
Chapter 2
Theoretical Aspects on Permutation Tests
and Shape Analysis

“Normality is a myth; there never has, and never will be,
a normal distribution.”.

Testing for Normality. Biometrika, 34, 209–242, 1947.

R.C. Geary

Abstract This chapter deals with inferential aspects in the field of shape analysis.
At first we review inferential methods known in the shape analysis literature,
highlighting some drawbacks of using Hotelling’s T 2 test statistic. Then we propose
an extension of the NonParametric Combination (NPC) methodology to compare
shape configurations of landmarks.
Without doubts, the more landmark and semilandmarks are collected for a given
object, the more shape information is gathered in the configuration describing the
object, and the better is the quantitative evaluation of its morphological features.
However, most of the traditional inferential methods in shape analysis are parametric
and they often require large sample size while, in practice, researchers have to deal
with few objects/subjects and many landmarks, implying over-dimensioned spaces
and loss of power.
On the other hand, NPC tests represent an appealing alternative since they are
distribution-free and allow for quite efficient solutions when the number of cases is
lower than the number of variables (i.e., (semi)landmarks coordinates). This allows
to obtain better representations of shapes even in the presence of small smile size.
Finally, NPC methodology enables to provide global as well as local evaluation of
shapes: it is then possible to establish whether in general two shapes are different and
which landmark/subgroup of landmarks mainly contributes to differentiate shapes
under study.
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2.1 Inference and Shape Analysis

The statistical community has shown an increased interest in shape analysis in
the last decade and particular efforts have been addressed to the development
of powerful statistical methods based on model for shape variation of entire
configurations of point corresponding to the locations of morphological landmarks.
Rohlf (2000) reviews the main tests used in the field of shape analysis and compares
the statistical power of various tests that have been proposed to test for equality
of shape in two populations. Even if his work is limited to the simplest case of
homogeneous, independent, spherical variation at each landmark and the sampling
experiments emphasize the case of triangular shapes, it allows the practitioners to
choose the method that has the highest statistical power under a set of assumptions
that are appropriate for the data. Through a simulation study, he found that Goodall’s
F-test had the highest power followed by T 2-test using Kendall tangent space
coordinates. Power for T 2-tests using Bookstein shape coordinates was good if the
baseline was not the shortest side of the triangle. The Rao and Suryawanshi shape
variables had much lower power when triangles were not close to being equilateral.
Power surfaces for the EDMA-I T statistic revealed very low power for many
shape comparisons including those between very different shapes. Power surface
for the EDMA-II Z statistic depended strongly on the choice of baseline used for
size scaling (Rohlf 2000). We remind the reader that EDMA stands for Euclidean
Distance Matrix Analysis (EDMA). Technical details on the above-mentioned tests
are provided in Sect. 2.2.
All the above-mentioned tests are based on quite stringent assumptions. In par-
ticular, the tests based on the T 2 statistic (e.g., T 2-tests using Bookstein, Kendall
tangent space coordinates, Rao and Suryawanshi shape variables, like Rao-d (1996)
and Rao-a (1998)) require independent samples, homogeneous covariance matrices,
and shape coordinates distributed according to the multivariate normal distribution.
We remark that Hotelling’s T 2 test statistic is derived under the assumption of
population multivariate normality and it may not be very powerful unless there
are a large number of observations available (Dryden and Mardia 1998). It is well
known in the literature that Hotelling’s T 2 test is formulated to detect any departures
from the null hypothesis and therefore often lacks power to detect specific forms
of departures that may arise in practice, i.e., the T 2 test fails to provide an easily
implemented one-sided (directional) hypothesis test (Blair et al. 1994).
Goodall’s F test requires a restrictive isotropic model and assumes that the
distributions of the squared Procrustes distances are approximately Chi-squared
distributed.
If we consider the methods based on interlandmark distances, EDMA-I T assumes
independent samples and the equality of the covariance matrices in the two
populations being compared (Lele and Cole 1996), while EDMA-II Z assumes only
independent samples and normally distributed variation at each landmark.
In order to complete the review on main tests used in shape analysis, we recall the
pivotal bootstrap methods for k-sample problems, in which each sample consists
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of a set of real (the directional case) or complex unit vectors (the two-dimensional
shape case), proposed in the paper by Amaral et al. (2007). The basic assumption
here is that the distribution of the sample mean shape (or direction or axis) is highly
concentrated. This is a substantially weaker assumption than is entailed in tangent
space inference (Dryden and Mardia 1998) where observations are presumed highly
concentrated. In this paper test statistics like λmin, Hotelling T 2, Goodall F , and
James FJ have been compared and corresponding p-values have been obtained using
both resampling methods (bootstrap or permutation test) and the usual table. In
particular, with reference to the pivotal statistic λmin, consider k samples of unit
vectors in Cd (in most traditional applications, d = 2,3, but sometimes the case
d ≥ 4 is also relevant) and let m̂i be the estimator of m0 (i.e., mean shape under
H0) based on sample i, for i = 1, . . . ,k. Assume that n1/2M̂im0 has an asymptotic
complex normal distribution CNd−1(0,Gi), i = 1, . . . ,k, where Gi has full rank and
M̂i represents a projection onto the tangent space at m̂i.

