Chapter 2
Basic Properties

2.1 Definition

In the literature, several definitions of elliptically contoured distributions can be
found, e.g. see Anderson and Fang (1982b), Fang and Chen (1984), and Sutradhar
and Ali (1989). We will use the following definition given in Gupta and Varga
(1994b).

Definition 2.1. Let X be a random matrix of dimensions p X n. Then, X is said to
have a matrix variate elliptically contoured (m.e.c.) distribution if its characteristic
function has the form

ox(T) = etr(iT' M)y (tr(T' STD))

withT: pxn,M: pxn,XZ:pxp, @:nxnX>0,0>0,and y: [0,) = R.
This distribution will be denoted by E, ,(M, X ® @, y).

Remark 2.1. If in Definition 2.1 n = 1, we say that X has a vector variate elliptically
contoured distribution. It is also called multivariate elliptical distribution. Then the
characteristic function of X takes on the form

9x(t) = exp(it'm)y (£ Zt),

where t and m are p-dimensional vectors. This definition was given by many
authors, e.g. Kelker (1970), Cambanis, Huang and Simons (1981) and Anderson
and Fang (1987). In this case, in the notation E, ,(M, Z ® @, y), the index n can be
dropped; that is, E,(m, X, y) will denote the distribution E,, 1 (m, X, y).

Remark 2.2. It follows from Definition 2.1 that |y(z)| < 1 fort € Ry .

The following theorem shows the relationship between matrix variate and vector
variate elliptically contoured distributions.
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Theorem 2.1. Let X be a p x n random matrix and x = vec(X'). Then, X ~
E,n(M,2Q@®, ) if and only if X ~ Ep,(vec(M'), X @ @, y).

PROOF: Note that X ~ E, (M, X @ @, ) iff

ox(T) = etr(iT'M) y (tr(T'ZT®)) (2.1)
On the other hand, X ~ E,,(vec(M'), X ® @, ) iff
Ox(t) = exp(itvecM') ) y(t' (Z @ D)t).
Let t = vec(T’). Then
(1) = exp(i(vec(T')) vec(M')) y((vec(T')) (£ ® ®)vec(T')). 2.2)
Now, using Theorem 1.17, we can write
(vec(T')) vec(M') = tr(T'M) (2.3)
and
(vec(T')) (2 @ @)vec(T') = tr(T'ZT®D). (2.4)

From (2.1), (2.2), (2.3), and (2.4) it follows that ¢x(T) = ¢x(vec(T’)). This
completes the proof. [

The next theorem shows that linear functions of a random matrix with m.e.c.
distribution have elliptically contoured distributions also.

Theorem 2.2. Let X ~ E, ,(M,XZ® @, ). Assume C: gxm, A: qgxp, and B :
n X m are constant matrices. Then,

AXB+C~E,,,(AMB+C, (AEA/) ® (B/<1>B)7 V).
PROOQOF: The characteristic function of Y = AXB + C can be written as

etr(iT'Y))
etr(iT'(AXB + C)))
etr(iT'AXB))etr(iT'C)
etr(iBT'AX))etr(iT'C)
= ¢ox(A'TB )etr(iT'C)

etr(iIBT'AM) y(tr(BT'ASA'TB'®) )etr(iT'C)
etr(iT’"(AMB + C)) y(tr(T'(AXA")T(B'®@B))) .

This is the characteristic function of E, ,,(AMB+ C,(AXA")® (B'®B),y). m
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Corollary 2.1. Let X~ E, ,(M,XQ @, ), and let ¥ = AA’" and @ = BB’ be rank
factorizations of X and @. That is, A is p X p1 and B is n X ny matrix, where p; =
rk(X), ny = rk(®). Then,

A (X=M)B'~ ~E, , (0.1, &1L, ,y).
Conversely, if Y ~ E,| (0,1, ®1L,,,y), then
AYB +M~E,,(M,Z2®,y).

with X = AA’ and @ = BB'.
PROOF: Let X ~ E,,(M,X® ®,y), ¥ = AA’ and @ = BB’ be the rank
factorizations of X and &. Then, it follows from Theorem 2.2 that

AT (X-M)B'™ ~E,, (0,(A" A" ) & (B 0B ) y).

Using Theorem 1.23, we get A“XA’~ =1, and B-®B'~ =1,,;, which completes
the proof of the first part of the theorem. The second part follows directly from
Theorem 2.2. ]

If x ~ E,(0,1,, y), then it follows from Theorem 2.2 that Gx ~ E, (0,1, ) for
every G € O(p). This gives rise to the following definition.

Definition 2.2. The distribution E,(0,1,,, y) is called spherical distribution.

A consequence of the definition of the m.e.c. distribution is that if X has m.e.c.
distribution, then X’ also has m.e.c. distribution. This is shown in the following
theorem.

Theorem 2.3. Let X ~ E, ,(M,XQ @, y). Then, X' ~ E, ,(M',® @ X, y).
PROOF: We have

iTM) y(1+(TET @)
iT'M)y(1r(T OTE)).

= etr

I
a
8
3
a2

This is the characteristic function of X' ~ E,, ,(M',® ® X, y). ]

The question arises whether the parameters in the definition of a m.e.c.
distribution are uniquely defined. The answer is they are not. To see this assume
that a, b, and ¢ are positive constants such that ¢ = ab, Xy = a¥, ©, = bDy,
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v2(2) = w1 (1z). Then, E, ,(M, 2, ® @1, 1) and E,, ,(M, 2, ® @3, y) define the
same m.e.c. distribution. However, this is the only way that two formulae define the
same m.e.c. distribution as shown in the following theorem.

Theorem 2.4. Let X ~ E, ,(M,Z; ® @1,y ) and at the same time X ~ E,, ,(Mp,
2 @ @y, yn). If X is nondegenerate, then there exist positive constants a, b, and ¢
such that ¢ = ab, and My =My, £y = aXy, @, =b®y, and Y12 (z) = ¥ (%Z)

PROQF: The proof follows the lines of Cambanis, Huang and Simons (1981). First
of all, note that the distribution of X is symmetric about M; as well as about M.
Therefore, M; = M, must hold. Let M = M. Let us introduce the following
notations

Z]:[Gij,i,jZI,...,p; 121,2,
(DI:l(Pijaivjzla“';n; I=1,2.
Let k(a) denote the p-dimensional vector whose ath element is 1 and all the
others are 0 and 1() denote the n-dimensional vector whose bth element is 1 and

all the others are 0. Since X is nondegenerate, it must have an element x;, j, which
is nondegenerate. Since x;, j, = k'(io)X1(jjo), from Theorem 2.2 we get

Xigjo ~ E1(miyjo, 10k 19jojo» W1)

and

Xigjo ~ E1 (miojov 20igig 2®jg o> V).

Therefore, the characteristic function of x;, j, — m; j, is

o (t) = wi(t* 16iiy 10j0jo)
= WZ(ZZ 20 2¢j0j0) (2.5)

withr € R.

Since, ;0j,i, and ;¢;,;, (I = 1,2) are diagonal elements of positive semidefinite
matrices, they cannot be negative, and since x;, j, is nondegenerate, they cannot be
zero either. So, we can define

o — 25%0i02%jojo
1Gipig 1¢j0jo

Then, ¢ > 0 and y,(z) = y; (1z) forz € [0,0).

We claim that ¥, ® @ = ¢(Z ® @). Suppose this is not the case. Then, there
exists t € IRP" such that t'(X, ® @))t # ct' (X1 ® @1)t. From Theorem 1.17, it
follows that there exists Ty € RP*" such that rr(T,Z2To @) # ctr(Ty X1 To®y).
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Define T = uT(, u € IR. Then, the characteristic function of X — M at uT is
v (Lttr(T{)Z]To@l)) = l//z(uctr(Tf]ZlTQCDl)).

On the other hand, the characteristic function of X —M at uT( can be expressed as
Wz(utr(T622To(D2)). So

Wz(uctr(T621T0¢1)) = lyz(utr(T622T0q52)). (2.6)

If 1r(THZ 1 To®1) = 0 or tr(TyZ,To®P>) = 0, then from (2.6) we get that y(u) =0
for every u € IR. However, this is impossible since X is nondegenerate.
If tr(TyZ 1 To®1) # 0 and 17(THZ TP ) # 0, then define

d IV(T621T0¢1)
=C——
ZV(T622T0(I72)

Then, d # 0, d # 1, and from (2.6) we get W, (u) = y»(du). By induction, we get

Wva(u) =y (d'u) and y,(u) =y, <(;>nu) ,n=12 ...

Now either d" — 0 or (%)n — 0, and from the continuity of the characteristic

function and the fact that y(0) = 1 it follows that y,(u) = 0 for every u € R.
However, this is impossible. So, we must have X, @ @, = ¢(X; ® @;). From
Theorem 1.16 it follows that there exist a > 0 and b > 0O such that X, = aX,
@, = b®Py, and ab = c. This completes the proof. [

An important subclass of the class of the m.e.c. distributions is the class of matrix
variate normal distributions.

