Chapter 2
Well-posedness of Optimal Control Problems
Without Convexity Assumptions

In this chapter we prove generic existence results for classes of optimal control
problems in which constraint maps are also subject to variations as well as
the cost functions. These results were obtained in [87, 90]. More precisely, we
establish generic existence results for classes of optimal control problems (with
the same system of differential equations, the same boundary conditions and without
convexity assumptions) which are identified with the corresponding complete metric
spaces of pairs (f, U) (where f is an integrand satisfying a certain growth condition
and U is a constraint map) endowed with some natural topology. We will show that
for a generic pair (f, U) the corresponding optimal control problem has a unique
solution.

In the theory developed here topologies on spaces of integrands and on spaces of
integrand—map pairs are of great importance. Actually one space of integrand—map
pairs, say A, considered here is a topological product of a space of integrands and a
space of multivalued maps. The values of these maps are elements of the space of all
nonempty convex closed subsets of a finite-dimensional Euclidean space endowed
with the Hausdorff distance. In the space of multivalued maps we consider the
topology of uniform convergence. For the space of integrands we consider weak and
strong topologies which induce weak and strong topologies on the space .A. We will
prove the existence of a set A’ C .4 which is a countable intersection of open (in the
weak topology) everywhere dense (in the strong topology) sets such that for each
(f,U) € A the corresponding optimal control problem has a unique solution. In
fact we will establish our result for various spaces of integrands: the space of the so-
called £ ) B-measurable integrands, the space of lower semicontinuous integrands
and the space of continuous integrands, as well as their subspaces consisting of
integrands f(¢,x,u) differentiable in u and subspaces consisting of integrands
f (¢, x,u) differentiable in x and u. All these spaces are endowed with same weak
topology. Their strong topology is always stronger then the topology of uniform
convergence.

If we say that a function (set) is measurable we mean that it is Lebesgue
measurable.
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18 2 Well-posedness of Optimal Control Problems

2.1 Optimal Control Problems with Cesari Growth
Condition

We use the following notations and definitions. Let k > 1 be an integer. We denote
by mes(E) the Lebesgue measure of a measurable set £ C R¥, by |-| the Euclidean
norm in R¥, and by < -,- > the scalar product in R¥. We use the convention that
oo — oo = 0. Forany f € C9(RF) we set

e = 1 flcarr) = supk{|a'“'f<z)/ax?‘ X @2.1)
ZER
o; > Oisaninteger, i = 1,....k, |o] <gq},

where o] = YF_ ;.

For each function f : X — [—o00, 00] where X is nonempty, we set inf( ) =
inf{ f(x) : x € X}. For each set-valued mapping U : X — 2% \ {@} where X and
Y are nonempty, we set

graph(U) = {(x,y) e X xY : y e U(x)}. 2.2)

Let m,n, N > 1 be integers. We assume that £2 is a fixed bounded domain in
R™, H(t, x, u) is a fixed continuous function defined on £2 x R" x RY with values
in R™" such that H(¢,x,u) = (H;)’_, and H; = (Hij)’}’zl, i =1,...n, B and
B, are fixed nonempty closed subsets of R" and 6* = (6*)'_, € (W' (£2))" is
also fixed. Here

WhN(2) ={ue L'(2): du/dx; e LY(R), j=1,...m}

and W, (£2) is the closure of CZ°(£2) in W'1(£2), where C£°(£2) is the space of
smooth functions « : £ — R! with compact support in £2 [108].

If m = 1, then we assume that 2 = (T3, T,), where T} and T, are fixed real
numbers for which 77 < T>.

For a function u = (uy,...u,), where u; € Wh1(§2),i = 1,...n, we set

Vu; = (du;/0x;)7=, i =1,...n, Vu= (Vu;)j_;.
Define set-valued mappings A : 2 — 28" \ {#} and U : 2 x R" — 2R" \ {0} by
At)=R" 1€, U(t,x)=R", (t,x) e 2 xR". (2.3)
For each A : 2 — 2F" \ {@} and each U : graph(4) — 28" \ {@} for

which graph(U) is a closed subset of the space £2 x R" x R" with the product
topology, we denote by X (A, U) the set of all pairs of functions (x,u), where
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X = (x1,....x,) € W'(R2)',u = (uy,...uy) : 2 — RV is Lebesgue
measurable and the following relations hold:

x(t) € A(t), t € 2 (a.e.), u(t) e U(t,x(1)), t € $2 (a.e.), (2.4a)

Vx(t) = H(t,x(t),u(t)), t € 2 (a.e.), (2.4b)
ifm=1, thenx(T;) € B;, i = 1,2, (2.4¢)
if m > 1 then x — 0% € (W, (2))". (2.4d)

Note that in the definition of the space X(A,U) we use the boundary condi-
tion (2.4c) in the case m = 1 while in the case m > 1 we use the boundary
condition (2.4d). Both of them are common in the literature [12,13,17,21].

We do this to provide a unified treatment for both cases. Note that we prove
our generic result in the case m = 1 for a class of Bolza problems (with the same
boundary condition (2.4c)) while in the case m > 1 it will be established for a class
of Lagrange problems (with the same boundary condition (2.4d)).

To be more precise, we have to define elements of X(A, U) as classes of pairs
equivalent in the sense that (x1, ©1) and (x3, uy) are equivalent if and only if x, () =
x1(t), up(t) = ui(t), t € £2 (a.e.) If m = 1, then by an appropriate choice of
representatives, wil (T1, T») can be identified with the set of absolutely continuous
functions x : [T}, T3] — R!, and we will henceforth assume that this has been done.

Let A : 2 — 28"\ {@}, U : graph(4) — 28" \ {3} and let graph(U ) be a closed
subset of the space £2 x R" x R" with the product topology.

For the set X (A, U) defined above we consider the uniformity which is deter-
mined by the following base:

Ex(e) = {((x1,m1), (x2,u2)) € X(A,U) x X(A,U): (2.5)

mes{z € 21 |x1(1) —x2(0)] + i1 (1) — w2 ()] = €} < €},

where € > 0. It is easy to see that the uniform space X (A4, U) is metrizable (by a
metric p) (see [44]). In the space X (A, U) we consider the topology induced by the
metric p.

Next we define spaces of integrands associated with the maps A and U. By
M(A,U) we denote the set of all functions f : graph(U) — R!' U {co} with
the following properties:

(1) f is measurable with respect to the o-algebra generated by products of
Lebesgue measurable subsets of £2 and Borel subsets of R” x R".
(ii) f(z,-,-) is lower semicontinuous for almost every ¢ € £2.
(iii) For each € > 0 there exists an integrable scalar function ¥.(¢) > 0, ¢ € §2,
such that | H (¢, x, u)| < ¥.(¢) + €f (¢, x,u) forall (z, x,u) € graph (U).
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The growth condition in (iii) was proposed by Cesari (see [21]) and its equiv-
alents and modifications are rather common in the literature. Due to property (i)
for every f € M(A,U) and every (x,u) € X(A, U) the function f(¢, x(t), u(t)),
t € §2 is measurable.

Denote by M/ (A, U) (respectively, M¢(A, U)) the set of all lower semicontin-
uous (respectively, finite-valued continuous) functions f : graph(U) — R' U {0}
in M(A4, U). Now we equip the set M (A, U) with the strong and weak topologies.
For the space M(A, U) we consider the uniformity determined by the following
base:

Enm(e) ={(f,g) e M(A,U) x M(A,U): (2.6)
|f(lvxvu) _g(lvxvu)l S €, (ts-xsu) € graph(U)}s

where € > 0. Itis easy to see that the uniform space M (A, U) with this uniformity is
metrizable (by a metric d r¢) and complete. This uniformity generates in M (A4, U)
the strong topology. Clearly M!(A,U) and M(A,U) are closed subsets of
M(A, U) with this topology.

For each € > 0 we set

Exw(e) ={(f.g) €e M(A,U) x M(A,U) : there exists a nonnegative (2.7)
¢ € L'(£2) such that / ¢(t)dt <1, and for almost every ¢t € 2,
2

| /(2. x.u) — g(t. x.u)| < €+ emax{[f(t.x.u)].|g(t.x.u)[} + € (1)
for each x € A(t) and each u € U(t, x)}.
Using the following simple lemma [87] we can easily show that for the set

M(A,U) there exists the uniformity which is determined by the base E rq,(€),
€ > 0. This uniformity induces in M (A, U) the weak topology.

Lemma 2.1. Leta,b € R', e € (0,1), A >0, and
la —b| < (1 + A)e + e max{jal, |b|}.
Then

la—b| < (14 A)e+e*(1—e)™") +e(l —e) ' min{lal, |b]}.

Denote by C;(B; x B,) the set of all lower semicontinuous functions & : By x
B, — R' U {oco} bounded from below. We also equip the set C;(B; x B,) with
strong and weak topologies. For the set C;(B; x B;) we consider the uniformity
determined by the following base:

Ec(e) ={(§.h) € Ci(B1 X By) x Ci(By x By) : [§(2) —h(2)| <€, z € By x B},
(2.8)
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where € > 0. It is easy to see that the uniform space C;(B; x B,) is metrizable
(by a metric d.) and complete. This metric induces in C;(B; x B;) the strong
topology. We do not write down the explicit expressions for the metrics d and
d. because we are not going to use them in the sequel.

For any € > 0 we set

Ecw(e) ={(§.h) € Ci(B1 x By) x Ci(By x By) : |§(2) — h(2)| (2.9)
< € + emax{|£(z)|, |h(2)|}, z € B; X By},

where € > 0. By using Lemma 2.1 we can easily show that for the set C;(B; x B,)
there exists a uniformity which is determined by the base E.,(€), € > 0. This
uniformity induces in C;(B; x B;) the weak topology. Denote by C(B; x B) the
set of all finite-valued continuous functions % in C;(B; X B;). Clearly it is a closed
subset of C;(B; x B,) with the weak topology.

In the case m > 1 for each f € M(A,U) we define I/ : X(A,U) —
R' U {oco} by

1D (x,u) :/ f@t,x(t), u(t))dt, (x,u) € X(A,U). (2.10)
2

In the case m = 1 for each f € M(A,U) and each § € C;(B; x B;) we define
179 1 X(A,U) — R' U {oo} by
T,
1Y9(x,u) = F@,x(@), u(®))dt + E(x(Ty), x(T2)), (x,u) € X(A,U).

T

@2.11)

We will show (see Propositions 2.6 and 2.7) that in both cases (2.10) and (2.11)
define lower semicontinuous functionals on X (4, U).

From now on in this section we consider a fixed set-valued mapping 4 : 2 —
2R\ {@} for which graph(A) is a closed subset of the space £2 x R" with the product
topology. Denote by Uy the restriction of U (see (2.3)) to the graph(A). Namely

U, : graph(A) — ZRN, U(t,x) = RN, (t,x) € graph(A). (2.12)

We consider functionals 79 with (f.§) € M(A,U4) x C/(B) x B,) (in the
case m = 1) and functionals /) with f € M(A, Uy) (in the case m > 1) defined
on the space X (4, U 4) (see (2.4)). Our generic existence result will be established
for several classes of optimal control problems with different corresponding spaces
of the integrands which are subsets of the space M(A, U,). The subspaces of
lower semicontinuous and continuous integrands (M'(A4,U4) and M°(4,Uy))
have already been defined. Now we define subspaces of M (A, U4) which consist
of integrands differentiable with respect to the control variable u.

Let k > 1 be an integer. Denote by M (A4, U,) the set of all finite-valued f €
M(A, Uy) such that for each (7, x) € graph(A) the function f(z,x,-) € C*(RN).
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We consider the topological subspace M (4, U 1) C M(4, U,) with the relative
weak topology. The strong topology on M (A4, Uy,) is induced by the uniformity
which is determined by the following base:

Epmi(€) = {(f;8) € Mi(A,Ux) x My(A, Un) = |f(t,x,u) — g(t, %, u)| < €

2.13)
for all (¢, x,u) € graph(4) x RY and

”f(tv xv') _g(ts X, ')||Ck(RN) <€ for all ([7x) € graph(A)}v

where € > 0. It is easy to see that the space M (A, U,) with this uniformity is
metrizable (by a metric d o) and complete. Define

M(A.Tyg) = M(A,Ug) N M (A, Uy).
ME(A, Uq) = Mi(A,Uyg) 0 ME(A, Uy). (2.14)

Clearly /\/l][C (A,Uy,) and M (A, U,) are closed sets in My (A, U,) with the strong
topology.

