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Percolation Methods for SEIR Epidemics

on Graphs

Alberto Gandolfi

2.1 Introduction

Epidemic mathematical modelling has seen an enormous growth [32, 44, 4, 8], from

the first deterministic models [50] to stochastic ones [3, 2, 20, 6], based on its ability

to capture more and more features of real epidemics, building on the continuous

development of mathematical techniques and computer power.

At about the same time percolation theory [77, 52, 42] has moved from simple

[23] to more and more elaborate models [9] and detailed questions [27] providing a

mathematically more developed theory than that of epidemics [83, 17].

Both percolation and most epidemic models are concerned with the spatial

features of a random subset of some network, with the fundamental difference

that while the spread of infectious diseases consists of a dynamical process, the

mathematical theory of percolation is concerned with a static random object.

Percolation is thus easier in principle and only particularly simple epidemic models

are directly translated into percolation [41, 55]; however, it is becoming more and

more clear over the years that there is in fact a more elaborate [73] and still mostly

uncovered interplay between models in the two areas. This review plans to discuss

some of the main features of this relation and to hint at some possible future

developments.

There are a number of directions in which such interplay can be effective: as

mentioned, in some simple cases or for some purposes, it is possible to disregard

time in modelling an epidemic and be left with a percolation network. On other

occasions, percolation-based observables can bound or approximate quantities of

interest in an epidemic model. Again, it can be that the random set of infected

individuals in an epidemic is itself modelled by the random set of a percolation
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process. Finally, since the networks on which epidemics take place can often be

taken as random, the networks themselves could be built or analyzed by a suitably

defined percolation process.

We review some examples in all these directions: the first three directions are

explored in the first part of this review, while the second part deals with the last

direction. The final part introduces a new epidemic model which incorporates most

of the interesting features of epidemic modelling discussed in the other parts and

which, due to its relation with various percolation models, is still suitable for

explicit mathematical analysis. For simplicity and clarity we start the review

from a specific stochastic model for an SEIR epidemic as discussed in the recent

review [46], to which we refer for motivations and further details. For each

example, we include a very simple calculation of the probability that one initial

infected individual never transmits the infection in a network with four individuals

and exponentially distributed random infectious times; the simple examples can be

used to appreciate details and implementation difficulties; even at this simple level,

models exhibit substantial differences and complications.

2.2 SEIR Epidemic Models and Percolation

2.2.1 Deterministic Models

Mathematical modelling of epidemics started with Daniel Bernoulli in the XIX

century, and one of the major advances has been the 1927 Kermack–McKendrick

model [50]. This describes an epidemic by the functions s(t), i(t) and r(t) which
denote the fractions of susceptible, infected, and recovered individuals at time t.
Such functions must satisfy the condition sðtÞ þ iðtÞ þ rðtÞ ¼ 1 and their evolution

is described by the differential equations:

s0ðtÞ ¼ �λsðtÞiðtÞ
i0ðtÞ ¼ λsðtÞiðtÞ � γiðtÞ
r0ðtÞ ¼ γiðtÞ

with starting points sð0Þ ¼ 1� E , i(0) ¼ ε and r(0) ¼ 0, where λ and γ are two

parameters [20]. If λs(0) > γ, then initially i(t) is increasing (and only later

decreasing) so that an outbreak is starting; otherwise, if λs(0) < γ, then i(t)
decreases from the very start and infectives disappear steadily. The epidemic

threshold is expressed in terms of the basic reproduction number R0 ¼ λ=γ : for
small ε, outbreak occurs at aboutR0 ¼ 1. From the equations,R0 can be interpreted

as the number of secondary infections from an infected individual. The final

outbreak size of the epidemics r(∞) satisfies

1� rð1Þ ¼ ð1� EÞe�R0rð1Þ;

and one can see that r(∞) is then strictly positive only for R0 > 1 [20].
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The Kermack–McKendrick model has many, often unrealistic, assumptions; in

particular, the transmission of infectious diseases occurs at random. This led to

stochastic models, on which we focus in the rest of the presentation.

2.2.2 General Stochastic SEIR Epidemic Model

To introduce stochastic models, we start from a set V of individuals and a list of

neighboring relations; it makes sense to take V finite, but properties which hold for

largeV are sometimes better understood in an infinite setting, soV can be countable as

well. We thus have a reference network G ¼ (V, E), where E � {(v1, v2), vi ∈ V}
is the set of directed neighboring relations indicating that individual v1 can possibly
infect individual v2.

In a general stochastic SEIR model each individual i ∈ V is in one of the four

states: S (susceptible), E (exposed in the latent period), I (infected), and R (recov-

ered or removed, thus immune). An individual i ∈ V who is initially in state S is

exposed at some random time ti, where ti ¼ ∞ if i is never infected, moving to state

E. After some random time ei the individual i becomes infected, moving to state I,

and after another random time hi the individual moves to state R to signal perpetual

recovery. The latent period ei is a.s. finite and is identically 0 is the SIR model.

The infectious period hi is strictly positive and a.s. finite.

When i is in state I, j is in state S, and (i, j) ∈ E to signal network transmissi-

bility, there is a random time τ�i; j such that at time tj ¼ ti þ ei þ τ�i; j the disease is

transmitted to j who is thus exposed. Clearly, τ�i; j ∈ (0, hi] or τ�i; j ¼ ∞ to indicate

that there has been no transmission.

The starting state of the individuals is generally taken to be S for all but one or a

few who start in state I, and the model is generally run by subsequent state changes:

it can happen that a few individuals get exposed, indicating a minor outbreak, or

that eventually a large proportion of individuals is infected and ends up in state R,

signalling a major outbreak. More specifically, we have four mutually disjoint

subsets St, Et, It, Rt � V which evolve for t ∈ [0, ∞). In the initial state E0 ¼ R0

¼ ; with S0 and I0 nonempty and often jI0j ¼ 1. Eventually, the evolution will

reach a final stable state S1;E1 ¼ ;; I1 ¼ ;;R1 . The model is thus identified

by the reference graph G and the distributions Fi
E(e), Fi

H(h) and F�
i; j(τjh) of ei, hi

and τ�i; j, respectively, where the last one indicates a conditional distribution given

the value of h [46]. The major issue in epidemic analysis is then concerned with the

proportion of R∞ which for large networks is generally either very small or

considerably large; a large outbreak is defined as the case R∞ >> 0, for instance

equal to a positive fraction of jVj. Other features are related to the parameters of

the above distributions, such as the parameters range in which a large outbreak can

take place, the probability of such an outbreak, the expected final size of the

infected population and the size distribution, the transmission probabilities to a
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given individual, the size distribution of infected group in case of no major

outbreak, and the time evolution.

Many epidemic models can be retrieved from the general stochastic SEIR model

by appropriate choices of the network G and of the distributions which identify the

model. Although the model is complicated by the simultaneous presence of a large

number of random variables, its analysis can be quite often simplified. In the

opposite direction, it will be convenient to add additional random variables to

capture more features of real epidemics, as we discuss later. The next section starts

with some simplifications.

