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The British mathematician Ian Stewart pointed out in [307, p. 89] that “Mathemat-
ics intrigues people for at least three different reasons: because it is fun, because it
is beautiful, or because it is useful.” Careful as mathematicians are, he wrote “at
least”, and we would like to add (at least) one other feature, namely “surprising”.
The Tower of Hanoi (TH) puzzle is a microcosmos of mathematics. It appears in
different forms as a recreational game, thus fulfilling the fun aspect; it shows rela-
tions to Indian verses and Italian mosaics via its beautiful pictorial representation
as an esthetic graph, it has found practical applications in psychological tests and
its theory is linked with technical codes and phenomena in physics.

The authors are in particular amazed by numerous popular and professional
(mathematical) books that display the puzzle on their covers. However, most of
these books discuss only well-established basic results on the TH with incomplete
arguments. On the other hand, in the last decades the TH became an object of
numerous—some of them quite deep—investigations in mathematics, computer
science, and neuropsychology, to mention just central scientific fields of interest.
The authors have acted frequently as reviewers for submitted manuscripts on
topics related to the TH and noted a lack of awareness of existing literature and
a jumble of notation—we are tempted to talk about a Tower of Babel! We hope
that this book can serve as a base for future research using a somewhat unified
language.

More serious were the errors or mathematical myths appearing in manuscripts
and even published papers (which did not go through our hands). Some “obvious
assumptions” turned out to be questionable or simply wrong. Here is where many
mathematical surprises will show up. Also astonishing are examples of how the
mathematical model of a difficult puzzle, like the Chinese rings, can turn its so-
lution into a triviality. A central theme of our book, however, is the meanwhile
notorious Frame-Stewart conjecture, a claim of optimality of a certain solution
strategy for what has been called The Reve’s puzzle. Despite many attempts and
even allegations of proofs, this has been an open problem for more than 70 years.

Apart from describing the state of the art of its mathematical theory and
applications, we will also present the historical development of the TH from its
invention in the 19th century by the French number theorist Édouard Lucas. Al-
though we are not professional historians of science, we nevertheless take historical
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remarks and comments seriously. During our research we encountered many errors
or historical myths in literature, mainly stemming from the authors copying state-
ments from other authors. We therefore looked into original sources whenever we
could get hold of them.

Our guideline for citing other authors’ papers was to include “the first and
the best” (if these were two). The first, of course, means the first to our current
state of knowledge, and the best means the best to our (current) taste.

This book is also intended to render homage to Édouard Lucas and one of his
favorite themes, namely recreational mathematics in their role in mathematical
education. The historical fact that games and puzzles in general and the TH
in particular have demonstrated their utility is universally recognized (see, e.g.,
[295, 123]) more than 100 years after Lucas’s highly praised book series started
with [209].

Myths

Along the way we deal with numerous myths that have been created since the
puzzle appeared on the market in 1883. These myths include mathematical mis-
conceptions which turned out to be quite persistent, despite the fact that with
a mathematically adequate approach it is not hard to clarify them entirely. A
particular goal of this book is henceforth to act as a myth buster.

Prerequisites

A book of this size can not be fully self-contained. Therefore we assume some
basic mathematical skills and do not explain fundamental concepts such as sets,
sequences or functions, for which we refer the reader to standard textbooks like
[107, 284, 26]. Special technical knowledge of any mathematical field is not nec-
essary, however. Central topics of discrete mathematics, namely combinatorics,
graph theory, and algorithmics are covered, for instance, in [197, 36], [336, 41, 72],
and [179, 231], respectively. However, we will not follow notational conventions
of any of these strictly, but provide some definitions in a glossary at the end of
the book. Each term appearing in the glossary is put in bold face when it occurs
for the first time in the text. This is mostly done in Chapter 0, which serves as
a gentle introduction to ideas, concepts and notation of the central themes of the
book. This chapter is written rather informally, but the reader should not be dis-
couraged when encountering difficult passages in later chapters, because they will
be followed by easier parts throughout the book.

The reader must also not be afraid of mathematical formulas. They shape the
language of science, and some statements can only be expressed unambiguously
when expressed in symbols. In a book of this size the finiteness of the number
of symbols like letters and signs is a real limitation. Even if capitals and lower
case, Greek and Roman characters are employed, we eventually run out of them.
Therefore, in order to keep the resort to indices moderate, we re-use letters for
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sometimes quite different objects. Although a number of these are kept rather
stable globally, like n for the number of discs in the TH or names of special
sequences like Gros’s g, many will only denote the same thing locally, e.g., in a
section. We hope that this will not cause too much confusion. In case of doubt we
refer to the indexes at the end of the book.

