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Chapter 2 1

A Crash Course in Ring Theory 2

2.1 Basic Definitions 3

In Z we can add, subtract, and multiply without restrictions, but we can’t 4

always divide. That is what makes questions of divisibility and factorization 5

interesting. To do arithmetic in more general number systems, we abstract 6

these basic properties of Z to get the definition of a ring. 7

2.1.1 Definition. A ring (R,+, ·) is a set R with two binary operations 8

(usually termed addition and multiplication) satisfying the following three 9

axioms: 10

(a) (R,+) is an abelian group with identity element 0R. 11

(b) The operation · is associative, commutative and has an identity 1R, such 12

that 1R · a = a, for all a ∈ R; 13

(c) Multiplication distributes over addition: for all a, b, c ∈ R, we have a ·(b+ 14

c) = (a · b) + (a · c). 15

A subring of R is a subset S ⊆ R that contains 1R and is closed under 16

addition, additive inverses, and multiplication. This makes S a ring in its own 17

right under the operations inherited from R, with 1S = 1R. Unless confusion 18

is possible, we’ll drop the subscript and write 0 and 1 for 0R and 1R. 19

2.1.2 Definition. A unit in R is an element a ∈ R for which there exists a 20

b ∈ R such that ab = 1. 21

The b in the Definition is unique and is called the multiplicative inverse of 22

a, denoted a−1. The set of all units is a group under multiplication, denoted 23

R×. 24

2.1.3 Example. Let R = Z[
√
2]. It’s easy to see that ε = 1 +

√
2 is a unit 25

in R: 26

−Nε = ε(−ε̄) = (1 +
√
2)(−1 +

√
2) = 1. 27
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28 2 A Crash Course in Ring Theory

We claim that the powers of ε are all distinct, and thus form an infinite set 28

of units in Z[
√
2]. Indeed, if εk = εl, then εk−l = 1. This can only be true 29

if k = l: otherwise, ε would be one of the two real roots of 1, namely 1 30

or −1. � 31

Particularly simple and important are rings such as Q,R, and C, in which 32

we can divide by any nonzero element. 33

2.1.4 Definition. A ring F is a field if every nonzero element is invertible, 34

i.e., F× = F \ 0. 35

The focus of this book will be fields of the form Q[
√
D]. 36

Exercises 37

2.1.1. Decide which of the following are subrings of C. Do you see a pattern? 38

(a) Z+ Z
1+

√
2

2 39

(b) Z+ Z
1+

√
3

2 40

(c) Z+ Z
1+

√
5

2 41

(d) Z+ Z
1+

√−7
2 42

(e) Z+ Z
1+

√−11
2 43

2.1.2. Let R and S be rings. Show that componentwise addition and multi- 44

plication make R× S = {(r, s) : r ∈ R, s ∈ S} into a ring. 45

2.1.3. Prove that the ring Z/nZ is a field if and only if n = p, a prime. When 46

we want to emphasize that we are considering Z/pZ as a field, rather than 47

merely an abelian group, we write Fp instead of Z/pZ. 48

2.1.4. Let R be a ring. For n ∈ Z and a ∈ R, we formally define the following 49

intuitive operation: n·a = a+ · · ·+ a
︸ ︷︷ ︸

n times

if n > 0, 0·a = 0R, and n·a = (−n)·(−a) 50

if n < 0. We define the characteristic of R, denoted charR, as follows. 51

If n · 1R �= 0R for all n ∈ Z \ 0, we put charR = 0. Otherwise, charR is the 52

smallest positive integer n for which n · 1R = 0. 53

(a) Find the characteristics of the following rings: (a) C; (b) Z/nZ; (c) 54

(Z/nZ)[x]; (d) Z/nZ× Z/mZ. 55

(b) For a field F , prove that charF is 0 or a prime number. 56

2.1.5. Here we get to know a noncommutative ring that will make a cameo 57

appearance in our investigations. 58

(a) For k ∈ N, let Mk×k(Z) be the set of k × k matrices with entries in Z, 59

equipped with the usual matrix addition and multiplication. Show that 60

(Mk×k(Z),+, ·) satisfies all the ring axioms except the commutativity of 61

multiplication. 62
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2.2 Ideals, Homomorphisms, and Quotients 29

(b) A unit in Mk×k(Z) is any a with a two-sided inverse: ab = ba = 1 for some 63

k× k matrix b. Denote the unit group Mk×k(Z)
× by GLk(Z). Prove that 64

GL2(Z) =

{[

a b

c d

]