Here is the first of a series of simple examples. In all examples V ¼ {0, a, b, c}
and I0 ¼ {0}, and we compute the probability Prob(R∞ ¼ {0}) that the epidemics

does not spread from 0. The only relevant infectious period is that of 0, which we

take to have rate μ: FH
0 ðhÞ ¼ 1� e�μh . After the neighboring relations E of the

network are determined, for each i, j ∈ V, (i, j) ∈ E, the transmission rate once i is

infected is some βi, j so F�
i;jðτjhÞ ¼ 1� e�βi;jhτ . One can easily see that the latent

periods ei’s do not play any role in the calculations.

Example 1 (General stochastic SEIR epidemics on a network Fig. 2.1). Let E ¼
{{0, a}, {0, b}, {a, c}, {b, c}}. Then

ProbðR1 ¼ f0gÞ ¼
ð1
0

μe�μhe�hðβ0;aþβ0;bÞdh ¼ μ

μþ β0;a þ β0;b

2.2.3 Time Evolution

Although epidemics have a time development which is clearly of interest and

could be studied from the model [14], many issues can be more easily studied by

reducing or eliminating the time dependence of the model. We start our simplifi-

cation from here.

0

a

b

c

Fig. 2.1 The elementary

network used for some

simple examples
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Already, by the definition of the general stochastic SEIR model one can run the

model in two equivalent ways: “on the fly,” which mimics the evolution of the

epidemics and amounts to determining the value of the random variables when

needed; or “a priori” assigning all the values of the random variables before

determining the epidemics and then using values if and when needed [46]. In the

“a priori” method one samples for each individual i the variables ei and hi from their

respective distributions, and then for each ordered pair (i, j) one samples τ�i; j from
the conditional distribution F�

i; j(τ j h) for the already sampled h ¼ hi.

The a priori sampling suggests that, if we aim at disregarding time, all we really

care is whether τ�i; j � hi or τ�i; j ¼ ∞, in other words whether there has been

transmission of the disease from i to j or not. In fact, if τ�i; j � hi and i has been

infected, then the infection reaches j: either it reaches it from the infectious contact

with i, or it has already reached it from a previous infectious contact. In any case,

tj < ∞ and the spread can continue from j. Such information is sufficient to

determine all the features related to R∞, although not those related to Rt and the ti’s.
So we can introduce the random probability p(i, j, hi) ¼ Prob(τ�i; j 6¼ ∞) and

discard both the random times τ�i; j and ei from the model. After this, the only

remaining random variables are the hi’s.

Example 2 (Timeless general stochastic SEIR epidemics on a network). Let E be as
in Example 1. The only difference is the introduction of pði; j; hiÞ ¼ 1� e�βi;jhi so

ProbðR1 ¼ f0gÞ ¼
ð1
0

μe�μhð1� pð0; a; hÞÞð1� pð0; b; hÞÞdh ¼ μ

μþ β0;a þ β0;b

If the infectious periods are constant hi � h and the probabilities pði; j; hiÞ ¼
pði; j; hÞ ¼ pði; jÞ ¼ p do not depend on i and j, time can be discretized and we

get the classical Reed–Frost model [8]. The simplification is enormous, and

unrealistic, but clearly one can get more explicit results [57, 43]. The model is

then equivalent to the most elementary percolation process.

2.2.4 Bernoulli Percolation

Mathematical percolation models have been devised as extremely simplified

models of some random medium still capable of capturing features like sudden

global changes as consequence of particular microscopic small changes. For

instance, one can think of the passage of fluid in a porous medium: mathematical

percolation would model the medium as a random subset of some regular networks

with edges open to the fluid independently selected: with the increasing density of

open edges the system remains impermeable till it suddenly becomes almost

completely permeable.

In more formal mathematical detail, the standard Bernoulli bond percolation
with parameter p ∈ [0, 1] on a graph G ¼ (V, E) starts from independently and
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randomly selecting each edge e ∈ E with probability p and then studying the

behavior of the generated random subset formed by the vertices V and the selected

edges. One often focuses on maximal connected components of the random sub-

graph called clusters. In site percolation, instead, the vertices are randomly selected

and the random subgraph is formed by the selected vertices and the edges incident

to them. Bond percolation is used to model porous media, interactions, spread of

fire, and so on, while site percolation can model randomly distributed particles [23],

mixed materials, etc. [52, 77]. The qualitative properties of the two models are

generally the same if the dimension of the space in which they are embedded is the

same, but quantitative features vary.

Although the definition is in general terms, the theory becomes interesting when

G is embedded in some geometric space, for instance is the d-dimensional integer

lattice or some other two-dimensional lattice (Fig. 2.2). In fact, the relative sim-

plicity of the process allows to deal with the constraints of a spatial structure, a

relevant feature also for epidemics which is ignored in the simplest models. This is

the main reason why percolation theory can be useful in studying epidemics.

When G is infinite, one key question in percolation theory is whether there are,

with positive probability, infinite clusters. One of the first results in percolation

theory is that, depending on the graph, there exists a critical pc ∈ (0, 1) such that

for p < pc there are no infinite clusters and for p > pc there is an infinite

cluster containing a fixed given vertex (the origin, for instance) with positive

probability: in this case we say that percolation occurs. In ℤ2, pc ¼ 1=2 [51] for

bond percolation and it is an unknown value estimated around 0. 59 for site

Fig. 2.2 A percolation

cluster in ℤ2
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percolation [42]. Moreover, the transition is sharp, in the sense that the probability

that the origin is in an infinite cluster grows very rapidly to one (with a jump in such

a function or in its derivative) (Fig. 2.3).

Example 3 (Bernoulli percolation on a network). Let E be as in Example 1. In

Bernoulli percolation with parameter p

Probð the origin 0 is isolated Þ ¼ ð1� pÞ2:

Other quantities studied in percolation theory have a corresponding meaning in

the epidemic model. The measure of the development of the epidemics by the

successive generations, which is to say that for each infected site we record the

minimum number of infections needed to reach it, is called chemical distance and

the diffusion of the outbreak measured by the chemical distance growths linearly

with time instead of exponentially as it does in the general epidemic model. In

particular, a shape theorem holds, in the sense that denoting by An the set of vertices

infected using at most n infections, there exists a deterministic set A � ℤd such that

An∕n ! A with probability one (see [40]). In addition, if percolation occurs the

infinite cluster is unique, and, on the other hand, the sets of infected individuals in

the absence of a big outbreak, which is finite clusters in the subcritical regime, have

an exponentially small size [42].

In percolation theory, critical exponents describe features like the shape of the

percolation probability, or the distribution of the size of the cluster of the origin

when p ¼ pc. The exponents originate by the fact that it is believed that several

quantities are polynomial, with a critical exponent as power. For instance, the

probability θp that the origin is in an infinite cluster is believed to behave like

θp � ( p � pc)
β. The value of the critical exponents is believed to depend only on

essential features of the graph, like dimensionality, but not on local details, defining

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

Fig. 2.3 Two-dimensional site percolation probability

2 Percolation Methods for SEIR Epidemics on Graphs 37



some universality classes of models which share the same critical exponents [17]. A

similar theory is also expected to hold for epidemic models: [65, 41, 28] argue that

epidemics are governed by the “dynamics percolation” universality class.

