0 such that IEG (DD = F Dl > Cyq(f), for all o € (0,1],

that is, “
IEF(AD = f D, > Crq(f)e, for all a € (0,1].
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(ii) By Gal [49], p. 206, Theorem 3.2.1, (i), U;(f)(#) is analytic (as function
of z) in Dr and we can write

U(f)(z) = ﬁzk for all |z < R and ¢ > 0.

k=0

Since |y 7, l—ﬁgﬁzﬂ < S lakl - |z[F < oo, this implies that for fixed
|z| < R, the series in t, Y ., 1;;—’51622’“ is uniformly convergent on [0, c0),
and therefore we immediately can write

0 1 o] toz—le—t
Fg = k dt.
o (f)(z) ;Oakz I'(a) /0 1+ 2k2
In other order of ideas, we easily can write

FSE) ~ 1) = s / T e U E) — F(t,

which together with the estimate |U;(f)(z) — f(2)] < C,.(f)t* in Gal [49],
p. 207, Theorem 3.2.1, (iv), implies

FEOE) - 6 < s | T e UL () (2) — F(2)t
<O [ et =G R = G Palat) < 26, (fa

for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r.

Now, let ¢ € NU{0} and 1 < r < r; < R. Denoting by + the circle of radius
r1 and center 0, since for any |z| <r and v € 7y, we have |v — z| > 71 —r, by
using Cauchy’s formula, for all |z| < r and a > 0, we get

FEOI0 @) - @)= £ | [ GIORNIONY

C 2 (v—z)att

q 27ry

< e
= 2CT1 (f)Oé 2T (Tl _ ’I”)q+1 ’

which proves the upper estimate
IES (M@~ f9), < C*a,

with C* depending only on f, ¢, r, and 7.

It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.1, at pages 209-210 in the book of Gal [49],
for z = re? and p € NU {0}, we get
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% jr [f(Q)(Z) — [Ut(f)](q) (Z)]eiipkpdg)
2 2
_Cqur;D(Q"'p)(Q"‘p—1)...(p—|—1)7ﬁp.%.

Multiplying above with ﬁto‘*le*t and then integrating with respect to ¢,

it follows

r= g [ s [ 00 - B et
(g +p)? ]
PR

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

[ e i [T 100 - mnw @l af

= aq+p(q +p)g+p—-1)...(p+ 1)Tp%a) /000 po—1,—t |:

1

27

(¢ +p)? }dt]'

~logspllatp)asp-1)... i1 | o [Cecte | LD

Since

b o (@ () — @ () Le—tgr — £ (5) — [Fe( )@ (5
F(a)/o [F(2) = [U(HF ()l dt = f17(z) = [F5 ()] (2),

the previous equality immediately implies
—T

‘% /ﬂ e Py [f@)(z) - (Fg(f))<q>(z)] d(p‘

(g +p)° ] dt}

p| L a1t _
= lagtpl(g+p)(g+p—1) ... (p+1)r [m/o e {1+t2(q+p)2

and

sl )= 1) et [ s [Tt [

<D = EEEN D

First take ¢ = 0. From the previous inequality we immediately obtain

» 1 a1 t2p? o
|ap|r (m/o e [TtQpQ:| dt) <|If = FEG (D)l
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. s 1 a—1,—t | _t*p?
In what follows, denoting V,, = inf,>; (W fo t* e [m} dt), we

clearly get
1 > t2
Vo=—— tetet dt.
I'(a) /0 ‘ L + A

Taking into account that 14 2 < 2¢’ for all ¢ > 0, we obtain

1 o _ I'a+2) o a+1
Vo> —— ot le 2t = —— 2 = —. >C
= T /0 ‘ 202(a) 4 20 =%

since the function f(z) = Zt! is strictly positive and continuous in [0, 1].

This immediately implies

C-rP.|a,| < Hf—F(?(f)”r
P o

)

for all p > 1 and « € (0, 1].
Now, if a subsequence (o) in (0,1] with limg_, ar = 0 would exist

and such that limg_, HFQ(Q_f”T = 0, then a, = 0 for all p > 1, that
is, f would be constant on D,. Therefore, if f is not a constant function,

then inf, ¢ 1] HFQ(];)_f”T > 0, which implies that there exists a constant

Cy(f) > 0 such that w > C(f), for all @ € (0,1], that is,
1 FG(f) = fllr = Cr(f)ev, for all o € (0, 1].

Now, consider ¢ > 1 and denote

1™ [ Blg+p)?
a:. f| —— to 1 -t | _*\U T F) )
Ya é%o<r<a>/o ‘ L+t2<q+p>2

: : 1 [ a—1,—t |_t*p?
Evidently that we have V o > inf,>; (W Jo o le [m} dt) >a-C.

Reasoning as in the case of ¢ = 0, we obtain

IFE (D = £,

(07

(¢ +p)!
> |aq+p| p' 'C'Tpu

for all p > 0 and « € (0, 1].

This implies that if there exists a subsequence (ay)r in (0,1] with
o py(@ _ o)
limg_, o0 ap = 0 and such that limg_, ILF, (j)]aqk 2 — 0, then ag4p =0
for all p > 0, that is, f is a polynomial of degree < g — 1 on D,.
Therefore, because by hypothesis f is not a polynomial of degree < g — 1,
IEG (D =9

constant C). 4(f) > 0 such that ”[Fa(f)](:)_f(q) le > Chrq(f), for all a € (0,1],
that is,

we obtain inf,e g1 > 0, which implies that there exists a
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IEG (N = £ Dl = Crg(£)er, for all a € (0,1].

