Chapter 2

Pseudomonotone or weakly
continuous mappings

The basic modern approach to boundary-value problems in differential equations
of the type (0.1)—(0.2) is the so-called energy-method technique which took the
name after a-priori estimates having sometimes physical analogies as bounds of an
energy.! This technique originated from modern theory of linear partial differential
equations where, however, other approaches are efficient, too. On the abstract
level, this method relies on relative weak compactness of bounded sets in reflexive
Banach spaces, and either pseudomonotonicity or weak continuity of differential
operators which are understood as bounded from one Banach space to another
(necessarily different) Banach space. On the concrete-problem level, the main tool
is a weak formulation of boundary-value problems in question, Poincaré and Holder
inequalities, and fine issues from the theory of Sobolev spaces.

2.1 Abstract theory, basic definitions, Galerkin method

Throughout this chapter (and most of the others), V' will be a separable reflexive
Banach space and V* its dual space, with || - || and || - ||« denoting briefly their
norms instead of || - ||y and || - ||+, respectively.

Definition 2.1 (Monotonicity modes). Let A be a mapping V — V*.
(i) A:V = V*is monotone iff Yu,v € V: (A(u) — A(v),u —v) > 0.

(ii) If A is monotone and u # v implies (A(u) — A(v),u—wv) > 0, then A is strictly
monotone.

LCf. Example 6.7 or e.g. also (11.120) or (12.11).
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(iii) Considering an increasing function d : Rt — R, we say that A : V — V* is
d-monotone with respect to a seminorm | - |,

(A(w) = Av),u = v) > (d(lul) = d(lol) ) (jul  lo])- (2.1)

If | - | is the norm || - || on V, we say simply that A is d-monotone. Moreover,
A is called uniformly monotone if

(Au) = A(v),u —v) > ((|lu—vl) lu — ]| (2.2)

for some increasing continuous function ¢ : RT — R¥. If {(r) = dr for some
6 > 0, then A is called strongly monotone.
(iv) The mapping A : V — V* is called pseudomonotone iff

A is bounded, and (2.3a)

Up — U YveV :

lim sup <A(uk),uk—u> <0 } = <A(U)aU*’U> < likﬂﬁlg.}f <A(Uk)auk*11>~ (2.3b)
k—oc0
Remark 2.2. Let us emphasize that the monotonicity due to Definition 2.1(i) has
no direct relation with monotonicity of mappings with respect to an ordering. E.g.,
if V* =V, the composition of monotone operators has a good sense but need not
be monotone. Definition 2.1(iv) represents a suitable extent? of generalization of
the monotonicity concept from the viewpoint of quasilinear differential equations

of the type (0.2).

Definition 2.3 (Continuity modes).

(i) A:V—=V*is hemicontinuous iff Yu,v, weV the function ¢t — (A(u+tv), w) is
continuous, i.e. A is directionally weakly continuous.

(ii) If it holds only for v = w, i.e. Yu,v€V : t — (A(u+tv),v) is continuous, then
A is called radially continuous.

(iil) A : V=V™* is demicontinuous iff YweV the functional u — (A(u),w) is con-
tinuous; i.e. A is continuous as a mapping (V,norm) — (V* weak).

(iv) A : V=V* is weakly continuous iff YweV the functional u — (A(u),w) is
weakly continuous; i.e. A is continuous as a mapping (V, weak) — (V*, weak).

(v) A:V—=V*is totally continuous if it is continuous as a mapping (V, weak) —
(V*,norm).

Lemma 2.4. Any pseudomonotone mapping A is demicontinuous.

Proof. Suppose ur, — u. By (2.3a), the sequence {A(ux)}ren is bounded in a
reflexive space V*. Then, as V is assumed separable, by the Banach Theorem 1.7
after taking a subsequence (denoted, for simplicity, by the same indices) we have

2In the sense that the premise of (2.3b) still can be proved under reasonable assumptions and
the conclusion of (2.3b) still suffices to prove convergence of various approximate solutions.
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A(ug) — f for some f € V*. Then limg_, o0 (A(ug), up —u) = (f,u —u) = 0 and
therefore, by (2.3b),
(A(uw),u —v) <liminf (A(ug), ux —v) = (f,u —v) (2.4)

k—oc0

for any v € V. From this we get A(u) = f. In particular, f is determined uniquely,
and thus even the whole sequence (not only the selected subsequence) must con-
verge. O

Definition 2.5 (Coercivity). A : V. — V* is coercive iff 3¢ : RT — RT:
limg_, 400 C(8) = +00 and (A(u),u) > ¢(||lul|)||n]]. In other words, A coercive means

= +o00. (2-5)

Theorem 2.6 (BrREzIs [64]). Any A pseudomonotone and coercive is surjective;
this means, for any f € V*, there is at least one solution to the equation

A(u) = §. (2.6)

Proof. Let us divide the proof into four particular steps.

STEP 1: (Abstract Galerkin approzimation.) As V is supposed separable, we can
take a sequence of finite-dimensional subspaces

VkeN: V,CVep1 CV  and U Vi is dense in V. (2.7)
keN

Then we define a Galerkin approzimation uy € Vi by the identity:
Yo e Vg (A(ug),v) = (f,v). (2.8)

STEP 2: (Ezistence of approzimate solutions uy.) In other words, we seek uy € Vj,
solving I} (A(ux) — f) = 0 where Ij, : Vi — V is the canonical inclusion so that
the adjoint operator I}f : V* — V}* represents the restriction I} f = flv, . Besides,
as Vj is finite-dimensional, we will identify Vi = V;* by a linear homeomorphism
Ji : Vi = Vi such that (Jyu,u) = [[ull$,, [[Jeullve = [lullv,, and (Jxu, T =
(f,u)?

As A is coercive, for p sufficiently large we have

lullvi =0 = (A(w) = f,u) = (AQw),w) = [ fllllu] > 0. (2.9)

31f necessary, we can re-norm the finite-dimensional V}, to impose a Hilbert structure (i.e. V3
is then homeomorphic with a Euclidean space). Then Jj can be taken as in (3.1) below; note
that, by Lemma 3.2, Ji is a homeomorphism. Also note that (2.5) restricted on Vj holds in
the new, equivalent norm, as well; possibly, the function ¢ in Definition 2.5 is changed by this
renormalization.
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Suppose, for a moment, that I} A(u) # I} f for any u € V3, with ||u|v, < . Then
the mapping

T (f — Au))
| 15(f = A(w)|

maps the convex compact set {u € Vi; |lu|| < o} into itself because ||J, | = 1;
note that ||J, ' fllv, = || f| v Also, by Lemma 2.4, the mapping u + (A(u),v) :
Vi, = R is continuous for any v so that also u +— I} A(u) : Vi — V¥ is continuous.
By the Brouwer fixed-point Theorem 1.10, the mapping (2.10) has a fixed point
u, this means

U g (2.10)

4

we o T AR = AL) (2.11)

[0 = A,

As ||Jk_1fHVk = || fllvy, (2.11) implies [[ully, = o. Testing (2.11) by Jru|l;(f —
A(u))||vz, one gets

i (f = Alw)]

e = W) |12 (F — A,
= o(Jru, J, I (f = A(w)) = o{Ii(f — A(w)), u)
= Q<f — A(u)7lku> = Q<f — A(u)7u> (2.12)

which yields (A(u) — f,u) = —o|| I; (A(u) — f)]

v+ < 0, a contradiction with (2.9).
k

STEP 3: (An a-priori estimate.) Moreover, putting v := wuy into (2.8), we can
estimate®

el el < (Alur), ) = (f ) < (1 F[lllull (2.13)

with a suitable increasing function ¢ : R™ — R such that limg_,o0 ¢(€) = +o0, cf.
the coercivity (2.5) of A. Then [Jug|| < ¢71(||f]l+) < +o0, so that uy is bounded
in V' independently of k. This holds even for any solution to (2.8).

STEP 4: (Limit passage.) Since {uy}ren is bounded and V is reflexive and sepa-
rable, by the Banach Theorem 1.7 together with Proposition 1.3, there is a sub-
sequence and u € V such that uy — u. From (2.8), we have also

(A(ur), vm — ur) = (f,vm — ug) (2.14)

for any kK > m and v, € V,, C Vi. By density of UkeN Vi in V, we can take
v — u. Then, by (2.14), one gets

lim sup (A(ug), ux — u) = limsup ((A(uk)7uk —vg) + (A(ug), v — u))

k—o0 k—o0

tim ({f,w, = ve) + [ AQw)lllo = ull) = 0. (2.15)

k—oc0

IN

4Here we forget possible renormalization of the finite-dimensional subspaces V;, and come
back to the original norm on V.
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Note that the sequence {uy}reny has been proved bounded so {||A(uk)||«}ren 18
bounded by (2.3a) and that, in fact, even an equality holds in (2.15) and “limsup”
is a limit. By pseudomonotonicity (2.3b) of A, we get

voeV :  liminf (A(ug),up —v) > (A(u),u—v). (2.16)
k— o0
On the other hand, from (2.14) we also have

Yve U Vin lirggf (A(ug),up — v) = (four —v)y = (fiu—v). (2.17)

meN

lim
k—o0

Combining (2.16) and (2.17), one gets (A(u),u —v) < (f,u—v) for any v ranging

over a dense subset of V', namely (J,,cy Vin, which shows that A(u) = f. O

Remark 2.7 (Nonconstructivity). Let us emphasize three aspects of high noncon-
structivity of the above proof:

v usage of Brouwer’s fixed-point theorem,

v a contradiction argument, and

v a selection of a convergent subsequence by a compactness argument.

Remark 2.8 (Necessity of approximation). The approximation (Step 1) is necessary
in the above proof, otherwise one would have to think about usage of Schauder’s
type fixed point Theorem 1.9 instead of the Brouwer one. This would need ad-
ditional assumptions about weak continuity of A and the Hilbert structure of V',
cf. Exercise 2.56, which is not fitted with general quasilinear differential equations,
cf. Sect. 2.5 where omitting the approximation would also hurt for not allowing
for a weaker concept of A as V' — Z* with Z g V.

