Chapter 2

Nonlinear Monotone Stochastic Partial
Differential Equations

2.1 Solutions of Monotone Stochastic Equations

Let V C H C V* be a Gelfand triple, i.e., (H, (-,-),| -|) is a separable Hilbert space,
V is a reflexive Banach space continuously and densely embedded into Hl, and V*
is the duality of V with respect to H. Let y«(-,-)v be the dualization between V
and V*. We have v+ (u,v)y = (u,v) foru € Hand v € V. Let .Z(H) (respectively
Zp(H), Lus(H)) be the set of all densely defined (respectively bounded, Hilbert—
Schmidt) linear operators on H. Let || - || and || - || zs denote the operator norm and
the Hilbert—Schmidt norm respectively.

Let W = (W(t));>0 be the cylindrical Brownian motion on H (see the be-
ginning of Sect.1.2) with respect to a complete filtered probability space
(2,7 ,{F% }1>0,P). Consider the following stochastic equation:

dX (1) =b(t,X(¢))dr + o (t,X(1))dW (1), 2.1

where
b:[0,0) xVx Q= V" 0:]0,00) xVxQ— Lys(H)

are progressively measurable and satisfy the following assumptions for some con-
stant o > 0, adapted ¢ € L}, _([0,0) — L!(P);dt), K € C([0,)), and strictly positive
v € C([0,)):

(A2.1) Hemicontinuity. For every r > 0 and vi,vo,v €'V,
R 3 sy« (b(t,v1 +5v2),v)y

is continuous.
(A2.2) Monotonicity. Forevery vi,v, € V.t >0,

2y (b(t,vl) —b(l,vz),V1 _V2>V+ HG(l,vl) — G(I,VZ)H%_IS < K(t)|v1 —VZ|2.
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28 2 Nonlinear Monotone Stochastic Partial Differential Equations
(A2.3) Coercivity. Foreveryt>0,veV,
2= (b(1,v),v)v + [0, v) s < (1) + K@) = w(@)vI§.
(A2.4) Growth. Forevery u,ve V>0,
e (e, v))v] < () + KOG + |57 + faef + [v]}

Definition 2.1.1 A continuous H-valued adapted process X is called a (strong or
variational) solution to (2.1) if

T
IE/O (IX(O][%H + X (1)[2)dr < oo, T >0,
and P-a.s.
X(1) :X(O)+./O'lb(s,X(s))ds+/0tG(s,X(s))dW(s), £ >0.

According to [24, Theorems I1.2.1, I1.2.2], for every .%j-measurable X(0) €
L>(Q — H;P), (2.1) has a unique solution X = (X(t));>0; see also [40, Theorem
2.1] for

K:=L"%([0,T] x Q = V;dt x P)NL*([0,T] x Q — H;dr x P).
Moreover, |X |? satisfies the Itd formula
dIX (1)? = 29+ (b(e,X (1)), X (1))vdr + |0 (2,X (1)) | 71sdt +2(X (1), 0 (1, X (1))dW (1)),
and hence

T
E sup |X(t)|2+IE/ IX(1)]|%*1ds < oo, T > 0.
t€[0,7) J0

The study of (2.1) with the above assumptions goes back to [37,38], and such
equations are called (nonlinear) monotone SPDEs. A typical example is that of the
following stochastic generalized porous media and fast-diffusion equations. Gen-
eralizations with local conditions or for nonmonotone equations can be found in
[29,30,42].

Example 2.1.1 (Stochastic generalized porous media/fast-diffusion equations)
Let (A, P(A)) be the Dirichlet Laplacian on a bounded open domain D C R?. Let
o > 0 be a constant. Consider the following PDE (partial differential equation):

du=Au*, t>0,u(t,")|sp =0,

where u® := |u|*sign(u). This equation is called the (Dirichlet) heat equation if
o = 1, the fast-diffusion equation if o € (0,1), and the porous medium equation if
o > 1. Since A < —A for some Ay >0, P(\/—A) under the inner product
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(u,v)g = /D (V—Au) (v —Av)dm

is a separable Hilbert space, known as the (first-order) Sobolev space associated
to A, where m is the normalized volume measure on D. Let H be the dual space
of 2(v/—A) with respect to L*(m), and let (W (t))>o be a cylindrical Brownian
motion on H. Consider the SPDE

dX (1) = AX(¢)%dt + o (r)dW (1),

where o : [0,00) — ZLys(H) is measurable such that ||o(-)||%s € L}, ([0,e0);dt).
Let V = HﬂLO‘“( ) be equipped with || - |lv := | - [+ || || L+1 (m)- By Sobolev’s

inequality, if o0 > 4 d+2’ then V = Lo+ (m). It is easy to see that (A2.1)—(A2.4) hold
for K=y =1and ¢ = ||0(-)||3s. Therefore, for every X(0) € L*(Q — H;P), this
equation has a unique solution.

More generally, let (E,2,m) be a probability measure space, and (L, Z(L)) a
self-adjoint operator on L?(m) with L < —2; for some constant A; > 0. Let H be
the dual space of (y/—L) with respect to L?(m). Let V = L**!(m) N H, and let
W (t) be a cylindrical Brownian motion on H. Consider the following SPDE on H:

dX (1) = {L¥(,X (1)) + ®(1,X (1)) }dt + o (1)dW (1),

where 0 : [0,00) — Zys(H) is measurable with ||o(-)||%s € L},.([0,);dt), and
¥, ® :[0,00) x R — R are measurable and continuous in the second variable, satis-
fying the condition that for some functions 6, &, y,h € C([0,0)) with § > 0,

B (1.5)| 4 [@(t,5) — h(0)s] < L(O)(1+]s]%), s € Rt >0, 22)
2(¥(1,%) = P(1,),y —x)2 + 2(@(1,x) = D(1,y), (~L) " (x— )2
< =8(0) e = Y| gy YOl =P xy e LY (m), 120, (2.3)
where here and in the sequel, (-, ), denotes the inner product in L?(m). A very sim-
ple example of ¥, @ satisfying these conditions is ¥(z,s) := |s|* 's and ®(z,s) =
y(t)s. If ®(t,s) is nonlinear in s, we also assume that L~ is bounded in L%*!(m),
which is the case if L is a Dirichlet operator. Under these conditions, (A2.1)—
(A2.4) hold for b(t,v) := L¥(t,v) + @(t,v) and some ¢,y,K. Thus, for every
X(0) € L*(Q — H;P), the equation has a unique solution. A simple example for this
condition to hold is that ¥(-,s) = n(-)s* for some strictly positive 1 € C([0,0)).
See Sect.3 in [40, 55] for more general results where L**!(m) is replaced by an
Orlicz space.
The next example can be found in [27,39].