: a, b, c, d ∈ Z, ad− bc = ±1

}

. 65

(c) Find a necessary and sufficient condition for a, b ∈ Z to appear in the 66

top row of a matrix
[

a b
c d

] ∈ GL2(Z). 67

2.2 Ideals, Homomorphisms, and Quotients 68

In Ch. 1 we hinted at the importance of ideals to arithmetic. Their role in 69

ring theory is analogous to that of normal subgroups in group theory. 70

2.2.1 Definition. Let R be a ring. An ideal I ⊆ R is an additive subgroup 71

that absorbs multiplication: if a ∈ R and x ∈ I, then ax ∈ I. 72

Most of the ideals in this book will be of the form Zα+Zβ = {mα+ nβ : 73

m,n ∈ Z} for some α, β ∈ C, termed generators. 74

2.2.2 Example. We will show that I = Z · 7 + Z(3 +
√−5) absorbs multi- 75

plication by Z[
√−5]. It suffices to check that

√−5I ⊆ I, which we check on 76

the generators: 77

√−5 · 7 = (−3) · 7 + 7(3 +
√−5) ∈ I√−5 · (3 +√−5) = −5 + 3

√−5 = −2 · 7 + 3(3 +
√−5) ∈ I. �

78We’re also interested in functions that respect the ring structure. 79

2.2.3 Definition. Given rings R and S, a function ϕ : R → S is a ring 80

homomorphism if it meets the following conditions for any a, b ∈ R: 81

(a) ϕ(a+ b) = ϕ(a) + ϕ(b) 82

(b) ϕ(ab) = ϕ(a)ϕ(b) 83

(c) ϕ(1R) = 1S 84

If ϕ is one-to-one and onto, it is called a ring isomorphism. If an iso- 85

morphism exists between two rings R and S, we say they are isomorphic 86

and write R ∼= S. 87

The notion of kernel links ideals and ring homomorphisms. 88

2.2.4 Definition. The kernel of a ring homomorphism ϕ : R → S is 89

kerϕ = {a ∈ R : ϕ(a) = 0S}. 90
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30 2 A Crash Course in Ring Theory

It’s easy to check that kerϕ is an ideal. It measures how far ϕ is from being 91

injective, in the sense that ϕ is one-to-one if and only if kerϕ = 0R. When ϕ 92

is onto, we can reconstruct it from its kernel by means of the quotient ring 93

construction. 94

Given a ring R and its ideal I, we define an equivalence relation ∼ on 95

R by a ∼ b if a − b ∈ I. The equivalence class of a ∈ R is the coset 96

a+ I = {a+ x : r ∈ I}. The set of all cosets, i.e., the partition of R defined 97

by ∼, is denoted by R/I = {a+ I : a ∈ R}. 98

2.2.5 Proposition-Definition (Definition of a Quotient Ring). Let I be an 99

ideal of a ring R. The expressions 100

(a+ I) + (b + I) = (a+ b) + I

(a+ I)(b + I) = (ab) + I

are well-defined operations that make R/I into a ring. 101

The function π : R → R/I defined by π(a) = a + I is a surjective ring 102

homomorphism. 103

Proof. When we write an element of R/I as a + I, we are in fact choosing 104

a representative of this coset, namely a. Any other a′ ∈ a + I would do, as 105

a′ + I = a+ I. We need to check that the two operations, defined in terms of 106

arbitrary coset representatives, in fact depend only on the cosets themselves. 107

We do this for multiplication, and leave the rest to you. If a+ I = a′ + I 108

and b+ I = b′ + I, we need to show that ab+ I = a′b′ + I. By the definition 109

of cosets as equivalence classes, we have a − a′, b − b′ ∈ I. As I absorbs 110

multiplication, we get, as desired, ab− a′b′ = a(b− b′) + b′(a− a′) ∈ I. � 111

2.2.6 Theorem (First Isomorphism Theorem for Rings). Let ϕ : R → S be 112

a ring homomorphism. The assignment a+kerϕ �→ ϕ(a) gives a well-defined 113

ring isomorphism ϕ̃ : R/ kerϕ → ϕ(R) that satisfies ϕ = π ◦ ϕ̃. We say that 114

ϕ̃ is induced from ϕ. 115

2.2.7 Example. Take R = Z and I = 5Z. We usually think of Z/5Z as 116

the set {0, 1, 2, 3, 4}. To reduce a ∈ Z modulo 5, we find 5k ∈ 5Z for which 117

a+ 5k ∈ {0, 1, 2, 3, 4}. � 118

This generalizes to computing an arbitrary quotient R/I. Since a + I = 119

a + x + I for all x ∈ I, we look for an x ∈ I that makes a + x as simple as 120

possible. We often refer to a+ I as “a modulo I.” 121

2.2.8 Example. It’s not hard to check that I = Z · 11 + Z(4 − √
5) is 122

an ideal of the ring R = Z[
√
5]. Fix a = k + l

√
5 ∈ R, and look for x = 123

m · 11 + n(4−√
5) ∈ I for which 124

a+ x = (k + 11m+ 4n) + (l − n)
√
5 125

is as simple as possible. A natural choice would be to take n = l, so that a+x 126

is in fact in Z. That integer changes by a multiple of 11 as we vary m. We pick 127
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2.2 Ideals, Homomorphisms, and Quotients 31

m so that k+4l+11m ∈ {0, 1, 2, . . . , 10}. Thus, each coset has a representative 128

in {0, 1, 2, . . . , 10}, which strongly suggests (but doesn’t prove!) that R/I ∼= 129