2.2 Some facts about pseudomonotone mappings

Brézis’ Theorem 2.6 showed the importance of the class of pseudomonotone map-
pings. It is therefore worth knowing some more specific cases leading to such
mappings.

Lemma 2.9 (BREzIS [64]). Radially continuous monotone mappings satisfy (2.3b).
In particular, bounded radially continuous monotone mappings are pseudomono-
tone.

Proof. Take u; — w and assume limsupy_, . (A(ug),ur —u) < 0. Since A is
monotone, (A(ug),ur —u) > (A(u), ur —u) — 0 so that liminfy_,o0 (A(ug), up —
u) > 0 and therefore altogether

lim (A(ug),ur —u) = 0. (2.18)

k—oc0

We take u. = (1—€)u + ev, € > 0, and write the monotonicity condition of A
between uy and ue:

0 < (A(ug) — A(ue),ur — ue) = (A(ur) — A(ue),e(u — v) + up — u) (2.19)
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and, by a simple algebraic manipulation, we obtain
e(Aug),u —v) > (A(ue), up — u) — (Aur), ur, — u) + e(A(ue),u —v).  (2.20)
Therefore, fixing € > 0 and passing with k to infinity, by (2.18) we get

€ likm inf(A(ug),u —v) > e(A(ue),u — v). (2.21)
— 00
Then divide it by e, which gives iminfy_, o (A(ur),u — v) > (A(uc),u — v) =
(A(u + e(v—u)),u—v). Passing with ¢ — 0 and using the radial continuity of A,
we eventually get

likrgirgf(A(uk), u—v) > Eh{(r(l)(A(u +e(v—u)),u—v) = (A(u), u—v). (2.22)

The pseudomonotonicity of A then follows by using (2.22) with (2.18):

liminf(A(ug), ug—v) = klim (A(ug), up—u) + likminf<A(uk),u7v> > (A(u), u—v).
—00 —o0

k—o0

O

Lemma 2.10. Any bounded demicontinuous mapping A 1V — V* satisfying

<uk —u & limsup (A(ug)—A(u), ug—u) < 0) = up—u (2.23)

k—o0
18 pseudomonotone.

Proof. The premise of (2.3b), i.e. up—u and limsup(A(ug), up—u) <0, yields

k—oc0

lim sup (A(ug)—A(u), ug—u) = limsup (A(ug), up—u) — lim (A(u), up—u) <0,
k—o0 k—o0 k—o0

so that by (2.23) we have u, — u, and by demicontinuity of A also A(uy) — A(u),
and eventually limy_, oo (A(ur), ur, — v) = (A(u),u —v) for any v € V. O

Lemma 2.11.

(i) The sum of any pseudomonotone mappings remains pseudomonotone, i.e. Ay
and Az pseudomonotone implies u — A1 (u) + Az(u) pseudomonotone.

(ii) A shift of a pseudomonotone mapping remains pseudomonotone, i.e. A pseu-
domonotone implies u — A(u + w) pseudomonotone for any w € V.

Proof. The boundedness (2.3a) of Ay + Az and A(- 4+ w) is obvious hence we need
to show only (2.3b).

To prove (i), let Ay, A2 be pseudomonotone, u; — u and limsup,,_, . ([A1 +
Az)(uk), ur, — uy < 0. Let us verify that

lim sup <A1 (ug), ug — u> <0 and lim sup <A2(uk), Up — u> <0.  (2.24)

k—oco k—oc0



2.3. Equations with monotone mappings 37

Suppose, for a moment, that limsup,_,. (Aa(ug),ur — u) = ¢ > 0. Taking a

subsequence, we can suppose that limg_,oo (A2 (uk), ur —u) =& > 0 and therefore
limsup (Az (ug), ur — u) < —e < 0. (2.25)

k—o0

As A; is pseudomonotone, we get liminfy_, o0 (A1 (uk), ur, —v) > (A1 (u), u —v) for

any v € V. In particular, for v = u we get iminfj_, o (A; (ug), up — u) > 0, which

contradicts (2.25). Thus (2.24) holds. By the pseudomonotonicity both for A; and

for Ay, we get

lim inf <[A1+A2](uk), uk—v> > lim inf <A1 (ug), uk—v> + lim inf <A2(uk), uk—v>
k—00 k— o0 k—o0
> (A1 (u), u—v) + (Az(u), u—v) > ([A1+A43](u), u—v).
As to (ii), let up — wu and limsup,_,o(A(up+w),up—u) < 0. Then
obviously ugp+w — u4w and limsup,_,o(A(ux+w), (up+w) — (utw)) < 0. If
A is pseudomonotone, then lim infy_,o(A(ur+w), up—v) = liminfy_,o(A(ur+w),

(up+w) — (vw)) > (A(utw), (u+w) — (v+w)) = (A(utw), u—v), hence A(-+w)
is pseudomonotone. O

Corollary 2.12. A perturbation of a pseudomonotone mapping by a totally contin-
uwous mapping s pseudomonotone.

Proof. Realize that any totally continuous mapping is pseudomonotone; indeed,
it is bounded (which can be easily proved by contradiction) and, if uy — u, then
A(ug) = A(u) and thus limg_ o0 (A(ug), up — v) = (A(u),u — v) so that (2.3b) is
trivial. ]

2.3 Equations with monotone mappings

Monotone mappings (with boundedness and radial continuity properties) are a
special class of pseudomonotone mappings, cf. Lemma 2.9, and, as such, they
allow special treatment with a bit stronger results than a general “pseudomonotone
theory” can yield, cf. Theorem 2.14 vs. Proposition 2.17.

Lemma 2.13 (MINTY’S TRICK [286]). Let A:V — V* be radially continuous and
let (f—A(v),u—v) >0 for any veV. Then f = A(u).

Proof. Replace v with u + ew with w € V arbitrary. This gives
(f — A(utew), —ew) > 0. (2.26)
Divide it by € > 0 and pass to the limit with & by using radial continuity of A:
0> (f — Alutew),w) = (f — A(u), w). (2.27)

As w is arbitrary, one gets A(u) = f. O
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Theorem 2.14. Let A be bounded,® radially continuous, monotone, coercive. Then:

(i) A is surjective; this means, for any f € V*, there is u solving (2.6). Moreover,
the set of solutions to (2.6) is closed and conver.

(ii) If, in addition, A is strictly monotone, then A=' : V* — V does emist, is
strictly monotone, bounded, and demicontinuous. If A is also d-monotone and
V' uniformly convez, then A=! : V* — V is continuous.

(iii) If, in addition, A is uniformly (resp. strongly) monotone, then A=t : V* =V
is uniformly (resp. Lipschitz) continuous.

Proof. By Lemma 2.9, A is pseudomonotone. As A is supposed also coercive, the
surjectivity of A follows from Theorem 2.6. By Lemma 2.4, A is demicontinuous,
hence the set of solutions to (2.6) is closed in the norm topology of V. Hence, to
prove convexity of this set, it suffices to show that u = Juy + Juy solves (2.6)
provided uy and us do so, cf. Proposition 1.6. Thus we have

(f-A(),u—v) = ;<f — A(v),u; —v) + ;(f — A(v),uz —v)
= ;<A(u1)fA(v),u17v> + ;<A(U2)*A(U),U2*'U> >0 (2.28)

because of A(u;) = f = A(uz) and of monotonicity of A. Then, by Lemma 2.13,
one gets A(u) = f.

Let us go on to (ii). If A is strictly monotone, we have (A(u1) — A(uz), u; —
u2) = (f — f,u1 — u2) = 0 which is possible only if u; = ug. In other words, the
equation (2.6) has a unique solution so that the inverse A~! does exist.

The mapping A~! is strictly monotone: For fi, fo € V*, f1 # f2, put u; =
A7L(f:). Then also u; # ug. As A is strictly monotone, one has

(fi = f2, A7 f1) — A7 (f2)) = (A(ur) — A(uz),u1 — ug) > 0. (2.29)

The mapping A~! is bounded: by the coercivity of A, there is ¢ : Rt — R
such that lime_, o ((§) = 400 and (A(u), u) > ||u|[¢(||u]). Therefore

Cllul il < (A(w), w) = (f,u) < 1f ]+ |lull (2.30)

so that C(|[AY(A)]) = ¢(|lull) < ||f]l«- Thus A~ maps bounded sets in V* into
bounded sets in V.

The mapping A~! is demicontinuous, i.e. (norm,weak)-continuous: take fi —
fin V*. As A~! was shown to be bounded, { A~!(fx) }xen is bounded and (possibly
up to a subsequence) uy = A~(fx) — win V by Banach’s Theorem 1.7. It remains
to show A(u) = f. By the monotonicity of A, for any v € V:

0 < (A(uk) — A(),up, —v) = (fr — A(v),up, — v). (2.31)

51f proved directly, i.e. without passing through pseudomonotone mappings, the boundedness
assumption can be omitted; cf. Theorem 2.18 below.
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Therefore, by (norm xweak)-continuity of the duality pairing, passing to the limit
with k£ — oo yields

ngli_g)lo (fr — A),ur —v) = (f — A(v),u —v). (2.32)

Then we apply again the Minty-trick Lemma 2.13, which gives A(u) = f. Thus
even the whole sequence {uy }ren converges weakly.
If A is d-monotone, we can refine (2.31) used for v := u as follows:

(d(llurll) = d(llul)) (Juxll = llull) < (Alur) = Alu), up — u)
:<fka(u),uk7u>%<ffA(u),ufu>:0, (2.33)

which gives ||ug|| — ||u| because d : R — R is increasing. Hence up — u by
Theorem 1.2. In other words, A~! is continuous.