Example 2.1.2 (Stochastic p-Laplace equation) Let D C R? be an open domain,
let m be the normalized volume measure on D, and let p > 2 be a constant. Let
H(l) (D) be the closure of Cy (D) with respect to the norm

£ == £ e () + IVl 2o (m)
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Let H = L*(m) and V = H(l)’p (D). By the LP-Poincaré inequality, there exists a
constant C > 0 such that || f||1 , < C||Vf||1p(m). Consider the SPDE

dX (1) = div(|VX (£)[P2VX(1))dt + o (£)dW (1),

where W (t) is a cylindrical Brownian motion on H, and o : [0,00) — Lys(H) is
measurable with |6 (-)||3s € L}, .([0,00);dt). Then (A2.1)~(A2.4) hold for b(t,v) :=
div(|Vv|P=2Vv) and some ¢, vy, K. Thus, for every Fo-measurable X (0) € L*( —
H;P), the equation has a unique solution.

2.2 Harnack Inequalities for o > 1

In this section, we consider monotone stochastic equations with deterministic
coefficients and additive noise, i.e., equations of the form

dX(t) = b(t,X(1))dt + o (t)dW (1), 2.4

where W (¢) is a cylindrical Brownian motion on H, o : [0,0) — Zs(H) is mea-
surable with ||o||ys € L7, .([0,00);dt), and b : [0,0) x V — V* is measurable such
that (A2.1)—(A2.4) hold for o(¢,v) := o(t) and some o > 1. For every x € H, let
X*(t) be the solution with X (0) = x. We aim to establish Harnack inequalities for

the associated Markov operators P;,¢ > O:
Pf(x) :=Ef(X*(t), f € %(H),x<€H,

using Theorem 1.1.1. In this case, the idea for the construction of coupling is due
to [54], where stochastic generalized porous media equations were considered, and
it was extended in [27,28,31] to more general equations. The construction of Har-
nack inequalities for nonlinear monotone SPDEs with multiplicative noise is still
open at the moment. Although coupling by change of measure has been constructed
in [57] to establish Harnack inequalities for SDEs with multiplicative noise (see
Sect. 3.4 below), it is very hard to apply the construction to nonlinear SPDEs with
multiplicative noise.

Throughout this section, we assume that the noise is nondegenerate, i.e., & (t)v=0
for some v € H implies that v = 0. For every v € H, we define the intrinsic norm
induced by o () by

llow = o)V,

where |o(t)"'v| := |y| if y € H such that o(¢)y = v; |o(¢) " 'v| = if v ¢ o (¢)H.
The main result of this section is the following.

Theorem 2.2.1 If there exist a constant 6 € [2,00) N (a — 1,%0) and 1,y € C([0,%0))
with n > 0 such that

2y (b(t, 1) = b(t,v),u—v)y < = (1) u=vlgelu =y 4 y()u—v]® (2.5)
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holds for t > 0 and u,v €'V, then for every T > 0,x,y € H, and strictly positive
f € Bp(H),

2(6+1) 2(0+1-0)
0+2 ] o
Plgiie) * k—y @
62 |

2p— 1)(Jd nle)Tze T2 Br00qr)
2(6+1) 2(0+1-0)
(Qi;rzoc) C b=y

2(J¢ ()72 exp [~ L5152 [ y(s)ds] dr)

We now explain the idea of the proof using coupling by change of measure. Let
T >0 and x,y € H be fixed, and let X(¢) = X*(¢) be the solution to (2.4) with
X (0) = x. We intend to construct Y (t) with Y (0) =y such that Y (T') = X (T') and the
law of Y (T') under a weighted probability dQ := RdP coincides with that of X”(T).
To this end, let Y (¢) solve the equation

dY(t)_{b(t,Y(t))+W}dﬂ-o(r)dw(f}, Y(0)=y, (2.6)

(Prf()” < (PrfP(x))exp

Prlog f(y) <logPrf(x)+

0+2 °
[

where € € (0,1) and & € C([0,%0)) are to be determined such that Y (7') = X (T'), and

if u=v, we set ﬁ = 0. As shown in the proof of [54, Theorem A.2], we have

that (A2.1)-(A2.4) hold with o(7,v) = o (¢) and b(z,v) replaced by

7 SHX ) —v)

b(t,v) :=b(t t>0 V.
(7V) ( ,V)+ |X(t)—v|€ , 1=20,veE

Therefore, (2.6) has a unique solution.
Now we aim to choose £ and € such that

T:=inf{r >0:X()=Y()} <T,

which implies that X (T') = Y (T') by the uniqueness of solutions to (2.4) for 7 > 1.
Lemma 2.2.2 Let & € C([0,0)) and € € (0,1) be such that

T 7§j-t d 1
/O E(t)e 2 o7)dsgp > Syl 2.7

Then X(T) =Y (T).
Proof. By (2.5) and 1t6’s formula, we have

diX () =Y () < (YO () =Y () =26 ()|X () = Y ()% ), 1 < .
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Then
af X () - Y (e s}
-2
£ —Jor(s)ds | 2 — [Ly(s)ds
= §{|X(t)_Y(t)|ze fOY(A)d } 2 d{|X(t)_Y(t)|Ze foy( )d}
< —eg(@e HhMBa 1<
This implies

et J € s
X (t) =Y (1)[Fe 207 < |y _y|e ¢ / E(s)e 2 h07dqs r <z (2.8)
0

If > T, then |X(T)—Y(T)| > 0, but by (2.7) and (2.8), we have |X(T)—Y(T)|®
< 0, which is a contradiction. O

Proof of Theorem 2.2.1.