Z/11Z. 130

For a rigorous proof we use Thm. 2.2.6 and look for a surjective ring 131

homomorphism ϕ : R → Z/11Z with kernel I. Any such homomorphism 132

satisfies ϕ(
√
5)2 = ϕ(5) = 5 (mod 11). Since 42 ≡ 5 (mod 11), we can easily 133

check that ϕ(x+y
√
5) = x+4y (mod 11) is the desired ring homomorphism. 134

To illustrate, let’s reduce α = 2 + 3
√
5 modulo I. Here k = 2, l = 3, so 135

n = 3 and m = −1: (2 + 3
√
5) + ((−1) · 11 + 3(4 − √

5)) = 3. Thus, α ≡ 3 136

(mod I), which we also see from ϕ(2 + 3
√
5) = 2 + 3 · 4 ≡ 3 (mod 11). � 137

2.2.9 Example. Now take R = Z[i], I = 3Z[i] = Z · 3 + Z · 3i. Take a = 138

k + li ∈ R and look for x = 3m+ 3ni ∈ I which makes 139

a+ x = (k + 3m) + (l + 3n)i 140

as simple as possible. We can’t always kill the imaginary part, but we can 141

make it 0, 1, or 2. We similarly adjust the real part to get 142

R/I ∼= {k + li : k, l ∈ {0, 1, 2}}, 143

at least as sets. In fact, R/I ∼= Z/3Z×Z/3Z, the isomorphism being induced, 144

as in Thm. 2.2.6, by the homomorphism 145

ϕ : R → Z/3Z× Z/3Z, ϕ(k + li) = (k mod 3, l mod 3). 146� 147

In both examples, we’re really only determining the additive group struc- 148

ture of the quotient R/I. Its multiplication is determined by the multiplica- 149

tion in R, as in Prop.-Def. 2.2.5. We will develop a systematic method for 150

computing similar quotients in Sec. 3.4 . 151

Exercises 152

2.2.1. Let X ⊆ R be an arbitrary subset. Prove that the smallest ideal con- 153

taining X , called the ideal generated by X , is given by 154

〈X〉 =
{

k
∑

i=1

rixi : k ∈ N, ri ∈ R, xi ∈ X

}

. 155

2.2.2. Let R = Z[
√
19] and put Ib = Z · 5 + Z(b +

√
19) for b ∈ {0, 1, 2, 3, 4}. 156

Which of the five Ib are ideals of R? 157

2.2.3. Find all values of a ∈ N for which Z · a+Z(9 +
√
26) is an ideal of the 158

ring R = Z[
√
26]. 159

2.2.4. Let ϕ : R → S be a ring homomorphism. Show ϕ is injective if and 160

only if kerϕ = 0. 161
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32 2 A Crash Course in Ring Theory

2.2.5. Let R be a ring. Show that there is exactly one ring homomorphism 162

ϕ : Z → R, and that charR (see Exer. 2.1.4) is the non-negative generator of 163

the ideal kerϕ. 164

2.2.6. Let R be a ring with p elements, for p prime. Show that R is isomorphic 165

to Z/pZ. 166

2.2.7.∗ Let R be a ring of prime characteristic p. Show that the function from 167

R to itself given by a �→ ap is a ring homomorphism, called the Frobenius 168

endomorphism. 169

2.2.8. Prove Prop.-Def. 2.2.5 and Thm. 2.2.6. 170

2.2.9. Let σ : R → S be a surjective ring homomorphism, and I be an ideal 171

of R. Show that the assignment a+ I �→ (σa)+σ(I) gives a well-defined ring 172

homomorphism σ mod I : R/I → S/σ(I). 173

2.2.10. Let I be an ideal of a ring R, and let π : R → R/I be the ring 174

homomorphism from Prop.-Def. 2.2.5. Prove that the assignment J �→ π−1J 175

gives a bijection between the set of ideals of R/I and the set of ideals of R 176

containing I. 177

2.2.11. For both examples Ex. 2.2.8 and Ex. 2.2.9, check that ϕ is an onto 178

ring homomorphism with kernel I. Find all other such homomorphisms. 179

2.2.12. In Ex. 2.2.9, we determined the additive group structure of Z[i]/3Z[i]. 180

Write down its multiplication table, as determined by Prop.-Def. 2.2.5. (Since 181

we know multiplication is commutative, you only need to fill in half the table.) 182

What are the units in Z[i]/3Z[i]? 183

2.2.13. Given a ring R and a subset I ⊆ R below, prove that I is an ideal. 184

Then imitate Ex. 2.2.8 to guess the quotient R/I, prove your guess is correct 185

using the first isomorphism Theorem 2.2.6, and finally reduce the given α 186

modulo I: 187

(a) R = Z[
√
22], I = Z · 7 + Z(1 +

√
22), α = 5− 4

√
22 188

(b) R = Z[
√
46], I = Z · 23 + Z

√
46, α = −15 + 29

√
46 189

2.2.14. This is the first in a series of exercises that show how ideals resolve 190

the failure of unique factorization of 6 in Z[
√−5], Ex. 1.5.4, along the lines 191

envisaged by Kummer. 192

(a) Show that the following sets are ideals of Z[
√−5]: 193

P1 = Z · 2 + Z(1 +
√−5),

P2 = Z · 3 + Z(1 +
√−5),

P3 = Z · 3 + Z(−1 +
√−5).

(b) For any X ⊆ C, we put X̄ = {z̄ : z ∈ X}. Show that P̄1 = P1 and 194

P̄2 = P3. 195

(c) Compute the quotient Z[
√−5]/Pi for i = 1, 2, 3. (Continued in 196

Exer. 2.3.6.) 197
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2.3 Principal Ideals 33

2.2.15. Let F be a field. List all ideals of F . Deduce that any ring homomor- 198

phism from F to a ring R is injective. 199

2.2.16. Let K be a subfield of L. 200

(a) Prove that L is a K-vector space. 201

(b) Let f : L → L be a ring homomorphism. Prove that f is a K-linear 202

transformation if and only if f(k) = k for all k ∈ K. 203

(c) Assume dimK L < ∞. Let f : L → L be a ring homomorphism fixing 204

K pointwise as in part (b). Prove f is bijective, and therefore is a ring 205

isomorphism. 206

2.2.17. Let F be a field with finitely many elements. By Exer. 2.1.4(b), 207

charF = p, a positive prime. Exer. 2.2.5 then defines a ring homomorphism 208

Z/pZ ↪→ F . Deduce from this, using Exer. 2.2.16, that F has pn elements, 209

for some n. 210

2.3 Principal Ideals 211

Divisibility in a general ring R is just as interesting as in Z. For a, b ∈ R, we 212

say that a divides b, written a | b, if b = ac for some c ∈ R. If an ideal I of 213

