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Abstract The preemptive single machine scheduling problem of minimizing the
total weighted completion time with equal processing times and arbitrary release
dates is one of the four single machine scheduling problems with an open computa-
tional complexity status. In this chapter we present lower and upper bounds for the
exact solution of this problem based on the assignment problem. We also investigate
properties of these bounds and worst-case behavior.
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1 Introduction

The complexity status of many scheduling problems is known, but there are four
single machine scheduling problems which computational complexity is an open
question. In this chapter, we consider one of these four problems—the preemp-
tive single machine scheduling problem of minimizing the total weighted comple-
tion time with equal processing times and arbitrary release dates. In the notation
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Fig. 1 Scheduling problems
with completion time as an
objective function and
allowed preemptions

〈machine environment | job characteristics | objective function〉 introduced by Gra-
ham et al. (1979) [6], this problem is written as follows.

1|pmtn;pj = p; rj |
∑

wjCj (1)

Here “1” means a single machine, “pmtn”—permutations are allowed: processing
of a job can be interrupted in favor of another job, pj = p—jobs have equal pro-
cessing times p, rj —jobs have arbitrary release dates rj ,

∑
wjCj —the objective

is to minimize the total weighted completion time, where wj is the weight of job
j and Cj —its completion time. There are no polynomial algorithms developed for
this problem. So solving it for a large number of jobs or long processing time might
be quite difficult.

Special cases of this problem are polynomially solvable, generalizations are NP-
hard or have unknown complexity. Figure 1 shows the graph of existing single
machine scheduling problems with completion time as an objective function and
allowed preemptions. A good classification of a wide range of static scheduling
problems is given by Herrman et al. (1993) [7].

The first of these problems 1|pmtn; rj |∑Cj was solved by Baker (1974) [1]. He
proved that this problem is polynomially solvable and, therefore, a special case of
1|pmtn;pj = p; rj |∑wjCj problem without weights: 1|pmtn;pj = p; rj |∑Cj

is also polynomial. The generalization of this problem, 1|pmtn; rj |∑wjCj , is
strongly NP-hard. It was proved by Labetoulle et al. (1984) [8]. Another re-
lated problem having strict deadlines 1|pmtn;pj = p; rj ;Dj |∑Cj is polynomial
with complexity O(n log(n)) (Smith, 1956 [11]). Complexity of a more general
1|pmtn;pj = p; rj ;Dj |∑wjCj problem is still an open question. Bouma and
Goldengorin (2009) [3] proved that a special case of 1|pmtn;pj = p; rj |∑wjCj

problem with p = 2 is polynomially solvable. Obviously there is one more spe-
cial case of 1|pmtn;pj = p; rj |∑wjCj problem: the problem with release dates
equal to 0. But preemption has no sense without different release dates. In this
case, the problem can be solved exactly using WSPT (Weighted Shortest Process-
ing Time) rule (Pinedo, 2012 [10]). 1||∑wjCj problem was one of the first prob-
lems in scheduling theory which complexity status was determined. Smith (1956)
[11] proved that the complexity of this problem is O(n log(n)). After that, in 1975
1|rj |∑Cj problem was shown to be strongly NP-hard (Lenstra et al., 1975 [9])
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and therefore its weighted generalization 1|rj |∑wjCj is NP-hard too. The spe-
cial case of this generalization was solved by Baptiste (2000) [2]. He suggested a
polynomial algorithm for 1|pj = p; rj |∑wjCj with complexity O(n7). Another
generalization of 1|pj = p; rj |∑wjCj problem for parallel machines was shown
to be polynomial by Brucker and Kravchenko (2008) [4].

The chapter is organized as follows. In the next section, we formulate the con-
sidered single machine problem and give an illustrating example. In the third and
fourth sections, we describe the suggested lower and upper bounds based on the
assignment problem. We provide the worst-case analysis of these bounds and give
estimations of their precision. In the fifth section, we conclude the chapter with a
short summary and some remarks on the future research.

