
Chapter 2
Well-posedness of Optimal Control Problems
Without Convexity Assumptions

In this chapter we prove generic existence results for classes of optimal control
problems in which constraint maps are also subject to variations as well as
the cost functions. These results were obtained in [87, 90]. More precisely, we
establish generic existence results for classes of optimal control problems (with
the same system of differential equations, the same boundary conditions and without
convexity assumptions) which are identified with the corresponding complete metric
spaces of pairs .f; U / (where f is an integrand satisfying a certain growth condition
and U is a constraint map) endowed with some natural topology. We will show that
for a generic pair .f; U / the corresponding optimal control problem has a unique
solution.

In the theory developed here topologies on spaces of integrands and on spaces of
integrand–map pairs are of great importance. Actually one space of integrand–map
pairs, say A, considered here is a topological product of a space of integrands and a
space of multivalued maps. The values of these maps are elements of the space of all
nonempty convex closed subsets of a finite-dimensional Euclidean space endowed
with the Hausdorff distance. In the space of multivalued maps we consider the
topology of uniform convergence. For the space of integrands we consider weak and
strong topologies which induce weak and strong topologies on the space A. We will
prove the existence of a set A0 � A which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) sets such that for each
.f; U / 2 A0 the corresponding optimal control problem has a unique solution. In
fact we will establish our result for various spaces of integrands: the space of the so-
called LNB-measurable integrands, the space of lower semicontinuous integrands
and the space of continuous integrands, as well as their subspaces consisting of
integrands f .t; x; u/ differentiable in u and subspaces consisting of integrands
f .t; x; u/ differentiable in x and u. All these spaces are endowed with same weak
topology. Their strong topology is always stronger then the topology of uniform
convergence.

If we say that a function (set) is measurable we mean that it is Lebesgue
measurable.
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18 2 Well-posedness of Optimal Control Problems

2.1 Optimal Control Problems with Cesari Growth
Condition

We use the following notations and definitions. Let k � 1 be an integer. We denote
by mes.E/ the Lebesgue measure of a measurable set E � Rk, by j � j the Euclidean
norm in Rk , and by < �; � > the scalar product in Rk. We use the convention that
1 � 1 D 0. For any f 2 Cq.Rk/ we set

jjf jjCq D jjf jjCq.Rk/ D sup
z2Rk

fj@j˛jf .z/=@x˛11 : : : @x
˛k
k j W (2.1)

˛i � 0 is an integer; i D 1; : : : ; k; j˛j � qg;

where j˛j D Pk
iD1 ˛i .

For each function f W X ! Œ�1;1� where X is nonempty, we set inf.f / D
infff .x/ W x 2 Xg. For each set-valued mapping U W X ! 2Y n f;g where X and
Y are nonempty, we set

graph.U / D f.x; y/ 2 X � Y W y 2 U.x/g: (2.2)

Let m; n;N � 1 be integers. We assume that ˝ is a fixed bounded domain in
Rm, H.t; x; u/ is a fixed continuous function defined on˝ � Rn �RN with values
in Rmn such that H.t; x; u/ D .Hi /

n
iD1 and Hi D .Hij /

m
jD1, i D 1; : : : n, B1 and

B2 are fixed nonempty closed subsets of Rn and �� D .��
i /
n
iD1 2 .W 1;1.˝//n is

also fixed. Here

W 1;1.˝/ D fu 2 L1.˝/ W @u=@xj 2 L1.˝/; j D 1; : : : mg

and W 1;1
0 .˝/ is the closure of C1

0 .˝/ in W 1;1.˝/, where C1
0 .˝/ is the space of

smooth functions u W ˝ ! R1 with compact support in ˝ [108].
If m D 1, then we assume that ˝ D .T1; T2/, where T1 and T2 are fixed real

numbers for which T1 < T2.
For a function u D .u1; : : : un/, where ui 2 W 1;1.˝/, i D 1; : : : n, we set

rui D .@ui =@xj /
m
jD1; i D 1; : : : n; ru D .rui /

n
iD1:

Define set-valued mappings QA W ˝ ! 2R
n n f;g and QU W ˝ � Rn ! 2R

N n f;g by

QA.t/ D Rn; t 2 ˝; QU .t; x/ D RN ; .t; x/ 2 ˝ �Rn: (2.3)

For each A W ˝ ! 2R
n n f;g and each U W graph.A/ ! 2R

N n f;g for
which graph.U / is a closed subset of the space ˝ � Rn � RN with the product
topology, we denote by X.A;U / the set of all pairs of functions .x; u/, where
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x D .x1; : : : ; xn/ 2 .W 1;1.˝//n, u D .u1; : : : uN / W ˝ ! RN is Lebesgue
measurable and the following relations hold:

x.t/ 2 A.t/; t 2 ˝ (a.e.); u.t/ 2 U.t; x.t//; t 2 ˝ (a.e.); (2.4a)

rx.t/ D H.t; x.t/; u.t//; t 2 ˝ (a.e.); (2.4b)

if m D 1; then x.Ti / 2 Bi ; i D 1; 2; (2.4c)

if m > 1 then x � �� 2 .W 1;1
0 .˝//n: (2.4d)

Note that in the definition of the space X.A;U / we use the boundary condi-
tion (2.4c) in the case m D 1 while in the case m > 1 we use the boundary
condition (2.4d). Both of them are common in the literature [12, 13, 17, 21].

We do this to provide a unified treatment for both cases. Note that we prove
our generic result in the case m D 1 for a class of Bolza problems (with the same
boundary condition (2.4c)) while in the case m > 1 it will be established for a class
of Lagrange problems (with the same boundary condition (2.4d)).

To be more precise, we have to define elements of X.A;U / as classes of pairs
equivalent in the sense that .x1; u1/ and .x2; u2/ are equivalent if and only if x2.t/ D
x1.t/; u2.t/ D u1.t/, t 2 ˝ (a.e.) If m D 1, then by an appropriate choice of
representatives,W 1;1.T1; T2/ can be identified with the set of absolutely continuous
functions x W ŒT1; T2� ! R1, and we will henceforth assume that this has been done.

Let A W ˝ ! 2R
n nf;g, U W graph.A/ ! 2R

N nf;g and let graph.U / be a closed
subset of the space ˝ � Rn � RN with the product topology.

For the set X.A;U / defined above we consider the uniformity which is deter-
mined by the following base:

EX.�/ D f..x1; u1/; .x2; u2// 2 X.A;U /�X.A;U / W (2.5)

mesft 2 ˝ W jx1.t/ � x2.t/j C ju1.t/ � u2.t/j � �g � �g;

where � > 0. It is easy to see that the uniform space X.A;U / is metrizable (by a
metric �) (see [44]). In the space X.A;U / we consider the topology induced by the
metric �.

Next we define spaces of integrands associated with the maps A and U . By
M.A;U / we denote the set of all functions f W graph.U / ! R1 [ f1g with
the following properties:

(i) f is measurable with respect to the �-algebra generated by products of
Lebesgue measurable subsets of ˝ and Borel subsets of Rn �RN .

(ii) f .t; �; �/ is lower semicontinuous for almost every t 2 ˝ .
(iii) For each � > 0 there exists an integrable scalar function  �.t/ � 0; t 2 ˝ ,

such that jH.t; x; u/j �  �.t/C �f .t; x; u/ for all .t; x; u/ 2 graph .U /.
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The growth condition in (iii) was proposed by Cesari (see [21]) and its equiv-
alents and modifications are rather common in the literature. Due to property (i)
for every f 2 M.A;U / and every .x; u/ 2 X.A;U / the function f .t; x.t/; u.t//,
t 2 ˝ is measurable.

Denote by Ml .A; U / (respectively, Mc.A; U /) the set of all lower semicontin-
uous (respectively, finite-valued continuous) functions f W graph.U / ! R1 [ f1g
in M.A;U /. Now we equip the set M.A;U / with the strong and weak topologies.
For the space M.A;U / we consider the uniformity determined by the following
base:

EM.�/ D f.f; g/ 2 M.A;U / � M.A;U / W (2.6)

jf .t; x; u/ � g.t; x; u/j � �; .t; x; u/ 2 graph.U /g;
where � > 0. It is easy to see that the uniform space M.A;U /with this uniformity is
metrizable (by a metric dM) and complete. This uniformity generates in M.A;U /

the strong topology. Clearly Ml .A; U / and Mc.A; U / are closed subsets of
M.A;U / with this topology.

For each � > 0 we set

EMw.�/ D f.f; g/ 2 M.A;U / � M.A;U / W there exists a nonnegative (2.7)

	 2 L1.˝/ such that
Z
˝

	.t/dt � 1; and for almost every t 2 ˝;

jf .t; x; u/ � g.t; x; u/j < � C �maxfjf .t; x; u/j; jg.t; x; u/jg C �	.t/

for each x 2 A.t/ and each u 2 U.t; x/g:

Using the following simple lemma [87] we can easily show that for the set
M.A;U / there exists the uniformity which is determined by the base EMw.�/,
� > 0. This uniformity induces in M.A;U / the weak topology.

Lemma 2.1. Let a; b 2 R1, � 2 .0; 1/, 
 � 0, and

ja � bj < .1C
/� C �maxfjaj; jbjg:
Then

ja � bj < .1C
/.� C �2.1 � �/�1/C �.1 � �/�1 minfjaj; jbjg:

Denote by Cl.B1 � B2/ the set of all lower semicontinuous functions � W B1 �
B2 ! R1 [ f1g bounded from below. We also equip the set Cl.B1 � B2/ with
strong and weak topologies. For the set Cl.B1 � B2/ we consider the uniformity
determined by the following base:

Ec.�/ D f.�; h/ 2 Cl.B1 � B2/ � Cl.B1 � B2/ W j�.z/ � h.z/j � �; z 2 B1 �B2g;
(2.8)
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where � > 0. It is easy to see that the uniform space Cl.B1 � B2/ is metrizable
(by a metric dc) and complete. This metric induces in Cl.B1 � B2/ the strong
topology. We do not write down the explicit expressions for the metrics dM and
dc because we are not going to use them in the sequel.

For any � > 0 we set

Ecw.�/ D f.�; h/ 2 Cl.B1 � B2/ � Cl.B1 � B2/ W j�.z/ � h.z/j (2.9)

< � C �maxfj�.z/j; jh.z/jg; z 2 B1 � B2g;
where � > 0. By using Lemma 2.1 we can easily show that for the set Cl.B1 � B2/
there exists a uniformity which is determined by the base Ecw.�/, � > 0. This
uniformity induces in Cl.B1 � B2/ the weak topology. Denote by C.B1 � B2/ the
set of all finite-valued continuous functions h in Cl.B1 � B2/. Clearly it is a closed
subset of Cl.B1 � B2/ with the weak topology.

In the case m > 1 for each f 2 M.A;U / we define I .f / W X.A;U / !
R1 [ f1g by

I .f /.x; u/ D
Z
˝

f .t; x.t/; u.t//dt; .x; u/ 2 X.A;U /: (2.10)

In the case m D 1 for each f 2 M.A;U / and each � 2 Cl.B1 � B2/ we define
I .f;�/ W X.A;U / ! R1 [ f1g by

I .f;�/.x; u/ D
Z T2

T1

f .t; x.t/; u.t//dt C �.x.T1/; x.T2//; .x; u/ 2 X.A;U /:

(2.11)

We will show (see Propositions 2.6 and 2.7) that in both cases (2.10) and (2.11)
define lower semicontinuous functionals on X.A;U /.

From now on in this section we consider a fixed set-valued mapping A W ˝ !
2R

n nf;g for which graph.A/ is a closed subset of the space˝�Rn with the product
topology. Denote by QUA the restriction of QU (see (2.3)) to the graph.A/. Namely

QUA W graph.A/ ! 2R
N

; QU .t; x/ D RN ; .t; x/ 2 graph.A/: (2.12)

We consider functionals I .f;�/ with .f; �/ 2 M.A; QUA/ � Cl.B1 � B2/ (in the
case m D 1) and functionals I .f / with f 2 M.A; QUA/ (in the case m > 1) defined
on the space X.A; QUA/ (see (2.4)). Our generic existence result will be established
for several classes of optimal control problems with different corresponding spaces
of the integrands which are subsets of the space M.A; QUA/. The subspaces of
lower semicontinuous and continuous integrands (Ml .A; QUA/ and Mc.A; QUA/)
have already been defined. Now we define subspaces of M.A; QUA/ which consist
of integrands differentiable with respect to the control variable u.

Let k � 1 be an integer. Denote by Mk.A; QUA/ the set of all finite-valued f 2
M.A; QUA/ such that for each .t; x/ 2 graph.A/ the function f .t; x; �/ 2 Ck.RN /.
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We consider the topological subspace Mk.A; QUA/ � M.A; QUA/ with the relative
weak topology. The strong topology on Mk.A; QUA/ is induced by the uniformity
which is determined by the following base:

EMk.�/ D f.f; g/ 2 Mk.A; QUA/ � Mk.A; QUA/ W jf .t; x; u/ � g.t; x; u/j � �

(2.13)

for all .t; x; u/ 2 graph.A/ �RN and

jjf .t; x; �/ � g.t; x; �/jjCk.RN / � � for all .t; x/ 2 graph.A/g;

where � > 0. It is easy to see that the space Mk.A; QUA/ with this uniformity is
metrizable (by a metric dM;k) and complete. Define

Ml
k.A;

QUA/ D Mk.A; QUA/\ Ml .A; QUA/;
Mc

k.A;
QUA/ D Mk.A; QUA/ \ Mc.A; QUA/: (2.14)

Clearly Ml
k.A;

QUA/ and Mc
k.A;

QUA/ are closed sets in Mk.A; QUA/ with the strong
topology.

Finally we define subspaces of M. QA; QU / which consist of integrands differen-
tiable with respect to the state variable x and the control variable u. Denote by
M�

k .
QA; QU / the set of all f W ˝ �Rn �RN ! R1 in M. QA; QU / (see (2.3)) such that

for each t 2 ˝ the function f .t; �; �/ 2 Ck.Rn � RN/. We consider the topological
subspace M�

k .
QA; QU / � M. QA; QU / with the relative weak topology. The strong

topology in M�
k .