Finally we define subspaces of M (A, U) which consist of integrands differen-
tiable with respect to the state variable x and the control variable u. Denote by
MZ(/I, U) thesetofall f: £ x R"x RN — R'in M(4, U) (see (2.3)) such that
for each ¢ € £2 the function f(z,-,-) € C*(R" x R"). We consider the topological
subspace /\/l:(/i, U) ¢ M(A,U) with the relative weak topology. The strong
topology in /\/l:(/f, U) is induced by the uniformity which is determined by the
following base:

Ely(e) ={(f.8) e Mi(A.U) x M} (A, U): 2.15)
| f(t,x,u) —g(t,x,u)| <eforall (t,x,u) € 2 x R" x RY and
Ilf(t7a) _g(ta'7')llck(Rn+N) <e€ forallt € Q},

where € > 0. It is easy to see that the space M (A,U) with this uniformity is
metrizable (by a metric d/’\*/[’ ) and complete. Define

M(A,0) = MF(A,U) N M (A, U), M (A.U) = M{(A,U) N M(A,0).
(2.16)

Clearly M} (4,U) and M (A, U) are closed sets in /\/l:(/f, U) with the strong
topology.

Thus we have defined all the spaces of integrands for which we will prove our
generic existence result. Now we will define a space of constraint maps P4. Denote
by S(RV) the set of all nonempty convex closed subsets of R". For each x €
RN and each E C RY, set dy(x, E) = infyeg |x — y|. For each pair of sets
C,C, C RN,
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dH(Cl, Cz) = max j§ sup dH(y, Cz), sup dH(X, Cl)

yECl xeC,

is the Hausdorff distance between C; and C,. For the space S(R") we consider the
uniformity determined by the following base:

Egv(€) = {(C1.Cy) € S(RY) x S(RY) : du(C1,Cy) < e}, (2.17)

where € > 0. It is well known that the space S(R") with this uniformity
is metrizable and complete. Denote by P4 the set of all set-valued mappings
U : graph(4A) — S(R"V) such that graph(U) is a closed subset of the space
graph(4) x RV with the product topology. For the space P4 we consider the
uniformity determined by the following base:

Ep,(€) ={(U1,U2) € Pax Py duy(Ui(t,x),Us(t,x)) < € (2.18)
for all (¢, x) € graph(4)},

where € > 0. It is easy to see that the space P4 with this uniformity is metrizable
and complete. ~

We consider the space X (A4, Uy) with the metric p (see (2.5)). Foreach U € Py
define

Sy = X(A,U) = {(x,u) € X(A, U4) : u(t) € Ut,x (1)), t € 2 (ae)}. (2.19)

In the case m = 1 for each U € P4 and each (f, §) € M(A, UA) x Ci(B X By)
we consider the optimal control problem

I(ﬁs)(x,u) — minv (X,M) € X(A7 U)

and in the case m > 1 for each U € P4 and each f € M(A, U,) we consider the
optimal control problem

I(f)(x, u) — min, (x,u) € X(4,0).

We will state our existence result, Theorem 2.2, in such a manner that it will be
applicable to the Bolza problem in case m = 1 and to the Lagrange problem in case
m > 1, and also applicable for all the spaces of integrands defined above.

To meet this goal we set A, = P4 and define a space A; as follows:

A=Ay x Apifm=1and A = Ay if m > 1,

where Ay, is either C; (B x B,) or C(B; x B;) or a singleton {§} C C;(By x By),
and A;, is one of the following spaces:

M(A,Uq); M(A,UL); M(A,Uy);
My (A, Uy); MQ(A, UA); M (A, U,) (here k > 1isan integer);
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ME(A,U); MI(A,0); M{(A,U) (here k > 1is an integer and 4 = A).
For each a = (a1, a2) € A; x A, we define J, : X(4,U4) — R' U {oo} by
Ja(x,u) = 1D(x,u), (x,u) € Sy, Jo(x,u) =00, (x,u) € X(A,Ux)\ Sa,.

We will show that J, is lower semicontinuous for all @ € A; x A,. Denote by A
the closure of the set {a € A; x A, : inf(J,) < oo} in the space A; x A, with the
strong topology. We assume that A is nonempty. The following theorem is the main
result of this chapter.

Theorem 2.2. There exists an everywhere dense (in the strong topology) set B C A
which is a countable intersection of open (in the weak topology) subsets of A such
that for any a € B the following assertions hold.:

(1) inf(J,) is finite and attained at a unique pair (3, ) € X(A, Uy).

(2) For each € > 0 there are a neighborhood V of a in A with the weak topology
and 8 > 0 such that for each b € V, inf(Jy) is finite and if (z,w) € X (A, Uy)
satisfies Jp(z,w) < inf(Jp) + 6, then p((x,u), (z,w)) < € and |Jp(z,w) —
Ju(X,u)| < e.

Theorem 2.2 was obtained in [87].

2.2 A Generic Variational Principle

We will obtain Theorem 2.2 as a realization of a variational principle which was
introduced in [87]. This variational principle is a modification of the variational
principle in [42].

We consider a metric space (X, p) which is called the domain space and a
complete metric space (A, d) which is called the data space. We always consider
the set X with the topology generated by the metric p. For the space .4 we consider
the topology generated by the metric d. This topology will be called the strong
topology. In addition to the strong topology we also consider a weaker topology
on A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with every
a € A alower semicontinuous function f, on X is associated with values in
R = [—00,00]. In our study we use the following basic hypotheses about the
functions.

(H1) Forany a € A, any € > 0, and any y > 0 there exist a nonempty open set W
in A4 with the weak topology, x € X, o € R!, and n > 0 such that

WnNibeA: dab) <el #0



2.2 A Generic Variational Principle 25

and for any b € W

(1) inf( fp) is finite.
(ii) Ifz € X is such that f,(z) < inf(f;) + 7, then p(z,x) < y and | f»(z) —
al <y.

(H2) If a € A, inf(f,) is finite, {x,}52, C X is a Cauchy sequence and the
sequence { f,(x,)}°2, is bounded, then the sequence {x, }>> ; convergesin X.

We will show (see Theorem 2.3) that if (H1) and (H2) hold, then for a generic
a € A the minimization problem f,(x) — min, x € X, has a unique solution.
This result generalizes the variational principle in [42] which was obtained for the
complete domain space (X, p). Note that if (X, p) is complete, the weak and strong
topologies on A coincide, and for any a € A the function f, is not identically oo,
then the variational principles in [42] and in this section are equivalent.

For the classes of optimal control problems considered in this chapter the domain
space is usually the space X(A4,U,) with the metric p (see (2.5)) which is not
complete. Since the variational principle in [42] was established only for complete
domain spaces it cannot be applied to these classes of optimal control problems.
Fortunately, instead of the completeness assumption we can use (H2) and this
hypothesis holds for spaces of integrands (integrand—map pairs) which satisfy the
Cesari growth condition.

Theorem 2.3. Assume that (H1) and (H2) hold. Then there exists an everywhere
dense (in the strong topology) set B C A which is a countable intersection of open

(in the weak topology) subsets of A such that for any a € B the following assertions
hold:

(1) inf( f,) is finite and attained at a unique point X € X.

(2) For each € > 0 there are a neighborhood V of a in A with the weak topology
and 8§ > 0 such that for each b € V, inf(fp) is finite and if 7 € X satisfies
Jo(@) = inf(fp) + 8, then p(X,2) < € and | (2) — fa(X)| < €.

Following the tradition, we can summarize the theorem by saying that under the
assumptions (H1) and (H2) the minimization problem for f; on (X, p) is generically
strongly well posed with respect to .A.

Proof. Let a € A. By (H1) for any natural n = 1,2,... there are a nonempty
open set U(a,n) in A with the weak topology, x(a,n) € X, a(a,n) € R!, and
n(a,n) > 0 such that

U@a,n)NibeA: da,b)y<1/n}#0

and for any b € U(a,n), inf(fp) is finite and if z € X satisfies f;(z) < inf(fp) +
n(a,n), then

p(z x(a,n)) < 1/n, | fp(z) —a(a.n)| < 1/n.

Define B, = U{U(a,m) : a € A, m > n}forn = 1,2,.... Clearly for each
integer n > 1 the set B3, is open in the weak topology and everywhere dense in the
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strong topology. Set B = N9, B,. Since for each integer n > 1 the set B, is also
open in the strong topology generated by the complete metric d we conclude that 3
is everywhere dense in the strong topology.

Let b € B. Evidently inf(f3) is finite. There are a sequence {a,}°2, C A and
a strictly increasing sequence of natural numbers {k, }52, such that b € U(a,, k,),
n=1,2,... Assume that {z,}°2, C X and lim, o fj(z4) = inf(fp).

Let m > 1 be an integer. Clearly for all large enough n the inequality f;(z,) <

inf( fp) 4+ n(am, kn) is true and it follows from the definition of ¢ (a,,, k,,) that

0(zns X (@ms k) < kn_f, | /o (zn) — a(a@m, k)| < kn_ql (2.20)

for all large enough n. Since m is an arbitrary natural number we conclude that
{2152, C X is a Cauchy sequence. By (H2) there is X = lim, o0 24. As fp is
lower semicontinuous, we have f;,(X) = inf( f;). Clearly f, does not have another
minimizer for otherwise we would be able to construct a nonconvergent sequence
{z,}22,. This proves the first part of the theorem. We further note that by doing
n — oo in (2.20)

p(‘i"x(am’km)) f k;zl’ If})(j) _a(amykm” f k};l’ m = 1525 s (221)

We turn now to the second assertion. Let ¢ > 0. Choose a natural number m for
which 4k, ! < €. Let a € U(am, k). Clearly inf( f,) is finite. Let z € X and
fu(z) <inf(fy) + n(am, k). By the definition of U (@, ki),

P2 X (@mokm)) < ks | fu@) — a(am, k)| < k'

Together with (2.21) this implies that

p(z. %) < 2k, | fo(X) — fu(2)] < 2k,,' <e.

The second assertion is proved. O

2.3 Concretization of the Hypothesis (H1)

The proof of Theorem 2.2 consists in verifying that the hypotheses (H1) and (H2)
hold for the space of integrand—map pairs introduced in Sect. 2.1. (H2) will follow
from Proposition 2.7 which will be proved in Sect. 2.4. The verification of (H1) is
more complicated. Recall that our space of integrand—map pairs is a product of the
space of integrands and the space of maps. Therefore we should seek the set W
(see (H1)) in the form V x U where V is an open set in the space of integrands and
U is an open set in the space of maps. To simplify the verification of (H1) in this
section we introduce new assumptions (A1)—(A4) and show that they imply (H1)
(see Proposition 2.4). Using (A1)—(A4) we can construct the set W = V x U step
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by step, roughly speaking. Namely, using (A4) we construct the set I/, using (A3)
we find an integrand a; and then using (A2) we construct the set V which is an open
neighborhood of @, . Thus to verify (H1) we need to show that the assumptions (A1)-
(A4) are valid. In fact this approach allows us to simplify the problem because each
of (A2)—(A4) concerns either the space of integrands or the space of maps while it
is not difficult to verify (Al).

Let (X, p) be a metric space with the topology generated by the metric p and let
(A1, dy), (Az, d2) be metric spaces. For the space A; (i = 1,2) we consider the
topology generated by the metric d;. This topology is called the strong topology. In
addition to the strong topology we consider a weak topology on A4;,i = 1,2.

Assume that with every a € A; a lower semicontinuous function ¢, : X —
R' U {oo} is associated and with every a € A, aset S, C X is associated. For each
a = (a),a2) € A; x Ay define f, : X — R' U {oo} by

Ja(x) = ¢, (x) forall x € S,,, fa(x) =ocoforallx € X \ Sg,. (2.22)

Denote by A the closure of the set {a € A; x A, : inf(f,) < oo} in the space
Ap x A, with the strong topology. We assume that A is nonempty.
We use the following hypotheses:

(Al) Foreacha; € A, inf(¢,,) > —ooc and for each a € A, x A, the function f,
is lower semicontinuous.

(A2) For each a € A; and each D, e > 0 there is a neighborhood U of a in A;
with the weak topology such that for each b € U and each x € X satisfying
min{¢, (x), ¢»(x)} < D the relation |@,(x) — ¢»(x)| < € holds.

(A3) For each y € (0,1) there exist positive numbers €(y) and §(y) such that
€(y),8(y) — 0 as y — 0 and the following property holds:

For each y € (0, 1), each a € A, each nonempty set ¥ C X, and each
X € Y for which

$a(X) <inf{g,(2) : z€ Y} +8(y) <00 (2.23)
there is @ € A; such that the following conditions hold:
di(a,a) < €(y), $a(2) = ¢a(2), z€ X, $a(X) < ¢a(X) +8(y);  (2.24)
for each y € Y satisfying
¢a(y) < infiga(z) : z €Y} +25(y) (2.25)

the inequality p(y, X) < y is valid.