A mathematically very challenging theory has been developed to describe the

asymptotic behavior of large clusters at the critical point pc [27, 83], showing that

several quantities and random subsets become conformal invariant in the scaling

limit (i.e., the network mesh going to zero). Results so fare hold only for very

specific two-dimensional graphs [76, 26].

Clearly, one can consider random edges up to some bounded length: this is

called short-range Bernoulli percolation and basically no new phenomena appear.

2.2.5 Reed–Frost Model

In the general stochastic SEIR model, if p(i, j, hi) ¼ p(i, j), then each directed edge
between pairs of individuals is generated independently since the only dependen-

cies between different transmissions from a vertex i stem from the common

parameter hi. In the Reed–Frost model p(i, j) ¼ p ∈ [0, 1]. Transmissions are

then independent and identically distributed (i.i.d.) random variables, and the “a

priori” realization is exactly the Bernoulli percolation model with parameter p: in
fact, the presence of an edge {i, j} in the percolation configuration corresponds to

the transmission through that edge when the first of i and j is exposed to the

infection; if none is ever exposed, then the presence of {i, j} can be disregarded,

and if {i, j} is not present and the other individual is later exposed, then transmis-

sion through {i, j} is in any case irrelevant to the future course of the epidemics.

We then have a complete transcription: the set of infected individuals is the

percolation cluster of the origin, the distribution of small epidemics is the distribu-

tion of subcritical clusters, the critical value for epidemics is the percolation critical

point, the probability of outbreak is the probability of an infinite percolation cluster,

the final size of the epidemic is the density of the infinite cluster, and the probability

of being infected is the probability of being in the cluster of the origin.

Although this is an unrealistic simplification, it can serve as a benchmark or for

testing plausible features of the model. When we later discuss realistic networks,

the direct translation of the Reed–Frost epidemic model into Bernoulli percolation

can be used to get a first insight into the features of some classes of networks.

Example 4 (Comparison of general stochastic SEIR epidemics
with percolation). Let E be as in Example 1 and the general SEIR epidemics.

It is possible to obtain a Bernoulli percolation, or, equivalently, a Reed–Frost

epidemic model, by averaging the infectious periods �h � Ð1
0

hμeμhdh ¼ 1=μ and

then taking pð�hÞ ¼ 1� e�
β0;aþβ0;b

2
1
μ.

If the transmission rates βi, j ¼ β do not depend on the individuals, then one

can also take the average transmission probability �p ¼ �pð0; aÞ ¼ �pð0; bÞ ¼ Ð1
0
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ð1� e�βÞμeμhdh ¼ β
μþβ and consider transmissions to be independent, as in

Example 3.

Then

Prob R1 ¼ f0gð Þ ¼ 1� pð�hÞð Þ2 ¼ e� β0;aþβ0;bð Þ1μ;

Prob0 R1 ¼ f0gð Þ ¼ 1� β

μþ β

� �2

¼ μ

μþ β

� �2

:

Since e� β0;aþβ0;bð Þ1μ < μ
μþ2β

� �
and μ

μþβ

� �2

< μ
μþ2β

� �
for small μ, percolation with

average infectious periods (see Sect. 2.2.10 below for a development of this bound)

or that with average transmission probabilities overestimate the outbreak probabil-

ity computed in Example 1. None of the two reproduces the exact quantity.

2.2.6 Basic Reproduction Number

With the translation of Reed–Frost epidemic into percolation one begins to discover

how the spread of infectious diseases takes place between individuals dispersed in a

space with some geometrical features.

The first discovery is that the value R0 ¼ 1 of the basic reproduction number

does not, in general, identify the threshold. For instance, in ℤ2, the percolation

critical point is pc ¼ 1=2 , but at p ¼ 1=2 we have R0 ¼ 2. The reason is that

saturation occurs quite rapidly and infected individuals are surrounded by already

recovered individuals, so that a larger value of R0 is needed. On the other hand, in

many epidemics the value of R0 greatly exceeds 1.

Since the basic reproduction number R0 is often available in concrete situations,

it can be used to estimate the model parameters from which the occurrence of

percolation can be inferred, often by means of simulations. In the Reed–Frost model

on ℤd, p ¼ R0=4 and thus a large epidemic occurs if R0=4 > pc ¼ 1=2.

2.2.7 Fixed Infectious Periods

When the infectious periods hi � h are constant and the probabilities p(i, j, hi) ¼
p(i, j) then it is still possible to formulate a percolation network equivalent to the

general stochastic SEIR model. First generate i.i.d. random variables p(i, j)’s for
each ordered pair (i, j) of individuals. Suppose that the epidemics starts at some

vertex (the origin, for instance) and let {i, j} ∈ E; once again, if i is the first to be

exposed to the infectious disease between those at i and j, then use the realization of
p(i, j); if the first exposed is j, then use the realization of p( j, i), and if none among

i and j is infected, then take one of the realizations of p(i, j) or p( j, i) at random. As
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we argued before, possible transmission from the second individual exposed has no

relevance to the course of the epidemic. In this construction, the edges have been

taken independently, thus realizing a (nonhomogeneous) percolation process.

Notice that this occurs in spite of the fact that the p(i, j)’s depend on the directed

edges: this is because we really care only about the first infected in the pair of

neighbors and on whether it transmits the disease or not; the second infected and its

attempt to transmit are irrelevant in the SIR model. Independence derives from the

fact that the p(i, j)’s are independent for different edges, and the infectious period is
constant. Then, in the SIR epidemic with constant infection times also we have a

complete transcription in terms of percolation.

Example 5 (Inhomogeneous Bernoulli percolation on a network). Let E be as in

Example 1. With p(i, j) as above we have

Probðthe origin 0 is isolatedÞ ¼ 1� pð0; aÞð Þ 1� pð0; bÞð Þ:

2.2.8 Plague Among Great Gerbils in Kazakhstan

A more direct relation to percolation has been discovered recently in the interpre-

tation of the threshold for the plague epidemic among great gerbils in Kazakhstan:

in [33] data about a plague epidemic (infection with Yersinia pestis) among great

gerbils in Kazakhstan has been analyzed. Great gerbils build a burrow system with a

small group living in each burrow and data recorded by monitoring in Kazakhstan

shows a threshold related to the abundance (fraction of occupied burrows). In [33] a

realistic network is taken, with appropriate occupied burrow spatial density, and

then an SIR epidemic is simulated by assuming that one burrow is infected and that

at each infected site at exponential times an attempted infection occurs; the

destination of the infectious attempt has been based on the study of great gerbil

movements which are responsible for carrying fleas around: the destination burrow

of the infectious attempt is then determined with a random distribution based on the

distance from the infected burrow. Outbreak is defined as the spread of infection

at some distance. As the observation distance is increased, the probability of

outbreak goes from linearly increasing in the burrow occupation rate to a discon-

tinuous function jumping at some critical value. The simulations indicate a thresh-

old at burrow occupation rate p � 0. 31, while the collected data indicated a

threshold at a 95 % confidence interval of about (0. 287, 0. 373). At the same

time the basic reproduction number at the threshold has been estimated as

R0 � 1. 5. Thus it appears that a percolation phase transition is taking place even

among a non-static population.

