1.2 Stochastic Two-Parametric Integrals 27

) X t
/ £ ()W (du) / W) = [ £(x.y) ( / / g(a,ﬂ)dadﬂ> W (dx, dy)
0] (02 (0,7 00 I
$(x,) ( / / f(a. )W (da, dﬁ)) d, dy.
00

«/
Proof To prove the first relation we apply (1.5). We obtain
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Thus, (a) is proved. The property (b) can be proved similarly, using (1.5) for the
right-hand side part. O

Corollary 1.3 Under the conditions of Theorem 1.17 we have
/ flu / (W (a) = [ Ef(u)g(u)d
[0.2]

Below we give a more general version of the Ito formula.
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Theorem 1.20 [30, 31] Let the conditions of Theorem 1.14 be satisfied for the
random field (£(z),3.). Then
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+4_l/f (5(aaﬂ)/ dx/a2 a,y)dydadp
[0.7] 0 0

holds true P -almost surely for any bounded four times differentiable function f(z).
As an example of the application of the Ito formula, we consider below the
generalization of the Lévy-Doob theorem.

Theorem 1.21 [25, 42, 64] If |\(z) is a square integrable strong martingale with
Ep =0, E(/,t (z,z/] /3) = (t' — t) (s’ - s), then w(z) is a Wiener martingale.

Proof We apply the Ito formula to the function exp{ia,u(mﬁz] } Denote by j(a,z) the

characteristic function of the conditional distribution u(zg, z], z > zo,

Jjla,z) :E(exp{zay }/ )
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We obtain

o’ ot
jla,z) =1— / <?j(a, Z) +Zj(a, ) —1o)(s' — so))dt’ds’.

(ZO,Z]

Let uy(2) := p(zo, zl, z > zo. Therefore,

E /ijmm#awmuﬁvs; :L/ijanﬂfwuﬁMW
(20,2] (20,2]

This equation is equivalent to the following one:

j a- o

82 2 4
sa= (S-S0 wb—w))i s =ilesn) =1,

bY2 .
whose solution is j(a,z) = e~ T(=0)(s=%0)  Thus, the random variable u(zo, z] does

not depend on the c-algebra S_fo and has the Gaussian distribution with mean 0 and
variance (f — to)(s — So). O

1.3 Stochastic Measures and Integrals for Nonrandom
Functions

In applications, a lot of models use the integrals of the form f f(2)é(dz), where f(z) is
a nonrandom function, and &(z) is a random field. Since in general &(z) is not
expected to be of bounded variation, such an integral cannot be treated in the
Stieltjes or Lebesgue-Stieltjes sense. Nevertheless, it can be determined in such a
way that it inherits the properties of the Lebesgue-Stieltjes integral.

Following [28], we consider the probability space (Q,3,P), L, = L,(Q,3, P),
S is some set, R is the semiring generated by sub-sets of S. For any ASR consider
the complex-valued variable u(A) satisfying the following conditions:

(1) u(A)EL(Q, 3, P), (@) =0,

(2) p(A; U Ag) = p(Ay) + p(Ay) (mod P), if Ay N Ay = O,

() Ep(A)u(Az) = m(A; N Ay),

where m(A) is some set function on R.

We call the family of random variables {u(A)}, AER, the elementary orthogo-
nal stochastic measure, and respective function m(A) its structure function. In
this context orthogonality means that

4) if Ay N A, = O, then the variables u(A,) and p(A,) are orthogonal.
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By definition, the function m(A) is nonnegative: m(A) = EI,u(A)I2 >0,
m(J) = 0, and additive: if A; N A, = @, then

m(A1 UA,) = E|/4(A1) +M(A1)|2 = m(Al) + m(Az) +2m(A1 N Ay)
=m(Ar) +m(Az).

Denote by Lo{R} the class of all simple functions f(x), f(x ZCkZAk

AER, k=1, ..., n, where n is any natural number, and y4(x) is the mdlcator of a
set A. For functions f&€Ly{R} we define the stochastic integral with respect to the
elementary stochastic measure y by the formula

I:= /f(x)u(dx) = Zn:ck/,t(Ak). (1.6)
=1

Since R is a semiring, any function from Ly{R} can be represented as linear
combination of indicators of sets from ‘R. Let f, g&Lo{ R}, and put

= Z diya, (%)
=1

where Ay N A, = D if k # L
It follows from the orthogonality of the measure that

oo ) i

Suppose that the elementary measure m is sub-additive, and hence can be
extended to a full measure on (E,X,m). Then Lo{N} is a linear subspace of the
Hilbert space L,{m} = Ly(E,R,m), and L,{R} is the closure of Lo{N}

the topology generated by the scalar product (f,g) / f(x)g(x) m(dx). At the

(s ) - roemss o

for any pair of functions f, gELo{R}.

same time,

Denote byz o{p} the linear span of the family of random variables {u(A)}, ASR
(that is, Zo{ﬂ} is the set of random variables represented in the form (1.6)), and
denote by L,{u} the closure of L{u} in Hilbert space L,(Q, 3, P). Relation (1.6)
sets the isometric correspondence I = w(f) between Lo{*R} andL o{p}, which can
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be extended [63] to the isometric correspondence between Ly{R} and Lo{u}. If
I = w(f), fEL{NR}, we define

1=v(r) = [ Feouta (1.8)

and call the random variable I the stochastic integral of the function f(x)
with respect to the measure u. The properties of such an integral are given in the
theorem below.

Theorem 1.22 [25]

(a) for a simple function the stochastic integral can be defined by (1.6);
(b) for any f, g € L,(E,R,m) equality (1.7) holds true;

©) [laf(x) + pg)u(dx) = a [ fou(dy) + [ guldx);
(d) for any sequence of functions f,, € L,(E,X,m) such that

/lf | ) m(dx) — 0, n— oo, (1.9)

we have [ f(x)p(dx) = lim [ f,(x)p(dx).
Remark 1.13 In particular, if f,(x), n > 1, is a sequence of simple functions,

X) = Z C,E");(Ain) (x), A,((”)Efl{, n=1,2,..., and (1.9) is satisfied, then
k=1

/f(x)y(dx) = limiﬂ: c,@y (A,E")) .
=1

The existence of the sequence of simple functions which approximates an
arbitrary L,(E,R,m) -function, was proved, for instance, in [35]. Thus, the stochastic
integral can be considered as the mean square limit of appropriate integral sums.

Denote by R the class of all sets A € R, for which m(A) < oo. Define a random
function z (A) of the set A:

7 = [ rauta) = [ wia). (1.10)
A

This function possesses the following properties:

(a) u(A) is well defined on sets from X,

b)if A, ERp, n=1,2,..., Ag = OleA,,,AkﬂA,: D, k # 1, then Ji (Ag) =

i A,) (mod P);
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(©) Efi ()i (B) = m(AN B). A, B € Ky
(@) 7 (A) = u(A) as ASS.

A random set function which satisfies the conditions (a), (b), (c) is called the
stochastic orthogonal measure. Property (d) means that zz (A) is the extension of the
elementary stochastic measure .

Corollary 1.4 If the structure function of an elementary stochastic measure |\ is
sub-additive, then p can be extended to a stochastic measure.

Remark 1.14 Since Lo{u} = L,{i},

[ ruta) = [ i (a)

In the future, we identify a stochastic integral with respect to the elementary
orthogonal measure p with sub-additive structure function and the stochastic
integral with respect to the measure z, defined in (1.10).

Let u be the orthogonal stochastic measure with structure function mz, which is

the full measure on {E,X} and g(z)EL,{m}. Put

i(A) = / Ya ()2 ()u(dx), AN

Then

EA(A)A(B) = / a5 (WL @m(dx) = / lg() P ).

ANB

If we introduce a new measure

14) = [ 1gtomia

A

on X, then A(A) will be the orthogonal stochastic measure with the structure function
[(A), A € K.

Lemma 1.3 IffEZZ{l}, thenfgezz{m} and [ f(x)Mdx) = [ f(x)g(x)p(dx).

Proof The statement of the lemma is obvious for simple functions
flx) = Z Cixa, (x), Ap € RUIf fi(x) is a fundamental sequence of simple functions
k

in L,{I}, then
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H/ Fal)a(dx) - /fw Hd) / () = f () 1)

- / £, (x) —fn+,,l<x>\2|g<x>|2m<dx>.

That is, the sequence f,(x)g(x) is fundamental in L 2{m}. Passing to the limit as

n — oo in
[ £uata@n) = [ £0stuta),
we obtain the statement of the lemma. O

Lemma 1.4 If MA) = [ ya(x)g(x)p(dx) and gezz{m}, then for any A € R,
1
W) = [ o)

Proof First, g(x) = 0 on the set of / -measure 0, implying # oo (mod 1).

( )

Moreover, if A € R, then

/mm /| 2m(dv) = m(A) < .

From Lemma 1.3 we derive

/ﬁ)m(x)l(dx) = /ﬁ)m(x)g(x)ﬂ(dx) = u(A). 5

Let D be a rectangle (finite or infinite) on the plane, $B is the o-algebra of
Lebesgue measurable subsets of D, and / is the Lebesgue measure. Suppose that the

function g(z,x) is B x N -measurable, g(z,x)EL,{l x m} and g(z,x)EL,{m} for
arbitrary z € D. Consider the stochastic integral

) = [ sz ua (L11)

which is well defined for any z with probability 1.

Lemma 1.5 The stochastic integral (1.11) can be determined as a function of z in
such a way that the random field &(z) is measurable.
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Proof If g(z,x) = ch;(gk (2)xa,(x), By €& B, Ay & R, then &(z) = ch;(gk (2)
u(Ax) is B x I -measurable function of variables z € D and @ € 3. In the general
case we can build a sequence of simple functions g,(z,x) such that

// lg(z,x) — gn(z,x)|2m(dx)dz — 0, as n — oo.

Let &,(z) be a sequence of random fields constructed as in (1.11) with g = g,,.
2

Then there exists a field & (z) such that /E’E(z) - 5,,(2)’ dz — 0as n — oo, and

£(z) is a BLEB x T -measurable function.
On the other hand,

JEOR 6] de = JCEE (2. mld)dz — 0.

implying that the random fields &(z) and E (z) coincide for almost all z. Put

s [F@ PlEa#E@ =0
6. PLER 20 >0

The field & (z) is measurable (since & (z) differs from a ByE®B x I -measurable

functiong(z) only on a set of measure 0) and is stochastically equivalent to &(z). O

Everywhere below we assume that the random field determined by a stochastic
integral of the form (1.11) and satisfying the conditions of Lemma 1.3 is
measurable.