QA; QU / is induced by the uniformity which is determined by the
following base:

E�
Mk.�/ D f.f; g/ 2 M�

k .
QA; QU / � M�

k .
QA; QU / W (2.15)

jf .t; x; u/ � g.t; x; u/j � � for all .t; x; u/ 2 ˝ �Rn � RN and

jjf .t; �; �/� g.t; �; �/jjCk.RnCN / � � for all t 2 ˝g;

where � > 0. It is easy to see that the space M�
k .

QA; QU / with this uniformity is
metrizable (by a metric d�

M;k) and complete. Define

M�l
k .

QA; QU / D M�
k .

QA; QU / \ Ml . QA; QU /; M�c
k .

QA; QU / D M�
k .

QA; QU / \ Mc. QA; QU /:
(2.16)

Clearly M�l
k .

QA; QU / and M�c
k .

QA; QU / are closed sets in M�
k .

QA; QU / with the strong
topology.

Thus we have defined all the spaces of integrands for which we will prove our
generic existence result. Now we will define a space of constraint maps PA. Denote
by S.RN / the set of all nonempty convex closed subsets of RN . For each x 2
RN and each E � RN , set dH .x;E/ D infy2E jx � yj. For each pair of sets
C1; C2 � RN ,
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dH.C1; C2/ D max

�
sup
y2C1

dH .y; C2/; sup
x2C2

dH .x; C1/

�

is the Hausdorff distance between C1 and C2. For the space S.RN / we consider the
uniformity determined by the following base:

ERN .�/ D f.C1; C2/ 2 S.RN/ � S.RN / W dH.C1; C2/ � �g; (2.17)

where � > 0. It is well known that the space S.RN/ with this uniformity
is metrizable and complete. Denote by PA the set of all set-valued mappings
U W graph.A/ ! S.RN/ such that graph.U / is a closed subset of the space
graph.A/ � RN with the product topology. For the space PA we consider the
uniformity determined by the following base:

EPA.�/ D f.U1; U2/ 2 PA � PA W dH.U1.t; x/; U2.t; x// � � (2.18)

for all .t; x/ 2 graph.A/g;
where � > 0. It is easy to see that the space PA with this uniformity is metrizable
and complete.

We consider the space X.A; QUA/ with the metric � (see (2.5)). For each U 2 PA
define

SU D X.A;U / D f.x; u/ 2 X.A; QUA/ W u.t/ 2 U.t; x.t//; t 2 ˝ (a.e.)g: (2.19)

In the case m D 1 for each U 2 PA and each .f; �/ 2 M.A; QUA/ � Cl.B1 � B2/
we consider the optimal control problem

I .f;�/.x; u/ ! min; .x; u/ 2 X.A;U /
and in the case m > 1 for each U 2 PA and each f 2 M.A; QUA/ we consider the
optimal control problem

I .f /.x; u/ ! min; .x; u/ 2 X.A;U /:
We will state our existence result, Theorem 2.2, in such a manner that it will be
applicable to the Bolza problem in case m D 1 and to the Lagrange problem in case
m > 1, and also applicable for all the spaces of integrands defined above.

To meet this goal we set A2 D PA and define a space A1 as follows:

A1 D A11 � A12 if m D 1 and A1 D A11 if m > 1;

where A12 is either Cl.B1 � B2/ or C.B1 � B2/ or a singleton f�g � Cl.B1 � B2/,
and A11 is one of the following spaces:

M.A; QUA/I Ml .A; QUA/I Mc.A; QUA/I
Mk.A; QUA/I Ml

k.A;
QUA/I Mc

k.A;
QUA/ (here k � 1 is an integer)I
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M�
k .

QA; QU /I M�l
k .

QA; QU /I M�c
k .

QA; QU / (here k � 1 is an integer and A D QA/:

For each a D .a1; a2/ 2 A1 � A2 we define Ja W X.A; QUA/ ! R1 [ f1g by

Ja.x; u/ D I .a1/.x; u/; .x; u/ 2 Sa2; Ja.x; u/ D 1; .x; u/ 2 X.A; QUA/ n Sa2 :

We will show that Ja is lower semicontinuous for all a 2 A1 � A2. Denote by A
the closure of the set fa 2 A1 � A2 W inf.Ja/ < 1g in the space A1 � A2 with the
strong topology. We assume that A is nonempty. The following theorem is the main
result of this chapter.

Theorem 2.2. There exists an everywhere dense (in the strong topology) set B � A
which is a countable intersection of open (in the weak topology) subsets of A such
that for any a 2 B the following assertions hold:

(1) inf.Ja/ is finite and attained at a unique pair . Nx; Nu/ 2 X.A; QUA/.
(2) For each � > 0 there are a neighborhood V of a in A with the weak topology

and ı > 0 such that for each b 2 V , inf.Jb/ is finite and if .z;w/ 2 X.A; QUA/
satisfies Jb.z;w/ � inf.Jb/ C ı, then �.. Nx; Nu/; .z;w// � � and jJb.z;w/ �
Ja. Nx; Nu/j � �.

Theorem 2.2 was obtained in [87].

2.2 A Generic Variational Principle

We will obtain Theorem 2.2 as a realization of a variational principle which was
introduced in [87]. This variational principle is a modification of the variational
principle in [42].

We consider a metric space .X; �/ which is called the domain space and a
complete metric space .A; d / which is called the data space. We always consider
the set X with the topology generated by the metric �. For the space A we consider
the topology generated by the metric d . This topology will be called the strong
topology. In addition to the strong topology we also consider a weaker topology
on A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with every
a 2 A a lower semicontinuous function fa on X is associated with values in
NR D Œ�1;1�. In our study we use the following basic hypotheses about the

functions.

(H1) For any a 2 A, any � > 0, and any � > 0 there exist a nonempty open set W
in A with the weak topology, x 2 X , ˛ 2 R1, and � > 0 such that

W \ fb 2 A W d.a; b/ < �g 6D ;
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and for any b 2 W
(i) inf.fb/ is finite.

(ii) If z 2 X is such that fb.z/ � inf.fb/C �, then �.z; x/ � � and jfb.z/ �
˛j � � .

(H2) If a 2 A, inf.fa/ is finite, fxng1
nD1 � X is a Cauchy sequence and the

sequence ffa.xn/g1
nD1 is bounded, then the sequence fxng1

nD1 converges inX .

We will show (see Theorem 2.3) that if (H1) and (H2) hold, then for a generic
a 2 A the minimization problem fa.x/ ! min, x 2 X , has a unique solution.
This result generalizes the variational principle in [42] which was obtained for the
complete domain space .X; �/. Note that if .X; �/ is complete, the weak and strong
topologies on A coincide, and for any a 2 A the function fa is not identically 1,
then the variational principles in [42] and in this section are equivalent.

For the classes of optimal control problems considered in this chapter the domain
space is usually the space X.A; QUA/ with the metric � (see (2.5)) which is not
complete. Since the variational principle in [42] was established only for complete
domain spaces it cannot be applied to these classes of optimal control problems.
Fortunately, instead of the completeness assumption we can use (H2) and this
hypothesis holds for spaces of integrands (integrand–map pairs) which satisfy the
Cesari growth condition.

Theorem 2.3. Assume that (H1) and (H2) hold. Then there exists an everywhere
dense (in the strong topology) set B � A which is a countable intersection of open
(in the weak topology) subsets of A such that for any a 2 B the following assertions
hold:

(1) inf.fa/ is finite and attained at a unique point Nx 2 X .
(2) For each � > 0 there are a neighborhood V of a in A with the weak topology

and ı > 0 such that for each b 2 V , inf.fb/ is finite and if z 2 X satisfies
fb.z/ � inf.fb/C ı, then �. Nx; z/ � � and jfb.z/ � fa. Nx/j � �.

Following the tradition, we can summarize the theorem by saying that under the
assumptions (H1) and (H2) the minimization problem for fa on .X; �/ is generically
strongly well posed with respect to A.

Proof. Let a 2 A. By (H1) for any natural n D 1; 2; : : : there are a nonempty
open set U.a; n/ in A with the weak topology, x.a; n/ 2 X , ˛.a; n/ 2 R1, and
�.a; n/ > 0 such that

U.a; n/ \ fb 2 A W d.a; b/ < 1=ng 6D ;
and for any b 2 U.a; n/, inf.fb/ is finite and if z 2 X satisfies fb.z/ � inf.fb/ C
�.a; n/, then

�.z; x.a; n// � 1=n; jfb.z/ � ˛.a; n/j � 1=n:

Define Bn D [fU.a;m/ W a 2 A; m � ng for n D 1; 2; : : : . Clearly for each
integer n � 1 the set Bn is open in the weak topology and everywhere dense in the
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strong topology. Set B D \1
nD1Bn. Since for each integer n � 1 the set Bn is also

open in the strong topology generated by the complete metric d we conclude that B
is everywhere dense in the strong topology.

Let b 2 B. Evidently inf.fb/ is finite. There are a sequence fang1
nD1 � A and

a strictly increasing sequence of natural numbers fkng1
nD1 such that b 2 U.an; kn/,

n D 1; 2; : : : Assume that fzng1
nD1 � X and limn!1 fb.zn/ D inf.fb/.

Let m � 1 be an integer. Clearly for all large enough n the inequality fb.zn/ <
inf.fb/C �.am; km/ is true and it follows from the definition of U.am; km/ that

�.zn; x.am; km// � k�1
m ; jfb.zn/� ˛.am; km/j � k�1

m (2.20)

for all large enough n. Since m is an arbitrary natural number we conclude that
fzng1

nD1 � X is a Cauchy sequence. By (H2) there is Nx D limn!1 zn. As fb is
lower semicontinuous, we have fb. Nx/ D inf.fb/. Clearly fb does not have another
minimizer for otherwise we would be able to construct a nonconvergent sequence
fzng1

nD1. This proves the first part of the theorem. We further note that by doing
n ! 1 in (2.20)

�. Nx; x.am; km// � k�1
m ; jfb. Nx/� ˛.am; km/j � k�1

m ; m D 1; 2; : : : (2.21)

We turn now to the second assertion. Let � > 0. Choose a natural number m for
which 4k�1

m < �. Let a 2 U.am; km/. Clearly inf.fa/ is finite. Let z 2 X and
fa.z/ � inf.fa/C �.am; km/. By the definition of U.am; km/,

�.z; x.am; km// � k�1
m ; jfa.z/� ˛.am; km/j � k�1

m :

Together with (2.21) this implies that

�.z; Nx/ � 2k�1
m ; jfb. Nx/ � fa.z/j � 2k�1

m < �:

The second assertion is proved. ut

2.3 Concretization of the Hypothesis (H1)

The proof of Theorem 2.2 consists in verifying that the hypotheses (H1) and (H2)
hold for the space of integrand–map pairs introduced in Sect. 2.1. (H2) will follow
from Proposition 2.7 which will be proved in Sect. 2.4. The verification of (H1) is
more complicated. Recall that our space of integrand–map pairs is a product of the
space of integrands and the space of maps. Therefore we should seek the set W
(see (H1)) in the form V � U where V is an open set in the space of integrands and
U is an open set in the space of maps. To simplify the verification of (H1) in this
section we introduce new assumptions (A1)–(A4) and show that they imply (H1)
(see Proposition 2.4). Using (A1)–(A4) we can construct the set W D V � U step
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by step, roughly speaking. Namely, using (A4) we construct the set U , using (A3)
we find an integrand Na1 and then using (A2) we construct the set V which is an open
neighborhood of Na1. Thus to verify (H1) we need to show that the assumptions (A1)–
(A4) are valid. In fact this approach allows us to simplify the problem because each
of (A2)–(A4) concerns either the space of integrands or the space of maps while it
is not difficult to verify (A1).

Let .X; �/ be a metric space with the topology generated by the metric � and let
.A1; d1/, .A2; d2/ be metric spaces. For the space Ai (i D 1; 2) we consider the
topology generated by the metric di . This topology is called the strong topology. In
addition to the strong topology we consider a weak topology on Ai , i D 1; 2.

Assume that with every a 2 A1 a lower semicontinuous function 	a W X !
R1 [ f1g is associated and with every a 2 A2 a set Sa � X is associated. For each
a D .a1; a2/ 2 A1 � A2 define fa W X ! R1 [ f1g by

fa.x/ D 	a1.x/ for all x 2 Sa2; fa.x/ D 1 for all x 2 X n Sa2 : (2.22)

Denote by A the closure of the set fa 2 A1 � A2 W inf.fa/ < 1g in the space
A1 � A2 with the strong topology. We assume that A is nonempty.

We use the following hypotheses:

(A1) For each a1 2 A1, inf.	a1/ > �1 and for each a 2 A1 � A2 the function fa
is lower semicontinuous.

(A2) For each a 2 A1 and each D; � > 0 there is a neighborhood U of a in A1

with the weak topology such that for each b 2 U and each x 2 X satisfying
minf	a.x/; 	b.x/g � D the relation j	a.x/ � 	b.x/j � � holds.

(A3) For each � 2 .0; 1/ there exist positive numbers �.�/ and ı.�/ such that
�.�/; ı.�/ ! 0 as � ! 0 and the following property holds:

For each � 2 .0; 1/, each a 2 A1, each nonempty set Y � X , and each
Nx 2 Y for which

	a. Nx/ � inff	a.z/ W z 2 Y g C ı.�/ < 1 (2.23)

there is Na 2 A1 such that the following conditions hold:

d1.a; Na/ � �.�/; 	 Na.z/ � 	a.z/; z 2 X; 	 Na. Nx/ � 	a. Nx/C ı.�/I (2.24)

for each y 2 Y satisfying

	 Na.y/ � inff	 Na.z/ W z 2 Y g C 2ı.�/ (2.25)

the inequality �.y; Nx/ � � is valid.
(A4) For each a D .a1; a2/ 2 A1 � A2 satisfying inf.fa/ < 1 and each �; ı > 0

there exist Na2 2 A2, Nx 2 S Na2 , and an open set U in A2 with the weak topology
such that

d2.a2; Na2/ < �; U \ fb 2 A2 W d2.b; a2/ < �g 6D ;; (2.26)

	a1. Nx/ � inff	a1.z/ W z 2 S Na2g C ı < 1; (2.27)
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and

Nx 2 Sb � S Na2 for all b 2 U : (2.28)

Assume that (A3) holds. We show that the numbers �.�/ and ı.�/ can be chosen
such that 0 < ı.�/ � �.�/ � � .