R contains a, then by the absorption property it must contain all elements 214

divisible by a. In other words, Ra ⊆ I, where 215

Ra = {ra : r ∈ R}. 216

It’s easy to check that Ra is itself an ideal, hence the smallest ideal 217

containing a. 218

2.3.1 Definition. An ideal I of R is a principal ideal if I = Ra for some 219

a ∈ R. Any such a is called a generator of I. 220

If the ring R is fixed, we sometimes write 〈a〉 for Ra, in keeping 221

with Exer. 2.2.1. When R = Z and the generator is a specific number, 222

we follow tradition and write the generator on the left, e.g., 3Z instead of Z3. 223

2.3.2 Example. Let R be the ring Z[
√−5]. We claim that its ideal I = 224

Z · 7+Z(3+
√−5) from Ex. 2.2.2 is not principal. If I had a generator α, we 225

could find γ, δ ∈ R such that 226

7 = γα and 3 +
√−5 = δα. 227

Taking the norm, we get two multiplicative identities in Z, 228

49 = Nγ · Nα and 14 = Nδ ·Nα, 229

which imply Nα | gcd(49, 14) = 7. The equation N(x+y
√−5) = x2+5y2 = 7 230

has no solution in Z, so Nα = 1, α is a unit, and I = Rα = R. To arrive at 231
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34 2 A Crash Course in Ring Theory

a contradiction, it suffices to show that 1 /∈ I. This is because the equation 232

1 = a · 7 + b(3 +
√−5) has for its only solution a = 1/7 /∈ Z and b = 0. � 233

The notion of a principal ideal is most useful when dealing with rings 234

similar to Z. 235

2.3.3 Definition. A ring D is an integral domain if it has no zero-divisors: 236

for all a, b ∈ D with ab = 0, we have a = 0 or b = 0. 237

Integral domains are precisely the rings in which cancellation holds: for 238

all a, b, c ∈ D with a �= 0, ab = ac implies b = c. Any subring of a field F is 239

an integral domain: the equality ab = ac remains valid in F , where we can 240

cancel a by multiplying both sides by a−1 ∈ F . For an example of a ring that 241

isn’t an integral domain, consider Z/6Z: in it, 2 ·3 = 0, while 2 �= 0 and 3 �= 0. 242

You can easily check the following basic properties of principal ideals. 243

2.3.4 Proposition. Let R be a ring and a, b ∈ R. 244

(a) Ra = R if and only if a ∈ R×. 245

(b) The following three statements are equivalent: (i) a | b; (ii) b ∈ Ra; (iii) 246

Rb ⊆ Ra. 247

(c) Assume that R is an integral domain. Then Ra = Rb if and only if 248

a = bu, for some u ∈ R×. 249

2.3.5 Definition. A principal ideal domain (PID) is an integral domain 250

in which every ideal is principal. 251

The prototypical PID is Z. Other familiar PIDs include any field F , as well 252

as its polynomial ring F [x]. In fact, all three satisfy the stronger property of 253

having a version of the division algorithm. 254

2.3.6 Definition. Let D be an integral domain. A Euclid size on D is a 255

function ν : D \ 0 → Z≥0 with the following property: for any a, b ∈ D, b �= 0, 256

there exist q, r ∈ D such that a = bq + r, and either r = 0 or ν(r) < ν(b). 257

The integral domain D is called a Euclid domain if there exists a Euclid 258

size on it.1 259

2.3.7 Example. Here are the Euclid sizes for the three families of PIDs 260

mentioned before Def. 2.3.6: 261

(a) ν : Z \ 0 → Z≥0, ν(n) = |n| 262

(b) ν : F \ 0 → Z≥0, ν(x) = 1 263

(c) ν : F [x] \ 0 → Z≥0, ν(f(x)) = deg f(x) 264

In the last example, the degree of the zero polynomial is not defined, which 265

is why the general definition excludes 0 from the domain of ν. � 266

1 This is slightly nonstandard terminology. A Euclid size is commonly termed a “Euclidean
norm,” and a ring equipped with one a “Euclidean domain/” We prefer the term “Euclid
size” to avoid confusion with the field norm Nα = αᾱ.
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2.3 Principal Ideals 35

The argument of Lemma 1.2.11 for Z[i] generalizes to show that an arbi- 267

trary Euclid domain is a PID. Indeed, the proofs of unique factorization in 268

Z, Z[i] and Z[ω] all follow the following outline: 269

Division algorithm ⇒ All ideals are principal ⇒ Euclid’s algorithm 270

⇒ Euclid’s lemma ⇒ Unique factorization. 271

This train of thought proves unique factorization in both a Euclid domain 272

and a PID; the Euclid domain merely boards it at the first stop (the division 273

algorithm), the PID at the second. Since there are many more PIDs than 274

Euclid domains, we will organize our study of arithmetic around the question, 275