Notice that the explanatory model consists of some modification of the

standard percolation models: burrows are not placed at the vertices of a regular

two-dimensional network; in addition, both site variables (in terms of occupied

burrows) and bond variables (in terms of transmissions) are present; and, finally,
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connections are not only between closeby vertices, but can also reach over a long

distance. This last remark brings us to long-range percolation, which is discussed in

a later section.

2.2.9 Epidemic Percolation

Back to the general stochastic SEIR model: it can be given a graphical representa-

tion using directed edges. Once the random variables hi and p(i, j, hi) are deter-

mined, for each i and j in V if (i, j) ∈ E we select the directed edge (i, j) with
probability p(i, j, hi). Then, starting from the set I0 of initially infected individuals

we determine R∞ by including I0 and all the individuals who can be reached from I0
following the directed edges selected above.

For a given I0, the random set R∞ incorporates all of the relevant information

about the epidemics except time evolution. Such a random set is in fact a percola-

tion process, named epidemics percolation [46]. Differently from the standard

percolation processes, the edges are directed, but more importantly, dependent.

The directionality of the model implies that it has to be analyzed by considering

the outcomponent and incomponent of each individual i, which is to say, the sets of
individuals which are reachable from i in the forward direction, and the set of

individuals from which i can be reached [46].

The dependence comes from the common parameter hi used to determine the

p(i, j, hi)’s with common i [55], as in Example 2. The selection of the directed

edges (i, j) has, however, only a local dependence: in fact, if i 6¼ i
0
, then (i, j) and

(i
0
, j

0
) are independently selected. Such condition is called one-dependence, since

there is dependence only up to distance one [39]. One-dependence implies that

if βi, j ¼ β for all pairs of individuals, then there is a critical βc such that for

β < βc the probability Pβ of a big (infinite) outbreak is zero, while Pβ > 0

for β < βc [81, 9]. Bernoulli percolation with parameter equal to the average

transmission probabilities overestimate the large outbreak probability [54], as we

have seen in Example 4.

From a general point of view, the fact that we now relate epidemics to directed

percolation suggests that this is in a different universality class than that related to

ordinary percolation.

2.2.10 Extra Variables: Infectivity and Susceptibility

Additional features of the spread of infectious diseases can be incorporated in the

stochastic SEIR model by additional individual-based random variables. Infectivity

Wi and susceptibility �Wi are introduced in [59] as i.i.d. random variables, not
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necessarily independent for fixed i, and letting pði; jÞ ¼ pðWi; �WjÞ be the transmis-

sion probability from i to j once the first is infected and the second susceptible.

This model deals with different aspects of the infectious transmission, but

in some instances it is equivalent to the general stochastic SEIR model: if

p(i, j, hi) ¼ p(hi) depends on i only through hi and does not depend on j, then the

SEIR model is equivalent to the Meester–Trapman model withWi ¼ hi, �Wi ¼ 1 and

the same function p.
The main result of [59] is that under general conditions several features of

epidemics such as the probability of a large outbreak and the expected final

size of the outbreak are bounded by the corresponding percolation quantities

(probability of percolation and expected cluster size) from above by a Bernoulli

bond percolation model (obtained by letting p(x, y) ¼ x y, Wi � W, �Wi � �W ,

W �W ¼ p, with W and �W constants) and from below by a Bernoulli site percolation

model (obtained by letting p(x, y) ¼ x y and p ¼ PðWi ¼ �Wi ¼ 1Þ ¼ 1� PðWi ¼
�Wi ¼ 0Þ ); we indicate the Bernoulli bond percolation model by Pp

bond and the

Bernoulli site percolation model by Pp
site. In particular, suppose that for some

random variables W and �W , Wi � W and �Wi � �W , then if Ξ is a collection

of hoppable paths (i.e., a collection closed under the operation of switching

paths at crossing points and which can be suitably approximated by the first parts

of the paths), then the event CΞ that for at least one path in Ξ all of its edges are

present satisfies the following [59]. Let ðW; �WÞ be a random vector and let

p(x, y) ¼ p(x y) be such that p(z) is increasing and concave. Then, for every

p � pðmax½EðW �WÞ;EðWÞEð �WÞ	Þ;

we have

PðCΞÞ � Pbond
p ðCΞÞ:

A similar result shows that if p � EðW �WÞ then P(CΞ) � Pp
site(CΞ). These results

allow us to estimate the probability of a large outbreak, and hence the epidemics

critical threshold, and the probability that a given vertex will ever be infected, by

corresponding quantities in the percolation model, which are generally relatively

easier to compute or estimate.

2.3 Random Networks and Percolation

2.3.1 Random Graphs

So far we have paid little attention to the network structure. The

Kermack–McKendrick model can be recovered from the general SEIR epidemic

model when G is the complete graph. Models on complete graph E ¼ V2 are called

mass-action or mean-field models.
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Example 6 (Kermack–McKendrick model [50] Fig. 2.4). Let E ¼ V 
 V and let

the transmission rates be constant. In this simple example we omit the usual

rescaling by the inverse of the population size; we then have βi, j � β. Then

ProbðR1 ¼ f0gÞ ¼
ð1
0

μe�μhð1� pðhÞÞ3dh ¼ μ

μþ 3β
:

As we mentioned, mass-action models do not capture the inhomogeneity in the

number of individuals that can be potentially infected by a given individual: this is

better described with a reference network, in particular if this is random.

The classic example of a random network [5] is the Bernoulli random graph,

usually called Erdös–Renyi [36, 37]. Starting from n vertices the random graph

G(n, p) is generated by connecting each pair of vertices independently with prob-

ability pn. Depending on the value of pn there are different asymptotic behaviors of

the random graph as n diverges and one important transition is called the emergence

of the giant component. If npn < 1, then a graph in G(n, pn) will almost surely have

no connected components of size larger than O(log n). If npn ¼ 1, then a graph in G
(n, pn) will almost surely have largest component whose size is of order n2∕3. If npn
tends to a constant c > 1, then a graph in G(n, pn) will almost surely have a unique

giant component containing a positive fraction of the vertices and no other com-

ponent will contain more than O(log n) vertices.
Using the random graph G as a reference graph for the standard stochastic SEIR

model, a large outbreak is possible only for npn � 1. Due to the independence of

the edges in the random graph, this model actually produces just a change of

transmission probability. This is seen by a joint construction of epidemic evolution

and the random graph [63]. With the usual initial sets S0 and I0, the evolution is

split into successive discretized generations identified by Sk, Ik, Rk. Each individual

in Ik makes an independent infectious attempt on each individual in Sk which is

successful with probability pnp(hi); if the infection is transmitted by at least one

successful attempt, then the target individual enters Ik+1, else it goes into Sk+1.
Finally, Rkþ1 ¼ Ik [ Rk and Skþ1 ¼ Sk n Ikþ1.