Algorithms

The TH has attracted the interest of computer scientists in recent decades, albeit
with a widespread lack of rigor. This poses another challenge to the mathematician
who was told by Donald Knuth in [178, p. 709] that “It has often been said that
a person doesn’t really understand something until he teaches it to someone else.
Actually a person doesn’t really understand something until he can teach it to
a computer, i.e. express it as an algorithm.” We will therefore provide provably
correct algorithms throughout the chapters. Algorithms are also crucial for human
problem solvers, differing from those directed to machines by the general human
deficiency of a limited memory.

Exercises

Édouard Lucas begins his masterpiece “Théorie des nombres” [213, iii] with a
(slightly corrected) citation from a letter of Carl Friedrich Gauss to Sophie Ger-
main dated 30 April 1807 (“jour de ma naissance”): “Le goût pour les sciences
abstraites, en général, et surtout pour les mystères des nombres, est fort rare;
on ne s’en étonne pas. Les charmes enchanteurs de cette sublime science ne se
décèlent dans toute leur beauté qu’à ceux qui ont le courage de l’approfondir.”1

Sad as it is that the first sentence is still true after more than 200 years, the
second sentence, as applied to all of mathematics, will always be true. Just as it
is impossible to get an authentic impression of what it means to stand on top of
a sizeable mountain from reading a book on mountaineering without taking the
effort to climb up oneself, a mathematics book has always to be read with paper
and pencil in reach. The readers of our book are advised to solve the excercises
posed throughout the chapters. They give additional insights into the topic, fill
missing details, and challenge our skills. All exercises are addressed in the body of
the text. They are of different grades of difficulty, but should be treatable at the
place where they are cited. At least, they should then be read, because they may
also contain new definitions and statements needed in the sequel. We collect hints
and solutions to the problems at the end of the book, because we think that the
reader has the right to know that the writers were able to solve them.

1“The taste for abstract sciences, in general, and in particular for the mysteries of numbers,
is very rare; this doesn’t come as a surprise. The enchanting charms of that sublime science do
not disclose themselves in all their beauty but to those who have the courage to delve into it.”
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Contents

The book is organized into ten chapters. As already mentioned, Chapter 0 intro-
duces the central themes of the book and describes related historical developments.
Chapter 1 is concerned with the Chinese rings puzzle. It is interesting in its own
right and leads to a mathematical model that is a prototype for an approach to
analyzing the TH. The subsequent chapter studies the classical TH with three
pegs. The most general problem solved in this chapter is how to find an opti-
mal sequence of moves to reach an arbitrary regular state from another regular
state. An important subproblem solved is whether the largest disc moves once or
twice (or not at all). Then, in Chapter 3, we further generalize the task to reach
a given regular state from an irregular one. The basic tool for our investigations
is a class of graphs that we call Hanoi graphs. A variant of these, the so-called
Sierpiński graphs, is introduced in Chapter 4 as a new and useful approach to
Hanoi problems.

The second part of the book, starting from Chapter 5, can be understood
as a study of variants of the TH. We begin with the famous The Reve’s puzzle
and, more generally, the TH with more than three pegs. The central role is played
by the notorious Frame-Stewart conjecture which has been open since 1941. Very
recent computer experiments are also described that further indicate the inherent
difficulty of the problem. We continue with a chapter in which we formally discuss
the meaning of the notion of a variant of the TH. Among the variants treated
we point out the Tower of Antwerpen and the Bottleneck TH. A special chapter
is devoted to the Tower of London, invented in 1982 by T. Shallice, which has
received an astonishing amount of attention in the psychology of problem solving
and in neuropsychology, but which also gives rise to some deep mathematical
statements about the corresponding London graphs. Chapter 8 treats TH type
puzzles with oriented disc moves, variants which, together with the more-pegs
versions, have received the broadest attention in mathematics literature among all
TH variants studied.

In the final chapter we recapitulate open problems and conjectures encoun-
tered in the book in order to provide stimulation for those who want to pass their
time expediently waiting for some Brahmins to finish a divine task.

Educational aims

With an appropriate selection from the material, the book is suitable as a text for
courses at the undergraduate or graduate level. We believe that it is also a con-
venient accompaniment to mathematical circles. The numerous exercises should
be useful for these purposes. Themes from the book have been employed by the
authors as a leitmotif for courses in discrete mathematics, specifically by A. M. H.
at the LMU Munich and in block courses at the University of Maribor and by S. K.
at the University of Ljubljana. The playful nature of the subject lends itself to pre-
sentations of the fundamentals of mathematical thinking for a general audience.
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The TH was also at the base of numerous research programs for gifted students.
The contents of this book should, and we hope will, initiate further activities of
this sort.

Feedback

If you find errors or misleading formulations, please send a note to the authors.
Errata, sample implementations of algorithms, and other useful information will
appear on the TH-book website at http://tohbook.info.
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