(A4) Foreacha = (aj,as) € A; x A, satistying inf( f;) < oo and each €,§ > 0
there exist a, € Ay, X € S;z,, and an open set U in A, with the weak topology
such that

dz(az,c_lz) <€, UN {b e Ay dz(b,az) < 6} 7é @, (2.26)

¢a, (X) < inf{py, (z) 1 z€ Sz,} + 8 < o0, (2.27)
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and
xeS,CS; forallb eld. (2.28)

Assume that (A3) holds. We show that the numbers €(y) and §(y) can be chosen
such that 0 < 6(y) < e(y) <y.

Let e(y) and 6(y), y € (0, 1) be as guaranteed by (A3). Assume that y € (0, 1).
Since lim; 9 €(z) = 0 and lim,( §(¢) = O there exist y; € (0,y) and y, € (0, y1)
such that €(y1) < y and €(yo), 8(y0) < €(y1). Set €(y) = €(y1) and 6(y) = 8(yo).
Clearly 6(y) < €(y) < y.

Assume thata € 41, Y is a nonempty subset of X and x € Y satisfies ¢, (x) <
inf{¢,(z) : z€ Y}+8(y) < 0o. By (A3) and the equality §(y) = 8(yo) there exists
a € A, such that the following conditions hold:

di(a.a) < e(yo) < €(n) = &(¥), ¢a(@) > $a(2), z € X,
$a(¥) < ¢a(¥) + 8(y0) = da(F) + 3(¥);

foreach y € Y satisfying

¢a(y) <inf{ga(z) : z € Y} + 28(y0)

the inequality p(y,X) < yo =< vy is valid. Therefore (A3) holds with e(y) = €(y)
and §(y) = §(y).

Proposition 2.4. Assume that (Al)—(A4) hold. Then (HI1) holds for the space A.

Proof. Leta = (aj,a;) € Aandlete,y > 0. We may assume that inf( f,) < oo.
Choose a positive number

Yo < 8 'min{l, €, y}. (2.29)

Let €(yo), 8(y0) > 0 be as guaranteed by (A3) (namely (A3) is true with y = yy,
€(y) = €(y0), §(y) = 8(y0)). Choose

81 € (0,4718(y)). (2.30)

By (A4) there are a, € Ay, X € S;,, and an open nonempty set I in A, with the
weak topology such that (2.28) holds:

dr(az,ar) < e€(yo), UNb € Ay : dy(b,az) <e(yo)} #9 (2.31)

and
@a, (X¥) <inf{g,,(2) : z€ Sz,} + 81 < o0. (2.32)

It follows from the definition of €(yp) and §(yo), (A3) (witha; = a and Y = S3,),
and (2.32) that there is a; € A; such that
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di(ar,ar) < €(y0), $a, (@) = ¢a,(2), z € X, (2.33)
ba, (X) = ¢a, (X) + 8(10)
and the following property holds:
(Pi) Foreach y € S;, satisfying

¢51 (J’) = inf{¢51 (Z) S S&z} + 28(70) (234)

the relation p(y, X) < y, is valid.

Let b € U. Then by the definition of U, (2.28), and (2.32)
x eS8y, C Sz, inf{py,(z) 1 7€ Sp} < ¢y, (X) < 00. (2.35)

We will show that the following property holds:
(Pii) If y € S, satisfies

$a, (y) < inf{dz, (z) : z € Sp} + 81, (2.36)

then
p(y, %) < yoand |¢z, () — ¢z, (X)| < &1 + 8(y0). (2.37)

It follows from (2.32), (2.35), and (2.33) that

$a, (¥) — 81 < inf{gy, (2) : z € Sz} < inf{dy, (2) : z € Sp} (2.38)
< inf{¢z,(2) : z € Sp} < ¢z, (X) < Pa, (X) + (Vo)
<inf{g, (z) : z€ Sz} + 8 +8(yo).
Assume that y € S, and (2.36) is true. It follows from (2.35), (2.36), (2.38),
(2.33), and (2.30) that
y € Sﬁzv ¢51(J’) = inf{¢a1(z) S S&z} + 8()/0) + 281
< inf{¢pz,(z) : z € Sz} + 28(y0).
By these relations and property (Pi), p(y, X) < yo. (2.36), (2.38), (2.32), (2.35), and
(2.33) imply that
|pa, (¥) — pa, (X)] < 81 + 8(yo). (2.39)
Thus, (2.37) is valid. Therefore we have shown that for each b € U relation (2.35)
and property (Pii) hold. Choose a number

D > [inf(¢a,)| + 1 + [¢a, (X)]. (2.40)
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By (A2) there exists an open neighborhood V of a; in .4; with the weak topology
such that the following property holds:

(Piii) For each b € V and each x € X for which min{¢;(x), ¢z, (x)} < D + 2 the
relation |¢bz, (x) — ¢p(x)| < 4718, is true.

Property (Piii) and (2.40) imply that foreach b € V
| (%) — da, (X)| < 47161, inf(¢p) < (%) < D. (2.41)
Now we will show that (H1) is true with the open set W = V x U, x = X, o =
¢z,(X),and n = 47164,
Assume that b = (b, b;) € V x U. By (2.41) and (2.35)
X € Sp,, inf(fp) = inf{¢hp, (z) : z € Sp,} < ¢, (¥) < 00. (2.42)
Assume now that z € X and fj,(z) < inf(fy) + 47'8;. Then
2 € Shy. ¢p,(2) < inf{ghp, (¥) 1 y € Sy} + 4781 (2.43)
By (2.42), (2.41), and (2.40),
infigy, () : ¥ € Sp,} < ¢, (¥) < D, inf{da, (y) : y € Sp,} < ¢a,(X) < D.
These inequalities imply that
inf{gy, (y) : y € Sy} = infighy, (y) : y € Sp, and ¢, (y) = D + 1}
and
inf{ga, (y) : y € Sp,} = inf{ghz,(y) : y € Sp, and g, (y) = D + 1}.
It follows from these two relations and property (Piii) that
|inf{gy, (y) © ¥ € Sp,} —inflga, (y) : y € S}l <4718 (244)
Equations (2.44), (2.43), (2.42), (2.40), and property (Piii) imply that
b2, (2) — ¢, (2)| < 4761, (2.45)

¢51 (Z) = inf{d)ﬁl(y) BIVARS sz} + 81- (246)
It follows from (2.46), (2.43), and property (Pii) that

p(z, %) < yo and ¢, (z) — ¢a, (X)| = 61 + (o).
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Together with (2.45), (2.30), and the definition of §(yy) this implies that

|5, (2) — ¢a, (X)] < 28(y0) < 2y0 < .

This completes the proof of the proposition. O

Remark 2.5. In the proof of Proposition 2.4 for any a = (aj,a2) € A} x A,
satisfying inf( f;) < oo and any € > 0 we constructed an open set V in A; with
the weak topology and an open set I{ in A, with the weak topology which satisfy

Ve : diba)) <el£BandUN{beAr: da(b,ar) <€) # 0

and such that inf( f;) < oo for each b = (b, by) € V x U. This implies that there
exists an open set F in .A; x A, with the weak topology such that inf( f;,) < oo for
all @ € F and A is the closure of F in the space .A; x A, with the strong topology.

2.4 Preliminary Results for Hypotheses (A2) and (H2)

Assume that 4 : 2 — 28"\ {8}, U : graph(4) — 2k" \ {0} and that graph(U) is
a closed subset of the space £2 x R" x R" with the product topology. Consider the
spaces X(A,U), M(A4,U), and C;(B; x B») introduced in Sect. 2.1.

Proposition 2.6. Let f € M(A,U), (x,u) € X(A,U), {(xi,u;)}2, C X(4,U)
and let p((x;,u;), (x,u)) = 0asi — oco. Then

/ F(t.x(t), u(t))dt < liminf / F(t xi (), wi (£))dt.
Q 1 —>00 Q

Proof. We may assume that there is a finite lim; 500 [, f(Z, X; (¢),u; (¢))dt. There
is a subsequence {(x;, , u;, )}y, such that

(xi (), 13, (1)) = (x(t),u(t)) ask — oo, t € £2 (ae.)

(see p. 68 of [33]). By property (ii) (see the definition of M (A, U)) for almost every
ref?

fiminf £ (&, xi, (0,10, (1)) = f(t,X(0), u(t)).

—00

The proposition now follows from property (iii) (see the definition of M(4, U))

and Fatou’s lemma. O
The following proposition is an auxiliary result for the hypothesis (H2).

Proposition 2.7. Assume that f € M(A,U), {(x;,u;)}2, C X(A,U) is a
Cauchy sequence, and the sequence { [ f(t.x;(t),u;(1))dt}2, is bounded. Then
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there is (Xx,ux) € X(A,U) such that (x;,u;) converges to (Xx,Ux) asi — oo in
X(A,U) and moreover, if m = 1, then x;(t) — x«(t) asi — oo uniformly on
(T3, T2).

Proof. To prove the proposition it is sufficient to show that there exists a subse-
quence {(x;, u; )72, and (x«,ux) € X(A,U) such that (x;,,u;) — (X, usx) as
k — ooin X(A,U) and if m = 1, then x;,(f) — x«(¢) as k — oo uniformly
on [T7, T5]. (In the case m = 1 this implies that each subsequence of {x;}?2, has a
subsequence which converges to x, uniformly on [T, T»]. This proves that {x; }?2,
converges to x, uniformly on [T}, T»].)

Since {(x;, u;)}72, is a Cauchy sequence there is a strictly increasing sequence of
natural numbers {i; }72, and a sequence of measurable sets Dy C 2,k =1,2...
such that forallk =1,2,...,

mes(Dy) <275, |x;, (1) — x;, ()] <275, (2.47)
ltip ., (1) — wi, (1) <275, t € 2\ Dy

Set Cy = U2, D;,k =1,2,... By (2.47) there exist measurable functions u, :
2 — RY and x4 : 2 — R" such that

lim x;, (f) = x«(¢), lm u;, (t) = ux(t), t € 2\ N, Ck. (2.48)
k—o00 k—o00

Since the function f(t,-,-) is lower semicontinuous for ¢ € £2 (a.e.) (see the
definition of M (A, U), property (ii)) it follows from (2.48) that

S, x4 (1), ux(2)) < I}Cminff(t,xik @), u; (1)), t € 2 (ae.). (2.49)

Clearly the function f(f, x«(t),ux(t)), t € §2 is measurable. By (2.49), Fatou’s
lemma, and property (iii), /. o S, x«(1), ux(1))dt is finite. It follows from property
(iii) and the boundedness of the sequence {fQ S, xi(t),ui(t))dt}$2, that the
family of functions

E={|H({t, x«(), us(t))|, t € 2, |H(t,x;, (), u; 1)), t €2, k=1,2,...}
is uniformly integrable (see p. 74 of [32]). Namely for each € > 0 there exists

8 > 0 such that for each measurable set e C §2 satisfying mes(e) < § the following
relations hold:

/|H(t,x*(t),u*(t))|dt <e, /|H(t,xik(t),uik(t))|dt <e k=1,2,...

It follows from this property, the continuity of H, (2.47), (2.48), and Egorov’s
theorem that for each measurable set e C §2
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/H(t,x,-k @), u;, ())dt — /H(t,x* (1), ux(t))dt as k — oo. (2.50)

Now we consider the case with m = 1. Since the set £ is uniformly integrable it
follows from (2.4b), (2.48), and Ascoli’s compactness theorem that a subsequence
of the sequence {x; 2, converges to a continuous function y : [T7,T3] — R"
uniformly on [77, T3]. By (2.48) we may assume that x.(t) = y(t), t € [Ty, T3]
(a.e.). Thus x» : £2 — R”" is continuous and some subsequence of {x;, }?2,
converges to x, uniformly on [T}, 73]. Together with (2.50) this implies that
(x4, ux) € X(A,U). Since mes(Ng2 Cr) = 0 (see (2.47)) it follows from (2.48)
that (x;,, ;) — (x4, us) as k — oo in X(A, U). Therefore the proposition is true
in the case with m = 1.

We turn now to the case with m > 1. Since the set £ is uniformly integrable it is
easy to verify that

H('v X*('),M*(')) € LI(Q)v H('a-xik(')’uik(')) € LI(Q)v k=1.2,..., (251)
H(, X, (), i, (+) = H(-, x4 (), ux () as k — ooin L' ().