The timeless stochastic SEIR epidemic evolution is correctly reconstructed by

this procedure, and one can retrieve the random graph as well. For any edge {i, j}, if

0

a

b

c

Fig. 2.4 The complete

network
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i, j =2 R∞, then the edge is taken with probability p; otherwise, if the infectious

attempt through {i, j} has been successful (in whichever direction it was

attempted), then {i, j} is taken; if the unique infection attempt was not successful

(and was attempted from i), then {i, j} is taken with probability
pnð1�pðhiÞÞ
1�pnpðhiÞ [63].

Then, any edge through which a transmission has been attempted or realized is

taken with probability pnpðhiÞ þ ð1� pnpðhiÞÞ pnð1�pðhiÞÞ
1�pnpðhiÞ ¼ p and all edges are

selected independently.

Asymptotics for large n are discussed in [64] and [63], where it is shown that in

this case if p ¼ pn ¼ α=n for some α > 0 and the transmission rates are rescaled

by the average number npn � 1 of neighbors in the random graph so that βi;j � β=

ðnpn � 1Þ, then the basic reproduction number is R0 ¼ α
Ð1
0

μe�μhe�
β

npn�1
hdh. Note

that R0 is the way to identify the epidemic threshold since these are mass-action

models.

Example 7 (SEIR on a random graph Fig. 2.5). The network edges in E are chosen

randomly with uniform probability p4; transmission probabilities should be rescaled

by the factor 4p4 � 1 but we avoid it in this example to simplify comparison with

the other examples. Then pði; j; hÞ ¼ 1� e�βh. Hence

ProbðR1 ¼ f0gÞ ¼
Z 1

0

μe�μh
X3
k¼0

3

k

� �
pk4ð1� p4Þ3�kð1� pðhÞÞkdh

¼
Z 1

0

μe�μhð1� p4pðhÞÞ3dh

¼
X3
k¼0

3

k

� �
pk4ð1� p4Þ3�k

Z 1

0

μe�μhe�βkhdh

¼
X3
k¼0

3

k

� �
pk4ð1� p4Þ3�k μ

μþ βk
:

In this case, the basic reproduction number satisfies R0 ¼ αμ
βþμ .

0

a

b

c

Fig. 2.5 The basic random

network; dashed lines are

random
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2.3.2 Small-World Networks

In spite of the interesting developments of the last section, random graphs are not

satisfactory from some points of view. Starting from a paper by Watts and

Strogatz [82] new indicators have been used to classify graphs and new classes of

networks have been discovered. One indicator is the average point-to-point distance

L on the graph, obtained by averaging, over all pairs of vertices on the graph, their

graph distance on the graph. Another is the clustering coefficient C, obtained by

considering the set Ax of neighbors of a vertex x and the fraction Cx of edges

between pairs in Ax compared to the total possible: C is the average of Cx. Regular

lattices have a big clustering coefficient and short average distance, while random

graphs of the Erdös–Renyi type have a small clustering coefficient and short

average distance. However, it has been noticed that real networks have a small

average distance, but a large clustering coefficient. Thus several examples have

been built of graphs exhibiting these features: Watts and Strogatz obtained the first

example by starting from an ordered set of n vertices, connecting all vertices with

indices closer than a certain distance k and then randomly rewiring the edges one

after the other with some probability β ∈ [0, 1]; rewiring consists of placing the

second end point of an edge uniformly on the remaining vertices not creating loops

or double wiring. For β ¼ 0 the lattice is regular and for β ¼ 1 it is of Erdös–Renyi

type. For N > > k > > logN and intermediate values of β clustering is still close

to that of regular lattice and average distance is close to that of random graphs.

Example 8 (SEIR on a Watt–Strogatz small-world network). Starting with the

network of Example 1, the network is realized by randomly rewiring with proba-

bility δ, using the order 0, a, c, b, the edge which connects the vertex to the

successive one and replacing it uniformly where possible. Calculations are quite

long and the result is

ProbðR1 ¼ f0gÞ ¼
Z 1

0

μe�μhðð1� pðhÞÞ
�
1

2
ð1� δÞ3δþ 10

12
ð1� δÞδ3 þ 3

8
δ
4
�

þ ð1� pðhÞÞ2
�
ð1� δÞ4 þ 3ð1� δÞ3δþ 61

12
ð1� δÞ2δ2

þ 59

24
ð1� δÞδ3 þ 9

16
δ
4
�

þ ð1� pðhÞÞ3
�
1

2
ð1� δÞ3δþ 11

12
ð1� δÞ2δ2

þ 17

24
ð1� δÞδ3 þ 1

16
δ
4
�
dh

¼ μ

48ðβ þ μÞð2β þ μÞð3β þ μÞ

 ð144β2 þ 48β2δ� 188β2δ

2 þ 318β2δ
3 � 127β2δ

4

þ 192βμ� 44βδ2μþ 94βδ3μ� 35βδ4μþ 48μ2Þ:

2 Percolation Methods for SEIR Epidemics on Graphs 45



The first models of small-world graphs are regular enough that one can find

explicit expressions for the critical values of the parameters at which a large

outbreak takes place [67].

Howaverage distance, clustering, or other features affect the value of the epidemic

threshold is not very clear. In general, exact results and numerical analysis seem to

suggest that clustering reduces the critical point, although it does not have a clear

effect on the final size of the epidemic [21]. These conclusions are, however,

challenged by several other features, for instance, correlation of in and out degrees:

[62] investigates a small-size network and notices that for such a network to have a

lower epidemic threshold than other network structures, there needs to be a positive

correlation between the number of links to and from nodes. When this correlation is

negative the epidemic threshold for small-size networks can be higher [62] concludes

that clustering does not necessarily have an influence on the epidemic threshold if

connectance is kept constant and that analyses of the influence of the clustering on the

epidemic threshold in directed networks can also be spurious if they do not consider

simultaneously the effect of the correlation coefficient between in- and out-degree.

Finally, it is observed in [60] that clustering by itself does not seem to reduce the

epidemic threshold, but that this is the effect of assortativity, the tendency for nodes to

contact nodes of similar degree, which is generally associated with clustering.

2.3.3 Scale-Free Networks

At the same time, another feature has been considered: the degree distribution of the

vertices of the graph decays exponentially in Erdös–Renyi random graphs and in

WS but appears to have a power law decay in some realistic network, such as the

Internet. Random graphs with this property are called scale-free [24]. A possible

construction is by preferential attachment, a procedure in which edges are randomly

selected from one vertex with a probability favoring a second vertex with already

higher degree [13, 1, 38, 22].

Epidemics has been widely studied in scale-free networks and the surprising

feature that simulations and approximations have suggested at first is that the

epidemic threshold for a large outbreak is zero [61, 48, 49, 86, 13]. Consequencies

would be impressive: in a large such network a virus can spread and create a large

epidemic no matter how small the individual-to-individual infection probability is.