Define Â0 = n
k

∑
i=1

M̂∗
i Ĝ−1

i M̂i and T0(m) = 2m∗Â0m, where the ∗ denotes conjugate

transpose and m is a complex unit vector (i.e., m∗m = 1), thus obtaining

λmin ≡ min
m:‖m‖=1

T0(m) = T0(m̂0)

where λmin is the smallest eigenvalue of Â0 and m̂0 is the corresponding unit
eigenvector. For further mathematical details we refer the reader to Amaral et al.
(2007).
It is proved that this statistic has a limiting Chi-squared distribution χ2

2(k−1)(d−1) un-
der the null hypothesis of equality of means across populations (Amaral et al. 2007).
Another statistic used in this paper is the James statistic (see Seber 1984) that
represents an effort to solve the multivariate Behrens–Fisher problem and it is
given by

FJ = (v̄− w̄)T
(

1
n1

S1 +
1
n2

S2

)−
(v̄− w̄),

where vi ∼ N(ξξξ 1,ΣΣΣ1) for i = 1, . . . ,n1 and w j ∼ N(ξξξ 2,ΣΣΣ 2), for j = 1, . . . ,n2 are
the partial Procrustes tangent coordinates, vi and wi are mutually independent, v̄, w̄
and S1, S2 are the sample means and sample covariance matrices (with divisors n1

and n2) in each group. It is proved that FJ ∼ χ2
M . Although authors focus mainly

on the version of the statistic in which neither isotropy within populations nor
constant dispersion structure across populations is assumed, they explain how to
modify the statistic so that either or both of these assumptions can be incorporated
(Amaral et al. 2007).
As pointed out in Good (2000), the assumption of equal covariance matrices may
be unreasonable especially under the alternative, the multinormal model in the
tangent space may be doubted and sometimes there are few individuals and many
landmarks, implying over-dimensioned spaces and loss of power for the Hotelling’s
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T 2 test. Hence when sample sizes are too small, or the number of landmarks
is too large, it is essentially inefficient to assume that observations are normally
distributed. An alternative procedure is to consider a permutation version of the test
(see Good 2000; Dryden and Mardia 1993; Bookstein 1997; Terriberry et al. 2005).
Permutation methods are distribution-free, allow us for quite efficient solutions
when the number of cases is less than the number of covariates and may be tailored
for sensitivity to specific treatment alternatives providing one-sided as well as two-
sided tests of hypotheses (Blair et al. 1994).
In the wake of these considerations, we propose an extension of the NonPara-
metric Combination (NPC) methodology (Pesarin 2001; Pesarin and Salmaso
2010; Brombin 2009; Brombin et al. 2008; Brombin and Salmaso 2009; Brombin
et al. 2009a,b; Alfieri et al. 2012). We observe that a key condition for applying
permutation tests is the exchangeability of observations under the null hypothesis
(Pesarin 2001; Pesarin and Salmaso 2010). Generally permutation tests require
homogeneous covariance matrices under H0 in order to guarantee exchangeability,
thus relaxing the stringent assumptions of parametric tests. This is consistent with
the notion that if H0 is true, this implies the equality in multivariate distribution of
observed variables, i.e., there is no effect at all.

2.2 Technical Details on Tests Known in Shape
Analysis Literature

2.2.1 Hotelling’s T2 and Goodall’s F Tests

Let us define two independent random samples X1, . . . ,Xn1 and Y1, . . . ,Yn2 from
independent populations with mean shapes [μ1] and [μ2]. The hypotheses system
is given by

H0 : [μ1] = [μ2] versus H1 : [μ1] �= [μ2]

Let v1, . . . ,vn1 and w1, . . . ,wn2 be the partial Procrustes tangent coordinates, where

vi ∼ N(ξ1,Σ), wj ∼ N(ξ2,Σ), i = 1, . . . ,n1; j = 1, . . . ,n2

are all mutually independent with common covariance matrices.
An Hotelling’s T 2 two sample test in the Procrustes tangent space could be carried
out, after performing a GPA superimposition on all n1 + n2 individuals to compute
the average shape. Each specimen is then fit to this overall mean (also called the pole
μ̂). Let v̄, w̄ and Sv, Sw be respectively the sample means and sample covariance mat-
rices (with divisors n1 and n2) in each group. The Mahalanobis distance squared
between v̄ and w̄ is

D2 = (v̄− w̄)T S−u (v̄− w̄),
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where S−u is the Moore–Penrose generalized inverse of Su = (n1Sv + n2Sw)/(n1 +
n2 − 2). Under H0 we have ξ1 = ξ2, and we use the test statistic

F =
n1n2(n1 + n2 −M− 1)
(n1 + n2)(n1 + n2 − 2)M

D2 ∼ FM,n1+n2−M−1,

where M = km−m−m(m−1)/2−1 is the dimension of the tangent space. Further
Hotelling’s T 2 versions can be calculated using Kendall tangent space coordinate,
Bookstein coordinates (Edge Superimposition), and Rao and Suryawanshi shape
variables, Rao-d (1996) and Rao-a (1998).
The tests based on the T 2 test statistic require independent samples, homoge-
neous covariance matrices, and shape coordinates normally distributed. We remark
that Hotelling’s T 2 test statistic is derived under the assumption of population
multivariate normality and it may not be very powerful unless there are a large
number of observations available (Dryden and Mardia 1998). It is well known in the
literature that Hotelling’s T 2 test is formulated to detect any departures from the null
hypothesis and therefore often lacks power to detect specific forms of departures that
may arise in practice, i.e., the T 2 test fails to provide an easily implemented one-
sided (directional) hypothesis test (Blair et al. 1994).
Goodall’s F-test (1991) compares the Procrustes distance between the means of two
samples to the amount of variation found within the samples. It uses a generalized
least-squares Procrustes analysis to compute the average shape for each sample. It
is given by

F =
n1 + n2 − 2

n−1
1 + n−1

2

d2
F(μ̂1, μ̂2)

∑n1
i=1 d2

F(Xi, μ̂1)+∑n2
i=1 d2

F(Yi, μ̂2)
∼ FM,(n1+n2−2)M,

This result is valid for small σ and M = 2k−4 for 2D data (M = 3k−7 for 3D data).
It assumes that configurations are isotropic normal perturbations from mean config-
urations, and the distributions of the squared Procrustes distances are approximately
Chi-squared distributions. When the sphericity assumption is true, this test shows
higher power than the usual T 2-test, especially when sample sizes are small.