Definition 2.3. The p x n random matrix X is said to have a matrix variate normal
distribution if its characteristic function has the form

ox(T) = etr(iT'M)etr (—;T’ZT(D) ,

withT:pxn, M:pxn, X:pxp, @:nxn, X>0, d>0. This distribution is
denoted by N, ,(M,Z ® @).

The next theorem shows that the matrix variate normal distribution can be used
to represent samples taken from multivariate normal distributions.

Theorem 2.5. Let X ~ N, ,(ue),, X ®1,), where u € RP. Let X1,Xa,...,X, be the
columns of X. Then, X1,Xa,...,X, are independent identically distributed random
vectors with common distribution N,(U,X).
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PROOF: Let T = (ty,t5,...,t,) be p x n matrix. Then

t) t)
t 1|6
(PX(T) =etr|i : (»unuanu) etr 75 : Z(tltha"'vtn)

n

) n 1 n
= exp (z th’ju> exp (—2 Z“It’th]) -
j= j=

n . 1
= _lexp <zt'ju — 2t'thj> ,

J

which shows that X;,X,...,X, are independent, each with distribution N,(u, X).
|

2.2 Probability Density Function

IfX~E,,(M,X2®®,y) defines an absolutely continuous elliptically contoured
distribution, ¥ and @ must be positive definite. Assume this is not the case.
For example, ¥ > 0 but X is not positive definite. Then, from Theorem 1.7, it
follows that ¥ = GDG’ where G € O(n), and D is diagonal and d;; = 0. Let
Y =G/ (X—M). Then, Y ~ E, ,(0,D® @, y), and the distribution of Y is also
absolutely continuous. On the other hand, y;; ~ E1(0,0, y) so y;; is degenerate. But
the marginal of an absolutely continuous distribution cannot be degenerate. Hence,
we get a contradiction. So, £ > 0 and @ > 0 must hold when the m.e.c. distribution
is absolutely continuous.

The probability density function (p.d.f.) of a m.e.c. distribution is of a special
form as the following theorem shows.

Theorem 2.6. Let X be a p x n dimensional random matrix whose distribution is
absolutely continuous. Then, X ~ E, ,(M,X @ @, y) if and only if the p.d.f. of X
has the form

F(X) =23 @| h(r(X-M)'Z (X -M)® ), 2.7)

where h and  determine each other for specified p and n.

PROOF: 1. First, we prove that if X ~ E, ,(M, X @ @, y) and E, ,(M,Z @ @, y) is
absolutely continuous, then the p.d.f. of X has the form (2.7).

Step 1. Assume that M =0 and X ® @ =I,,,. Then, X ~ E,, ,(0,I, ® I,, ).
We want to show that the p.d.f. of X depends on X only through r(X'X). Let x =
vec(X'). From Theorem 2.1 we know that X ~ E,,,(0,1,,, y). Let H € O(pn), then,
in view of Theorem 2.2,
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Hx ~ E,,(0,HH', ) = Ep, (0,1, y) .

Thus, the distribution of x is invariant under orthogonal transformation. There-
fore, using Theorem 1.11, we conclude that the p.d.f. of x depends on x only through
x'x. Let us denote the p.d.f. of x by fi(x). We have f;(x) = h(x'x). Clearly, h only
depends on p, n, and . It follows from Theorem 1.17, that x'x = tr(X'X). Thus,
denoting the p.d.f. of X by f(X), we get f(X) = h(rr(X'X)).

Step 2. Now, let X ~ E,, ,(M, X ® @, y). From Corollary 2.1, it follows that Y =
Z’%(X - M)d)’% ~ Ep (0,1, ®1,,y). Therefore, if g(Y) is the p.d.f. of Y, then
g(Y) = h(tr(Y'Y)). The Jacobian of the transformation Y — X is |2_% \"|<I)_% 7.
So the p.d.f. of X is

f(X)=h (tr (<1>—%(fo)’2—%2—%()( fM)(D‘%)) =% ||t
= |z @ Eh(r (X-MYZ ' (X-M)@ "))

II. Next, we show that if a random matrix X has the p.d.f. of the form (2.7), then
its distribution is elliptically contoured. That is, assume that the p x n random matrix
X has the p.d.f.

SOX) = (2@ R (o (X-M)ZT (X -M)@ 7)),
then we want to show that X ~ E,, ,(M,Z @ @, y). Let Y = Z’%(X - M)CD’%.

Then, the p.d.f. of Y is g(Y) = h(tr(Y'Y)). Let y = vec(Y'). Then, the p.d.f. of y is
g1(y) = h(y'y). The characteristic function of y is

dy(t) = /IR L, exp(ity)h(y'y)dy,
where t € RP".
Next, we prove that if t; and t, are vectors of dimension pn such that t’ltl = t’ztz,

then ¢y (t;) = ¢y (t2). Using Theorem 1.11, we see that there exists H € O(pn), such
that t)H = t,. Therefore,

0y(t) = [ explit)h(y'y)dy
= / exp(ityHy)h(y'y)dy
R
Let z = Hy. The Jacobian of the transformation y — z is [H'|""* = 1. So
/ exp(it) Hy)h(y'y)dy = / exp(it)z)h(z HH'z)dz
IRP" RP"
= exp(it)z)h(z'z)dz

JIRP"

= ¢y(tl)~
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This means that ¢y(t;) = @y(t2). Therefore, ¢y(t) is a function of t't, which
implies that ¢y (T) is a function of ¢tr(T'T). Therefore, there exists a function y
such that ¢y (T) = y(¢r(T'T)). Thatis, y ~ E,, ,(0,1, ® L, ). Using Corollary 2.1,
weget X~ E, (M, 2@ ®,y). ]

Next we prove a lemma which will be useful for further study of m.e.c.
distributions.

Lemma 2.1. Let f be a function f : A X RP — IR, where A can be any set. Assume
there exists a function g : A X R — RY such that f(a,x) = g(a,x'x) for any a € A
and x € RP. Then, we have

p
2r?2

f(a,x)dx:T wrp_lg(a,rz)dr
RP F( ) 0

2
forany a € A.

PROOF: Let x = (x1,x2,...,x,)" and introduce the polar coordinates

x1 = rsinBysin6, . .. sin6,_»sin6,_
xp = rsinBysin6, ... sin0,_»c0s0,_;

x3 = rsinBysin6; ...cos0,_»

Xp—1 = rsin@icos6

Xp = rcosO,

where r >0,0< 6, <m,i=1,2,...,p—2,and 0 < 6,_; < 2m. Then, the Jacobian
of the transformation (x1,x2,...,x,) = (,01,02,...,0,_1) is

PV sin? =20, sin”? 30, . .. sinBp_.

We also have x'x = 2. Thus,

fla,x)dx = / g(a,x'x)dx

XERP xCIRP

o o [TC 2n
:/0/0/0.../0 g(a,rz)rpflsinpfzelsin”ﬁez...sinep,zdep,]...d@zdeldr

oms e
= F(p)/o P g(a,r?)dr. ]
2

The next theorem is due to Fang, Kotz, and Ng (1990).
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Theorem 2.7. Let g : R(T — R(T be a measurable function. Then, there exists a
constant c such that

cg(tr(X'X)), X &R

is the p.d.f. of the p x n random matrix X if and only if
0< / r””_lg(rz)dr < oo,
0

Moreover, the relationship between g and c is given by

N
217 [ re=lg(r2)dr

PROOF: By definition, cg(rr(X'X)), X € RP*", is the p.d.f. of a p x n random matrix
Xiff cg(y'y), y € R”" is the p.d.f. of a pn-dimensional random vector y. On the other
hand, cg(y'y), y € RP" is the p.d.f. of a pn-dimensional random vector y iff

/ cg(y'y)dy =1.
RPn

From Lemma 2.1, we get
21’7
n

/W cg(y'y)dy == ()

/ rp”_lg(rz)dr.
0
Hence, we must have
0< / P le(r?)dr < oo.
0

and

e I(5) _ .
2n'T Jo rr=lg(r?)dr

2.3 Marginal Distributions

Using Theorem 2.2, we can derive the marginal distributions of a m.e.c. distribution.

Theorem 2.8. Let X ~ E, ,(M, X ® @, ), and partition X, M, and X as

X Ml) (211 212)
X = s M= N and Y= 5
(Xz) <M2 Z:21 Z22
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where X1 is gxn, My isgxn, and X1y is g X q, 1 < q < p. Then,
Xi~Eg (M, 211 @D, y).

PROOF: Let A = (I,,0) be of dimensions g x p. Then, AX = X, and from

Theorem 2.2, we obtain X; ~ E, , ((Iq, 0)M, ((Iq7 0)X (Ig)) RO, q/) ,ie Xy~

Eq,n(M1u211®¢7W)' |
If we partition X vertically, we obtain the following result.