2 Problem Formulation

The problem 1|pmtn;pj = p; rj |∑wjCj can be described as follows. We are given
n ≥ 1 jobs that need to be processed on one machine. Jobs have the same processing
time pj = p, arbitrary release dates rj , and weights wj . A release date rj is the time
moment at which job j becomes available for processing. A weight wj can be seen
as a priority factor of job j . Release dates rj are assumed to be non-negative inte-
gers, weights wj and processing time p are assumed to be strictly positive integers.
Preemptions are allowed, which means that processing of a job may be interrupted
in favor of another job. The objective is to schedule the jobs such that the total
weighted completion time

∑
wjCj is minimized, where Cj denotes the completion

time of job j . Also we assume that there are no idle time intervals. In what follows,
we will call this scheduling problem shortly as SP.

To make the description clearer, let us consider the following example. Let n = 3,
p = 4, wj = 1,2,3, rj = 1,4,7. The feasible solutions of this problem are shown
in Table 1 excluding the solutions in which a job with a greater weight is interrupted
by a job with a smaller weight. Such solutions cannot be optimal.

The optimal solution is the first one in this example. Its total weighted completion
time is w1 ·C1 +w2 ·C2 +w3 ·C3 = 1 · 4 + 2 · 8 + 3 · 12 = 56. This solution can be
represented as a vector (1,1,1,1,2,2,2,2,3,3,3,3) which has np = 12 elements
corresponding to moments of time 1,2, . . . ,12. An element on position t shows
what job (one part of a job) is scheduled to the time moment t .

3 Lower Bound

If we consider the solution of the scheduling problem SP, it can be noticed that it
is actually an assignment of np job parts (each of n jobs has p parts) to np time
moments 1,2, . . . , np such that every part of job j is assigned to a time moment
not earlier than its release date rj . Only the last (p-th) part of every job j is taken
into account in the objective function. The cost of its assignment to time t is equal
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Table 1 Possible solutions 1 2 3 4 5 6 7 8 9 10 11 12

1 2 3

1 · 4 + 2 · 8 + 3 · 12 = 56

1 2 3 2

1 · 4 + 2 · 12 + 3 · 11 = 61

1 2 3 2

1 · 4 + 2 · 12 + 3 · 10 = 58

1 2 3 1

1 · 12 + 2 · 7 + 3 · 11 = 59

1 2 3 2 1

1 · 12 + 2 · 11 + 3 · 10 = 64

Table 2 Assignment
problem

1 2 3 4 5 6 7 8 9 10 11 12

1 (job 1, part 1) 0 0 0 0 0 0 0 0 0 ∞ ∞ ∞
2 (job 1, part 2) ∞ 0 0 0 0 0 0 0 0 0 ∞ ∞
3 (job 1, part 3) ∞ ∞ 0 0 0 0 0 0 0 0 0 ∞
4 (job 1, part 4) ∞ ∞ ∞ 4 5 6 7 8 9 10 11 12

5 (job 2, part 1) ∞ ∞ ∞ 0 0 0 0 0 0 ∞ ∞ ∞
6 (job 2, part 2) ∞ ∞ ∞ ∞ 0 0 0 0 0 0 ∞ ∞
7 (job 2, part 3) ∞ ∞ ∞ ∞ ∞ 0 0 0 0 0 0 ∞
8 (job 2, part 4) ∞ ∞ ∞ ∞ ∞ ∞ 14 16 18 20 22 24

9 (job 3, part 1) ∞ ∞ ∞ ∞ ∞ ∞ 0 0 0 ∞ ∞ ∞
10 (job 3, part 2) ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 0 0 ∞ ∞
11 (job 3, part 3) ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 0 0 0 ∞
12 (job 3, part 4) ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 30 33 36

to wj t , and the costs for parts 1,2, . . . , p − 1 are all equal to 0. The objective is to
minimize the total cost over all jobs. Thus, SP problem is equivalent to the linear
assignment problem with additional constraints related to release dates rj and also
to the sequence of job parts which requires the last part of a job to be assigned to
the latest time moment among the time moments of all its parts. Moreover, release
date constraints can be taken into account in the classical assignment problem using
infinite costs for the time moments to which job parts cannot be assigned. For the
example in Table 1, the assignment problem will have the cost matrix shown in
Table 2.
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The solution is shown by gray cells. It satisfies all the constraints of the original
SP problem except the sequence constraints requiring the last part of a job to be
scheduled before all other parts. The following theorem shows that the assignment
problem provides a lower bound on the optimal solution of SP. We will denote this
assignment problem as APL.