Let �.�/ and ı.�/, � 2 .0; 1/ be as guaranteed by (A3). Assume that � 2 .0; 1/.
Since limt!0 �.t/ D 0 and limt!0 ı.t/ D 0 there exist �1 2 .0; �/ and �0 2 .0; �1/
such that �.�1/ < � and �.�0/; ı.�0/ < �.�1/. Set N�.�/ D �.�1/ and Nı.�/ D ı.�0/.
Clearly Nı.�/ < N�.�/ < � .

Assume that a 2 A1, Y is a nonempty subset of X and Nx 2 Y satisfies 	a. Nx/ �
inff	a.z/ W z 2 Y gC Nı.�/ < 1. By (A3) and the equality Nı.�/ D ı.�0/ there exists
Na 2 A1 such that the following conditions hold:

d1.a; Na/ � �.�0/ < �.�1/ D N�.�/; 	 Na.z/ � 	a.z/; z 2 X;
	 Na. Nx/ � 	a. Nx/C ı.�0/ D 	a. Nx/C Nı.�/I

for each y 2 Y satisfying

	 Na.y/ � inff	 Na.z/ W z 2 Y g C 2ı.�0/

the inequality �.y; Nx/ � �0 � � is valid. Therefore (A3) holds with �.�/ D N�.�/
and ı.�/ D Nı.�/.
Proposition 2.4. Assume that (A1)–(A4) hold. Then (H1) holds for the space A.

Proof. Let a D .a1; a2/ 2 A and let �; � > 0. We may assume that inf.fa/ < 1.
Choose a positive number

�0 < 8
�1 minf1; �; �g: (2.29)

Let �.�0/, ı.�0/ > 0 be as guaranteed by (A3) (namely (A3) is true with � D �0,
�.�/ D �.�0/, ı.�/ D ı.�0/). Choose

ı1 2 .0; 4�1ı.�0//: (2.30)

By (A4) there are Na2 2 A2, Nx 2 S Na2 , and an open nonempty set U in A2 with the
weak topology such that (2.28) holds:

d2.a2; Na2/ < �.�0/; U \ fb 2 A2 W d2.b; a2/ < �.�0/g 6D ; (2.31)

and
	a1. Nx/ � inff	a1.z/ W z 2 S Na2g C ı1 < 1: (2.32)

It follows from the definition of �.�0/ and ı.�0/, (A3) (with a1 D a and Y D S Na2),
and (2.32) that there is Na1 2 A1 such that
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d1.a1; Na1/ � �.�0/; 	 Na1.z/ � 	a1.z/; z 2 X; (2.33)

	 Na1 . Nx/ � 	a1. Nx/C ı.�0/

and the following property holds:

(Pi) For each y 2 S Na2 satisfying

	 Na1.y/ � inff	 Na1.z/ W z 2 S Na2g C 2ı.�0/ (2.34)

the relation �.y; Nx/ � �0 is valid.

Let b 2 U . Then by the definition of U , (2.28), and (2.32)

Nx 2 Sb � S Na2 ; inff	a1.z/ W z 2 Sbg � 	a1. Nx/ < 1: (2.35)

We will show that the following property holds:

(Pii) If y 2 Sb satisfies

	 Na1.y/ � inff	 Na1.z/ W z 2 Sbg C ı1; (2.36)

then
�.y; Nx/ � �0 and j	 Na1.y/ � 	 Na1 . Nx/j � ı1 C ı.�0/: (2.37)

It follows from (2.32), (2.35), and (2.33) that

	a1. Nx/� ı1 � inff	a1.z/ W z 2 S Na2g � inff	a1.z/ W z 2 Sbg (2.38)

� inff	 Na1.z/ W z 2 Sbg � 	 Na1 . Nx/ � 	a1. Nx/C ı.�0/

� inff	a1.z/ W z 2 S Na2g C ı1 C ı.�0/:

Assume that y 2 Sb and (2.36) is true. It follows from (2.35), (2.36), (2.38),
(2.33), and (2.30) that

y 2 S Na2 ; 	 Na1.y/ � inff	a1.z/ W z 2 S Na2g C ı.�0/C 2ı1

< inff	 Na1.z/ W z 2 S Na2g C 2ı.�0/:

By these relations and property (Pi), �.y; Nx/ � �0. (2.36), (2.38), (2.32), (2.35), and
(2.33) imply that

j	 Na1.y/� 	 Na1. Nx/j � ı1 C ı.�0/: (2.39)

Thus, (2.37) is valid. Therefore we have shown that for each b 2 U relation (2.35)
and property (Pii) hold. Choose a number

D > j inf.	 Na1/j C 1C j	 Na1. Nx/j: (2.40)
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By (A2) there exists an open neighborhood V of Na1 in A1 with the weak topology
such that the following property holds:

(Piii) For each b 2 V and each x 2 X for which minf	b.x/; 	 Na1 .x/g � D C 2 the
relation j	 Na1.x/ � 	b.x/j � 4�1ı1 is true.

Property (Piii) and (2.40) imply that for each b 2 V

j	b. Nx/ � 	 Na1 . Nx/j � 4�1ı1; inf.	b/ � 	b. Nx/ � D: (2.41)

Now we will show that (H1) is true with the open set W D V � U , x D Nx, ˛ D
	 Na1. Nx/, and � D 4�1ı1.

Assume that b D .b1; b2/ 2 V � U . By (2.41) and (2.35)

Nx 2 Sb2 ; inf.fb/ D inff	b1.z/ W z 2 Sb2g � 	b1. Nx/ < 1: (2.42)

Assume now that z 2 X and fb.z/ � inf.fb/C 4�1ı1. Then

z 2 Sb2 ; 	b1.z/ � inff	b1.y/ W y 2 Sb2g C 4�1ı1: (2.43)

By (2.42), (2.41), and (2.40),

inff	b1.y/ W y 2 Sb2g � 	b1. Nx/ � D; inff	 Na1.y/ W y 2 Sb2g � 	 Na1. Nx/ � D:

These inequalities imply that

inff	b1.y/ W y 2 Sb2g D inff	b1.y/ W y 2 Sb2 and 	b1.y/ � D C 1g

and

inff	 Na1.y/ W y 2 Sb2g D inff	 Na1.y/ W y 2 Sb2 and 	 Na1.y/ � D C 1g:

It follows from these two relations and property (Piii) that

j inff	b1.y/ W y 2 Sb2g � inff	 Na1.y/ W y 2 Sb2gj � 4�1ı1: (2.44)

Equations (2.44), (2.43), (2.42), (2.40), and property (Piii) imply that

j	 Na1.z/ � 	b1.z/j � 4�1ı1; (2.45)

	 Na1 .z/ � inff	 Na1.y/ W y 2 Sb2g C ı1: (2.46)

It follows from (2.46), (2.43), and property (Pii) that

�.z; Nx/ � �0 and j	 Na1.z/ � 	 Na1. Nx/j � ı1 C ı.�0/:
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Together with (2.45), (2.30), and the definition of ı.�0/ this implies that

j	b1.z/ � 	 Na1. Nx/j � 2ı.�0/ � 2�0 < �:

This completes the proof of the proposition. ut
Remark 2.5. In the proof of Proposition 2.4 for any a D .a1; a2/ 2 A1 � A2

satisfying inf.fa/ < 1 and any � > 0 we constructed an open set V in A1 with
the weak topology and an open set U in A2 with the weak topology which satisfy

V \ fb 2 A1 W d1.b; a1/ < �g 6D ; and U \ fb 2 A2 W d2.b; a2/ < �g 6D ;

and such that inf.fb/ < 1 for each b D .b1; b2/ 2 V � U . This implies that there
exists an open set F in A1 � A2 with the weak topology such that inf.fa/ < 1 for
all a 2 F and A is the closure of F in the space A1 � A2 with the strong topology.

2.4 Preliminary Results for Hypotheses (A2) and (H2)

Assume that A W ˝ ! 2R
n n f;g, U W graph.A/ ! 2R

N n f;g and that graph.U / is
a closed subset of the space ˝ � Rn � RN with the product topology. Consider the
spaces X.A;U /, M.A;U /, and Cl.B1 �B2/ introduced in Sect. 2.1.

Proposition 2.6. Let f 2 M.A;U /, .x; u/ 2 X.A;U /, f.xi ; ui /g1
iD1 � X.A;U /

and let �..xi ; ui /; .x; u// ! 0 as i ! 1. Then

Z
˝

f .t; x.t/; u.t//dt � lim inf
i!1

Z
˝

f .t; xi .t/; ui .t//dt:

Proof. We may assume that there is a finite limi!1
R
˝ f .t; xi .t/; ui .t//dt . There

is a subsequence f.xik ; uik /g1
kD1 such that

.xik .t/; uik .t// ! .x.t/; u.t// as k ! 1; t 2 ˝ (a.e.)

(see p. 68 of [33]). By property (ii) (see the definition of M.A;U /) for almost every
t 2 ˝

lim inf
k!1 f .t; xik .t/; uik .t// � f .t; x.t/; u.t//:

The proposition now follows from property (iii) (see the definition of M.A;U /)
and Fatou’s lemma. ut

The following proposition is an auxiliary result for the hypothesis (H2).

Proposition 2.7. Assume that f 2 M.A;U /, f.xi ; ui /g1
iD1 � X.A;U / is a

Cauchy sequence, and the sequence fR˝ f .t; xi .t/; ui .t//dtg1
iD1 is bounded. Then
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there is .x�; u�/ 2 X.A;U / such that .xi ; ui / converges to .x�; u�/ as i ! 1 in
X.A;U / and moreover, if m D 1, then xi .t/ ! x�.t/ as i ! 1 uniformly on
ŒT1; T2�.

Proof. To prove the proposition it is sufficient to show that there exists a subse-
quence f.xik ; uik /g1

kD1 and .x�; u�/ 2 X.A;U / such that .xik ; uik / ! .x�; u�/ as
k ! 1 in X.A;U / and if m D 1, then xik .t/ ! x�.t/ as k ! 1 uniformly
on ŒT1; T2�. (In the case m D 1 this implies that each subsequence of fxi g1

iD1 has a
subsequence which converges to x� uniformly on ŒT1; T2�. This proves that fxig1

iD1
converges to x� uniformly on ŒT1; T2�.)

Since f.xi ; ui /g1
iD1 is a Cauchy sequence there is a strictly increasing sequence of

natural numbers fikg1
kD1 and a sequence of measurable sets Dk � ˝ , k D 1; 2 : : :

such that for all k D 1; 2; : : : ,

mes.Dk/ � 2�k; jxikC1
.t/ � xik .t/j � 2�k; (2.47)

juikC1
.t/ � uik .t/j � 2�k; t 2 ˝ nDk:

Set Ck D [1
iDkDi , k D 1; 2; : : : By (2.47) there exist measurable functions u� W

˝ ! RN and x� W ˝ ! Rn such that

lim
k!1xik .t/ D x�.t/; lim

k!1 uik .t/ D u�.t/; t 2 ˝ n \1
kD1Ck: (2.48)

Since the function f .t; �; �/ is lower semicontinuous for t 2 ˝ (a.e.) (see the
definition of M.A;U /, property (ii)) it follows from (2.48) that

f .t; x�.t/; u�.t// � lim inf
k!1 f .t; xik .t/; uik .t//; t 2 ˝ (a.e.): (2.49)

Clearly the function f .t; x�.t/; u�.t//, t 2 ˝ is measurable. By (2.49), Fatou’s
lemma, and property (iii),

R
˝
f .t; x�.t/; u�.t//dt is finite. It follows from property

(iii) and the boundedness of the sequence fR
˝
f .t; xi .t/; ui .t//dtg1

iD1 that the
family of functions

E D fjH.t; x�.t/; u�.t//j; t 2 ˝; jH.t; xik .t/; uik .t//j; t 2 ˝; k D 1; 2; : : : g

is uniformly integrable (see p. 74 of [32]). Namely for each � > 0 there exists
ı > 0 such that for each measurable set e � ˝ satisfying mes.e/ � ı the following
relations hold:

Z
e

jH.t; x�.t/; u�.t//jdt � �;

Z
e

jH.t; xik .t/; uik .t//jdt � �; k D 1; 2; : : :

It follows from this property, the continuity of H , (2.47), (2.48), and Egorov’s
theorem that for each measurable set e � ˝
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Z
e

H.t; xik .t/; uik .t//dt !
Z
e

H.t; x�.t/; u�.t//dt as k ! 1: (2.50)

Now we consider the case with m D 1. Since the set E is uniformly integrable it
follows from (2.4b), (2.48), and Ascoli’s compactness theorem that a subsequence
of the sequence fxik g1

kD1 converges to a continuous function y W ŒT1; T2� ! Rn

uniformly on ŒT1; T2�. By (2.48) we may assume that x�.t/ D y.t/, t 2 ŒT1; T2�

(a.e.). Thus x� W ˝ ! Rn is continuous and some subsequence of fxikg1
kD1

converges to x� uniformly on ŒT1; T2�. Together with (2.50) this implies that
.x�; u�/ 2 X.A;U /. Since mes.\1

kD1Ck/ D 0 (see (2.47)) it follows from (2.48)
that .xik ; uik / ! .x�; u�/ as k ! 1 in X.A;U /. Therefore the proposition is true
in the case with m D 1.

We turn now to the case with m > 1. Since the set E is uniformly integrable it is
easy to verify that

H.�; x�.�/; u�.�// 2 L1.˝/; H.�; xik .�/; uik .�// 2 L1.˝/; k D 1; 2; : : : ; (2.51)

H.�; xik .�/; uik .�// ! H.�; x�.�/; u�.�// as k ! 1 in L1.˝/:

Note that xik � �� 2 .W 1;1
0 .˝//n, k D 1; 2; : : : (see (2.4)). By Theorem 2.4.1

in [108] there is a constant c > 0 such that jjhjjL1.˝/ � cjjrhjjL1.˝/ for all h 2
W

1;1
0 .˝/. Together with (2.51) and (2.48) this implies that xik ! x� as k ! 1 in

L1.˝IRn/, x� 2 .W 1;1.˝//n, rx� D H.�; x�.�/; u�.�//, and .x�; u�/ 2 X.A;U /.
Analogously to the previous case we obtain that .xik ; uik / ! .x�; u�/ as k ! 1 in
X.A;U /. Thus in the case m > 1 the proposition is proved. ut
Proposition 2.8. Let h 2 Cl.B1 � B2/ and �;D > 0. Then there exists a
neighborhood V of h in Cl.B1 � B2/ with the weak topology such that for each
� 2 V and each x 2 B1 � B2 which satisfies minf�.x/; h.x/g � D the relation
j�.x/ � h.x/j � � holds.