Theorem 2.9. Let X ~ E,, ,(M, X ® @, ), and partition X, M, and @ as

X=(X;,Xy), M=(M;,M,), and qb:(‘p” @‘2),

Dy Py
where X1 is p xm, My is p xm, and @11 ismxm, 1 <m < n. Then,
X|~E, (M, ZR@ @1, y). (2.8)

PROOF: From Theorem 2.3, it follows that

X’ M, D D
X/: 1)  E 1 11 12 >
(X/z> np((M/z)’((Dzl D) ik

Then (2.8) follows directly from Theorem 2.8. [
Theorem 2.10. Let X ~ E, ,(M,X® @, ), then x;j ~ Ei(mjj, 0ii¢j;, ¥).
PROOF: The result follows from Theorems 2.8 and 2.9. [}

Remark 2.3. 1t follows from Theorems 2.8 and 2.9 that if X ~ E,, ,(M, Z @ @, y)
and Y is a ¢ x m submatrix of X, then Y also has m.e.c. distribution; Y ~
E‘]-,m(M*aZ* b (I)*7 W)

2.4 Expected Value and Covariance

In this section, the first two moments of a m.e.c. distribution will be derived. In
Chap. 3, moments of higher orders will also be obtained.

Theorem 2.11. LetX ~E, ,(M,X® @, y).

(a) IfX has finite first moment, then E(X) = M.
(b) IfX has finite second moment, then Cov(X) = cX @ @, where c = —2y'(0).
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PROOF: Step 1. First, let us assume M=0and X ® @ =1,,,. Then, X ~ E,, ,(0,1,®
L,vy).
(a) In view of Theorem 2.2, we have

(—1,)X ~ Epn (0.1, 0L, ).

Therefore, E(X) = E(—X), and E(X) = 0.
(b) Let x = vec(X’) Then x ~ E,,(0,1,,, y). The characteristic function of x is
Ox(t) = y(t't), where t = (11,...,1p,)". Then,

Ig(t) v (1) « 2
ot ot =y | X1 |-

=1

So,

and if i # j, then

Therefore,

9% 9x(t)

Iox(t)|
- Z‘I/(O) at,al‘j

or?

and

=0 if i#j.

t=0

Thus, Cov(x) = =2y (0)1,,,

Step 2. Now, let X ~ E, ,(M,Z ® @, y). Let ¥ = AA" and @ = BB’ be the rank
factorizations of X and @. Then, from Corollary 2.1, it follows that Y = A~ (X —
M)® ~ ~E, , (0,1, ®1,,) and X = AYB'. Using Step 1 ,we get the following
results:

(a) E(Y)=0.Hence E(X) =A0B'+M = M.
(b) Let x =vec(X'), y = vec(Y'), and = vec(M’). Then x = (A®B)y + U, and
Cov(y) = —2y'(0)I,,, and so

Cov(x) = —21//’(0)(A®B)I,,,,(A’®B’)
— —2y/(0)(AA) ® (BB')
= 2W(0)Z0 . -
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Corollary 2.2. With the conditions of Theorem 2.11, the ith (i=1,...,p) column
of the matrix X has the covariance matrix ¢;X and the jth row (j=1,...,n) has
the covariance matrix oj;P.

Corollary 2.3. With the conditions of Theorem 2.11,

Oix®j1

I b
\/ Cii O i du

that is, the correlations between two elements of the matrix X, depend only on X
and @ but not on .

Corr(xij,xx) =

PROOF: From Theorem 2.11, we get Cov(x;j,xi1) = cOx$j1, Var(x;j) = c0;;§;;, and
Var(xy) = cOw Py, where ¢ = —2y’(0). Therefore

coOiQji
\/ %00 ;i
Oix®j1

= —— .
v/ Cii O i du

Corr(xij,xx) =

2.5 Stochastic Representation

In Cambanis, Huang, and Simons (1981) the stochastic representation of vector
variate elliptically contoured distribution was obtained using a result of Schoenberg
(1938). This result was extended to m.e.c. distributions by Anderson and Fang
(1982b). Shoenberg’s result is given in the next theorem.

Theorem 2.12. Let y be a real function y : [0,00) — R. Then, y(t't), t € RF is
the characteristic function of a k-dimensional random variable X, if and only if
v(u) =[5 Q(r*u)dF (r), u > 0, where F is a distribution function on [0,) and
Qi (t't), t € R* is the characteristic function of the k-dimensional random variable
wy, which is uniformly distributed on the unit sphere in IR*. Moreover, F(r) is the

1
distribution function of r = (x'x)2.

PROOF: Let us denote the unit sphere in R* by Sy:
S ={x|x € R\;x'x =1},

and let A, be the surface area of Sy i.e.
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First, assume y(u) = [;°Q(r*u)dF(r). Let r be a random variable with
distribution function F(r), and let u; be independent of r and uniformly distributed
on S;. Define x = ruy. Then, the characteristic function of x is

9x(t) = E(exp(it'x))
= E(exp(it'ruy))
= E{E(exp(it'ruy)|r)}

= /OooE(exp(it/rllk) |V = y)dF(y)
- /0 " Gu O)AF ()
- [ 2uttoar).

Therefore, y(t't) = [;° Q(y*t't)dF (y) is indeed the characteristic function of the
k-dimensional random vector x. Moreover,

1

[~]

F(y)=P(r<y)=P((r*)2 <y) = P(((ru)'(ruy))? < y) = P((x'x)? < ).

Conversely, assume y(t't) is the characteristic function of a k-dimensional
random vector x. Let G(x) be the distribution function of x. Let dw(t) denote the
integration on Sy. We have y(u) = y(ut't) for t't = 1, and therefore we can write

wlu) = Aik [ watyaan

— L [ ouatydowt

Ap Js,

_ Aik /Sk / exp(iv/ut'x)dG(x)doy (1)

=/ (1 /Sk exp(i\/ﬁxlt)dwk(t)> dG(x)

Ay
= [ @ (Vi) (Vi) 46

= | Q(ux'x)dG(x)
Rm

~ [ 2uwar o)

where F(y) = P((x’x)% <y). ]
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Now, we can derive the stochastic representation of a m.e.c. distribution.

Theorem 2.13. Let X be a p X n random matrix. Let M be p X n, X be p X p, and
@ be n x n constant matrices, £ >0, @ > 0, rk(X) = py, rk(®) = ny. Then,

X~E,  (M,ZRd,y) (2.9)
if and only if
X ~M+rAUB’, (2.10)

where U is pi x ny and vec(U'") is uniformly distributed on S,,,,, r is a nonnegative
random variable, v and U are independent, ¥ = AA/, and @ = BB’ are rank
factorizations of X and ®. Moreover, y(u) = [ Qp n, (Pu)dF (r), u > 0, where
Qp 0, (f't), t € RP'™ denotes the characteristic function of vec(U'), and F(r)
denotes the distribution function of r. The expression, M+ rAUB’, is called the
stochastic representation of X.

PROOF: First, assume X ~ E, ,(M, X ® @, y). Then, it follows from Corollary 2.1,
that Y=A"(X-M)B'~ ~E, , (0,I,, @I, ,y). Thus,

y =vec(Y') ~ Epin (01,0, ).
So, y(t't), t € IRP'™ is a characteristic function and from Theorem 2.12, we get
W(u) :/0 Qplnl(y2u)dF(y)7 u>0,
which means that y ~ ru, where r is nonnegative with distribution function F(y), u
is uniformly distributed on S, ,,, and r and u are independent. Therefore, we can
write y & ru, where u = vec(U’). Now, using Corollary 2.1 again, we get

X ~ AYB'+ M ~ M + rAUB'.

Conversely, suppose X =~ M + rAUB’. Let u = vec(U’). Define

V(0 = [ @ (PP (),
where F(y) is the distribution function of r, u > 0. Then, it follows from The-
orem 2.12, that y(t't), t € R is the characteristic function of ru. So ru ~
Epn, (0,1, ,v) and hence,

U~ Ep o (0,1, @1, ).

Therefore,

X ~M+rAUB' ~E,,(M,(AA)® (BB'),y) =E,,(M,22®,y). m
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It may be noted that the stochastic representation is not uniquely defined. We can
only say the following.

Theorem 2.14. M; + r;A|UB| and My + r,A,UB), where U is py x ny, are two
stochastic representations of the same p X n dimensional nondegenerate m.e.c.
distribution if and only if M| = My, and there exist G € O(p1), H € O(ny), and

positive constants a, b, and c¢ such that ab = ¢, Ay = aA1G, By = bB1H, and

1
r) = Erl.

PROOF: The “if” part is trivial. Conversely, let X ~ M; +r;A;UB/ and X, ~ M, +
rgAzUBlz. Then

X~ E, (M, (A1A}) ® (B1B}), 1)
and

X~ Epn(My, (A2A}) @ (B2B)), ya),
where y;(u) = [5° Qp,n, *u)dF;(y), and F;(y) denotes the distribution function of
ri,i=1,2.

It follows, from Theorem 2.4, that M; = M,, and there exist a® > 0, b > 0,
and ¢? > 0 such that a’b* = 2, AxA}, = a*A1A), BB, = b?B B/, and y»(z) =

W (L%z) Now, from Theorem 1.11, it follows that there exist G € O(p;) and H €
O(ny) such that As = aA; G, and B, = bBH. Since, y»(z) = v (Cizz), we have

@) = [ Qo (R0)

()

- / @y, (P5) dFi ()

_ /0“’ Qi ((i) z) AR (y)

_ /0 Qpyn, (22)dF (ct).

Therefore F>(y) = Fi(cy), and
P(ry <y)=P(r; <cy) zP(%1 <y> .