Theorem 1 The solution of the following assignment problem APL gives a lower
bound to the solution of the scheduling problem 1|pmtn;pj = p; rj |∑wjCj :

min
np∑

i=1

np∑

t=1

cit xit (2)

np∑

t=1

xit = 1 ∀i = 1, np (3)

np∑

i=1

xit = 1 ∀t = 1, np (4)

xit ∈ {0,1} (5)

where

cit =
⎧
⎨

⎩

0, if t ∈ [rj + i′, (n − 1)p + 1 + i′] & i mod p > 0
∞, if t /∈ [rj + i′, (n − 1)p + 1 + i′]
wi/pt, if t ∈ [rj + p − 1, np] & i mod p = 0

j = [
(i − 1)/p

] + 1, i′ = (i − 1) mod p

(6)

Proof We will show that SP problem is equivalent to the stated assignment problem
APL with some additional constraints. By definition, SP is the problem of assigning
every part 1,2, . . . , p of every job j = 1,2, . . . , n to position (time moment) t =
1,2, . . . , np of a schedule so that the total weighted completion time

∑n
j=1 wjCj is

minimized and the following constraints are satisfied:

1. Assignment constraints: every part of every job should be assigned to exactly one
position of a schedule and every position should be occupied by exactly one job
part.

2. Sequence constraints: for every job j positions of its parts 1,2, . . . , p in a sched-
ule should stay in the following sequence: t

j

1 , t
j

2 , . . . , t
j
p . Note that t

j
p = Cj .

3. Release date constraints: the first part of every job j should be assigned to the
time moment which is not earlier than the release date of this job: t

j

1 ≥ rj .

In the assignment problem APL, we minimize the following objective function:

fAPL
=

np∑

i=1

np∑

t=1

cit xit =
n∑

j=1

np∑

t=1

cpj,t xpj,t
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Table 3 SP and APL

solutions
1 p 2p 3p np-p np

2 n n - 1 . . . 3 1

1 p p+1p+2 np

2 n n - 1 . . . 3 . . .

because when i mod p > 0 either cit = 0 or cit = ∞ and xit = 0. Since xpj,t = 1

only for t = t
j
p , cpj,t = wj t , and t

j
p = Cj then:

fAPL
=

n∑

j=1

c
pj,t

j
p

=
n∑

j=1

wj t
j
p =

n∑

j=1

wjCj

So the objective function of APL is the same as for SP. Assignment constraints of SP
are equivalent to constraints (3) and (4) of APL. Release date constraints of SP are
always satisfied in APL solution because cp(j−1),t = ∞ for t < rj , and thus t

j

1 < rj
always gives fAP = ∞. Sequence constraints of SP are not satisfied by APL. But
these constraints can be represented by the following linear inequalities:

∀j = 1, n ∀t0 = rj + p − 1, np − 1
np∑

t=t0+1

pj∑

i=1+p(j−1)

xit ≤ p(1 − xpj,t0) (7)

So we have got that APL is a relaxation of SP in which sequence constraints are
removed. This proves that the optimal solution of APL gives a lower bound to the
optimal solution of SP: fAP ≤ fSP. �

Our goal is to determine how good is the lower bound given by the APL. For
this purpose, we are going to find the worst case for this bound. The worst case is
the scheduling problem for which the APL solution differs from the SP solution as
much as possible.

Theorem 2 The worst case for the APL (for which the ratio fAPL
/fSP is minimal)

is the scheduling problem with p < n, w1 ≤ w2 ≤ · · · ≤ wn, r1 = r2 = 1, ∀j =
3, n rj = n − j + 2.

Proof Here we provide only some ideas and a scheme of the proof. The com-
plete and detailed proof will be presented in a full journal paper. For the described
scheduling problem, SP and APL solutions are shown in Table 3.