The point (iii): By (2.2) one has for any A(u1) = f1 and A(uz) = fo the
estimate

C(lur —uzl) lur —uall < (A(ur) — A(uz), ur — uz)
= <f1_f2aul_u2> < Hfl_f2||*||u1_u2|| (2.34)

so that ¢(|lur — uz2l]) < ||f1 — fz||«. By the assumed properties of {, the inverse
mapping A~ is uniformly continuous. The case of strong monotonicity is obvious.
O

Lemma 2.15. Any monotone mapping A : V. — V* is locally bounded in the sense:
VueV e >03IMeRT YoeV : |v—ul|<e = |A®W)|« < M. (2.35)

Proof. Suppose the contrary, i.e. (2.35) does not hold at some u € V. Without
loss of generality, assume u = 0. This means that there is a sequence {vy}, vy — 0,
such that [|A(vg)|l« — oo. Putting ¢ := 1 4 || A(vg)]||«||vk ||, we can estimate by
monotonicity of A that

<A(Uk),v> (A(vk), v ) + (A(v), v — )
Ck Ck
L+ [[A@)], (ol + owll) = 1+ [|A@)[] [[o]l. (2.36)

IN

Replacing v by —v, we can conclude that limsup,_, . [(c; 'A(vg),v)| < +oo
for any v € V. By Banach-Steinhaus’ Theorem 1.1, ¢; '[|A(vg)|[« < M. This
means ||A(vg)|l« < Mcr = M1+||A(ve)|«|lvell), and then also ||A(vi)|. <
M/(1—=M]vi||) — M, which contradicts the fact that || A(vg )|« — 0. O

Lemma 2.16. Radially continuous monotone mappings are also demicontinuous.
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Proof. Take a sequence {uy}ren convergent to some u € V. By Lemma 2.15,
{A(ug)}ren is bounded in V* and, by Banach Theorem 1.7, we can select a subse-
quence {A(ug, ) hien converging weakly to some f € V*. Then, by the monotonicity
of A, 0 <limy_,oo(A(ug,) — A(v), ux, —v) = (f — A(v),u—v). As v is arbitrary and
we assume radial continuity of A, the Minty-trick Lemma 2.13 yields f = A(u). As
f is thus determined uniquely, even the whole sequence { A(uy)}ren must converge
to it weakly. O

Proposition 2.17. Let A = Ay + As : V. — V* be coercive, and Ay be radially
continuous and monotone and As be totally continuous. Then A is surjective.

Proof. As in the proof of Brézis’ Theorem 2.6, consider uy € Vj, the Galerkin
approximations (2.8), i.e. here

<A1(Uk) + Ag(uk),v> = <f,U> VUGV]C, (237)

and the a-priori estimate (2.13), and choose a weakly convergent subsequence
{ug, bien with a limit « € V. Use monotonicity of A; to write

0 S <A1(vl)fA1(uki),vlfuki> = <A1 (vl),wfuk) + <A2 (Uki)*f, "Ulf’u,ki> (238)
for any v; € V; with [ < k. Passing to the limit with i — oo, it gives
0 < (Ar(w), v —u) + (Az(u) — f,o — u). (2.39)

Then, by density of |,y Vi in V, consider v; — v for v €V arbitrary, use demi-
continuity of A; (cf. Lemma 2.16), and pass to the limit with | — oo to get:

0 < (A1(v),v —u) + {(As(u) — f,v —u). (2.40)

Finally, replace v by u + sw with w € V arbitrary and use Minty’s trick as in
(2.26)—(2.27) to show that A; (u) + Ag(u) = f. 0

In principle, if A; is also bounded, one could use Lemma 2.9 and Corol-
lary 2.12 to see that A from Proposition 2.17 is surjective; realize that As, being
totally continuous, is certainly bounded. The above direct proof allowed us to avoid
the boundedness assumption of A;. In particular, for As = 0, one thus obtains the
celebrated assertion:

Theorem 2.18 (BROWDER [73] and MINTY [286]). Any monotone, radially con-
tinuous, and coercive A : V. — V* is surjective.

As a very special case, one gets another celebrated result:

Theorem 2.19 (LAX and MILGRAM [253]%). Let V' be a Hilbert space, A:V — V*
be a linear continuous operator which is positive definite in the sense (Av,v) >
el[v||* for some e > 0. Then A has a bounded inverse.

6 A usual formulation uses a bounded, positive definite, bilinear form a : V x V — R. This
form then determines A : V' — V* through the identity (Au,v) = a(u,v).
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Sometimes, the following modification of Proposition 2.17 can be advanta-
geously applied, obtaining also the strong convergence of Galerkin’s approximate
solutions.

Proposition 2.20. Let A = Ay + Ay : V. — V* be coercive, and Ay be monotone
radially continuous and satisfy (2.23), and Ay be demicontinuous and compact.”
Then A is surjective.

Proof. We have the Galerkin identity (2.37) and a subsequence uy — u, and write

<A1 (uk)fAl (u), ukfu>:<A1 (uk)—Al (u), ’kau>+<A1 (uk)fAl (u), ukka>
= (A (ug)—Ar (u), vp—u) + (f—Ag(ug)—Ar (u), up—vy,) = I + 1. (2.41)

As A; is monotone, for any € > 0, then

Js@ol, = © sup (Av(u)v) < - sup ((As(un) )

€ Jlvll<e € lvli<e

+ <A1(Uk)—A1(v),uk—v>) = i ”shlg <<A1(uk),uk> + <A1(v)7v—uk>). (2.42)

Now we use that {(A1(uk), ur) }ren is bounded because (A; (ug), ur) = {f — Az (ug),
ug) and the compact mapping As is certainly bounded, and also {{A;(v),v —
ug); ||v|| < e} is bounded if € > 0 is small enough because A; is locally bounded
around the origin due to Lemma 2.15. Thus (2.42) shows that || A1 (ur) — A1 (u)||«
is bounded, and, choosing vy — u in V', we obtain limy_, . I,gl) =01in (2.41).

Taking a subsequence such that also As(ug) converges to some x € V* (as
we can because Ag is compact), we get IIS) = (f — Ao(ur) — A1 (u), ur, — vg) —
(f —x — A1(u),u —u) = 0. As this limit is determined uniquely, even the whole
sequence {I,S)}keN converges to 0.

Using (2.41), by (2.23) we get up—u. By Lemma 2.16, A;(uy)—A;(u). By
demicontinuity of As, also Ag(up)—Az(u). It allows us to pass to the limit in
(2.37), obtaining (A;(u)+As(u)—f,v)=0 for any veJ,cy Vi, hence A(u)=f. O

Remark 2.21 (d-monotone A on a uniformly convex V). Any d-monotone A : V —
V* satisfies (2.23) if V is uniformly convex. Indeed, the premise of (2.23) with
(Alur) = Alu), ug —u) = (d([Jug]) = d(||w]))([[uxl = [Ju]), cf. (2.1), yields [ux] —
|lw]]. Then, by uniform convexity of V' and Theorem 1.2, we get immediately
U — U.

The nonconstructivity of Brézis’ Theorem 2.6 pointed out in Remark 2.7 can
be avoided in special situations by using Banach’s fixed-point Theorem 1.12 for
the iterative process

U = Tg(ukfl) = Up—1 — 5J71(A(uk,1) — f) , keN, wupeV, (243)

"In fact, any demicontinuous and compact Ay is automatically continuous.
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if V is a Hilbert space and the linear operator J : V — V* is defined by
(Ju,v) := (u,v) with (-,-) denoting here the inner product in V, cf. Remark 3.10.
For weakening of the assumptions by further (constructive) approximation see
Example 2.95.

Proposition 2.22 (BANACH FIXED-POINT TECHNIQUE). Let V' be a Hilbert space,
A:V — V* be strongly monotone, i.e. {(r) = dr from (2.2) with 6 > 0, and also
A be Lipschitz continuous, i.e. ||A(u) — A(v)||« < |ju — v||. Then the nonlinear
mapping T defined by (2.43) is contractive for any € > 0 satisfying

£ < 25/07 (2.44)

and the fized point of T, i.e. Te(u) = u, does exist and obviously solves A(u) = f.
Proof. Tt holds that® (f, J=1f) = ||f||?, so that one has

T2 (u) = To(v)||* = (J(u —v) — e(A(u) = A(v),u — v —eJH(A(u) — A(v)))
= |lu—v|® - 2¢ (u—v, T A(u) — A(v))) + 2T A(u) — T A(v)]?
= Jlu—o[* = 26(A(u) — A(v),u —v) + || A(u) — A(v)|[3
< lu—v||* — 2e6]ju — v||* + 20%||u — v]||.

The condition (2.44) just guarantees the Lipschitz constant v/1 — 2e8 + £2(2 of T.
to be less than 1. O

2.4 Quasilinear elliptic equations

We will illustrate the above abstract theory on boundary-value problems for the
quasilinear 2nd-order partial differential equation

—div(a(z,u, Vu)) + c(z,u, Vu) = g (2.45)

considered on a bounded connected Lipschitz domain €2 C R™. Here a : 2 x R x
R™ - R™ and ¢: 2 x R x R"® — R; for more qualification see (2.54) and (2.55a,c)
below. Recall that Vu := (821u, ey 32” u) denotes the gradient of w. More in
detail, (2.45) means

_ Z aii ai(z,u(z), Vu(z)) + c(z,u(z), Vu(z)) = g(z) (2.46)

for x € but we will rather use the abbreviated form (2.45) in what follows. For
some systems of the 2nd-order equations see Sect. 6.1 below while higher-order
equations will be briefly mentioned in Sect. 2.4.4. Besides, we will confine ourselves
to data with polynomial-growth; p € (1, +00) will denote the growth of the leading

8Realize that, for v = J~1f, one has (f, J~1f) = (f,v) = (Jv,v) = (v,v) = ||v]|2 = || f]|?.
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nonlinearity a(z,u,-) which essentially determines the setting and the other data
qualification. Also, a(z,u, ) will be assumed to behave monotonically, cf. (2.65),
which is related to the adjective elliptic. For the linear case a(z,r,s) = As, the
monotonicity (2.65) and coercivity (2.92a) below implies the matrix A is positive
definite, which is what is conventionally called “elliptic”, contrary to A indefinite
(resp. semidefinite) which is addressed as hyperbolic (resp. parabolic).