(iii) By Gal [49], p. 213, Theorem 3.2.5, (i), U(f)(z) is analytic (as function
of z) in Dp and we can write

Ui(f)(z) = Zak(l + kt)e M 2* for all |2| < R and t > 0.
k=0

Since | > oo o are M (14 kt)2*| <2377 Jax| - |2|* < oo, this implies that for
fixed |2| < R, the series in ¢, Y= ar(1 + kt)e *'z* is uniformly convergent
on [0,00), and therefore we immediately can write

0 1 00
Fﬁ‘(f)(z) = Z akzkm‘/o ta_l(l + kt)e_(k+l)tdt,
k=0

where by making use of the change of variable (k+ 1)t = s, we easily get that
Jo ot e gy = % and therefore we immediately obtain

F3(£)(2) = Zakmma 1)+ 1]k
k=0

In other order of ideas, we easily can write
F5(NE) = 1) = g [ 7 () - Flar

which together with the estimate |U;(f)(z) — f(2)] < C.(f)t? in Gal [49],
p. 213-214, Theorem 3.2.5, (iv), implies

@ 1 > a— —t
FEE) - 1) < s / 1 U(f) (=) — f(2)dE

< Cr(f)

L / Tetteta = o, () 29D _ o (fafatl) < 26, (F)a,

I'(a) J I'(a)

for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r.

Now, let ¢ € NU{0} and 1 <r < r; < R. Denoting by ~ the circle of radius
r1 and center 0, since for any |z| <r and v € 7, we have |[v — z| > 71 —r, by
using Cauchy’s formula, for all |z| < r and « > 0, we get

[,

(v—z)att

FEENDE) - fD ) = L

q 27Ty
2 (rp —r)ett’

< CTl(f)a'
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which proves the upper estimate
IFg (MW = £, < C*a,

with C* depending only on f, ¢, r, and 7.
It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.5, at pages 219-220 in the book of Gal [49],
for z = re® and p € NU {0}, we get
1 (7 s
5= [ 906 - D)@ @) reds

2 J_

=agip(g+p)qg+p—1)...(p+ 1)rP[1 = (1 + (q + p)t)ea™P1.

Multiplying above with ﬁto‘_le_t and then integrating with respect
to t, it follows

r= g [ s [ 00 - B et

2 J_,
=agplg+p)(g+p—1)...(p+1)?

ﬁ /OOO folgmt [1 —(1+(q +p)t)e*<‘1+1’>t} dt.

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

[ s [ U6 - m et ag

=lagipl(g+p)(g+p—1)...(p+1)rP

. [ﬁ /OOO e (1= (L4 (g + )y @] dt} .

Since

L o (q)z _ (q)Z afleft _ (q)z B o (q)z
F(a)/C) [F19(2) = U ()] dt = f'9(z) = [Fg (/)] (2),

the previous equality immediately implies

L[ 100 - O] g

or ),
= |agspll@+p)g+p—1)...(p+ 1)r?

: [ﬁ /Ooo golet [1 —(1+(q +p)t)e*<q+P>1 dt}
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and

lagipl(@+p)g+p—1)...(p+ 1)r?

. [ﬁ /OO o= lg—t [1 —(1+ (q—i—p)t)e_(q""p)t} dt} <IfD — (Fg(f) D,

0

First take ¢ = 0. From the previous inequality, we immediately obtain

p L Ooa—le—t _ e—pt I nle
o (e [ e (1= (e ) < 17 = RO

In what follows, denoting

_ L Ooafl —t _ —pt
Va—;r;fl(F(a)/O t* et 1= (1+pt)e ] dt),

by simple calculation, we get

1 % a1 —t —t 1 «
—_— t 1—(1+¢ dt=1— — — ——.
F(a) /O ¢ [ ( + )6 } L ga+1

But there exists ap € (0,1], such that if C' is an absolute constant with
0 < C < In(2) — 3, then we have

Vo =

1 o
1—2—a 2a+1_Co¢ for all « € [0, avp].
Indeed, denoting g(a) = 1 — 55 — 52+ — Ca, we have g(0) = 0 and ¢'(a) =
27%n(2) — 527 + O‘(a;llll" C which implies ¢/(0) = In(2) — 3 — C > 0.

Since ¢’'(a) obviously is continuous with respect to «, there exists oy > 0
such that ¢’(a) > 0 for all « € [0, ap], that is, V,, > Ca, for all a € [0, ag]-
This immediately implies
_ Fa i,
Corr o) < U= FED
@
for all p > 1 and « € (0, ag].
Now, if a subsequence (ag)g in (0, ] with limg_ 0o ap = 0 would exist
and such that limy_ oo EGN=Flle 0, then a, = 0 for all p > 1, that

Ok
is, f would be constant on D,.. Therefore, if f is not a constant function,
then inf,e(0,a,] M > 0, which implies that there exists a constant

Cy(f) > 0 such that M > C(f), for all « € (0, ap], that is,
|EG(f) = fllr = Cr(f)e, for all a € (0, ).

Now, consider ¢ > 1 and denote



2.2 Approximation by Complex Potentials of Euler Type 141

— 1 = a1t —(q+p)t}
V:Z’a_zl)rzlfo (F(a)/o t“ e {1 (14 (¢+p)t)e :
Evidently that we have V,, > infy>; (ﬁ fooo o le=t[1 — (1 + pt)e P!
dt) > «-C, for C € (0,In(2) — 1/2) and a € [0, ag).

Reasoning exactly as in the case of ¢ = 0 and as in the previous case (ii),

we easily obtain that because by hypothesis f is not a polynomial of degree
< ¢ — 1, there exists a constant C.. 4(f) > 0 such that

IES (DD — f D = Crg(fa, for all a € (0, aq].
(iv) By Gal [49], p. 223, Theorem 3.2.8, (i), U:(f)(z) is analytic (as function
of z) in Dr and we can write
U(f)(z) =Y are ™45 forall [2] < R and ¢ > 0.
k=0

Since | 372 are F /42K < S22 ag| - |2]F < oo, this implies that for fixed
|z| < R, the series in t, Y~ areF*t/42k is uniformly convergent on [0, 00),
and therefore we immediately can write

oo 1 00 - B ,
F (1)) = Y o s / ot = (LRt gy
k=0

where by making use of the change of variable (1 + k?/4)t = s, we easily get
that [ ta—lo—(1+k* /9t gy — % and therefore we immediately obtain
Fg(£)(2) = iak;f

U i (1+ k2/4)o+1 )

In other order of ideas, we easily can write

RS~ 1) = 1 S e UL () (2) — F(t,

which together with the estimate |Ui(f)(z) — f(2)] < Cr(f)t in Gal [49],
p. 224, Theorem 3.2.8, (iv), implies

1

7 — f(z —_ Ooo‘_le_t + z)— f(z
RSN~ 1)< Fg - [ e D) - et

I'a+1)

<G [ eeta=cn- Do) — (e,
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for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r.

