Contents

Part 1 Partial Differential Equations in Finance

1 Introduction ............ ... .. . . .. ... .. ..
1.1 ASSets ..o

1.2 Derivative Securities ............cviiiiin ...
1.2.1 Forward and Futures Contracts ................

1.2.2 Options .. ..ot

1.2.3 Interest Rate Derivatives ......................

1.2.4 Factors Affecting Derivative Prices .............

1.2.5 Functions of Derivative Securities...............
Problems ...... ... .

2 European Style Derivatives ...........................
2.1 Asset Price Models and Itd’s Lemma . . ................
2.1.1 Models for Asset Prices .......................
2.1.2 TtosLemma ........ ...,
2.1.3 Expectation and Variance of Lognormal Random
Variables .. ... ... ..

2.2 Derivation of the Black—Scholes Equation..............
2.2.1 Arbitrage Arguments .......... ... .. i
2.2.2 The Black—Scholes Equation ...................
2.2.3 Final Conditions for the Black—Scholes Equation .
2.2.4 Hedging and Greeks ............. .. ... ... ...
2.2.5 Transforming the Black—Scholes Equation into an
Equation Defined on a Finite Domain ...........

2.2.6 Derivation of the Equation for Options on Futures

2.3 General Equations for Derivatives ....................
2.3.1 Generalization of It6’s Lemma .................
2.3.2  Derivation of Equations for Financial Derivatives .
2.3.3 Three Types of State Variables.................

xXvii



xviii  Contents

2.3.4 Random Variables Not Being But Related to Prices

Of ASSEtS .o\t 45
2.4 Uniqueness of Initial-Value Problems for Degenerate
Parabolic PDEs ......... . . 47
2.4.1 Reversion Conditions for Stochastic Models........... 47
2.4.2 TUniqueness of Solutions for One-Dimensional Case .... 51
2.4.3 *Uniqueness of Solutions for Two-Dimensional Case. ... 56
2.4.4 *Uniqueness of Solutions for European Options on
Assets with Stochastic Volatilities ................... 61
2.5 Jump Conditions . ......... ... 64
2.5.1 Hyperbolic Equations with a Dirac Delta Function .... 64
2.5.2  Jump Conditions for Options on Stocks with Discrete
Dividends and Discrete Sampling .. .................. 65
2.6 Solutions of European Options ............................ 67
2.6.1 Converting the Black—Scholes Equation into a Heat
Equation ... ... . 68
2.6.2 The Solutions of Parabolic Equations ................ 71
2.6.3 Solutions of the Black—Scholes Equation.............. 74
2.6.4 Prices of Forward Contracts and Delivery Prices....... 76
2.6.5 Derivation of the Black—Scholes Formulae ............ 76
2.6.6 Put—Call Parity Relation ............. ... ... ... ... 80
2.6.7 An Explanation in Terms of Probability .............. 81
Problems . ... .. 83
3 American Style Derivatives .............. ... ... ... ... ... 105
3.1 Constraints on American Style Derivatives.................. 105
3.1.1 Constraints on American Options ................... 105
3.1.2 Some Properties of American Style Derivatives ........ 111
3.2 American Options Problems as Linear Complementarity
Problems . ... ... . 115
3.2.1 Formulation of the Linear Complementarity Problem
in (S,t)-Plane............ . 115
3.2.2 Formulation of the Linear Complementarity Problem
n(z,7)-Plane ... ..o 117
3.2.3 Formulation of the Linear Complementarity Problem
on a Finite Domain......... ... . ... ... . . .. 119
3.2.4 More General Form of the Linear Complementarity
Problems . ... ... ... . 120
3.3 American Option Problems as Free-Boundary Problems . .. ... 121
3.3.1 FreeBoundaries............. ... ... 121
3.3.2 Free-Boundary Problems ............. ... ... ... ... 128
3.3.3 Put—Call Symmetry Relations................. ... ... 132
3.3.4 Equations for Some Greeks ........... ... ... ... ... 135

3.3.5 Solutions for Perpetual American Call Options . ....... 137



Contents Xix

3.4 Some Conclusion from Arbitrage Theory ................... 140
3.4.1 Three Conclusions and Some Portfolios .............. 140
3.4.2 Bounds of Option Prices .......... ... .. ... ... ... 142
3.4.3 Relations Between Call and Put Prices............... 146

Problems . ... ... 148

Exotic Options ....... ... .. .. 159

4.1 Introduction . ......... ...t 159

4.2 Barrier Options . ...... ..ot 160
4.2.1 Knock-Out and Knock-In Options . .................. 160
4.2.2  Closed-Form Solutions of Some European Barrier