Proof. There is c0 > 0 such that h.x/ � �c0 for all x 2 B1 �B2. Choose a positive
number �1 < 1 for which

�1 C �1.1 � �1/
�1.2CD C c0/ < �

and define V D f� 2 Cl.B1 � B2/ W .�; h/ 2 Ecw.�1/g (see (2.9)). Assume that
� 2 V , x 2 B1 � B2, and minf�.x/; h.x/g � D. It follows from the definition of V
and �1, (2.9) and Lemma 2.1, that �.x/; h.x/ are finite and

j�.x/ � h.x/j < �1 C �21.1 � �1/
�1 C �1.1 � �1/

�1 minfj�.x/j; jh.x/jg
< �1 C �21.1 � �1/�1 C �1.1 � �1/�1.D C c0/ < �:

The proposition is proved. ut
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Corollary 2.9. Let h 2 Cl.B1 � B2/ and � > 0. Then there is a neighborhood V
of h in Cl.B1 � B2/ with the weak topology such that for each � 2 V the inequality
j inf.�/ � inf.h/j � � holds.

Proof. We may assume that inf.h/ is finite and � < 1. By Proposition 2.8 there
exists a neighborhood V of h in Cl.B1 � B2/ with the weak topology such that for
each � 2 V and each x 2 B1 �B2 which satisfies minf�.x/; h.x/g � inf.h/C 2 the
relation j�.x/ � h.x/j � 2�1� holds.

Assume that � 2 V . It follows from the definition of V that for each x 2 B1 �B2
satisfying h.x/ � inf.h/ C 2 the relation j�.x/ � h.x/j � 2�1� is true. Choose
y 2 X such that h.y/ � inf.h/C 2�1�. Then

inf.�/ � �.y/ � h.y/C 2�1� � inf.h/C � � inf.h/C 1:

It follows from this inequality and the definition of V that for each x 2 B1 � B2
satisfying �.x/ � inf.�/C1 the relation j�.x/�h.x/j � 2�1� holds. Choose z 2 X
such that �.z/ � inf.�/C 2�1�. Then

inf.h/ � h.z/ � �.z/C 2�1� � inf.�/C �:

The corollary is proved. ut
The following proposition is an auxiliary result for the assumption (A2).

Proposition 2.10. Let f 2 M.A;U / and � 2 .0; 1/, D > 0. Then there exists a
neighborhood V of f in M.A;U / with the weak topology such that for each g 2 V
and each .x; u/ 2 X.A;U / satisfying

min

�Z
˝

f .t; x.t/; u.t//dt;
Z
˝

g.t; x.t/; u.t//dt

�
� D (2.52)

the following relation holds:
ˇ̌
ˇ̌Z
˝

f .t; x.t/; u.t//dt �
Z
˝

g.t; x.t/; u.t//dt

ˇ̌
ˇ̌ � �: (2.53)

Proof. There is an integrable function 	0.t/ � 0, t 2 ˝ such that

f .t; x; u/ � �	0.t/ for all .t; x; u/ 2 graph.U /: (2.54)

Choose a positive number �1 for which

�1

�
2mes.˝/C 2C

Z
˝

	0.t/dt CD

�
< � (2.55)

and a positive number �0 which satisfies

�0 C �0.1 � �0/�1 < 4�1�1: (2.56)
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Define

V D fg 2 M.A;U / W .g; f / 2 EMw.�0/g (see (2.7)): (2.57)

Assume that g 2 V , .x; u/ 2 X.A;U /, and (2.52) are valid. By (2.57) and (2.7)
there is a nonnegative function 	 2 L1.˝/ such that

R
˝
	.t/dt � 1 and for almost

every t 2 ˝ the inequality

jf .t; y; v/ � g.t; y; v/j < �0 C �0	.t/C �0 maxfjf .t; y; v/j; jg.t; y; v/jg

is true for each y 2 A.t/ and each v 2 U.t; y/. It follows from this inequality,
Lemma 2.1, and (2.56) that for almost every t 2 ˝ the relation

jf .t; y; v/ � g.t; y; v/j < �0 C �20.1 � �0/�1 C 	.t/.�20.1 � �0/
�1 C �0/ (2.58)

C�0.1 � �0/�1 minfjf .t; y; v/j; jg.t; y; v/jg
< 4�1�1 C 4�1�1	.t/C 4�1�1 minfjf .t; y; v/j; jg.t; y; v/jg

is valid for each y 2 A.t/ and each v 2 U.t; y/. Equations (2.58) and (2.54) imply
that for almost every t 2 ˝ the inequality

g.t; y; v/ � f .t; y; v/ � 4�1�1 � 4�1�1	.t/ � 4�1�1jf .t; y; v/j (2.59)

� �4�1�1	.t/� 2	0.t/ � 4�1�1

holds for each y 2 A.t/ and each v 2 U.t; y/. Set

�.t/ D minff .t; x.t/; u.t//; g.t; x.t/; u.t//g; t 2 ˝: (2.60)

It follows from (2.58), (2.54), (2.59), and (2.60) that for almost every t 2 ˝
jf .t; x.t/; u.t// � g.t; x.t/; u.t//j < 4�1�1 C 4�1�1	.t/C

4�1�1 minff .t; x.t/; u.t//C 2	0.t/; g.t; x.t/; u.t//C 	.t/C 4	0.t/C 2g
� 4�1�1 C 4�1�1	.t/C 4�1�1.	.t/C 4	0.t/C 2/C 4�1�1�.t/:

By this relation, (2.52) and (2.55),
Z
˝

jf .t; x.t/; u.t// � g.t; x.t/; u.t//jdt � 4�1�1mes.˝/C 4�1�1
Z
˝

	.t/dt

C4�1�1
Z
˝

	.t/dt C �1

Z
˝

	0.t/dt C �1mes.˝/C 4�1�1D < �:

This completes the proof of the proposition. ut
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Analogously to the proof of Corollary 2.9 we can show that Proposition 2.10
implies the following corollary.

Corollary 2.11. Let f 2 M.A;U / and � > 0. Then there exists a neighborhood
V of f in M.A;U / with the weak topology such that for all g 2 V
ˇ̌
ˇ̌inf

�Z
˝

f .t; x.t/; u.t//dt W .x; u/ 2 X.A;U /
�

� inf

�Z
˝

g.t; x.t/; u.t//dt W

.x; u/ 2 X.A;U /
� ˇ̌
ˇ̌ < �:

Proposition 2.12. Let m D 1, f 2 M.A;U / h 2 Cl.B1 � B2/ and � 2 .0; 1/,
D > 0. Then there exist a neighborhoodU of f in M.A;U / with the weak topology
and a neighborhoodV of h in Cl.B1�B2/ with the weak topology such that for each
.�; g/ 2 V � U and each .x; u/ 2 X.A;U / which satisfies

minfI .f;h/.x; u/; I .g;�/.x; u/g � D (2.61)

the following relations are valid:

jh.x.T1/; x.T2//� �.x.T1/; x.T2//j � �; (2.62)

ˇ̌
ˇ̌Z T2

T1

Œf .t; x.t/; u.t// � g.t; x.t/; u.t//�dt

ˇ̌
ˇ̌ � �: (2.63)

Proof. We may assume that inf.h/ and

inf

�Z T2

T1

f .t; x.t/; u.t//dt W .x; u/ 2 X.A;U /
�

are finite. Choose a number

c0 > 4C j inf.h/j C
ˇ̌
ˇ̌inf

�Z T2

T1

f .t; x.t/; u.t//dt W .x; u/ 2 X.A;U /
� ˇ̌
ˇ̌ :

By Corollaries 2.9 and 2.11 there exist a neighborhood V1 of h 2 Cl.B1 �B2/ with
the weak topology such that

j inf.�/j < c0 for all � 2 V1 (2.64)

and a neighborhood U1 of f in M.A;U / with the weak topology such that

ˇ̌
ˇ̌inf

�Z T2

T1

g.t; x.t/; u.t//dt W .x; u/ 2 X.A;U /
� ˇ̌
ˇ̌ < c0 for all g 2 U1: (2.65)
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By Proposition 2.8 there exists a neighborhood V of h in Cl.B1 � B2/ with the
weak topology such that V � V1 and that for each � 2 V and each z 2 B1 � B2
which satisfies minf�.z/; h.z/g � D C c0 C 2 the relation j�.z/ � h.z/j � � holds.
By Proposition 2.10 there exists a neighborhoodU of f in M.A;U / with the weak
topology such that U � U1 and that for each g 2 U and each .x; u/ 2 X.A;U /

satisfying

min

�Z T2

T1

f .t; x.t/; u.t//dt;
Z T2

T1

g.t; x.t/; u.t//dt

�
� D C c0 C 2

the inequality (2.63) holds.
Now assume that .�; g/ 2 V � U and .x; u/ 2 X.A;U / satisfy (2.61). It follows

from (2.61), (2.64), and (2.65) that

minf�.x.T1/; x.T2//; h.x.T1/; x.T2//g � c0

� minfI .f;h/.x; u/; I .g;�/.x; u/g � D

and

min

�Z T2

T1

f .t; x.t/; u.t//dt;
Z T2

T1

g.t; x.t/; u.t//dt

�
� c0

� minfI .f;h/.x; u/; I .g;�/.x; u/g � D:

By these inequalities and the definition of U and V , the inequalities (2.62) and (2.63)
are valid. The proposition is proved. ut

2.5 A Preliminary Lemma for Hypothesis (A3)

Fix a number d0 2 .0; 1/. There is a C1-function 	0 W R1 ! Œ0; 1� such that
	0.t/ D 1 if jt j � d0; 1 > 	0.t/ > 0 if d0 < jt j < 1, and 	0.t/ D 0 if jt j � 1.
Define a C1-function N	 W R1 ! R1 by N	.x/ D R x

0
	0.t/dt; x 2 R1. Clearly N	 is

monotone increasing, N	.x/ D x if jxj � d0 and

N	.x/ D N	.1/ if x � 1; N	.x/ D N	.�1/ if x � �1; (2.66)

d0 D N	.d0/ � N	.x/ � N	.1/ � 1 for all x 2 .d0; 1/: (2.67)

Now we define a set L � Cl.B1�B2/. In the casem D 1we set L D Cl.B1�B2/
and in the case m > 1 denote by L a singleton f0g where 0 is a function in Cl.B1 �
B2/ which is identical to zero. In the case m > 1 for each .f; �/ 2 M.A;U / � L
and each .x; u/ 2 X.A;U / we set

I .f;�/.x; u/ D I .f /.x; u/ (2.68)
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(see (2.10) and (2.11)). For each measurable set E � Rm, each measurable set
E0 � E , and each h 2 L1.E/ we set

jjhjjL1.E0/ D
Z
E0

jh.t/jdt: (2.69)

Fix an integer k � 1. It is easy to verify that all partial derivatives of the functions
.x; y/ ! N	.jx � yj2/, .x; y/ 2 Rq � Rq with q D n;N up to the order k are
bounded (by some Nd > 0).

For each � 2 .0; 1/ choose �0.�/ 2 .0; �/ such that

EX.8�0.�// � f..x1; u1/; .x2; u2// 2 X.A;U / �X.A;U / W
�..x1; u1/; .x2; u2// � �g (2.70)

(see (2.5)) and

�0.�/ < 4
�1�. Nd C 2/�1 (2.71)

and choose

�1.�/ 2 .0; d0�0.�//; (2.72)

ı.�/ 2 .0; 16�1�1.�/4/: (2.73)

Lemma 2.13. Let �2.0; 1/, f 2M.A;U /, �2L, and let Y � X.A;U /, . Nx; Nu/2Y ,

I .f;�/. Nx; Nu/ � inffI .f;�/.x; u/ W .x; u/ 2 Y g C ı.�/ < 1: (2.74)

Then there is g W Rm � Rn � RN ! R1 in Ck.RmCnCN/ which satisfies

0 � g.t; x; u/ � � for all .t; x; u/ 2 Rm �Rn � RN ; (2.75)

jjg.t; �; �/jjCk.Rn�RN / � � for all t 2 Rm

such that for a function Nf 2 M.A;U / defined by

Nf .t; x; u/ D f .t; x; u/C g.t; x; u/; .t; x; u/ 2 graph.U / (2.76)

the following properties hold:

I .
Nf ;�/. Nx; Nu/ � I .f;�/. Nx; Nu/C ı.�/I (2.77)

for each .y; v/ 2 Y satisfying

I .
Nf ;�/.y; v/ � inffI . Nf ;�/.z;w/ W .z;w/ 2 Y g C 2ı.�/ (2.78)

the relation �..y; v/; . Nx; Nu// � � is valid.
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Moreover the function g is the sum of two functions, one of them depending only
on .t; x/ while the other depending only on .t; u/.