Convention 2.23 (Omitting z-variable). For brevity, we will often write a(x, u, Vu)
instead of a(x,u(z), Vu(z)) (as we already did in (2.45)) or sometimes even
a(u, Vu) if the dependence on z is automatic; hence, in fact, A5 (u, Vu) =
a(u, Vu). Thus, e.g. [, c(u, Vu)vdz will mean [, c(z, u(z), Vu(z))v(z) dz.

2.4.1 Boundary-value problems for 2nd-order equations

The equation (2.45) may admit very many solutions, which indicates some missing
requirements. This is usually overcome by a boundary condition to be prescribed
for the solution on the boundary I':= 952 of the domain €.

One option is to prescribe simply the trace u|r of u on the boundary, i.e.

ulp=up onT (2.47)

with up a fixed function on I'. This condition is referred to as a Dirichlet boundary
condition.

Having in mind the equation (2.45), the alternative natural possibility is to
prescribe a local equation for the “boundary flux” v - a, i.e.

v-a(z,u,Vu) +blx,u) =h onT (2.48)

where v = (11, ...,v,) denotes the unit outward normal to I" and h : I' — R and
b: T xR — R are given functions qualified later. More in detail, (2.48) means
Yo vi(x) ai(z,u(z), Vu(z)) + b(x,u(z)) = h(z) for x € T'. This condition is
referred to as a (nonlinear) Newton boundary condition or sometimes also a Robin
condition. If b = 0, it is called a Neumann boundary condition.

One can still think about a combination of (2.47) and (2.48) on various parts
of T'. For this, let us divide (up to a zero-measure set) the boundary I" on two
disjoint open parts I, and Ty such that measn_1(F \ Tp U FN)) = 0, and then
consider so-called mized boundary conditions

ulr = up on Iy, (2.49a)
v-a(z,u,Vu) + b(x,u) = h on Iy. (2.49b)

As either I', or Ty may be empty, (2.49) covers also (2.48) and (2.47), respectively.

Completing the equation (2.45) with the boundary conditions (2.47) (resp.
(2.48) or (2.49)), we will speak about a Dirichlet (resp. Newton or mixed)
boundary-value problem. One can have an idea to seek a so-called classical so-
lution u of it, i.e. such u € C%(Q) satisfying the involved equalities everywhere on
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Q and I'. This requires, however, very strong data qualifications both for a, b, and
c and for (2 itself. Therefore, modern theories rely on a natural generalization of
the notion of the solution. In this context, ultimate requirements on every sensible

definition are?:

1. Consistency: Any classical solution to the boundary-value problem in question
is the generalized solution.

2. Selectivity: If all data are smooth and if the generalized solution belongs to
C?(€2), then it is the classical solution. Moreover, speaking a bit vaguely, in
qualified cases the generalized solution is unique.

2.4.2 Weak formulation

Here, the generalized solution will arise from a so-called weak formulation of the
boundary-value problem, which is the most frequently used concept and which
just fits to the pseudomonotonicity approach. Later, we will present some other
concepts, too.

For the full generality, we will treat the mixed boundary conditions (2.49).
The weak formulation of (2.45) with (2.49) arises as follows:

Step 1: Multiply the differential equation, i.e. here (2.45), by a test function v.
Step 2: Integrate it over (2.
Step 3: Use Green’s formula (1.54), here with z = a(x, u, Vu).

Step 4: Substitute the Newton boundary condition, i.e. here (2.49b), into the
boundary integral, i.e. here [ v(z-v)dS = [, (v a(z,u,Vu))vdS in
(1.54), while by considering v|r, = 0, the integral over I', simply van-
ishes.

This procedure looks here as

/Q( —div(a(z, u, Vu)) + c(z, u, VU))vdx

Green’s
formula
= /a(:c, u, Vu) - Votc(z,u, Vu)v de — /(Va(x, u, Vu))v ds
Q r
boundary
conditions
= /a(x,u, Vu) - Vote(z,u, Vu)v dr + /(b(:c, u) — h(z))vdS. (2.50)
Q r

Realizing still that the left-hand side in (2.50) is just fQ gvdz, we come to the
integral identity

/a(x,u,Vu)~Vv+c(x,u,Vu)vdx+/ b(x,u)v dS:/gv d:ch/hvdS. (2.51)
Q I'n Q Inv

9See [360, Remark 5.3.8] or [370] for some examples of unsuitable concepts of so-called
“measure-valued” solutions, cf. also DiPerna [124] or Illner and Wick [210].
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As declared, we confine ourselves to a p-polynomial growth, cf. (2.55a) below, and
then it is natural to seek the weak solution in the Sobolev space WP(Q). It leads
to the following definition:

Definition 2.24. We call u € WP(Q) a weak solution to the mixed boundary-value
problem (2.45) and (2.49) if u|r, = up and if the integral identity (2.51) holds for
any v € WHP(Q) with v|p, = 0.

The above 4-step procedure to derive (2.51) guarantees automatically its
consistency. On the other hand, its selectivity is related to the important fact that
the space V' of test-functions v’s, i.e.

V ={veW"?(Q); vy, =0}, (2.52)

is sufficiently rich, the restriction of v on I'; being compensated by direct involve-
ment of the boundary condition (2.49a) in Definition 2.24:

Proposition 2.25 (SELECTIVITY OF THE WEAK-SOLUTION DEFINITION). Let a €
C'(Qx RxR™R"), c € CO(Q xR x R™), and b € C°(Iy x R), g € C(Q), and
h € C(Iy). Then any weak solution u € C%(Q) is the classical solution.

Proof. Put v € V into (2.51) and use Green’s formula (1.54). One gets
/ (div a(x,u, Vu) — c(z,u, Vu) + g)v dx
Q
+ / (h —b(z,u) — v-a(z,u, Vu))vdS = 0. (2.53)
In

Considering v|p = 0, the boundary integral in (2.53) vanishes. As v is otherwise
arbitrary, one deduces that (2.45) holds a.e., and hence even everywhere in €2 due
to the assumed smoothness of a and ¢.!” Hence, the first integral in (2.53) vanishes.
Then, putting a general v €V into (2.53) shows the latter boundary condition in
(2.49) valid,'! while the former one is directly involved in Definition 2.24. O

The important issue now is to set up basic data qualification to give a sense
to all integrals in (2.51). Recall that we keep the permanent assumption €2 to be
a bounded Lipschitz domain (so that, in particular, v is defined a.e. on T') and T,
and Ty are open in I' (hence, in particular, measurable). To ensure measurability
of integrands on the left-hand side of (2.51) we must assume:

ai,¢: QA XxRXxR*" >R, b:T xR —R are Carathéodory functions, (2.54)

fori = 1,...,n; this means measurability in  and continuity in the other variables.
The further ultimate requirement is integrability of all integrands on the left-hand

10Here we use the fact that the set of test functions is sufficiently rich, namely that Wol’p(Q)
is dense in L' (2); cf. Theorem 1.25 and the well-known fact that C§°(R) is dense in L(£2).

' Here the important fact is that the set {v|ry; v € V} is dense in L!(Iv). This is guaranteed
by the assumption that Iy is open in T".
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side of (2.51). This, and some continuity requirements needed further, lead us to
assume the growth conditions on the nonlinearities a, b, and c:

la(z,r,s)| < y(x) + Clr|® P 4 Cls|P~  for some WGLPI(Q) . (2.55a)
(T), (2.55b)
Q). (2.55¢)

[b(z,7m)| < ~v(z)+ C’|7”|1”#*€*1 for some ’yELp

/\,\

le(z, 7, 8)| < y(x) + Clr[P" ~1 + C’|s|p/p*/ for some e LP"

Let us recall the notation of the prime denoting the conjugate exponents (i.e.,
e.g., p = p/(p—1), cf. (1.20)) and the continuous (resp. compact) embedding
WLP(Q)C LP(Q) (resp. WHP(Q) € LP" —¢(Q) with €>0), cf. Theorem 1.20. More-
over, the trace operator u — u|r maps W1?(Q) into L (T") continuously and into
LT’#_G(F) compactly, cf. Theorem 1.23. For p* and p* see (1.34) and (1.37).

Convention 2.26. For p > n, the terms |r|T° occurring in (2.55) are to be under-
stood such that |a(x, -, s)|, |b(x,-)|, and |e(x, -, 8)| may have arbitrary fast growth
if |r] — oo.

In view of Theorem 1.27, the growth conditions (2.55) are designed so that
respectively

N WEP(Q) x LP(; R™) — LPI(Q;R”) is (weakx

xnorm,norm)-continuous, (2.56a)
w = Ny (ulr): WHP(Q) — LP#I(F) is (weak,norm)-continuous, (2.56b)
N WEP(Q)x LP (S R™) — LP"(Q) is (weak xnorm,norm)-continuous. (2.56¢)

In particular, for u,v € W1P(Q), the integrands a(z,u, Vu) - Vv and c(x, u, Vu)v
occurring in (2.51) belong to L'(Q) while b(z, u|r)v|r belongs to L(T).
Furthermore, we will also suppose the right-hand side qualification:

ge I’ (Q), herLr (). (2.57)

Note that (2.57) ensures gv € L'(Q) and hv|r € LY(T') for v € W1P(Q), hence
(2.51) has a good sense. Moreover, we must qualify up, occurring in the Dirichlet
boundary condition (2.49a). The simplest way is to assume

Jw € WHP(Q) @ up = wlr. (2.58)

Then, considering V from (2.52) equipped by the norm (1.30b) denoted simply by
| ||, we define A : WhP(Q2) — V* and f € V* simply by

(A(u),v):= left-hand side of (2.51), (2.59)
(f,v) := right-hand side of (2.51). (2.60)

Moreover, referring to (2.58), let us define Ay : V. — V* by
Ap(u) = A(u + w). (2.61)
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Note that Ag has again the form of A from (2.51) but the nonlinearities a, b, and ¢
are respectively replaced by ag, bg, and ¢o given by ag(x,r, s) := a(z,r +w(x),s+
Vw(z)), bo(z,r) := b(z,r + w(x)), and co(z, 7, ) = c(x,r + w(z),s + Vw(x)),
and these nonlinearities satisfy (2.54)—(2.55) if w € W1P(Q) and if the original
nonlinearities a, b, and ¢ satisfy (2.54)—(2.55). Note also that for zero (or none)
Dirichlet boundary conditions, one can assume w = 0 in (2.58) and then Ay = Ay
(or simply Ag = A).
Note that, indeed, f € V* because of the obvious estimate

1. = swp ([ gvao+ [ has) < sup (lalloioy ol
N

lloll<1 lloll <1

1l e 0l 1) < Mallgllomrioy + Nallbll oy (262)

where Nj is the norm of the embedding operator W'?(Q) — LP(2) and Ny is the

norm of the trace operator v — v|n, : WHP(Q) — L (Ix). By similar arguments,
(2.54) and (2.55) ensures A(u) € V*, cf. Lemma 2.31 below.