The proof is based on the following observation. If in the optimal SP schedule
job n with the maximal weight wn starts from time (t + 1), then it ends at time
(t +p), because the job with the maximal weight cannot be preempted in the optimal
schedule. It is not difficult to prove that preemption of any job by a job with a smaller
weight always increases the value of the objective function. It is also easy to prove
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that in this case its release date rn ≥ t −p+2 if t ≥ p (if t < p, then rn can have any
value and job n in the APL solution will be close to its position in the SP solution).
So in the optimal APL schedule the last part of job n will be placed at the earliest
possible time rn + p − 1 ≥ t + 1. The relative difference of the objective functions
of SP and APL solutions only for job n (assuming that all other jobs last parts are
placed on the same positions in APL and SP solutions) is as follows.

fSP − fAPL

fSP
= ((t + p) − (t + 1))wn

(t + p)wn

= p − 1

t + p

This difference is maximal when t is minimal. Since t ≥ p then for job n the worst
case of APL solution is realized when t = p. In this case release date rn = 2, job
n starts at time p + 1 and ends at time 2p in the optimal SP schedule. Since job n

makes the greatest contribution to the objective function it is reasonable to consider
it first, then job n − 1, and so on. Following this logic after freezing the position of
job n in the optimal SP schedule, we find that in the worst case job n − 1 starts at
time 2p + 1, ends at time 3p, and rn−1 = 3. An so on till job 3 which should start
at time np − 2p + 1, end at time np − p, and have release date r3 = n − 1 (see
Table 3). The remaining jobs 2 and 1 can have release dates r1 = r2 = 1 and can be
placed to time intervals [1,p] and [np − p + 1, np] in the optimal SP schedule. �

The worst case for the APL solution immediately gives us the estimation of the
APL lower bound precision.

Theorem 3 The APL optimal solution provides a value of the objective function
fAPL

which is not less than ( 1
p

+ 2
n+1 − 2

p(n+1)
)fSP.

Proof According to Theorem 2, the worst case for APL is the scheduling problem
with p < n, w1 ≤ w2 ≤ · · · ≤ wn, r1 = r2 = 1, ∀j = 3, n rj = n − j + 2. The APL

and SP solutions for this problem are shown in Table 3. The values of the objective
function and the relative difference are as follows.

fSP =
n−2∑

i=1

(i + 1)pwn+1−i + pw2 + npw1

fAPL
=

n−2∑

i=1

(p + i)wn+1−i + pw2 + npw1

fSP − fAPL

fSP
=

∑n−2
i=1 i(p − 1)wn+1−i

∑n−2
i=1 (i + 1)pwn+1−i + pw2 + npw1

The difference is maximal when w1 = w2 = 0, and so we have:

fSP − fAPL

fSP
≤

∑n−2
i=1 i(p − 1)wn+1−i

∑n−2
i=1 (i + 1)pwn+1−i
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Let us consider this ratio only for one job i without others.

i(p − 1)wn+1−i

(i + 1)pwn+1−i

= ip − i

ip + p
= 1 − 1

p
− p − 1

(i + 1)p

This value is maximal when i is maximal: i = n − 2. This means that the (n − 2)-th
summand makes the greatest contribution to the value of the whole expression. If
all the weights except w3 are zero, then we will get the maximum, but w3 ≤ w4 ≤
· · · ≤ wn. So to make the contribution of the last summand as great as possible we
should set all the weights except w3 as small as possible: wn = wn−1 = · · · = w3.
In this case, we have:

fSP − fAPL

fSP
= (p − 1)w3

∑n−2
i=1 i

pw3
∑n−2

i=1 (i + 1)
= (p − 1)(n − 1)

p(n + 1)

= 1 −
(

1

p
+ 2

n + 1
− 2

p(n + 1)

)

These are only intuitive considerations which lead to the estimation for the lower
bound. But this estimation should be carefully proved. First, we need to prove the
following auxiliary inequality.

n−2∑

i=1

(i + 1)pwn+1−i ≥ 1

2
p(n − 2)(n + 1)w3 (8)

Since ∀i = 1, n − 2 wn+1−i ≥ w3, we have:

n−2∑

i=1

(i + 1)pwn+1−i ≥
n−2∑

i=1

(i + 1)pw3 = 1

2
p(n − 2)(n + 1)w3

Let us use the mathematical induction to prove the estimation for the lower bound:

fSP − fAPL

fSP
≤

∑n−2
i=1 i(p − 1)wn+1−i

∑n−2
i=1 (i + 1)pwn+1−i

≤ (p − 1)(n − 1)

p(n + 1)

For n = 3, this inequality is true:

(p − 1)w3

2pw3
≤ 2(p − 1)

4p

Now we assume that the inequality is true for n = k and prove that then it is also
true for n = k + 1.

