
Preface

The key point of Harnack’s inequality is to compare values at two different points for
positive solutions of a partial differential equation. This inequality was introduced
by Harnack [21] in 1887 for harmonic functions on a Euclidean space, and was gen-
eralized by Serrin [46] in 1955 and Moser [34] in 1961 to solutions of elliptic or
parabolic partial differential equations. Among many other applications, Harnack’s
inequality was used by Li and Yau [26] in 1986 to derive explicit heat kernel es-
timates, and by Hamilton [20] in 1993 to investigate the regularity of Ricci flows,
which was then used in Perelman’s proof of the Poincaré conjecture. All these Har-
nack inequalities are, however, dimension-dependent and thus invalid for equations
on infinite-dimensional spaces.

In this book we aim to present a self-contained account of Harnack inequali-
ties and applications for the semigroup of solutions to stochastic functional/partial
differential equations. Since the associated Fokker–Planck equations are partial dif-
ferential equations on infinite-dimensional spaces, the Harnack inequalities we are
going to investigate are dimension-free. This is essentially different from the above-
mentioned classical Harnack inequalities. Moreover, the main tool in our study is
a new coupling method (i.e., coupling by change of measure) rather than the usual
maximum principle in the literature of partial differential equations and geometric
analysis.

The book consists of four chapters. In Chap. 1, we introduce a general theory
concerning dimension-free Harnack inequalities, which includes the main idea of
establishing Harnack inequalities and derivative formulas using coupling by change
of measure, derivative formulas using the Malliavin calculus, links of Harnack in-
equalities to gradient estimates, and various applications of Harnack inequalities.
In Chap. 2, we establish the Harnack inequality with power and the log-Harnack in-
equality for the semigroup associated to a class of nonlinear stochastic partial differ-
ential equations, which include stochastic generalized porous media/fast-diffusion
equations as typical examples. The main tool is the coupling by change of measure
introduced in Chap. 1. In Chap. 3, we investigate gradient estimates and Harnack
inequalities for semilinear stochastic partial differential equations using coupling
by change of measure, gradient estimates, and finite-dimensional approximations.
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Chapter 4 is devoted to gradient estimates and Harnack inequalities for the segment
solution of stochastic functional differential equations, using coupling by change
of measure and the Malliavin calculus. To save space, applications of Harnack and
shift Harnack inequalities presented in Chap. 1 are not restated in the other three
chapters for specific models.

In this book we consider only stochastic functional/partial differential equations
driven by Brownian motions. But the general theory introduced in Chap. 1 works
also for stochastic differential equations driven by Lévy noises or the fractional
Brownian motions; see [16, 17, 62, 63, 67, 76] and references therein. Materials of
the book are mainly organized from the author’s recent publications, including joint
papers with colleagues who are gratefully acknowledged for fruitful collaborations.
In particular, I would like to mention the joint work [3] with Marc Arnaudon and
Anton Thalmaier, where the coupling by change of measure was used for the first
time to establish the dimension-free Harnack inequality.
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