Proof. Choose a positive number �2 for which

�2 < .mes.˝/C 1/�18�1ı.�/d0. Nd C 1/�1: (2.79)

There is a measurable set E0 � ˝ such that

mes.˝ nE0/ < 2�1�2 (2.80)

and the functions Nx and Nu are bounded on E0. There exist sequences of functions
f Nxi g1

iD1 2 C1.RmIRn/ and fNuig1
iD1 � C1.RmIRN/ such that

jjNui � NujjL1.E0/; jj Nxi � NxjjL1.E0/ ! 0 as i ! 1 (2.81)

(p. 13 of [57]). We may assume without loss of generality that Nui .t/ ! Nu.t/,
Nxi .t/ ! Nx.t/ as i ! 1, t 2 E0 (a.e.) By Egorov’s theorem there is a measurable
set E1 � E0 such that

mes.E0 n E1/ < 2�1�2 (2.82)

and

Nui .t/ ! Nu.t/ and Nxi .t/ ! Nx.t/ uniformly in E1 as i ! 1: (2.83)

There is an integer s � 1 such that

maxfjNus.t/ � Nu.t/j; j Nxs.t/ � Nx.t/jg � 4�1�2.mes.˝/C 1/�1; t 2 E1: (2.84)

Define a function g W Rm � Rn � RN ! R1 by

g.t; x; u/ D �0.�/ N	.jx � Nxs.t/j2/C �0.�/ N	.ju � Nus.t/j2/; .t; x; u/2Rm�Rn�RN :
(2.85)

Clearly g 2 C1.Rm �Rn � RN/. Define

Nf .t; x; u/ D f .t; x; u/C g.t; x; u/; .t; x; u/ 2 graph.U /: (2.86)

Evidently Nf 2 M.A;U /. It follows from (2.85), the definition of Nd , (2.66), (2.67),
and (2.71) that (2.75) is true. We will show that (2.77) is true. By (2.86), (2.85),
(2.84), (2.66), and (2.67),

I .
Nf ;�/. Nx; Nu/ D I .f;�/. Nx; Nu/C �0.�/

Z
˝

N	.j Nx.t/ � Nxs.t/j2/dt

C�0.�/
Z
˝

N	.jNu.t/ � Nus.t/j2/dt D I .f;�/. Nx; Nu/C �0.�/

Z
E1

N	.j Nx.t/ � Nxs.t/j2dt
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C�0.�/
Z
˝nE1

N	.j Nx.t/ � Nxs.t/j2/dt C �0.�/

Z
E1

N	.jNu.t/ � Nus.t/j2/dt

C�0.�/
Z
˝nE1

N	.jNu.t/ � Nus.t/j2/dt � I .f;�/. Nx; Nu/

C2.mes.˝//�0.�/ N	..4�1�2/2/C 2�0.�/ mes .˝ nE1/:

It follows from this relation, (2.79), (2.66), (2.67), (2.80), and (2.82) that

I .
Nf ;�/. Nx; Nu/ � I .f;�/. Nx; Nu/C 2mes.˝/�0.�/.4�1�2/2 C 2�0.�/�2

� I .f;�/. Nx; Nu/C 4�0.�/�2 � I .f;�/. Nx; Nu/C ı.�/:

Thus (2.77) is valid. Now assume that .y; v/ 2 Y satisfies (2.78). It follows from
(2.78), (2.86), (2.85), and (2.74) that

I .f;�/.y; v/C �0.�/

Z
˝

N	.j Nxs.t/ � y.t/j2/dt C �0.�/

Z
˝

N	.jv.t/ � Nus.t/j2/dt

D I .
Nf ;�/.y; v/ � 2ı.�/C I .

Nf ;�/. Nx; Nu/
� 3ı.�/C I .f;�/. Nx; Nu/ � I .f;�/.y; v/C 4ı.�/:

This implies that

Z
˝

N	.j Nxs.t/ � y.t/j2/dt C
Z
˝

N	.jNus.t/ � v.t/j2/dt � 4ı.�/.�0.�//
�1: (2.87)

Set

E2 D ft 2 ˝ W jy.t/ � Nxs.t/j � 2�1�1.�/g;
E3 D ft 2 ˝ W jv.t/ � Nus.t/j � 2�1�1.�/g: (2.88)

Then by (2.88), (2.87), (2.71), (2.72), (2.66), (2.67), and (2.73)

mes.E2/C mes.E3/ � 4�1.�/
�2
�Z

E2

N	.j Nxs.t/ � y.t/j2/dt

C
Z
E3

N	.jNus.t/ � v.t/j2/dt
�

(2.89)

� 16�1.�/
�2ı.�/.�0.�//�1 < �1.�/:

It follows from (2.89), (2.88), (2.84), (2.79), (2.80), and (2.82) that

mesft 2 ˝ W jy.t/ � Nx.t/j � �1.�/g � mes.˝ n E1/
Cmes.ft 2 ˝ W jy.t/ � Nxs.t/j � 2�1�1.�/g � �2 C �1.�/ � 2�1.�/
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and

mesft 2 ˝ W jv.t/ � Nu.t/j � �1.�/g � mes.˝ n E1/

Cmesft 2 ˝ W jv.t/ � Nus.t/j � 2�1�1.�/g
� �2 C �1.�/ � 2�1.�/:

These relations and (2.70) imply that

..y; v/; . Nx; Nu// 2 EX.4�1.�//;
�..y; v/; . Nx; Nu// � �:

This completes the proof of the lemma. ut

2.6 An Auxiliary Result

Let p � 1 be an integer and let e1 D .1; 0; : : : 0/,: : : , ep D .0; : : : ; 0; 1/ be the
standard basis in Rp. For each set E � Rp denote by conv.E/ its convex hull.

Proposition 2.14. Let a finite set E D fhij W i D 1; 2; : : : p; j D 1; 2g � Rp

satisfy

jhi1 � ei j; jhi2 C ei j � .2p/�1; i D 1; : : : p:

Then the relation 0 2 conv.E/ holds.

Proof. Let us assume the converse. Then 0 62 conv.E/ and there is � D
.�1; : : : ; �p/ 2 Rp n f0g such that inff< g; � >W g 2 conv.E/g > 0. We may
assume that j�1j � j�i j, i D 1; : : : ; p. There are two cases: �1 > 0; �1 < 0. Consider
the case with �1 > 0. Then 0 < �; h12 >D< �;�e1 > C < �; h12 C e1 >�
��1 C .2p/�1pj�1j < 0, a contradiction. Analogously we obtain a contradiction in
the second case. The proposition is proved. ut

2.7 An Auxiliary Lemma for Hypothesis (A4)

Assume thatA W ˝ ! 2R
n nf;g and graph.A/ is a closed subset of the space˝�Rn

with the product topology. Let e1 D .1; 0; : : : ; 0/, e2 D .0; 1; : : : 0/; : : : ; eN D
.0; 0; : : : 1/ be a standard basis in RN . Now we define a set L � Cl.B1 � B2/. In
the case m D 1 we set L D Cl.B1 � B2/ and in the case m > 1 we denote by L
a singleton f0g where 0 is a function in Cl.B1 � B2/ which is identical zero. In the
case m > 1 for each .f; �/ 2 M.A; QUA/ � L and each .x; u/ 2 X.A; QUA/ we set
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I .f;�/.x; u/ D I .f /.x; u/

(see (2.10), (2.11), and (2.12)).

Lemma 2.15. Let f 2 M.A; QUA/, � 2 L, U 2 PA,

f.x; u/ 2 X.A;U / W I .f;�/.x; u/ < 1g 6D ;; (2.90)

and let �; ı > 0. Then there are U� 2 PA, . Nx; Nu/ 2 X.A;U�/, and an open set W in
PA such that

.U�; U / 2 EPA.�/; W \ fV 2 PA W .U; V / 2 EPA.�/g 6D ;; (2.91)

I .f;�/. Nx; Nu/ � inffI .f;�/.x; u/ W .x; u/ 2 X.A;U�/g C ı < 1 (2.92)

and for all V 2 W ,

. Nx; Nu/ 2 X.A; V / � X.A;U�/: (2.93)

Proof. For each r 2 Œ0; 1� define Ur 2 PA by

Ur.t; x/ D fu 2 RN W dH .u; U.t; x// � rg; .t; x/ 2 graph.A/ (2.94)

and define

�.r/ D inffI .f;�/.x; u/ W .x; u/ 2 X.A;Ur/g: (2.95)

Clearly �.r/ is finite for all r 2 Œ0; 1� and the function � is monotone decreasing.
There is r0 2 .0; 8�1�/ such that � is continuous at r0. Choose r1 2 .0; r0/ such that

j�.r1/� �.r0/j < 16�1ı: (2.96)

There is

. Nx; Nu/ 2 X.A;Ur1/ (2.97)

such that

I .f;�/. Nx; Nu/ � �.r1/C 16�1ı: (2.98)

Equations (2.96) and (2.98) imply that

I .f;�/. Nx; Nu/ � �.r0/C 8�1ı: (2.99)

Set
r2 D 2�1.r0 C r1/: (2.100)

Clearly

.Uri ; U / 2 EPA.�/; i D 0; 1; 2: (2.101)
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Choose a positive number � for which

� < minf4�1ı; .16N /�1.r0 � r1/g (2.102)

and define

W D fV 2 PA W .Ur2 ; V / 2 EPA.�/g; U� D Ur0: (2.103)

It follows from (2.101), (2.103), (2.99), and (2.95) that (2.91) and (2.92) are true.
Assume that V 2 W . Then by (2.103), (2.102), and (2.100) for each .t; x/ 2

graph.A/

V.t; x/ � fz 2 RN W dH .z; Ur2.t; x// � �g
� fz 2 RN W dH.z; U.t; x// � r0g D Ur0.t; x/:

Therefore

X.A; V / � X.A;Ur0/: (2.104)

We will show that . Nx; Nu/ 2 X.A; V /. It is sufficient to show that

Nu.t/ 2 V.t; Nx.t// for almost every t 2 ˝: (2.105)

By (2.97) for almost every t 2 ˝

Nu.t/ 2 Ur1.t; Nx.t//: (2.106)

Assume that t 2 ˝ and (2.106) is true. By (2.106), (2.100), (2.94), and (2.103) for
i D 1; : : : ; N

Nu.t/C 2�1.r0 � r1/ei ; Nu.t/ � 2�1.r0 � r1/ei 2 Ur2.t; Nx.t//

and there are zi1; zi2 2 RN such that

Nu.t/C zi1; Nu.t/C zi2 2 V.t; Nx.t//; jzi1 � 2�1.r0 � r1/ei j; jzi2 C 2�1.r0 � r1/ei j � �:

(2.107)

Since the set V.t; Nx.t// is convex it follows from (2.107), (2.102), and Proposi-
tion 2.14 that

0 2 convfzij W i D 1; : : : N; j D 1; 2g; Nu.t/ 2 V.t; Nx.t//:

This implies that . Nx; Nu/ 2 X.A; V /. The lemma is proved. ut
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2.8 Proof of Theorem 2.2 and Its Extensions

Proof. By Propositions 2.6 and 2.7 (A1) holds and Ja is lower semicontinuous for
all a 2 A1 � A2. By Theorem 2.3 we need to verify that (H1) and (H2) are valid.
(H2) follows from Proposition 2.7. Therefore it is sufficient to show that (H1) holds.
By Proposition 2.4 it is sufficient to show that (A2), (A3), and (A4) are valid. (A2)
follows from Propositions 2.10 and 2.12. By Lemma 2.13, (A3) holds. (A4) follows
from Lemma 2.15. This completes the proof of the theorem. ut

As we mentioned in Sect. 2.1 we proved Theorem 2.2 in such a manner that
it is applicable for all the spaces of integrands introduced there. All the spaces of
integrands are subspaces of M.A;U /. Since (H2), (A1), (A2), and (A4) hold for the
class of optimal control problems with the space of integrands M.A;U / they are
also valid for all its subclasses considered here. On the other hand (A3) follows from
Lemma 2.13 which establishes that f C g and f belong to the same subspaces of
integrands. This implies that (A3) holds for all classes of optimal control problems
introduced in Sect. 2.1.

As seen from the proof of Lemma 2.13 the perturbation g of the integrand f
is chosen as the sum of two functions, one of them depending only on .t; x/ while
the other depending only on .t; u/. Therefore Theorem 2.2 can be easily extended
to subclasses of the classes of optimal control problems introduced in Sect. 2.1 in
which integrands are sums of two finite-valued functions, one of them, depending
only on .t; x/, is defined on graph.A/ while the other, depending only on .t; u/, is
defined on ˝ �RN .

In this section we present the extension of the generic existence and uniqueness
result established in [86, 88] for the space of lower semicontinuous integrands f W
graph.U / ! R1. This generalization holds for all the spaces of integrands defined
in Sect. 2.1 and it is obtained as a realization of the generic variational principle
established in Sect. 2.2.

Assume that A W ˝ ! 2R
n n f;g; U W graph.A/ ! 2R

N n f;g and graph(U / is
a closed subset of ˝ �Rn �RN with the product topology. We consider the metric
space X.A;U / with the metric � (see (2.5)).

Now we define A1 as follows:

A1 D A11 � A12 if m D 1 and A1 D A11 if m > 1;

where A12 is either Cl.B1 � B2/ or C.B1 � B2/ or a singleton f�g � Cl.B1 � B2/,
and A11 is one of the following spaces:

M.A;U /I Ml .A; U /I Mc.A; U /I
Mk.A; QUA/I Ml

k.A;
QUA/I Mc

k.A;
QUA/ (here k � 1 is an integer, U D QUA

and graph.A/ is a closed subset of the space ˝ � Rn
with the product topology)I
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M�
k.

QA; QU /I M�l
k .

QA; QU /I
M�c

k .
QA; QU / (here k � 1 is an integer and A D QA; U D QU /:

Denote by A the closure of the set fa 2 A1 W inf.I .a// < 1g in the space A1 with
the strong topology. We assume that A is nonempty. The following result is proved
analogously to Theorem 2.2.

Theorem 2.16. The minimization problem for I .a/ on .X.A;U /; �/ is generically
strongly well posed with respect to A.

2.9 Variational Problems

We use the notations and definitions introduced in Sect. 2.1. Assume that n D N ,
H.t; x; u/ D u, .t; x; u/ 2 ˝�Rn�Rn andB1 andB2 are singletons. Let A W ˝ !
2R

n n f;g; U W graph.A/ ! 2R
n n f;g and let graph(U / be a closed subset of the

space ˝ � Rn � Rn with the product topology. If .x; u/ 2 X.A;U /, then u D rx
and .x; u/ are identified with x 2 .W 1;1.˝//n. In this section we omit the notation u
in describing the elements of X.A;U /. For the set X.A;U / we consider the metric
� introduced in Sect. 2.1 (see (2.5)) and the metric �s defined by

�s.x; y/ D jjx � yjjW 1;1.˝/ for all x; y 2 X.A;U /:
Clearly .X.A;U /; �s/ is a complete metric space and its uniform structure is
stronger than the uniformity which generates the metric �. Finally for the set
X.A;U / we consider the third uniformity which is determined by the following
base:

EXw.�/ D f.x1; x2/ 2 X.A;U / �X.A;U / W (2.108)

mesft 2 ˝ W jrx1.t/ � rx2.t/j � �g � �g;

where � > 0. (Note that if x; y 2 X.A;U / and rx D ry, then x D y (Theorem
2.4.1 of [108].) It is easy to see that this uniform structure is metrizable (by a metric
�w) and weaker than the uniformity which generates the metric �.