Hence, rn = %rl. [}
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Remark 2.4. 1t follows, from Theorem 2.13, that U does not depend on y. On the
other hand, if p; and n| are fixed, ¥ and r determine each other.

Remark 2.5. Let E, ,(0,X @ @, y) and rAUB’ be the stochastic representation of
X. Then, A~XB'~ = rU, and tr((A~XB'~) (A~XB' 7)) ~ tr(r*U'U). Now,
tr((A"XB' ") (A"XB' 7)) =tr(B"XA' A XB'")
=tr(X’A’"A"XB'"B")
=tr(X'Z"X®).

Here we used A’“A~ = X, which follows from Theorem 1.23. On the other hand,
tr(U'U) = 1. Therefore, we get 1> ~ tr(X'Z~X® ).

If an elliptically contoured random matrix is nonzero with probability one,
then the terms of the stochastic representation can be obtained explicitly. First we
introduce the following definition.

Definition 2.4. Let X be a p x n matrix. Then its norm, denoted by [X]|, is
1

defined as
IIXII=< Z%) :
1j=1

That is, | X]| = (tr(X'X))%, and if n = 1, then we have ||x|| = (x'x)%.

7 [\/]m

The proof of the following theorem is based on Muirhead (1982).
Theorem 2.15. Let X ~ E, ,(0,L, @1, y) with P(X = 0) = 0. Then, X = || X|| HXTH
P(|IX|| > 0) =1, vec (HXT/H) is uniformly distributed on Sp,, and || X|| and H%H are

X is the stochastic representation of X.

PROOF Since X =0 iff tr(X’X) =0, P(||X|| > 0) = 1, follows so we can write
= ||IX[| X HXH Define x = vec(X'). Then, X ~ E,(0,1,,, v) and || X|| = ||x||. Hence,
=[x/l =
Let T(x) = HXH’ and G € O(pn). Then, we get GX ~ E,,(0,1,,,y), so x = Gx
and T'(x) ~ T (Gx). On the other hand,

Gx Gx
IGx] ~ Jixll

T(Gx) = =GT(x).

Hence, T'(x) ~ GT(x). However, the uniform distribution is the only one on
Spn which is invariant under orthogonal transformation. So, T'(x) is uniformly
distributed on S .
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Now, we define a measure (1 on Sp,. Fix B C Rg Borel set. Let A C Sy, be a
Borel set. Then,

u(A) = P(T(x) € A[|[X]| € B).

Since u(RP") =1, u is a probability measure on S,,.
Let G € O(pn). Then, G 'x ~ x, and we have

Thus, t(A) is a probability measure on S, invariant under orthogonal transfor-
mation, therefore, it must be the uniform distribution. That is, it coincides with the
distribution of T'(x). So, u(A) = P(T(x) € A), from which it follows that

P(T(x) €A||x||€e B)=P(T(x) €A).

Therefore, T(x) and ||x|| are independently distributed. Returning to the matrix
notation, the proof is completed. [

Muirhead (1982) has given the derivation of the p.d.f. of r in the case when
x ~ E,(0,I,,y) and x is absolutely continuous. Now for the elliptically contoured
random matrices, the following theorem can be stated.

Theorem 2.16. Let X ~ E, ,(0,X ® @, y) and rAUB’ be a stochastic representa-
tion of X. Assume X is absolutely continuous and has the p.d.f.

fX) =272 @ 2h(r(X' 7' X0 7).

Then, r is also absolutely continuous and has the p.d.f.
g(r)= =" h(r*), r>0.

PROOF: Step 1. First we prove the theorem for n = 1. Then, x ~ E,,(0, %, y) and so

y= A lx ~Ey0,I,,y).
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Therefore y has the p.d.f. h(y'y). Let us introduce polar coordinates:

y1 = r5in0;sin0, ...sinB,_>sinb,_
y2 = r5in0;sin0, ...sin6, _>cos6, 1

y3 = rsin0;sin6, ...cos6, >

Yp—1 = rsinBicos6
yp = rcos,
where r >0,0< 6; <m, i=12,...,p—2,and 0 < 6,1 < 27m. We want to
express the p.d.f. of y in terms of 7, 0, ..., 8,_1. The Jacobian of the transformation
(V15925 5¥p) = (1,01,...,0,_1) is P L5inP =20, 5in? =36, ... 5inB,_5. On the other
hand, y'y = r2. Therefore, the p.d.f. of (r,6,..., 0,_1) is

h(r*) P~ sinP 20y 5in” 30, . .. 5inb,_».

Consequently, the p.d.f. of r is

2 rm T
g(r) = rp_lh(rz)/o /0 /0 sinp_zelsinp_392...sinep,gdeldez...depfzdepfl

p—lh( 2) 27[L2’
=r r .

(%)

Step 2. Now let X ~ E}, ,(0,X ® @, y) and X ~ rAUB’. Define x = vec(X'), and
u = vec(U’). Then, x ~ E,,(0,X ® @, y), x has p.d.f. lzéﬁh(x’(z ® @)~ 'x), and

x ~ r(A ®@B)u. Using Step 1 we get the following as the p.d.f. of r,
21’7

8l = 1" W)
2

The stochastic representation is a major tool in the study of m.e.c. distributions.
It will often be used in further discussion.

Cambanis, Huang and Simons (1981), and Anderson and Fang (1987) derived
the relationship between the stochastic representation of a multivariate elliptically
contoured distribution and the stochastic representation of its marginals. This result
is given in the next theorem.

Theorem 2.17. Let X ~ E,, ,(0,1, ® I,, ) with stochastic representation X ~ rU.
Let X be partitioned into
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where X; is p; x n matrix, i = 1,...,m. Then,
X] rr]Ul
X2 rr2U2
X 77 Up

where 1, (r1,r2,...,rm), U1, Us,..., Uy, are independent, r; >0, i = 1,...,m,
2 _
XL =1

2 2 2 pin pan Pm—1n_ppmh
N T ~D<—,—,...,7;—>, 2.11
(11,1 Tm—1) ) 2 > (2.11)

and vec(Uy}) is uniformly distributed on Sy, i = 1,2,...,m.

PROOF: Since X ~ rU, we have

X
Xo

Q

ruU,
Xn
where r and U are independent. Thus it suffices to prove that

riUp
rnU;

FmUn
Note that U does not depend on y, so we can choose y(z) = exp (— 5), which means
X ~ N, ,(0,1, ®1L,). It follows that X; ~ N, »,(0,I,, ®I,) and X;’s are mutually
independent, i =1,...,m.
Now,

U i = (T T Xm)
XTI X X
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From Theorem 2.15 it follows that X; = ||X,||ﬁ where | X;|| and H%H are

!
i

independent and vec (m) /2 Up,; which is uniformly distributed on S,,,. Since,
X.

X;’s are independent, || X;|| and rxy are mutually independent, i = 1,2,...,m.
Therefore, we get
on (DX D01 | Pl XY
(XTI (Xl X 11l

1

Define r; = X and Uy = . i = 1,2,..m. Since |X[| = (12, [1Xi|%) 2. ri’s
1

are functions of || Xy, ||Xz]|,---, || Xm|. Hence, (ri,72,...,7m), U1, Us,..., U, are

independent. Moreover, || X;||? = tr(X/X;) ~ xgl_n and ||X;||>’s are independent. Now,

it is known that

( |1X [ X2 X012 ) ND(M pan pmfln.M)
A7 e YA 1D 4] R iR ). 4] 27277 2 72
(see Johnson and Kotz, 1972). Consequently, (r%, r%, e rrznfl) has the distribution
(2.11). ]

Corollary 2.4. Let X ~ E, ,(0,I, ®L,, y) with stochastic representation X =~ rU.
Let X be partitioned into
(%)
X,

. . X
where X1 is ¢ X n matrix, 1 < q < p. Then, M) ~ rnUi , where r, (r1,r),
X rrUs

U, U; are independent, r; >0, i = 1,2, F%+V§ =1, and r% ~B (%, WT’W). Also

vec(U)) is uniformly distributed on Sg, and vec(U)) is uniformly distributed on
Stp-gn-

2.6 Conditional Distributions

First, we derive the conditional distribution for the vector variate elliptically
contoured distribution. We will follow the lines of Cambanis, Huang, and Simons
(1981). The following lemma will be needed in the proof.

Lemma 2.2. Let x and y be one-dimensional nonnegative random variables.
Assume that y is absolutely continuous with probability density function g(y).
Denote the distribution function of x by F(x). Define z = xy. Then, z is absolutely
continuous on R* with p.d.f.
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h(z)zl/OMIg( )dF() (2.12)

If F(0) = 0, then z is absolutely continuous on R}, and if F(0) > 0, then z has
an atom of size F(0) at zero. Moreover, a conditional distribution of x given z is

L 5 S0 Le (%) dF (xo) if x0 >0, z0 >0, and h(zo) # 0

h(zo Xo

P(x < xolz=120) = 1 if x0 >0, andz =0 (2.13)
or xp >0, zo > 0and h(zp) =0
0 if x0<0.
PROOF:

P(0<z<z)) =P0<xy<z)

:/ P(0 < xy < zolx = x0)dF (x0)

—/ P0<y< )dF(xo)

—// (y)dydF (xo).