Now, let ¢ € NU{0} and 1 < r < r; < R. Denoting by + the circle of radius
r1 and center 0, since for any |z| <r and v € 7, we have |[v — z| > r; —r, by
using Cauchy’s formula, for all |z| < r and a > 0, we get

JEEEC

(v—z)at!

FE (PO — 1O = &

q 27y

SCrl(f)a'% (= r)ar

which proves the upper estimate

IEG (M@ = f9) < Cra,

with C* depending only on f, ¢, r, and 7.

It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.8, at pages 227-228 in the book of Gal [49],
for 2 = re’? and p € NU {0}, we get

217T [f(q)( ) — [Ut(f)](Q) (2)]e"Pedyp
=agiplq+p)g+p—1)...(p+1)rP[1 - e—(q+p)2t/4]_

Multiplying above with ﬁto‘_le_t and then integrating with respect to ¢,
it follows

r= g [ s [ 00 - B et ta

=agip(qg+p)g+p—1)...(p+1)rP

1 oo
- tafl —t 1— —(q+p)?t/4 dt.
I’(a)/o c [ c ]

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

LT ewe | L [0 ) - ()@ e tetat] ap
e e |44

=lagspll@+p)a+p—1)...(p+ 1)r?

. L > a—1_-—t _ _—(g+p) 2t/4
[F(a)/o t“ e [1 e ]dt
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Since

L o0 (q)z _ (q)Z afleft _ (q)z B o (q)z
F(a)/() [F19(2) = U ()] dt = f'9(z) = [Fg (/)" (2),

the previous equality immediately implies

‘%/ﬂ oY [f(q)(z) — (Fg(f))(q)(z)} d(p‘

—T

= lagipllg+p)(g+p—1)...(p+ 1)r?
1 > a—1_—t _ —(q+p)2t/4
[F(oz) /0 t e {1 e ] dt

lagipl(a +p)g+p—1)...(p+ 1)rP

1 o° R
. [I’_)/O pa—1,-t {1 _ ¢ (atp) t/4] dt] < ||f(q) _ (Fﬁ“(f))(‘”llr.

(a

and

First take ¢ = 0. From the previous inequality, we immediately obtain

1 o 2
japlr” <W / et [1— e nt] dt) <\ = F5 (£l

In what follows, denoting

_ 1 % a1 -t __—pt/4
Va_;gﬁ(l“(a)/o t“ e [1 e }dt,

by simple calculation, we get

1 [ 4\
= —— et l1—e Mt at=1-(=) .
Vo [, e e a=1- ()

Denoting g(z) = (%)17 by the mean value theorem, there exists £ € (0, «)
C (0, 1] such that

Vo = 9(0) = g(a) = —ag'(¢) = a- <§)El” (%) = (%)l” @

> 1 l 1
al=|)In|-=

- 5 5 )
which immediately implies

4 4 If = FG(H)llr
(3 (2) < =0

for all p > 1 and « € (0, 1].
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Reasoning now exactly as in the proof of the above point (i), we similarly
get that if f is not a constant function, then there exists a constant C.(f) > 0
such that

WEG(f) = fllr = Cr(f)e, for all a € (0, 1].

Now, consider ¢ > 1 and denote

g ([Tt o ]
‘/"’“_$1§%<F(a)/o tY e [1 e .

Evidently that we have

1 > 2
> . a—1_-—t __ P t/4 > .
Vi 11)r>1f1 (F(a) /0 t* e [1 e ] dt) >oa-C,

for all « € [0, 1].
Reasoning in continuation exactly as in the case of ¢ = 0 and as in the

previous case (i), we easily obtain that because by hypothesis f is not a
polynomial of degree < ¢ — 1, there exists a constant C, ,(f) > 0 such that

IEG (DN = £ Dl = Crg(£)ar, for all a € (0,1].
The theorem is proved. O

Replacing now everywhere in Theorem 2.2.1 the I'(a) function by the
Beta(c, ) function and considering the construction of Gy #(f)(z) defined
in the direction 1) just before the statement of Theorem 2. 4 1, we have the
following result.

Theorem 2.2.2 (Gal [57]). Let us suppose that 0 < a < <1, a+p>1
and that f : D — C, with R > 1, is analytic in Dg, that is, f(z) =
S peo axz®, for all z € Dpg.

(i) For U(f =L/ fze ) Ldu, we have that GOP(f)(2) is analytic

u2+t2
n Dgr cmd we ccm write

Gyl (F)(z) = > arbi(a, B) - 2%,z € Dp,

where

1 ! a— B—1_—k
(OZ ﬂ) m/{) t l(l—t) 16 tdt.

Also, if f is not constant for ¢ = 0 and not a polynomial of degree < q—1
for q €N, then for all 1 <r <r; <R, ¢ € NU{0}, a € (0, ], we have

G2 ()@ — F D, ~ a,
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where ||f||r = sup{|f(2)|;|z] < r} and the constants in the equivalence
depend only on f, q, 7" Ty 5.

(ii) For Uy(f = 5 f flze=™)e 14/t du we have that GEP(f)(2) is
analytzc mn D r and we can write

Gy (N(2) =" ar - bi(e, ) - 2%, 2 € Dp,

a—1 B—1
where by (a, B) = Bem(a ) fl L 1_(:,52]?2 dt.