Note that x;, — 0* € (WOI’I(Q))", k = 1,2,... (see (2.4)). By Theorem 2.4.1
in [108] there is a constant ¢ > 0 such that ||2][,1o) < ¢||VhA|[L1(q) for all h €
W, (£2). Together with (2.51) and (2.48) this implies that x;, — x. as k — oo in
LY (2;R"), x« € (WIH(2))", Vxx = H(-, xx(-), ux(-)), and (xx, ux) € X(A4,U).
Analogously to the previous case we obtain that (x;, , u;, ) — (X, ux) as k — oo in
X(A,U). Thus in the case m > 1 the proposition is proved. O

Proposition 2.8. Let h € C;(B; x By) and ¢, D > 0. Then there exists a
neighborhood V of h in C;(B; x By) with the weak topology such that for each
& € V and each x € By x By which satisfies min{& (x), h(x)} < D the relation
|E(x) — h(x)| < € holds.

Proof. Thereis ¢y > 0 such that i(x) > —cq for all x € B} x B;. Choose a positive
number €; < 1 for which

€1+ € (1— 61)_1(2 4+ D +c¢y) <€
and define V = {£ € C;(By x By) : (&,h) € E (1)} (see (2.9)). Assume that
§ €V, x € By X By, and min{§(x), h(x)} < D. It follows from the definition of
and €1, (2.9) and Lemma 2.1, that £(x), 4 (x) are finite and

|£(x) —h(x)| < €1 +€7(1 —e) ™" + €1(1 — €)' min{|E(x)], |2 (x)]}
<€ + ef(l —61)_1 + € (1— 61)_1(D 4+ co) < €.

The proposition is proved. O
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Corollary 2.9. Let h € C;(B; x B,) and € > 0. Then there is a neighborhood V
of h in C; (B x By) with the weak topology such that for each & € V the inequality
| inf(§) — inf(h)| < € holds.

Proof. We may assume that inf(%) is finite and € < 1. By Proposition 2.8 there
exists a neighborhood V of & in C;(B; x B,) with the weak topology such that for
each £ € V and each x € B} x B; which satisfies min{& (x), #(x)} < inf(h) + 2 the
relation |£(x) — h(x)| < 27'e holds.

Assume that £ € V. It follows from the definition of V that for each x € By x B;
satisfying h(x) < inf(h) + 2 the relation |£(x) — h(x)| < 27 '€ is true. Choose
y € X such that h(y) < inf(h) + 27 '¢. Then

inf(£) < £(y) < h(y) + 27 'e < inf(h) + € < inf(h) + 1.

It follows from this inequality and the definition of V that for each x € B; x B,
satisfying £ (x) < inf(£§) + 1 the relation |£(x) —h(x)| < 27 '€ holds. Choose z € X
such that £(z) < inf(§) + 27 'e. Then

inf(h) < h(z) < £(z) + 27 '€ <inf(£) + €.

The corollary is proved. O
The following proposition is an auxiliary result for the assumption (A2).

Proposition 2.10. Let f € M(A,U) and € € (0,1), D > 0. Then there exists a
neighborhoodV of f in M(A, U) with the weak topology such that for each g € V
and each (x,u) € X(A, U) satisfying

mind [ xouondr, [ goxouoarf <p @5
2 2
the following relation holds:

V f(t,x(t),u(t))dt—/ gt,x(@),u(t))dt| <e. (2.53)
2 2

Proof. There is an integrable function ¢ (¢) > 0, t € §2 such that
f(t,x,u) > —¢po(t) forall (¢, x,u) € graph(U). (2.54)

Choose a positive number €; for which

€1 (Zmes(.Q) + 2+ / do(t)dt + D) <e€ (2.55)
fo)

and a positive number €, which satisfies

€0 +eo(l —e) ' <47 le. (2.56)
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Define
V={geM(AU): (g, f) € Erulco)} (see (2.7)). (2.57)

Assume that g € V, (x,u) € X(A4,U), and (2.52) are valid. By (2.57) and (2.7)
there is a nonnegative function ¢ € L'(£2) such that [ o ®(1)dt < 1 and for almost
every t € §2 the inequality

|f(t,y,V) _g(lsysv)l <€ +€0¢(t) +60max{|f(t,y,v)|, |g(l,y,V)|}

is true for each y € A(¢) and each v € U(z, y). It follows from this inequality,
Lemma 2.1, and (2.56) that for almost every ¢ € £2 the relation

|/t y,v) =g, y.v)| <eo+ef(1—e0) '+ ¢(0)(f(1 —€) ™' +€) (2.58)
+eo(1 — €)' min{| f(z, y. V)|, |g(z. y.v)[}
<47l +47€1¢(1) + 47 ey min{| f (2. y. ). |g(r, y, v)[}

is valid for each y € A(t) and each v € U(t, y). Equations (2.58) and (2.54) imply
that for almost every ¢ € £2 the inequality

gty v) = ft.y.v) —47'e =47 e1d(1) — 47 et | f(1.y.v)] (2.59)
> —47e¢(1) — 2¢0(1) — 47"y
holds for each y € A(¢) and each v € U(t, y). Set
A(t) = min{ £ (¢, x (1), u(t)), g(t, x (1), u(t))}, t € £2. (2.60)
It follows from (2.58), (2.54), (2.59), and (2.60) that for almost every ¢ € £2
|f(t,x (), u(t)) — g(t, x (1), u(t)| < 4™ 'e + 47 e1p(1)+

47 ey min{ (£, x (1) u(1)) 4+ 2¢o (1), g(t.x (1), ut)) + (1) + 4¢o(r) + 2}
<47lei + 4710 (t) + 47 e (@ (1) + 4go(t) +2) + 47 el A(0).

By this relation, (2.52) and (2.55),
/ | F(t, x (), u(t)) — g(t, x(t), u(t))|dt < 4 e;mes(2) + 4_161/ o (t)dt
Q2 2

+471¢ / ¢)dt + € / ¢o(t)dt + eymes(2) + 47 'e; D < e.
2 o)

This completes the proof of the proposition. O
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Analogously to the proof of Corollary 2.9 we can show that Proposition 2.10
implies the following corollary.

Corollary 2.11. Let f € M(A,U) and € > 0. Then there exists a neighborhood
Vof f in M(A, U) with the weak topology such that for all g € V

inf{/ £, x(@), u(t))dt : (x,u) € X(A,U)} —inf{/ g(t, x (1), u(t))dr :
2 2

(x,u) € X(A, U)} <e.

Proposition 2.12. Letm = 1, f € M(A,U) h € C;(B, x By) and e € (0,1),
D > 0. Then there exist a neighborhoodU of f in M(A, U) with the weak topology
and a neighborhoodV of h in C; (B x By) with the weak topology such that for each
(§,2) € V xU and each (x,u) € X(A, U) which satisfies

min{7 M (x,u), 19 (x,u)} < D (2.61)
the following relations are valid:

|h(x(Th), x(T2)) = §(x(T1), x(T2))| < €, (2.62)

T,
VT (@ x(0), u(t)) — gt x (1), u(t))]dt| < €. (2.63)

Proof. We may assume that inf(%) and

1
inf{ ft, x(@),u(t)dt : (x,u) € X(A,U)}
T
are finite. Choose a number

co > 4+ |inf(h)| +

T
inf{ ft, x(@),u@))dt : (x,u) € X(A, U)} ‘ .
T

By Corollaries 2.9 and 2.11 there exist a neighborhood V) of & € C;(B; x B;) with
the weak topology such that

| inf(§)| < ¢o forall £ € V; (2.64)

and a neighborhood U of f in M(A, U) with the weak topology such that

1
inf{/ gt,x(@),u(t))dt : (x,u) € X(4, U)} <coforall g eldy. (2.65)

T
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By Proposition 2.8 there exists a neighborhood V of & in C;(B; x B,) with the
weak topology such that V C V; and that for each & € V and each z € B; x B;
which satisfies min{&(z), h(z)} < D + co + 2 the relation |£(z) — h(z)| < € holds.
By Proposition 2.10 there exists a neighborhood U of f in M(A, U) with the weak
topology such that i/ C U, and that for each g € U and each (x,u) € X(A4,U)
satisfying

T T,
min{/ f(t, x(t),u())dt, / gt,x(@),u))dt; <D +co+2
T T

the inequality (2.63) holds.
Now assume that (§,g) € V x U and (x,u) € X(A, U) satisfy (2.61). It follows
from (2.61), (2.64), and (2.65) that

min{¢(x(T"), x(T2)), h(x(T1), x(T»))} — co
< min{ZY" (x,u), 19 (x,u)} < D

and
T T,
min{ F(t, x (1), u@t))dt, / g(t,x(0), u(t))dt’ —co
T] Tl

< min{7"" (x,u), 19 (x,u)} < D.

By these inequalities and the definition of I/ and V), the inequalities (2.62) and (2.63)
are valid. The proposition is proved. O

2.5 A Preliminary Lemma for Hypothesis (A3)

Fix a number dy € (0,1). There is a C*®-function ¢y : R' — [0, 1] such that
¢o(t) = Lif|t] < do, 1 > ¢go(t) > 0ifdy < [t| < 1,and ¢o(t) = Oif |¢] > 1.

Define a C*®-function ¢ : R' — R by ¢(x) = [ ¢o(1)dt, x € R'. Clearly ¢ is
monotone increasing, ¢(x) = x if |x| < dy and

p(x) =p(1)if x > 1, ¢p(x) = ¢(=1)if x < —1, (2.66)
dy = ¢(do) < p(x) < ¢(1) < 1forall x € (dy, 1). (2.67)

Now we defineaset L C C;(ByxB;).Inthecasem = 1 we set L = C;(B1x By)
and in the case m > 1 denote by L a singleton {0} where 0 is a function in C;(B; x
B») which is identical to zero. In the case m > 1 for each (f,§) € M(A,U) x L
and each (x,u) € X(A,U) we set

I(f’s)(x, u) = I(f)(x, u) (2.68)
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(see (2.10) and (2.11)). For each measurable set E C R, each measurable set
Eo C E,andeach h € L'(E) we set

]y = [E h(0)ldt. (2.69)
0

Fix an integer k > 1. It is easy to verify that all partial derivatives of the functions
(x,y) = ¢(lx — y|*), (x,y) € R? x R? with ¢ = n, N up to the order k are
bounded (by some d > 0).

For each y € (0, 1) choose €y(y) € (0, y) such that

Ex(8eo(y)) C{((x1,m1), (x2,u2)) € X(A,U) x X(A,U) :

p((x1,u1), (x2,u2)) <y} (2.70)
(see (2.5)) and
co(y) <47'y(d+2)" @.71)
and choose
€1(y) € (0,doeo(y)), (2.72)
8(y) € (0,16 €1 (y)"). (2.73)

Lemma 2.13. Let ye(0,1), feM(A,U), (€L, andletY C X(A,U), (X, u)eY,
TY9 i) <inf{IV9 (x,u) : (x,u) € Y} +8(y) < oo. (2.74)
Then there is g : R™ x R" x RY — R' in CK(R™"*N) which satisfies

0<g(t,x,u) <yforall (t,x,u) € R™" x R" x RV, (2.75)

g, M ckmxryy < v forallt € R™
such that for a function f € M(A,U) defined by
f(t,x,u) = ft,x,u)+ g(t,x,u), (t,x,u) € graph(U) (2.76)
the following properties hold:
1Y9(%,0) < V9%, @) + 8(y); 2.77)
foreach (y,v) € Y satisfying
195 v) <inf{IUD (@ w) 1 (w) € Y} +28(y) (2.78)

the relation p((y,v), (x,u)) <y is valid.
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Moreover the function g is the sum of two functions, one of them depending only
on (t, x) while the other depending only on (t, u).