when is the ring of integers in a quadratic field a PID? For an example of a 276

PID that can’t be equipped with a Euclid size, see Exer. 2.3.9. 277

Exercises 278

2.3.1. Show D is an integral domain if and only if ab = ac implies b = c for 279

all a, b, c ∈ D, a �= 0. 280

2.3.2. Prove Prop. 2.3.4 281

2.3.3.∗ For a nonsquare D ∈ Z, prove that Q[
√
D] ∼= Q[x]/〈x2 −D〉. 282

2.3.4. Put δ = 1+
√−23
2 and R = Z+ Zδ. 283

(a) Prove that R is a ring. 284

(b) Prove that I = Z · 3 + Z(1 − δ) is an ideal of R. 285

(c) Prove that I isn’t principal. 286

2.3.5. Let R = Z[
√
2]. Find α, β ∈ R for which 〈3 − 7

√
2〉 = Zα+ Zβ. 287

2.3.6. Prove that the ideals P1, P2, P3 from Exer. 2.2.14 are all nonprincipal. 288

(Continued in Exer. 2.4.7.) 289

2.3.7. Show that the three functions of Ex. 2.3.7 are indeed Euclid size func- 290

tions on their respective rings. 291

2.3.8. Let D be a Euclid domain with size function ν : D \ 0 → Z≥0. 292

(a) One often additionally requires that ν(a) ≤ ν(ab) for all a, b ∈ D\ 0, and 293

calls such a ν a strong Euclid size. If D is a Euclid domain with size 294

ν, show that the formula 295

ν′(a) = min{ν(ax) : x ∈ D \ 0} 296

defines a strong Euclid size on D. We may therefore assume that every 297

Euclid domain has a strong Euclid size without losing generality. 298

(b) Under that assumption, put m = min{ν(a) : a ∈ D \ 0}. Describe the set 299

of elements of smallest size, {u ∈ D \ 0 : ν(u) = m}. 300
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36 2 A Crash Course in Ring Theory

2.3.9.∗ In this exercise, we show that D = Z[ 1+
√−19
2 ] is not a Euclid domain. 301

We argue by contradiction, assuming that there is a strong Euclid size ν 302

on D. 303

(a) Find D×. 304

(b) Show that 2 and 3 are irreducible in D. 305

(c) Let a ∈ D have the second-smallest size, i.e., next-smallest after the m 306

of Exer. 2.3.8(b). What does Exer. 2.3.8(b) tell you about the size of 307

D/Da? 308

(d) Deduce a contradiction to (b) by showing that a | 2 or a | 3. 309

We will see in Ex. 5.4.3 that Z[ 1+
√−19
2 ] is a PID. 310

2.3.10. Let K be an arbitrary field. Use the division algorithm on K[x] to 311

show that a polynomial of degree d in K[x] can have at most d roots in K. 312

2.3.11. Let K be a finite field. Since K× is a finite abelian group, it is iso- 313

morphic to a product of cyclic groups, 314

(2.3.8) K× ∼= Z/d1Z× Z/d2Z× · · · × Z/drZ,

where the di ∈ N satisfy dr | dr−1 | · · · | d1. We will show that K× is cyclic 315

by showing that d1 = |K×|, and therefore i = 1. 316

Assume that d1 < |K×|. Then by (2.3.8), we have that xd1 = 1 for all 317

x ∈ K×. Show that this contradicts Exer. 2.3.10 318

2.4 Operations on Ideals 319

We will extend various multiplicative notions from ring elements to ideals, 320

much as Kummer envisaged for his ideal numbers. Our first definition is 321

motivated by Prop. 2.3.4(b). 322

2.4.1 Definition. Let I and J be ideals of a ring R. If J ⊆ I, we say that I 323

divides J and write I | J . In the special case when J = Ra is principal, we 324

write I | a for the equivalent statements I | Ra and a ∈ I. 325

“Divide and con(tain)” is a mnemonic to help you remember that I | J 326

is simply an alternative notation for I ⊇ J . The redundancy allows us to 327

systematically translate statements about divisibility of numbers into con- 328

jectures about containment of ideals, which are usually easier to prove. 329

2.4.2 Example. Consider the transitivity of divisibility in Z: 330

(2.4.3) If a | b and b | c, then a | c.

A plausible generalization to ideals I, J,K in a ring R would be: 331

(2.4.4) If I | J and J | K, then I | K.
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This statement is merely analogous to the true statement (2.4.3). To prove 332

it, we replace | with ⊇, which reduces (2.4.4) to the usual transitivity of 333

inclusion 334

If I ⊇ J and J ⊇ K, then I ⊇ K.

For more examples, see Exer. 2.4.5. � 335

To extend the analogy between ideals and numbers, we define some 336

multiplication-related operations on ideals in R. 337

2.4.5 Definition. For two ideals I and J of R, we define the following sets, 338

each of which is itself an ideal: 339

I + J = {x+ y : x ∈ I, y ∈ J}
I ∩ J = {x : x ∈ I and x ∈ J}

IJ = {∑m
i=1xiyi : xi ∈ I, yi ∈ J}.