Proposition 2.27 (SHIFT FOR NON-ZERO DIRICHLET CONDITION). The abstract
equation (2.6) for Ao has a solution ug € V, i.e. Ao(ug) = f, if and only if
u=ug+w € WHP(Q) is the weak solution to the boundary-value problem (2.45)
and (2.49) in accord to Definition 2.24.

Proof. We obviously have f = Ag(up) = Ao(u —w) = A(u —w+w) = A(u), hence
the assertion immediately follows by the definition (2.59)—(2.60). O

Remark 2.28 (Why both u and v are from V). In principle, Definition 2.24 could
work with v € Z := W1°°(Q), or even with v’s smoother; the selectivity Propo-
sition 2.25 would hold as far as density of Z in V' would be preserved, as used in
Section 2.5 below. The choice of v’s from the same space where the solution wu is
supposed to live, i.e. here V| is related to the setting A : V' — Z* which is fitted
with the pseudomonotone-mapping concept only for Z = V.

Remark 2.29 (Why both T}, and Ty are assumed open). In principle, Definition 2.24
as well as the existence Theorem 2.36 below could work for I}, and Iy only mea-
surable. However, we would lose the connection to the original problem, cf. Propo-
sition 2.25: indeed, one can imagine I, measurable dense in I" and Iy of a positive
measure. Then, for p > n, v|p € C(I') and the condition v|n, = 0 would im-
ply v|r = 0, so that the Iy-integrals in (2.51) vanish and the Newton boundary
condition on Ty in (2.49b) would be completely eliminated.

Remark 2.30 (Integral balance). The equation (2.45) is a differential alternative
to the integral balance

/ c(xz,u, Vu) — g(z)de = / a(z,u, Vu) - vdS (2.63)
o 80
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for any test volume O C Q with O C Q and a smooth boundary 0O with the normal
v = v(x). Obviously, one is to identify ¢ as the balanced quantity (depending on
uw and Vu) while a as a flux of this quantity'?, and then (2.63) just says that the
overall production of this quantity over the arbitrary test volume O is balanced
by the overall flux through the boundary 0O, cf. Figure 4. The philosophy that
integral form (2.63) of physical laws is more natural than their differential form
(2.45) was pronounced already by David Hilbert'3. The weak formulation (2.51)
implicitly includes, besides information about the boundary conditions, also (2.63).
Indeed, it suffices to take v in (2.51) as some approximation of the characteristic
function xo (which itself does not belong to W1?(Q), however), e.g. v. with
ve(z) = (1 — dist(z,0)/e)T, and then to pass € N\, 0. This limit passage is,
however, legal only if  — a(x,u,Vu) is sufficiently regular near dO or, in a
general case, it holds only in some “generic” sense; cf. e.g. Exercise 2.63.

Figure 4. Illustration to balancing the normal fluz a-v through the bound-
ary of a test volume O and the production c inside this volume.

2.4.3 Pseudomonotonicity, coercivity, existence of solutions

In view of Theorem 2.6 with Proposition 2.27, we are to show pseudomonotonicity
of Ag : V. — V*. For simplicity, we can prove it for A as WHP(Q) — WLP(Q)*,
which, by Lemma 2.11(ii), implies pseudomonotonicity of Ay : W1P(Q) —
WhP(Q)*, and then obviously also of Ag : V' — V*. Let us prove (2.3a) and
(2.3b) respectively in the following lemmas.

Lemma 2.31 (BOUNDEDNESS OF A). The assumptions (2.54) and (2.55) ensure
(2.3a), i.e. A: WHP(Q) — WLP(Q)* bounded.

Proof. We prove A({u € W"?(Q); |lul| < p}) bounded in W'?(Q)* for any p > 0.
Here, || - || and || - ||« will denote the norms in W1?(2) and W1P(Q)*, respectively.
Indeed, we can estimate

21n concrete situations, the dependence of a on Vu may result from a (nonlinear) Fick’s,
Fourier’s, or Darcy’s law.

3 Explicitly, it can be found in his famous Mathematical problems [202, 19th problem]: “Has
not every ... variational problem a solution, provided ... if need be that the notion of a solution
shall be suitably extended?”
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sup [|A(u)l[« = sup sup (A(u),v)
lull<p lull<p lloll<1

= sup sup /a(u,Vu)~Vv—|—c(u,Vu)vdx—|—/ b(u)vdS
lull<p vl <1 JQ In

< sup sup Ha(u,Vu

lull<p vl <1
+ HC(“’VU)HLP*’(Q)H”HLP*(Q) + Hb(u)HLP#'(FN)HUHLP#(FN)

< HSIITE |a(u,Vu) ’Lp,(Q;R”)—i— Nch(u,Vu)HLP*,(Q)—i— N2Hb(u>HLP#'(FN) (2.64)
ul|<p

)HLP'(Q;R") VUHLP(Q;]R")

where N7 and Ny are as in (2.62). In view of (2.55), it is bounded uniformly for «
ranging over a bounded set in W1P((Q). O

Further, we still have to strengthen our data qualification. The crucial as-
sumption we must make for pseudomonotonicity of A is the so-called monotonicity
in the main part:

V(a.a.) 2€Q VreR Vs, 5eR":  (a(z,r,s) —a(z,r,5)) (s —3§) > 0. (2.65)

To cover as many situations as possible, we distinguish three cases in accordance
with whether ¢(x,r,-) is constant, linear, or nonlinear, respectively.

Lemma 2.32 (THE IMPLICATION (2.3B)). Let the assumptions (2.54) and (2.55)
be valid, let a satisfy (2.65), and let one of the following three cases hold: c is
independent of s, i.e. for some<c: QxR — R,

c(x,r,s) =c(x,r), (2.66)
or ¢ is linearly dependent on s, i.e. for some c: 2 x R — R"™,
c(z,r,s) = clx,r) - s, (2.67)

or ¢ is generally dependent on s but the strict monotonicity “in the main part”
and coerciwity of a(x,r,) hold and the growth of c(x,-,-) is further restricted:
(a(z,r,s) —a(z,r,58)) - (s—38) =0 = s=35, (2.68a)

VspeR™: lim a(w,7,5)-(s=50)

|s]—o0 ‘5‘

Iy e L’ Q) ICER : |c(z, 1, 5)| < y(2)+C|r|P T 4+Cs| PP (2.68¢)

= +oo uniformly for r bounded, (2.68b)

with Convention 2.26 in mind. Then A : WhP(Q) — WLP(Q)* satisfies (2.3b).

Remark 2.33. Obviously, (2.66) together with the growth condition (2.55¢) imply
|z, 7)| < ~(z) 4+ C|r|P"~<~! with v as in (2.55¢). A bit more difficult is to realize
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that (2.67) together with the growth condition (2.55¢) imply that ¢ : Q x R — R™
has to satisfy

le(z,7)| < () + Clr[P /77 with ye L9 () and some € > 0,

n if p <
i n
where ¢ =< np—2n+p b ’ (2.69)
p if p>n.
This condition together with the structural condition (2.67) now guarantees

N WEP(Q) x LP(Q: R™) — L =9 (Q) is (weak x weak,weak)-continuous. (2.70)

Eventually, note that the growth condition (2.68¢) strengthens (2.55¢) and is de-
signed so that, for some € > 0 (depending on € used in (2.68c)),

N s WHP(Q)XLP (S R™) — Lp*/'“(Q) is (weak X norm,norm)-continuous. (2.71)
Proof of Lemma 2.32. Let us take ux — u in WP(£2) and assume that

lim sup(A(ug), ux —u) < 0. (2.72)

k—o0

We are to show that lim infy, o (A(ug), up—v) > (A(u),u—v) for any ve WHP(Q).
To distinguish between the highest and the lower-order terms, we define B(w, u) €
WhP(Q)* by

<B(w,u)7v>::/9a(x,w7Vu)-Vv—i—c(x,me)vdx—i—/F b(x,w)vdS (2.73)

for u,w € WHP(Q); recall the Convention 2.23. Obviously, A(u) = B(u,u).
Let us put u. = (1—¢)u + ev, ¢ € [0,1]. Monotonicity (2.65) implies
(B(ug,u) — B(ug, ue), up — us) > 0. Then, just by simple algebra,
e(A(ug),u—v) > — (Aug),ur, — u)
+ (B(uk, ue), ur — uy + e(Blug, ue),u —v). (2.74)

Let us assume, for a moment, that we have proved

lim (B(ug,v),up —u) =0, (2.75)

k—o0

vlg—lim B(ug,v) = B(u,v) (the weak limit in WP(Q)*), (2.76)
—o0

and use them here for v = u. to pass successively to the limit in the right-hand-side
terms of (2.74). Using also (2.72), we thus obtain

€ likrgir;f <A(u;€)7 u—v> > — lilzrisolip <A(u;€)7 uk—u> + len;o <B(u;€7 Ue), uk—u>

+ skllrrolo (B(uk,ue),u—v) > e(B(u,ue), u—v).
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Divide it by € > 0. Then the limit passage ¢ — 0 gives u. — u strongly so that we
get B(u,u.) — B(u,u) even strongly'#, which results in liminfy_, o (A(ug), u —
v) > (B(u,u),u —v) = (A(u),u — v).