Proof. Choose a positive number €, for which
€ < (mes(2) + 1)7'8718(y)do(d + 1)\ (2.79)
There is a measurable set £y C §2 such that
mes(2 \ Eo) <27 'e, (2.80)

and the functions x and u are bounded on Ej. There exist sequences of functions
(X152, € C®(R™; R") and {i; }?2; C C®(R™; R") such that

”ljti—lthLl(EO), ||)_Ci—)_C||L1(E0)—)OaSi—)OO (281)

(p- 13 of [57]). We may assume without loss of generality that u;(t) — u(t),
Xi(t) - x(t) asi — oo, t € Ey (a.e.) By Egorov’s theorem there is a measurable
set E; C Eq such that

mes(Ep \ E;) <27 le, (2.82)

and

u;(t) — u(t) and X; (t) — x(¢) uniformly in £, as i — oo. (2.83)
There is an integer s > 1 such that
max{|iis (1) — ()], |X(t) =X @)} < 4 'er(mes(2) + 1), t € E;. (2.84)
Define a function g : R x R" x R¥Y — R'by

g(t.x.1) = €(NP(1x = () + eo()p(lu — (D). (1, x, )€R"XR"XR".
(2.85)
Clearly g € C®(R™ x R" x R"). Define

ft,x,u)= f(t,x,u)+ g, x,u), (¢,x,u) € graph(U). (2.86)

Evidently f € M(A, U). It follows from (2.85), the definition of d, (2.66), (2.67),
and (2.71) that (2.75) is true. We will show that (2.77) is true. By (2.86), (2.85),
(2.84), (2.66), and (2.67),

199 (%, i) = 1V9 (%, ) +60(V)/9<1_5(I)?(l)—)'cs(t)lz)dt

+eo(y) /Q P(lu(t) — (1) [P)dt = IV (%, i) + €o(y) i P(|x(1) — X, (1)*d1
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+eoly) /Q | BUEO =B OPr + ) /E () — ity (D)

o) [ (a0~ = 19960
2\E|
+2(mes(£2))eo(y)p((47"'€2)?) + 2€0(y) mes (2 \ E)).
It follows from this relation, (2.79), (2.66), (2.67), (2.80), and (2.82) that

TU9 &, ) < TU9 (%, 1) + 2mes(2)eo(y) (4 e2)* + 260(y)e2
< IV, 70) + deo(y)er < IO (%, 7) + 8().

Thus (2.77) is valid. Now assume that (y,v) € Y satisfies (2.78). It follows from
(2.78), (2.86), (2.85), and (2.74) that

1U9(p,v) + 60(3,)/943(55(;) —y()P)dr + eo(y)/gq_ﬁﬂv(t) — iig(1)[*)dt

= 1V9(y,v) <28(y) + 1V 9 (%, 1)
<38(y) + 1Y9(x, ) < IYD(y,v) + 48(»).

This implies that

/Q FU5(0) — yOP)dt + /Q $(1iis (1) — (D)t < 450 (&)™ (2.87)

Set

Ey={tef: |y@t)— %) =2""a(y)},

Ey={te2: [v(r)—iut) >27"e(y)} (2.88)
Then by (2.88), (2.87), (2.71), (2.72), (2.66), (2.67), and (2.73)

mes(Ex) + mes(Ex) < 4ei(y)" [ /E FU%0) — y()Pdr

+ / $(as(r) - v(r)|2)dr] (2.89)
E3
< 166,() 250 (@) < e1(y).

Tt follows from (2.89), (2.88), (2.84), (2.79), (2.80), and (2.82) that
mes{t € 2 : |y(t) —x(t)| > e1(y)} < mes(2\ Ey)

+mes({t € 21 |y(1) = %) =27 (y)} < @ +ea(y) < 2e(y)
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and
mes{s € 2 : |v(t) —u(t)| = €1(y)} < mes(2\ Ey)
+mes{t € 2 |v(1) —ug(1)] = 27 e1(y)}
= e+ e(y) =26(y).

These relations and (2.70) imply that

((y.v). (x,ur)) € Ex(4e1(y)),
p((y,v), (x,u)) < y.

This completes the proof of the lemma. O

2.6 An Auxiliary Result

Let p > 1 be an integer and let e; = (1,0,...0),..., ¢, = (0,...,0,1) be the
standard basis in R”. For each set E C R” denote by conv(E) its convex hull.

Proposition 2.14. Let a finite set E = {h;; : i =1,2,...p, j = 1,2} C R?
satisfy
|hit —eil, |hin+eil <@p)~' i=1,...p.

Then the relation 0 € conv(E) holds.

Proof. Let us assume the converse. Then 0 ¢ conv(E) and there is § =
(¢1,....&,) € R? \ {0} such that inf{< g,& >: g € conv(E)} > 0. We may
assume that |&;| > |&;|,i = 1,..., p. There are two cases: & > 0; & < 0. Consider
the case with & > 0. Then 0 < &, hyp, >=< §,—e) > + < &, h;p + 1 ><
—£ + (2p)~! pl&1| < 0, a contradiction. Analogously we obtain a contradiction in
the second case. The proposition is proved. O

2.7 An Auxiliary Lemma for Hypothesis (A4)

Assume that A : 2 — 2"\ {@} and graph(A) is a closed subset of the space £2 x R”
with the product topology. Let e; = (1,0,...,0), e = (0,1,...0),...,exy =
(0,0,...1) be a standard basis in RY. Now we define a set £ C C;(B; x B,). In
the case m = 1 we set L = C;(B; x B;) and in the case m > 1 we denote by £
a singleton {0} where 0 is a function in C;(B; x B;) which is identical zero. In the
case m > 1 for each (f,£) € M(A,U,) x L and each (x,u) € X(A, Uy) we set
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I(f'g)(x, u) = I(f)(x, u)

(see (2.10), (2.11), and (2.12)).
Lemma 2.15. Let f € M(A,Uy), £ € L, U € Py,

{(x,u) € X(A,U): TV (x,u) < oo} # 0, (2.90)

andlet €,8 > 0. Then there are Uy € Py, (x,u) € X(A, Uy), and an open set W in
P4 such that

(U U) € Ep,(6), WN{V €Py: (UV) € Ep,()} # 0. 2.91)

TY9 &, 0) <inf{IV9 (x,u) 1 (x.u) € X(A, Uy} + 68 < o0 (2.92)
and forall V e W,
(%.7) € X(A,V) C X(A,U,). (2.93)

Proof. Foreachr € [0, 1] define U, € P4 by
U (t,x) ={ue R : dy(u,U(t,x)) <r}, (t,x) € graph(A) (2.94)

and define
w(r) = inf{IY9(x,u): (x,u) € X(A,U,)}. (2.95)

Clearly pu(r) is finite for all » € [0, 1] and the function w is monotone decreasing.
There is ry € (0, 8_16) such that p is continuous at ry. Choose | € (0, ry) such that

|1(r1) — p(ro)| < 16716. (2.96)

There is
(X)) € X(A,U,) (2.97)

such that
1Y9(%. i) < u(ry) + 16716, (2.98)

Equations (2.96) and (2.98) imply that
TY9 (%, 1) < u(ro) + 878, (2.99)

Set
ry=2""(ro + ). (2.100)
Clearly
(U, U) € Ep,(e), i =0,1,2. (2.101)
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Choose a positive number y for which
y <min{418, (16N) ' (ro—r1)} (2.102)

and define
W=A{VePs: (U,,V)e Ep,(y)}, Usx = U,. (2.103)

It follows from (2.101), (2.103), (2.99), and (2.95) that (2.91) and (2.92) are true.
Assume that V' € W. Then by (2.103), (2.102), and (2.100) for each (¢, x) €

graph(A4)
V(t,x) C{ze R : dy(z. U,(t,x)) <y}
C{ze R : duy(z, U(t,x)) <ro} = U, (t, x).

Therefore
X(A, V) C X(A,U,)). (2.104)

We will show that (X, u) € X(A, V). It is sufficient to show that
u(t) € V(t,x(t)) for almost every ¢ € 2. (2.105)
By (2.97) for almost every ¢ € §2
u(t) € Uy, (¢, X(2)). (2.106)

Assume that ¢ € §2 and (2.106) is true. By (2.106), (2.100), (2.94), and (2.103) for
i=1,...,N

(1) + 27 (ro — r)e;, w(t) — 27 (ro — r1)e; € Uy, (1, %(1))

and there are z;1,z;» € RY such that

iu(t) + zit, u(t) +zin € V(t, %)), |21 — 27 (ro — r)eil, |zio + 27 (ro —r)ei| < .
(2.107)

Since the set V(z,x(¢)) is convex it follows from (2.107), (2.102), and Proposi-
tion 2.14 that

Oeconviz; : i =1,...N, j =12}, u(t) € V(t, x(1)).

This implies that (X, #) € X (A, V). The lemma is proved. O
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2.8 Proof of Theorem 2.2 and Its Extensions

Proof. By Propositions 2.6 and 2.7 (A1) holds and J, is lower semicontinuous for
alla € A; x A,. By Theorem 2.3 we need to verify that (H1) and (H2) are valid.
(H2) follows from Proposition 2.7. Therefore it is sufficient to show that (H1) holds.
By Proposition 2.4 it is sufficient to show that (A2), (A3), and (A4) are valid. (A2)
follows from Propositions 2.10 and 2.12. By Lemma 2.13, (A3) holds. (A4) follows
from Lemma 2.15. This completes the proof of the theorem. O

As we mentioned in Sect. 2.1 we proved Theorem 2.2 in such a manner that
it is applicable for all the spaces of integrands introduced there. All the spaces of
integrands are subspaces of M(A4, U). Since (H2), (A1), (A2), and (A4) hold for the
class of optimal control problems with the space of integrands M (A4, U) they are
also valid for all its subclasses considered here. On the other hand (A3) follows from
Lemma 2.13 which establishes that f 4+ g and f belong to the same subspaces of
integrands. This implies that (A3) holds for all classes of optimal control problems
introduced in Sect. 2.1.

As seen from the proof of Lemma 2.13 the perturbation g of the integrand f
is chosen as the sum of two functions, one of them depending only on (¢, x) while
the other depending only on (¢, ). Therefore Theorem 2.2 can be easily extended
to subclasses of the classes of optimal control problems introduced in Sect. 2.1 in
which integrands are sums of two finite-valued functions, one of them, depending
only on (¢, x), is defined on graph(A) while the other, depending only on (¢, u), is
defined on 22 x RV,

In this section we present the extension of the generic existence and uniqueness
result established in [86, 88] for the space of lower semicontinuous integrands f :
graph(U) — R!. This generalization holds for all the spaces of integrands defined
in Sect. 2.1 and it is obtained as a realization of the generic variational principle
established in Sect. 2.2.

Assume that 4 : 2 — 28"\ {8}, U : graph(4) — 28" \ {0} and graph(U) is
a closed subset of £2 x R" x R" with the product topology. We consider the metric
space X (A, U) with the metric p (see (2.5)).

Now we define A, as follows:

Al = Ay x Apifm=1and A = Ay if m > 1,

where Ay, is either C; (B x B;) or C(B; x By) or a singleton {£§} C C;(By x By),
and A;, is one of the following spaces:

M(A,U); M (A, U): ME(A.U):;
M (A, UA); Mf{(A, U,); M (A, U,) (here k > 1is an integer, U = U,
and graph(A) is a closed subset of the space £2 x R"

with the product topology);
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ME(A,0); MP(A,0);
./\/l;:"(/f, U) (here k > 11is an integer and A = A, U= (7)

Denote by A the closure of the set {a € A; : inf(I @) < oo} in the space A; with
the strong topology. We assume that A is nonempty. The following result is proved
analogously to Theorem 2.2.

Theorem 2.16. The minimization problem for 1 on (X(A,U), p) is generically
strongly well posed with respect to A.

2.9 Variational Problems

We use the notations and definitions introduced in Sect. 2.1. Assume that n = N,
H(t,x,u) = u, (t,x,u) € 2x R"x R" and B and B, are singletons. Let A : 2 —
2R\ {@}, U : graph(4) — 2% \ {@} and let graph(U) be a closed subset of the
space §2 x R" x R" with the product topology. If (x,u) € X(A,U), thenu = Vx
and (x, u) are identified with x € (W"1(£2))". In this section we omit the notation u
in describing the elements of X(A, U). For the set X(A4, U) we consider the metric
p introduced in Sect. 2.1 (see (2.5)) and the metric p; defined by

ps(x,y) =[x = yllwriq) forall x, y € X(4,U).

Clearly (X(A4,U), ps) is a complete metric space and its uniform structure is
stronger than the uniformity which generates the metric p. Finally for the set
X(A,U) we consider the third uniformity which is determined by the following
base:

Exuw(€) = {(x1,x2) € X(A,U) x X(A,U) : (2.108)
mes{t € 2: |Vx1(t) — Vxa(t)| > €} < ¢},

where € > 0. (Note that if x, y € X(4,U) and Vx = Vy, then x = y (Theorem
2.4.1 of [108].) It is easy to see that this uniform structure is metrizable (by a metric
pw) and weaker than the uniformity which generates the metric p.

For variational problems considered in this section we can obtain strong versions
of Theorems 2.2 and 2.16. These strong versions establish generic strong well-
posedness of the minimization problem on the space (X, p;) while in Theorems 2.2
and 2.16 it is obtained on (X, p). They are derived from Theorems 2.2 and 2.16,
Proposition 2.10, and the following proposition.