2.2.2 Euclidean Distance Matrix Analysis Methods

The form of an object X is all the geometrical information about X that is
invariant under translation and rotation (rigid-body transformations) and the form
matrix FM(X) is the k × k matrix of all pairs of inter-landmark distances in the
configuration X .

Let X1,X2, . . . ,Xn be landmark coordinate matrices for a sample of n individuals
from population X . To estimate the average form matrix FM(X) for the population
X , calculate
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• elm,i the squared Euclidean distance between landmarks l and m for the i-th
individual,

• ēlm = n−1 ∑n
i=1 elm,i and s2 = n−1 ∑n

i=1(elm,i − ēlm)
2,

• δ̂lm = (ē2
lm − s2(elm))

0.5.
• FM(X) = (δ̂ 0.5

lm )lm=1,2,...,k

In the same way the average form matrix FM(Y ) of the sample Y1,Y2, . . . ,Yn is
calculated from population Y .
EDMA-I test statistic (Lele and Richtsmeier, 1991; Lele, 1993) is given by

T = max(FDM(X ,Y ))/min(FDM(X ,Y )),

where FDM(X ,Y ) is the form difference matrix for samples X and Y that is
obtained as

FDM(X ,Y )i, j = FM(X)i, j/FM(Y )i, j∀i, j = 1, . . . ,k,

where FM(X) and FM(Y ) are the average form matrices below the convention
0/0 = 0.
EDMA-II test statistic (Lele and Cole, 1995; 1996) is calculated as

Z = max |SX −SY |,

where SX and SY are two size-scaled average form matrices (proper scaling factor
could be edge length or continuous function of edge lengths). Bootstrap procedures
are used to estimate the null distribution of T and Z test statistic.
EDMA-I T assumes independent samples and the equality of the covariance
matrices in the two populations being compared, while EDMA-II Z requires
independent samples and normally distributed variation at each landmark.

2.3 NPC Approach to Shape Analysis

Let X1 be the n1 × (k × m) matrix of raw landmark coordinates of specimens
belonging to the first group. Similarly X2 is the n2× (k×m) matrix of raw landmark

coordinates of specimens belonging to the second group. Let X =

(
X1

X2

)
be the

n× (k×m) matrix of raw landmark coordinates of all specimens, i.e., our data set,
where n = n1 + n2. Hence X is a matrix of data with specimens in the rows and
landmark coordinates in columns. In the permutation context, in order to denote
data sets, it could be useful the unit-by-unit representation given by X = {Xh ji, i =
1, . . . ,n, j = 1,2, h = 1, . . . ,km}, where it is intended that first n1 × km data in the
list belong to first sample and the rest to the second.
In practice, denoting by (a∗1, . . . ,a

∗
n) a permutation of the labels (1, . . . ,n), X∗ =
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{X∗
h ji = Xh j(a∗i ), i = 1, . . . ,n, j = 1,2, h = 1, . . . ,km} is the related permutation of

X , so that X∗
h1 = {X∗

h1i = Xh1(a∗i ), i = 1, . . . ,n1,h = 1, . . . ,km} and X∗
h2 = {X∗

h2i =
Xh2(a∗i ), i= n1+1, . . . ,n,h= 1, . . . ,km} are the two permuted samples, respectively.
For simplicity, we may assume that the landmark coordinates in tangent space
behave according to the following model:

Xh ji = μh + δh j +σhZh ji,

i = 1, . . . ,n, j = 1,2, h = 1, . . . ,km, where

◦ k is the number of landmarks in m dimensions;
◦ μh represents a population constant for the h-th variable;
◦ δh j represents treatment effect (i.e. the noncentrality parameter) in the j-th group

on the h-th variable which, without loss of generality, is assumed to be δh1=0,
δh2 ≤ (or ≥)0;

◦ σh are scale coefficients specific to the h-th variable;
◦ Zh ji are random errors assumed to be exchangeable with respect to treatment

levels, independent with respect to units, with null mean vector (E(Z) = 0), and
finite second moment.

Hence landmark coordinates in the first group differ from those in the second group
by a “quantity” δ , where δ is the km-dimensional vector of effects. Again, X∗

h ji,
i = 1, . . . ,n, j = 1,2, h = 1, . . . ,km, indicates a permutation of the original data.
Therefore the specific hypotheses may be expressed as

H0 :
km⋂

h=1

{Xh1
d
= Xh2} vs. H1 :

km⋃
h

{(Xh1 + δ )
d
> Xh2},

where
d
> stands for distribution (or stochastic) dominance.

With T o
h (0) and T ∗

h (0) we indicate respectively the observed and permutation values
of Th when δ = 0, i.e., under H0.
The assumptions regarding the set of partial tests T = {Th,h = 1, . . . ,km} necessary
for NPC are:

1. All permutation partial test Th are marginally unbiased and significant for large
values, so that they are stochastically larger in H1 than in H0.