∑k−1
i=1 i(p − 1)wk+2−i

∑k−1
i=1 (i + 1)pwk+2−i

=
∑k−2

i=1 i(p − 1)wk+2−i + (k − 1)(p − 1)w3
∑k−2

i=1 (i + 1)pwk+2−i + kpw3
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Let us make the following denotations.

a =
k−2∑

i=1

i(p − 1)wk+2−i

b =
k−2∑

i=1

(i + 1)pwk+2−i

Since our statement is true for n = k, we have:

a

b
≤ (p − 1)(k − 1)

p(k + 1)
=⇒ a ≤ (p − 1)(k − 1)

p(k + 1)
b

We need to prove that:

a + (k − 1)(p − 1)w3

b + kpw3
≤ (p − 1)k

p(k + 2)

Using the statement for n = k, we have

a + (k − 1)(p − 1)w3

b + kpw3
≤

(p−1)(k−1)
p(k+1)

b + (k − 1)(p − 1)w3

b + kpw3

= p − 1

p
· (k − 1)b + (k − 1)(k + 1)pw3

(k + 1)b + k(k + 1)pw3

So it is enough to prove that:

(k − 1)b + (k − 1)(k + 1)pw3

(k + 1)b + k(k + 1)pw3
≤ k

(k + 2)

⇐⇒ (k + 2)(k − 1)b + (k + 2)(k − 1)(k + 1)pw3

≤ k(k + 1)b + k2(k + 1)pw3

⇐⇒ −2b ≤ (k + 1)(k − 2)pw3

⇐⇒ b ≥ 1

2
p(k − 2)(k + 1)w3

Since the auxiliary inequality (8) is true for any n and any weights wj , we have the
inequality which we need to prove.

b =
k−2∑

i=1

(i + 1)pwk+2−i ≥ 1

2
p(k − 2)(k + 1)w3

This proves the inductive step and so our statement is true.

fSP − fAPL

fSP
≤ (p − 1)(n − 1)

p(n + 1)
= 1 −

(
1

p
+ 2

n + 1
− 2

p(n + 1)

)
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Table 4 SP and APL

solutions for a worst case
example

1 4 8 12 392 396

2 99 98 . . . 3 1

1 4 5 6 396

2 99 98 . . . 3 . . .

=⇒ fAPL

fSP
≥ 1

p
+ 2

n + 1
− 2

p(n + 1)

This ends the proof of the estimation for the lower bound fAPL
. �

Let us show the worst case for the APL solution on an example with n = 99 jobs,
p = 4, r1 = r2 = 1, r99 = 2, r98 = 3, . . . , r3 = 98, and weights w1 = ε, wj = 1 + εj

for j = 2,99, where ε is a very small value. The optimal SP and APL solutions for
this problem are shown in Table 4.

Neglecting the value of ε, we have fSP = 4+8+· · ·+4 ·98 = 19404, fAPL
= 4+

5 + · · · + 101 = 5145. The ratio of fAPL
to fSP and its estimation are the following.

fAPL

fSP
= 5145

19404
≈ 0.26515

fAPL

fSP
≥ 1

p
+ 2

n + 1
− 2

p(n + 1)
= 1

4
+ 2

100
− 2

400
= 0.265

As one can see in the worst case (when n is big) APL lower bound can be p times
smaller than the optimal SP solution fAPL

.

4 Upper Bound

The main drawback of the assignment problem APL is that it does not include the
sequence constraints. However, it is possible to incorporate the sequence constraints
to the assignment problem. For this purpose, we set the assignment costs cit to be
equal to w[(i−1)/p]+1t not only for the last part of a job (when i mod p = 0) but for
all its parts. For the example from Table 1, the assignment problem will have the
cost matrix shown in Table 5.

The optimal assignment problem solution is highlighted with gray color. Now it
satisfies all the constraints of the original SP problem. Unfortunately, it is not an
optimal solution for the SP problem, because its objective function differs from the
scheduling problem SP objective function. The following theorem proves that this
assignment problem provides an upper bound for the optimal solution of SP. We
will denote this assignment problem as APU .