Proposition 2.17. Let f € M(A,U),

co > inf{/ . x(t), Vx(@)dt : x € X(A,U) (2.109)
2
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and let
Y ={xeX(A4,U): / f(t,x(t), Vx())dt < co}. (2.110)
2
Then for each € > 0 there exists § > 0 such that if x,x, € Y and (x1,x;) €
EXW((S), then ,os(xl, Xz) < €.

Proof. Let € > 0. In the case m > 1 by Theorem 2.4.1 in [108] there exists a
constant ¢ > 0 such that ||| 1) < c||VhA||L1(g) forall h € WO“(.Q). In the case
m = 1 set ¢ = 1. Choose a positive number

A < (32(c + 1)(mes(2) + 1)) e
By property (iii) (see the definition of M(A,U)) and (2.110), the family of
functions {|Vx(-)| : x € Y} is uniformly integrable. Therefore there exists
y € (0, A) such that for each x € Y and each measurable set e C 2 satisfying
mes(e) < y the inequality fe |Vx(t)|dt < A holds. Choose a positive number
§ < (8¢ + 8) !(mes(£2) + 1) 2y.
Assume that x1,x; € Y and (x1, x;) € Ex,(8). There exists a measurable set

e C 2 such that mes(e) < § and |Vx;(t) — Vxa2(t)| <6, t € £2\ e. It follows from
these inequalities and the definition of y and § that

/|in(t)|dt <A, i=12, / [Vx1(t) — Vxa(2)|dt, 2.111)
e 2
< / |Vx1(t) — Vxo(2)|dt + / |[Vx1(t) — Vxo(t)|dt <2A + Smes(£2).
e 2\e
In the case m = 1 we have

|x1(t) — x2(0)| < /Q |Vxi(s) — Vxao(s)|ds, t € 2

and by (2.111) and the definition of § and A

ps(x1,x2) = [|x1 — x2|lw11(2) < (mes(2) + D[|Vx1 — Vxa|| 1)
< (mes(£2) + 1)(2A + dmes(£2)) < €.

In the case m > 1 it follows from (2.4), the definition of ¢, (2.111), and the definition
of §, A that

ps(x1, x2) = [|x1 = x2||11(2) + [IVX1 = VX2 [11(e2)

< (C + 1)||V)C1 — V)C2||L1(Q) < (C + 1)(2A =+ SmeS(Q)) < €.

This completes the proof of the proposition. O
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Proposition 2.17 and the completeness of the space (X(A,U), ps) imply the
following result.

Proposition 2.18. Assume that [ € M(A,U), {x;}{2, is a Cauchy sequence in
the space X(A, U) with the metric p,, and the sequence

[e.0]

{ [ 1650, 95 @nar
2

i=1

is bounded. Then there is x« € X(A, U) such that ps(x;, x«) — 0asi — oo and
moreover if m = 1, then x; (t) — xx(t) asi — oo uniformly on [T}, T3].

From now on in this section we consider a fixed set-valued mapping A : 2 —
2R" \ {@} for which graph(A) is a closed subset of the space £ x R" with the
product topology and a set-valued mapping Uy : graph(4) — 28"\ {@} where
Uu(t,x) = R", (t,x) € graph(A). For each f € M(A,U,) we define /) :
X(A,U4) — R' U {oo} by

1P (x) =/ f(t,x(@),Vx(@t))dt, x € X(A,Uy).
2

Consider the space of set-valued mappings A, and the space of integrands A
defined in Sect. 2.1. Denote by A, the set of all functions f € .4;; which do
not depend on x. Clearly Ay is a closed subset of .A;; with the strong topology.
We consider the topological subspace Ay C A;j; with the relative weak and strong
topologies.

Let a function F : graph(4) x R" — R! U {oo} have the following properties:

F is measurable with respect to the o-algebra generated by products of Lebesgue
measurable subsets of £2 and Borel subsets of R" x R".

F(z,-,-) is lower semicontinuous for almost every ¢ € £2.

There exists an integrable scalar function ¥r(t) > 0, ¢t € £2, such that
F(t,x,u) = yr(¢) forall (z,x,u) € graph (A) x R".

Clearly for each g € M(A,Uy), g + F € M(A,Uy).

For each a = (a1, as) € Ay x A, we define J, : X(A4,U4) — R' U {oo} by

Ja(x) = I(al+F)(x)7 X € Sazs Ja(x) =00, X € X(Av UA) \ S{lz-

Here S,, = X(A4, a») (see (2.19)). Denote by A the closure of the set {a € Ayx.A; :
inf(J,) < oo} in the space Ay x A, with the strong topology. We assume that A is
nonempty.

Theorem 2.19. The minimization problem for J, on (X(A, Uy), py) is generically
strongly well posed with respect to A.

Proof. We will show that the following assertion holds:
The minimization problem for J, on (X (A4, Uy4), py) is generically strongly well
posed with respect to A.
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This assertion is proved analogously to Theorem 2.2. Note that Propositions 2.6
and 2.18 imply the lower semicontinuity of J, for all a € Ay x A,, (H2) follows
from Proposition 2.18, and (A3) is derived from a modification of Lemma 2.13. In
this modification the perturbation g = g(¢, x, #) does not depend on x and in the
last line of the statement of Lemma 2.13 p is substituted by p,,. The proof of this
modification is analogous to the proof of Lemma 2.13. In the relation (2.70) p is
substituted by p,, and Ey is substituted by Ex,, and in (2.85) g is defined by

g(ts-xsu) = GO(V)J)(lu_ ﬁs(t)lz)s (Z,X,M) € R" x R" x R".

Thus there exists an everywhere dense (in the strong topology) set B C A
which is a countable intersection of open (in the weak topology) subsets of A
such that for any a € B the assertions (1) and (2) of Theorem 2.3 hold with
(X,p) = (X(A,U4), py) and fp = Jp, b € A.

Leta = (ay,az) € B. By the assertion (1) of Theorem 2.3 inf(J,) is finite and
attained at a unique element ¥ € X(A, Uy). In order to complete the proof of the
theorem it is suffjcient to show that the assertion (2) of Theorem 2.3 holds with
(X.p) = (X(A,T4), ps) and fi = Jy, b € A

By Proposition 2.10 there exists an open (in the weak topology) neighborhood
Vi of a; in Ay such that for each b € V) and each x € X(A4, UA) satisfying
I+ (x) < inf(J,) + 1 the following relation holds:

1@+ (x) < 16+ (x) + 1 < inf(J,) + 2. (2.112)

Let € € (0, 1). It follows from Proposition 2.17 that there exists €y € (0, €) such
that for each x, x, € X (A4, Uy) satisfying

1P (x) <inf(J,) + 2. i = 1,2and p,(x1,x2) < € (2.113)

the relation py(x1, xz)~ < € holds. By the assertion (2) of Theorem 2.3 which holds
for the space (X (A4, Uy), py) there are a neighborhood V of @ in A with the weak
topology and § > 0 such that for each b € V, inf(J}) is finite and if z € X(A4, Uy)
satisfies

Jp(2) < inf(Jp) + 8. (2.114)
then
pw(X,2) < € and |[Jp(2) — Ja(¥)| < €. (2.115)
We may assume that
YV C V) x A. (2.116)

Now assume that b = (b,b;) € V and 7 € X(A4, UA) satisfies (2.114). Then
(2.115) holds. By (2.115), (2.116), and the definition of V; (see (2.112))

1@+ () < inf(J,) + 2.
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It follows from this inequality, (2.115), and the definition of ¢ (see (2.113)) that
the relation ps(X,z) < € holds. Thus the assertion (2) of Theorem 2.3 holds with
(X.p) = (X(A,Uy4), ps) and f, = Jy, b € A. This completes the proof of the
theorem. O

Note that for the class of variational problems considered here we can also prove
an analog of Theorem 2.16 in which only integrands are subject to variations.

2.10 Optimal Control Problems with Cinquini Growth
Condition

In this chapter we also prove an extension of Theorem 2.2 to a class of optimal
control problems satisfying the Cinquini growth condition obtained in [90]. We use
the notations and definitions introduced in Sect. 2.1.

Let n, N > 1 be integers. We assume that £2 = (77, T,), where T} and T, are
fixed real numbers for which 77 < T,, H(t, x,u) is a fixed continuous function
defined on £2 x R” x RY with values in R” such that H(¢, x, u) = (H;)!_, and B,
and B, are fixed bounded nonempty closed subsets of R".

Suppose that a(z), t € [T, T2] is a given integrable scalar nonpositive function
and ¢, ¥ : [0,00) — [0, 00) are nondecreasing functions such that ¢ is convex

rl_i)lgocp(r)/r =00 (2.117)
and

Tim [p(2r(T, = T)™) = Y + sup{ly| : » € By U Bo})] = oo,

Define set-valued mappings A : 2 — 28"\ {#}and U : 2 x R" — 2R" \ {9} by
At)y=R" 1€, U(t,x) =R", (t,x) e 2 xR". (2.118)

For each A : 2 — 28"\ {@} and each U : graph(4) — 2R \ {@} for which
graph(U) is a closed subset of the space £2 x R" x RY with the product topology, we
denote by X (A4, U) the set of all pairs of functions (x, u), where x = (x1,...,x,) €
W), u= (uy,...uy) : 2 — R" is measurable and the following relations
hold:

x(t) € A(t), t € 2 (a.e.), u(t) e U(t,x(1)), t € 2 (a.e.), (2.119a)
xX'(t) = H(t,x(1),u®)), t € 2 (ae.), (2.119b)
x(T}) € B;, i =1,2. (2.119c¢)
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Let A : 2 — 28"\ {@}, U : graph(4) — 28" \ {@} and let graph(U ) be a closed
subset of the space £2 x R" x R" with the product topology.

For the set X (A, U) defined above we consider the uniformity which is deter-
mined by the following base:

Ex(e) = {((x1,u1), (x2,u2)) € X(A,U) x X(A,U): (2.120)

mes{t € 2 : |x1(t) — x2(t)| + |u1(t) —uz2(t)| > €} < €},

where € > 0. The uniform space X (A, U) is metrizable (by a metric p). In the space
X (A, U) we consider the topology induced by the metric p.

Next we define spaces of integrands associated with the maps A and U. By
(A, U) we denote the set of all functions f : graph(U) — R' U {oo} with the
following properties:

(1) f is measurable with respect to the o-algebra generated by products of
Lebesgue measurable subsets of £2 and Borel subsets of R” x R".
(ii) f(z,-,-) is lower semicontinuous for almost every ¢ € £2.

(i) [, x,u) = ¢(|HE. x,u)|) =¥ (|x]) +a(t). (z,x,u) € graph(U).

Due to property (i) forevery f € MM(A, U) and every (x, u) € X(A, U) the function
S, x(t),u(?)),t € £2 is measurable. The growth condition in (iii) was employed
in [22,41] to study a Bolza problem.

Denote by M/ (A, U) (respectively, M (A, U)) the set of all lower semicontinu-
ous (respectively, finite-valued continuous) functions f : graph(U) — R' U{oo} in
M(A, U). Now we equip the set M (A, U) with the strong and weak topologies. For
the space M (A, U) we consider the uniformity determined by the following base:

Eons(e) ={(f,g) e M(A,U) xM(A,U): (2.121)

| f(t, x,u)—g(t,x,u)| <e, (¢t,x,u) € graph(U)},
where € > 0. It is easy to see that the uniform space 91(A,U) with this
uniformity is metrizable (by a metric dgy) and complete. This uniformity generates
in M(A4,U) the strong topology. Clearly 9/ (A4,U) and 9M¢(A4,U) are closed

subsets of M(A, U) with this topology.
For each €, r > 0 we set

Egmu(e,r) ={(f,g) € M(A,U) x M(A,U) : there exists a nonnegative
(2.122)

¢ € L'(£2) such that / ¢(¢)dt < 1, and for almost every ¢ € £2,
Q

| f(t.x.u) — g(t. x.u)| < €+ emax{|f(t,x.u)|.|g(t. x. u)|} + € (1)
for each x € A(¢) satisfying |x| < r and each u € U(z, x)}.
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Using Lemma 2.1 we can easily show that for the set 9(A, U) there exists the
uniformity which is determined by the base Eoy,(€,r), €,r > 0. This uniformity
induces in M(A, U) the weak topology.