(a) Take
_0+1-«
0+2
- (@_f_z)n(t)e%zexp[ 921+2af07() s] ’x— ’%ba t>0
O R 0 er - B e
Then

T et 9+2 0+1—a |_x—y|£
) e e = g9 = B
0+1-—

By Lemma 2.2.2, we have X (T) =Y(T).
(b) To formulate the changed probability dQ = RdP, we rewrite (2.6) by

dY (1) = b(t,Y(1))dt + o (1)dW (1), ¥(0) =y,

where
™ (s) (X(S)—Y( )
-I—/ “YO)E ds.
We shall prove
’ o(s) '(X(s) = Y(s) [°
b [EO o | &
2(6+1) 29+1 2(0+1-0)

(Giirzoc) ¢ |x y|
642

(JE ()72 exp [ — L5 [ y(s)ds]dr) 0

which ensures by Girsanov’s theorem that W(¢) is a cylindrical Brownian
motion on H under dQ := RdP, where

< 2.9)
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R—ﬁﬁh/§———wﬁ<>wn> Y(s)),dW (s))

f@<y ’ﬁ

(2.10)

By (2.5) and Itd’s formula, we have

dx ()~ (1) < { =N IX (1) =Y ()| 51X (0) =Y ()]0 4 ()X (1) — Y(t)lz}df

fort < 1. Then,
afjx (o) - v(n)Pe s}’

< —e{IX(t) - v ()PP b W)‘“}E*ln(t)llx(t) Y0l
XX (1) = Y ()| 2+~ Oe Jov()dsgy

X)) =Y
ORI

- —efyylsyds V7 T Vo)
e TP

: 6+l—a oc 0+l—o
where in the last step we have used € = Z5->=. Thus, again using € = %55,
we obtain

T X () =Y ()2 0+2 20+1-a)
—& [P y(s)ds o(r) 20ri-a)
/"(t)e o X (1) =Y (1) e

Since 6 > 2 and 7 < T, by Holder’s inequality, we obtain from this that

X (s s
ds_/é n ”ng

\X( ) —Y(s)
X(t)—-Y 0 2 26 6-2
s( Tn(,)e*&‘fé}’(s)dxu ® (t)|a<r>d,)§(/Tey%ms)dsé(f)"j dt>T
0 ORI 0 n()7
2 4(6+1-0) T 2(6+1-0a) = %
< ( 2+6 )| o (/ ¢ o By 5(”"22(1;) RENCAT)
O+1-a 0 n(t)7=2
By the definition of & (¢), we have
0
T 26+1-a) 1)o—2
/ e 92 f() é() - dt
0 n(r)e-2
04+1—a 26
(ghigh— 77 )"

(T ()7 exp| - B [ y(s)ds] dr) 7

Combining this with (2.11), we prove (2.9).
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(c) By Theorem 1.1.1, the proof is finished, since according to (2.10) and (2.9),

we have
Ve P [ SO X Y )P
(ERp ) gesssgpexp[z(p_l)/o ‘5() |X() Y( ‘d}
<exp plaliZs) "
2p = 1) 1077 exp [~ L5 i yls)ds]dr) T
and
T ) UX(s)=Y(s)) |?
RiRlogk] = 5o |69 |)><<(>X—()<>1|Z( b
o GRS oy

0+2 °

2(J3 ()7 exp [— 255 i (s )ds] dr) *

O

As applications of the Harnack inequalities, we consider estimates of P in terms
of its invariant probability measure. To this end, we assume that the equation is time-
homogeneous, i.e., b(¢,-) and o (¢) are independent of ¢. In this case, P, is a Markov
semigroup.

Proposition 2.2.3 Assume that b(t,-) and o(t) are independent of t such that
(A2.1)-(A2.4) hold with constants ¢, K,V such that ¥ > 0. If the embedding V C H
is compact and

KPP =Yg <c=8vIgt!, veV (2.12)

holds for some constants C,0 > 0, then P, has an invariant probability measure [l
such that

[ (g e Y <o 2.13)
holds for some constant ¢ > 0, where ||v||y := oo for v € H\ V.
Proof. By (A2.3),(2.12), and It6’s formula, we obtain
dX () < {C = 8)X ()| dr +2(X (¢), 0dW (1)) (2.14)

for some constants Cj, 8 > 0. This implies that

1k /THXO(I)HO‘Hdt <% 10
T Jo v -8’

Since the embedding V C H is compact, the sequence {1 [ &P dt},> is tight,
where &y is the Dirac measure at the point O € H. By a standard argument, a weak
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limit 4 of a subsequence is an invariant probability measure and (|| - [ ¢T) < %. It

remains to find a constant ¢ > 0 such that /J(eCHa+1 ) < eo. For every € > 0, it follows
from (2.14) that

desX O < qp, +

((X+1)8 o+1 _
TGS\XU)\ X (1) %!

X (Co+ (o4 1)elX (1) %! = 8||X (1) (1" ) de
holds for some local martingale M; and some constant C, > 0. Since |- | < ¢ol| - ||v
holds for some constant ¢y > 0, we see that for small enough € > 0,
a+1 _
I X ()] (G + (o4 DelX ()" = 8[| (1) |5
<C-— S|X(t)|2aee\x(z)\““ <C - §leflX (%!
holds for some constants C, 5 ,C', 8’ > 0. Therefore, for small € > 0,
et X _ap, < {C—8|x (1) PO Y ar < {C' = 8'eF X1 Var. (2.15)
In particular, there exists a constant C” > 0 such that for small enough & > 0,

we have

EefX" 0 < ¢ 1> 0.
This implies that ,u(ee"‘aﬂ) <o, O

Corollary 2.2.4 In the situation of Proposition 2.2.3 and under the assumption that
(2.5) holds for some constant functions 1 > 0 and 7y, we have that P, is strong Feller
and has a unique invariant probability measure |, and | has full support on H.
Moreover:

(1) If o =1and y <0, then P, is hyperbounded, i.e., || || ;2 (1) —14(
t>0.
(2) If a > 1, then P, is ultracontractive with

u) < oo for some

a+l

1Pl 2 ()= () < €XP [CJrCfm} , 1>0,

holding for some constant C > 0.
(3) Let P; be the adjoint operator of P, in L*(u). Let W denote the L'-

2(60+1—0)

(
transportation cost induced by the cost function p(x,y) = |x —y|~ 9
see Theorem 1.4.2. Then

>

6+2

02 ! ])ng(fu,u)

2n5(9+1—a)(1—exp[—7/(96+—mT

u((Prf)logPif) <

holds for all T > 0 and f > 0 with u(f) = 1.
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Proof.(a) By Theorem 2.2.1 with constants 1, ¥, and p = 2, (1.2) holds for P = Pr,
@(r) =r?, and

6+2

¥(x,y) =c1 (1_6%2”) T|x y|

0+1 2(0+1-a)

for some constants ¢,cy > 0, i.e.,

5 5 Y o2 2(9+1 2(0+1-0)
e < ErPoDee o (L) Tl 2o
holds for 7 > 0, x,y € H, and f € c%’;r (H). Then by Theorem 1.4.1(3) and
Proposition 2.2.3, P has a unique invariant measure t. To see that u has full
support on H, it suffices to show that u(B(x,€)) > 0 for every x € H and € > 0.
Applying (2.16) to f = Ip(, ¢), We obtain

9+2
Prigee e | - a(=La) bl

2(9+1 o)

} < Pripe(v)-

If u(B(x,€)) = 0, then taking the integral of both sides with respect to p(dy)
yields
B(XN(T) —x| > ) = 1~ Prlygg(x) =1, T >0.

This is impossible, since the solution is continuous, so that X*(7T) — xas T — 0.
(b) Let oo =1 and y < 0. Then (2.16) implies

C{X — 2
(Pr ) < (Br ) esp [T

for some constant ¢ > 0. So by Theorem 1.4.1(6), we obtain

1
sup |Prf(x)| < TR
[,l(f2>§1 fB(OJx‘Jrl)eXp[_%]u(dy)

c(l+ 2|x|)2}
< exp { .
u(B(0,1)) 7%
Combining with (2.13), we see that for sufficiently large T > 0, || Pr{| 12 ()14 ()

< oo,
(c) Let o > 1. Then (2.16) implies

2(6+1-a)

CD

clx—yl

(Prf(x))* < (Prf2(y))exp —i}
(IAT)®

for some constant ¢ > 0. This implies
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2(0+1-a)

GClx 0
sup |Prf(x)] <Cjexp [Leu]
n(2)<1 (LAT) o

for some constants C;,C, > 0. So

(T 2(9+91—tx)
py(py )| < cEenp | 2T )
o (IAT) &

sup |Prf(x)] < sup
u(rA)<1 u(f2)<1

2.17)

‘O(H

By (2.15) and Jensen’s inequality, we see that h(r) := Ee® X (1) satisfies

< C— b Tah(t){logh(r)} a1,

H(t)<C— SIE{ X (1) e 01! }

. 2 . . .
Since a—fl > 1, this implies

Eef X 0™ < exp [C-FCf%} , 1>0,x€H

for some constant ¢ > 0. Noting that there exists a constant ¢’ > 0 such that

()7
2 — <O ——
(LAt) o (1 At)e=T

C/

holds for some constant ¢’ > 0 and all r > 0, we arrive at

Glxr(3) o 1
Eexp | -2 T ]gexp{c’/—i—c’/T%}
(IAT) &

for some constant ¢’ > 0 and all x € H, T > 0. Combining this with (2.17), we
prove (2).

(d) The entropy—cost inequality in (3) follows from Theorem 1.4.2(3) and the
log-Harnack inequality in Theorem 2.2.1 with constants i and y. O

2.3 Harnack Inequalities for o € (0, 1)

When o € (0,1), for the typical model that b(r,u) = Au® as in Example 2.1.1, the
upper bound of v+ (b(,u) — b(t,v),u— v)y behaves like —m ([u—v[*(Ju| v [v])*~1),
so that the condition (2.5) does not hold. In this section, we investigate Harnack
inequalities for (2.4) under assumptions (A2.1)-(A2.4) with & € (0, 1) by introduc-
ing the following conditions (2.18) and (2.19) to replace (2.5): for some measurable
function & : V — (0, ), some constant 6 > aiﬂ’ some ¥ € C([0,00)), and strictly
positive ¢, 6,n € C([0,%0)),
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2y (b(t,u),u)y + 0 (1)||7s < q(t) = 8Oh()* ™ +y(0)uf?,  (2.18)
2y« (b(t,u) — b(t,v),u —v)y
nOllu—2,,
 [u=v[O=2(h(u) v h(v)) 1~

hold fort > 0 and u,v € V.
For any constants 6 >

+9(t)u —v|? (2.19)

a+l,p> 1,T >0, and x,y € H, let

(1) = q(t)e 1O §(1) = §(r)e o9& 1 [0, 7).

2(at1) 0(at1)

T
c1(0,T) = /0 1(t)37078a e doro14 Jr(s dth

1 T
CZ(evTu-x?y):ﬁ{|x|2+|y|2+2/ q(t)dt
miny 716 0

014
0+2)2, 2 \i5 3612)
! 0 ) (752) k- y|9+2<|y|2+/ at dt) }

Theorem 2.3.1 Let o € (0,1) and assume that (2.18) and (2.19) hold for some
measurable h : V — (0,00), y € C([0,°0)), and strictly positive

constant 6 > oc+1’
q,6,1 € C([0,%)).
(1) Forevery T > 0,x,y € H and strictly positive f € %, (H),

2(1—at)
x—y> /6+2 2oL c2(0,T,x,y) 0T
Prlog f(y) —logPrf(x) < = ( 5 ST
c1(9 T) 0(o+1)

Consequently, there exists a constant C > 0 such that

2(1—at)

Clx =y (|x> + [y|* + 1 AT) 805

Priog f(y) —logPpf(x) < S (K 'me )7
(T/\l) (o+1)

(2) There exists a constant C > 0 such that for every T > 0, p > 1, x,y € H, and
f € %y (H),