Lemma 1.6 If g(z,x) and h(z) are Borel functions, 1 = [a;,b;] X [a5,by] C D,

/ /OC |g(z, x)|*dzm(dx) < oo,/ Ih(z)[2dz < oo,

1

and | is an orthogonal stochastic measure on 3, then

[ #e) 7 o(z, X)p(dn)lz = 7 &1 (W), (1.12)
1 —00 —00
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Proof Let us estimate the square of the mean in the left-hand side of (1.12).

We have
[ [ #ei

/ch(zl,X)mm(dx)dzlez
= 7 [ 1otz e 2m<dx>

1

§/|h |dz/ /\gzx 2dzm(dx).
1

—00

We obtain similar inequality for the right-hand side of relation (1.12) as well.

Thus, we can take in (1.12) a sequence g,,(z,x) converging inL 2{I @ m}, and pass to
the limit. Moreover, the set of functions g(z,x), for which (1.12) holds true, is linear

and contains all functions of the form g(z,x) chx& (z)xa,(x), Hence, it
contains all functions of Ly{! Q) m}. O

Lemma 1.7 If the conditions of Lemma 1.3 hold true for each bounded 1 C D,
I = [a;b;] x [aby], and the integral

/h(z)g(z,x)dz = lim /h(z)g(z,x)dz, i=1,2,

a; — —oo
RZ
b; — o0

exists in the sense of convergence in Lo{m}, then

[ #e) /OC 9(z, X)p(dn)dz = /OO @ (@) &) = [ g0z

R? 1

The proof follows immediately from the fact that / h(z) / g(z,x)u(dx)dz is the

RZ
mean square limit of (1.12), and one can pass to the limit under the sign of the
stochastic integral in the right-hand side of (1.12).






Chapter 2
Stochastic Differential Equations
on the Plane

In this chapter we investigate diffusion-type fields and Ito fields on the plane,
two-parameter version of the Girsanov theorem, weak and strong solutions of
stochastic differential equations on the plane, and the probability measures
generated by stochastic fields. The results presented in this chapter are published
in [10, 12, 14, 16, 25, 42, 44, 45, 47, 48, 65, 71].

2.1 Ito and Diffusion-Type Stochastic Fields

Denote by (C [0, T]z, :’B) the space of continuous functions on [0,7]°. We denote by
| - || the uniform norm in C[0,T]* and by || - ||, —the uniform norm in C[0,z]*.
In this chapter we suppose that the Cairoli-Walsh condition F4 is fulfilled. Let
fec [O,T]2 and assume in addition that satisfies the boundary conditions f(0,s) =

f(t,0) = 0. In the space (C[0,T],8B) we also define the c-algebras B =
a{f(z),zE[O, T]z} and B, = o{f(¢),7 < z}.
Definition 2.1 We say that a measurable with respect to both variables functional

pzf), z € [O,T]z, fec [0,T]2, does not depend on the future, if for any z the
functional ¢(z,f) is $B.-measurable.

Definition 2.2 A continuous stochastic field (£(z),3,) defined on the probability
space (£2, 3, P) is called

(a) An Ito field (with respect to the Wiener field (W(z),3.)), if there exist random
fields (A(z),3.) and (B(z),3.), z € [0,T]?, such that

/ |A(z)|dz < oo and / B*(z)dz < 0o P-as., 2.1)
o.17? 0.7
P.S. Knopov and O.N. Deriyeva, Estimation and Control Problems for Stochastic 37

Partial Differential Equations, Springer Optimization and Its Applications 83,
DOI 10.1007/978-1-4614-8286-4_2, © Springer Science+Business Media New York 2013
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and for any z € [O,TJ2

£(z) = /[O J}A(u)dH / B(u)W (du)

0]

with probability 1.
(b) A diffusion-type field (with respect to the Wiener field (W(z),3.)), if there

exist functionals a(z,f) and b(zf), z € (0,777, fe C[0,T1?, which do not
depend on the future,

/ la(z,&)|dz < oo and / b*(z,€)dz < oo P-ass.,
[0,7) [0,7]?

and for any z € (0,77

&z) = /[ et / b(u, E)W (du)

(0]
with probability 1.
— -1
R O

Often Ito fields can be represented as diffusion-type fields, probably with respect
to another Wiener field.

Theorem 2.1 [14, 16] Assume that (&(z),3.) is an Ito field and that stochastic fields

(A(2),3.) and (B(z),3.), z € [0,T]?, satisfy condition (2.1) as well as the
conditions below:

(a) For almostall z € [O,T]2 the inequality Bz(z) > 0 holds true with probability 1.
(b) E|A(2)|dz < o0.
0,7’

() / E
[o.71°

Then in the space (C [O,T}z,fB) there exist measurable functionals a(z,f)
and f(z.f),

B ' (2)||A(2)|dz < .

a(z,€) = E(A() /), 6z, ) = (E(B*(2)/39)) "%,

St

3

5{5(2’),2’6[0, T, <z} and a Wiener field (W (2)35) such that
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£(z) = /K)ﬁz]a(u,f)du—&—/[o’z}ﬂ(u@)W (du)

with probability 1.

Proof On the space (C [0, T]z, “73) we construct a stochastic field {(z,w), z € [0,T]2,

as {(z,0) = E(A(z)/J) . Since the field is {(z.w) obviously measurable, J: -
adapted, then from condition (b) we obtain for any z € [O,T]2 (see [52] for the
similar trick)

{(w,7 <z2): ¢(7,w)EB}ES, x 8.,

where B is a Borel set in R, 5, is a c-algebra of Borel sets on [0,z]. This means that
the field {(z,w), z € [0,T)?, has a progressively measurable modification. There-
fore, without loss of generality, we assume that the field {(z) is progressively
measurable. Then for any 2/ € [0,7]2 the stochastic field £(z A 7, ) (as a function

of z) is measurable in the space ([O, T]2 x 0, B. X Sf, u X P), where p is the

Lebesgue measure on [0,z]. Therefore there exists a Sf-adapted functional a, (z,f)
such that

px P{(z,w) : {(min(z, z0), w) # (2, {(w))} = 0.
For any n > 1 we put z;;,, = (2~ "k, 27"j) and
[k,j,n = (Zkfl,jfl,mzk,jfl,n] X (Zk,jfl,nszk,j,n
Then we build piecewise constant functions
i o

( af) - (I() O f ){{0} + ZZ“-k,/,n)(h,,,n P

and put
(7f)_ 111’1’10! (af)

For any z € [O,T]2 the functional a(zf) is B, -measurable. Moreover, for
any ¢ > 0

{(z,0) : |a(z.§(0)) = {(z,0)| > €} € {(z,0) : |a(z.6(w)) — " (z,§(w))| > ¢/2}
U{(0,0) : [a°(z,é(w)) — {(z,0)| > €/2}

e (2 E(@)) — L (min(z,21,1,)) | > 8/2}}.

2’!
@] {kU {(Z (»0) &I s 1
=1
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Therefore,

i x P{(2,0) : la(s (@) — {(z,)] > e}
<pux P{(z, o) |a(zé(w)) — a"(z, E(w))| > 6/2}.

As a(z,f) = Iim o™ ( ,f), there exists a subsequence {n;}, j =1, 2, ...
such that

lim o x P{(z) : |a(z.&(0)) - al) (2. 0))| > /2} =

nj—00

Hence, for any ¢ > 0

lim p x P{(z,w) : |a(z,é(w)) — {(z,w)| > &/2} = 0.

nj—0o0

Now we need to construct the functional f(z,£). For this purpose we consider
the partition of the set (0,z], such that 0 = 7, < 1, < ... <1, =1, and
0=s5" <5< ... <5" =5 Let 7" = 1", 5, 1,,,7 =", t; 11"
X (s](") ](’”] and assume that diam 7;;, — 0, n — oo. The increments on

> i+
these intervals satisfy
n—1 n—1 1 2
Z (f(zgj@, Ziy1 ;+1D Z </ ) Z </ (du))
A(u)du).

i,j=0 i,j=0 Lijjyn

e ([ o)< (]

isjsn

Performing easy calculations we obtain

n—1 2
lz/::() </[ A(u)du> grr}gx/[“ A(u)du

iyjon iyjon

—0, n— o0

/ A(u)du
[o.17?

and

S () _moowian) < ([ an)

/[  Bu)W (du)| x /[0 ’T]ZA(u)du

igjyn

< max — 0, n— oo.

is]
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Taking into account Theorem 1.17 we get

1 2
Z(/ (du)> ;)(/I 32(u)du>

isjsn

; zz ( / / PO s <z’>w<dz’>>2

_ / B (u)du + 2 /[ 7]fn(u)B(u)W(dM)’

where f,(z') is defined by

) /] i i+1° j j+1°
and
F0B wdu < max swp200) [ B
[0.7) LY [0.1)?

Therefore,
n—1 2
Z (é(zf,»’”,zfi>l,,-+1D — / B?*(u)du as n — oo with probability 1.
i,j=0 . [012]

Thus, for any z € [O,T]2 the stochastic field f [O,Z]Bz(u)du is S_f—measurable, and
repeating the calculations for deriving the expression for a, it is easy to show the
existence of f.

Consider now the stochastic field (W (2), 35), z € [0,T)?, given by

e =) 7 ! (u, £)E(du) /ﬁ (1, &)ar(u, &)

and show that it is a Wiener field. By definition of £ we have

—1 ——1
z) = /[ ]/3 (4, &)B(u)W (du) + [ }ﬂ (u, &) (A(u) — a(u,£))du
0,z 0,z
where the existence of these integrals is guaranteed by conditions (c) and (2.1).