Remarks: 340

(a) The ideal I + J is the smallest ideal containing both I and J . In the 341

language of divisibility, it is the biggest ideal dividing both. We therefore 342

think of I +J as the greatest common divisor of I and J (and not as the 343

analogue of addition of numbers). 344

(b) In particular, if I + J = R, we say that I and J are relatively prime 345

ideals. This happens if and only if there exist x ∈ I and y ∈ J with 346

x+ y = 1. 347

(c) Similarly, we think of I ∩ J as the least common multiple of I and J . 348

(d) The definition of IJ is the least transparent of the lot. You might be 349

tempted to define the product of I and J as the set of all products xy, 350

where x ∈ I and y ∈ J . Alas, this set is not closed under addition. As we 351

defined it, IJ is the smallest ideal containing all products xy as x ranges 352

over I and y over J . 353

(e) The definition of IJ extends ring multiplication to ideals, in the sense 354

that (Ra)(Rb) = R(ab). 355

2.4.6 Example. Let R = Z[
√
19]. Check that the following are ideals in R: 356

I = Z · 2 + Z(1 +
√
19), J = Z · 3 + Z(2 +

√
19). 357

By definition, IJ contains the four products of a generator of I with a gen- 358

erator of J : 359

(2.4.7)

2 · 3 = 6

2 · (2 +√
19) = 4 + 2

√
19

(1 +
√
19) · 3 = 3 + 3

√
19

(1 +
√
19)(2 +

√
19) = 21 + 3

√
19.
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A generic product (a·2+b(1+
√
19))(c·3+d(2+

√
19)) is a Z-linear combination 360

of the four elements above: 361

IJ = {k · 6 + l(3 + 3
√
19) +m(4 + 2

√
19) + n(21 + 3

√
19) : k, l,m, n ∈ Z}. 362

We would like to write IJ in the form IJ = Za + Z(b +
√
19). To this end, 363

look for relations among the generators listed in (2.4.7). 364

We observe that −1+
√
19 = (3+ 3

√
19)− (4 + 2

√
19) ∈ IJ , and that the 365

last three generators in (2.4.7) are Z-linear combinations of 6 and −1+
√
19: 366

3 + 3
√
19 = 6 + 3(−1 +

√
19)

4 + 2
√
19 = 6 + 2(−1 +

√
19)

21 + 3
√
19 = 4 · 6 + 3(−1 +

√
19).

We conclude that IJ = Z ·6+Z(−1+
√
19). Similarly, one finds that I+J = 367

{k · 2 + l(1 +
√
19) +m · 3 + n(2 +

√
19) : k, l,m, n ∈ Z}. In particular, I + J 368

contains 3− 2 = 1, so that I + J = R and I and J are relatively prime. � 369

The procedure for finding relations among the generators in the example 370

may seem ad hoc, but it is clearly pure linear algebra, which we will study 371

in depth in Ch. 3. 372

Many results about division and congruences in Z turn out to be special 373

cases of ideal-theoretic propositions. As an example, the Chinese remainder 374

theorem in Z follows from the following general result. 375

2.4.8 Proposition (The Chinese Remainder Theorem). Let I and J be two 376

relatively prime ideals of a ring R. Then 377

R/IJ ∼= R/I ×R/J.

The ring structure on the product is given by componentwise addition and 378

multiplication. 379

Proof. Our only general tool for proving that two rings are isomorphic is 380

the first isomorphism theorem (Thm. 2.2.6). It will imply the proposition 381

once we construct a surjective homomorphism ϕ : R → R/I × R/J with 382

a kernel that is precisely IJ . The natural candidate is the homomorphism 383

ϕ(a) = (a+ I, a+ J). 384

In a much-used move, we deduce from I + J = R that there exist x ∈ I 385

and y ∈ J such that x+y = 1. Pick any a, b ∈ R. As bx+ay = bx+a(1−x) = 386

b(1− y) + ay, we find that 387

ϕ(bx + ay) = (a+ x(b − a) + I, b+ y(a− b) + J) = (a+ I, b+ J), 388

and ϕ is indeed onto. 389

Observe that ϕ(a) = (a+I, a+J) = (I, J), the zero element in R/I×R/J , 390

if and only if a ∈ I and a ∈ J . In brief, kerϕ = I ∩ J , so the proposition will 391
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be proved once we show that I ∩ J = IJ . The inclusion ⊇ holds in general. 392

As for ⊆, take any a ∈ I ∩ J . Using the x and y as above, we see that 393

a = a · 1 = a(x+ y) = ax+ ay ∈ IJ. �

2.4.9 Example. Let’s take R = Z, I = 12Z, and J = 17Z. The two ideals 394

are relatively prime, since 395

(2.4.10) 1 = gcd(12, 17) = (−7) · 12 + 5 · 17 ∈ I + J.

The elementary version of the Chinese Remainder Theorem has two parts. 396

The first part asserts that for any r, s ∈ Z, there exists an a ∈ Z satisfying 397

both congruences 398

(2.4.11) a ≡ r (mod 12) and a ≡ s (mod 17).

That is just the restatement of the surjectivity of the homomorphism ϕ(a) = 399

(a mod 12, a mod 17) of Prop. 2.4.8. The second part, which claims that a 400

is unique modulo 12 · 17, is equivalent to the injectivity of ϕ. 401

Solutions to the two particular systems, 402

a10 ≡ 1 (mod 12), a10 ≡ 0 (mod 17), and

a01 ≡ 0 (mod 12), a01 ≡ 1 (mod 17),

can be read off from the result of Euclid’s Algorithm in (2.4.10): a10 = 5 · 403

17, a01 = −7·12. The solution to an arbitrary system of congruences (2.4.11) is 404

then a linear combination of these two particular solutions: a = ra10+sa01 = 405

85r − 84s. � 406

Exercises 407

2.4.1. Check that the three operations of Def. 2.4.5 indeed produce ideals. 408

2.4.2.(a) Let I and J be ideals of R. Show that I ∪ J is an ideal of R if and 409

only if either I ⊆ J or J ⊆ I. 410

(b) Let I1 ⊆ I2 ⊆ · · · be an ascending chain (finite or infinite) of ideals in 411