(Prf(y) < (Prf’(x))
2 2 2 401 20(a+1)
cexp | € (mYPATRP DR  p yaweter oy T
R [ 1 ) |
b (T A1) ol P (LAT)o®2+6-2

To prove this theorem using coupling by change of measure, let X (t) = X*(z)
solve (2.4) with X (0) = x, and let Y (¢) solve (2.6) for some € € (0, 1) and

=y ()% o fiy(s)as
= >
é(t) 8C1(6,T) ¢ » 120,



2.3 Harnack Inequalities for o € (0, 1)
where
. 0 o — 0(0o+06+40) o — 2(0+1)
To+2 T 2(0+2) (0t 6+4)  4+6+6a
Then it is easy to see that
T . T
/ g(;)efglo Y(s)ds gy — u7 (2.2
0 €
so that X(7') =Y(T) (i.e., T < T) according to Lemma 2.2.2. Moreover,
T 9 1
a1(6.7) = [ mayee @ T BTN, 22
0

Next, it is easy to see from It6’s formula and (2.18) that

E/t{h(X(s)) Vh(Y ()} ds < oo, 150,
0

39

0)

Y

Since o+ 1 > 292 we have S(1) := [1{h(X(s)) \/h(Y(s))}z(el:;) ds < oo for all

0—2
t>0.Let

T, =T AiInf{r >0:5() >n}, n>1.
We have 7, T T as n 1 oo.
Lemma 2.3.2 Assume (2.18) and (2.19). For every n > 1,

= — Tn—&(s) s) s)—=Y(s K
Ruimexp |~ [ (o) K0 - V(9. W )

1[5

=

is a well-defined probability density such that

E{Rnloan}
2(1—at)
e—y[? 10 +2 252 (ST g, (h(X (1 A ) V(Y (£ AT,)))* dr) ot
= 2 ( 2] 0(a+1)+4 ?
Cl(G,T) 0(a+1)
and for every p > 1,
e
(]ER’!lrfl)pfl
2(1-a) p—1
(0, p)x—yP (™ b1\ P 2
<<E@nexp i /O (R(X (1)) V(Y (1)) e ,
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where
e+1

+1 /042
dQ, = RudP, c(6,p):= p—( )

(p—1)2\ 6

Proof. By (2.19) and It&’s formula, we have

1X(6) =Y (0)[1§|X (1) =Y (1) 2~°
(h(X (1)) VA(Y (1))~

forr < . Since 8 —2+2(1 — &) = €0, this implies

en()|X (1) =Y (1)]|§, e hr0)s

diX () =Y(0)* < -n() dr+y(1)|X (1) =Y (1) Pdr

af{ix -y e bt} < G VAT E)E
fort < 1. So,
||x —YOllge B ype 2
/|X EaRE Y S e O
Let

-5 .
M0 =~ || e O K ) Y(9),W ()

By (2.22), Holder’s inequality, and 7, < 7 < T, we see that

1X(6) =Y ()]

<M>(Tn>:/07n§(l)zwy(t)|gg)dt
W @)X @) =Y ()|, et TS 2
: (/0 IX (1) =Y (1)[0 (h(X (1)) V (Y (1))~ dt) (2.23)
x( W E (1) T2 (WX (1) V h(Y (1)) 5 ez o7 dt>%2
Jo ﬂ(t)ﬁ
< Ix—ylg( W E N2 (WX (1) Vh(Y (1)) 0 ez 1) dt)esz
T ed 0 )7

is bounded. Then, by Girsanov’s theorem, dQ, := R,dP is a probability measure
under which

ATy é(s) B
)y R rEo) e Y

isa cylindrical Brownian motion.

By £ = 6+2 and 2(1 O‘) < o+ 1, (2.23) and Holder’s inequality yield
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o) < (Z2) esisem( [ ey varion)™'a)

where due to the definition of £ and (2.21),

260(a+1) 2e(a+1) f (s)d 0(a+1)—4
~ . T E (1) 0t 4 et 07 0ot
C(T) . /0 2(o+1) dt
n(t)e(a+l)—4
0 +21\2 0(at1)+4
= (557) o) sy,
Therefore,
0 12 2D 0(a+1)+4
M) < (5=) 7 aler) T oy (2.24)
2(1-o)

Tn 0(a+1)
X </ (h(X (1)) vh(y(;)))““dt) o
JO
Finally, we have
1
E{R,logR,} = Eq,logR, = EE@<M>(1'”),

and for p > 1 and M,, defined as M using the Q,-cylindrical Brownian motion W, to
replace W (t) (note that (M) = (M,)), we have

D 1 ~
ER] =Eq,RI ! = Eger ™ ()
2 W ()~ —2— (M) (1) 2 2L (M) (1) \ 2
< (Bae™ " ) )

EQ e (p—1)?

Combining these with (2.24) and using Jensen’s inequality, we finish the proof. O

Lemma 2.3.3 Assume (2.18) and (2.19). Let

A(T) = ! A(T) = e TA(T) min 8(1).

8max,epo 7y [|0(1)|Fge B0 D 1€(0.7]

Then
. T T
Eexp {)L(T) / h(x(t))““dt] < exp [2/1(T)|x|2+2x(7) / q(t)dt}
0 0
Proof. By (2.18) and It&’s formula,

diX(0)P < {q(t) = 80X (0))*! +y(0)[X (1) }de
+2(X(1),0()dW(t)). (2.25)
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So
d{|x(1)Pe fé(y(s>+1)ds} < e fé(y(s>+1)ds{q(,) — X (1) }dr
+2e~ BT (x (1) 5(1)dW (1)).