Condition (a) guarantees that B(z)Bﬁil(z) =1 P-as. Forany 0<:</¢ <T,
0<s<s <T,— o0 < 0 < oo we have by the Ito formula
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exp{zQ(W (1,8) — W (1, 5))}

=1+i0 exp{i0(W (1,y) — W (£,5) Y8 (x,, E)B(x,y)W (dx, dy)
[0,7][s,5']
+i0 /[ . qexp{ie(vv(r,y)—W<z,s>)}/7*<x,y,5>[A<x,y>—a(x,y,a]dxdy
92 s 5,8

- — exp{i@(W (t,y) =W (1, 5)) }dxdy
2 Joaxs.s]

Then, taking the conditional expectation, we get

E(exp{i0(W (1,5') — W (1,5)) }/3%) = exp(—%t(s’ - s))
Similarly,
2
E(exp{i0(W (,s) — W (t,5)) }/35") = exp (—%(/ — t)s) :

Therefore, the stochastic field (W (2), 35) is a Wiener field (see Theorem 1.3).
Now we prove that &(2) is a diffusion-type field with respect to (W (z), 3%). It is
easy to see that

/[o,z]ﬂ(u’é) W (du) / Bu, &) (u,&)&(du) / B, EF " (u,&)a(u, &)du

= )—5(0)—/[()A]a(u,5)du+i1(z)

where
z) = 1 — B(u, 5! u, du) — alu, &)du
10 = [ 1 s 07 2l — atu
Now we show that 7(z) is a martingale.
z) = 1 — p(u, u W (du
10 = [ [1-p 27 .8 Buwan

[ [ pwes o) e - at
[0.7]
Condition (a) guarantees that

[1 - ﬂ(u,f)ﬁil(u,g)}g(u) —0
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and

E< /.l —ﬂ(u,.sw“(u,s)}B(u)W(du)) -o.

Further, recall that
E{(A(¢) - a((7),8))/3} = E{(A(¢) - E[A(Z’)/Sﬂ)/sf} =0,

a.s. for arbitrary z <7, implying E{n(Z /\S‘f} =(z). Conditions (a)—(c)

guarantee that
P</[07T]2 dz<oo>=1.
Denote () == [1 - A(2). 7 ((2).)] [AG) — a((2).£)] and put
t s [
Ty = 1nf{t <t /0 /0 lp(z)|dz > N} and ty:=17 if /0 /0 lp(z)|dz < N.

Further, let y™)(r) := = X{i<z,} and oW / / @(x,y)dxdy. The

one-parameter stochastic process o )(t), t < ¢ with filtration \Sﬁ ) = S(iney, o)
is the square integrable martingale, hence (see [54])

2
(o) i S0
where 0 = 1y < ... < t, < ¢ and max|f;y; — ;] — 0 as n — oo. We have
liv1 2
E(e™M(1)" = nlirgo ZE / / @(x,y)dxdy
tit1
<
lim E lfglaﬁ/ / ()] (x, y IdxdyZE/ / ()] (x, y)|dxdy
ti1
< lim E Iyaxl/ / ()| (x,y |dxdy/ / X)|p(x,y)|dxdy
n—00 =n t;
tiy1
<N lim E max/ / (x)|@(x, y)|dxdy
n—00 i<n—1 0

-1

(1= (2,98 (2),9)]IAG) - al(2), 8)]

—1
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lit1
But max/ / X)|@(x,y)|dxdy < N, and converges to zero as n — o0

almost surely. Hence, E((p(N )(t)) =0 and ¢(ts) =0 almost surely for any
t < ¢ and arbitrary 7'. Similarly one can show that ¢(¢,s) = 0 almost surely
for any s < s’ and arbitrary z’. Thus,

) =20+ [ atwedanr [ g i o

2.2 Strong Solution of Stochastic Differentiation Equations

Assume that the stochastic process &(z) is given by the equation

E(dz) = a(z,&)dz + b(z, &)W (dz), (2.2)

where W(z) is a standard Wiener field taking values in R, coefficients a(z,f) and
b(zf) are definedonz € [0,T]2, fec [O,T]z, and the boundary conditions are given
by £(1,0) = @(1), £0.5) = y(s), p(0) = w(0) = &(0).

Suppose that the coefficients a(z,f) and b(z,f) in (2.2) are $B,-measurable and

- || is a uniform norm in the space of continuous

functions C[0,T]°, || - |I- is a uniform norm in C[0,z]).

Definition 2.3 The function &(z), z € [0,T]?, defined on the probability space
(£2,3,P), is called a strong solution to (2.2) with boundary conditions ¢(t)
and y(s), if

(a) &(z) is 3.-adapted and its realizations are continuous with probability 1.
(b) For any z the equality

E(2) = o) +y(s) — £0) + /

(0.7

a(u,E(u))du + /(0 7]b(u, E(u))W (du)

holds with probability 1.

Consider the equation

€0 =90+ [ atwsyns [ s, e
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where the stochastic field ¢(z) is 3.-adapted and for any z, 7/, z < 7, the increment
W(z, '] does not depend on the c-algebra J.. Let us con51der a b1t more general
equation than (2.2):

56) =5(6.9) =0()+ [

a(u,&(-))du b(u, E(-))W (du).
[ ateeOyes | oW

(0.7]

If the stochastic field &(z) is continuous and J,-adapted, then the field S(z) is
defined for any z € [0,77% and its sample functions are continuous. Assume that the

stochastic field ¢ B, and & € B,. Then
| puean
(0]

2

IS <3 ( loC)I + /( 1+ e+

and from Theorem 1.17 we obtain

E|IS(&, )12 < 3E]l0 ()2

(1 + /(OZ]EII-E(-)Iludu)

9

Similarly, it is easy to obtain from Theorem 1.17 that

E|IS(E.-) = p()IIF < 34c ( /( ,](1 +E|¢<~>||ﬁ)du). 2.4)

Definition 2.4 We say that the function a(z,f), where z € [0,T]* and f € C[0,T]?,
satisfies the Lipschitz condition with some constant value L, if

lla(-8(-)) —a(- h(:)Il. < Lllg(-) — A()
for any z € [0,T]* and g, h € C[0,T]*.

Remark 2.1 [23] If the coefficients of (2.3) satisfy the Lipschitz condition, then

E|IS(&,) = S(&, )| < 3407 ( JRLER C(-)Ilﬁdu>-

Theorem 2.2 [25,42,64,65,71] Assume that the functions a(zf) and b(zf) are
B, -measurable, satisfy the Lipschitz condition, and the function ¢(z)EB,
is continuous. Then (2.3) has a solution EEB,, which is unique in the class
B,(3.).

Proof We take an arbitrary function &)(z)EB (3 ) and construct the sequence
&,(2) by induction: &, , 1(z) = S(&,,2), n =0, 1, 2, ... Hence, &,(z) € B»(J,) and
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2 2
E”énJrl(') - én()”z < 34L2 (/(0 ]Hgn() - ‘};nl()“ud”l> :

Puta .= /
0

E|& () — 50(-)||§du. From the previous inequality we derive
T)?

s

a(34L%)"

(n!)2 's".

E|‘§n+l(') - gn()Hf <

Let ﬂn = ||§n+ 1() - fn()” Therefore,

n=1

By the Borel-Cantelli lemma the series Zﬂn converge with probability 1,
n=0

implying that the series Z (é,:1(z) — £,(2)) converge uniformly on [0,7]* with
n=0
probability 1. The stochastic field &(z) is 3, -adapted and its sample functions are
continuous with probability 1.
Observe that

n+m+1 n+m—1

Eéi() = &OIP< D 2 > ERE () —&OIP
k=n

k=n
nimil g n+m71a(34L2)kk4
= 72 T and
k=n k k=n (k')

Therefore £ =B, and E||&(-) — &,(-)||> — 0 as n — oo. Recall that inequality
(1.8) holds true, and &, , 1(z) = S(&,,z). Passing to the limit as n» — co we obtain
& = S(&), which proves that the solution of (2.3) exists. Assume now that (2.3) has
two solutions in the class B,(3.), which we denote, respectively, by #, and #,, and
function ¢(z) €B. Let N be a positive variable,

L max(|lml.; [lnal.) <N
] — k] z9 z) =
n(2) {O, otherwise.
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Then

Iy (n,(z) = my(2)) P < 2In(2)

/ (it () — aat, 15 (1))l
(0,2]

2

+2Iy(2) /(0 ; (b(u,nl () — b(u, nz(u))W(du)

2
<2

j/ In (o) (a oty () — o,y () )
(0,2]

2
+2

s

Awmwxwmmw»—wm%wnwwm

which implies

Bl () = o DIE <3422 [ Bty ) =m0

and, taking into account that Iy||7;(-) — n2(-)|| < 2N, we obtain

EllIn(m (-) = ma(-)) || < 34L74N"ss.
Thus, for any n

2 <aN? (34L2)”ﬂ
- |

E|lIy(m (-) = m(")) R

Passing to the limit as n — oo we obtain that for any N > 0 Iy|n:(-) —
172()|| = 0 with probability 1. Thus, 7,(z) = n5(2) for any z € [0,77% with probabil-
ity 1, and therefore, under the conditions of our theorem the solution to (2.2) is
unique. O

Remark 2.2 Assume that ¢(z) = @(t) + y(s) — £0) and @(z)EB,. Then the
unique solution to (2.3) exists under weaker assumptions, i.e. when the coefficients
a(z,f) and b(z,f) satisfy the Lipschitz condition on the subset of C [O,T]2, consisting
of the functions with boundary values &(¢,0) = @(¢) and £(0,s) = w(s).

2.3 Generalized Girsanov Theorem for Stochastic
Fields on the Plane

In this section we present results published in [10, 42, 45, 47]. To investigate Ito
fields on the plane one often needs to transform the main probability measure P.
In some cases it is possible to change the probability measure in such a way that the
Ito field transforms into the Wiener field.



48 2 Stochastic Differential Equations on the Plane

Denote

o) = u u 1 % (u)du
w20 = [ otwwian 3 [ wa

and {,(z) = exp{c(0.z,p)},z < 7.z, 7 € [0,T]%, where (p(2),3,) is arandom field

satisfying the condition
P / @*(u)du < o0 p = 1. (2.5)
0,11

It is easy to see that application of the Ito formula (Theorem 1.14) to the function
¢" and the field {(z) yields

(,(2) =1+ o ]C(p(,”s)(p(ﬂ’s/)W(dz/).

Lemma 2.1 Assume that the stochastic field (¢(z),3.) satisfies condition (2.5).

(
Then E¢,(z) < 1, and E(exp{c(z,Z,9)}/J%) < 1 almost surely.
Proof Put

oy (x) = I, |x[ <N,
NP0, x> N,

and

ny(z) = wy < sup C(,,(u))C(Z)-

u<s0,z]

Obviously, {,(z) = limy_.. ny(z) almost surely. If ¢(z) is bounded, then
Enn(z) = 1. Passing to the limit as N — oo we obtain from the Fatou lemma that
E{(z) < 1. Let ¢(z) = c(w), where c(w) is the J,-measurable random value. Then

E(exp{g(z, z’,go)}/Sj) =E| exp< c(0)W(z,7] — %cz(a))(t' —0)(s' —s) 33k
1 2 / /
=expq —5¢ (@)@ —1)(s' — )

X exp %cz(a))(/—t)(s'—s) _1,
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Therefore, the equality E(exp{¢(z,7’, ¢)}/J:) = 1 holds true for any bounded
piecewise constant field ¢(z). Approximating the stochastic function ¢(z) by a
sequence of bounded piecewise constant fields, we derive in the general case
from the Fatou lemma that E (exp{¢(z,7, ¢)}/3%) < 1. i

Remark 2.3 Under conditions of Lemma 2.1, the stochastic field (£, (z),3.) is a
(nonnegative) super-martingale.