Options . ..o 161
4.2.3 Formulation of American Barrier Options ............ 167
4.2.4 Parisian Options ......... .. ... i 168

4.3 Asian Options ........ ...t 172

4.3.1 Average Price, Average Strike, and Double Average

OPHIONS « .ot 172
4.3.2 Continuously and Discretely Sampled Arithmetic

AVerages .. ... 173
4.3.3 Partial Differential Equations for Asian Options....... 176
4.3.4 Reducing to One-Dimensional Problems .............. 177
4.3.5 Jump Conditions . ...... ... .. ... i i 179
4.3.6 American Asian Options ........................... 180
4.3.7 Some Examples .......... .. .. 183

4.4 Lookback Options ............ .. 185
4.4.1 Equations for Lookback Options .................... 185
4.4.2 Reducing to One-Dimensional Problems .............. 191
4.4.3 Closed-Form Solutions for European Lookback

OPHIONS .ot 193
4.4.4 American Options Formulated as Free-Boundary

Problems . ...... ... . 207
4.4.5 A Closed-Form Solution for a Perpetual American

Lookback Option . ............ .. 210
4.4.6 Lookback-Asian Options ........................... 212
4.4.7 Some Examples ......... .. .. 214

4.5 Multi-Asset Options .. ...t 216

4.5.1 ‘'Equations for Multi-Asset Options and Green’s

Formula....... .. . . 217
4.5.2 Exchange Options ......... .. ... 221
4.5.3 TOptions on the Extremum of Several Assets.......... 224
4.5.4 tFormulation of Multi-Asset Option Problems on a

Finite Domain ......... .. .. .. . . i 235

4.6 Some Other Exotic Options. ....... ... ... i, 241
4.6.1 Binary Options ..........c.oiiiiiiiiin i 241

4.6.2 Forward Start Options (Delayed Strike Options)....... 242



XX Contents

4.6.3 Compound Options ... .....c.ouuuiiiinennennen. . 243
4.6.4 Chooser Options ..........c..ooiiiiiinininen. . 249
Problems . ... ... 250
5 Interest Rate Derivative Securities ..................... ... 277
5.1 Introduction ......... .. ... 277
B.2 Bonds. . ... 280
5.2.1 Bond Values for Deterministic Short Rates ........... 280
5.2.2 Bond Equations for Random Short Rates............. 282
5.3 Some Explicit Solutions of Bond Equations ................. 283
5.3.1 Analytic Solutions for the Vasicek
and Cox—Ingersoll-Ross Models ..................... 284
5.3.2 Explicit Solutions for the Ho-Lee and Hull-White
Models. . ..o 291
5.4 Inverse Problem on the Market Price of Risk................ 293
5.5 Application of Bond Equations . ........................... 297
5.5.1 Bond Options and Options on Bond Futures
Contracts . ..o 297
5.5.2 Interest Rate Swaps and Swaptions .................. 300
5.5.3 Interest Rate Caps, Floors, and Collars .............. 307
5.6 Multi-Factor Interest Rate Models . ............ .. .. .. .... 310
5.6.1 Brief Description of Several Multi-Factor
Interest Rate Models.......... ... .. L. 310
5.6.2 Reducing the Randomness of a Zero-Coupon
Bond Curve to That of a Few Zero-Coupon Bonds. . . .. 311
5.6.3 A Three-Factor Interest Rate Model and the
Equation for Interest Rate Derivatives ............... 316
5.7 Two-Factor Convertible Bonds ............................ 324
Problems . ... ... 331
Part IT Numerical Methods for Derivative Securities
6 Basic Numerical Methods ................................. 349
6.1 Approximations . ...............iiiii 349
6.1.1 Interpolation............. ... .. .. . . . i 349
6.1.2 Approximation of Partial Derivatives ................ 353
6.1.3 Approximate Integration ............. ... ... . ... ... 357
6.1.4 Least Squares Approximation ....................... 359
6.2 Solution of Systems and Eigenvalue Problems ............... 360
6.2.1 LU Decomposition of Linear Systems ................ 360
6.2.2 Iteration Methods for Linear Systems ................ 363
6.2.3 TIteration Methods for Nonlinear Systems ............. 365
6.2.4 Obtaining FEigenvalues and Eigenvectors.............. 370



Contents

6.3 Determination of Parameters in Models ....................

6.3.1 Constant Variances and Covariances .................
6.3.2 Variable Parameters ............ .. ... .. ... .. ... ....
Problems . ....... .. ..
Projects ...