Let t = xgy. Then, y = XLO, dy = Xiodt and

/ / y)dydF (xp) / / ( )dtdF(xo)
(0,z0]
:/ /“’ 1, (’) dF (xo)dt
(0.20) JO X0~ \ X0
and this proves (2.12).

Since, y is absolutely continuous, P(y = 0) = 0. Hence,

P(x10y(2) = X0y (%)) = 1. (2.14)

Therefore, if F(0) = 0, then P(z =0) = 0, and so z is absolutely continuous on R;j .
If F(0) > 0, then P(z =0) = F(0) and thus z has an atom of size F(0) at zero.

Now, we prove (2.13). Since x > 0, we have P(x < xp) = 0 if xp < 0. Hence,
P(x <xplz) =0if xo < 0. If xg > 0, we have to prove that the function P(x < xp|z)
defined under (2.13) satisfies

[ ]P(x <xolz)dH (z) = P(x <x0,2 <r),
0,r

where H(z) denotes the distribution function of z and » > 0. Now,
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/[0]P<xSxo|z>dH<z>=P<x§xo|z= 0)+ / P(x < xo|)dH (2)

= H(0) +/(0’r] % (/(OJO] ;g (;) dF(X)) h(z)dz

1 /z
O+/ / —g| = )dzdF(x).
7+ Jong S 28 () 2070

Let u = . Then, J(u — z) = x, and so

/(04 1g< )dz—/(oﬁ;]g(u)du:P(0<y§;) )

Hence,
/ / dzdF( y=H(O)+ [ P (0 <y<’ ’x - x0> dF (xo)
(0.x0] /(0,7] x* (0.0 X

HO)—|—P(0<x§x0,O<y§;:)
H

—_— o~

0)+P(0<x<xp,0<xy<r)
72=0)+P0<x<x,0<z<7)
x=0,z=0)+P0<x<x,0<z<7r)
0<x<x,0<z<r)

where we used (2.14). [}
Now, we obtain the conditional distribution for spherical distributions.

Theorem 2.18. Ler x ~ E, (0,1, y) with stochastic representation ru. Let us par-

X1

tition X as X =
X2

), where X; is g-dimensional (1 < g < p). Then, the conditional

distributionee of X1 given X is (Xi|x2) ~ E, (O,Iq,lllesz)), and the stochastic

representation of (X{|Xy) is 7%, 2015 where uy is g-dimensional. The distribution
ofr”Xsz is given by

a) Prp<y=-2 (2.15)
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fory>0ifa>0andF(a) <1,
b)  Plrpo=0)=1 if a=0 or F(a)=1. (2.16)

Here F denotes the distribution function of r.

PROOQOF: From Corollary 2.4, we have the representation

X1 ~ rriug
X2 rraun ’
Using the independence of r, ri, u; and u,, we get

(X] ‘Xz) ~ (rr1u1 |Vl"2112 = Xz)
= (rrlw|r(1 = r})2uy = x2)
= (rry|r(1— r%)%ug =xp)uy,
and defining ro = (rr|r(1 — r%)%uz = Xp), we see that r and u; are independent;

therefore, (X |x2) has a spherical distribution.
Next, we show that

1 1 1
(rralr(1 =) s = x2) ~ (7 = heal )2 r(1 =) = el ).

!
If r(1— r%)%uz = Xy, then (r(l — rf)%uz r(l— rf)%uz = ||x2||* and therefore,

r2(1—r2) = ||x2||>. Hence, we get r* — 12 = ||x2||%, thus 273 = r? — ||x||? and

rr = (r?— ||X2H2)% Therefore,

1 1 1
(rrlr(1=r}) 2w = x0) = ((r* = [|x2[*) 2 |r(1 = 1) 202 = x2).

If x, = 0, then ||x; || = 0, and using the fact that u; # 0 we get

Nl

(P =[xl (1 =) 2w =x0) = (P = x|} r(1=r})2 = 0)

= (P = %) 2[r(1=})2 = |x2)).

If x; # 0, then we can write
1 1
(7 = x| r(1 =r}) 2wy = x)

1 1 x
- ((r2||x2||2)2|r(1rf)2u2|X2| 5 )

%2
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X2

1 1
:(<r2—||X2||2>z|r<1—r%>2=lezll and “2:M>

= (P =l =) = xll) |

where we used the fact that r, ry, and u, are independent. Since 1 —r3 ~ B (ﬂ, %)

its p.d.f. is

O
2r (% o .
) F(%)F(E’)?)yp Ty 0<y<d

P(rgu\r(lfr%)% =a) .17
P —— g-1 .
hgfu)fw]%%(%y 1= BT dF () if w>0,a>0, andh(a) £0
1 if u>0,anda=0
oru>0,a>0and h(a)=0
0 if u<0.
where
1 2r(%) a\pr—a-1 a2\ !
h(a):/ S (4 P )
(=) W (§) T (B52) \w w
Now,
2r(2 —g—1 2\ §-1
f(au] vlvr(% 1E(2%‘i) (s})l’ ! (1 fﬂ) dF (w)

Siaad (w? —a?) §-1 W (== 14a-2) g ()

Jiae) (w2 —a?) -1 w—(+p=a=1+a-2) 4F ()
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-1

[N

Jag W —a?)* W P"2)dF (w)

- . (2.18)
Siawn) W2 = @) 2w (=2 F ()
We note that i(a) = 0 if and only if
/( )(wz—az)%ilwf(pfz)dF(w), (2.19)

q_
and since (w2 — az) 27 hy=(-2) > 0 for w > a, we see that (2.19) is equivalent to
F(a) = 1. Therefore, h(a) = 0 if and only if F(a) = 1.

(a) If a > 0and F(a) < 1, then for r > 0 we have

= P(r< (P +d)|r(1-1)% =a). (2.20)
From (2.17), (2.18), and (2.20) we have

P(ra <y) = P(r<(’+a)2|r(1-r)? =a)

(SIS

w2 gF (w)

2 2
Jaw/az @)
Siawm W2 = @) 2w (r=2dF ()

(b) If r>0anda=0o0rr>0,a>0and F(a) = 1, then from (2.17) we get
Pir< (P +a)i|r(1-r) =a) =1.
Take y = 0, then we get
P(r, <0)=P(r<da|r(1—r?)? =a) = 1. 2.21)

Now, since r,2 > 0, (2.21) implies P(r, =0) = 1. ]

In order to derive the conditional distribution for the multivariate elliptical
distribution we need an additional lemma.

Lemma 2.3. Letx ~ E,(m, X, y) and partition X, m, X as

() () - (E)
X2 m) 21 X
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where X1, my are g-dimensional vectors and X117 is g X q, 1 < g < p. Let y ~

E,(0.1,,y) and partition y as 'y = (Y1 ), where y| is g-dimensional. Define
y2

22 =211 — 21222_2221 and let X112 = AA’ and 2o = A2A/2 be rank factor-

izations of X112 and X;. Then

<X1 ) ~ (ml +Ay; +Z1225,A0y2 )
X2 m; +Asy»

PROOF: Since <YI > ~ E,(0,1,,y), we have
y2

(ml + Ay +212222A2)’2) _ <m1 > n (A lezzzAz) (Y1>
m; + Aoy my 0 A y2

~E m; A 21222_21\2 A’ 0 "
P m; /) '\ 0 A, A/222_2221 A/2 ’

- F AA/+212252A2A/2252221 2122£2A2A/2 v
¢ ’ A2A12252221 A2A/2 ’

21— 21225200 + 21025, 5% XX Zzz) )
—E, (m, 2 - 2 2 2 wv). @2
r ( ( 22025,3 ArA) v

LO

0 0) , where
L is a nonsingular, diagonal s x s matrix, then X, must be of the form X1, = (K, 0)
where K is g x s. Indeed, otherwise there would be numbers i and j such that
1<i<gand g+s < j<pand 0 #0, 0;; = 0. Since Xy > 0, we must have
Oii Oji

Now we prove that X1, X5,X2 = X 5. If X35 is of the form X5, = <

> 0. However with 0;; # 0, ;; = 0, we have = —Gl% < 0 which

Gij Ojj
is a contradiction. Therefore, X, = (K, 0 )

Let X5, be partitioned as
AB
> =
22 ( CD >

By the definition of a generalized inverse matrix, we must have

(vo) (e0) (60)-(v3).

Gij Ojj

which gives
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("a"0) - (50)

-1
So LAL = L, and since L is nonsingular, we get A =L~!. Thus £, = (L B ) .