2. All permutation partial tests Th are consistent, that is,

Pr{Th ≥ Thα |U,H1h}→ 1, ∀α > 0, h = 1, . . . ,km,

as n tends to infinity, where Thα < +∞ is the critical value of Th at level α . In
order to obtain global traditional consistency it suffices that at least one partial
test is consistent (Pesarin 2001; Pesarin and Salmaso 2010).
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landmark 4
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global test

coordinate
level

landmark
level

domain
level

Fig. 2.1 Different levels of combination

Let λh,h = 1, . . . ,km be the set of p-values associated with partial tests in T that are
positively dependent in the alternative and this irrespective of dependence relations
among component variables in X .
In shape analysis field, h = 1, . . . ,km represents the k landmarks in m dimensions.
In order to apply NPC methodology, usually the hypothesis testing problem is
broken down into two stages, considering both the coordinate and the landmark level
(and, if present, the domain level too). Hence, we formulate partial test statistics
for one-sided hypotheses and then we consider the global test T ′′ obtained after
combining at the first stage with respect to m, then with respect to k (of course, this
sequence may be reversed).
For example, if we consider 4 landmarks, first of all one can derive a test for each
coordinate (x and y coordinates in 2D case) of each landmark. Once decided the
aspects of interest, one could focus on the coordinate level or on the landmark level,
after combining coordinates, or on the domain level as well and finally on the global
test (see Fig. 2.1).

2.3.1 A Suitable Algorithm

We now illustrate the algorithm for calculating the multivariate test, in its simplest
version. Then we may add a multi-aspect procedure and adjust partial p-values for
multiplicity through closed testing procedure (Finos and Salmaso 2007; Brombin
2009; Brombin and Salmaso 2009).

� The first phase (coordinate level) of a procedure estimates the distribution of T
including the following steps:
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1a. Calculate the vector of observed values of tests T : To = T(X).
1b. Consider a member g∗, randomly drawn from the set G of all possible

permutations, and the values of vector statistics T∗ = T(X∗), where X∗ =
g∗(X). In most situations, the data permutation X∗ may be obtained at first
by considering a random permutation (a∗1, . . . ,a

∗
n) of integers (1, . . . ,n)

and then by assignment of related individual data vectors to the proper
group; thus, according to the unit-by-unit representation, X∗ = {X(a∗i ), i =
1, . . . ,n;n1,n2}.

1c. Carry out B independent repetitions of step (b). The set of Conditional
Monte Carlo (CMC) sampling results {T∗

r ,r = 1, . . . ,B} is thus a random
sampling from the permutation km-variate distribution of vector test
statistics T.

1d. The km-variate EDF F̂B(z|X) =
[ 1

2 +∑r I(T∗
r ≤ z)

]
/(B + 1), ∀z ∈ Rkm,

gives an estimate of the corresponding km-dimensional permutation distri-
bution F(z|X) di T. Moreover,

L̂h(z|X) =

[
1
2
+∑

r
I(T∗

hr ≥ z)

]
/(B+ 1),h = 1, . . . ,km,

gives an estimate ∀z ∈ R1 of the marginal permutation significance level
functions Lh(z|X) = Pr{T ∗

h ≥ z|X}; this L̂h(Tho|X) = λh. This gives an
estimate of the marginal p-value related to test Th.

At the end of this first phase, we get a p-value for each landmark coordinate,
hence in total 2k or 3k, depending from the dimension m, partial p-values.
If, for example, we deal with k = 4 landmarks in 2D, hence λ ∗

1 is the
permutation p-value corresponding to the x coordinate of landmark 1, λ ∗

2 the
permutation p-value corresponding to the y coordinate of landmark 1, λ ∗

3 the
permutation p-value corresponding to the x coordinate of landmark 2, λ ∗

4 is the
permutation p-value corresponding to the y coordinate of landmark 2, and so on
(see Fig. 2.2).

� The second phase (landmark level) of the algorithm include the following
steps:

2a. The km observed p-values are estimated from the data X by λh = L̂h(Tho|X),
where Tho = Th(X), h = 1, . . . ,km, represent the observed values of partial
tests and L̂h is the hth marginal significance level function, the latter being
jointly estimated by the CMC sampling method on data set X, in accordance
with step (1.d) above.

2b. The combined observed value of the second-order test is evaluated through
the same CMC results of the first phase, and is given by the combination of
sequential couples (or triplets) of landmark indexes (landmark coordinates)
as illustrated in Fig. 2.2. For example the observed statistic related to the
first landmark (in 2D case) is given by

T
′′

1o = ψ(λ1,λ2).
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1st step

coordinate level︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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λ∗7 λ∗8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

NPC
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ψ(λ∗1 ,λ∗2 )

ψ(λ∗3 ,λ∗4 )

ψ(λ∗5 ,λ∗6 )

ψ(λ∗7 ,λ∗8 )

2nd step

landmarklevel︷ ︸︸ ︷
λ
′∗
1

λ
′∗
2

λ
′∗
3

λ
′∗
4

NPC

on landmarks︷ ︸︸ ︷
ψ(λ

′ ∗
1 ,λ

′∗
2 )

ψ(λ
′ ∗
3 ,λ

′∗
4 )

3rd step

domain level︷ ︸︸ ︷
λ
′′∗
d1

λ
′′∗
d2

4thstep

global test
︷ ︸︸ ︷

T
′′′′∗

Fig. 2.2 Algorithm for k = 4 landmarks in 2D and two domain combinations

2c. The rth combined value of vector statistics (step (1.d)) for the first landmark
is then calculated by

T
′′∗

1r = ψ(λ ∗
1r,λ

∗
2r),

where λ ∗
1r = L̂1(T ∗

1r|X), r = 1, . . . ,B.
Steps (2.b) and (2.c) will be repeated k times, in order to obtain a partial
p-value for each landmark

� The third phase (domain level) of the algorithm include the following steps:

3a. Let us assume that Z out of k landmarks, 1 ≤ Z ≤ k, constitute the first
domain (i.e., a subgroup of landmarks sharing anatomical, biological, or
locational features); A out of k landmarks, 1 ≤ A ≤ k, constitute the second
domain and C out of k landmarks, 1 ≤ C ≤ k, constitute the third domain.
We have just defined three domains but, of course, we may define more than
three domains.