Denote by C;(B; x B,) the set of all lower semicontinuous functions & : By x
B, — R' U {oco} bounded from below. We also equip the set C;(B; x B,) with
strong and weak topologies. For the set C;(B; x B;) we consider the uniformity
determined by the following base:

Ec.(€) = {(§,h) € Ci(By x By) x Ci(By x By) : [6(2) —h(z)| <€, z€ By x By},
(2.123)

where € > 0. It is easy to see that the uniform space C;(B; x B,) is metrizable (by
a metric d.) and complete. This metric induces in C;(B; x B») the strong topology.
We do not write down the explicit expressions for the metrics dogy and d. because
we are not going to use them in the sequel.

For any € > 0 we set

Ecw(e) = {(§,h) € Ci(By x By) x Ci(By X By) : |§(z) — h(2)] (2.124)
< € + emax{|£(z)|, |h()|}, z € By x By},

where € > 0. In view of Lemma 2.1, for the set C;(B; x B,) there exists a uniformity
which is determined by the base E,,,(¢€), € > 0. This uniformity induces in C;(B; x
B») the weak topology. Denote by C(B; x B») the set of all finite-valued continuous
functions % in C;(B; X B,). Clearly it is a closed subset of C;(B; x B;) with the
weak topology.

For each f € M(A, U) and each £ € C;(B) x B,) we define /9 : X(A4,U) —
R' U {oco0} by

T,
1Y (x,u) = F@t,x(), u())dt + £(x(T1), x(T»)), (x,u) € X(A,U).

T

(2.125)

We will show that (2.125) defines lower semicontinuous functionals on X (4, U).
From now on in this section we consider a fixed set-valued mapping 4 : 2 —

2R\ {@} for which graph(A) is a closed subset of the space £2 x R" with the product

topology. Denote by U 4 the restriction of U (see (2.118)) to the graph(A). Namely

Uy : graph(A) — 28", U(t,x) = RV, (t,x) € graph(A). (2.126)

We consider functionals 1 8 with (£, £) € M(A, Uy) x C;(B; x By) defined on
the space X (A4, U 1) (see (2.119)). The main result of this section will be established
for several classes of optimal control problems with different corresponding spaces
of the integrands which are subsets of the space M(A4,Uy). The subspaces of
lower semicontinuous and continuous integrands (M (A, U4) and 9 (A4, U4)) have
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already been defined. Now we define subspaces of 9t(A4, Uy) which consist of
integrands differentiable with respect to the control variable u.

Let k > 1 be an integer. Denote by 01 (4, Uy) the set of all finite-valued f €
M(A, Uy) such that for each (¢, x) € graph(A) the function f(z,x,-) € C¥(RM).
We consider the topological subspace 9 (4, Uys) C (A, Uy) with the relative
weak topology. The strong topology on 9% (A, Uy) is induced by the uniformity
which is determined by the following base:

Eonic(€) = {(f.8) € M (A, Us) x M (A, Uy) = | f(t.x.u) — g(t. x.u)| <€
(2.127)
forall (¢, x,u) € graph(4) x R" and
”f(tv X, ) - g(ts X, ')||Ck(RN) <€ for all ([7x) € graph(A)}v

where € > 0. It is easy to see that the space 9% (A, U4) with this uniformity is
metrizable (by a metric don 1) and complete. Define

M (4, Ua) = My (4, Ua) N M (4, U),
M (A, Uy) = My (A, Ug) N M (A, Uy). (2.128)
Clearly Sﬁi (A,Uy) and ML (A, U,) are closed sets in 90 (4, U4) with the strong
topology. o
Finally we define subspaces of (A, U) which consist of integrands differen-
tiable with respect to the state variable x and the control variable u. Denote by
N (A, U) the set of all f : £ x R" x RY — R''in M(A,U) (see (2.118))
such that for each ¢ € £ the function f(z,-,-) € C k(R" x RN). We consider the
topological subspace M} (A4, U) C M(A, U) with the relative weak topology. The
strong topology in 9T} (A, U) is induced by the uniformity which is determined by
the following base:
Ef (€)= {(f.g) e MI(A,U) x M (A,U) : (2.129)
| f(t.x,u) — g(t,x,u)| <eforall (¢, x,u) € 2 x R" x R" and
||f(tv ) ) - g(f, ‘s ')Hck(RnJrN) <e€ forallt e Q},

where € > 0. It is easy to see that the space D1} (A,U) with this uniformity is
metrizable (by a metric dgy ;) and complete. Define

M (A, U) = ME(A,0) N (A, 0), M (A, T) = M4, U) N (A4, D).
(2.130)

Clearly 93?7;1 (A,U) and Mme (A,U) are closed sets in my (A, U) with the strong
topology.
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Thus we have defined all the spaces of integrands for which we will prove the
main result of this section. Now we will define a space of constraint maps Py.
Denote by S(R") the set of all nonempty convex closed subsets of R". For each
x € RY and each E C R, set dy(x, E) = infyeg |x — y|. For each pair of sets
C,C, C RN,

dy(Cy, Cy) = maxq sup dy(y, Ca), sup dy(x,Cy)
yeC; x€Cy

is the Hausdorff distance between C; and C».
For the space S(R") we consider the uniformity determined by the following
base:

Egn(€) = {(C1,C) € S(RV) x S(RV) : dy(C1.Ca) < e}, (2.131)

where € > 0. It is well known that the space S(R") with this uniformity
is metrizable and complete. Denote by P4 the set of all set-valued mappings
U : graph(4) — S(R") such that graph(U) is a closed subset of the space
graph(4) x RV with the product topology. For the space P4 we consider the
uniformity determined by the following base:

Ep,(€) ={(U1,U2) € P4 x Py duy(Ui(t,x),Us(t,x)) < € (2.132)
for all (¢, x) € graph(4)},

where € > 0. It is easy to see that the space P4 with this uniformity is metrizable
and complete. This uniformity generates in P4 the strong topology.

For the space P4 we also consider the uniformity determined by the following
base:

EPAW(ev r) = {(Uls U2) € PA X PA : dH(Ul(tsx)v Uz(tsx)) S € (2133)
for all (¢, x) € graph(A) satisfying |x| < r},

where €, r > 0. This uniformity generates in P4 the weak topology.
We consider the space X (4, U) with the metric p (see 2.120)). Foreach U € Py
define

Sy = X(A,U) = {(x,u) € X(A,U4) : u(t) € Ut,x(1)), t € 2 (ae.)l.
(2.134)

For each U € P4 and each (f,£) € M(A,Uy) x C;(B; x B,) we consider the
optimal control problem

Y9 (x,u) — min, (x,u) € X(4,U).

We will state our generic well-posedness result, Theorem 2.20, in such a manner
that it will be applicable for all the spaces of integrands defined above.
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To meet this goal we set A, = P4 and define a space A; as follows:
Ap = A x A,

where Ay, is either C;(B; x By) or C(B; x By) or a singleton {§} C C;(By x By),
and Aj, is one of the following spaces:

M(A, Ua); M (A, Uy); M(A,Uy);
M (A, UA); i)ﬁ]lc(A, UA); M (A, UA) (here k > 1 is an integer);
M (A, U); M (A, U); MF(A,U) (here k > 1is an integer and 4 = A).

For each a = (a;,a,) € A; x A, we define J, : X(A4,U4) — R' U {oo} by
Ja(x,u) = 1D(x,u), (x,u) € Sy, Jo(x,u) =00, (x,u) € X(A,Ux)\ Sa,.

We will show that J, is lower semicontinuous for all a € A; x A,. Denote by A
the closure of the set {a € A; x A, : inf(J,) < oo} in the space A; x A, with the
strong topology. We assume that .4 is nonempty. We will prove the following result
obtained in [90].

Theorem 2.20. There exists an everywhere dense (in the strong topology) set B C
A which is a countable intersection of open (in the weak topology) subsets of A
such that for any a € B the following assertions hold:

(1) inf(J,) is finite and attained at a unique pair (3, i) € X(A, Uy).

(2) For each € > 0 there are a neighborhoodV of a in A with the weak topology
and 8 > 0 such that for each b € V, inf(Jy) is finite and if (z.w) € X(A, Uy)
satisfies Jp(z,w) < inf(Jp) + 6, then p((X, ), (z,w)) < € and |Jp(z,w) —
Ja(x, )| < e.

Theorem 2.20 is an extension of Theorem 2.2 which was established for a class
of optimal control problems with integrands satisfying the Cesari growth condition.
If an integrand f satisfies the Cesari growth condition, then for each ¢ the function
f(¢,-,-) is bounded below while if f satisfies the Cinquini growth condition in (iii)
and H(t, x,u) = u, then f(¢, x,u) can tend to —oo as |x| — oo for fixed ¢, u. Note
that using the Cinquini growth condition allows us to weaken the weak topology in
the space A; x A,. Namely in Sect. 2.1 the space P4 was considered only with one
uniformity determined by (2.132).

2.11 Variational Principles

We will obtain Theorem 2.20 as a realization of the variational principle which was
introduced in Sect. 2.2.
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We consider a metric space (X, p) which is called the domain space and a
complete metric space (A, d) which is called the data space. We always consider
the set X with the topology generated by the metric p. For the space A we consider
the topology generated by the metric d. This topology will be called the strong
topology. In addition to the strong topology we also consider a weaker topology
on A which is not necessarily Hausdorff. This topology will be called the weak
topology. (Note that these topologies can coincide.) We assume that with every
a € A alower semicontinuous function f, on X is associated with values in
R = [—00,00]. In our study we use the hypotheses about the functions (H1) and
(H2) introduced in Sect. 2.2 and Theorem 2.3.

The proof of Theorem 2.20 consists in verifying that the hypotheses (H1) and
(H2) hold for the space of integrand—map pairs introduced in Sect. 2.10. In order
to simplify the verification of (H1) we use auxiliary assumptions (A1)—(A4) which
imply (H1).

Let (X, p) be a metric space with the topology generated by the metric p and let
(A1, dy), (Az, d>) be metric spaces. For the space A; (i = 1,2) we consider the
topology generated by the metric d;. This topology is called the strong topology. In
addition to the strong topology we consider a weak topology on A;,i = 1,2.

Assume that with every a € A, a lower semicontinuous function ¢, : X —
R' U {oo} is associated and with every a € A, aset S, C X is associated. For each
a = (a1,a2) € A; x Ay define f, : X — R!' U {oo} by

Ja(x) = ¢, (x) forall x € S,,, fa(x) =ocforallx € X \ Sg,.

Denote by A the closure of the set {a € A; x A, : inf(f,) < oo} in the space
A; x A, with the strong topology. We assume that A is nonempty.
We use the following hypotheses:

(Al) Foreacha; € A,, inf(¢,,) > —oo and for each a € A, x A; the function f,
is lower semicontinuous.

(A2) For each a € A; and each D, e > 0 there is a neighborhood U of a in A;
with the weak topology such that for each b € Uf and each x € X satisfying
min{¢,(x), ¢»(x)} < D the relation |¢,(x) — ¢»(x)| < € holds.

(A3) For each y € (0, 1) there exist positive numbers €(y) and 3(y) such that
€(y),8(y) — 0 as y — 0 and the following property holds:

For each y € (0, 1), each a € A, each nonempty set ¥ C X, and each
X € Y for which

$a(X) < inf{g(z) : z€ Y} +8(y) < o0
there is @ € A; such that the following conditions hold:
di(a.a) = €(y). ¢a(z) = ¢a(2). z € X, ¢a(X) = ¢a(X) + 8(y):

for each y € Y satisfying
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¢a(y) <inf{ga(z) : z€ Y} +23(y)

the inequality p(y, x) < y is valid.

(A4) For eacha = (aj,as) € A; x A, satistying inf(f;) < oo and each ¢,§ > 0
there exist a, € Az, X € S;z,, and an open set I in A, with the weak topology
such that

dy(az,az) <€, UN{b € Ay dr(b,az) < €} # 0,
¢a1()_c) =< inf{¢a1(z) HNAS Sﬁz} +4< oo,
and

X €8p, {y €Sp: $0 (@) <o (X) + 1} C S,

forall b € U.

The assumptions (A1)—(A3) were introduced in Sect. 2.3 while (A4) is a
weakened version of the assumption (A4) in Sect. 2.3.

Analogously to Proposition 2.4 we can prove the following result.

Proposition 2.21. Assume that (Al)—(A4) hold. Then (H1) holds for the space A.

2.12 Preliminary Results for Theorem 2.20

Assume that A : 2 — 28"\ {#}, U : graph(A) — 28" \ {0} and that graph(U) is
a closed subset of the space £2 x R" x R" with the product topology. Consider the
spaces X(A,U), M(A,U), and C;(B; x B,) introduced in Sect. 2.10.