Lower and Upper Bounds for the Preemptive Single Machine Scheduling Problem 21

Table 5 Assignment
problem

1 2 3 4 5 6 7 8 9 10 11 12

1 (job 1, part 1) 1 2 3 4 5 6 7 8 9 ∞ ∞ ∞
2 (job 1, part 2) ∞ 2 3 4 5 6 7 8 9 10 ∞ ∞
3 (job 1, part 3) ∞ ∞ 3 4 5 6 7 8 9 10 11 ∞
4 (job 1, part 4) ∞ ∞ ∞ 4 5 6 7 8 9 10 11 12

5 (job 2, part 1) ∞ ∞ ∞ 8 10 12 14 16 18 ∞ ∞ ∞
6 (job 2, part 2) ∞ ∞ ∞ ∞ 10 12 14 16 18 20 ∞ ∞
7 (job 2, part 3) ∞ ∞ ∞ ∞ ∞ 12 14 16 18 20 22 ∞
8 (job 2, part 4) ∞ ∞ ∞ ∞ ∞ ∞ 14 16 18 20 22 24

9 (job 3, part 1) ∞ ∞ ∞ ∞ ∞ ∞ 21 24 27 ∞ ∞ ∞
10 (job 3, part 2) ∞ ∞ ∞ ∞ ∞ ∞ ∞ 24 27 30 ∞ ∞
11 (job 3, part 3) ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 27 30 33 ∞
12 (job 3, part 4) ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ ∞ 30 33 36

Theorem 4 The solution of the following assignment problem APU gives an upper
bound to the solution of the scheduling problem 1|pmtn;pj = p; rj |∑wjCj .

min
np∑

i=1

np∑

t=1

cit xit (9)

np∑

t=1

xit = 1 ∀i = 1, np (10)

np∑

i=1

xit = 1 ∀t = 1, np (11)

xit ∈ {0,1} (12)

where

cit =
{

wj t, if t ∈ [rj + i′, (n − 1)p + 1 + i′]
∞, if t /∈ [rj + i′, (n − 1)p + 1 + i′]

j = [
(i − 1)/p

] + 1, i′ = (i − 1) mod p

(13)

Proof We provide here only the basic ideas of the proof. The complete detailed
proof will be presented in a full journal paper. The ideas are the following.

1. In the APU solution, a job with a smaller weight being processed will be in-
terrupted by a job with a greater weight immediately when this job becomes
available.

2. In the APU solution, a job with a smaller weight never interrupts a job with a
greater weight.

3. If in the APU solution job i is interrupted by job j , then job i will be completed
after job j .
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Table 6 SP and APU

solutions
1 p 2p np

1 2 . . . n

1 p-1 2p-2 np-n-p+1 np-n+1 np-n+2 np-n+3 np-1 np

1 2 . . . n - 1 n n-1 n-2 . . . 2 1

4. The APU solution can be obtained by assigning at every time moment the avail-
able job with the greatest weight.

It follows from statement 4 that the APU solution is a feasible solution for the SP
problem. So the value of the SP objective function for this solution fAPU

is an upper
bound for the optimal value fSP of this objective function. �

We want to determine how good is the upper bound given by the APU . For this
purpose, we are going to find the worst case for this bound. The worst case is the
scheduling problem for which the APU solution differs from the SP solution as
much as possible in terms of the SP objective function.

Theorem 5 The worst case for the APU (for which the ratio fAPU
/fSP is maxi-

mal) is the scheduling problem with p > n, w1 ≤ w2 ≤ · · · ≤ wn, ∀j = 1, n rj =
(p − 1)(j − 1) + 1.

Proof Here we provide only some ideas and a scheme of the proof. The com-
plete and detailed proof will be presented in a full journal paper. For the described
scheduling problem, SP and APU solutions are shown in Table 6. The proof is based
on the following statements.

1. If in the SP solution job i is interrupted by job j , then job i will be completed
after job j .

2. If in the SP solution job i is interrupted by job j , then it is made in time moment
rj .

3. In the SP solution, the job which first part is assigned to some time moment has
the greatest weight among all the jobs available at this moment and not started
yet.

4. If in the SP solution job i is interrupted by job j , then the same is true for the
APU solution.

5. If in the SP solution whole job j is scheduled before whole job i with a smaller
weight, then the same is true for the APU solution.