R. Prove that ∪n≥1In is an ideal. 412

2.4.3. Let I, J , and K be ideals of a ring R. Prove the following identities: 413

(a) I + J = J + I, IJ = JI 414

(b) (I + J) +K = I + (J +K), (IJ)K = I(JK) 415

(c) (I + J)K = IK + JK 416

(d) IR = RI = I 417
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(e) If IJ = R, then I = J = R. In other words, R is the only ideal with an 418

inverse for ideal multiplication. 419

(f) If I ⊆ J , then IK ⊆ JK. 420

2.4.4. An ideal I of a ring R is finitely generated if I = 〈X〉 for a finite 421

subset X = {x1, . . . , xn} ⊆ R (for notation, see Exer. 2.2.1). Prove that 422

I = Rx1 + · · ·+Rxn. 423

2.4.5. Here is a list of true statements about the integers: 424

(a) 1 | a | 0 425

(b) If c | a and c | b, then c | gcd(a, b). 426

(c) If a | c and b | c, then lcm(a, b) | c. 427

(d) a | b if and only if b = ac for some c ∈ Z. 428

(e) ab = lcm(a, b) gcd(a, b) 429

(f) A chain of divisors in Z is a sequence a1, a2, . . . ∈ Z satisfying a2 | 430

a1, a3 | a2, etc. Any chain of divisors stabilizes: there is an n0 ∈ N such 431

that an+1 = an for n ≥ n0. 432

Following Ex. 2.4.2, translate these statements into conjectures about ideals 433

in a ring R, and state them in terms of both ideal divisibility and containment. 434

If you like a challenge, decide which of the resulting conjectures are true (and 435

give a proof), and which aren’t (and give a counterexample). 436

2.4.6. Consider the ring R = Z[
√
7] and its two subsets 437

I = Z · 6 + Z(2 + 2
√
7), J = Z · 21 + Z(7 +

√
7). 438

Check that both are ideals. Write the ideals I + J , IJ and I ∩ J as lattices 439

of the form Za+ Z(b + c
√
7). 440

2.4.7. Recall the ideals P1, P2 and P3 from Exer. 2.2.14. Denote by 〈α〉 the 441

principal ideal generated by α ∈ Z[
√−5]. In the following diagram, check the 442

vertical equalities by performing the indicated ideal multiplications: 443

〈6〉 = 〈2〉 · 〈3〉 = 〈1 +√−5〉 · 〈1−√−5〉
‖ ‖ ‖ ‖
P 2
1 · P2P3 = P1P2 · P1P3.

444

These identities almost resolve the apparent failure of unique factorization of 445

6 in Z[
√−5], following Kummer’s program of Sec. 1.5. All that is left is to 446

show that P1, P2, P3 are “prime,” which awaits in Exer. 2.5.5. 447

2.4.8. Let I, J , and K be ideals in the ring R. Assume that I + J = R, I | K 448

and J | K. Prove that IJ | K. 449
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2.5 Prime and Maximal Ideals 450

Before we generalize unique factorization to ideals, we need to decide which 451

among them are the right analog of prime numbers. 452

2.5.1 Definition. An ideal M of R is maximal if M �= R and R is the 453

only ideal strictly containing M . 454

In other words, if I is an ideal with M ⊆ I ⊆ R, then either I = M or 455

I = R. 456

2.5.2 Definition. An ideal P of R is prime if P �= R and if, for all a, b ∈ R, 457

ab ∈ P implies a ∈ P or b ∈ P . 458

In terms of ideal divisibility (Def. 2.4.1), an ideal P �= R is prime if, for 459

all a, b ∈ R, 460

P | ab implies P | a or P | b. 461

Prime ideals thus satisfy a generalization (à la Kummer) of Euclid’s lemma. 462

By definition, R itself is neither a prime nor a maximal ideal. 463

2.5.3 Example. Let p ∈ N be prime. The following chain of implications 464

shows that Zp is a prime ideal of Z: 465

ab ∈ Zp ⇒ p | ab ⇒ p | a or p | b ⇒ a ∈ Zp or b ∈ Zp. 466

In fact, Zp is also maximal. Suppose that an ideal Za satisfies Zp � Za, or, 467

in elementary terms, a | p and a �= p. Since p is prime, a must be ±1, so that 468

Za = Z, as required by Def. 2.5.1. 469

On the other hand, Z · 6 is not a prime ideal of Z: 2 · 3 is in Z · 6, but 470

neither 2 nor 3 is. � 471

The following pair of propositions characterizes maximal and prime ideals 472

in terms of their quotients. 473

2.5.4 Proposition. An ideal P � R is prime if and only if R/P is an 474

integral domain. 475

Proof. In the diagram 476

(a+ P )(b + P ) = 0 + P ⇒ (a+ P = 0 + P or b+ P = 0 + P )

� � �
ab ∈ P ⇒ (a ∈ P or b ∈ P )

the top row is the statement that R/P is an integral domain, while the bottom 477

row asserts that P is a prime ideal. The two statements are equivalent since 478

their constituents are, by the definition of the quotient ring R/P . � 479

2.5.5 Proposition. An ideal M � R is maximal if and only if R/M is a 480

field. 481
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Proof. Let M � R be a maximal ideal and a+M ∈ R/M a nonzero element. 482