Also, if f is not constant for ¢ = 0 and not a polynomial of degree < qg—1
for q €N, then for all 1 <r <r; <R, ¢ € NU{0}, a € (0, ], we have

NGEP ()@ — fD, ~ q,

where the constants in the equivalence depend only on f, q, v, r1, and 3.
(iii) For Uy(f)(z) = 208 (400 flzeT 1) du, we have that Gy B(f)(z) is analytic

7w J—oo (u2+t2)2
i Dgr and we can write

- Za'k bk(aaﬂ) 'Zkaz EDRv

where bk(a’ﬁ) = Beta(a B) fO - 1 )B_l(l + kt)e_ktdt'
Also, if f is not constant for ¢ =0 and not a polynomial of degree < qg—1
for g €N, then for all 1 <r <r; <R, g€ NU{0}, o € (0, 5], we have

IGEP ()@ — f D], ~ q,

where the constants in the equivqlencezdepend only on f, q, r, r1, and 3.
(iv) For Ui(f)(2) = <[22 f(ze™™)e™""/" du, we have that Giy*(f)(z) is
analytic in Dr and we can write

- Za'k ' bk(aaﬂ)zkaz S DR7

where by (a, B) = Bem(a B fo o 1(1 = £)B—1e=(F/Ntgy,
Also, if f is not constant for ¢ =0 cmd not a polynomial of degree < q—1
for g €N, then for all 1 <r <r; <R, g€ NU{0}, o € (0, 5], we have

IGe 2 ()@ — F D, ~ a,

where the constants in the equivalence depend only on f, q, r, r1, and (.

Proof. (i) By Gal [49], p. 213, Theorem 3.2.5, (i), Uy(f)(2) is analytic (as
function of z) in Dr and we can write
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U(f)(z) = Zake_ktzk, for all |z] < R and ¢ > 0.
k=0

Since | > ooy are M2k < 3207 lak| - |2|F < oo, this implies that for fixed
|z| < R, the series in ¢, > .2, axe ¥2" is uniformly convergent on [0, 00),
and therefore we immediately can write

G (N(2) = arbr(a, B)2",
k=0
where

bi(a, B) = _r /1 t (1 — )P e Rt
Beta(a, 8) Jo

In other order of ideas, we easily can write

1

1
e /0 71— )P UL (2) — f(2))dt,

Gy (1)) = () = o

which together with the estimate |U,(f)(z) — f(2)| < C,(f)t in Gal [49],
p. 213, Theorem 3.2.5, (iii), implies

G (NE =G € Gamagy - |, 7 0 =0 ) — e

Beta
. L b1 Beta(a+1,9)
SCr(f)W'/O i e P
:Cr(f).a—kﬂ Scr(f)'av

for all |z| < r, where C(f) > 0 is independent of z (and «, /) but depends
on f and r. Here we used the well-known formula %&}ﬂ’)ﬁ) = a;:ﬂ

Now, for ¢ € NU{0} and 1 < r < r; < R, by using Cauchy’s formula
and the standard reasonings in the proof of Theorem 2.2.1, we get the upper

estimate
lGeP (M@ — fD|, < C*a,

with C* depending only on f, ¢, r, and 7.
It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.5, at pages 218-219 in the book of Gal [49],
for z = re’? and p € NU {0}, we get
1 (7 »
o | 9@ = U (2))e P dy

2 J_

=ag+p(¢+p)(g+p—1)...(p+ 1)rP[1 — e—(qup)t]_
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Multiplying above with mto‘_l(l —t)#~1 and then integrating with

respect to t, it follows

I:=
e ) {% [ e - (z)]e““’dw} 2711 - 1)y
= ag+p(q+p)(gtp—1)... (p—i—l)rpm /0 o= (1—t)P -1 [1—e~ (P4t

Applying Fubini’s result to the double integral I and then passing to mod-
ulus, we easily obtain

1

27

o (

=lagipl(g+p)(g+p—1)...(p+1)rP

1
g [ -0 el
a, 0

/ K [m /ol[f @ (2) — [U(F)@ @)1~ t)ﬂ_ldt} d@‘

Since

1

1
U @y o (@ (e (1 )P
e | U0~ G @l a0

= 1) - (G (M@ (=),
the previous equality immediately implies

1

27

[ e 06 - @i o) 4
= lagspl(@ +p)(@+p—1)...(p+ 1)r?

1
. [m/o tafl(l — t)ﬁfl[l _ 6(q+p)t]dt]

and

lagipl(@+p)g+p—1)...(p+ 1)r?

1 ' a— B— —(q+p)
'[Beta(a,ﬂ)/o to 1 =) — e (ot t]dt]
<9 = (G () D

First take ¢ = 0. In what follows, denoting

1 1
v = inf | ——— 1 — )81 — Pt
Veo ;gl <Beta(a,ﬁ)/0 ( )T ]d>’
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we clearly get

1 ' a—1 B—1 —t

But denoting g(t) = e™t, by the mean value theorem, there exists & € (0, 1)
such that 1 —e~" = g(0) — g(t) = te~* > L, which immediately implies

Va,g =

1 ! Beta(a+1,9)
Vog> ————— (1 — ) g = ———— 7
B = Beta(a, B) /0 ( ) e - Beta(a, B)
1 @ 1 « o
Z. >0 >
e a+fB " e 28 7 2
By following now for ¢ > 0 the standard reasonings as in the proof of Theo-
rem 2.2.1, we get the desired equivalence in the statement.
(ii) By Gal [49], p. 206, Theorem 3.2.1, (i), U;(f)(#) is analytic (as function
of z) in Dp and we can write

Us(f)(2) = Z #zk, for all |z2| < R and t > 0.

k=0

Since | Y02 b= 2" < Yoatglakl - [2|" < oo, this implies that for fixed
|z| < R, the series in t, Y, H‘;—’;kzzk is uniformly convergent on [0, c0),
and therefore we immediately can write

. 1 b1 —¢)f-1
P = k / dt.
e kz:%)akz Beta(a, B) Jo 1+ t2k?

In other order of ideas, we easily can write

1

- . ! a—1 _ n\B-1 ) ;
.7 /Ot (1= 0" U(F)(=) - F(2)ldt,

Gy (1)) = () = o

which together with the estimate |U;(f)(z) — f(2)] < C,.(f)t* in Gal [49],
p. 207, Theorem 3.2.1, (iv), implies

a,f ) — f(z 1 .10‘*1—5*1 z)— f(z
G (NE) =G € amagy - |, 70 =0 0N - et

. L i Beta(a+ 2, 9)
< Cr(f)m'/o L= )7 = Co(f) ~ Beta(a, )

a+1 « ala+1)

:Or(f)a+6+1a+ﬁgcr(f) 2

S Or(f)Oé,
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for all |z| < r, where C(f) > 0 is independent of z (and «, /) but depends
on f and r.