From statements 4 and 5, it follows that the greatest difference between the APU

and SP solutions is reached when the SP solution does not have interrupts. �

The worst case for the APU solution immediately gives us the estimation of the
APU upper bound precision.
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Theorem 6 The APU optimal solution provides a value of the SP objective function
fAPU

which is not greater than (2 − 1
p

− 2
n+1 + 2

p(n+1)
)fSP.

Proof According to Theorem 5, the worst case for APU is the scheduling problem
with p > n, w1 ≤ w2 ≤ · · · ≤ wn, ∀j = 1, n rj = (p − 1)(j − 1) + 1. The APU

and SP solutions for this problem are shown in Table 6. The values of the objective
function and the ratio are as follows.

fSP =
n∑

i=1

ipwi

fAPU
=

n∑

i=1

(np + 1 − i)wi

fAPU

fSP
=

∑n
i=1 (np + 1 − i)wi∑n

i=1 ipwi

Let us consider this ratio only for one job i without others.

(np + 1 − i)wi

ipwi

= np + 1 − i

ip
= − 1

p
+ np + 1

ip

This value is maximal when i is minimal: i = 1. This means that the first sum-
mand makes the greatest contribution to the value of the whole expression. If all the
weights except w1 are zero, then we will get the maximum, but w1 ≤ w2 ≤ · · · ≤ wn.
So to make the contribution of the first summand as great as possible we should set
all the weights except w1 as small as possible: wn = wn−1 = · · · = w1. In this case,
we have:

fAPU

fSP
=

∑n
i=1 (np + 1 − i)w1∑n

i=1 ipw1
= 2np − n + 1

p(n + 1)
= 2 − 1

p
− 2

n + 1
+ 2

p(n + 1)

These are only intuitive considerations which lead to the estimation for the upper
bound. But this estimation should be carefully proved. Let us use the mathematical
induction to prove the following inequality.

fAPU

fSP
=

∑n
i=1 (np + 1 − i)wi∑n

i=1 ipwi

≤ 2np − n + 1

p(n + 1)

For n = 1, our statement is true:

fAPU

fSP
= (p + 1 − 1)w1

pw1
= 1,

2np − n + 1

p(n + 1)
= 2p

2p
= 1

Assuming that the statement is true for n = k:

∑k
i=1 (kp + 1 − i)wi∑k

i=1 ipwi

≤ 2kp − k + 1

p(k + 1)
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we need to prove that it is also true for n = k + 1:

∑k+1
i=1 ((k + 1)p + 1 − i)wi

∑k+1
i=1 ipwi

≤ 2(k + 1)p − k

p(k + 2)

We use the following denotations.

a =
k∑

i=1

(kp + 1 − i)wi

b =
k∑

i=1

ipwi

Since we assume that the statement is true for n = k, we have:

a

b
≤ 2kp − k + 1

p(k + 1)
=⇒ a ≤ 2kp − k + 1

p(k + 1)
b

For n = k + 1, we have:

∑k+1
i=1 ((k + 1)p + 1 − i)wi

∑k+1
i=1 ipwi

=
∑k

i=1 (kp + 1 − i)wi + ∑k
i=1 pwi + ((k + 1)p − k)wk+1∑k

i=1 ipwi + (k + 1)wk+1

= a + ∑k
i=1 pwi + ((k + 1)p − k)wk+1

b + (k + 1)wk+1

≤
2kp−k+1
p(k+1)

b + ∑k
i=1 pwi + ((k + 1)p − k)wk+1

b + (k + 1)wk+1

So we need to prove the following:

(2kp − k + 1)b + p(k + 1)
∑k

i=1 pwi + p(k + 1)((k + 1)p − k)wk+1

p(k + 1)(b + (k + 1)wk+1)

≤ 2(k + 1)p − k

p(k + 2)

Multiplying this inequality by the denominators, we get an equivalent one:
(
p(k + 2)(2kp − k + 1) − 2(k + 1)2p2 + k(k + 1)p

)
b

+ p2(k + 1)(k + 2)

k∑

i=1

pwi + p2(k + 1)(k + 2)
(
(k + 1)p − k

)
wk+1
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− 2p3(k + 1)3wk+1 + p2k(k + 1)2wk+1 ≤ 0

⇐⇒ (
2p − 2p2)b + p2(k + 1)

(
(k + 2)

k∑

i=1

pwi − (
k2p + kp + k

)
wk+1

)