Then, by using the monotonicity in the main part (2.65) once again, now as
(B(ug,ug) — Bug,u),ur, —u) > 0, and by using also (2.75) now with v = u, we
can claim that

hkrr_1)}>rolf <A(uk), uk—v> > hkrr_l)gf <A(u;€)7 uk—u> + hkrgggf <A(uk), u—v>

= lim <B(uk,u)7uk—u> + liminf <B(uk7uk)—B(uk7u),uk—u>
k— o0 k—o00

+ lim inf (A(ug),u—v) > (A(u),u —v), (2.77)

which is just the conclusion of (2.3b).

Thus it remains to prove (2.75) and (2.76). Since uy — u in WP(Q) €
LP"=¢(Q), we have uy — u in LP"~¢(Q). Similarly, uz|r — u|r in Lp#*e(l“). Then,
by the continuity of the Nemytskii mappings induced by a(-, Vo) and b, we get
a(uk, Vv) — a(u, Vo) in LP(Q;R™), cf. (2.56a), and b(uy) — b(u) in Lp#/(F);
cf. (2.56b) together with (1.36b); recall again Convention 2.23. Hence, realizing
that V(up—u) — 0 in LP(Q;R™) and (up—u)lr — 0 in L (Tx), one gets

/ a(ug, Vo) - V(uk — u) dz + / b(ug)(ug —u)dS — 0. (2.78)
Q I'n
By the same reasons, for any z € WHP(Q), we have also
/ a(ug, Vv)-Vzdx + / b(ug)zdS — / a(u, Vo)zdx + / b(u)zdS. (2.79)
Q In Q I'v
As to the term ¢, we will distinguish the above suggested three cases.

The case (2.66): By the continuity of the Nemytskil mappings induced by ¢, one
has ¢(uy) — ¢(u) in LP"(Q). Therefore, realizing that uy — u — 0 in LP (), one
gets [, ¢(ug)(ur —u)dz — 0. Adding it with (2.78), one gets

(B(up,v), up — u) = /Q (a(uk,Vv) Y (g, — )
In

which proves (2.75). Similarly, [, ¢(u)zdz — [, ¢(uy)zdz, which, together with
(2.79), gives just (2.76).

The case (2.67): Here we have a certain reserve in the growth, cf. (2.70), and can
thus exploit the compactness of the embedding WP (Q) € LP"~¢(Q) to use uy — u

MHere we use the continuity of the Nemytskii mapping g0, with aow : (x,s) — a(z, u(z), s).
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strongly in LP"~¢(Q). Also, we can use c(uy) — c(u) in L9t (Q) with ¢ from (2.69)
and some €; > 0 (depending on €); note that (¢+e€;) ' +p 1+ (p* —¢)7t < 1ife
is small enough depending on the chosen €;. As Vu, — Vu in LP(2; R™), we can
pass to the limit in the c-term:

/Qc(uk) - Vg (ur, —u)de — 0. (2.81)

Adding it with (2.78), one gets (2.75). Similarly, [, c(ur) - Vugzdae — [, c(ug) -
Vuzdz, which, together with (2.79), gives just (2.76).

The case (2.68): We already showed that uy — w in LP"~¢(Q). In view of the
boundedness (2.71) of {c(ug, Vug) }ren in LP” +€(Q), we obviously have

/Qc(uk,Vuk)(ukfu) dz — 0. (2.82)

Adding it with (2.78), one gets (2.75).
To prove (2.76), we need to show a convergence of Vuy to Vu in a better
mode than the weak one only. Let us denote

ai(z):= (a(z,ur(z), Vur(z)) — alz, ur(z), Vu(z))) - V(ur(z) — u(z)). (2.83)

By the monotonicity (2.65), it holds

0 < limsup/ ai(z) de = limsup <B(uk,uk) — B(ug,u), u, — u>
k—o0 Q k—o0
= limsup (A(ux),up —u) — lim (B(ug, u), up —u) < 0; (2.84)
k—00 k—o0

note that the last limit superior is non-positive by assumption while the last limit
equals zero by (2.75) with v := w. This implies that a; — 0 in the measure so that
we can select a subsequence such that

ag(z) =0 (2.85)

for a.a. x € Q. As uy, — u strongly in LP"~¢(Q), by Proposition 1.13(ii)(iii) we
can further select a subsequence that also

ug(z) — u(x) (2.86)

for a.a. x € Q2. Take x € Q such that both (2.85) and (2.86) hold and also Vu(x),
Vug(z), k € N, and y(z) from (2.55a) are finite, and a(z,-,-) is continuous. If
the sequence {Vuy(x)}reny would be unbounded, then the coercivity (2.68b) used
for sp = Vu(z) would yield limsup,_, . (a(z, ur(x), Vug(x)) — alz, uk(x), s9)) -
(Vug(x) — s9) = +o0, which would contradict (2.85). Therefore, we can take a
suitable s € R™ and a (for a moment sub-) sequence such that Vug(x) — s in R™.
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By (2.85) and (2.86) and the continuity of a(x, -, -), cf. (2.54), we can pass to
the limit in (2.83), which yields

(a(z,u(z),s) — a(z,u(x), Vu(z))) - (s = Vu(z)) = 0. (2.87)

By the strict monotonicity (2.68a), we get s = Vu(z). As s is determined uniquely,
even the whole sequence {Vu(z)}ren converges to s.15 Then

c(ug, Vug) = c(u, Vu) a.e. in . (2.88)
By Holder’s inequality, for any measurable S C €2, we can estimate

measd(S)Hp*//E.

/S|c(uk,Vuk)fc(u,Vu)|p* dz < Hc(uk,Vuk)fc(u,Vu)||Lp*,+E(Q)

(2.89)

Further, we realize that the sequence {c(ux, Vuy)—c(u, Vu)}ren is bounded in
LP*'+€(Q) thanks to the assumption (2.68¢). Thus (2.89) verifies the equi-absolute-
continuity of the collection {|¢(uy, Vur)—c(u, Vu)|P* Yren, cf. (1.28). By Dunford-
Pettis’ theorem 1.16(ii), {|c(ur, Vug)—c(u, Vu)[P* }ren is also uniformly inte-
grable and, since it converges to 0 a.e. due to (2.88), by Vitali’s theorem 1.17,
|e(ug, Vug)—c(u, Vu)[P* — 0 in L'(Q), i.e.

c(ug, Vug) — c(u, Vu) in LP*' (Q). (2.90)

As the limit ¢(u, Vu) is determined uniquely, even the whole sequence (not only
that one selected for (2.85)—(2.86)) must converge. Then (2.76) follows by joining
(2.90) with (2.79). O

Note that, as always p*'+e > 1, (2.90) also proves that
c(ug, Vug) — e(u, Vu) in LP*'*€(Q). (2.91)

By the same technique one can also prove a(ug,Vur) — a(u, Vu) weakly in
LP (Q;R™). We however did not need this fact in the above proof.

Remark 2.34 (Critical growth in lower-order terms). The above theorem and its
proof permits various modifications: If b(z, -) is monotone, then the splitting (2.73)
can involve b(u) instead of b(w), which allows for borderline growth of b, i.e. (2.55b)
with € = 0. Similarly, if ¢ = ¢(x,r) as in (2.66) but with ¢(z,-) is monotone, then
(2.73) can involve ¢(u) instead of c(w, Vw), and (2.55¢) with € = 0 suffices. Mod-
ification of the basic space V in these cases would allow for even a super-critical
growth, cf. (2.128). The growth restriction can also be eliminated if a maximum
principle, guaranting L°°-estimates, is at our disposal, which unfortunately can be
expected only in special cases like the equation Au = |Vu|? or (6.73) below.

15The fact that we do not need to select a subsequence at every z in question is important
because the set of all such z’s should have the full measure in Q2 and thus cannot be countable.
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Lemma 2.35 (THE COERCIVITY (2.5)). Let the following coercivity hold:
Je1,620 >0, ki €LY (Q) ¢ a(z,r,8)-5+ c(x,7,8)r > e1|s[P+ea|r|T—ki(x), (2.92a)
Jer < oo Tk € LHT) b(x,r)r > —cy|r|® — kao(z), (2.92b)

for some 1 < q1 < q<p. Then A: WHP(Q) — WLP(Q)* is coercive.

Proof. We use the Poincaré inequality in the form (1.55), i.e. [jullwiro) <
Cr (IVul| r(irny + llullLa(o)), which implies

IN

2071 CY (|| V|2, (@rn) T HUH%q(Q))
Cpq(1+ \|Vu||Lp(Q;Rn) + ||U||%q(9))' (2.93)

HUH‘II/VLIJ(Q)

A

Also, by Young’s inequality and boundedness of the trace operator'® u — u|r :
Whr(Q) — LI(T) (let N denote its norm), we use the estimate

[l Ty /\ul“dS </e\ulq+c dS < eN¢ + Comeas,_1(I) (2.94)

H H?/VLP(Q)

with € > 0 arbitrarily small and C. < 400 chosen accordingly; cf. (1.22) with
q/q1 > 1 in place of p. Then (2.92) implies the estimate

Y

(A(u), u) / (e1|VulP + e2|ul? — ky) do — / (cr|u™ + k2) dS
Q r

| llyney N
min(eq, €2) Cou )T H 1HL1(Q)

— C.meas,_1(T") — Hk‘g

Y

—eNt (2.95)

[ Iz ey

When one chooses ¢ < min(ey,e2)/(Cp N?) and realizes that ¢ > 1, the coercivity
(2.5) of A4, i.e. limuuﬂwm(m_)oo(A(u),u) = +00, is shown. O

Theorem 2.36 (LERAY-LIONS [257]). Let (2.54), (2.55), (2.57), (2.58), (2.65), and
(2.92) be valid and at least one of the conditions (2.66) or (2.67) or (2.68) be valid,
then the boundary-value problem (2.45)—(2.49) has a weak solution.