Now, let ¢ € NU {0} and 1 < r < r; < R. By standard reasonings and
using Cauchy’s formula as in the proof of Theorem 2.2.1, we get the upper
estimate

I[GEP ()@ — @D, < C*a,

with C* depending only on f, ¢, r, and 7.

It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.1, at pages 209-210 in the book of Gal [49],
for 2 = re’” and p € NU {0}, we get

% jr [f(Q)(Z) — [Ut(f)](q) (Z)]eiipkpdg)
t2(q + p)*

— 1) (p P
Gorp(a+p)a+p = 1) (P D" g o

Multiplying above with mto‘_l(l —t)#~! and then integrating with
respect to t, it follows
I:=

. 1 1 T (@D (y) — (@) ()] e—iPe a—171 _ pnp—1
o [ e [ 0@ - w0 @l v e - o

—T

=agip(qg+p)g+p—1)...(p+1)rP

1 2 2
. a—1/71 _ 1\B—1 t*(q +p)
Beta(a,ﬂ)/o - [1+t2(q+p)2}dt

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

1

27

| e g | D) - W@ (- 0t dw‘

—T

=lagspll@+p)a+p—1)...(p+ 1)r?

g [ 00 [T ].

Since

1

—1(q)z_t (@ (Npe—1(1 — )81
et [ 9@ — GO @) - )

= f9(2) - [GFP (N9 (2),

the previous equality immediately implies
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1

2

[ e [106) - @3 )@ e) de

—T

=lagipl(g+p)(g+p—1)...(p+1)rP

g ) om0 [ s o

and

lagipl(a +p)g+p—1)...(p+ 1)rP

1 2 2
VB [0 T ] @] < 0@ @

First take ¢ = 0. From the previous inequality we immediately obtain

|ap|r? ;/1 te (1 —¢)Pt i dt
P Beta(a, B) J 1+ t2p?

<|If =G5 (Pl

In what follows, denoting

. 1 Lo s 12p2 .
Vag=inf (———— [ s ta—pft |22 g,
? 521<Beta<a,ﬁ>/o =1 LHW] >

we clearly get

L - por |t
Vog= ———— 7 (1 —=)P dt
77 Beta(a, B) /0 -9 [1 + t2]

. 1 ! a—1 B—1 1

But we have 1 — ﬁ; > %, for all ¢ € [0, 1]. Indeed, denoting g(t) = 1 —

2
e — 5, we get 9(0) = 0 and /(1) = (2 — % =2 (e — ) 20,

for all ¢ € [0,1]. It follows that g(¢) is nondecreasing on [0, 1] and therefore
g(t) >0 for all ¢t € [0,1].
In conclusion,

1 b so1t
Vag>— | 21— )1t
b= Beta(a,ﬁ)/o ( ) 4

1 Beta(la+2,8) 1 «a+1 a

4 Betala,p) 4 a+B+1 a+p

1 aletl) o
4 2 -8

>
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By following now for ¢ > 0 the standard reasonings as in the proof of Theo-
rem 2.2.1, we get the desired equivalence in the statement.

(iii) By Gal [49], p. 213, Theorem 3.2.5, (i), U:(f)(z) is analytic (as function
of z) in Dp and we can write

U(f)(2) =Y ar(1+kt)e ¥z, forall [z| < R and t > 0.
k=0

Since | Yoo g are (14 kt)2*| <2377 Jax| - |2|* < oo, this implies that for
fixed |2| < R, the series in ¢, > ;- ar(1 + kt)e *'z* is uniformly convergent
on [0,00), and therefore we immediately can write

o, — S k 1 ! a—1 _ n\B-1 k —kt
GEA e = Lot gy [ -0 ke

where denoting by («, ) = m fol te=1(1—t)P~L(1+kt)e*dt, we obtain

Gy (N)(z) =Y ax - bi(a, B) - 2"
k=0

In other order of ideas, we easily can write

1 1
Gyl (f)(z) = f(z) = Beta(@, B) '/0 7 1 = )P ULf) (=) — f(2)]dt,
which together with the estimate |Uy(f)(2) — f(2)] < C.(f)t? in Gal [49],
p. 213-214, Theorem 3.2.5, (iv), implies

a,p 2) — f(z _1 . 10‘_1 —t)p-1 z)— f(z
G (N = 1 < a7 A= () — Fo)

1 v 51, Beta(a+2,8)
W/O t +1(1—t) 1dt_CT(f)W §Cr(f)a,

for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r. We used here the estimate from the above point (ii).

Now, let ¢ € NU {0} and 1 < r < r; < R. By standard reasonings and
using Cauchy’s formula as in the proof of Theorem 2.2.1, we get the upper
estimate

< Cr(f)

[[GEP ()@ = @D, < C*a,

with C* depending only on f, ¢, r, and 7.

It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.5, at pages 219-220 in the book of Gal [49],
for 2 = re’ and p € NU {0}, we get
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1 .

= [ 1196 - O @l
= agrp(@+p)a+p—1)...(p+ 1)rP[L = (1 + (g +p)t)e )],

Multiplying above with mto‘ 1(1 —¢)#~! and then integrating with

respect to t, it follows
I:=

;. [ () (@) ()]~ P¥ a=1¢1 _ 1\6-1
s | {5 [ 06 - 00 @ e e 00
=agiplg+p)g+p—1)...(p+1)?

1 ' a—1 -1 q+p
-—Bemw)/ot (1= [t = (Wt (g e @] an

Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

i/_: o in® {m /Ol[f(q)(z) — U@ ()] (1 = t),@—ldt} d(p‘

27 (av,

=lagspll@+p)(a+p—1)...(p+ 1)r?