For variational problems considered in this section we can obtain strong versions
of Theorems 2.2 and 2.16. These strong versions establish generic strong well-
posedness of the minimization problem on the space .X; �s/ while in Theorems 2.2
and 2.16 it is obtained on .X; �/. They are derived from Theorems 2.2 and 2.16,
Proposition 2.10, and the following proposition.

Proposition 2.17. Let f 2 M.A;U /,

c0 > inf

�Z
˝

f .t; x.t/;rx.t//dt W x 2 X.A;U /
�

(2.109)
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and let

Y D fx 2 X.A;U / W
Z
˝

f .t; x.t/;rx.t//dt � c0g: (2.110)

Then for each � > 0 there exists ı > 0 such that if x1; x2 2 Y and .x1; x2/ 2
EXw.ı/, then �s.x1; x2/ � �.

Proof. Let � > 0. In the case m > 1 by Theorem 2.4.1 in [108] there exists a
constant c > 0 such that jjhjjL1.˝/ � cjjrhjjL1.˝/ for all h 2 W 1;1

0 .˝/. In the case
m D 1 set c D 1. Choose a positive number


 < .32.c C 1/.mes.˝/C 1//�1�:

By property (iii) (see the definition of M.A;U /) and (2.110), the family of
functions fjrx.�/j W x 2 Y g is uniformly integrable. Therefore there exists
� 2 .0;
/ such that for each x 2 Y and each measurable set e � ˝ satisfying
mes.e/ � � the inequality

R
e

jrx.t/jdt � 
 holds. Choose a positive number
ı < .8c C 8/�1.mes.˝/C 1/�2� .

Assume that x1; x2 2 Y and .x1; x2/ 2 EXw.ı/. There exists a measurable set
e � ˝ such that mes.e/ � ı and jrx1.t/� rx2.t/j � ı, t 2 ˝ n e. It follows from
these inequalities and the definition of � and ı that

Z
e

jrxi .t/jdt � 
; i D 1; 2;

Z
˝

jrx1.t/� rx2.t/jdt; (2.111)

�
Z
e

jrx1.t/� rx2.t/jdt C
Z
˝ne

jrx1.t/ � rx2.t/jdt � 2
C ımes.˝/:

In the case m D 1 we have

jx1.t/ � x2.t/j �
Z
˝

jrx1.s/� rx2.s/jds; t 2 ˝

and by (2.111) and the definition of ı and


�s.x1; x2/ D jjx1 � x2jjW 1;1.˝/ � .mes.˝/C 1/jjrx1 � rx2jjL1.˝/
� .mes.˝/C 1/.2
C ımes.˝// < �:

In the casem > 1 it follows from (2.4), the definition of c, (2.111), and the definition
of ı;
 that

�s.x1; x2/ D jjx1 � x2jjL1.˝/ C jjrx1 � rx2jjL1.˝/
� .c C 1/jjrx1 � rx2jjL1.˝/ � .c C 1/.2
C ımes.˝// < �:

This completes the proof of the proposition. ut
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Proposition 2.17 and the completeness of the space .X.A;U /; �s/ imply the
following result.

Proposition 2.18. Assume that f 2 M.A;U /, fxi g1
iD1 is a Cauchy sequence in

the space X.A;U / with the metric �w and the sequence

�Z
˝

f .t; xi .t/;rxi .t//dt
�1

iD1

is bounded. Then there is x� 2 X.A;U / such that �s.xi ; x�/ ! 0 as i ! 1 and
moreover if m D 1, then xi .t/ ! x�.t/ as i ! 1 uniformly on ŒT1; T2�.

From now on in this section we consider a fixed set-valued mapping A W ˝ !
2R

n n f;g for which graph.A/ is a closed subset of the space ˝ � Rn with the
product topology and a set-valued mapping QUA W graph.A/ ! 2R

n n f;g where
QUA.t; x/ D Rn; .t; x/ 2 graph.A/. For each f 2 M.A; QUA/ we define I .f / W
X.A; QUA/ ! R1 [ f1g by

I .f /.x/ D
Z
˝

f .t; x.t/;rx.t//dt; x 2 X.A; QUA/:

Consider the space of set-valued mappings A2 and the space of integrands A11

defined in Sect. 2.1. Denote by A0 the set of all functions f 2 A11 which do
not depend on x. Clearly A0 is a closed subset of A11 with the strong topology.
We consider the topological subspace A0 � A11 with the relative weak and strong
topologies.

Let a function F W graph.A/� Rn ! R1 [ f1g have the following properties:
F is measurable with respect to the �-algebra generated by products of Lebesgue

measurable subsets of ˝ and Borel subsets of Rn �Rn.
F.t; �; �/ is lower semicontinuous for almost every t 2 ˝ .
There exists an integrable scalar function  F .t/ � 0; t 2 ˝ , such that

F.t; x; u/ �  F .t/ for all .t; x; u/ 2 graph .A/ � Rn.
Clearly for each g 2 M.A; QUA/, g C F 2 M.A; QUA/.
For each a D .a1; a2/ 2 A0 � A2 we define Ja W X.A; QUA/ ! R1 [ f1g by

Ja.x/ D I .a1CF /.x/; x 2 Sa2; Ja.x/ D 1; x 2 X.A; QUA/ n Sa2 :

Here Sa2 D X.A; a2/ (see (2.19)). Denote by A the closure of the set fa 2 A0�A2 W
inf.Ja/ < 1g in the space A0 � A2 with the strong topology. We assume that A is
nonempty.

Theorem 2.19. The minimization problem for Ja on .X.A; QUA/; �s/ is generically
strongly well posed with respect to A.

Proof. We will show that the following assertion holds:
The minimization problem for Ja on .X.A; QUA/; �w/ is generically strongly well

posed with respect to A.
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This assertion is proved analogously to Theorem 2.2. Note that Propositions 2.6
and 2.18 imply the lower semicontinuity of Ja for all a 2 A0 � A2, (H2) follows
from Proposition 2.18, and (A3) is derived from a modification of Lemma 2.13. In
this modification the perturbation g D g.t; x; u/ does not depend on x and in the
last line of the statement of Lemma 2.13 � is substituted by �w. The proof of this
modification is analogous to the proof of Lemma 2.13. In the relation (2.70) � is
substituted by �w and EX is substituted by EXw and in (2.85) g is defined by

g.t; x; u/ D �0.�/ N	.ju � Nus.t/j2/; .t; x; u/ 2 Rm � Rn �Rn:

Thus there exists an everywhere dense (in the strong topology) set B � A
which is a countable intersection of open (in the weak topology) subsets of A
such that for any a 2 B the assertions (1) and (2) of Theorem 2.3 hold with
.X; �/ D .X.A; QUA/; �w/ and fb D Jb , b 2 A.

Let a D .a1; a2/ 2 B. By the assertion (1) of Theorem 2.3 inf.Ja/ is finite and
attained at a unique element Nx 2 X.A; QUA/. In order to complete the proof of the
theorem it is sufficient to show that the assertion (2) of Theorem 2.3 holds with
.X; �/ D .X.A; QUA/; �s/ and fb D Jb , b 2 A.

By Proposition 2.10 there exists an open (in the weak topology) neighborhood
V1 of a1 in A0 such that for each b 2 V1 and each x 2 X.A; QUA/ satisfying
I .bCF /.x/ � inf.Ja/C 1 the following relation holds:

I .a1CF /.x/ � I .bCF /.x/C 1 � inf.Ja/C 2: (2.112)

Let � 2 .0; 1/. It follows from Proposition 2.17 that there exists �0 2 .0; �/ such
that for each x1; x2 2 X.A; QUA/ satisfying

I .a1CF /.xi / � inf.Ja/C 2; i D 1; 2 and �w.x1; x2/ � �0 (2.113)

the relation �s.x1; x2/ � � holds. By the assertion (2) of Theorem 2.3 which holds
for the space .X.A; QUA/; �w/ there are a neighborhood V of a in A with the weak
topology and ı > 0 such that for each b 2 V , inf.Jb/ is finite and if z 2 X.A; QUA/
satisfies

Jb.z/ � inf.Jb/C ı; (2.114)

then

�w. Nx; z/ � �0 and jJb.z/ � Ja. Nx/j � �0: (2.115)

We may assume that

V � V1 � A2: (2.116)

Now assume that b D .b1; b2/ 2 V and z 2 X.A; QUA/ satisfies (2.114). Then
(2.115) holds. By (2.115), (2.116), and the definition of V1 (see (2.112))

I .a1CF /.z/ � inf.Ja/C 2:
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It follows from this inequality, (2.115), and the definition of �0 (see (2.113)) that
the relation �s. Nx; z/ � � holds. Thus the assertion (2) of Theorem 2.3 holds with
.X; �/ D .X.A; QUA/; �s/ and fb D Jb , b 2 A. This completes the proof of the
theorem. ut

Note that for the class of variational problems considered here we can also prove
an analog of Theorem 2.16 in which only integrands are subject to variations.

2.10 Optimal Control Problems with Cinquini Growth
Condition

In this chapter we also prove an extension of Theorem 2.2 to a class of optimal
control problems satisfying the Cinquini growth condition obtained in [90]. We use
the notations and definitions introduced in Sect. 2.1.

Let n;N � 1 be integers. We assume that ˝ D .T1; T2/, where T1 and T2 are
fixed real numbers for which T1 < T2, H.t; x; u/ is a fixed continuous function
defined on˝ �Rn �RN with values in Rn such that H.t; x; u/ D .Hi /

n
iD1 and B1

and B2 are fixed bounded nonempty closed subsets of Rn.
Suppose that a.t/, t 2 ŒT1; T2� is a given integrable scalar nonpositive function

and 	; W Œ0;1/ ! Œ0;1/ are nondecreasing functions such that 	 is convex

lim
r!1	.r/=r D 1 (2.117)

and

lim
r!1Œ	.2r.T2 � T1/�1/�  .r C supfjyj W y 2 B1 [ B2g/� D 1:

Define set-valued mappings QA W ˝ ! 2R
n nf;g and QU W ˝�Rn ! 2R

N nf;g by

QA.t/ D Rn; t 2 ˝; QU .t; x/ D RN ; .t; x/ 2 ˝ �Rn: (2.118)

For each A W ˝ ! 2R
n n f;g and each U W graph.A/ ! 2R

N n f;g for which
graph.U / is a closed subset of the space˝�Rn�RN with the product topology, we
denote byX.A;U / the set of all pairs of functions .x; u/, where x D .x1; : : : ; xn/ 2
.W 1;1.˝//n, u D .u1; : : : uN / W ˝ ! RN is measurable and the following relations
hold:

x.t/ 2 A.t/; t 2 ˝ (a.e.); u.t/ 2 U.t; x.t//; t 2 ˝ (a.e.); (2.119a)

x0.t/ D H.t; x.t/; u.t//; t 2 ˝ (a.e.); (2.119b)

x.Ti / 2 Bi ; i D 1; 2: (2.119c)
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Let A W ˝ ! 2R
n nf;g, U W graph.A/ ! 2R

N nf;g and let graph.U / be a closed
subset of the space ˝ � Rn � RN with the product topology.

For the set X.A;U / defined above we consider the uniformity which is deter-
mined by the following base:

EX.�/ D f..x1; u1/; .x2; u2// 2 X.A;U /�X.A;U / W (2.120)

mesft 2 ˝ W jx1.t/ � x2.t/j C ju1.t/ � u2.t/j � �g � �g;

where � > 0. The uniform spaceX.A;U / is metrizable (by a metric �). In the space
X.A;U / we consider the topology induced by the metric �.

Next we define spaces of integrands associated with the maps A and U . By
M.A;U / we denote the set of all functions f W graph.U / ! R1 [ f1g with the
following properties:

(i) f is measurable with respect to the �-algebra generated by products of
Lebesgue measurable subsets of ˝ and Borel subsets of Rn �RN .

(ii) f .t; �; �/ is lower semicontinuous for almost every t 2 ˝ .
(iii) f .t; x; u/ � 	.jH.t; x; u/j/�  .jxj/C a.t/; .t; x; u/ 2 graph.U /.

Due to property (i) for every f 2 M.A;U / and every .x; u/ 2 X.A;U / the function
f .t; x.t/; u.t//, t 2 ˝ is measurable. The growth condition in (iii) was employed
in [22, 41] to study a Bolza problem.

Denote by Ml .A; U / (respectively, Mc.A; U /) the set of all lower semicontinu-
ous (respectively, finite-valued continuous) functions f W graph.U / ! R1[f1g in
M.A;U /. Now we equip the set M.A;U / with the strong and weak topologies. For
the space M.A;U / we consider the uniformity determined by the following base:

EMs.�/ D f.f; g/ 2 M.A;U / � M.A;U / W (2.121)

jf .t; x; u/ � g.t; x; u/j � �; .t; x; u/ 2 graph.U /g;

where � > 0. It is easy to see that the uniform space M.A;U / with this
uniformity is metrizable (by a metric dM) and complete. This uniformity generates
in M.A;U / the strong topology. Clearly Ml .A; U / and Mc.A; U / are closed
subsets of M.A;U / with this topology.

For each �; r > 0 we set

EMw.�; r/ D f.f; g/ 2 M.A;U / � M.A;U / W there exists a nonnegative
(2.122)

	 2 L1.˝/ such that
Z
˝

	.t/dt � 1; and for almost every t 2 ˝;

jf .t; x; u/ � g.t; x; u/j < � C �maxfjf .t; x; u/j; jg.t; x; u/jg C �	.t/

for each x 2 A.t/ satisfying jxj � r and each u 2 U.t; x/g:
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Using Lemma 2.1 we can easily show that for the set M.A;U / there exists the
uniformity which is determined by the base EMw.�; r/, �; r > 0. This uniformity
induces in M.A;U / the weak topology.