CD
Then,
_ L'B\/LoO
Z1pZ5En = (K,O)( c D) (00>

- o) (&)

= (K, 0)
=2

If X5, is not of the form X, = <I(; g) , then there exists a G € O(p — ¢) such that

L0

GXnG =
2 (00

) . Now, define

5 _ I, 0 2120 I, 0
0G 2o X 0G
_( Zn ZpG
~ \GZy GZnG' )’
Then, we must have

leG/(ngzG/)7 (GZzzG/) = 212(}/

That is, 212G/G22_2G/G222G/ = X1,G’, which is equivalent to 2122520 =X
Using X1,X5,%2 = X1 in (2.21), we have

<m1+Ay1+21222_2A2y2) _E (m <211—2122{2221+2122§2221 212) q/)
m; +Azy» PA\T 21 n)’

_ Zn 22
- (m’ (221 Zzz) ’W>
:EP(m7E7W)

which is the distribution of x. [}

Next, we give the conditional distribution of the multivariate elliptical distribu-
tion in two different forms.
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Theorem 2.19. Let x ~ E,(m, X, y) with stochastic representation m+rAu. Let F
be the distribution function of r. Partition X, m, X as

(2 11212 )
0 2n)’

<))

where X1, m are g-dimensional vectors and X1 is g x g, 1 < g < p. Assume
rk(XZ22) > 1. Then, a conditional distribution of X| given X; is

(X1[x2) ~ Eg(my + Z 1225, (%2 —m2), 2112, Yy(xy) )

where
Tha=2Z1u -2z, qx)=(x _mZ)IZEZ(Xz —my),
and
Vy(x,) (1) = /0 ) Qy(Pu)dF ) (r), (2.23)
where
(a)

I e e (W —a(x2)) w2 dF (w)
Fq(X2)(r) — < CI( 2)7 q( 2)+ 2]

(2.24)
f( 202) ) (W2 — q(x2)) 2~ 'w=(P=2dF (w)

forr>0ifq(x2) >0and F(\/q(x2)) < 1, and
(b)

Fyx,)(r) =1 forr>0ifq(x2) =0and F(\/q(x2)) = 1. (2.25)
PROOF: From Lemma 2.3, we get
(X] ) ~ (ml + Ay +212222A2y2)
X2 m; +Aoys ’

where AA" = 2, and A,A) = Xy, are rank factorizations of Xjj.,, Zy, and
<-“) ~ E,(0,1,,y). Thus,
y2

(X1|x2) = (M +Ay; +Z1225,A0y2my + Aryr =X)

=m;+Z 2, (Asyz|my +Aryr =x0) +A(y1me + Asyr, =)



2.6 Conditional Distributions 43

=m;+ 2122, (A2y2|A2y2 =X —mo) + A(y1 Aoy = xp —mp)
=m +212252(X2 — m2> +A(y1 |A£A2y2 = A; (X2 - m2)> . (2.26)

Now A Ay = Irk( ) and hence we get

22
(Y11AS Aoyr = A (xo —mp)) = (yi1]y2 = A; (X0 —my)). (2.27)

From Theorem 2.18, we get

(yily2 = Ay (x2— mZ)) ~ Eq(ovlqy Wq(xz)) )
where
q(x2) = (A; (x2 —m))'A; (x2 —mp)
= (Xz — mz)IAEIAE (X2 — Il’lg)
= (xp—my) 25, (%2 —my)

and Yy (x,) is defined by (2.23)—(2.25). Thus,

Ayily2 = A3 (2 —m2)) ~ E,(0,AA,y(x,))
= E4(0,Z112, Yy(xy))- (2.28)

Finally, from (2.26), (2.27), and (2.28) we get
(X1[x2) ~ Eg(my +Z 1225 (X2 —m2), 2112, Yy(xy))- u

Another version of the conditional distribution is given in the following theorem.

Theorem 2.20. Let x ~ E,(m, X, y) with stochastic representation m+ rAu. Let
F be the distribution function of r. Partition X, m, X as

) () (EE)
X2 my 2o X
where X1, m are g-dimensional vectors and X1y is g x g, 1 < g < p. Assume
rk(Z2) > 1.
Let S denote the subspace of IRP~4 defined by the columns of Xy, that is, y € S,

if there exists a € RP~4 such that y = Xpa.
Then, a conditional distribution of X| given X, is

(a) (x1]x2) ~ Eg(my +Z1225)(x2 —m2), X112, Yy(x,))
for xo € my + S, where q(Xy) = (xo —my)' X, (xo —my) and Vy(x,) IS defined
by (2.23)~(2.25).

(b) (x1]x2) =my forx, ¢ my +S.
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PROOF: It suffices to prove that P(x, ¢ my +S) = 0 since (X;|x2) can be arbitrarily
defined for x, € B where B is of measure zero. However, P(x; ¢ mp +S) =0
is equivalent to P(xy € my + S) = 1; that is, P(xp —mp € §) = 1. Now, x; ~
Ep_q(m2,2227 l[/) and so X2 —Imyp ~ Ep_q(07222, l[l)

Let k = rk(Zy;). Let G € O(p — q) such that GX,G' = <I(; g) , where L is a
diagonal and nonsingular k X k matrix and define y = G(x, —my). Then,

Lo
y~E, 4 <0, <0 0> ,1,/> . (2.29)

Partitiony asy = ()’1 >, where y; is k x 1. We have
Y2

P(xp—mp €8) =P(xp—mp =Zpa with ae R )
= P(G(xp —my) = GZ»G'Ga with ae RP™9)

=Ply= <L0>b with bER"_q>
by . k —g—k
( ) with by € R*,b, € RP71 )

with b € Rk>

Now, it follows from (2.29) that y> ~ E,_,_«(0,0,y) and so P(y, = 0) = 1.
Therefore, P(xo —my € S) = 1. ]

Now we can derive the conditional distribution for m.e.c. distributions.

Theorem 2.21. Let X ~ E, ,(M,XZ ® @, y) with stochastic representation M +
rAUB'. Let F be the distribution function of r. Partition X, M, X as

Xl) (Ml) (211212)
X= , M= , and X = )
(Xz M; 2o 2

where Xy is gxn, My isgxn, and X1 is gx g, 1 < q < p. Assume rk(Z) > 1.
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Let S denote the subspace of RP~D" defined by the columns of 2, & ®@; that
is, y €S, if there exists b € RP=D" sych that Yy = (Z2 ® @)b. Then, a conditional
distribution of X1 given X is

1. (Xl |X2) ~ Eq’n(M1 +Z1222_2(X2 - Mz),211~2 RO, Wq(Xz))
forvec(XS,) € vec(M)) + S, where q(Xs) = tr((Xo —M2)' 25, (Xo — M) @),

W) ( / Quu(Pu)dF (1), (2.30)
where
(a)
f (w2 —a )‘” 1 (pn—z)dF(W)
Fa(r) = 2oVt 2.31)
f y (w2 —a2) Tl (=2 dF ()
forr>0ifa>0and F(a) < 1, and
(b)
Fo(r)=1 forr>0ifa=0andF(a)=1. (2.32)

2. (X4[X2) =M, forvec(X}) ¢ vec(Mb) +S.

PROOF: Define x = vec(X'), x; = vec(X)), xo = vec(X}), m = vec(M'), m| =
vec(M]), and my = vec(M,). Then x = <2) and X ~ E,,(m, X ® @, y). Now
apply Theorem 2.20.

(1) Ifx; € vec(M)) + S, we have

(x1[x2) ~ Egn (ml +(ZR@)(ZnRd) (x2—my),

Znee)-Zned)(Zne®@) (212 ), lllq(xz)) (2.33)

where
q(x2) = (x2—my)' (2 @ )~ (x2 —my)

= (vec((X2 =M2)")) (25, @ @7 ) (vec(Xo — Mp)')
= tV((X2 — Mz)’Egz(Xg — Mz)q)i) .
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From (2.23) and (2.24) we get (2.30) and (2.31). Since X, € my + S, there exists
b € RP~9" such that x, — my = (X5 ® ®)b. Then, we have
(ZRRP)(Zne®) (xa-m) = (2nRP)(Z2nR @) (Z2ne P)b
(Z12Z5Zn@ @D d)b
(Z12ZZn @ d)b
(
(

Z122272 ®In)(222 ® (D)b
= 21222_2 ®In)(X2 — m2) .

We also have

EHRP)—(ZnRP)(Zn0®) (2@ )
=(Zne0)—(ZnZpZn)ed
= (21 —212Z;p2n)R.

Therefore, (2.33) can be written as
(X1[x2) ~ Egn(my + (21225, @1,) (%2 —m2), X112 @ P, Yy(xy))-
Hence,
(X1[X2) ~ Egn(My +Z1225, (X2 —M2), 2112 Q@ @, Wy(x,))-

(2) If x; ¢ vec(M)) + S, we get (X1 |x2) =my, so (X;|Xz) =M. n

Corollary 2.5. With the notation of Theorem 2.21, we have

pn_

1—F(w P 4+a®) T 2GR (r) ,w > a,

R pp—
(V' w2—a? )

where Kp = [, ..) (w2 —a?) % Yy (=2 gF (w).
PROQOF: From (2.31) we get,

Loy, 0 oy mm2dw
F = 2 > __dF
A () = (P 7 (P )~ Gl ),
where 12 +a* = w?. Hence,
n d
dF (w) = K pr~@n=2) (y? —&-az)%*l—rdF 2(r),

dw ¢
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where a < w < Va2 + r2. Therefore,

1-F r2+a2)%_1r_(q"_2)dFaz(r),wZa. ]

) =Ke [ oy

Theorem 2.22. Let X ~ E, ,(M,XZ ® @, ) with stochastic representation M +
rAUB’. Let F be the distribution function of r and X, M, X be partitioned as in
Theorem 2.21.