Lemma 2.2 Assume that all conditions of Lemma 2.1 hold true and

Eexp{ / ()W (du) . / q)z(u)du} =1 (2.6)
0.1 2 Jiorp

Then
E(exp{¢(z,Z,9)}/3:) = 1 almost surely.

Proof From Lemma 2.1 we obtain

1 = EL(T,T) < E¢(z) = Eexp{s(z,7,9) + (0. (t,5'). + <((1,0), (7, 5),0) }
= Eexp{¢(0,(1,5), 9 +¢((1,0), (7, 5), ¢) }E(exp{s(z,7, 9)} /7).

Put

B, = {a) tE(exp{s(z,7,9)}/3L) <1 —l}, n=12,...

n

Then
1< /_Q\B exp{G(O, (1‘7 S’),q) 4 g((t, 0), (t/>s)7§0>}P<da))

+ 1—% /exp{G(O,(fasl)’<0+€((ta0)a(’,as)’q’)}P(dw)

Bn

= Ee;(p{g(o’ (t7 S,)’ @+ g(([, 0)7 (tl7 S)v (ﬂ)}
o ] e {e(0.05)0 + 6.0, (1,5), )} Pldo).

B,
Further, it follows from Lemma 2.1 that

Eexp{g(O, (t,s"), 0+ ¢((£,0),(7,s), go)} <1,

implying P(B,) = 0 for any n > 0. Therefore,

E(exp{s(z,Z,9)}/3}) = 1. a
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Remark 2.4 Under conditions of Lemma 2.2, the stochastic field (C P (2), Sz) is a

martingale.
Since {(z) is a nonnegative martingale one can define on the probability space

(22, 3) the new probability measure P (dw) = exp{C ,(T.T)}P(dw). We denote by
E the expectation with respect to this new measure P.

Lemma 2.3 Assume that condition (2.6) is fulfilled. Then for any 3, -measurable
random variable n(w), we have E |7] < oo with probability 1, and

E (71/3;‘) = E(nexp{g(z, Z/,go}/Sj), z <7 z,/€0, T]z.

Proof Tt is enough to show that for any bounded J;-measurable random variable
y(w) one has

E {yE (n/Sf)} —E {yE(;yexp{g(z, z’,(p}/Sj)}.

Indeed, E {yE (77 / S*)} —E yn. On the other hand, by Lemma 2.2 we obtain

E{yE(nexp{g(z,z’,ga}/S)} E}/E(nexp{g(zz (p}/ ) (T,T)
= E{yE(nexp{s(z.7,0}/3:)[exp{c(0,(T,5), ) +¢(0, (1, T), ¢)}] }

= E(ynlexp{c((1,0), (T, 5), ) + (0, (1, T),9) + ¢(z,. 7, ) }])

= E(ynlexp{c((1,0), (T, 5), ) +<(0, (1, T),¢) + ¢(z, 7, ) }])
x Elexp{s((7,s),(T.5), 9)}/3]

= E(ynlexp{c((1,0), (T, 5), ) +¢(0, (1, 1), ¢) + ¢(z. 2, ) + <((¢,5), (T, 5), ) }])
x Elexp{s(z, (T.T),9)}/3;] = Eynd(T.T) = Eyn. m

Lemma 2.4 [54] Let &, > 0,n =1, 2, ... be the sequence of random variables
such that &, — & in probability as n — oo. If EE, = EE = const, then
lim,_ E|§, — & = 0.

Lemma 2.5 Assume that ¢ (z) is the sequence of 3.-measurable functions such
that p™N(z) — ¢p(z2) in probability as N — oo. If

Eexp{g(z, Z’,d)(N))} = Eexp{¢(z,7,¢)} =
then
J%E}exp{g(z,z’,qﬁ(m)} —exp{¢(z, Z/vf,b)} =

The proof follows directly from Lemma 2.4.
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Theorem 2.3 (Girsanov theorem). Suppose that the random field (¢(z),3.)
satisfies (2.5) and condition (2.6) is fulfilled. Then the random field (£(z),3.)
given by

£) = W(2) - /[ ol

is the Wiener field on the probability space (_Q, 3, ?) with respect to the flow (3,)
and probability measure P (dw) = E¢“TTP(dw).

Proof To prove this theorem we construct the sequence of piecewise constant
fields (¢y(z),3.), N =1, 2, ..., such that

lim () — oy (u))’du = Oas.,
N—oo [O,T]z

I\}Im exp{g(z, Z/a q”N)} = exp{g(z, Zlv q])}a's‘

From Lemma 1.9,

Eexp{c(0,(T,T),py} = 1.
We prove that for any N > 0 the field (£y(z), 3.) defined by

) =W~ [ ontwan

is a Wiener field with respect to the probability measure P N (dw) = exp{¢,, (T,T)}
P(dw). Since the field (@y(z),3,) is bounded,

ENexp{GfN (z,z’]} < 00.

Moreover, for any 6

~ 6?
En | exp] 0&y(z,7] — > (7 —0)(s' =) /S*
o
= £(exp] 08007 - S (-0~ 9) 422 ) / S

2
=E(exps OW(z,2] =6 |  ¢y(u)du ,%(,/ -0 —5) +¢z,7, ¢y) / 3)
2]

(CXP{Q(Z,Z a¢N) -0 [Z:/]¢N(M)du}/3j>

=F
= E(exp{c(z,7,dn) (0 + ¢y)}/T2).
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The random field (@y(z) +6,3,) is bounded and piecewise constant, which
implies by Lemma 2.2

E(exp{g(z7 Z/a (pN)(9 + (pN)}/S:) =L
Therefore, by Lemmas 2.3 for any ¢

E y(exp{icéy(z,2] + ¢(z,7,y)}/T:) = E y (expficéy(z,2]}/T)

2
—exp —%(r'—t)(s’—s) . @n

The sequence exp{icén(z, 21}, N =1, 2, ..., is bounded and converges almost
surely to exp{icé(z, Z'1}. Note also that E exp{¢(z,Z,¢n)} = 1. Thus, by Lemma 2.4

Eexp{s(z,7,¢)} =1,

and
Jim Elexp{¢(z,7, on)} — exp{s(z,7, 9)} = 0.

Passing to the limit as N — oo under expectation in (2.7), we obtain

E (exp{icé(z,7] +¢(z,7,9) } /%) = E (exp{icé(z,7] }/37)
2
= exp{—z(t' —0)(s — s)}

Thus, the random field (£(z), 3.) is a Wiener field with respect to the probability
measure P . O

Definition 2.5 Introduce in the space C[0,T]? the measure Ue, corresponding to the
random field £ by the following rule: for any AS$ put u:(A) = Plo : {(w) € A}

For some applications it is important to know the sufficient conditions for the
existence of p: and py, as well as the Radon—-Nikodym derivatives of these
measures.

Theorem 2.4 Let & be a random Ito field of the form

£) = W) + /[ o

and let the conditions
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2(u)du < oo p =
P{/[O’T]zq)()d< } 1

and

1 2 _
Eexp{—/[ojf(p(u)W(du) —5/[01]24) (u)du} =1

hold true. Then the measure ug generated by & is equivalent to the measure iy,
corresponding to a standard Wiener field, and

1 ) .
exp{_/[oﬂzfﬂ(u)W(du) —E/pﬂztp (u)du}/\,f] P-as.,

where 3° = a{f(z),ze [0, T]z}. If (&(2),3.) is a diffusion-type field, then

dpyy
Wiy = E
s ©

d 1
L) = exp{— | oo+ [ 2¢2<u,¢>du},
He [0.7] [0.7]

du 1
T (w) = exp{ | owwwan -3 [ 2¢2<u,w>du}.
Hw [0,7] [0.7]

Proof Put

{(2) = exp{—/[OAz]z(p(u)W(du) —%/[()Z]z(pZ(u)du}.

~

From our assumptions, we have E{(T,T) = 1, and thus ({(z),3,) is a super-
martingale. Denote byﬁ ameasure on the probability space (£2, J) with the property
dP (w) = {(T,T, w)dP. By Theorem 2.3, the stochastic field (&(z), 3.), z € [0,T]% is

a Wiener field with respect to the measure P, which implies one has forany A € By

p(4) =P (g=a) = [

{wg=A)

ST, T, w)dP = /

E{C(T, T, o) /Si}dP.
{wigea)

Since the random variable E{é’(T7 T,w) /San} is Sfr‘r) -measurable, there

exists a $B(r r)-measurable nonnegative function y(x), such that

E{S(T.T,0) /35y } = w(E()),
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Thus,

@)= [ wieo)aro) = [y

A
From the last statement we obtain uy <y and d”W (é) = (&) pe-almost surely,

implying % d”W (é) = E{C(T, T, a))/\sT} P-almost surely.

Let us show now that - < uyy. Note that since P { /
o

o(u)W(du) < oo} =1,

j’i—i (w) = ¢(T,T,w) and P{{(T,T,@) = 0} = 0. Hence, £ (w0) = (T, T, w).

dpP

N

Therefore, since P {w : EEA} = puyy(A),

pz(A) = P(£€A) :/{ fEA}C’l(T,T,w)dﬁ(a))

:/{w:&A}E{ZJ (.7 C0)/5( )}dp( )
= /E {C (T,T,w) }

A
As a result, we obtain p: < py and

e

e W) =E {5*‘ (T, T, ) /sé} P-as. O

Remark 2.5 Usually the assumption

1 2 _
Eexp{—A)ﬂ @(2)W(dz) __/[()T] @ (z)dz} =1

is quite hard to verify. Following [54], it is easy to see that if for any § > 0

1
Eexp (—+5)/ @ (2)dz p < oo,
2 [0.7)?

then the first condition of the Theorem 2.4 is also fulfilled.