Lemma 2.22. Let Ny be a positive number. Then there exists a number Ny > 0
such that for each f € M(A,U) and each (x,u) € X(A,U) which satisfies
Tle f(t,x(t),u(t))dt < Ny the inequality |x(t)| < Ny holds for all t € [T}, T].

For the proof of this lemma see Lemma 2 and Theorem 2 in Sect. 9.1 of [41].

Proposition 2.23. Let f € M(A,U), (x,u) € X(A,U), {(xi,u;)}2, C X(4,U)
and let p((x;,u;), (x,u)) = 0asi — oco. Then

/ F(t.x(t), u(t))dt < liminf / £t x:(0), ui (1))dt.
Q 1 —>00 Q

Proof. We may assume that there is lim; o0 [, f(.x; (1), u;())dt < oo. By
Lemma 2.22

sup{|x; ()| : t € [T1, T3], i =1,2,...} < oo. (2.135)

It follows from (2.135) and property (iii) (see the definition of 91(A4, U)) that
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i—00

T,
lim St xi(t), ui(2))dt

is finite. There is a subsequence {(x;, , u;.)}7=, such that
(xi, @), ui, (1)) = (x(),u(t)) ask — oo, t € £2 (a.e.)

(see page 68 of [33]). By property (ii) (see the definition of 91(A, U)) for almost
every t € 2

1}{“_1)£f f(l, Xiy (t)v Uiy, (t)) = f(lv X(I), M(Z))

The proposition now follows from Fatou’s lemma. O

We recall that an integrand f : graph(U) — R!U{oo} satisfies the Cesari growth
condition if for each € > 0 there exists an integrable scalar function ¥.(¢) > 0, ¢ €
£2, such that |H (¢, x,u)| < ¥(t) + €f(t, x,u) for all (¢, x,u) € graph (U).

The following proposition is an auxiliary result for the hypothesis (H2).
Proposition 2.24. Assume that [ € IM(A,U), {(xi,u;)}2, C XA, U) is a
Cauchy sequence and that the sequence { [, f(t,x;(t),u; (t))dt}32, is bounded.
Then there is (Xx, ux) € X(A, U) such that (x;, u;) converges to (Xx, ux) asi — 00
in X(A,U) and x;(t) = x«(t) asi — oo uniformly on [T}, T5].

Proof. By Lemma 2.22 there exists Ny > 0 such that
|x;(t)| < No, t € [T1,T»], i =1,2,... (2.136)
Define A; : 2 — 28"\ {#} and U; : graph(A4,) — 28" \ {@} by

Ai(t) ={x € A@t) : |x| < No}, t € £ and
Ui(t,x) =U(t, x), (t,x) € graph(4;).

It follows from (2.117), property (iii) (see the definition of 91(A, U)), and (2.136)
that the restriction of f to graph(U;) satisfies the Cesari growth condition.
Then by Proposition 2.7 there is (xx,u«) € X(A1,U;) C X(A,U) such that
p((xi,u;), (x«,ux)) — 0asi — oo and x;(t) — x«(t) as i — oo uniformly
on [T, T»]. The proposition is proved. O

The following proposition is an auxiliary result for the assumption (A2).

Proposition 2.25. Let f € MM(A,U) and € € (0,1), D > 0. Then there exists
a neighborhood W of f in MM(A, U) with the weak topology such that for each
g € Wand each (x,u) € X(A,U) satisfying

min{/ f(t,x(t),u(t))dt,/g(l,x(t),u(t))dt <D (2.137)
2 2
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the following relation holds:

‘ / £ x(0)u())di — / gt x () u()di| < e.
2 2

Proof. By Lemma 2.22 there exists a number Ny > 0 such that for each g €
M(A, U) and each (x,u) € X(A, U) which satisfies

T
/ g x (D). u(t)di <4+ D 2.138)
T

1

the following inequality holds:
lx ()] < No, t € [T, T (2.139)

Choose €] € (0, 1) such that

e1D + € (T — T1)(1 + ¥ (Ny)) + (1 + /Q |a(t)|dt) € <¢€/2 (2.140)

and a positive number €y < 1 which satisfies
e+ el —e) ™' <47 le. (2.141)
Define
W ={geM(A.U): (g f) € Emulco, No)} (2.142)

(see (2.122)).

Assume that g € W, (x,u) € X(A,U), and (2.137) is valid. By the definition
of Ny, (2.139) holds. By (2.142) and (2.122) there is a nonnegative function ¢ €
L'(£2) such that /, o @ ()dt < 1 and for almost every 7 € 2 the inequality

|f(ts y,V) - g(tv y,v)| < €y + 60¢(Z) + 60H13X{|f(l, ysv)lv |g(ls ysv)l} (2143)

is true for each y € A(¢) satisfying |y| < Ny and each v € U(t, y).
It follows from this inequality, Lemma 2.1, and (2.141) that for almost every
t € §2 the relation

[, y,v) =gt y.v)] <€+ &1 =€) + ()51 —€0)™ +ep) (2.144)
+eo(1 — €)™ min{| £ (1, y, v, |g(, y, )]}
<47le +47ap(1) + 47 e min{| £ (2. y. V)|, [g(1, y. V)[}
is valid for each y € A(¢) satisfying |y| < Ny and each v € U(t, y).

Combined with property (iii) (2.144) implies that for almost every ¢ € 2 the
inequality
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gt,y.v) = f(t.y.v) —47'e; — 4719 (t) — 47 1| f (2. y,v)] (2.145)
> 471 (1) — 29 (No) — 47 eq + 2a(2)

holds for each y € A(¢) satisfying |y| < Np and each v € U(z, y). Set

At) = min{ f(z, x (1), u(?)), g(t, x (1), u(?))}, t € £2. (2.146)
It follows from (2.144), (2.139), (2.145), and (2.146) that for almost every ¢ € 2
| (6 x(0), u(r)) — g(t, x (1), u(®)| < 47'er + 47" e19(0)
+47 ey min{ £z, x (1), u(t)) + 2|a(0)] + 2y (No),

g(t, x(1),u(®)) + ¢(t) + 4¢(No) + 4la(®)[} + 1
<d47lei + 470 (t) + 47 e (da()] + 1 + ¢(1) + 47 el A() + ¥ (No)e.

By this inequality, (2.146), and (2.137),
/ [ F(t, x (), u(t)) — g(t, x(t), u(t))|dt <4 e;mes(2) + € / la(t)|dt + 47 ¢
2 2

+ 61W(N0)(T2 — Tl) + 4_161 (/ d)(l)dl +D+T,— Tl) < €.
2

This completes the proof of the proposition. O
Analogously to Corollary 2.9 we can prove the following result.

Proposition 2.26. Let f € 9M(A, U) and € > 0. Then there exists a neighborhood
V of f in M(A, U) with the weak topology such that for each g € V

inf{/ £, x(@), u(t))dt : (x,u) € X(A,U)} —inf{/ g(t, x (1), u(t))dr :
2 2
(x,u) € X(A4,U)}] < e.

The following proposition is an auxiliary result for the assumption (A2). We can
prove it analogously to the proof of Proposition 2.12 by using Propositions 2.8, 2.25,
and 2.26 and Corollary 2.9.

Proposition 2.27. Let f € M(A,U), h € C;(By x By), ande € (0,1), D > 0.
Then there exist a neighborhood U of f in M(A, U) with the weak topology and
a neighborhood V of h in C;(B) x B,) with the weak topology such that for each
(§,2) € V xU and each (x,u) € X(A, U) which satisfies

min{Z " (x,u), 1€ (x,u)} < D
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the following relations are valid:
|h(x(Th), x(T2)) — §(x(Th), x(T2))| <€,

T,
‘ g [f (@, x(0), u(r) — g(t,x (1), u(t))]dt| < e.

2.13 Proof of Theorem 2.20

By Propositions 2.23 and 2.24 and Lemma 2.22 (Al) holds and J, is lower
semicontinuous for all a € A; x A,. By Theorem 2.3 we need to verify that (H1)
and (H2) are valid. (H2) follows from Proposition 2.24. Therefore it is sufficient to
show that (H1) holds. By Proposition 2.21 it is sufficient to show that (A2), (A3),
and (A4) are valid. (A2) follows from Proposition 2.27. (A3) is proved analogously
to Lemma 2.13. (A4) will follow from our next lemma.

Lete; = (1,0,...,0),e; = (0,1,...,0),...,ey = (0,...,1) be a standard
basis in RV .

Lemma 2.28. Let f € MM(A,Uy), £ € C/(B1 x By), U € Py,
{(x,u) € X(A,U) : 1Y (x,u) < oo} # 0, (2.147)

andlet €,8 > 0. Then there are Uy € Py, (x,u) € X(A, Uy), and an open set W in
‘P4 with the weak topology such that

(Ux,U) € Ep,(€), WN{V €Py: (U V)€ Ep,(e)} # 9, (2.148)
1Y9 (%, @) < inf{IY)(x,u) : (x,u) € X(4,U)} +8 < 00 (2.149)
and forall V e W
(%.71) € X(A, V), (2.150)
{(x,u) € X(A,U): TY9(x,u) < I%(X,0) + 1} C X(A, Uy).

Proof. For each r € [0, 1] define U, € P4 by
U (t,x) ={ue RN : dyu,U(t,x)) <r}, (t,x) € graph(A) 2.151)

and define
w(r) = inf{IV (x,u) : (x,u) € X(A,U,)}. (2.152)

Clearly pu(r) is finite for all » € [0, 1] and the function u is monotone decreasing.
There is o € (0, 8_16) such that p is continuous at ry. Choose | € (0, ro) such that
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| (r1) — pu(ro)| < 16718. (2.153)

There is
(X.0) € X(A,U,) (2.154)

such that
1Y9(% i) < u(ry) + 16716, (2.155)

Equations (2.153) and (2.155) imply that

Y9 (%, ) < ju(ro) + 87'6. (2.156)
Set
ry = 2" (ro + ). (2.157)
Clearly
(U,,.U) € Ep,(e), i =0,1,2. (2.158)

By Lemma 2.22 there exists a natural number Ny such that
[x(@)| < No, t € [Th, T2] (2.159)

for each (x, u) € X(A,Uy) satisfying

T,
F@t, x(@),u(®)dt < |IV9 (&, )| + 2 + |inf{E(2) : z € B x By}|. (2.160)
T

Choose a positive number y for which
y <min{4'8, (16N No)~!(ro — r1)} (2.161)
and define
W=A{VePs: (U, V)€ Epp(y.No)}, Ux = Uy,. (2.162)
It follows from (2.158) and (2.156) that (2.148) and (2.149) are true.
Assume that V' € W. We will show that (x,u) € X(A4, V). By the definition of
Np (see (2.159) and (2.160)),
|x(0)] < No, t € [T, T2]. (2.163)

It is sufficient to show that

u(t) € V(t,x(t)) for almost every ¢ € 2. (2.164)
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By (2.154) for almost every t € 2
u(t) e U, (¢, x()). (2.165)

Assume that 1 € £2 and (2.165) is true. By (2.165), (2.157), and (2.151) for i =
1,....N

w(t) + 27 (ro — r)e;, w(t) — 27 (ro — r1)e; € Uy, (t, x(t))

and by (2.162) and (2.163) there are z;;,z;» € R" such that

iu(t) + zin, w(t) +zi2 € V(E,%(1)), |zin — 27 (ro — r)eil, |z + 27 (ro —ri)ei| < .
(2.166)

Since the set V (¢, X(¢)) is convex it follows from (2.161) and Proposition 2.14 that
Oeconv{z; : i =1,...N, j =12}, u(t) € V(¢t, x(1)).

Thus (2.164) holds for a.e. t € £2.
We will show that

{(x.u) € X(A,U) : 1Y) (x,u) < IV9(F,0) + 1} C X(A,U) = X(A.Uy,).
Assume that
(x,u) € X(A,U) and IY9 (x,u) < IV9 (%, 7) + 1.
By the definition of Ny (see (2.159) and (2.160)),
|x(0)] < No, t € [T, T2].
It follows from this relation and (2.162) that for almost every ¢ € £2

u(t) e V(t,x(t)) C{ze RY : dy(z, U,(t,x(t)) <y}
C {Z S RN . dH(Z, U(Z,x(l‘)) S rO} - Ur()(ts-x(t))'

Thus (x,u) € X(A, U,,). The lemma is proved. O



2 Springer
http://www.springer.com/978-1-4614-7377-0

Monconvex Optimal Control and Variational Problems
Zaslavski, Al

2013, X, 378 p., Hardcover

ISBEMN: 978-1-4614-7377-0