Denote by Cl.B1 � B2/ the set of all lower semicontinuous functions � W B1 �
B2 ! R1 [ f1g bounded from below. We also equip the set Cl.B1 � B2/ with
strong and weak topologies. For the set Cl.B1 � B2/ we consider the uniformity
determined by the following base:

Ec.�/ D f.�; h/ 2 Cl.B1 � B2/ � Cl.B1 � B2/ W j�.z/ � h.z/j � �; z 2 B1 �B2g;
(2.123)

where � > 0. It is easy to see that the uniform space Cl.B1 � B2/ is metrizable (by
a metric dc) and complete. This metric induces in Cl.B1 �B2/ the strong topology.
We do not write down the explicit expressions for the metrics dM and dc because
we are not going to use them in the sequel.

For any � > 0 we set

Ecw.�/ D f.�; h/ 2 Cl.B1 � B2/ � Cl.B1 � B2/ W j�.z/ � h.z/j (2.124)

< � C �maxfj�.z/j; jh.z/jg; z 2 B1 �B2g;

where � > 0. In view of Lemma 2.1, for the setCl.B1�B2/ there exists a uniformity
which is determined by the base Ecw.�/, � > 0. This uniformity induces in Cl.B1 �
B2/ the weak topology. Denote by C.B1�B2/ the set of all finite-valued continuous
functions h in Cl.B1 � B2/. Clearly it is a closed subset of Cl.B1 � B2/ with the
weak topology.

For each f 2 M.A;U / and each � 2 Cl.B1�B2/we define I .f;�/ W X.A;U / !
R1 [ f1g by

I .f;�/.x; u/ D
Z T2

T1

f .t; x.t/; u.t//dt C �.x.T1/; x.T2//; .x; u/ 2 X.A;U /:

(2.125)

We will show that (2.125) defines lower semicontinuous functionals on X.A;U /.
From now on in this section we consider a fixed set-valued mapping A W ˝ !

2R
n nf;g for which graph.A/ is a closed subset of the space˝�Rn with the product

topology. Denote by QUA the restriction of QU (see (2.118)) to the graph.A/. Namely

QUA W graph.A/ ! 2R
N

; QU .t; x/ D RN ; .t; x/ 2 graph.A/: (2.126)

We consider functionals I .f;�/ with .f; �/ 2 M.A; QUA/�Cl.B1�B2/ defined on
the space X.A; QUA/ (see (2.119)). The main result of this section will be established
for several classes of optimal control problems with different corresponding spaces
of the integrands which are subsets of the space M.A; QUA/. The subspaces of
lower semicontinuous and continuous integrands (Ml .A; QUA/ and Mc.A; QUA/) have
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already been defined. Now we define subspaces of M.A; QUA/ which consist of
integrands differentiable with respect to the control variable u.

Let k � 1 be an integer. Denote by Mk.A; QUA/ the set of all finite-valued f 2
M.A; QUA/ such that for each .t; x/ 2 graph.A/ the function f .t; x; �/ 2 Ck.RN /.
We consider the topological subspace Mk.A; QUA/ � M.A; QUA/ with the relative
weak topology. The strong topology on Mk.A; QUA/ is induced by the uniformity
which is determined by the following base:

EMk.�/ D f.f; g/ 2 Mk.A; QUA/ � Mk.A; QUA/ W jf .t; x; u/� g.t; x; u/j � �

(2.127)

for all .t; x; u/ 2 graph.A/ �RN and

jjf .t; x; �/ � g.t; x; �/jjCk.RN / � � for all .t; x/ 2 graph.A/g;

where � > 0. It is easy to see that the space Mk.A; QUA/ with this uniformity is
metrizable (by a metric dM;k) and complete. Define

Ml
k.A;

QUA/ D Mk.A; QUA/\ Ml .A; QUA/;
Mc

k.A;
QUA/ D Mk.A; QUA/\ Mc.A; QUA/: (2.128)

Clearly Ml
k.A;

QUA/ and Mc
k.A;

QUA/ are closed sets in Mk.A; QUA/ with the strong
topology.

Finally we define subspaces of M. QA; QU / which consist of integrands differen-
tiable with respect to the state variable x and the control variable u. Denote by
M�

k .
QA; QU / the set of all f W ˝ � Rn � RN ! R1 in M. QA; QU / (see (2.118))

such that for each t 2 ˝ the function f .t; �; �/ 2 Ck.Rn � RN/. We consider the
topological subspace M�

k .
QA; QU / � M. QA; QU / with the relative weak topology. The

strong topology in M�
k .

QA; QU / is induced by the uniformity which is determined by
the following base:

E�
Mk.�/ D f.f; g/ 2 M�

k .
QA; QU / � M�

k .
QA; QU / W (2.129)

jf .t; x; u/ � g.t; x; u/j � � for all .t; x; u/ 2 ˝ �Rn � RN and

jjf .t; �; �/� g.t; �; �/jjCk.RnCN / � � for all t 2 ˝g;

where � > 0. It is easy to see that the space M�
k .

QA; QU / with this uniformity is
metrizable (by a metric d�

M;k) and complete. Define

M�l
k .

QA; QU / D M�
k .

QA; QU /\ Ml . QA; QU /; M�c
k .

QA; QU / D M�
k .

QA; QU / \ Mc. QA; QU/:
(2.130)

Clearly M�l
k .

QA; QU / and M�c
k .

QA; QU / are closed sets in M�
k .

QA; QU / with the strong
topology.
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Thus we have defined all the spaces of integrands for which we will prove the
main result of this section. Now we will define a space of constraint maps PA.
Denote by S.RN / the set of all nonempty convex closed subsets of RN . For each
x 2 RN and each E � RN , set dH .x;E/ D infy2E jx � yj. For each pair of sets
C1; C2 � RN ,

dH.C1; C2/ D max

�
sup
y2C1

dH .y; C2/; sup
x2C2

dH .x; C1/

�

is the Hausdorff distance between C1 and C2.
For the space S.RN/ we consider the uniformity determined by the following

base:

ERN .�/ D f.C1; C2/ 2 S.RN / � S.RN/ W dH .C1; C2/ � �g; (2.131)

where � > 0. It is well known that the space S.RN/ with this uniformity
is metrizable and complete. Denote by PA the set of all set-valued mappings
U W graph.A/ ! S.RN/ such that graph.U / is a closed subset of the space
graph.A/ � RN with the product topology. For the space PA we consider the
uniformity determined by the following base:

EPA.�/ D f.U1; U2/ 2 PA � PA W dH .U1.t; x/; U2.t; x// � � (2.132)

for all .t; x/ 2 graph.A/g;
where � > 0. It is easy to see that the space PA with this uniformity is metrizable
and complete. This uniformity generates in PA the strong topology.

For the space PA we also consider the uniformity determined by the following
base:

EPAw.�; r/ D f.U1; U2/ 2 PA � PA W dH .U1.t; x/; U2.t; x// � � (2.133)

for all .t; x/ 2 graph.A/ satisfying jxj � rg;
where �; r > 0. This uniformity generates in PA the weak topology.

We consider the spaceX.A; QUA/with the metric � (see 2.120)). For eachU 2 PA
define

SU D X.A;U / D f.x; u/ 2 X.A; QUA/ W u.t/ 2 U.t; x.t//; t 2 ˝ (a.e.)g:
(2.134)

For each U 2 PA and each .f; �/ 2 M.A; QUA/ � Cl.B1 � B2/ we consider the
optimal control problem

I .f;�/.x; u/ ! min; .x; u/ 2 X.A;U /:

We will state our generic well-posedness result, Theorem 2.20, in such a manner
that it will be applicable for all the spaces of integrands defined above.
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To meet this goal we set A2 D PA and define a space A1 as follows:

A1 D A11 � A12;

where A12 is either Cl.B1 � B2/ or C.B1 � B2/ or a singleton f�g � Cl.B1 � B2/,
and A11 is one of the following spaces:

M.A; QUA/I Ml .A; QUA/I Mc.A; QUA/I
Mk.A; QUA/I Ml

k.A;
QUA/I Mc

k.A;
QUA/ (here k � 1 is an integer)I

M�
k .

QA; QU /I M�l
k .

QA; QU /I M�c
k .

QA; QU / (here k � 1 is an integer and A D QA/:

For each a D .a1; a2/ 2 A1 � A2 we define Ja W X.A; QUA/ ! R1 [ f1g by

Ja.x; u/ D I .a1/.x; u/; .x; u/ 2 Sa2; Ja.x; u/ D 1; .x; u/ 2 X.A; QUA/ n Sa2 :

We will show that Ja is lower semicontinuous for all a 2 A1 � A2. Denote by A
the closure of the set fa 2 A1 � A2 W inf.Ja/ < 1g in the space A1 � A2 with the
strong topology. We assume that A is nonempty. We will prove the following result
obtained in [90].

Theorem 2.20. There exists an everywhere dense (in the strong topology) set B �
A which is a countable intersection of open (in the weak topology) subsets of A
such that for any a 2 B the following assertions hold:

(1) inf.Ja/ is finite and attained at a unique pair . Nx; Nu/ 2 X.A; QUA/.
(2) For each � > 0 there are a neighborhood V of a in A with the weak topology

and ı > 0 such that for each b 2 V , inf.Jb/ is finite and if .z;w/ 2 X.A; QUA/
satisfies Jb.z;w/ � inf.Jb/ C ı, then �.. Nx; Nu/; .z;w// � � and jJb.z;w/ �
Ja. Nx; Nu/j � �.

Theorem 2.20 is an extension of Theorem 2.2 which was established for a class
of optimal control problems with integrands satisfying the Cesari growth condition.
If an integrand f satisfies the Cesari growth condition, then for each t the function
f .t; �; �/ is bounded below while if f satisfies the Cinquini growth condition in (iii)
andH.t; x; u/ D u, then f .t; x; u/ can tend to �1 as jxj ! 1 for fixed t; u. Note
that using the Cinquini growth condition allows us to weaken the weak topology in
the space A1 � A2. Namely in Sect. 2.1 the space PA was considered only with one
uniformity determined by (2.132).

2.11 Variational Principles

We will obtain Theorem 2.20 as a realization of the variational principle which was
introduced in Sect. 2.2.
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We consider a metric space .X; �/ which is called the domain space and a
complete metric space .A; d / which is called the data space. We always consider
the set X with the topology generated by the metric �. For the space A we consider
the topology generated by the metric d . This topology will be called the strong
topology. In addition to the strong topology we also consider a weaker topology
on A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with every
a 2 A a lower semicontinuous function fa on X is associated with values in
NR D Œ�1;1�. In our study we use the hypotheses about the functions (H1) and

(H2) introduced in Sect. 2.2 and Theorem 2.3.
The proof of Theorem 2.20 consists in verifying that the hypotheses (H1) and

(H2) hold for the space of integrand–map pairs introduced in Sect. 2.10. In order
to simplify the verification of (H1) we use auxiliary assumptions (A1)–(A4) which
imply (H1).

Let .X; �/ be a metric space with the topology generated by the metric � and let
.A1; d1/, .A2; d2/ be metric spaces. For the space Ai (i D 1; 2) we consider the
topology generated by the metric di . This topology is called the strong topology. In
addition to the strong topology we consider a weak topology on Ai , i D 1; 2.

Assume that with every a 2 A1 a lower semicontinuous function 	a W X !
R1 [ f1g is associated and with every a 2 A2 a set Sa � X is associated. For each
a D .a1; a2/ 2 A1 � A2 define fa W X ! R1 [ f1g by

fa.x/ D 	a1.x/ for all x 2 Sa2; fa.x/ D 1 for all x 2 X n Sa2 :

Denote by A the closure of the set fa 2 A1 � A2 W inf.fa/ < 1g in the space
A1 � A2 with the strong topology. We assume that A is nonempty.

We use the following hypotheses:

(A1) For each a1 2 A1, inf.	a1/ > �1 and for each a 2 A1 � A2 the function fa
is lower semicontinuous.

(A2) For each a 2 A1 and each D; � > 0 there is a neighborhood U of a in A1

with the weak topology such that for each b 2 U and each x 2 X satisfying
minf	a.x/; 	b.x/g � D the relation j	a.x/ � 	b.x/j � � holds.

(A3) For each � 2 .0; 1/ there exist positive numbers �.�/ and ı.�/ such that
�.�/; ı.�/ ! 0 as � ! 0 and the following property holds:

For each � 2 .0; 1/, each a 2 A1, each nonempty set Y � X , and each
Nx 2 Y for which

	a. Nx/ � inff	a.z/ W z 2 Y g C ı.�/ < 1
there is Na 2 A1 such that the following conditions hold:

d1.a; Na/ � �.�/; 	 Na.z/ � 	a.z/; z 2 X; 	 Na. Nx/ � 	a. Nx/C ı.�/I

for each y 2 Y satisfying
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	 Na.y/ � inff	 Na.z/ W z 2 Y g C 2ı.�/

the inequality �.y; Nx/ � � is valid.
(A4) For each a D .a1; a2/ 2 A1 � A2 satisfying inf.fa/ < 1 and each �; ı > 0

there exist Na2 2 A2, Nx 2 S Na2 , and an open set U in A2 with the weak topology
such that

d2.a2; Na2/ < �; U \ fb 2 A2 W d2.b; a2/ < �g 6D ;;
	a1. Nx/ � inff	a1.z/ W z 2 S Na2g C ı < 1;

and
Nx 2 Sb; fy 2 Sb W 	a1.z/ � 	a1. Nx/C 1g � S Na2

for all b 2 U .
The assumptions (A1)–(A3) were introduced in Sect. 2.3 while (A4) is a

weakened version of the assumption (A4) in Sect. 2.3.
Analogously to Proposition 2.4 we can prove the following result.

Proposition 2.21. Assume that (A1)–(A4) hold. Then (H1) holds for the space A.

2.12 Preliminary Results for Theorem 2.20

Assume that A W ˝ ! 2R
n n f;g, U W graph.A/ ! 2R

N n f;g and that graph.U / is
a closed subset of the space ˝ � Rn � RN with the product topology. Consider the
spaces X.A;U /, M.A;U /, and Cl.B1 � B2/ introduced in Sect. 2.10.