Definition 2.6 We say that the stochastic differential equation &(dz) = a(z,£)dz +
b(z,£)W(dz) with boundary conditions ¢(#) and w(s) has a weak solution if there
exist a probability space (£2,3,P), a non-decreasing system of c-algebras (3.),
z € [0,T]%, a continuous random field (£(z),3.), and a standard Wiener field
(W(z),3:), such that
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(a) la(z,&)|dz < coP-a.s.
.17

(b) b?(z,&)dz < oo P-a.s.
0,17’

(c) Forany z € [0,7]2

E(2) = o) +y(s) — £0) + /

(i, E(u))du + / b(ut &(u))W (du)
(0,]

(0]
with probability 1.
In fact, a weak solution is a set of objects (2,3, 3., P, W(z),£(2)).

Definition 2.7 The stochastic differential equation of type (2.2) has a
unique weak solution if for any two solutions (£2,3,3.,P,W(z),&(z)) and
(z

(fz ,3.3.,P,W (z),E(z)) distributions of fields &(z) and £ (z) coincide, i.e. uz(A)
= ﬁE (A) for any AES.

We find necessary and sufficient conditions for the existence of a unique weak
solution in the case b(z,&) = 1.

Theorem 2.5 [47] Assume that a(z.f), where z € [0,T)* and f € C[0,T)?, is some
measurable functional that does not depend on future, and / az(z, fdz < oc.

o.11°
Then the equation

E(dz) = a(z,&)dz + W(dz) (2.8)

has a unique weak solution if and only if there exists a Wiener field (W’(z), 3;) on
some probability space (£2',J',P"), such that

/ 1
Eexp/ fp(u,W’)W’(du)——/ o*(u,W)du p = 1.
0.1 2 Jjo.1p

Here E' denotes expectation with respect to the measure P’.

Proof Suppose that a weak solution to this equation exists, i.e. for a set of objects
(2,3,3.,P,W(z2),£(z)), and z € [0,T]?, we have

E(z) = /( ]a(u,é(u))du + W(z) P-as.

Note that / a*(z,&)dz < oo and / a*(z,W)dz < oo P-almost surely, and
o.11° o.71°

therefore by Theorem 2.4 the measures corresponding to the fields £ and W are
P-almost surely equivalent, and
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— = €eX alu u u —l Clz u u u
W) - p{/m]z(,vv( W) 5 [ @ wwya }

Thus, the conditions of the theorem are fulfilled for the standard Wiener field
(W(z),3,) from the definition of the weak solution.
Suppose now that the conditions of the theorem hold true. Then the random field

W) =W() - /[O 7]a(u,w/(u))du, z€[0, 1)

is a Wiener field with respect to the set of c-algebras (3;,26[0, T}z) , and the

probability measure P is given by

P (dw) = exp{/{oﬂza(u, W' (u))W'(du) — %/

o.17°

a*(u, W/(u))du}P’ (dw).

Therefore, the set of objects (Q/, 3.3..P,W (2), W’(z)) is a weak solution to

(2.8). Moreover, the measure . corresponding to any weak solution of (2.8) is
equivalent to the measure py,. Since the Radon—Nikodym derivative depends only
on the functional a(zf), this solution is unique. O

When dealing with some problems which involve Ito and diffusion-type fields it
is convenient to work with a field which admits the following representation:

&(z) =1+ /[()_/]}’(ths)W(le)a (2.9)

where (y(z),3;) is a random field such that
P / yH(u)du < oo p = 1. (2.10)
[o.17?

Lemma 2.6 Assume that the random field &(z) is given by (2.9) and satisfies
P{g(z) > O,ZE[O,T]2} =1

Then E&(z) < 1.
If in addition

EE(T,T)) =1, (2.11)

then the random field (£(z),3.) is a martingale.
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The proof is similar to the proof of Lemma 2.2.
Define on the probability space (Q,3) a new probability measure P by
dP () = &((T,T), )dP(w).

Lemma 2.7 Suppose that the stochastic field & satisfies condition (2.9). Then

P ( inf &(z) :0) =0.
z€[0,7)

Proof By definition P we have

P ( Ei;gg]zf(z) - 0) = / E(T, T)dP(w).

{w:inf&(z)=0}

Put D° = {z: &) = 0}. Then {o:inf.cp&(z) =0} = {w:zED"} , and
therefore,

ﬁ( inf &(2) :0) = / E((T,T)/3:)dP(w) = 0. =

z€[0,7)?
{w:zEDU}

Lemma 2.8 Suppose that conditions (2.9) and (2.10) are satisfied, and let

o~

a = a(w) be an 3T, -measurable random variable with Elal < co. Then for
zE 0T z<7,

(@) E (/) =& (T, 9)E(a&(T,s')/3).
M) E (a/3)) =& (1, T)E(a(?,T)/3).

Proof Let A = Mw) be a bounded Sf—measurable random variable, 0 < s < ¢ <
T. Then

On the other hand,

E(ad) = E(Aa&(T,T)) = E(/loiE (&1, 7)/3])
= E(aA&(T,s)) = E(/IE [a&(T,5) /3] )
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Therefore, &(T,s) [a/Sz} =E(a¢ 3) with P- and P -probability 1.
Since P {£(z) > 0} = 1, we have { =&t )} =1,and

E(a/32) =& (T, 9)E(a&(T,)/32)
for all z < Z/, which proves the assertion (a) The proof of (b) is similar. O

Theorem 2.6 (generalized Girsanov theorem) Let (&(z), ;) be a random field of
the form (2.9) and assume that conditions (2.10) and (2.11) are fulfilled. Then the

random field W = (W (z),SZ), z € [0,T]?, given by

W(z) =W(z) — /[0 7]E*I(z’,s)y(z')dz' (2.12)

is a Wiener field on the probability space (.Q, S,ﬁ) with respect to the set of

o-algebras 3, and the measure P .

1

Proof Since P{£(z) =0} =0 and P {E’ (z) = g*‘(z)} — 1, the field £ ' =

(Eil(z), SZ>, z € [0,T)? has continuous sample paths and, therefore,

ﬁ{ sup & '(z) < oo} =1
z€[0,T)

Moreover, the measure P is absolutely continuous with respect to the measure P,

and
P / y*(u)du < oo p = 1.
17

Observe that

/[()T]z (371(2)7(2)>2dz < sup 2 (gl(z))2/[oﬂ2 (371(2)7(2))2dz,

z€[0,7]

Hence, the integral in (2.12) is well defined. To prove the theorem, it
suffices to show that for any z = (1,5) € [O,T]2 the random processes

{W()@ s),Sém), 0<x< T} and {W(t,y),ﬁ%,’y), 0<y< T} are

one-parameter Wiener processes with parameters s and ¢, respectively.
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Fix t, 0 <t < T. Assume that for some constant values c¢; and ¢, we have
P(O < ¢y <inf é(z) <supé(z) < e < oo) =1, (2.13)
€D zED

and

E( / yz(u)du> < 0. (2.14)
.17’

Put

c(t,y,s) = exp{iﬁ(W (t,y) — w (t, s)) }

Lemma (1.5) implies that

E[¢/F| =& '(T.5)E[c&(T,y)/F]P —as.

Therefore, using the Ito formula (Theorem 1.16), we get

) —¢(t,s,5) E(T,s)

s(t,y,8)&(T,y
/ / (t,v, S)ET,V)E " (t, 8)7(u, v)W (du, dv).

Conditions (2.13) and (2.14) ensure the existence of all integrals in the
above equation. Taking the conditional expectation with respect to the c-algebra
32 we see that

1

& (T,5)E[c&(T,y)/3 —1——/ / EN(T,5)E(c(t, v, )E(T, v)/32) du, dv

with P- and P -probability 1, whence

2
£ olear)/F] —en{- S -9},

Therefore,
Eexp{iﬁ(W (t,y) — W (1, v)) } = exp{%zt(y - s)}

P -almost surely.
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Now suppose that conditions (2.13) and (2.14) are violated. For every integer
n introduce the sets

-1
D" = {zE[O, ) : /[07];/2(t',s)d2' + <l/réf§(2')) +sup &(Z) < n},

7'<z

which form the sequence of stopping regions D" € D" ' C .... Since

P / yH(f,s)dZ + sup E(z) <oop =1
o,1]? <[0,72

and

z€[0,1)

F{ inf 5(z)>o}=1, (2.15)

and the measure P is absolutely continuous with respect to P, we conclude that
D" 1 [0,T1> as n — oo P -almost surely.
Puty,(z) = y(2)x.cpr,

8C) =1+ [ i W),

W) =WE) — | &)t 5)d.
0.7

The random field&, = (£,(2),3.),z € [0,T)?, is a martingale, EE,(T,T) = 1, and
satisfies conditions (2.12) and (2.13) with ¢; = 1/n and ¢, = n. Define the proba-
bility measure P, by the equality dP ,(w) = &,(T, T)P(w). From above,

E,[exp{i0(Walt,y) ~ Wale,9)) } /32| = exp{—%zz@ - s>},

where 0 < s <y < T and E » 1s the expectation with respect to the measure E.
Since

E, [exp{ié(ﬁfn(t,y) — Wn(t, s)) }/32} —E [exp{i@(ﬁ/ (t,y) — W (t, s)) }/32]

in P as.n — oo, it suffices to verify that
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’@E’E,1{exp{i9<wn(ta)’) Wt )}/]
~E [exp{io(Walr,y) - ’S)}/ 2] =0

~ dP 1
For each n the measure P ,, is equivalent to the measure P, that is, == .
ap  &,(T,T)

Applying Lemma 2.8 and performing simple transformations, we see that

. lexpi (Ww ”)}/ g

fE[exp{lé' Wn ))}5( »)’)Eil(TaS)}’
E,{exp{z&( W, (t,y) (s )}/ }

s {exp{ie(w,,u,y) - W)} 0],

with P -probability 1. Therefore,

E[exp{io(Wy(t,y) — W(t.5)) } /3]

3
_E [exp{ie(Wn(f,y) =W, S>>}

E

<E

E [exp{iﬁ <W,,(t,y) — (2, 9))

gl’l (T’ y)
(T s)

= E|6(T,5)&,(T. )&, (T,5) = &(T,5) &(T,9)'(T.)|

<EE

—&(T,y)& (T.9)

Introduce the stopping region D° = {z €[0,7]*: infoc. &T,5) > O} LIt

follows from condition (2.15) that the above-defined stopping regions D" converge
to D° as n — oo with P-probability 1. Thus, &(T,s) = Ey(T,s) for all 0 < s < T,
where £y(2) is defined in the same way as &,(2).