(1) Ifvec(X)) € vec(Mj) + S, where S is defined in Theorem 2.21, and

(a) If X has finite first moment, then
EX|[X2) =M +Z2X,,(X; —M;).
(b) If X has finite second moment, then
Cov(Xi[X2) =1 21120 P,

where ¢| = —21//4(X2)(0), and W,(x,) is defined by (2.30), (2.31) and (2.32).
(2) Ifvec(X)) ¢ vec(M}) +S, then E(X|X,) =M, Cov(X;|X3) =0.
PROQF: It follows from Theorems 2.11 and 2.21. [}

The next theorem shows that if the distribution of X is absolutely continuous,
then the constant ¢; in Theorem 2.22 can be obtained in a simple way. This
was shown by Chu (1973), but his proof applies only to a subclass of absolutely
continuous distributions. The following proof, however, works for all absolutely
continuous distributions.

Theorem 2.23. Let X ~ Ep’,,(M,E ® @,y) and X, M, X be partitioned as in
Theorem 2.21. Assume the distribution of X is absolutely continuous and it has
finite second moment.

Let

1

f2(X2) S —————
23| 2"

hy (tr ((Xz - Mz)/zz_zl (Xz - MZ)(D_l))

be the p.d.f. of the submatrix X,. Then,

[ ha(2)dz
Cov(X1[Xp) = L2251, 0@
ov(X1[Xz) 2 (r) 112D,
where r =tr (Xo —M,)'Z5, (Xo — M) @ 1).

PROOF: Step 1. First we prove the theorem for the case n = 1, m = 0. From
Theorems 2.21 and 2.22, we conclude that Cov(xi|x2) = ¢1X11.2, Where ¢; is
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determined by p, ¢, and x’222’21xz. Hence, c¢; does not depend on X1 and Xy,.
Thus without loss of generality, we can assume that Xy; = I, and Xy, = 0. Then

2o = Iq. Let x; = (xl,xz...xq)/, and f1 (xl,Xz) = |222|*%h1(x% +X/22521X2) be
the joint p.d.f. of x| and x,. Then,
o 2
x7 f1(x1,X2)dx
c1 = Var(x1|xp) = w1, Xo)dn
fr(x2)
_ fiowx%hl(x%+X/22£21X2)dx1
ha (%25, %2)

f(;x’x%hl (X% + X/222721 Xz)dxl
ho (%525, %2)

=2 (2.34)

Now, f>(x2) = [~ f1(x1,X2)dx], hence
m(6In) = [ %Iy ) dx
= 2/ By (x] + X525, %0 )dx -
0
So, ha(z) =2 5" h1 (¥ +z)dxi, for z > 0. Hence, for u > 0, we get

/ hz(z)dz:2/ / hi (6% +z)dxdz
Ju Ju JO
= 2/0 /0 x(z > why (x} +z)dxidz.
Letw= x%Jrzfu. Then, w? :x%Jrzfu and so J(z — w) = 2w. Hence,
/ hy(z)dz = 2/ / AW —x3 4+ u > u)hy (W? + u)2wdx,dw
u 0 0
= 4/ / 2 (W > xD)why (W? + u)dxdw
Jo Jo
00 w
:4/ / whi (W? + u)dx;dw
o Jo
o0 w
= 4/ (whl(wz—l-u)/ dxl) dw
0 0
= 4/ why (w? + u)wdw
0

—4 / W2y (W2 + u)dw. (2.35)
0
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Now from (2.34) and (2.35), we get

i h2(2)dz -
= ) where u=x)%,)x,.

Step 2. Next, let n =1, m # 0, and y = x —m. Then,

= h(z)dz
C =L 2 3.
ov(y1ly2) 2 () 1125

where u = y,25.'ys. Therefore,

Cov(x|x2) = Cov(y; +myly; =x; —my)

_ Ju e(@)dz g
2h2(u) 11-2,

where u = (xo —my) 2, (xo —my).
Step 3. Finally, let X ~ E,, ,(M,Z ® @, y). Define x = vec(X'). Now, for x we
can use Step 2. Therefore,

[ ha(2)dz
Xi|Xo) =225, 0@
Cov(Xi|X2) 2 (r) 112D,
where r =1tr (X — M)’ 25, (Xo —Mp) @ 1), m

2.7 Examples

In this section we give some examples of the elliptically contoured distributions. We
also give a method to generate elliptically contoured distributions.

2.7.1 One-Dimensional Case

Let p = n = 1. Then, the class Ej(m,0,y), coincides with the class of one-
dimensional distributions which are symmetric about a point. More precisely, x ~
Ei(m,o,y) if and only if P(x < r) = P(x > m—r) for every r € R. Some examples
are: uniform, normal, Cauchy, double exponential, Student’s 7-distribution, and the
distribution with the p.d.f.
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2.7.2 Vector Variate Case

The definitions and results here are taken from Fang, Kotz and Ng (1990). Let p > 1
andn=1.

2.7.2.1 Multivariate Uniform Distribution

The p-dimensional random vector u is said to have a multivariate uniform distribu-
tion if it is uniformly distributed on the unit sphere in IR”.

Theorem 2.24. Letx = (x1,x2,...,X,)" have a p-variate uniform distribution. Then
the p.d.f. of (x1,x2,...,Xp—1) is

1
r p p—1 -2 p—1
(,23) (1—2 %) : ;x,?<1.

T i=1
PROOF: It follows from Theorem 2.17 that (xl,xz, ,xl%fl) ~ D(%,...,%;%).
Hence, the p.d.f. of (x%,x%, ... 7x12,_1) is
_1
ENGIC TSI
T (1\\P H R in
(r(3)" = S
Since the Jacobian of the transformation (xy,x2,...,x,-1) = (|x1/,|x2/,...,[xp—1])
is 271 1 (beals feals - [pa]) s
1 1\ 2
-1 (P p=
© (%,
T2 i=1

Now because of the spherical symmetry of x, the p.d.f. of (x1,x2,...,x,_1) is the
p.d.f. of (|x1],]x2[,- .., [xp—1]) divided by 2P~ 1; that is

1
r P p—1 —2 p—1
(§><1_2x,.2> S Yea »
i=1

i=1
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2.7.2.2 Symmetric Kotz Type Distribution

The p-dimensional random vector x is said to have a symmetric Kotz type
distribution with parameters ¢, r, s € R, i: p-dimensional vector, X: p X p matrix,
r>0,5s>0,2g+p>2,and X > 0ifits p.d.f. is

2g+p-2

X)= o F(%) — X— X X — X —
)= g 2 ) exp{—rl(x - x—F}

As a special case, take g =s=1and r = j Then, we get the multivariate normal
distribution with p.d.f.

oo | o )T x )
o= (2n)%|2\%e p{ 2 }

and its characteristic function is
) 1 /
ox(t) = exp(it'u)exp <_2t Et) . (2.36)

The multivariate normal distribution is denoted by N, (1, X).

Remark 2.6. The distribution, N,,([.L,Z), can be defined by its characteristic func-
tion (2.36). Then, X does not have to be positive definite; it suffices to assume that
2>0.

2.7.2.3 Symmetric Multivariate Pearson Type II Distribution
The p-dimensional random vector x is said to have a symmetric multivariate Pearson
type II distribution with parameters g € IR, i: p-dimensional vector, X: p X p matrix

with g > —1,and X > 0 if its p.d.f. is

f@r=?iiﬁilfu—@—m2*@—mv,
m2I (g+1)|Z]2

where (x —u)' X '(x—u) <1

2.7.2.4 Symmetric Multivariate Pearson Type VII Distribution

The p-dimensional random vector X is said to have a symmetric multivariate Pearson
type VII distribution with parameters g, r € R, i: p-dimensional vector, X: p X p
matrix with r >0, ¢ > £, and X > 0 if its p.d.f. is
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r x—u)X (x— -
e T (1 L xmys u)) | 037
(rr)2l (q—5)|2|2 r
As a special case, when g = ”TH, X is said to have a multivariate ¢-distribution

with r degrees of freedom and it is denoted by Mz, (r, i1, X).

Theorem 2.25. The class of symmetric multivariate Pearson type VII distributions
coincides with the class of multivariate t-distributions.

PROOF: Clearly, the multivariate ¢-distribution is Pearson type VII distribution.
We only have to prove that all Pearson type VII distributions are multivariate z-
distributions.

Assume x has p.d.f. (2.37). Define

r0:2<q—§> and 2022’%.

Then, Mt,(ro, 1t,Xo) is the same distribution as the one with p.d.f. (2.37). ]

The special case of multivariate 7-distribution when r = 1; that is, Mt,,(l, w,x)is
called multivariate Cauchy distribution.