This and the fact that EeM(®) < (Ee2M)() )% for a continuous martingale M (r) imply
that

T T

Eexp [)L(T) / e B0 x (1) 2dr — (T)x? = A(T) / q(t)e’dt}
0 0
1

T, 2
< (Bexp [sa(r [ e 20 g0

1
T ” 2
< (Eexp [m) / elo<y<s>+wdS|x<t>|2dtD |
0

By an approximation argument, we may assume that the expectations in this display
are finite, so that

Eexp [A(T) / ! efG(Y(S>+1)dS|X(t)|2dt] (2.26)
0
T
<exp [2/1(T)|x|2+27L(T) / q(t)efdt].
0

Combining (2.26) with (2.25), we obtain

Eexp [X(T)./()Th(X( O‘Hdt] <1Eexp[ *T/ 5(r O‘“dt]

<exp |:)L(T)GT|X|2 +A(T)e T /OT q(t)dt]
xEexp {ZA(T)eT /T e o Y(S)dsg((t),o(t)dW(t)ﬁ
OT
< exp {)L(T)|x|2 +A(T) /0 [j(t)etdt}

x <Eexp [x(r)/oTe Jor)+ s x (¢ )|2dt}>%
<exp {27L(T)|x|2 +2A(T) ./OT c}(t)e’dt] .
O

Proof of Theorem 2.3.1. According to Theorem 1.1.1 and Lemma 2.3.2, we have
only to estimate the expectation and the exponential moment of [J (h(X (1)) V
h(Y (1)))**'dr with respect to dQ := RdP.
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(1) By (2.18) and It6’s formula, we have
aly ()] < {g()~ SR ()™ +7(O)|¥ ()}t +2(¥ (1), 0 ()W (1)) £ < .
Then

Eq, / Tnh(Y( Yotldr < m (2.27)
0 minyeo, 7] (1)
Eo,|Y(tAT)* < <|y|2—|—/ g(s ds)ef”( e0,7]. (2.28)

Next, by (2.18) and It6’s formula, we have
X (0)]* < {q(t) = 8(t)h(X (1))* ™" +y(1)[X (¢)]* pde +2(

X(0).0()aW (1)
< {4(0) + OIX O - (x2S OE X0

—Y(@)) La

t

X(6) =Y (0)[*
+2(X(1),0(1)dW, (1)), t < 1T, (2.29)
Noting that
(u,u—v) 1-e re_ PP 1-g
_ u— < _ -
|u—v|E S P fu=v e < 1—3(2 s) ’
we obtain

A{|X(1)Pe 799} < 2~ YUY (1), 05 (1)dW, (1))

" 2—¢ _ _e
e M8 L gr) — S(0)h(X (1) + zé(’)ﬂi(?' (5=2) la i<

Combining this with (2.28) and (2.20), we arrive at

Tn
Eq, / (X (1)) dr

0
_ BPJ e B g () + FO (=) # (B, [V (A 3) ) Y
a mmte[o T]6() ~lyv(s)ds

2+ fo G(0)dr+ F25 (22 S (D2 + fy d()dn)*T*
< .

minjg 7] 5

Combining this with (2.27), we conclude that

Eq, ./OT" (h(X (1)) V(Y (1)) " de

x— — ~ 2-¢
_ PP+ 2 a0+ B (28 (0P + fy a()dn)

mmte 0,7] S( 1)
— CZ(Q,T,X,y)-
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Thus, by Lemma 2.3.2, we obtain

2(1-o)

Pe=y? (0425 ¢2(6,T,2,y) 7

E{R IOgR }< 2 ( 0 ) O(at)+4 °
Cl(e T) 0(o+1)

Letting n 1 oo, we conclude that R given in (2.10) is a probability density with

2(1-a)

lx—y2 10 +2\ 2% ¢,(6,T,x,y) 0D

E{RlogR} < =2 (===) 7 S
c1(6,T) o@D

Let dQ = RdP. Then the first log-Harnack inequality in (1) follows from
Theorem 1.1.1. As for the second inequality, by the Markov property and
Jensen’s inequality, we need consider only 7 € (0, 1]. In this case, the second
inequality follows from the first, since for some constants C;,C>,C3 > 0, we
have ¢;(0,T) > C,T and

e2(8,T,3) S G WP+ P+ T+ fx—y[0% (WP +7) 05 } <GP+ P47}

(2) Again we need to prove the result only for 7 € (0,1]. According to

Theorem 1.1.1, it suffices to find a constant C > 0 such that for every T € (0, 1],
p>1,and x,y € H,

(ER7T)"" (2.30)
5 5 5 ( » )a(99+92§25202¢| | (29(;;“9) 5
plr—yP+ R+ ) | o) ™o e =y«
§exp C< 0(a+1)+4 + O(a+1)+4
(p_l)T 0(a+1) T a(0+2)+6-2

By Lemma 2.3.3 with n 1 e and noting that the distribution of Y () under Q
coincides with that of X”(z) under PP, there exists a constant C; > 0 such that
forevery r >0 and s, T € (0,1],

2(1-a)
T 0(at1)
Egexp H/ h(y(t))““dt) ]
0
0(1+a) 2(1-a) :|

. T -
< EQeXp [s/’L(T)/ h(Y(t ) Hdt—l—CU’“ 6+2)+6— 2(/1(]‘)3) a(0+2)+6-2
J0

0(1+a) - 2(1-o)
< exp {Cls(|y|2+1)+C1r“ (0+2)+6— Z(A,( ) ) a(9+2)+92:|'

Taking s = 1 A r, we see that infy¢ g ] A(T) > 0 implies

0(l+a) - 2(1-a) 0(l+a)
Fa(0+2) 102 (l( )s ) WO12+02 < C’(r+r4"‘<9+2>+9*2)
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for some constant C' > 0 and all r > 0, T € (0, 1]. Hence,

soexp |r( [ ()

holds for some constant C; > 0 and all » > 0, T € (0, 1]. Consequently, for every
constant » > 0 (recall that the distribution of ¥ under Q coincides with that of
XY under P),

2(l-0)
B(o+1) O(a+1)
O‘Hdt) ] < exp {Cz (r+r|y|2+ra 0+2) 76— 2)}

2(1-o)

) 2(1-a)
rlx—y 0(a+1)
EQeXp{ x W)L (/ h(Y (1)**d ) } (2.31)
T 0(at1)
6(at1)
Corlx—yP(y* +1) rlx—yP? \ awizres
S €Xp |: 0(o+1)+4 +C2 0(o+1)+4 ’
T 0(atl) T 6(atl)
2 2(1-o)
_ 0(a+1)
Ifzexp{r| WyL ( / (X (1))%*'d ) } (2.32)
T 9a+1)
a+l)
Corlx —yP (x> +1) rie—y2 \ @50
S exXp |: 0(o+1)+4 +C ( 0(o+1)+4
T 06(atl) T 06(atl)