Now we shall to verify that

BT &0(T,5)£,(T. )&, (T,5) = &(T,5)&(T.3) & (T9). (2.16)



62 2 Stochastic Differential Equations on the Plane

By continuity of &(z), this equality is valid provided that

E(T,8)E, (T,s) = &(T,s) &, (T, s)P-as.

If the point (7',s) does not belong to D°, then &y(T,s) EX(T,s) = O for all n. Since
on the set D° we have inf,, £,(T,s) > 0, the equality (2.16) holds true. Hence,

E(T,5)&,(T,y) &, (T,s) — &(T,s)E(T,y)E (T,s), n— ocoP-as.

Next,

E(&(T.5)E ' (T.9)&(T.y)) = E(&T.9)E (T.9)E[E(T.5)/Fr]) = 1.

E(&(T,s)&,(T.y) &, (T,s))

Thus,

E(&(T,s) & (T, 5)E[£,(T,)/3ry)]) = 1.

lim E|&(T,)&,(T. )&, (T.) = §(T.9) §T.5)E ' (T.5)] = 0.

n—oo

which implies the required assertion. O
To summarize, we have shown that under the conditions of the theorem

(W(z) Sf), 0 <t < T,is aone-parameter martingale for any fixed s. The assertion

that (W(z), Sl) is a one-parameter Wiener P -martingale with parameter ¢ can be

proved in the same fashion by applying part (b) of Lemma 2.8.

2.4 Some Properties of Measures Corresponding
to Random Fields on the Plane

In this section we present results published in [12, 14, 16, 42, 47, 48]. Let (£(2), 3.)
be a continuous random diffusion-type field, given by

&(z) = /0~ o(u, &)du + W(z), (2.17)

,Z

for any z € [0,7]2, where @(z.f), f € C[O,ﬂ2 is some measurable functional inde-
pendent of the future, and the condition

d —
P{~/[O,T]2|¢(M75)| u < oo} 1
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d
holds true. In this section we study the properties of the random field {(z, W) = il
Hw
(z, W).
Define 3 := 6{w: W(Z), 7/ <z}, where the o-algebras 3 are completed

by the sets from initial c-algebra & with P-measure 0.
It is easy to see that the field (C (z,W),3 ) is a martingale. Indeed, assume that
z < 7 and that A(W) is some bounded 3 -measurable random variable. Then

EAWICEW) = [ 40 5 oy () = [ a5l

— /ﬂ(x)é‘(zx)dyw(zx),

implying E(¢(z,2'](W)/3Y) = 0. Further we assume that the field ({(z,W),3Y)
satisfies the stronger condmon, namely, that it is a strong martingale:
E(((z2]W)/3) = (2.18)

Theorem 2.7 Let (£(2),3,),z € [0, TJ?, £0) = 0, be a diffusion-type random field
(2.17). Assume that condition (2.18) is fulfilled, and

? d =1.
P{/[Oﬂzfp (u, E)du < oo} 1

Then the field {(z,W), z € [0,T]? is the unique solution to the equation

(W) =1+ | &, s)p()W(d). (2.19)
[0,

Proof 1t follows that EC((T,T),W) = 1 from the definition of {(z,W). Then, condi-
tion (2.18) allows to apply Theorem 2.6 (the Girsanov theorem) to {(z,W). By this
theorem the random field {(z,W) is continuous with probability 1 and can be
represented as

L) =1+ / P(t1,5) W(dzy),

[0.2]

where y(z) is a 3,-measurable stochastic field with

2(z)dz 00.
E(/[O’T]zy()d><
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Therefore, we can introduce a new probability measure P by dP (w) =
¢((T,T),W)dP(w). We consider on the probability space (QS?) a random

field W = (VT/(Z),SZV), 2 €[0T

B(Z,w) = 271 (7,8)y(f,s).

It is a Wiener random field, and

P 2 zZ)dz o0 = 1.
P{AWBUd< } I

Thus, by Theorem 1.14 there exists a functional f(zf), where f € C[0,T]?,
such that for almost all z € [0,7]2 we have B(z) = f(z,W) and

W(z) =W(z) — ’ 7}ﬂ(z’, W)dZ'

with probability 1. Since the measure y; is absolutely continuous with respect to the
measure uy, we have

P{ /}Z(Z,f)dz<oo} —,ué{x:/ /}Z(Z,x)dz<oo}
[o.77? (0,772

~[xy W) = [ (WE(T.T). )y (3
p-(z,x)dz < o0 P (z,x)dz < o0
[o.17? [o.77?

—ﬁ{ ﬁ@@ﬂ<m}—1
1

Define on the probability space (£2,3,P) a random field W = (W (z),Sf) ,
z €[0T, by

Weh) =16 = [ g

where f € C[0,T]>. If f = &, then W = (W (2), 3?) is a Wiener field. Indeed, let

A(€) be a bounded random Sf—measurable variable. Then for any z/ > z

EAN&)exp{iOW (2,2} = E(A(&) E[exp{i0W (z,2]}/3E)).
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On the other hand,

EX@)exp{ioW (7] } = / A(f)expiof (z.2] hue (f)
- /ﬁ(f)exp{i@f(z,zl]}é((Ty T).f)dpw (f)
_ / awyexpioW(z 2| be((r, 1), w)ap

whence
2
(e Eesplioi - 2]}/ = esp - S0 -0 -9}
as E [A(¢)/3%] = 1. Therefore,
WE-We = [ (00 - a0z,
0]

where (W (z),Sg) and (W(z),Sf) are two Wiener fields. This means that W (z)
—W(z) = 0 with probability 1. Hence, for almost all z € [0,T)* we have P{¢(z,)
= p(z,§)} = 1, and taking into account that P{{(z,§) = 0} = 0, we get

C(Za W) (/)(Z, W) = C(Zv W)ﬂ(Z, W)
for almost all z € [0,T]* with probability 1.

By definition, A/, @) = ' (¢,s,W)y(¢,s',W), whence

P{/ Z(C(t’,T,W)q,(Z/,W))de/<OO}
0.7]
:P{/[O,T]Z <€(t/,T, w)e (7.T, W)}/(z’)) ds < oo}

ZP{/ yz(z)dz<oo}:1
o.71?
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Therefore, the stochastic integral [1o.,{(7.s,W)@(z)W(dZ') is well defined.
Let D = {z € [0,T]* : {(z) # 0}. We have

£@) = EL() + / P, )W (dz),

02

and by definition

1+ / {75, W)gp(/,W)W(dZ) =1+ / (s, W) (s, W) (2 )W (d2).
0.2] 0]

Moreover, {(z) = 0 if z ¢ D. Thus, for all z € D

L+ [ s W)l WW(d) = 1+ / y(t1,5)W(dz).
[0,2] [0,2]

and by (2.19) we obtain the required assertion. O

Theorem 2.8 Suppose that the following conditions hold true:

P{/ @*(u, &)du < oo} =1, (2.20)
0,17’

P{/ @ (u, W)du < oo} =1. (2.21)
[0,1)?

Then the measures pe and |y are equivalent, with Radon—-Nikodym derivatives
given by

e

= €X u u u —1 2 u u u
W) = p{ [ ot wewan =3 [ g wa } @.22)

dﬂl = €X — u u u 71 2 u u u
© = p{ ot e =5 [ g e } .23)

where the equalities are satisfied with probability 1.

Proof Denote

)((iz)(z7x) :)({

»xEC, / ¢2(21,x)d21<n}
[0.7]
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" (2,x) = p(z,x)0" (2, %),
£ (z) = / o (z21,8)dzy + W(z), 2z€[0,T)>, n=1,2,...
[0.]

It is easy to see that p(z,&) = ¢"(z,E™), z € [0,T]?, P-almost surely. Thus
the field (£ (z), 3.) is a diffusion-type field, and

EM(z) = / o (zl,é:("))dz] +W(z), zE[0,T), P-as.
[04]

Since

([, ) ) -1

then, taking into account Remark 2.5, we obtain

Eexp{—/[oﬂzgo(n) (Z, 5(”>)W(dz) _ %/[OYT]Z (q,(”) (Z7§(n)))2dz} _1

which gives by Theorem 2.4 the equivalence /45(") ~ pw, where

;Z?; (5(71)) = exp{/[(mz(p(n) (275(")>W(dz) +%/[O‘T]2 ((,0(") (Z,f(">))2dz}P-a.s.

The condition (2.20) guarantees that the property

p(&) = exp{— [, oeowa s [ o adz}.
d

Let us show that the set of random variables d,f E”) (5(")), n=1,2, } is
A

uniformly integrable. Indeed,
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duy (n) / duy
— (&) P(dw) = Z) s (dz
/d/’t_W (g(n)> >Nd/‘.»:<”> ( ) ( ) d,u_W(é(”)) >Nd//l‘;:(n)( ) .f()( )
dp g dpsn

d, d
=y z:ﬂ(z)>N =Pz ﬂ(W)>N
dﬂg(n) dﬂf(n)

=pP{ - ¢ (2, W)W (dz) + %/ (c/)(") (z, W))zdz > InN

[0,7) .
InN
<P " (2, W)W (dz)| > —~
0,772 2
InN

2
+P / (¢<">(Z,W)) dz > =
0.1 2
<2 op $*(z,W)dz >InN 3, N =1,2
a— z z =
— lnN [077‘]2 b b 9 9

From condition (2.20) we get

sup/ Auw (cf("))P(da)) —0, N — .
n (&)>N dpzin

duyy
()

Thus,

1
- dz) + = H(z,E)dz p =
EeXp{ /[o,r]zq)(z e +2/[o.r]2(p o Z} 1

and conditions (2.22) and (2.23) are satisfied. Theorem is proved. O
Theorem 2.9 Let (&(2),3.), z € [0,T]? be the generalized Ito field of the form

é(z) = /[ )i+ [ peowa)

[0,z

with coefficients satisfying
P / la(z)|dz < 00 p =1, (2.24)
[0.17°

P B (z)dz < oo} =1. (2.25)
0.7
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Let P (dw) = exp{¢(0,T, ¢ }P(dw), hence ¢(z) satisfies

P{/ ¢*(2)dz < oo} =1 and Eexp{¢(0,T,¢)} = 1.
[0.1)?