3b. The combined observed value of the third-order test is evaluated through
the same CMC results of the second phase, and is given by

T
′′′

Zo = ψ(λ
′
1, . . . ,λ

′
Z).

corresponding to the first domain,

T
′′′

Ao = ψ(λ
′
1, . . . ,λ

′
A).

corresponding to the second domain, and

T
′′′

Co = ψ(λ
′
1, . . . ,λ

′
C).

corresponding to the third domain.
3c. The rth combined value of vector statistics is then calculated by

T
′′′∗

Zr = ψ(λ
′∗
1r , . . . ,λ

′∗
Zr),
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where λ ′∗
zr = L̂z(T

′′′∗
zr |X), z= 1, . . . ,z, r = 1, . . . ,B, is the permutation p-value

corresponding to landmarks belonging to the first domain;

T
′′′∗

Ar = ψ(λ
′∗
1r , . . . ,λ

′∗
Ar),

where λ ∗
ar = L̂a(T

′′′∗
ar |X), a = 1, . . . ,A, r = 1, . . . ,B, is the permutation p-

value corresponding to landmarks belonging to the second domain;

T
′′′∗

Cr = ψ(λ
′∗
1r , . . . ,λ

′∗
Cr),

where λ ′∗
cr = L̂c(T

′′′∗
cr |X), c = 1, . . . ,C, r = 1, . . . ,B, is the permutation p-

value corresponding landmarks belonging to the third domain;

Hence at the end of this step we obtain different p-values corresponding to
predefined domains. Figure 2.2 illustrates an example where we have defined
2 domains, namely d1 and d2, combining landmarks 1,2 and landmarks 3,4
respectively.

� The fourth and last phase provides the global p-value.

4a. The combined observed value of the global test is evaluated through the
same CMC results in the first phase, and is given by:

T
′′′′

o = ψ(λ
′∗
1 ,λ

′∗
2 ,λ

′′∗
Z , . . . ,λ

′′∗
A , . . . ,λ

′′∗
C ).

4b. The rth combined value of vector statistics (step (S.dk)) is then calculated
by

T
′′′′∗

r = ψ(λ
′∗
1r ,λ

′∗
2r ,λ

′′∗
Zr , . . . ,λ

′′∗
Ar , . . . ,λ

′′∗
Cr ).

4c. Hence, the p-value of the combined test T
′′′′

is estimated as

λ
′′′′
ψ = ∑r I(T

′′′′∗
r ≥ T

′′′′
o )/B.

4d. If λ ′′′′
ψ ≤ α , the global null hypothesis H0 is rejected at significance level α .

2.3.2 Including MA Procedure

As said before, this is obviously the simplest version of the combining procedure.
Actually we could be interested in emphasizing a particular aspect for each
coordinate. Hence, we may apply a multi-aspect (MA) procedure at landmark
coordinates level. We briefly present this procedure in the univariate general case.
Let us assume, without loss of generality, that observations from a response variable
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X on n units are partitioned into two groups, respectively of n1 and n2 units,
corresponding to two levels of a treatment. Let us also assume that the response
variables in the two groups have unknown distributions P1 and P2, both defined on
the same probability space (X ,B), where X is the sample space and B is an
algebra of events. Let X j = {Xji, i = 1, . . . ,n j} be the data set of n j elements related
to the j-th sample or group, j = 1,2. Let X∗

j = {X∗
ji, i = 1, . . . ,n j, j = 1,2} indicate a

permutation of the observed data set X, where the subscript j emphasizes the group
to which permuted elements are assigned. We are interested in testing the global

null hypothesis H0 : {X1
d
= X2} = {P1 = P2} that the two groups have the same

underlying distribution, against the global alternative hypothesis H1 : {X1
d
< X2} of

a stochastic dominance. Thus two CDFs, F1 and F2, are such that in the alternative
they do not intersect each other because of the side-assumptions; we also assume,
for simplicity, that the two distributions are absolutely continuous (Salmaso and
Solari 2005; Brombin 2009; Brombin and Salmaso 2009). H0 may be broken down
into

H0 :

{ K⋂
i=1

H0i

}
(2.1)

where K is the number of considered aspects. Hence H0 is true if all H0i are jointly
true. The alternative may be represented as

H1 :

{ K⋃
i=1

H1i

}
. (2.2)

and it implies that the inequality of two distributions entails the falsity of at least
one partial null hypothesis.
In case–control designs, when treatment effects are presumed to influence not only
locations but also scale coefficients or other aspects, this may be conveniently
examined through several statistics, each one sensitive to differences that affect a
particular aspect of the two distributions.
We are interested in the location-aspect (l) that summarizes the two distributions in
a comparison of two location indices, and in the distributional-aspect (d) based on
the comparison of the two empirical distribution functions. Of course, other aspects
may be included in the MA procedure. In order to evaluate the location-aspect we
formulate a system of hypotheses considering test statistics based on both mean and
median, while to examine the distributional aspect we construct a hypothesis system
based on both Kolmogorov–Smirnov’s and Anderson–Darling’s test statistic.