Combining these with Lemma 2.3.2 and noting tha
some constants ¢,Cz > 0 that

P\ 4 cplx— y|2
(ERP*‘) < (EQeXP{ O(ar)+4 (/ {n(x
(]7 2T 0(a+1)
2(1-a)
OC+1 )0(a+1):|)

2eplx—y[?
< (EQGXP{ B(arl) 4 / h(X
( _1 2T "0(a+1)

2(1-a)
2cplx y|2 T o)
X (EQCXP |:(0(a+1)+4 /0 h(Y(l’))a+ldt

p— 1)2T 0(o+1)

t ”Tfl < 2, we obtain for

2(1—a) 2

6(0:+1):|>

() ar)

2(1—a) 1
) pl 2 8 |\ »
< (ERﬁ)%(Eexp{ 2p” = y| (/ h(X a+1 ) | })1
( _1 ZT 0(a+l)
2Csepl =y (b1 +1) 2eple—yP?  \awie=
X exp |: O(a+1)+4 +C2< 0(a+1)+4
(p— 177 e (p— 107 Fe
D p—1
< (BR7T)'7
2 2 2 ( P )a(f}e+924)r252l§| | (30(20;1)) 2
plr—yP(L+ X" +yl7) | (pop) o =yl
X eXp C3( ar)id + (ot 1)+4

( —1)2T 0(o+1)

(p—1)T @@2+6-2

This implies (2.30) for some constant C > 0. O
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2.4 Applications to Specific Models

In this section we apply Theorems 2.2.1,2.3.1 and Corollary 2.2.4 to specific models
presented in Sect. 2.1.

2.4.1 Stochastic Generalized Porous Media Equations

Let (E,Z,m) be a separable probability space and (L, Z(L)) a negative definite
self-adjoint linear operator on L?(m) having discrete spectrum. Let

(0 <) <Ap < -

be all the eigenvalues of —L including multiplicities with unit eigenfunctions
{ei}iz1-

Let H be the dual space of ¥ ((—L)%) with respect to L*(m); i.e., H is the com-
pletion of L?(m) under the inner product

(x,y) = i ;<X7 ei)2(ei)2.

Recall that (, ) is the inner product in L?(m). Let W (¢) be the cylindrical Brownian
motion on H with respect to a complete filtered probability space (2,{.% }:>0,P).
Let

¥, ®:[0,0) xR R

be measurable and continuous in the second variable, and let

6 :[0,00) — Lys(H)

2

be measurable such that ||o||gs € L;,

([0,0);dt). We consider the equation
dX (1) = {LY¥(t,X (1)) + D(1,X () }di + o (£)dW (1). (2.33)

Let o > 1 be a fixed number and assume that L~ ! is bounded in L**!(m) if & # 0.
It is easy to see that this assumption holds if L is a Dirichlet operator. To ensure the
existence and uniqueness of the solution to (2.33), we assume (2.2) and (2.3) as in
Example 2.1.1.

Theorem 2.4.1 Assume ||c(-)||gs € L2, .([0,50):dt), (2.2), and (2.3). If there exists

loc
a nonnegative constant 0 € [2,e0) N (o — 1,0) such that

I oy = D2 10, xe L m), 120, (@234)

for some strictly positive function & € C([0,0)), then:
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(1) The Harnack inequalities in Theorem 2.2.1 hold for n(t) := 6(t)&(¢).

(2) When the equation is time-homogeneous, i.e., o(t), ¥(t,-), and ®(t,-) are in-
dependent of t such that 8, 7y, and & are constants, and either ot > 1 or o, = 1
but OAy > vy, then P, has a unique invariant probability measure | that has full
support such that (2.13) and the assertions in Corollary 2.2.4 hold.

Proof. Simply note that (2.3) and (2.34) imply (2.5) for n(¢) = 6(¢)&(¢), and since
I|- |\i2(m> > M| )% o> 1ora=1but§4; > yimplies (2.12) for some C > 0 and
60>0. O

It is easy to construct examples of @ and ‘¥ such that condition (2.3) holds. Be-
low we present a simple example to illustrate condition (2.34) and that ¢ € Zys(H),
so that Theorem 2.4.1 applies.

Example 2.4.1 Let o¢; = 0;¢;, i > 1, for a sequence {0;};>1 C R. If

>, 07 <eo inf{Aio7} >0, (2.35)
i=1 =
then 6 € Zys(H) and (2.34) holds for some constant & > 0. Indeed, the first in-

equality implies that 0 € Zys(H), while the second inequality implies (2.34) for
some & > 0, since

2 2 . 2 2
[ - ||La+1(m) >l ||L2(m) 2 }gf(ci ) s

In particular, (2.35) holds if X7 ?li, < eoand

holds for some constant C > 1. When ¥~ % < oo, one may easily choose (0;);>|
satisfying (2.35). That is the case for L = A the Dirichlet Laplacian on a bounded
interval.

2.4.2 Stochastic p-Laplacian Equations

We simply consider the equation in Example 2.1.2 for p > 2,d = 1, and m(dx) = dx

n (0,1). In this case, we have H = L?>(m) and V = ]HI(I)"’. Let A be the Dirichlet
Laplacian on (0,1). Then {(7i)?};> are all eigenvalues of —A with unit eigenfunc-
tions e;(x) := v/2sin(imx). Assume that there exist a sequence of constants (0;);>1
and a constant ¢ > 0 such that

oe¢; = 0;¢;, £4 2 O; < oo. (2.36)

i>1
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Then b(t,u) = div(|Vu|P~2Vu). According to Example 3.3 in [27], we have

2y (b(t,u) = b(t,v),u—v)y < =2""'m(|V(u—v)P)2.
Since by (2.36),

m(|V(u—v)|*) = EiEZim((u— v)ei)* > cl|u—v[3,

we obtain

2y (b(t,u) — b(t,v),u—v)y < =275 |[u—v|L.