This means that a /∈ M , so that we have a strict inclusion M � M + Ra. 483

The maximality of M implies M + Ra = R, giving us an m ∈ M and b ∈ R 484

such that m+ ba = 1. Then 485

(b+M)(a+M) = ba+M = (1 −m) +M = 1 +M, 486

and a+M has a multiplicative inverse, b+M . For the converse, simply reverse 487

the argument. � 488

2.5.6 Corollary. Any maximal ideal is a prime ideal. 489

Proof. If M is a maximal ideal of R, then R/M is a field. In particular, R/M 490

is an integral domain, so that M is a prime ideal. � 491

Conversely, when is a prime ideal maximal? The corollary to the follow- 492

ing proposition gives a sufficient condition that will be satisfied in rings of 493

quadratic integers. 494

2.5.7 Proposition. Let D be a ring with finitely many elements. Then D is 495

an integral domain if and only if D is a field. 496

Proof. Assume that D is an integral domain and take a ∈ D\0. Consider the 497

homomorphism of additive groups μa : (D,+) → (D,+) defined by μa(x) = 498

ax. As D is an integral domain, we find that 499

kerμa = {x ∈ D : ax = 0} = 0. 500

This means that μa is injective and therefore also surjective, since D is finite. 501

In particular, there exists a b ∈ D such that μa(b) = ab = 1. Thus, each 502

nonzero element of D is invertible, which makes D a field. The converse is 503

trivial, as every field is an integral domain. � 504

2.5.8 Corollary. Let P be a prime ideal of a ring R. If R/P is finite, then 505

P is a maximal ideal. 506

As suggested in Ch. 1, we are shifting the focus of arithmetic from elements 507

to ideals. It is nevertheless interesting that a direct generalization of prime 508

numbers to elements of an arbitrary integral domain yields a somewhat more 509

general notion than the requirement that Euclid’s lemma be satisfied. 510

2.5.9 Definition. Let D be an integral domain and p ∈ D \ D×. 511

(a) p is irreducible if, for all a, b ∈ R, p = ab implies either a ∈ D× or 512

b ∈ D×. 513

(b) p is a prime element if, for all a, b ∈ R, p | ab implies p | a or p | b. 514

Check the following basic consequences of the definition. 515

2.5.10 Proposition. Let D be an integral domain. 516
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(a) An element p ∈ D is prime if and only if Dp is a prime ideal. 517

(b) Any prime element of D is irreducible. 518

The converse of (b) is not generally true. 519

2.5.11 Example. We saw in Ex. 1.5.4 that 3 is irreducible in Z[
√−5]. It is, 520

however, not a prime element of Z[
√−5]: 3 | (1+√−5)(1−√−5), but 3 does 521

not divide either factor. � 522

Exercises 523

2.5.1.∗ Let P be an ideal of a ring R. Show that P is a prime ideal if and only 524

if the following analog of Euclid’s lemma holds for any two ideals I and J of 525

R: 526

P | IJ if and only if P | I or P | J. 527

2.5.2. Prove Prop. 2.5.10. 528

2.5.3. Prove that a ring R is an integral domain if and only if {0} is a prime 529

ideal of R. 530

2.5.4. In each example, decide whether I is a prime ideal of R. If it isn’t, find 531

a prime ideal P ⊇ I: 532

(a) R = Z[
√
14], I = Z · 35 + Z(7 +

√
14) 533

(b) R = Z[
√−33], I = Z · 7 + Z(4 +

√−33) 534

(c) R = Z[ 1+
√
21

2 ], I = Z · 85 + Z(9 + 1+
√
21

2 ) 535

(d) R = Z[
√
35], I = Z · 1 + Z(−5 +

√
35) 536

2.5.5. To conclude the series of exercises on the factorization of 6 in Z[
√−5], 537

show that the ideals P1, P2, P3 of Exer. 2.2.14 are all prime. Use your calcu- 538

lation from part (c) of that exercise. 539

2.5.6. Let R be a PID. Show that each nonzero prime ideal P ofR is maximal. 540

2.5.7. Let R = C[x, y], the ring of polynomials in two variables with coeffi- 541

cients in C. Show that Rx+ Ry is a maximal ideal, and that Rx is a prime 542

ideal that isn’t maximal. 543

2.5.8.∗ Prove that there are infinitely many prime ideals in Z[
√
D], for any 544

D ∈ Z which isn’t a complete square. 545

2.5.9. Let M be a maximal ideal of a ring R. 546

(a) Show that M is the only maximal ideal of R if and only if R× = R \M . 547

In that case, R is called a local ring. 548

(b) Show that R/Mn is a local ring with a unique maximal ideal that is 549

M/Mn. 550
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2.5.10. Let R be a local ring with maximal ideal M . 551

(a) Check that 1 +Mn is a subgroup of R×. 552

(b) Show that reduction moduloM defines a surjective group homomorphism 553

R× → (R/M)× with kernel 1 +M . 554

(c) Prove that 1 + m + Mn+1 �→ m + Mn+1 is an isomorphism between 555

the multiplicative group (1 + Mn)/(1 + Mn+1) and the additive 556

group Mn/Mn+1. Show that the latter group has the structure of 557

an R/M -vector space. 558



http://www.springer.com/978-1-4614-7716-7


	2 A Crash Course in Ring Theory
	2.1 Basic Definitions
	2.2 Ideals, Homomorphisms, and Quotients
	2.3 Principal Ideals
	2.4 Operations on Ideals
	2.5 Prime and Maximal Ideals