The issue has not been fully clarified, however. [85] introduces a new scale-free

network, which is built recursively by substitutions and studies it asymptotically for

a large number of iterations. In such a limit there is a nonzero critical value λc for
the appearance of a giant component (i.e., for the epidemic outbreak). Another

nonzero critical point for a spatial scale-free network is in [72].

Here is an example of preferential attachment with just four individuals even if

such a small size induces an excessive oversimplification.
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Example 9 (SEIR on a preferential attachment network). Take a random graph

G
0 ¼ (V

0
, E

0
) with probability δ of each edge in V

0 ¼ {a, b, c}; then attach 0 to

each individual i ∈ V
0
with probability 0 if i is isolated in G

0
, 1∕2 if i has

one neighbor in G
0
, and 1 if i has two neighbors in G

0
. From such a random network

G an SEIR epidemic with probabilitypðhÞ ¼ 1� e�βh of transmission is run starting

from 0. Then

ProbðR1 ¼ f0gÞ ¼
Z 1

0

μe�μh ð1� δÞ3 þ 3

4
ð1� δÞ2δþ 3

8
ð1� δÞδ2

�

þ ð1� pðhÞÞ 3

2
ð1� δÞ2δþ 9

8
ð1� δÞδ2

� �

þ ð1� pðhÞÞ2 3

4
ð1� δÞ2δþ 9

8
ð1� δÞδ2

� �

þ ð1� pðhÞÞ3 3

8
ð1� δÞδ2þδ3Þ

� �
dh

¼ 1

4ðβ þ μÞð2β þ μÞð3β þ μÞ

 ðβ3ð24� 54δþ 45δ2Þ þ 2β2μð22� 27δþ 21δ2 � 12δ3Þ

� 3βμ2ð�8þ 4δ� 5δ2 þ 5δ3Þþμ3ð4þ 3δ2 � 2δ3Þ
�
:

2.3.4 Spatial Networks and Long-Range Percolation

As they are mostly mass-action models, random graphs, small-world, and scale-free

networks do not capture the geographical dispersion of individuals, often in two- or

three-dimensional environments, which was a key ingredient of most percolation

models. The simplest percolation models, on the other hand, are not scale-free nor

have the appropriate clustering coefficient or average distance.

Models which combine dimensionality and nonlocal connections are those

named spatial networks: individuals are positioned within a given area

(or volume) and two individuals are connected with a probability that depends on

their distance. By changing the distribution of individuals or the connection prob-

abilities, it is possible to generate a wide variety of networks, from highly clustered

lattices to small-world arrangements to globally connected random networks [35,

71, 45]. They are, however, generally not scale-free, a limitation we address later.

The percolation counterpart of spatial networks is long-range percolation, which

is generally defined as a random graph which has V ¼ ℤd as vertex set and an edge

between two vertices at distance r with probability p(r), all edges being selected

independently. In general, p(r) only depends on the distance, for instance
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pðrÞ ¼ 1� e�λr; with λðrÞ � qr�s (2.1)

for some s > 0 and some q which could be a constant or a slowly varying function

of r. In long-range percolation the probability of occurrence of an infinite cluster

follows a particular pattern depending on s. In dimension d, if s < d there is an

infinite percolation cluster with probability one, while if s > d there is a critical

value for q: at small q there is no percolation, but this does occur for large

q [19]. Such behavior occurs even in dimension d ¼ 1, in which case the ordinary

Bernoulli model exhibits no percolation, even if the nontrivial critical point for

q appears only for s ∈ (1, 2) see [74].

Clearly long-range percolation can be considered on other reference networks:

an example on a hierarchical lattice is described, for instance, in [53].

Reed–Frost epidemics on the long-range percolation network are studied in [79]

and [80]: this gives us the occasion to discuss the role of R0. We have already seen

that in spatial graphs the condition R0 ¼ 1 no longer identifies the onset of a large

outbreak. An epidemic model based on a long-range percolation network could be a

good place to try an alternative definition ofR0. As an attempt, the set Bk of vertices

at graphical distance k from the origin is considered in [80], together with the

quantities

Rð1Þ
� ¼ lim inf

k!1
EðjBkjÞ1=k; Rð2Þ

� ¼ lim sup
k!1

EðjBkjÞ1=k

(using R∗ if the two coincide). It is then shown that for λ(r) � r�β the following

occurs: for β < d or β ¼ d and some other conditions then R∗ ¼ ∞; for β ¼ d and

some other conditions then 1 < Rð1Þ
� � Rð2Þ

� < 1; finally, for β > d then R∗ ¼ 1

(see also [18]). This could be a first indicator of the epidemic transition to a large

outbreak, although it is not able to identify a transition from a small to a large

outbreak if β ∈ (d, 2d). The issue is thus still unresolved and for the time being one

more easily identifies the onset of a large outbreak by indicating the value of R0 at

which this occurs.

Example 10 (SEIR epidemics on long-range percolation). The edges {0, a} and

{0, b} are in E with probability pð1Þ ¼ q=12 ¼ q and {0, c} ∈ E with probability

pð2Þ ¼ q=22 ¼ q=4, all independent of one another. With pði; j; hÞ ¼ pðhÞ ¼ 1�
e�βh we have

ProbðR1 ¼ f0gÞ ¼
Z 1

0

μe�μh
X2
k¼0

2

k

� �
qkð1� qÞ2�k q

4
1� pðhÞð Þ

� kþ1

þ 1� q

4

� �
1� pðhÞð Þk

�
dh

¼
X2
k¼0

2

k

� �
qkð1� qÞ2�k q

4

μ

μþ βðk þ 1Þ þ 1� q

4

� � μ

μþ βk

� �
:
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As we mentioned, spatial networks and long-range percolation are, however,

generally not scale-free: this led Yukich [84] to introduce another class of networks

in which a random number is selected for each vertex and then two vertices are

connected if their distance is less than both the random numbers. The idea is

appealing, but does not seem directly suitable to study epidemics: we shall exploit

a similar direction after introducing modularity.

2.3.5 Modular Networks with Communities

It has become clear in the last few years that there is an even more relevant feature

of real populations, in particular human ones: the modular or community structure,

in which individuals have contacts through different communities to which they

belong and, what is more relevant, contacts and thus infectious rates depend on the

community [69].

The first step in this direction is to consider, next to usual contacts, a family or

household structure in which infections occur at a faster rate [15, 16, 10]. In

particular, [11] and [12] study a random network with m households each with

n individuals and global random interactions. The spread of infection has then two

rates, one for the global and one for the local connections. The epidemic threshold

is determined by an extension of the basic reproduction number: suppose there is an

initial infected individual 0 and let C0 be the number of individuals, not in its

household, directly infected by 0, T the number of those eventually infected within

the household, and C1 those directly infected by any individual different from

0 in its household. Then the onset of a large outbreak depends on whether

R∗ > 1 or R∗ < 1, with R� ¼ EðC0Þ þ EðTÞEðC1Þ. This is to be contrasted with

the usual R0 which is between E(C0) and E(C0) + E(T ).