Thus, in the first case we wish to test

H0l : {[E(X1) = E(X2)]∩ [Me(X1) = Me(X2)]}
H1l : {[E(X1)< E(X2)]∪ [Me(X1)< Me(X2)]}. (2.3)
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while in the second, the referential system of hypotheses is given by

H0d : {F1 = F2}
H1d : {F1 > F2} (2.4)

Applying the NPC methodology, we can construct the location-aspect test statistic
by combining the permutation p-values λ ∗

μ and λ ∗
Me associated respectively with

the two partial tests T ∗
μ and T ∗

Me (the difference between the sample median of the
permuted groups) where

T ∗
μ = Tμ(X∗) =

n2

∑
i=1

X∗
2i

and

T ∗
Me = M̃∗

2 − M̃∗
1

using for example the Tippett combining function

T ∗′′
l = max(1−λ ∗

μ ,1−λ ∗
Me). (2.5)

We can do the same to assess the distributional-aspect by combining the permutation
p-values λ ∗

KS, λ ∗
AD associated with the two partial tests T ∗

KS (the permutation version
of the two-sample Kolgomorov–Smirnov’s statistic for one-sided alternatives) and
T ∗

AD (the permutation version of the Anderson–Darling’s test statistic) using the
Tippett combining function

T ∗′′
d = max(1−λ ∗

KS,1−λ ∗
AD). (2.6)

Finally, the global test statistic combines the information from the two-aspect
tests into one global test as follows:

T ∗′′′
MA = ψ(λ ∗′′

l ,λ ∗′′
d ), (2.7)

where ψ is the selected combining function (Salmaso and Solari 2005).
Of course it is possible to take any other useful combining function into consid-
eration, e.g., Fisher, Lancaster, Liptak, and Mahalanobis. For the selection of a
combining function, see the practical guidelines set out in Pesarin (2001); Pesarin
and Salmaso (2010). We have mainly used Fisher omnibus combining function,
calculated as

T ′′
F = ∑

i

log(λi).
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1st step

coordinate level︷ ︸︸ ︷⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

λ∗1 λ∗2

λ∗3 λ∗4

λ∗5 λ∗6

λ∗7 λ∗8

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

MA

procedure
︷ ︸︸ ︷
ψ(φ (λ∗1,μ ,λ∗1,Me),φ (λ

∗
2,μ ,λ∗2,Me))

ψ(φ (λ∗3,μ ,λ∗3,Me),φ (λ
∗
4,μ ,λ∗4,Me))

ψ(φ (λ∗5,μ ,λ∗5,Me),φ (λ
∗
6,μ ,λ∗6,Me))

ψ(φ (λ∗7,μ ,λ∗7,Me),φ (λ
∗
8,μ ,λ∗8,Me))

2nd step

landmarklevel
︷ ︸︸ ︷
λ
′∗
1,MA

λ
′∗
2,MA

λ
′∗
3,MA

λ
′∗
4,MA

NPC

combination︷ ︸︸ ︷
ψ(λ

′∗
1,MA,λ

′∗
2,MA)

ψ(λ
′∗
3,MA ,λ

′∗
4,Ma)

3rd step

domain level︷ ︸︸ ︷
λ
′′∗
MA,d1

λ
′′∗
MA,d2

4thstep

global test
︷ ︸︸ ︷

T
′′′′ ∗

Fig. 2.3 Algorithm for k = 4 landmarks in 2D, MA procedure (mean and median aspects) and
domain combination. ψ and φ are suitable combining functions

It is well known that if the k partial test statistics are independent and continuous, in
the null hypothesis T ′′

F follows a central χ2 distribution with 2k degrees of freedom.
Along with Fisher, we have used Liptak combining function based on the
statistics

T ′′
L = ∑

i

Φ−1(1−λi),

where Φ is the standard normal c.d.f. Of course if the k test statistics are independent
and continuous, then in the null hypothesis T ′′

L is normally distributed with mean 0
and variance k.
Instead of presenting the algorithm in this general case, we illustrate the procedure
under the shape analysis framework. In particular, when including MA procedure,
the first NPC combination presented in Fig. 2.2 is calculated by considering also the
aspects (see Fig. 2.3).

One of the main feature and advantage of the proposed approach is that using the
MA procedure and the information about domains we are able to obtain not only
a global p-value, like in traditional tests, but also a p-value for each of the defined
aspects or domains. Hence following our procedure it is possible to construct a
hierarchical tree, allowing for testing at different levels of the tree (see Fig. 2.1).
On one hand partial tests may provide marginal information for each specific aspect,
on the other they jointly provide information on the global hypothesis. In this
way, if we find a significant departure from H0, we can investigate the nature of
this departure in detail. Also, one can move from the top to the bottom of the
tree and, for interpreting results in a hierarchical way, from the bottom to the
top. It is worth noting that “intermediate” level p-values need to be adjusted for
multiplicity.
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2.3.3 Closed Testing Procedure in Shape Analysis