. {m /01 ta—l(l —t)r@—l [1 —(1+(g+p)t)e —(q+p) } dt} _

Since
; ! (@(y) — (@ (g2 1(1 — )81
e [ U0~ B e - o
= f9(z) = [GF° (N (=),

the previous equality immediately implies

% /: e PP {f(‘I) (2) — (Ggﬁﬁ(f))(q) (Z)} dw‘

=lagspll@+p)a+p—1)...(p+ 1)r?

. {m /01 t (1 —1)ft [1 — (1 + (q+p)t)etatp } dt}

and
lagepl(@+p)(g+p—1)...(p+ 1)rP

1
. {m/o ta—l(l — t)ﬂ—l [1 — (14 (g+p)te —(q+p) } dt}
<D =@ Nl
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First take ¢ = 0. From the previous inequality, we immediately obtain

1
|ap|rp (m/o ta_l(l — t)B_l [1 - (1 +pt)€_pt] dt)

<|f =G5 (Pl

In what follows, denoting

1 ! a—1 B—1 —pt
Vaﬁ_;)gfi (W/O t (1—t) [1—(1—|—pt)e }dt),

we immediately get

Vg = ;/1 T A=) 1 - (1 +t)e ] at
“77 Beta(a, B) Jo .

But we have 1 — (1 +t)e™t > %, for all ¢t € [0,1]. Indeed denoting g(t) =
1—(1L+t)e " — £, we have g(0) = 0 and ¢/(t) =te" — L =t (L —1) >0
for all ¢ € [0,1]. This implies that g(¢) is nondecreasing on [O 1] and therefore
g(t) >0 for all ¢t € [0,1].

Therefore,

1 Lo . t2
Vog> ——— t* (1 — dt
h = Bem(a,ﬁ)/o ( )

_ Beta(a+2,8) 1 a+1 o
-~ 2-B(o,B) %'a—i—ﬁ—i—l . a+p
s 1 aelatl) o
~ 2e 2 ~ de
By following now for ¢ > 0 the standard reasonings as in the proof of Theo-
rem 2.4.1, we get the desired equivalence in the statement.

(iv) By Gal [49], p. 223, Theorem 3.2.8, (i), U:(f)(z) is analytic (as function
of z) in Dp and we can write

Ue(f)(2) = Zake_k2t/4zk, for all |z| < R and t > 0.
k=0
Since | Y202, are M4k < 7% ag| - |2[* < oo, this implies that for fixed

|z| < R, the series in ¢, ;= are ¥ /4% is uniformly convergent on [0, 00),
and therefore we immediately can write

oo

1
(o—1(1 _ )81 — (k% /4)t +
Z B ta(a ﬁ)/o ( )7 e dt,

k=
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where denoting by («, ) = m fol oL (1—1)P~Le=(K* /Dt gt we can write

G;B(f)(z) = Zak br(a, B) - 2R
k=0

In other order of ideas, we easily can write

G (N = 1) = a1 A= 0P W) = £

which together with the estimate |U;(f)(z) — f(2)] < Cr(f)t in Gal [49],
p. 224, Theorem 3.2.8, (iv), implies

a,f 2) — f(z 1_.10‘—1—'8_1 z)— f(z
G NE ~ G € Gamagy - |, 7 0 =0 0N - et

1 v 514, Beta(a + 1, 8)
S@(f)m'/o t*(1—1) 1dt—Cr(f)'W < Cr(f)a,

for all |z| < r, where C,(f) > 0 is independent of z (and «) but depends on
f and r.

Now, let ¢ € NU {0} and 1 < r < r; < R. By standard reasonings and
using Cauchy’s formula as in the proof of Theorem 2.2.1, we get the upper
estimate

1[G ()@ — @D, < C*a,

with C* depending only on f, ¢, r, and 7.
It remains to prove the lower estimate. For this purpose, reasoning exactly
as in the proof of Theorem 3.2.8, at pages 227-228 in the book of Gal [49],
for z = re? and p € NU {0}, we get
1 (7 -
— [ 2% = (N9 (2)]e " dp

2 J_,

= agip(q+p)q+p—1)...(p+ rP[l — e (@FP /4],

Multiplying above with mto‘_l(l —t)#~! and then integrating with
respect to t, it follows
I:=

;. 1 i g (@ (y) — (@) ()] e—iPe a—1y1 _ n\f—1
Beta(a, B) /0{%/ [F19(z) =[O (2)] dw}t )L — )P dt

—T

=agip(qg+p)g+p—1)...(p+1)rP

1 o >
S — T G t/ﬂ dt.
Beta(a,ﬂ)/o ( ) €
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Applying Fubini’s result to the double integral I and then passing to modulus,
we easily obtain

1
2

| e g [ 06 - GO -] ]

—T

=lagipl(g+p)(g+p—1)...(p+1)rP

1
. —1 / e le—t {1 - e_(q'“’)%/ﬂ dt| .
BEta’(aa B) 0

Since

1
;aﬁ)/o [f(q)(z) — [Ut(f)](q)(z)]ta_l(l _ t)ﬂ_ldt

Beta(
= 9@ -Gy (N (=),
the previous equality immediately implies

1

27

[ e 06 - @0 o) 4

—T

=lagipl(g+p)(g+p—1)...(p+1)rP

1 g B-1 —(g+p)°t/4
.[Beta(a,ﬂ)/o T (1-1) [1_6 R }dt]

and

lagipl(a +p)g+p—1)...(p+ 1)rP

1 "o B-1 —(g+p)2t/4
) [Beta(a,ﬁ)/o ¢ (1 _t) |:1 ¢ R :|dt:|

<|IFD = (GFP N D],

First take ¢ = 0. From the previous inequality, we immediately obtain

la,|r? 1 /1 71— t)ﬁfl [1 — efpzt/ﬂ at) <||f - Ga’ﬁ(f)ll
P Beta(a, B) J a ! "

In what follows, denoting

1 ! >
Vap=inf [ ——— A=) 1 — e P e
Lt (Beta(oz,ﬁ)/o ( ) [ ¢ } ’

by simple calculation, we get

1

1
g =——— | N1 =) |1 — e dt.
Vo5 Beta(a, B) /0 ( ) [ c } d
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But denoting g(t) = e~/*, by the mean value theorem, there exists £ € (0, 1)
such that 1 —e~ "4 = ¢(0)—g(t) = tefiﬂl > 7, which immediately implies

1 ! _ Beta(a + 1, 5)
Vo, 2 (1 —t)dt = ’
# = 4el/2 . Beta(a, B) /0 ( ) 4el/4 . Beta(a, )

1 «Q 1 « «Q
C del/t a4+ T 4el/t 28 T 8el/4T

By following now for ¢ > 0 the standard reasonings as in the proof of Theo-
rem 2.2.1, we get the desired equivalence in the statement.
The theorem is proved. O

Concerning the overconvergence phenomenon for the potentials of real
variable z, F7(f)(z) and Gg’ﬁ (f)(x), we can present the next two results.