Then
1. (Zj(z),Sz,ﬁ) is an Ito field with coefficients a(z) = a(z) + f(z)p(z) and
p(z) = E(p()/3Y)

Proof Tt is easy to see that for the random field y = (y(z), 3;) such that

P{/[O,T]ZW (2)dz < oo} =1

both stochastic integrals [o_.;w(z')W(dz") and / w(Z)& (dZ) exist and, moreover,
[0

z
\Z

implying that

£z) = /[ )+ /[ B W)

= /[Ov][a(zl) +ﬁ(2/)§0(2/)]d2/—|— ﬂ(zl)g(dzl),

02

Thus, statement (1) is proved. Statement (2) follows directly from the relation
P < P. O

Theorem 2.10 Let (&(2),3.), z € [0,T]? be a generalized Ito field of the form
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&(z) = / A(Z)dZ + / b(Z, &)W (d7),
[0.] [0.]
and let (n(z),3,) be a generalized diffusion-type field,
n(z) = / a(Z,n)dz + / b(z',n)W(dzZ). (2.26)
[0,2] [0,7]

Assume that the following conditions hold true:

(a) Functionals a(z,x) and b(z,x) are such that there exists a unique strong solution
to (2.26).

(b) For any z & [O,T]2 the equation b(z,&)a(z) = A(z) — a(z,£) has a bounded
solution with respect to a(z).

(c) P{/ a*(z)dz < oo} =1.
.17’

(d) Eexp{—/ a(z)W(dz) —%/ az(z)dz} =1
o.71? o.17?

Then pgz ~ p,, and

% = E|exp{ — a(z 4 ,l o (z)dz y /3
dﬂ,:(@’fl p{ [, atewia =5 [ @ }/am)

The proof can be deduced in the same way as the proof of Theorem 2.4.

P-a.s.

Corollary 2.1 If (£(z),3.) is a generalized diffusion-type field with a drift coeffi-
cient A(z,§), i.e.

5(2):/[0 ]A(z’,é‘)dzl—i—/ b(Z, &)W (dZ), (2.27)

[0.7]

then under conditions (a), (b), and (d) of Theorem 2.5 and the condition

P{/[Oﬂz (Eil(a $)A(z, 5))2 < oo} = P{/{O’T]2 (Efl(z,cf)a(z, 5))2 < oo} =1,

we obtain yz ~ p,, and

ity

= exp{— R GCE)CCURRCIET

o3[ e e - e e
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dy —1 2
() = exp{— /[ (P ) (AGn) — ()

0,7

du,

1 T
B E/mﬁ () Wen -, ﬂ))dZ} (2.28)

Theorem 2.11 Assume that the condition (b) of Theorem 2.10 holds true, and

(a) P{/mz (3*1(27 5))2(/;2(2, &) —d(z,&))dz < oo}

. 2
= P{/ (b 1(2,11)) (A*(z,n) — a*(z,n))dz < oo} =1
o.1]?
(b) There exists a nonrandom constant K, such that
la(z,x)] + [b(z,x)| < K(1+ [lx[l.),
where ||x||, = max |x(Z')].
0<z/<z _
(¢) For a nonrandom constant K
laz.x) — a(z.3)| + bz.x) — b(zT)| < K x|

Then pz ~ py, and the respective Radon-Nikodym derivatives are given by
formulas (2.28).

Proof Put

1 /
[

),z

B

o, /[0 72](31(2',x)[A(z',x)a(z’,x)])zdz’Zn,

Fﬁl(z',x) [A(Z,x) — a(Z,x)] zdz/ <n,
1

A (z) = a(z,x) + 3™ (2,x)[A(z,x) — a(z,x)].

Consider the differential equations

£0)(z) = / A<">(z’,§<">)dz’+ / b(z’,é(”))W(dz’). (2.29)
0. 0]

Since the conditions of Theorem 2.11 are satisfied, there exists a unique strong
solution to (2.29). Moreover,

A (2) = a(z,x) + ¥ (z,0)[A(z,x) — a(z,x)),
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which implies

/[O‘T]2 (Fﬁl(z',x) [A(”) (z’,§<”>) — a(z’,f("))} )zdz’ < nP-as.
By Theorem 2.3 and Remark 2.5 we obtain
Eexp{—/[oﬂzb_1 (z’,x) {AO’) (z/,é(")) - a(zlf("))}W(dz’)
AL Al G ) e}

By Theorem 2.5, e ™~ My, and

e pf - [ (s

- %/{mz (5_1(27 n))z([A(’” (2771)}2 - az(m))le}-

Since the condition (a) is fulfilled, we obtain the assertion of the theorem in the
same fashion as in the case of Theorem 2.4. O

Now we are interested in the following problem: how a diffusion-type field
behaves under the change of the measure, and when the new transformed field is
also of diffusion type in some other space. We reconstruct the form of field if it
is known that the corresponding measure is absolutely continuous with respect to
the measure generated by some diffusion-type field.

Consider two probability spaces (€2, 3, P) and (.Q, 3, 13), where dP (0) = p(T,T)
dP(w), and

pz) =1+ / y(t1,)W(dz), z€[0,T].
[0,7]
Theorem 2.12 Assume that & is a solution to the stochastic differential equation

&) = /[ Ll B+ / b(u, W (d). (2.30)

0.7

where functionals a(z,f) and b(zf), z € [0,T}]?, belong to the space C[0,T}? and do
not depend on the future. Moreover, assume that the conditions below are satisfied.:

(a) P{/ b?(u, &)du < oo} =1.
.1
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(b) P{ /0 TZ(F"@’,s) [al7,8) + b ) (1.9)]) e < oo} =1
(c) For a[lr’n]ost all z € [0,T]* P{b*(z,&) > 0} = 1.

Then there exists a random field E = (5(2),&,%) on the probability space
(Q, S,ﬁ), which is the solution to some another stochastic differential equation

and, moreover, the measure /JE corresponding to the field E is absolutely
continuous with respect to the measure |z, generated by the field &, and the
Radon—Nikodym derivative is given by

dﬂg £

L= Elp(r, 1)/ |

du, (T.7)

Proof On the probability space (.Q, 3,13) the random field W = (W(z),iiz),
z € [0,T]?, given by

W(z) = W(z) - /[ P )7,

is a Wiener field, see Theorem 2.3. Therefore, under conditions (a) and (b) the
random ﬁeldg on the probability space (.Q, 3P ) is the Ito field with respect to w

with diffusion coefficients

and

In view of conditions (a)—(c) one can apply Theorem 2.1 by which there exist
functionals & (z,f) and b (z,f) on the space C[0,1]% and a Wiener field W on

(!2, 3, 13) , such that

&(z) = /[O ,Z]ﬁ(u,af)dwr / b (u, )W (du) P-a.s.

0]

Let yg and y; be the measures corresponding, respectively, to the ﬁelds;g and &.
Then for any set I = (x,y) C R we have

i (1) =P {o:E@et}= [ 1(@dP @) = [ 1(@p, Dar()
— [ n@E[pt. /5, Jap(@).
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The last equality can be expanded to all Borel sets from R Put
2(&) = E[p(T, T)/SfT’T)] . Thus, we proved

N = / )

which implies the assertion of the theorem. O

Assume now that the random field £ is a solution to (2.30), and the field ¢ is such
that y, < pz with

Yo =nea =1+ [ puwia.
He [0.2]

Put n(z) = f 10..10(u,&)W(du). Theorem 2.3 asserts that under conditions

Bl.foranyz & [0,77° the equation b(z,)a(z) = a(z,£) has (with respect to @) P-a.s.
a bounded solution and

1 5 B
EeXp{—/[O‘T}za(z)W(dz) - 5/[01]26{ (z)dz} =1,

B2. P{/MZ (F*I(u,éf)a(u,é)fdu < oo} —1

the measures y: and p, are equivalent, and the Radon—-Nikodym derivative is
given by

d—( 1) = pa(z,1)

_ exp{ /[0 ’Z]Ffl(u,n)a(u,n)W(du) - /[0 . (Fl(u,n)a(u,n))zdu}.

Appling the Ito formula (see Theorem 1.17) we derive
—1
pten) =1+ [5G mal onlt s Wi,
0,z
implying py < pg < p,. Let us calculate the derivative p;(z,7) = %. We have:

py(zm) =1+ / (ﬁ(Z’)pz( n) 4o oot smb (Z malz n) )W(a)

/0 ]/ (v, t g ”)bi (t’/y"l)a(zl»’?))w(da dy)W(dz')

/[ ]/[ov/] (ﬂ( Y)pa(x, s n)bfl()@s’,n)a(z’,n))W(dx,dy)W(dz’)_
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Suppose that the random fields a, b, f are such that

/02/0] (e, (6's.n)B " (1 vom)al'm) ) W, dy)W (')

0.J[0.21 (ﬂ(f )))pZ(x S, 77)5_1 (X, s’7 n)a(z'7 ;7)) W(dx) d)/)W(dZ/) -0

Then applying again the Ito formula we derive
pem =1+ [ atwwian,
0,z

a(?) = B a2 sn) + pr (2 mpa (s, )B (2 m)a(Z ).

Thus, p3(z,n) is nonnegative martingale with Ep(T,T) = 1. For an J/-measurable
random variable 4 = A(#) we have

EA(np(z.m) = / 2F g (2. ) = / MF )Py F ) (2. ).

Consider the probability space (.Q, 3”,?), with dP (w) = p(T,T)dP(w). The

random field
Wz) = W(z) - / 73\ s, b n)a(? )
0.4

is a Wiener field on this space, hence by Theorem 2.1 there exists a functional
a(z,f) in the space C[0,T7? such that for almost all Z € [0,T]?

a(Z.f)=ps (¢ s.mb( ma(?)

P / a*(u,n)du < oo p = 1.
o.17*

and

Moreover,
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and in such a way all stochastic integrals written above are well defined.
Define on the probability space (.Q, 3’71~’> a random field (go(z, 0), Sg) ,
z € [0,TF, by

o(ef) =) - /[0 ()i fECO.TT

Let A({) be a bounded random 3‘5* -measurable variable. Then for any
7 € [O,T]z, zy > z, we have

ENO) p(z21](0) = / M) (2 20) () () = / M) bz 1) () (T Ty ()

= /i(ﬂ)qﬁ(z,Zl](ﬂ)ﬂ(T» T)dP = EAnE [p(z,21](n)/3] = 0.

Therefore, {(z) — / @*(u,{)du is a strong martingale, and there exists (see
0]
Theorems 1.12, 2.1) ¢(zf) such that for almost all f € C[0,1]?

/ @ (u,f)du < oo
0.1

and
£(z) = / a(u,)du— [ p(u,O)W(du), (2.31)
[0,2] [0,]

where W is a Wiener field on (.Q, 3P ) In such a way, we proved.