Multiple comparisons and multiple testing problems arise frequently in statistical
data analysis, and it is important to address them appropriately. Actually, the
problem of multiplicity control arises in all cases where the number of hypotheses
to be tested is greater than one. Such partial tests, possibly after adjustment for
multiplicity (Westfall and Young 1993), may be useful for marginal or separate in-
ferences. If they are jointly considered they provide information on a general overall
or global hypothesis, which typically represents the true objective of the majority of
multivariate testing problems. In order to produce a valid test for the combination
of a large number of p-values, we must guarantee that such test is unbiased and
produces, therefore, p-values below the significance level with a probability less
than or equal to α itself. This combination could be very troublesome unless we are
working in a permutation framework. A Bonferroni correction is valid but the con-
servativeness of this solution is often unacceptable for both theoretical and practical
purposes. Actually, this combination loses power in case of dependence between
p-values. On the contrary, using appropriate permutation methods, dependencies
may be controlled. With reference to multiple testing procedures mentioned before,
these have their starting point in an overall test and look for significant tests on
partial contrasts. Conversely combination procedures start with a set of partial
tests, each appropriate for a partial aspect, and look for joint analyses leading to
global inferences. The global p-value obtained through NPC procedure of p-values
associated with sub-hypotheses is an exact test, thus providing a weak control of
the multiplicity. The inference in this case must be limited to the global evaluation
of the phenomenon. Due to the use of NPC methods, a more detailed analysis may
be carried out. Actually what is important is to select potentially active hypotheses
(i.e., under the alternative). A correction of each single p-value is hence necessary
in this case. A possible solution within a nonparametric permutation framework is
represented by Closed testing procedures (Westfall and Wolfinger 2000). A property
that is generally required is the strong control of the Familywise Error Rate (FWE),
i.e., the probability of making one or more errors on the whole of the considered
hypotheses (Marcus et al. 1976). On the other hand, a weak control of the FWE
means simply controlling α for the global test (i.e., the test where all hypotheses
are null). Although the latter is a more lenient control, it does not allow the
selection of active variables because it simply produces a global p-value that
does not allow interesting hypotheses to be selected, so the former is usually
preferred because it makes inference on each (univariate) hypothesis (Finos and
Salmaso 2005). An alternative approach to multiplicity control is given by the False
Discovery Rate (FDR). This is the maximum proportion of type I errors in the set
of elementary hypotheses. The FWE guarantees a more severe control than the
FDR, which in fact only controls the FWE in the case of global null hypotheses,
i.e., when all involved hypotheses are under H0 (Benjamini and Hochberg 1995).
In confirmatory studies, for example, it is usually better to strongly control the
FWE, thus ensuring an adequate inference when you want to avoid making even



32 2 Theoretical Aspects on Permutation Tests and Shape Analysis

one error. On the contrary, when it is of interest to highlight a pattern of potentially
involved variables, especially when dealing with thousands of variables, the FDR
would appear to be a more reasonable approach. In this way it is accepted that part
(no greater than the α proportion) of the rejected hypotheses are in fact under the
null (Finos and Salmaso 2005).
The goal of multiple testing procedures is to control the “maximum overall Type
I error rate,” i.e., the maximum probability that one or more null hypotheses is
rejected incorrectly. This quantity also goes by the name “Maximum Experimen-
twise Error Rate” (MEER).
With reference to the closed testing, here we give just some hints and we refer the
reader to Westfall and Wolfinger (2000) and Westfall and Young (1993). Suppose
we wish to test hypotheses H1, H2, H3, and H4, e.g., concerning four landmarks.
Hence, with reference to the Fig. 2.1 we start applying closed testing at landmark
level. The closed testing method works as follows:

1. Test each hypothesis H1, H2, H3, and H4 using an appropriate α-level test.
2. Create the “closure” of the set, which is the set of all possible intersections among

H1, H2, H3, and H4 (in this case the hypotheses H12, H13, H14, H23, H24, H34,
H123, H134, H234, and H1234). In Fig. 2.4 we illustrate the procedure. We have
enumerated all the possible intersections, but of course we are interested only in
some of these intersections. Actually some of these are useful for inferential pur-
pose, and some other are only instrumental and are not investigated. Intersections
of interest are represented by the red bounded boxes, corresponding respectively
to the landmark level (i.e., H1, H2, H3, and H4), to the domain level (i.e., H12 and
H34) and to the global test (H1234).

3. Test each intersection using an appropriate α-level test. In general any test that
is valid for the given intersection.

4. You may reject any hypothesis Hi, with control of the MEER, when the following
conditions both hold:

– The test of Hi itself yields a statistically significant result, and
– The test of every intersection hypothesis that includes Hi is statistically

significant.

Hence a statistically significant result has been obtained for the H3 test, as well as
a significant result for all hypotheses that include H3, in this case, H13, H23, H34,
H123, H134, H234, and H1234 (blue boxes in Fig. 2.4). Since the p-value for one of
the including tests, the H1234 test in this case, is greater than 0.05, you may not
reject the H3 test at the MEER=0.05 level. In this example, we could reject the H3

hypothesis for MEER levels as low as, but no lower than 0.0618, since this is the
largest p-value among all hypotheses containing H3. This suggests an informative
way of reporting the results of a closed testing procedure. When using a closed
testing procedure, the adjusted p-value for a given hypothesis Hi is the maximum of
all p-values for tests that include Hi as a special case (including the p-value for the
Hi test itself). The adjusted p-value for testing H3 is, therefore, formally computed
as max(0.0067,0.0220,0.0285,0.0285,0.0570,0.0580,0.0600,0.0618)= 0.0618.
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H1234: p=0.0570

H123: p=0.0618 H134: p=0.0600 H234: p=0.0580

H24: p=0.0262H12: p=0.0920 H14: p=0.0920 H34: p=0.0285H13: p=0.0220 H23: p=0.0285

H1: p=0.0982 H2: p=0.0262 H3: p=0.0067 H4: p=0.0262

Fig. 2.4 Illustration of the closed testing procedure, focussing on landmark level (k = 4)

2.4 Permutation Version of Hotelling’s T2

In order to compare different tests known in the shape analysis literature, we have
at first carried out a simulation study on Hotelling’s T 2 power which is a sort of
milestone for multivariate testing also in shape analysis. Let us consider the two
independent sample case and assume that the response variables behave according
to the following model:

Xh ji = μh + δh j +Zh ji,

i = 1, . . . ,n j, j = 1,2, h = 1, . . . ,k, where n j is the sample size, μh represents a
population constant for the h-th variable; δh j represents the fixed treatment effect
(i.e., the noncentrality parameter) in the j-th group on the h-th variable and Zh ji

are k-dimensional random errors exchangeable with respect to treatment levels with
null mean vector (E(Z) = 0) and finite second moment.
Let X̄h j, j = 1,2, be the sample mean for the h-th variable, S j the biased sample
covariance matrix (with divisors n1 and n2) and S the common covariance matrix,
given by S = (n1S1 + n2S2)/(n1 + n2 − 2).
We define T

′′
the nonparametric permutation counterpart of Hotelling T 2 given by

T
′′
=

k

∑
h=1

(
X̄∗

h1 − X̄∗
h2

s∗h

)2

where the symbol ∗ indicates a permutation of the original data, X̄∗
h j, j = 1,2 are

multivariate permutation sample means, and s∗h are the diagonal elements of S∗. We
remark that the underlying dependence structure is nonparametrically and implicitly
“captured” by the permutation procedure (see e.g. Pesarin 2001 and Pesarin and
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Table 2.1 Simulations under H1 (n1 = n2 = 10, μ = 0, δ = 0.40, B =CMC = 1000)

α=0.01 α=0.05 α=0.10 α=0.20 α=0.30 α=0.50
k = 15 T 2 0.027 0.118 0.233 0.419 0.566 0.789

T
′′

0.231 0.484 0.623 0.771 0.856 0.941
k = 16 T 2 0.026 0.098 0.192 0.361 0.504 0.741

T
′′

0.228 0.496 0.633 0.792 0.866 0.946
k = 17 T 2 0.019 0.081 0.158 0.325 0.455 0.703

T
′′

0.258 0.534 0.681 0.811 0.875 0.950
k = 18 T 2 0.013 0.067 0.132 0.269 0.414 0.642

T
′′

0.253 0.543 0.667 0.816 0.874 0.956
k = 19 T

′′
0.244 0.544 0.700 0.837 0.905 0.977

k = 20 T
′′

0.318 0.552 0.683 0.825 0.904 0.965
k = 21 T

′′
0.307 0.570 0.693 0.832 0.901 0.962

k = 22 T
′′

0.340 0.618 0.744 0.845 0.906 0.964
k = 23 T

′′
0.344 0.629 0.750 0.857 0.918 0.974

k = 24 T
′′

0.338 0.622 0.741 0.862 0.919 0.973
k = 25 T

′′
0.365 0.656 0.774 0.880 0.930 0.970

Table 2.2 Simulations under H1 (n1 = n2 = 3, μ = 0, δ = 0.40, B = MC = 1000)

α=0.10 α=0.20 α=0.30 α=0.50
k = 3 T

′′
0.059 0.194 0.337 0.554

k = 18 T
′′

0.097 0.278 0.408 0.618
k = 20 T

′′
0.090 0.264 0.390 0.611

k = 25 T
′′

0.117 0.274 0.422 0.643
k = 30 T

′′
0.100 0.270 0.404 0.647

k = 35 T
′′

0.103 0.280 0.436 0.687
k = 40 T

′′
0.089 0.277 0.442 0.667

Salmaso 2010). We also emphasize that in a shape analysis framework Xh ji will
indicate the 2D or 3D landmark coordinates.
When carrying out nonparametric permutation tests we use raw coordinates and not
the shape coordinates. Hence we do not use the coordinates obtained after filtering
out location, scale, and rotational effects from the original data. However we deal
exhaustively with this topic in Chap. 3.
We have compared the traditional parametric Hotelling’s T 2 test (T 2) with the
nonparametric T 2-type counterpart (T

′′
) showing that the power for the suggested

test increases when increasing the number of the processed variables (see Table 2.1)
with the same noncentrality parameter δ , even when the number of covariates (k) is
larger than the permutation sample space (see results in Tables 2.2 and 2.3).
We remark that Hotelling’s T 2 test considered in Table 2.1 is computed using raw
coordinates and not shape variables. Moreover, when n1 = n2 = 10 and k = 19, the
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Table 2.3 Simulations under H1 (n1 = n2 = 3, μ = 0, δ = 1, B = MC = 1000)

α=0.10 α=0.20 α=0.30 α=0.50
k = 3 T

′′
0.187 0.454 0.629 0.800

k = 20 T
′′

0.324 0.779 0.902 0.977
k = 50 T

′′
0.434 0.907 0.985 0.999

test statistic is constantly equal to 0. Hotelling’s T 2 statistic can be related to the
F-distribution by the well-known relation

T 2 =
n1n2(n1 + n2 − k− 1)
(n1 + n2)(n1 + n2 − 2)k

D2 ∼ Fk,n1+n2−1−k,

where D2 is the Mahalanobis squared distance.
B is the number of permutations (Monte Carlo sampling) used for estimating the
permutation distribution, and CMC is the number of Monte Carlo iterations of the
simulation procedure. Note that for n1 = n2 = 3 we explored the whole permutation
sample space.
These interesting findings allow us to assess the usefulness of the nonparametric
permutation solution for high-dimensional data in small sample size case.
Moreover these preliminary results enable us to evaluate the power of multivariate
NPC tests discussed in Chap. 4, thus introducing and extending the notion of “finite-
sample consistency (FSC),” widely discussed in Chap. 5.

A comprehensive comparison, based on simulation study, of power behavior of
the nonparametric permutation version of Hotelling’s T 2 against that of traditional
tests used in shape analysis literature, has been published elsewhere in Brombin
and Salmaso (2009). Results highlight the good performances in terms of power
behavior of NPC test, while controlling the Type I error.
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