Theorem 2.2.3. Let d > 0 and suppose that f : Sq — C is bounded and
uniformly continuous in the strip Sq = {z =z +iy € C; z € R, |y| < d}.

(i) Denoting Uy(f)(z) = 5 fj:oo fz4+uw)e M/t du, for all 0 < o < 1/2 and
z € S4, we have

a+1

R - f)] <5

wQ(f;a)Sda
where
wa(f;0)s, = sup{|f(u+1t) = 2f(u) + flu—t)[;u,u—t,u+t € Sy, |t| < d}.

(ii) Denoting Uy(f)(z) = aﬁfj:oo %du, forall0 < a<1/2 and z €
Sq, we have

a+1
«

[F5(f)(2) = f()| < C w2 (f; @) sy

where C' > 0 is independent of z, a, and f. .
(i1i) Denoting U(f)(z) = \/#fj;o fz+u)e /T dt, for all 0 < a < 1/2
and z € Sy, we have

a+1
«

[FG(f)(2) = f()| < C w2 (f; @) sy

where C' > 0 is independent of z, a, and f.

Proof. (i) If z € Sy4 then clearly that for all ¢ € R, we have z +t € Sq,
and since f is bounded in Sy (denote its bound by M(f)), it easily
follows |U,(f)(2)] < 2M(f) for all z € Sy. Therefore U,(f)(z) exists
for all z € Sy. Also, the uniform continuity of f on Sy implies that
0 < limyowa(fit)s, < 2limyowi(f;t)s, =0.
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For all z € Sy, we have

U — T = | [ 1+ =250+ 5z = wle
< % OOO wof; (u/t)t)s,e " tdu

<wnlfit)sagg [+ (/e du = Son( 0,

For the last equality, see Gal [48], pp. 252-253, proof of Theorem 5.2.
We get

1

F5 () - 1) < 75 / e (f) (=) — f(2)]de

1 o0 5 oo
_/ ta‘fle*twg(f;t)sddtzi._/ taileftwg(f;a(t/a))sddt
0 0

=3 T(a) T(a)

N | Ot

/ Tl 4 (tfa) 2t
0

5
< §'w2(f;a)sd'm

—§ : Looa—t ;Ooa-i-l—t
=5 wa(f;a)s, [1+F(a)a/0 t%e dt+F(o¢)a2/0 t* e dt

= g-wz(f;a)sd {1 + 21;((0;;;1) I}((O;;La?] = g-w(f;a)sd [3+ ar 1}
< 52 ha 1w2(f;04)sd,

because 3 < 2.
(ii) We obtain

Ui(f)(2) = f(2)| =

20 (% [f(z+u) = 2f(2) + f(z — w)] 25 [ wa(f; (u/t)t)s,
=, 1 )2 e i v

23 [ w12 1
< . _ — - - < .
= W2(f7t)5'd T ~/O |:1 + t:| (U2 + t2)2 du — sz(f,t)sd,

since by easy calculation, we get that

3 [

™ Jo

w12 1
2 gy <
3] s

where C > 0 is independent of ¢, z, and f.
Reasoning exactly as at the above point (i), we obtain the estimate
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a+1
«

[F5(f)(2) = f()| < C

wQ(f; a)Sda

where C' > 0 is independent of f, z, and a.
(iii) We get

U(f)(2) — £(2)] = }% / TGt ) 20(2) + e —wle " du| <
1 e —u?/t
= / walf (uf VIV s e b

0o 2
S w2(f; \/z)Sd\/%/O [% + 1:| e_“z/tdu S OCUQ(f; \/E)Sd,

since

1 0 2 2 1 o0 2
- _—u/td = 2—'ud

e U ve v < 00
\/ﬂ't/o t \/E/o

and

2 /Oou —u?t 2 /OO 2 2 /00 2

—_— — e W gy = ——\/t ve YV dv = — ve Y dv < 0.
Vvt Jo Vit vt 0 NG

Above, C > 0 is independent of ¢, z, and f.
Reasoning exactly as at the above point (i), we obtain the estimate

a+1
«

[FG(f)(z) - fz)| <C w2 (f;a)s,,
where C' > 0 is independent of f, z, and «.
The theorem is proved. O

Remark. If f is such that its second derivative f” is bounded in the strip
Sq, then by the mean value theorem in complex analysis (see, e.g., Stancu
[133], p. 258, Exercise 4.20), we get wa(f; a)s, < Ca?, and therefore it follows
the upper estimate O‘THWQ (f;a)s, < Cya, which proves the overconvergence

phenomenon as o — 0 for F*(f)(z) in all the three cases for Uy(f)(z).

Theorem 2.2.4. Let d > 0 and suppose that f : Sq — C is bounded and
uniformly continuous in the strip Sq = {z = v+ iy € C; z € R, |y| < d}.
Also, suppose that 0 < a < B <1, a+ > 1.

(i) Denoting Uy(f)(z) = % fj:oo f(z+we W/t qu, for all 0 < a < 1 and
z € S4, we have

a+1

GEP(F)(2) — f(2)| <5

w2(f; a)de
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where
wa(f36)s, = sup{[f(u+1) =2f(u) + fu—t);u,u—t, utt € Sy |t| < b}

(i1) Denoting U, (f)(z) = 2‘52 fjoo LE du, for all 0 < a < 1 and z € S,

(u?+t2)
we have

G35 (f)(2) — (2)] < c“

w2(f; Q)de

where C' > 0 is independent o fz a, and f.
(iii) Denoting Uy(f)(2) = \/Ff flz+w)e ™/ du, for all 0 < a < 1
and z € Sq, we have

a+1

IGHP(f)(z) = fl2) < C -wa(f3v/a)s,

where C' > 0 is independent of z, o, and f.