Theorem 2.13 Assume that & is a strong solution to (2.30) with coefficients a(z,f)
and b(z,f), satisfying Bl and B2. Assume that the stochastic field { is such
that ps < pe, and the Radon—-Nikodym derivative is given by

d
dl‘é( =1+ [ P(t,s)W(dz).
Ue [0,2]

In addition, assume that a(z.f), b(z.f) and p(z) satisfy

/Oz]/[o (x,s' ,02 t 's, n)b_ (t/y,n)a(z’,n))W(dx,dy)W(dz’)
/[ ]/[ . (ﬂ( Y)pa(x,s 71)E_l(x7 s’,n)a(z’,n))W(dx, dy)W(dZ) =0

Then there exist a probability space (Q, 3,?) the coefficients a(z,f) and

b(z.f), the field p(zf) and a Wiener field W, such that random field  is the
solution to the stochastic differential equation (2.31).
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2.5 Nonparametric Estimation of a Two-Parametrical
Signal from Observation with Additive Noise

In this section we study the properties of a periodic in both variables estimator,
observed on enlarged part of the plane, with random errors of white noise type. Here
we present results obtained in [13, 15, 17, 42-44].

Suppose that on the probability space (£2,3J,P) we have a real random field
(x(2), z € R?) and continuous square integrable strong martingale (£(z), z € R2).
We consider the problem of estimating the unknown function @ from observations
of the two-dimensional random field (x(z), y(z), z € Rf) in the rectangle
[0,T] x [0,S] where

y(z) = /[O’Z]ao(u)x(u)du + &(2). (2.32)

Further we assume that the random fields x(z) and &(z) are independent and the
conditions below are satisfied:

Cl1. The function aq is an element of the set K of all real functions defined on
the plane, 2z-periodic in both variables, whose Fourier coefficients

1 2 27
cula) = 4—”2/0 /0 a(t,s)exp{i(kt + Is)}deds, k,1=0,+1, £2,...

satisfy the inequalities

lcoo(a)] < L, co(@)[[lf’ < L, |eu(a)||k*If" < L, K #0,

cro(a)|[k|* <L,

with some constants L > 0, @ > 3, f > 3.
2 2@
For any function a € K put |a||* = #/ / a(t,s)dtds. We call the
o Jo

element ¢ € K an interior point of K, if |coo(a)| < L, |cxo(a)||k|]* < L, |co(a)|
)P <L, |eu(a)| k||l <L,k # 0, with some L < L.

C2. (&(2), z &= Rf), &(t,0) = &(0,s) = 0 is a continuous strong martingale, square
integrable in any finite rectangle, with characteristic y(z) = f [O,Z]az(u)du,
where 62(2) > 0 P- almost surely and Eoz(z) <C.

C3. (x(z), z € R?) is a real random field whose sample functions have continuous
second-order derivatives with P-probability 1. The random field (%), z €
Rf) is homogeneous in the broad sense, with Exz(O) > 0.

Denote by r(z) = E([x*(z) — Ex*(0)][x*(0) — Ex*(0)]) the correlation func-
tion of the field (x*(z), z € R?).
C4. For some y; >0, y >0, L1 >0 and all S > 1, T > 1 the inequality

T S
/ r(z)|dz < Ly T'"718'"7> holds true.
o Jo

L,

m, zZ = (I,S) S5 R.%

C5. For some positive L, > 0 |r(z)| <
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The conditions C1-C3 guarantee that for any function from the set K one can
define a stochastic integral with respect to a strong martingale.

We consider the problem of estimation a, from the observations (x(z),
¥(z), z € [0,T] x [0,S]) of the stochastic field (y(z), z € Ri), defined by (2.32)
with some fixed function a € K. As an estimate for a, we take an element a;g € K
which minimizes the functional

Ors = TS/O/ d”‘ﬁ//o

on K. In assumption C1 the maximum of Qs on K is achieved, and one can show
using Theorem 1.20 that {ars(z), z € Ri} is a separable measurable field. The
functional Q7 can be represented as

Ors =5 [ atw ~aotwlststan)

2TS/ / (1) *X% (u)du + Qrg(a).

Further, to simplify our calculation we put 7 = S and denote ayr := arp,

Orr == Or.
Lemma 2.9 Assume that conditions CI1-C3 hold true. Then for any y > 0

:0}:

i /[0 e

Let us estimate En;2. From the Fourier decomposition of the function @ and
condition C1 we obtain

1
g BCCEGET

lim max
T—oo a<sK

Proof For T > 0 denote

Ny = max

ackK

2

Eni <E max Z T”y/[o - exp{i(jt' + ks')}x(')é(d7)

2
o !

<E{ [ Y o) /[ UG+ kel

> k=—00

Here the dash near sum sign means that we take 1 instead of I/~ “ as j = 0 and
kI~ ” as k = 0. By the properties of the stochastic integrals we get
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172
o L
Eny < —_— E‘ / exp{i(ji’ + ks')}x(z')é(dz")
j,/;oc T [j1% |k 0,7
<CT¥,

(2.33)

where

o0 L 2
Cr = — | EX*(0)C
kam lil“lklf’) )

Let p be a fixed natural number such that 2py > 1. From the previous estimate
we obtain using the Borel-Cantelli lemma for the sequence {#n., n > 1}, with

Then nr = ’7T(n) + Cm Where Cn = Cln + €2n» and

1

Sin = T () e ‘;“é‘;?/ / du).
Con = =1 / / )&du)
M (n )TE[T n+1) R '

Let us estimate E{;,. We have

2

T T
1 = L
< S — I LYy ! e, /
E¢,, < T2(1+V>(n)E ,; U\a|k\ﬂ TE[T(IJ;,a;((n+1)] //exp{z(/t + ks") }x(2)E(dZ)
Si=Tee 7(n) 0

oy 1/272

co /! A

1 > L e / exp{i(jr' + ks') }x(2)&(dZ)
0

—TZ(HV)(n) f=—n [,|"|k|ﬁ TE[T n+1 y

It is easy to see from (2.33) that

2

E max
T n n+1

) /T( : /0 exp{i(ji’ + ks')}x(')é(d=')

< 16T (n+ 1)[T(n+ 1) — T(n)]Ex*(0)c.
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Thus,
T(n+1)[T(n+1) —T(n)] T(n+1)—T(n) T(n+1)
EZ,, < 16¢; 72057 B = 16c¢ T2 () T
p p
16¢ 1 n+1
o2 I e B N

Hence, P{lim, ., {;, =0} = 1. Similarly, one can show that

P{lim,_. {5, = 0} = 1. Lemma is proved. O

Remark 2.6 The assertions of Lemma 2.8 also hold true also if instead of the
function a € K a difference of two functions from K is considered.

Lemma 2.10 Assume that (¢(z), z € RZ) is a real homogeneous field with zero
mean and correlation function r(z) = E(¢(2)¢(0)), z € R?, such that forall T > 1
and some positive Ly and 6

/[ ]2|r(z)|dz < LT,
0,7

Then

T—oo a€K

P{ lim max

1
o /[O’T]za(u)g(u)du

Proof Forany T > 0 let

Ny =sup|— ,
" ek |17 Jorp
and forn > 1 1eth = TE[T(rnl}a;;(nH)]’ﬁTwhere T(n) = n”,p > 1, pis the fixed value

with 6p > 1. Decompose a into the Fourier series:

> ez [ explit + k)

j, k=—00 [O,T]

- L
<, WP

Jsk=—00

Nt = sup
ackK

! / 2exp{i(jt’—i—ks’)}g(z’)dz’.

s [0.,7]
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The series in the right-hand side of the last formula converge with P-probability
1. For E,, we have

~ oo/ L
IED 2<>v|“|k|”

/ 2exp{i(jt’ +ks')}Ye(2)dZ

Jyk=—00
(n+1) (n+1)
)|dZ'
i g_:oo T*(n l/l Iklﬁ/ / 7|
(n+1)
Z T2 m |k|ﬁ/ / |dZ _€1n+C2n+¢3n
Jsk=—00 11

~ N2
Let us estimate £ (Zj 1 ,,) . Observe that

51 1/2
~ 2 > L 1

E(C1n) < — E—/ exp{i(jt' + ks")}e(Z)dZ
( 1) Z l/|(t|k|/} Tz(}’l) [O,T(n)]z p{ (j )} ( )

Jsk=—00

By the conditions of Lemma 2.9 we have

1
T L o007 )52

ol [t

STZ(”)/[(),T]2| ()|dZ< T

which implies

E

2
where ¢, = 413 ( Z W) )
jsk=—00
Then from the Borel-Cantelli lemma we deduce that P {lim,Hoo Z n= 0} 1.
Similarly, one can show that P{limnﬁoogz,, = 0} =1 and P{hmnaoc {3 = }
= 1, which proves the assertion of the lemma. O

Remark 2.7 Lemmas 2.8 and 2.9 also hold true if the function ¢ € K is substituted
with a(z)b(z), where b is a bounded deterministic function, or a random function
with El Ib(z)l2 < L, where L is some constant independent of &(z).
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Theorem 2.14 Assume that conditions CI1-C4 hold true. Then
P{ lim max |ar(z) — ap(z)| = 0} =1.
T—o0 =R?

Proof By the definition of ar we have Qg(ar) :mEaI?QT(a) . Therefore,

Orlar) > Qr(aop), and thus

Or(ar) — Or(ao) = %ATP lar(z) — ao(z)]x(z)E(dz)
1 2
a 27"2/[0,T]2 lar(2) — ao(2)]"+*(2)dz > 0.

The last inequality implies that

1
max _/[(),T]2 [ar(z) — ao(z)]x(z)E(dz)

a€K T2

1
+max W/[(LTV[QT(Z) —ap(2)] [¥*(z) — Ex*(0)]dz

1

2
%7 Jo gy T 0z Ex*(0).

Both summands in the left-hand side of the last inequality converge to zero as
T — oo P-almost surely, which follows, respectively, from Lemma 2.8 and Lemma
2.9. Hence,

. 1 2, -
P{]}LIIolO F/[O.T]Z[QT(Z) —ao(2)]°dz = O} =1,

and in such a way

P im llr(s) ~ ane)] =0} = 1.

Taking into account the Holder inequality and the fact that the set K is compact
with respect to the uniform convergence, we obtain

P{ lim max |ar(z) — ap(z)| = 0} =1. O
T—oo reR?

Consider now the asymptotic distribution of some functionals that depend on
ar(z) and convergence of measures generated by these estimators. Further we
assume that the square integrable functional under consideration is Gaussian.
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