Example 11 (SEIR epidemics with households). Assume that {0, a, b} are in the

same household and their connecting edges are automatically in E. The individual
in c is outside the household and there is some probability p(c) that {0, c} ∈ E.
The infection rate βH within the household is higher than the infection rate β(c)
between 0 and c

ProbðR1 ¼ f0gÞ ¼
Z 1

0

μe�μhð 1� pðcÞ
� �ð1� pð0; a; hÞÞð1� pð0; b; hÞÞ

þ pðcÞð1� pð0; a; hÞÞð1� pð0; b; hÞÞð1� pð0; c; hÞÞdh
¼

Z 1

0

μe�μh ð1� pðcÞÞe�2βH þ pðcÞe�ð2βHþβðcÞÞ
� �

dh

¼ 1� pðcÞ
� � μ

μþ 2βH
þ pðcÞ

μ

μþ 2βH þ βðcÞ
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In another direction, several papers have investigated the modular structure of

established networks to evaluate the effects on epidemics: [66] presents a class of

new divisive algorithms for the discovery of community structure in networks and

gives references to other existing methods; [65] shows that the modularity can be

expressed in terms of the eigenvectors of a characteristic matrix for the network,

named modularity matrix, and by this expression generates a spectral algorithm for

community detection (see also [31] and [70]).

Modular effects on epidemics are directly studied in [58] which reports indica-

tions, by exact formulas and simulations, that the epidemic threshold decreases with

community structures. [30] shows that internal links within the communities are

less responsible of the spreading of a disease with respect to external ones. In a

slightly different model, dynamical behaviors of epidemics on scale-free networks

with community structure is considered in [78] where an SIR model is studied, with

communities and movement of individuals away from infected communities.

An interesting network with modular as well as hierarchical structure is pro-

posed in [68]. It starts from a modular network consisting of m modules, each

containing n nodes. The idea is to take a rich structure within each module, and then

analyze its modification under the hierarchical construction. Within each module

the connectivity (i.e., the probability of a link between any pair of nodes) is taken to

be some ρ1, while the connectivity between modules is ρ2 ¼ ρ ρ1, with ρ ∈ [0, 1].

The hierarchy is introduced by adding another set of m modules (each having n

nodes) with the same ρ1 and ρ2. The nodes belonging to these two different sets of

modules are then connected, but with a probability ρ3 ¼ ρ2ρ1. The resulting

network has 2 nm nodes and l ¼ 2 hierarchical levels. To increase the number of

hierarchical levels to l ¼ 3, a similar network is added with 2 nm nodes to the

existing network and, as above, links between these two networks occur with a

probability ρ4 ¼ ρ3ρ1. Thus, to get a network with l ¼ h hierarchical levels, the

above procedure is repeated h� 1 times. The final network containsM ¼ 2ðh� 1Þm
number of modules. No study of epidemics has been carried out on the network,

and, in any case, the random network has no clear spatial features.

2.4 A New Class of Epidemic Models and Their

Percolation Analysis

2.4.1 Epidemics on Modular Spatial Hierarchical
Scale-Free Networks

Gathering several of the previous considerations we propose here a new class of

random networks called SHEM which is likely to capture important features of

epidemics in human communities: networks in the class have spatial dimensional-

ity, modularity, are built with a hierarchical structure, and can be made scale-free

by a suitable choice of the parameters. The class is likely to be flexible enough to
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model several different situations but is also likely to be regular enough that the

analysis of most examples will not be too difficult. Here is a general description of

the class, followed by one detailed example.

To construct the SHEM random network, let the vertex set of the graph be

V ¼ ℤd or any regular finite or infinite lattice. The set of edges E contains all the

nearest neighbor edges of V plus a random set of edges defined as follows. Consider

a probability distribution ν on H ¼ f0; 1gN; and for each i ∈ V an independent

realization η(i) ∈ H. Next, for each k 2 f0; 1; . . .g partition V into blocks Br(k)
of level k; although easier to picture, blocks are not necessarily hypercubes.

Then connect two vertices i, j ∈ V if there exists a level k and a block Br(k) such
that i, j ∈ Br(k) and ηkðiÞ ¼ ηkðjÞ ¼ 1 ; multiple edges can be removed or not,

according to the desidered model. Clearly, the number of levels is finite in any

realistic example, with the largest block being the entire population, but can be

taken infinite for mathematical convenience.

Vertices i ∈ V represent individuals, and blocks Br(k) represent communities.

For instance, blocks at level 1 may represent families, at level 2 classes or

workplaces, at level 3 schools or companies. At higher levels, blocks may represent

special communities which are accessed by only few individuals selected out of a

large potential set of members: sports teams, political bodies, company boards, etc.

By appropriate selection of the forms of the blocks and of the distribution ν one can
reproduce the community distributions of human populations of any size. Edges in

the graph represent the closeness of individuals and the opportunity of infectious

contacts in the case of epidemic. Nearest-neighbor edges in ℤd represent the pairs of

individuals which are extremely close by, whether or not they are in the same

family; note that in d ¼ 2 the number of such close relations is 4. Edges within

communities, which connect all members of the community, represent the oppor-

tunity of disease transmission within the community itself.

Once the random network G ¼ (V, E) is constructed one can study or simulate a

diffusion of an infectious disease on G, along the edges both between nearest

neighbors and within the communities. Once an individual is infected, transmission

to neighbors in the random network takes place at some rate, which can be different

for different pairs: it actually makes sense to have community-dependent rates

of transmission to the susceptible individual belonging to the same community.

A natural assumption is that transmission between a pair of individuals is attempted

independently in each shared community, increasing the transmission rate if many

communities are shared. It makes sense, also, that the rate at which transmission

takes place decreases with the size of the community, as direct contacts become

more rare. All of these rates may even depend on infectivity and susceptibility.

To simplify things in this presentation, we restrict ourselves now to a specific

form of the distribution ν: we fix a nonnegative integer distribution P with proba-

bilities pk, k 2 f0; 1; . . .g , and for each vertex i ∈ V consider an independent

realization Xi with distribution P; ηk(i) ¼ 1 if Xi � k and else ηk(i) ¼ 0. This

creates a strong and unnatural dependence between the different communities

containing a given individual, but it makes the mathematical analysis much easier,

while still capturing some features of human communities.
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Example 12 (SEIR epidemics in the hierarchical random network
with communities). Assume that the transmission probabilities p(0, i, h) ¼ p(h)
are independent of i but are higher within the household, and that Xi satisfy

PðXi ¼ 0Þ ¼ 2=3 ¼ 1� PðXi � 1Þ . a and b are also the nearest neighbors of

0. Then

ProbðR1 ¼ f0gÞ ¼ 2

3

Z 1

0

μe�μhðð1� pHðhÞÞ2dh

þ 1

3

X3
r¼0

3

r

� �Z 1

0

μe�μh 1

3

� �r
2

3

� �3�r

ðð1� pHðhÞÞ2ðð1� pðhÞÞrdh

¼ 2

3

μ

μþ 2βH
þ 1

3

X3
r¼0

3r
1

3

� �r
2

3

� �3�r μ

μþ 2βH þ rβ

The random network proposed in this section is reminescent of the one intro-

duced in [84], described above at the end of Sect. 2.3.4, which is obtained as a limit

case (see below), but captures more features of the spread of infectious diseases.