Proof. Lemmas 2.31,2.32, and 2.35 proved A : W1P(Q) — W1P(Q)* pseudomono-
tone and coercive. These properties are inherited by Ag : V. — V* cf. also
Lemma 2.11(ii). Then we use Theorem 2.6 with Proposition 2.27. O

Remark 2.37 (Coercivity (2.68b)). Note that the coercivity (2.92a) together with
(2.55a) and (2.68¢c) imply the coercivity (2.68b) because

a(z,r,s) (s — so) > e1]s|P + ealr|? — k1 (z) — e(x,r, s)r — a(z,r,8)-s9  (2.96)

16Note that always ¢ < p < p#.
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for such x € 2 that k;(z) is finite. Realizing that s — —c(z, r, s)r has a maximal
decay as —|s|®=)/?"" due to (2.68¢) and s — —a(z,r,s) - sp maximal decay as
—|s[P~1 due to (2.55a), the estimate (2.96) shows that s — a(z,r,s) - (s — so) has
the p-growth uniformly with respect to r bounded because € > 0 and p*’ > 1.

Remark 2.38 (Necessity of monotonicity of a(z,r,-)). Boccardo and Dacorogna
[565] showed that monotonicity of a(z,r,-) is necessary for pseudomonotonicity of
the mapping A(u) = —diva(z,u, Vu).

Remark 2.39 (Necessity of Leray-Lions’ condition (2.65), (2.68)). If a lower-order
term c is present, the necessity of strict monotonicity of a(x,r,-) for the pseu-
domonotonicity was shown by Gossez and Mustonen [184].17 Tt is worth observing
that, for ¢(x,r,-) not affine, the mapping u — c(u, Vu) : WHP(Q) — WLP(Q)*,
although representing a lower-order term, is neither totally continuous'® nor
pseudomonotone but it is still compact, cf. Exercise 2.64, and, when added to

u — —div a(u, Vu), it may result in a pseudomonotone mapping.

Remark 2.40 (General right-hand sides). The functional f : v — [, gvdzr +
fFN hvdS we considered, cf. (2.60), is not the general form of a functional

fewbhr(Q)*. In fact, WP (Q2)* would allow g and h to be certain distributions
on € and I, respectively. For example, if p > n, we have a dense and continuous
embedding W1?(Q) C C(Q) (resp. the trace operator W1P(Q) — C(T)), hence-
forth the functional f : v — [5vp(dz) + [Lvn(dS) with measures p € ()
and 1 € . (1) still belongs to WP(2)*. Since, in the case p > n, it holds that
p* = p” = +o0, we, for the sake of simplicity, have considered (and will consider)
only those measures p and 7 which are absolutely continuous!? in the presented
text, except Sect. 3.2.5 below.

Convention 2.41 (Coercivity and a-priori estimates). The coercivity estimate
(2.95) is just the so-called basic a-priori estimate, obtained by the test by so-
lution u itself. Contrary to (2.95), it is routine to organize the terms having a
positive sign in the left-hand side (and to estimate them from below typically by
Poincaré-type inequalities) while the other terms are put on the right-hand side
(and to estimate them from above, e.g., by Holder and Young inequalities).

7Tndeed, the mere monotonicity in the main part, i.e. (2.54), and (2.55), (2.57), (2.58), and
(2.65), cannot be sufficient for the pseudomonotonicity of A. The counterexample is as follows:
take c(x,r,s) = c(s) with some ¢ : R" — R nonlinear, i.e. Is1,s2 € R™ : éc(sl) + éc(sg) #*
c(;sl + ;52) and take a = 0 at least on the line segment [s1, s2]. Then take a sequence {uy }ren
such that Vuy is faster and faster oscillating between si; and sz (cf. Figure 3) on p.20 and
ug(z) — (ésl + ész) -z

181ndeed, the mapping u ¢(u, Vu) is not totally continuous because it need not map weakly
convergent sequences on strongly convergent ones. An example is as follows: take uj with an
oscillating gradient if k odd and affine uy(z) = (ésl + ész) -z if k even, so that again {ug }ren
converges weakly to this affine function but {c¢(Vug)}ren does not converge at all if, e.g., c(s) =
|28 — s1 — s2|.

9Those measures are known to have densities g € L'(Q) and h € L*(T"), respectively.
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2.4.4 Higher-order equations

The generalization of the 2nd-order equation to equations involving 2k-order
derivatives, k > 2, is often desirable. The corresponding boundary-value prob-
lems then involve k-boundary conditions, called either the Dirichlet one if they
involve only derivatives up to (k—1)-order or the Neumann or the Newton one if
they involve also derivatives of the order between k and 2k—1. We present here
briefly only quasilinear equations of the 4th order in a special?® divergence form

div (div(a(x,u, Vu, V2u))> + c(x,u, Vu, Vi) = g (2.97)

in Q, witha: QxRxR? x R"™™ — R"™"™ and ¢: Q x R x R" x R"*"™ — R. Here

Viu:= [am?;zj ul ijl. More in detail, (2.97) means

n

82
Z aij(z,u, Vu, V?u) + ¢(z,u, Vu, V?u) = g. (2.98)
7,7=1

Formulation of natural boundary conditions is more difficult than for the 2nd-order

case. The weak formulation is created by multiplying (2.97) by a test function v,

by integration over 2, and by using Green’s formula twice. Like in (2.50), this

gives

/ a(z,u, Vu, V2u) : V20 + (c(z,u, Vu, V?u) — g)vda
Q
= / a(z,u, Vu, V2u) : (v ® Vv) — div(a(z,u, Vu, V?u))vo dS.  (2.99)
r

From this we can see that we must now cope with two boundary terms. In view
of this, the Dirichlet boundary conditions look as

0

65‘ —u, onTl (2.100)
with up and ul, given. The weak formulation then naturally works with veV :=
WP Q) = {v e W2P(Q); v|r = g;‘jh« = 0} with p > 1 an exponent related
to qualification of the highest-order nonlinearity a(x,r,s,-). This choice makes
both boundary terms in (2.99) zero; note that v|r = 0 makes also the tangential
derivative of v zero at a.a. z €T hence 9" | = 0 yields Vv(z) =0 on T

By this argument, v|r = 0 makes Vo = gZV on I' and allows us to write

ulr = up and =
r

ov

ov
2. 3. _ 2. 3. (T 2
a(z,u, Vu, Vu):(veVv)=a(z,u, Vu, V u).(v®8yu>f(l/ a(z,u, Vu, V u)y) 9

and suggests that we formulate Dirichlet/Newton boundary conditions as

ulr = up and v'a(z,u, Vu, V2u)v +b(x,u,Vu) =h on T (2.101)

20See Exercises 2.98 and 4.32 for a more general case.



2.4. Quasilinear elliptic equations 57

with up and h given and b: T’ x R x R™ — R. This choice with v|r = 0 converts
the boundary terms in (2.99) to [.(h — b(z,u, Vu)) 25 dS, which turns (2.99) just
into the integral identity

/ a(x,u, Vu, V2u) : V20 + c(z,u, Vu, V2u)v de
Q

ov ov
+/Fb(x,u,Vu)ayd57/ngder/Fhade (2.102)

forming the weak formulation provided the test-function space V is taken as
{veW?P(Q); v|r = 0}.

If v|r is not fixed to zero, one must use a general decomposition Vo =
gZI/ 4+ Vgv on I' with Vgv = Vv — 251/ being the tangential gradient of v. On
a smooth boundary I', one can use another (now (n—1)-dimensional) Green-type
formula along the tangential spaces:2!

/ a(z,u, Vu, Vu):(v@Vov)dS
r
T 2 v 2
:/ (1/ a(z,u, Vu,V u)l/) Py + a(z,u, Vu, V<u):(v@Vsv) dS
r

= / <yTa(x,u,Vu,V2u)z/) ov _ divg (a(:r:,u,VmVQU)u)v
T 31/
+ (divsr) (v a(z, u, Vu, Vu)v)vdS (2.103)

where divg := Tr(Vg) with Tr(-) being the trace of a (n—1)x(n—1)-matrix denotes
the (n—1)-dimensional surface divergence so that divgv is (up to a factor —3 ) the
mean curvature of the surface I'. Substituting it into (2.99), one obtains

/ a(x,u, Vu, V) : V3 + (c(z,u, Vu, V2u) — g)vdz
Q
_ T 2 v T 2.\,
= /F (1/ a(z,u, Vu,V u)l/) Py (dlv(a(x,u,Vu,V u))-v
+ divg (a(x7u,Vu,V2u)z/) - (divsu) (uTa(:r:,u,VmVQu)u))vdS. (2.104)

This allows us to cast a natural higher-order Dirichlet/Newton boundary condition:

ou ,
= 2.1

Py ‘F ul and (2.105a)

div(a(z, u, Vu, V?u))-v + divs (a(z, u, Vu, V2u)v)

— (divev) (v " a(z, u, Vu, V2u)v) + b(z,u, Vu) = h onT. (2.105b)

21This “surface” Green-type formula reads as [ w:((Vsv)®v)dS = [n(divsy)(w:(v@v))v —
divg(w-v)vdS. In the vectorial variant, this is used in mechanics of complex (also called nonsim-
ple) continua, cf. [153, 337, 407]. For even 2k-order problems with k& > 2 see also [244].
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The underlying Banach space is then considered as V = {veW?P?(Q); 9° = 0}
and the weak formulation is based on the integral identity:

/ a(x,u, Vu, V) : V20 + c(z, u, Vu, V>u)v dz
Q
—I—/b(x,u,Vu)vdS:/gvd:c—l—/hvdS. (2.106)
r Q r

Eventually, the formula (2.104) reveals also the natural form of Newton-type
boundary conditions:

div (a(x, u, Vu, V2u)) v+ divg (a(x, u, Vu, V2u)1/)
— (divsy) (v a(z, u, Vu, V2u)v) + bo(z,u, Vu) = hg  and (2.107a)
v'a(z,u, Vu, Viu) v+ by (z,u, Vu) = hy onT. (2.107b)
The underlying Banach space can then be considered as V = W2?(). The result-

ing weak formulation of the boundary-value problem (2.97)-(2.107) then employs
the integral identity:

/ a(x,u, Vu, V2u) : V30 + c(z, u, Vu, V3u)v de
Q
ov v
+/b0(x,u,Vu)v+b1(x,u,Vu) ds = /gvdx+/hov+h1 dS. (2.108)
T 8U Q T 81/

For nonsmooth boundaries, these arguments based on formula (2.104) are
no longer valid however and additional boundary terms can be seen; cf. [338] for
boundaries with edges.