Lemma 2.22. Let N0 be a positive number. Then there exists a number N1 > 0

such that for each f 2 M.A;U / and each .x; u/ 2 X.A;U / which satisfiesR T2
T1
f .t; x.t/; u.t//dt � N0 the inequality jx.t/j � N1 holds for all t 2 ŒT1; T2�.

For the proof of this lemma see Lemma 2 and Theorem 2 in Sect. 9.1 of [41].

Proposition 2.23. Let f 2 M.A;U /, .x; u/ 2 X.A;U /, f.xi ; ui /g1
iD1 � X.A;U /

and let �..xi ; ui /; .x; u// ! 0 as i ! 1. Then

Z
˝

f .t; x.t/; u.t//dt � lim inf
i!1

Z
˝

f .t; xi .t/; ui .t//dt:

Proof. We may assume that there is limi!1
R
˝
f .t; xi .t/; ui .t//dt < 1. By

Lemma 2.22

supfjxi .t/j W t 2 ŒT1; T2�; i D 1; 2; : : : g < 1: (2.135)

It follows from (2.135) and property (iii) (see the definition of M.A;U /) that
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lim
i!1

Z T2

T1

f .t; xi .t/; ui .t//dt

is finite. There is a subsequence f.xik ; uik /g1
kD1 such that

.xik .t/; uik .t// ! .x.t/; u.t// as k ! 1; t 2 ˝ (a.e.)

(see page 68 of [33]). By property (ii) (see the definition of M.A;U /) for almost
every t 2 ˝

lim inf
k!1 f .t; xik .t/; uik .t// � f .t; x.t/; u.t//:

The proposition now follows from Fatou’s lemma. ut
We recall that an integrandf W graph.U / ! R1[f1g satisfies the Cesari growth

condition if for each � > 0 there exists an integrable scalar function  �.t/ � 0; t 2
˝ , such that jH.t; x; u/j �  �.t/C �f .t; x; u/ for all .t; x; u/ 2 graph .U /.

The following proposition is an auxiliary result for the hypothesis (H2).

Proposition 2.24. Assume that f 2 M.A;U /, f.xi ; ui /g1
iD1 � X.A;U / is a

Cauchy sequence and that the sequence fR
˝
f .t; xi .t/; ui .t//dtg1

iD1 is bounded.
Then there is .x�; u�/ 2 X.A;U / such that .xi ; ui / converges to .x�; u�/ as i ! 1
in X.A;U / and xi .t/ ! x�.t/ as i ! 1 uniformly on ŒT1; T2�.

Proof. By Lemma 2.22 there exists N0 > 0 such that

jxi .t/j � N0; t 2 ŒT1; T2�; i D 1; 2; : : : (2.136)

Define A1 W ˝ ! 2R
n n f;g and U1 W graph.A1/ ! 2R

N n f;g by

A1.t/ D fx 2 A.t/ W jxj � N0g; t 2 ˝ and

U1.t; x/ D U.t; x/; .t; x/ 2 graph.A1/:

It follows from (2.117), property (iii) (see the definition of M.A;U /), and (2.136)
that the restriction of f to graph.U1/ satisfies the Cesari growth condition.
Then by Proposition 2.7 there is .x�; u�/ 2 X.A1; U1/ � X.A;U / such that
�..xi ; ui /; .x�; u�// ! 0 as i ! 1 and xi .t/ ! x�.t/ as i ! 1 uniformly
on ŒT1; T2�. The proposition is proved. ut

The following proposition is an auxiliary result for the assumption (A2).

Proposition 2.25. Let f 2 M.A;U / and � 2 .0; 1/, D > 0. Then there exists
a neighborhood W of f in M.A;U / with the weak topology such that for each
g 2 W and each .x; u/ 2 X.A;U / satisfying

min

�Z
˝

f .t; x.t/; u.t//dt;
Z
˝

g.t; x.t/; u.t//dt

�
� D (2.137)
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the following relation holds:

ˇ̌
ˇ̌
Z
˝

f .t; x.t/; u.t//dt �
Z
˝

g.t; x.t/; u.t//dt

ˇ̌
ˇ̌ � �:

Proof. By Lemma 2.22 there exists a number N0 > 0 such that for each g 2
M.A;U / and each .x; u/ 2 X.A;U / which satisfies

Z T2

T1

g.t; x.t/; u.t//dt � 4CD (2.138)

the following inequality holds:

jx.t/j � N0; t 2 ŒT1; T2�: (2.139)

Choose �1 2 .0; 1/ such that

�1D C �1.T2 � T1/.1C  .N0//C
�
1C

Z
˝

ja.t/jdt
�
�1 < �=2 (2.140)

and a positive number �0 < 1 which satisfies

�0 C �0.1 � �0/�1 < 4�1�1: (2.141)

Define

W D fg 2 M.A;U / W .g; f / 2 EMw.�0; N0/g (2.142)

(see (2.122)).
Assume that g 2 W , .x; u/ 2 X.A;U /, and (2.137) is valid. By the definition

of N0, (2.139) holds. By (2.142) and (2.122) there is a nonnegative function 	 2
L1.˝/ such that

R
˝ 	.t/dt � 1 and for almost every t 2 ˝ the inequality

jf .t; y; v/ � g.t; y; v/j < �0 C �0	.t/C �0 maxfjf .t; y; v/j; jg.t; y; v/jg (2.143)

is true for each y 2 A.t/ satisfying jyj � N0 and each v 2 U.t; y/.
It follows from this inequality, Lemma 2.1, and (2.141) that for almost every

t 2 ˝ the relation

jf .t; y; v/ � g.t; y; v/j < �0 C �20.1 � �0/
�1 C 	.t/.�20.1 � �0/�1 C �0/ (2.144)

C�0.1 � �0/
�1 minfjf .t; y; v/j; jg.t; y; v/jg

< 4�1�1 C 4�1�1	.t/C 4�1�1 minfjf .t; y; v/j; jg.t; y; v/jg

is valid for each y 2 A.t/ satisfying jyj � N0 and each v 2 U.t; y/.
Combined with property (iii) (2.144) implies that for almost every t 2 ˝ the

inequality
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g.t; y; v/ � f .t; y; v/ � 4�1�1 � 4�1�1	.t/ � 4�1�1jf .t; y; v/j (2.145)

� �4�1�1	.t/ � 2 .N0/ � 4�1�1 C 2a.t/

holds for each y 2 A.t/ satisfying jyj � N0 and each v 2 U.t; y/. Set

�.t/ D minff .t; x.t/; u.t//; g.t; x.t/; u.t//g; t 2 ˝: (2.146)

It follows from (2.144), (2.139), (2.145), and (2.146) that for almost every t 2 ˝

jf .t; x.t/; u.t// � g.t; x.t/; u.t//j < 4�1�1 C 4�1�1	.t/

C4�1�1 minff .t; x.t/; u.t//C 2ja.t/j C 2 .N0/;

g.t; x.t/; u.t//C 	.t/C 4 .N0/C 4ja.t/jg C 1

� 4�1�1 C 4�1�1	.t/C 4�1�1.4ja.t/j C 1C 	.t//C 4�1�1�.t/C  .N0/�1:

By this inequality, (2.146), and (2.137),

Z
˝

jf .t; x.t/; u.t// � g.t; x.t/; u.t//jdt�4�1�1mes.˝/C �1

Z
˝

ja.t/jdt C 4�1�1

C �1 .N0/.T2 � T1/C 4�1�1
�Z

˝

	.t/dt CD C T2 � T1

�
< �:

This completes the proof of the proposition. ut
Analogously to Corollary 2.9 we can prove the following result.

Proposition 2.26. Let f 2 M.A;U / and � > 0. Then there exists a neighborhood
V of f in M.A;U / with the weak topology such that for each g 2 V
ˇ̌
ˇ̌inf

�Z
˝

f .t; x.t/; u.t//dt W .x; u/ 2 X.A;U /
�

� inf

�Z
˝

g.t; x.t/; u.t//dt W

.x; u/ 2 X.A;U /gj < �:

The following proposition is an auxiliary result for the assumption (A2). We can
prove it analogously to the proof of Proposition 2.12 by using Propositions 2.8, 2.25,
and 2.26 and Corollary 2.9.

Proposition 2.27. Let f 2 M.A;U /, h 2 Cl.B1 � B2/, and � 2 .0; 1/, D > 0.
Then there exist a neighborhood U of f in M.A;U / with the weak topology and
a neighborhood V of h in Cl.B1 � B2/ with the weak topology such that for each
.�; g/ 2 V � U and each .x; u/ 2 X.A;U / which satisfies

minfI .f;h/.x; u/; I .g;�/.x; u/g � D
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the following relations are valid:

jh.x.T1/; x.T2//� �.x.T1/; x.T2//j � �;

ˇ̌
ˇ̌Z T2

T1

Œf .t; x.t/; u.t// � g.t; x.t/; u.t//�dt

ˇ̌
ˇ̌ � �:

2.13 Proof of Theorem 2.20

By Propositions 2.23 and 2.24 and Lemma 2.22 (A1) holds and Ja is lower
semicontinuous for all a 2 A1 � A2. By Theorem 2.3 we need to verify that (H1)
and (H2) are valid. (H2) follows from Proposition 2.24. Therefore it is sufficient to
show that (H1) holds. By Proposition 2.21 it is sufficient to show that (A2), (A3),
and (A4) are valid. (A2) follows from Proposition 2.27. (A3) is proved analogously
to Lemma 2.13. (A4) will follow from our next lemma.

Let e1 D .1; 0; : : : ; 0/, e2 D .0; 1; : : : ; 0/; : : : ; eN D .0; : : : ; 1/ be a standard
basis in RN .

Lemma 2.28. Let f 2 M.A; QUA/, � 2 Cl.B1 � B2/, U 2 PA,

f.x; u/ 2 X.A;U / W I .f;�/.x; u/ < 1g 6D ;; (2.147)

and let �; ı > 0. Then there are U� 2 PA, . Nx; Nu/ 2 X.A;U�/, and an open set W in
PA with the weak topology such that

.U�; U / 2 EPA.�/; W \ fV 2 PA W .U; V / 2 EPA.�/g 6D ;; (2.148)

I .f;�/. Nx; Nu/ � inffI .f;�/.x; u/ W .x; u/ 2 X.A;U�/g C ı < 1 (2.149)

and for all V 2 W
. Nx; Nu/ 2 X.A; V /; (2.150)

f.x; u/ 2 X.A;U / W I .f;�/.x; u/ � I . Nx;Nu/. Nx; Nu/C 1g � X.A;U�/:

Proof. For each r 2 Œ0; 1� define Ur 2 PA by

Ur.t; x/ D fu 2 RN W dH .u; U.t; x// � rg; .t; x/ 2 graph.A/ (2.151)

and define

�.r/ D inffI .f;�/.x; u/ W .x; u/ 2 X.A;Ur/g: (2.152)

Clearly �.r/ is finite for all r 2 Œ0; 1� and the function � is monotone decreasing.
There is r0 2 .0; 8�1�/ such that � is continuous at r0. Choose r1 2 .0; r0/ such that
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j�.r1/� �.r0/j < 16�1ı: (2.153)

There is

. Nx; Nu/ 2 X.A;Ur1/ (2.154)

such that

I .f;�/. Nx; Nu/ � �.r1/C 16�1ı: (2.155)

Equations (2.153) and (2.155) imply that

I .f;�/. Nx; Nu/ � �.r0/C 8�1ı: (2.156)

Set

r2 D 2�1.r0 C r1/: (2.157)

Clearly

.Uri ; U / 2 EPA.�/; i D 0; 1; 2: (2.158)

By Lemma 2.22 there exists a natural number N0 such that

jx.t/j � N0; t 2 ŒT1; T2� (2.159)

for each .x; u/ 2 X.A; QUA/ satisfying

Z T2

T1

f .t; x.t/; u.t//dt � jI .f;�/. Nx; Nu/j C 2C j inff�.z/ W z 2 B1 � B2gj: (2.160)

Choose a positive number � for which

� < minf4�1ı; .16NN0/�1.r0 � r1/g (2.161)

and define

W D fV 2 PA W .Ur2; V / 2 EPAw.�;N0/g; U� D Ur0: (2.162)

It follows from (2.158) and (2.156) that (2.148) and (2.149) are true.
Assume that V 2 W . We will show that . Nx; Nu/ 2 X.A; V /. By the definition of

N0 (see (2.159) and (2.160)),

jx.t/j � N0; t 2 ŒT1; T2�: (2.163)

It is sufficient to show that

Nu.t/ 2 V.t; Nx.t// for almost every t 2 ˝: (2.164)
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By (2.154) for almost every t 2 ˝

Nu.t/ 2 Ur1.t; Nx.t//: (2.165)

Assume that t 2 ˝ and (2.165) is true. By (2.165), (2.157), and (2.151) for i D
1; : : : ; N

Nu.t/C 2�1.r0 � r1/ei ; Nu.t/ � 2�1.r0 � r1/ei 2 Ur2.t; Nx.t//

and by (2.162) and (2.163) there are zi1; zi2 2 RN such that

Nu.t/C zi1; Nu.t/C zi2 2 V.t; Nx.t//; jzi1 � 2�1.r0 � r1/ei j; jzi2 C 2�1.r0 � r1/ei j � �:

(2.166)

Since the set V.t; Nx.t// is convex it follows from (2.161) and Proposition 2.14 that

0 2 convfzij W i D 1; : : : N; j D 1; 2g; Nu.t/ 2 V.t; Nx.t//:

Thus (2.164) holds for a.e. t 2 ˝ .
We will show that

f.x; u/ 2 X.A;U / W I .f;�/.x; u/ � I .f;�/. Nx; Nu/C 1g � X.A;U�/ D X.A;Ur0/:

Assume that

.x; u/ 2 X.A;U / and I .f;�/.x; u/ � I .f;�/. Nx; Nu/C 1:

By the definition of N0 (see (2.159) and (2.160)),

jx.t/j � N0; t 2 ŒT1; T2�:

It follows from this relation and (2.162) that for almost every t 2 ˝

u.t/ 2 V.t; x.t// � fz 2 RN W dH .z; Ur2.t; x.t// � �g
� fz 2 RN W dH .z; U.t; x.t// � r0g D Ur0.t; x.t//:

Thus .x; u/ 2 X.A;Ur0/. The lemma is proved. ut
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