≤ 0

Substituting the expression for b we come to the following inequality which we
need to prove:

k(k + 1)(kp + p + 1)wk+1 −
(

p(k + 1)(k + 2)

k∑

i=1

wi − 2(p − 1)

k∑

i=1

iwi

)
≥ 0

⇐⇒ k(k + 1)(kp + p + 1)wk+1 −
(

k∑

i=1

(
p(k + 1)(k + 2) − 2(p − 1)i

)
wi

)

≥ 0

It is clear that p(k + 1)(k + 2) − 2(p − 1)i ≥ 0 and so the maximum value of the
sum in the brackets is reached when wi = wk+1 (because wi ≤ wk+1). Thus, we
have:

k(k + 1)(kp + p + 1)wk+1 −
(

k∑

i=1

(
p(k + 1)(k + 2) − 2(p − 1)i

)
wi

)

≥ k(k + 1)(kp + p + 1)wk+1 −
(

k∑

i=1

(
p(k + 1)(k + 2) − 2(p − 1)i

)
wk

)

= k(k + 1)(kp + p + 1)wk+1 − (
p(k + 1)(k + 2)k − (p − 1)k(k + 1)

)
wk+1

= k(k + 1)(kp + p + 1 − kp − 2p + p − 1)wk+1 = 0

This proves the inductive step and so our statement is true.

fAPU

fSP
≤ 2np − n + 1

p(n + 1)
= 2 − 1

p
− 2

n + 1
+ 2

p(n + 1)

This ends the proof of the estimation for the upper bound fAPU
. �

We show the worst case for the APU solution on an example with n = 99 jobs,
p = 100, r1 = 1, r2 = 100, r3 = 199, . . . , r99 = 9703, and weights wj = 1 + εj for
j = 1,99 , where ε is a very small value. The optimal SP and APL solutions for this
problem are shown in Table 7.

Neglecting the value of ε we have fSP = 100 + 200 + · · · + 100 · 99 = 495000,
fAPU

= 9802 + 9803 + · · · + 9900 = 975249. The ratio of fAPU
to fSP and its esti-
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Table 7 SP and APL

solutions for a worst case
example

1 100 200 9900

1 2 . . . 99

1 99 198 9702 9802 9803 9804 9899 9900

1 2 . . . 98 99 98 97 . . . 2 1

mation are the following.

fAPU

fSP
= 975249

495000
= 1.9702

fAPU

fSP
≤ 2 − 1

p
− 2

n + 1
+ 2

p(n + 1)
= 2 − 1

100
− 2

100
+ 2

10000
= 1.9702

As one can see in the worst case APU upper bound cannot be more than two times
greater than the optimal value fSP.

5 Concluding Remarks

In this chapter, we have studied the relationships between the linear assignment
problem (AP) and the preemptive single machine scheduling problem 1|pmtn;pj =
p; rj |∑wjCj of minimizing the total weighted completion time with equal pro-
cessing times and arbitrary release dates (further abbreviated as SP). The relation-
ships between these problems might be expressed as follows. SP is equivalent to the
modified AP with adjusted assignment costs (reflecting the release dates of the jobs)
and additional sequence constraints. We have derived lower and upper bounds based
on the relationships between the AP and SP. Our theoretical analysis of the lower
bound shows that in the case with equal processing times p = 2 and infinitely many
jobs the lower bound is just a half (1/2) of the unknown optimal value fSP of the
objective function for SP. And it tends to become worse when the processing time p

is increased. Meanwhile for the same case with p = 2 and infinitely many jobs the
AP-based upper bound tends to come as close as possible to 3/2fSP. And it tends to
reach 2fSP value when the processing time p is increased. Note that the best known
approximation ratio for a similar NP-hard problem with arbitrary processing times
evaluates by 1.47 (see Goemans et al. (2000) [5]).

The first direction of our future research is to empirically compare the quality of
our upper bound and the 1.47 upper bound of Goemans et al. (2000) [5] algorithm
for the so called equal binary processing times p = 2 reflecting the most popular
in practice case of scheduling jobs with two essential units: the start unit and the
completion unit. Another direction of our research is to derive similar AP-based
upper and lower bounds for other single machine scheduling problems including the
NP-hard version of SP with arbitrary processing times (see Lenstra et al. (1997) [9]).
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