2.7.2.5 Symmetric Multivariate Bessel Distribution
The p-dimensional random vector X is said to have a symmetric multivariate Bessel

distribution with parameters ¢, r € IR, : p-dimensional vector, X: p X p matrix with
r>0,¢g>—5,and X > 0if its p.d.f. is

f(x) =

2atp-ghpptar (¢+2) |22 ! r

- g - !
-z -t <[(x—u)’2 1(x—u)}2>
where K,(z) is the modified Bessel function of the third kind; that is K,(z) =

1 lg(2)—I4(2)
2 sin(gm)

arg(z)| < m, g is integer and
hd 1 z q-+2k
WO=F () he, ll<n

If g=0and r = %, o > 0, then x is said to have a multivariate Laplace
distribution.
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2.7.2.6 Symmetric Multivariate Logistic Distribution

The p-dimensional random vector X is said to have an elliptically symmetric logistic
distribution with parameters u: p-dimensional vector, £: p X p matrix with £ > 0 if
its p.d.f. is

PR S (S0 )
z|2 (1+exp{—(x—p)=~" (x—p)})?

with
ns « e
L1
= =75 727 ———dz.
r(%) /0 (1+e72)2
2.7.277 Symmetric Multivariate Stable Law
The p-dimensional random vector X is said to follow a symmetric multivariate stable

law with parameters g, r € IR, [: p-dimensional vector, X: p X p matrix with 0 <
g <1,r>0,and ¥ > 0 if its characteristic function is

9x(t) = exp(it'n — r(t Zt)7).

2.7.3 General Matrix Variate Case

The matrix variate elliptically contoured distributions listed here are the matrix
variate versions of the multivariate distributions given in Sect.2.7.2. Let p > 1 and
n>1.

2.7.3.1 Matrix Variate Symmetric Kotz Type Distribution
The p x n random matrix X is said to have a matrix variate symmetric Kotz type

distribution with parameters g, r, s € IR, M: pxn, X : px p, @ :nxn with r > 0,
§>0,2g+pn>2,2>0,and @ > 0if its p.d.f. is

r(%)
R (22 3] o)

2q+pn—2
Sr 2

fX) = [rr(X=M)yZ7 (X -M)@~ )

x exp{—rltr(X—M)Z{(X-M)® 1)}.
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Ifwetakeq:s:landr:%,

matrix variate normal distribution:

we obtain the p.d.f. of the absolutely continuous

_ /y—1 _ -1
F(X) =  X-M)z(X-M)o }

—————elr
(2m)% |23 | |2 { 2

The characteristic function of this distribution is
1
ox(T) = etr(iT'M)etr (—ZT'ZM(D) . (2.38)

Remark 2.7. If we define N, ,(M, X @ @) through its characteristic function (2.38),
then X > 0 is not required, instead it suffices to assume that ¥ > 0.

2.7.3.2 Matrix Variate Pearson Type II Distribution

The p x n random matrix X is said to have a matrix variate symmetric Pearson type
II distribution with parameters g € R, M: pxn, X : p X p, @ : n xn with g > —1,
X >0,and @ > 0ifits p.d.f. is

F(X) = r (% +q+1)

= — L (1—tr(X=M)Z ' (X =MD 1)),
n%r(q+1)|2|z|d>|’7( (( )Z )P7))

where t7(X -M)' 2 '/(X-M)®~ 1) < 1.

2.7.3.3 Matrix Variate Pearson Type VII Distribution
The p x n random matrix X is said to have a matrix variate symmetric Pearson type

VII distribution with parameters g, r € R, M: pxn, X : px p, @ :nxn withr > 0,
g>E,%>0,and @ > 0ifits p.d.f. is

fX)=

r'(q) (1 tr((X—M)’Z'(X—M)cD'))_q
(wr) 3T (¢ 1) 12|18 || r '
(2.39)

Particularly, when ¢ = 24, X is said to have a matrix variate #-distribution
with r degrees of freedom and it is denoted by Mz, ,(r,M,Z ® ®). It follows,
from Theorem 2.25, that the class of matrix variate symmetric Pearson type VII
distributions coincides with the class of matrix variate ¢-distributions.

When r = 1, in the definition of matrix variate ¢-distribution, i.e., Mt , (LM, Z®
@), then X is said to have a matrix variate Cauchy distribution.




2.7 Examples 55

2.7.3.4 Matrix Variate Symmetric Bessel Distribution

The p x n random matrix X is said to have a matrix variate symmetric Bessel
distribution with parameters g, r € R, M: pxn, X : px p, @ : n x n with r > 0,
g>—5,%Z>0,and & > 0ifits p.d.f. is
%) = r(X=M)E{(X=M)® 1))z
©atpn—lg’y ppntq (q+ %) 1Z|2 |<;D|%

LK, ([tr((x_M)'zl(x_M)qbl)]z> |

r

where K,(z) is the modified Bessel function of the third kind as defined in
Sect.2.7.2.5. Forg=0and r = %, o > 0, this distribution is known as the matrix

variate Laplace distribution.

2.7.3.5 Matrix Variate Symmetric Logistic Distribution

The p x n random matrix X is said to have a matrix variate symmetric logistic
distribution with parameters M: pxn, X :px p, @ :nxnwithX >0,and @ >0
if its p.d.f. is

_ c etr(—(X-M)'Z" /(X -M)® )
Tz @) (+etr(—(X—MYZ (X—M)d1))?

fX)

with
pn
T2 pn_q €7Z
c=——+v 7?27 ——dz.
r (%) /0 (1+e72)?

2.7.3.6 Matrix Variate Symmetric Stable Law

The p x n random matrix X is said to follow a matrix variate symmetric stable law
with parameters g, r E R, M: pxn, X2 :pxp, @®:nxnwith0<g<1,r>0,
X >0, and @ > 0 if its characteristic function is

ox(T) = etr (iT'M) exp (—r(tr(T'EM®))?) .
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2.7.4 Generating Elliptically Contoured Distributions

If we have a m.e.c. distribution, based on it we can easily generate other m.e.c.
distributions. For vector variate elliptical distributions, this is given in Muirhead
(1982).

Theorem 2.26. Let X ~ E, ,(M,X ® @, y) have the p.d.f.

1
X)=—— h(tr(X—M)ZT ' (X-M)o 1)).
f(X) SHCE (tr(( ) ( )@7))

Suppose G(z) is a distribution function on (0,0). Let

g(X)zgl,,/szpznh<ltr((X—M)Z (X—M)® )>dG()

Z

Then, g(X) is also the p.d.f. of a m.e.c. distribution.
PROOF: Clearly, g(X) > 0. Moreover,

/}R g(X)ax

= # - a _ Iy—1 _ -1

- . /
:/0 /mxnwh("((x—M) (z2) ' (X-M)® ")) dXdG(2)

:/OmldG(z)zl.

Hence, g(X) is a p.d.f. Let r(w) = [z~ 7 h (%) dG(z). Then,

e MYE XM
%) = (X M2 (XM )

Therefore, g(X) is the p.d.f. of an elliptically contoured distribution. ]
Corollary 2.6. Let h(u) = (2m)~ 7 exp (—4%) in Theorem 2.26. Then, for any
distribution function G(z) on (0,e0),

1  _pn 1
g(X)MW/OZ eXP<ZZ"((XM)Z X-M)o ))dG()-

defines the p.d.f. of a m.e.c. distribution. In this case, the distribution of X is said to
be a mixture of normal distributions.
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In particular, if G(1) = 1 — & and G(6?) = £ with 0 < € < 1, 62 > 0, we obtain
the e-contaminated matrix variate normal distribution. It has the p.d.f.

_ 1 overr [~ Lx—wmys-tx -1
f(x)_—(zn)%z‘%@'% (1 s)t( S(X=M)Z (X~ M)® )
+ O_inetr (—Z;(X—M)’EI(X—M)d)I)




2 Springer
http://www.springer.com/978-1-4614-8153-9

Elliptically Contoured Models in Statistics and Portfolio
Theory

Gupta, AK; Varga, T.; Bodnar, T,

2013, XX 321 p. 7 illus., Hardcover

ISEM: 278-1-4614-8153-9



	2 Basic Properties
	2.1 Definition
	2.2 Probability Density Function
	2.3 Marginal Distributions
	2.4 Expected Value and Covariance
	2.5 Stochastic Representation
	2.6 Conditional Distributions
	2.7 Examples
	2.7.1 One-Dimensional Case
	2.7.2 Vector Variate Case
	2.7.2.1 Multivariate Uniform Distribution
	2.7.2.2 Symmetric Kotz Type Distribution
	2.7.2.3 Symmetric Multivariate Pearson Type II Distribution
	2.7.2.4 Symmetric Multivariate Pearson Type VII Distribution
	2.7.2.5 Symmetric Multivariate Bessel Distribution
	2.7.2.6 Symmetric Multivariate Logistic Distribution
	2.7.2.7 Symmetric Multivariate Stable Law

	2.7.3 General Matrix Variate Case
	2.7.3.1 Matrix Variate Symmetric Kotz Type Distribution
	2.7.3.2 Matrix Variate Pearson Type II Distribution
	2.7.3.3 Matrix Variate Pearson Type VII Distribution
	2.7.3.4 Matrix Variate Symmetric Bessel Distribution
	2.7.3.5 Matrix Variate Symmetric Logistic Distribution
	2.7.3.6 Matrix Variate Symmetric Stable Law

	2.7.4 Generating Elliptically Contoured Distributions