Finite-Difference Methods .................................
7.1 Finite-Difference Schemes ........... ... ... ... ... .......
7.2 Stability and Convergence Analysis ........................
7.2.1 Stability ...
7.2.2 CONVEIZEIICE o\ v tvv ettt e e et e
7.3 Extrapolation of Numerical Solutions ......................
7.4 Two-Dimensional Degenerate Parabolic Equations ...........
7.4.1 The Crank-Nicolson Difference Scheme and a
Preliminary Lemma ........... .. ... .. .. . .. ... ...
7.4.2 *The Proof of the Preliminary Lemma ...............
7.4.3 *Solvability and Stability ................ ... ......
7.4.4 FCONVEIENCe ...\ttt
Problems . ... ... .

Initial-Boundary Value and LC Problems ................ ..
8.1 Explicit Methods ........ ... .
8.1.1 Pricing European Options by Using V, £, 7 or u,
x, T Variables . . ... .
8.1.2 Projected Methods for LC Problems .................
8.1.3 DBinomial and Trinomial Methods . ................ ...
8.1.4 Relations Between the Lattice Methods
and the Explicit Finite-Difference Methods ...........
8.1.5 Examples of Unstable Schemes ................ ... ...
8.2 TImplicit Methods ......... .. . . i
8.2.1 Pricing European Options by Using V, &, 7
Variables . .. ... .
8.2.2 FEuropean Options with Discrete Dividends and Asian
and Lookback Options with Discrete Sampling ........
8.2.3 Projected Direct Methods for the LC Problem ........
8.2.4 Projected Iteration Methods for the LC Problem ... ...
8.2.5 Comparison with Explicit Methods ............... ...
8.2.6 Two-Asset Options . ...,
8.3 Singularity-Separating Method ........... ... ... ... ... ....
8.3.1 Barrier Options ........ .. .. . i
8.3.2 Furopean Vanilla Options with Variable Volatilities . ..
8.3.3 Bermudan Options .............. ... ...
8.3.4 European Parisian Options .........................
8.3.5 FEuropean Average Price Options ...................
8.3.6 European Two-Factor Options .....................



xxii Contents
8.3.7 Two-Factor Convertible Bonds with Dy =0........... 519
8.4 Pseudo-Spectral Methods. ......... .. .. ... . .. 519
Problems . ... ... 522
Projects ... 532
9 Free-Boundary Problems ........... ... ... .. .. .. .. ... 535
9.1 SSM for Free-Boundary Problems ...................... ... 536
9.1.1 One-Dimensional Cases ............................ 536
9.1.2 Two-Dimensional Cases ............................ 541
9.2 Implicit Finite-Difference Methods ... ........ ... ... ... ... 552
9.2.1 Solution of One-Dimensional Problems ............... 552
9.2.2 Solution of Greeks .. ....... ... ... ... ... ... 558
9.2.3 Numerical Results of Vanilla Options
and CompariSon. ... ...ttt 560
9.2.4 Solution and Numerical Results of Exotic Options . .. .. 568
9.2.5 Solution of Two-Dimensional Problems............... 575
9.2.6 Numerical Results of Two-Factor Options ............ 579
9.3 Pseudo-Spectral Methods . .......... ... ... ... .. ... ... .. .. 586
9.3.1 The Description of the Pseudo-Spectral Methods for
Two-Factor Convertible Bonds .. .................... 586
9.3.2 Numerical Results of Two-Factor Convertible Bonds ... 593
Problems . ... ... .. 598
Projects ... 603
10 Interest Rate Modeling ......... ... ... ... ... ... .. ....... 605
10.1 Inverse Problems .......... ... ... . . . 605
10.1.1 Another Formulation of the Inverse Problem .......... 605
10.1.2 Numerical Methods for the Inverse Problem .......... 611
10.1.3 Numerical Results on Market Prices of Risk .......... 615
10.2 Numerical Results of One-Factor Models ................... 618
10.3 Pricing Derivatives with Multi-Factor Models ............... 623
10.3.1 Determining Models from the Market Data ........... 623
10.3.2 Numerical Methods and Results ... .................. 628
Problems .. ... .. . 633
Projects ... 635
References . ....... ... . .. . . . 637



2 Springer
http://www.springer.com/978-1-4614-7305-3

Derivative Securities and Difference Methods
Zhu, Y.-l.; Wu, ¥.; Chern, I.-L.; Sun, Z2.<

2013, XX, 647 p., Hardcover

ISBM: 878-1-4614-7305-3



	Contents