Similar ideas without spatial dimensions appear in [25] and [75]. Note that the

random values Xi’s assigned to each individual to construct the graph play a

different role from that assigned to infectivity and susceptibility in [59]. The key

distinguishing element is that in the proposed model the variable Xi’s are used both

to generate the random network through the blocks and to determine the intensity of

the interactions via the number of shared blocks.

2.4.2 Percolation Analysis of a Specific Case

Here is a specific example within the above class, which is further studied in detail

in [29]. Consider dimension d ¼ 2, pk ¼ ðα� 1Þα�ðkþ1Þ
, k ¼ 0; 1; . . . , and nested

blocks {Br, s(k)}, r, s ∈ ℤ, of size 2k of the form

Br;sðkÞ ¼ fði1; i2Þ 2 Z2jr2k � i1 � ðr þ 1Þ2k � 1; s2k � i2 � ðsþ 1Þ2k � 1g:

A random network G is then created as described above, by removing multiple

edges and adding all nearest neighbor edges in ℤ2. The rigidity of the blocks does

not allow to reproduce the community distribution for the low level blocks, such as

the household distribution http://www.statistics.gov.uk/census/. But it correctly

reproduces asymptotic features, such as the distribution of community sizes: this

is in general polynomial, with a fraction of communities of size m of the order of

c∕m5 [56]. In fact, the average number of members of a community at level k is 22k

αk ,

and thus a community has size m at level kðmÞ ¼ logm
log 4�log α . If we consider a
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population of 22
�k , there are 22

�k

22kðmÞ
¼ 22

�k

m
2 log 2

log 4�log α

� c=m4:8 communities of size m. The

average vertex degree �d of the origin satisfies

�d ¼ 4þ
X1
k¼2

1

α2k
22k � 22ðk�1Þ

� �
¼ 4þ 3

α2 � 4

for α ¼ 3 we have �d � 4:6. For γ � 1 ¼ log2 α
2�log2 α

the degree distribution satisfies

Pðd � kÞ � ck�ðγ�1Þ for some constant c > 0, hence Pðd ¼ kÞ � ck�γ and the

random network is scale-free for 2 � α � 2
4
3: For α ¼ 3 we have

Pðd ¼ kÞ � c=k2:81 [29].
To perform a simple analysis of an epidemics on the random network G, we take

a Reed–Frost model, i.e. the SEIR epidemic model with constant infectious periods

and transmission rates not depending on the individual. This amounts to a Bernoulli

percolation process on G. Transmission probabilities, however, depend on the

community shared by two individuals. There is a transmission probability p
between nearest neighbors, so that at the level of the nearest neighbor graph a

standard Bernoulli percolation takes place. Then within each community Br, s(k) we
assume that the probability of transmission is pρk, ρ ∈ [0, 1], with transmissions

independent for the various individuals and for the different communities even

between the same individuals. Therefore, once one of i or j is infected and the other
is susceptible, then the probability of transmission is pði; j;Xi;XjÞ ¼
1�Q1

k¼0 ð1� pρkIffi;jgj9r;s:Xi;Xj�k and i;j2Br;sðkÞgÞ:
In the limit α ! 1, pk ! 0 and P(X � k) ! 1 for all k: in practice Xi � ∞, each

individual belongs to all communities and if m � log2r(i, j), where r(i, j) is the

distance between i and j, is the linear size of the first block to which i and j belong

pði; jÞ ¼ 1�
Y1
k¼m

ð1� pρkÞ

� 1� e�
P1

k¼m
pρk

� cpρm � cpρlog2 rði;jÞ � cprði; jÞlog ρ= log 2

for some constant c > 0. Therefore, the model is close to the long-range percolation

model on ℤ2 with s ¼ � log ρ= log 2 and q ¼ cp. Percolation, and hence a large

outbreak in the Reed–Frost epidemics, occurs at all values of p if s ¼ � log ρ= log
2 < 2, i.e. ρ > 1∕4, while there is a nontrivial transition in p between small and

large outbreak if ρ < 1=2d ¼ 1=4: the model is studied in detail in [53, 34, 7]. It is

now interesting to investigate if this behavior occurs also in the scale-free param-

eter region.

It turns out that for α > 4 the nearest neighbor transmissions take over and thus

the model is basically equivalent to the short-range Bernoulli percolation discussed

at the end of Sect. 2.2.4 [29]. In the limit α ! ∞ only nearest neighbor edges
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remain, so that we obtain the standard Bernoulli bond percolation in ℤ2, with the

exact critical point pc ¼ 1=2 (see Sect. 2.2.4). Also for ρ ¼ 0 one retrieves

the standard Bernoulli bond percolation in ℤ2, as no transmission can occur at

any higher level. For ρ ¼ 1 the model has some independent interest: two vertices

i and j are connected if and only if Xi, Xj � k(i, j) where k(i, j) is the size of the

smallest block containing them. The model resembles that of Yukich (see end of

Sect. 2.3.4), but with some differences due to the block structure. Thus the model

presented here interpolates between long-range and short-range percolation, and in

part of the interpolating region it is scale-free.

For 1 < α < 4 the behavior is similar to that of long-range percolation: if

ρ < α/4 there is a nontrivial transition from small to large outbreak, while for

ρ > α/4 the large outbreak occurs for all values of p: a detailed proof involves

several technicalities [29].

As this behavior takes place also in the scale-free region it clarifies the claim

that in scale-free networks there could be no small outbreak at all transmission

rates: this is indeed the case but only if the decrease in transmission rates in large

communities is too slow. These calculations suggest various lines of interven-

tion, such as reducing transmission rates in large communities or vaccinating

their more prominent members (who would also belong to even larger

communities).

These results are so far only at qualitative level but once more appropriate

structures of low level blocks and more realistic transmission mechanisms are

introduced, they can be used for quantitative evaluations of epidemics (Fig. 2.6).

pc = 0

pc > 0

SCALE-FREE

1 4 α

ρ

0.25

1

Fig. 2.6 α �ρ phase

diagram of the hierarchical

modular spatial random

network in dimension 2
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2.5 Conclusions

We have seen that there is a rich and nontrivial interplay between epidemic and

percolation models; such interplay takes advantage of suitable transformations

which eliminate time-dependent random variables and may provide exact or

approximate relations. On the other hand, it is desirable to introduce new individ-

ually based random variables to describe features like the susceptibility of individ-

uals or the structure of the network, and percolation can often encompass such new

sources of random behavior.

In particular, we have proposed a new family of random networks which

incorporate spatial features, modularity and scale-free characteristics using

individual-based random variables. Various types of percolation appear as limit-

ing cases of the new model. The study of the additional features has been carried

out, however, only for one specific example, and it would be interesting to study

the general stochastic SEIR model on such random networks and analyze the

corresponding percolation models. The new model has also been presented

in rather general terms, and one needs to develop statistical procedures like

model selection, network determination, parameter estimation, simulation and

prediction.

The above considerations support the view that the interplay between percola-

tion and epidemics is still at an early stage.
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