Proof. (i) If z € Sy then clearly that for all ¢ € R, we have z + ¢ € Sq,
and since f is bounded in Sy (denote its bound by M(f)), it easily
follows |U(f)(2)] < 2M(f) for all z € Sg. Therefore U(f)(z) exists
for all z € Sy. Also, the uniform continuity of f on Sy implies that
0 S limgﬁo wg(f;t)sd S 21imt*>0 wl(f;t)sd =0.

As in the proof of the above Theorem 2.2.3, (i), we have

|U:(f)(2) — f(2)] < g wa(f;t)s,, for all z € S,.
We get
1 1
GE7 (1))~ £(2)] < m/ T L= )P UU)(=) ~ f(2)dt
5 1 ! a—1 -1 .
<3 B Jy 00 st
7§; 10‘*1 — ﬁflw colt/a
= / 1511 — 1P un(f alt/a)) s, dt
1
= 2 walfia)s,

2 ! 1 !
1+ —— (1 - g — = et —p)B-1g¢
+ Beta(a, B)a /0 ( e+ Beta(a, f)a? /0 ( ) d]

2Beta(a+1,8)  Beta(a +2,5)
Beta(a, B)a + Beta(a, B)a? ]

= g “wa(fia)s, {1+
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5 2 « 1 a+1 «
e N 1 —_— o — — .
2 “2(f’o‘)sd[ Y adB @ atB+l a+p

a+1 a+1
20 :| S 5 o w2(f;a)5d7

<

| Ot

'w2(f; a)Sd {3 +

because 1 < 0‘2—“

(ii) Asin the proo? of the above Theorem 2.2.3, (ii), we have
|Ut(f)(2) - f(2)| < C(UQ(f;t)Sd, for all z € Sdut > 07

where C' > 0 is independent of ¢, z, and f.
Reasoning exactly as at the above point (i), we obtain the estimate

a+1
Q

G2 (F)(2) - f(z)| < C

(UQ(f; a)Sd7

where C' > 0 is independent of f, z, and «.
(iii) As in the proof of the above Theorem 2.2.3, (iii), we have

|Ut(f)(2) - f(2)| < C(UQ(f;t)Sd, for all z € Sdut > 07
where C' > 0 is independent of ¢, z, and f.

Reasoning exactly as at the above point (i), we obtain the estimate

o a+1
G (£)(2) = f(2)] < C——wr(f: ),
where C' > 0 is independent of f, z, and «a.
The theorem is proved. O

Remarks. 1) If f is such that its second derivative f” is bounded in the
strip Sg, then by the mean value theorem in complex analysis (see, e.g.,
Stancu [133], p. 258, Exercise 4.20), we get wa(f;a)s, < Ca?, and there-

fore it follows the upper estimate “T“wg(f; a)s, < Cya, which proves the

overconvergence phenomenon as a — 0 for G*?(f)(z) in all the three

cases for U(f)(z).

2) Note that Theorem 2.2.1 differs from Theorem 2.2.3 and Theorem 2.2.2
differs from Theorem 2.2.4, by the different formulas for the corresponding
U:(f)(2). Thus, in Theorems 2.2.1 and 2.2.2, these U;(f)(z) are complex
convolution-type integrals, while in Theorems 2.2.3 and 2.2.4, they are
obtained from their real correspondents, simply replacing the real variable
x by the complex one z.

At the end of this section, we study the approximation properties of the
complex Bessel-type potential
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Ba(f)(z,t):—F(;/2) /OOO U_O;T<a/2>—le—TW(y,Tz)f(ze—iy,t—T)dy dr,

where I'(«) is the Gamma function and

1 2 2 1 2 2
2y -y~ /(477) _ —y~/(417)
W(y,T)— T 26 5 \/_e .

In this sense, we present the following:

Theorem 2.2.5. Let us suppose that the function f(z,t) is in LP(D; x R),
1 <p < oo, where D1 = {z € C;|z| < 1} and that f(z,t) is analytic in D
and continuous in Dy for any fizred t € R. Then for all |z] < 1, t € R and
a > 0, we have

W“UK@&—f@JMS(2+é%)wﬂﬁaﬂmﬂﬁ,

where

wi(f;a,b)
= sup{|f(u,t) — f(v,8)];|u —v| < a; u,v € Dy, |t —s| < b; t,s € R}.

Proof. We have
B*(f)(z,t) — f(z,t)

= —1 - - rla/2)=1=7 72 2e W t— 1) — f(z T
~ o | 1] Wiy, 7)(F (2™, ¢~ 7) — (=, ))dy | d
1 oo
- I(e/2) /0
. {/000 T(a/z)fleﬂ'W(y,72)(f(ze*iy,t —7)— f(2,t)

+f(ze t —7) — f(z,t))dy} dr.

In all what follows, for the simplicity of notations, denote a = «/2. Passing
to absolute value for |z| < 1, we immediately get

[B(f)(2,t) = f(2,1)]

I'(a) /O°° [2 ' /O°° TaleTW(vaz)wl(f;y,r)dy] dr

= T(a) ) [2'/000 Ta_le_TW(va2)w1(f;a(y/a),a(f/a))dy] dr
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=wi(f;a,a) - ﬁ/ooo T le T [2 . /000 {1 + % + ﬂ W(y,T2)dy] dr
2T

1 ol T 2
= N - —_— a T 1 — —_— d = 2 —_— N .
wi(f;a,a) F(a)/o T e { +a+ﬁa] T < +ﬁ)w1(f,a,a)
We used here the simple formulas fooo yW(y, 7%)dy = \/LE and I'(a + 1) =

al'(a).
The theorem is proved. O

2.3 Notes

Note 2.3.1. Theorems 2.1.1, 2.2.3, 2.2.4, and 2.2.5 appear for the first time
here.
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