So the assertion in Theorem 2.2.1 holds for 6 = p, a = p—1, n(t) = 2”’lcg,
and y(z) = 0. Therefore, there exists a constant C > 0 such that for every positive
fe€eRB,(H), x,y € H,and T > 0, we have

4

Clx—y|r
Priog f(y) < logPrf(x) + P27

T r
and for every p’ > 1,
/ / p/C|x—y|%
(Prf)? < (Prff (x))exp | ——

(P =177

2.4.3 Stochastic Generalized Fast-Diffusion Equations

Let (E,%,m),(L,2(L)), H, o, and W(z) be as in Sect.2.4.1. We consider the
equation

dX (1) = {L'P(t,X(t)) L B(OX (1) }dt +o(r)dw (1), (2.37)

where B € C([0,00)), ¥ : [0,0) x R — R is measurable, continuous in the second
variable, such that for some constant o € (0, 1) and strictly positive §, 6 € C([0,)),

2(¥(t,51) = P(t,52)) (51— 52) = ()]st — o *(Is | V | s2])* 1,
51,5 ER,1 >0, (2.38)

Yt
sP(1,5) > 8(1)|s|*!,  sup (—sl' <
refo.7].s20 1+ 18]

o, SERI>0. (239
By the mean value theorem and a < 1, one has (s; — 5)(s¥ —s%) > als; —
s212(s1] V [s2])*1. So a simple example of ¥ for these conditions to hold is
¥(t,s) =s* :=|s|%sgn(s), for which (2.37) is known as the stochastic fast-diffusion
equation with linear drift.
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Let V= L%"!(m)NH. It is easy to see that (A2.1)—(A2.4) hold (see [40, Theorem
3.9] for a more general result). Let X*() be the unique solution for X (0) = x € H,
and let P; be the associated Markov operator.

Theorem 2.4.2 Assume that (2.38) and (2.39) hold for some strictly positive
Sunctions §,8 € C(|0,)). If there exist a constant 6 > and a strictly pos-
itive function & € C([O, o)) such that

+1

el Fars1 gy 1% 2 = E @il Gy, wE L% (m), 220, (2.40)

then the assertions in Theorem 2.3.1 hold for

o1
() :=2B (1), q(t) = llo()|hs, (1) =25 (0)E0).

Proof. Let h(u) := [ul| ja+1(y)- Obviously, (2.37) and the first inequality in (2.39)

imply (2.18) for q(¢) = ||o(¢)||45 and () = 2B(t). It remains to verify (2.19) for

the above 1 and /. By Holder’s inequality, we have

a+l
2

1—a
= ]|, = m(fu— v < m(ju—v (] V) T m (] v ) 7

Lo+l (m>

o+l 1—02

<27 m(u—vP (v IY)*) () v R()
Combining this with (2.38) and (2.40), we prove (2.19) for n(r) = 215« { (1) (¢).
O

To conclude this subsection, we consider the stochastic fast-diffusion equation
for which W(z,s) = s* for some a € (0,1).

Corollary 2.4.3 Consider (2.37) for P(t,s) = s* := |s|*sgn(s). Let (—L, 2(L)) be
a nonnegative definite self-adjoint operator on L>(m) with discrete spectrum (0 <
YA < Ay <o < Ay T oo, counting multiplicities. Let {e, }n>1 be the corresponding
eigenvectors, which form an orthonormal basis of L*(m). Let 6(t) = o be such that

Oe; = Cjej, 1> 1,
for some constants {0;}i> satisfying
lollhs =Y, 07 <ee. (2.41)
i=1

If there exist constants € € (0,1),0 > aiﬂ and C1,Cy > 0 such that

e
loi| >CiA; 7, i>1, (2.42)
and the Nash inequality

2+d

1Al 2y < —Com(FLS), f € Z(L), m(|f]) =1, (2.43)
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holds for some d € (0, 2S(OCH)) then the assertions in Theorem 2.3.1 hold for

Y(6)=2B(1), q(1) =||o|lfs. 8(1) =1, and (1) =

for some constant ¢ > 0. In particular, if B <0, we may take y = 0 such that the
log-Harnack inequality

2(1-a)
Clox —y|*(|x|*> + |y|? + T) 80+
Priog f(y) — logPr f(x) < XX AL AT)
T 6(atl)

holds for some constant C > 0 and all T > 0, x,y € H, and positive | € %B,(H).

Proof. By Jensen’s inequality, it suffices to prove the result for 7 € (0, 1]. Obviously,
(2.38) and (2.39) hold for {(t) = 20 and §(r) = 1. To apply Theorem 2.4.2, it
remains to verify (2.40). By (2.42), we have

[}

e (570 < (B ) (35D

i>1 i>1

<G (X m(’“”")z).

€
i>1 A;

According to the proof of Corollary 3.2 in [31], (2.43) for some d € (0, W)
implies that

i>1

holds for some constant ¢ > 0. Therefore, (2.40) holds for &(r) = ¢’ for some con-
stant ¢’ > 0. Combining these with (2.41) and using Theorem 2.4.2, we may apply
Theorem 2.3.1 to

1) =2B(1), q(t) = |lollfs, 8()=1, andn(r) =

for some constant ¢ > 0. Finally, if y =0, then it is easy to see that for some constants
1.C, >0,

c1(6,T) > CiT, (0,T,x,y) <C5(|x*+[y*+T), T>0,x,yeH,

which implies the desired log-Harnack inequality according to Theorem 2.3.1(1).
O

Example 2.4.2 Let 'V(t,s) = s* for some o € (%, 1), and let L = A be the Dirichlet
Laplacian on the open interval (0, n). Then A; = i*> and the Nash inequality (2.43)

holds for d = 1. For every 0 € (oc_ﬂ’ 607++12) and € € ( (lafl) 1—9), we have d =
_2(l-¢)

1€ (0, M), as required. So taking o; =i~ ~ @ , we see that (2.41) and (2.42)

o
are satisfied. Therefore, the assertions in Corollary 2.4.3 hold.
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