We will modify the Leray-Lions’ Theorem 2.36 for the case of the Dirichlet
conditions (2.100). Let us write naturally?? p** := (p*)* and p*# := (p*)¥#. For
simplicity, the assumptions are not the most general in the following assertion,
whose proof, paraphrasing that of Theorem 2.36, is omitted here.

Proposition 2.42 (EXISTENCE FOR DIRICHLET PROBLEM). Let a(x,r,s,-)
R™*™ — R™ ™ be strictly monotone,
JkeL*(Q), 1<q<p: a(z,r,s,8):S+c(x,r,8,8)r > e|S|P+e|r|?—k(z), (2.109a)
e LP(Q) : la(z,7,5,8)| < ~y(x) + Cr| P~/
+CO|s|P" =P L C|SPt, (2.109b)
e P TQ) s Je(x, s, S)| < y(x) + Ol e
+ C‘S‘(p*—e)/p**'

k)

+C|8|P=a/P 1 (2.109¢)

22This means p** = np/(n—2p) if p < n/2 or p** < 4o0 if p = n/2 or p** = +o0 if p > n/2,
cf. Corollary 1.22 for k = 2. For p*# = (np—p)/(n—2p) if p < n/2, cf. Exercise 2.70.
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with some C € RT and e,¢ > 0 and again the Convention 2.26 (now concerning
p** = +00 for p > n/2), and let up = v|r and ul, = 9° for some v € W*P(Q),
and ge LP"'(Q). Then the boundary-value problem (2.97) with (2.100) has a weak
solution, i.e. (2.99) holds for allv € WOQ’I’(Q) together with the boundary conditions

(2.97).

For the Newton boundary conditions (2.107), the analog of the existence
assertion looks as follows:

Proposition 2.43 (EXISTENCE FOR NEWTON PROBLEM). Let a, ¢, and g be as in
Proposition 2.42 and satisfy (2.109), and let by and by satisfy

ke LYT) : bo(z,r, 8)r + bi(x,r,s)(s-v(z)) > —k(x), (2.110a)
HveLP*#/(F) : o |bo(w, 7, 8)| Sv(x)—i—C\r\p*#*e*l—i— C\S\(”#*)/”*#, (2.110b)
T elP ' (0): |bi(e,rs)| < (@) + Ol =P L ot (2.110¢)

with some C € RT and € > 0, and let hy € Lp*#/(l“) and hy € L”#l(F). Then the
boundary-value problem (2.97) with (2.107) has a weak solution, i.e. (2.108) holds
for all v € WP ().

The modification for other boundary conditions (2.101) or (2.105) can easily
be cast and is left as an exercise.

As pointed out before, one should care about consistency and selectivity
of the definitions of weak solutions. Consistency is guaranteed by the derivation
of the weak formulation itself. Let us illustrate the selectivity, i.e. an analog of
Proposition 2.25, on the most complicated case of the Newton boundary-value
problem:

Proposition 2.44 (SELECTIVITY OF THE WEAK-SOLUTION DEFINITION). Let T
be smooth, a € C?*(QxRxR® x R R ") ¢ € COQxRxR" xR"™ "), and
bo,by € CO(T xR xR™), g € C(Q), and hg,hy € C('). Then any weak solution
u € C*(Q) of the boundary-value problem (2.97) with (2.107) is the also classical
solution.

Proof. Put v € V.= W?2P(Q) into (2.108) and use Green’s formula (1.54) twice,
as well as the surface Green formula (2.103). One gets

/ (div2a(x, u, Vu) + c(z, u, Vu) — g)vdx
Q
+ / <div (a(z,u, Vu, V?u))-v + divs (a(z, u, Vu, Vu)v)
r
~ (dive) (v aa, u, Vu, V2u)v) + bo(w, u, u) = ho ) vdS

82 ds=0. (2.111)

+ / <y7a(x,u, Vu, V2u) v + by (z,u, Vu) — h1) 9
r
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Considering v with a compact support in €2, one has v|p = 0 = gz and both
boundary integrals in (2.111) vanish. As v is otherwise arbitrary, one deduces that
(2.97) holds a.e., and hence even everywhere in ) due to the assumed smoothness
of a and c. Hence, the first integral in (2.111) vanishes. Then, put a more general
veV into (2.111) but still such that gg = 0. Thus the second boundary integral
in (2.111) vanishes. From the first boundary integral, we recover the boundary
condition (2.107a).?3 Due to the assumed smoothness of a and continuity of by and
ho, (2.107a) holds pointwise. Finally, we can take v € V fully general. Knowing
already that the first and the second integral in (2.111) vanish, from the last
integral we can recover the remaining boundary condition (2.107b).24 O

Remark 2.45 (Other boundary conditions). The above four combinations of
boundary conditions still do not represent the whole class of variationally con-
sistent boundary conditions for equation (2.97). For ag,a; € L°°(T), one can
consider a combined condition composed from (2.101) and (2.105), namely

o731 Y + agu = up and (2.112a)

v
o <div (a(x, u, Vu, V2u)) v+ divg (a(:c, u, Vu, V2u)y)

- (divsz/) (uTa(x,u,Vu,V2u)z/))
+ aor " a(z, u, Vu, V) v + b(x, u, Vu) = h onT. (2.112b)

The underlying Banach space is then V = {v € W*P(Q); a1 9% + apu = 0} and
the weak formulation is again (2.106) with b = ba/ay and h = ha/a; provided
a1 # 0. Alternatively, for g # 0 one can rather pursue the weak formulation
based on (2.102).

Example 2.46 (p-biharmonic operator). A concrete choice of a from (2.97)

n p—2 mn . .
aij(z,r,8,9) = { |()Zk:1 S| k=1 S ior ; ; a (2.113)
or 1 75

converts divdiva(z,u, Vu, V2u) into the so-called p-biharmonic operator
A(JAulP~2Au). Applying Green’s formula twice to this operator tested by v yields
the identity

23Here the important fact is that the set {v|r; v € V, gz =0} is still dense in LY(T"). Indeed,
any v € W1H2(Q) can be modified to us so that (ve —v)|r is small but (,fu ve = 0 on I'. To outline
this procedure, first we rectify I' locally so that we can consider a half-space, cf. Fig. 8 on p. 91
below, then extend v by reflection of v with respect to I', and eventually mollify the extended v.
24Tere the important fact is that the set {03, v € V} is dense in L(T"), which can be seen
by a local rectification of I" and by an explicit construction of v in the vicinity of I" with a given

smooth g“ and, e.g., zero trace on .
17
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/ A(JAulP?Au)vdz
Q

:_/ v(\Au\p—QAu).vuder/ 0 (|Au[P72Au) vdS
Q Fal/

0

:/ |Au|P*2AuAvdx+/ 0 (|AufP~2Au) v — |AufP~2Au’" dS, (2.114)
o) FaV ov

from which, besides the Dirichlet conditions (2.100), one can pose naturally also
Dirichlet /Newton conditions (2.101) now in the form

ulp = up and |AulP~2Au + b(z,u, Vu) = h, (2.115)
or the higher Dirichlet/Newton conditions (2.105) now in the simpler form
ou 0 _
5 ‘F =ul, and 5 (|AuP~?Au) + b(z,u, Vu) = h, (2.116)

or also the Newton condition (2.107) now in the simpler form
0
oy (|AulP2Au) + bo(z,u, Vu) = ho, |AulP"?Au+ bi(z,u, Vu) = hy. (2.117)

Note that (2.116) and (2.117) do not contain the divs-terms because, in-
stead of ¥®@Vwv in (2.99), one has v-Vv = gz in (2.114). The pointwise co-
ercivity (2.109a) cannot be satisfied for (2.113), however, and the coerciv-
ity of A on V must rely on a delicate interplay with the boundary con-
ditions. E.g., for Dirichlet conditions (2.100) with up = 0 = wu}, and for
p = 2, one has by using Green’s formula twice (A(u),u) = [,|Aul*dz =
— Jo Vu-VAudz = — [, Vu-div(VZu) dz = [, [VZu|?*dz, which thus controls VZu
in L?(;R™™). Another example is the Newton’s condition (2.117) with
bo(x,7,8) = Bo(x)r, bi(z,r,8) = —pP1(x)(sv), and p = 2, one has (A(u),u) =
Jo |Au?dz + [i.Bou? + B1( S w)?dS. This is a continuous quadratic form on
W?2(Q) and for the Poincaré-like inequality (A(u),u) > Cpllul|fy2zq) it suf-
fices to guarantee that (A(u),u) = 0 implies u = 0. This can be done by assum-
ing Bo, 81 >0, and By or B positive on a “sufficiently large part” of I.?

2.5 Weakly continuous mappings, semilinear equations

In case that A is coercive and, instead of being pseudomonotone, is weakly contin-
uous, we can prove existence of a solution to A(u) = f much more easily. Although
the assumption of the weak continuity is restrictive, such mappings enjoy still a
considerably large application area. Here, we can even advantageously generalize
the concept for mappings A : V. — Z* for some Banach space Z C V densely so
that Z* D V*. If V}, C Z for any k € N, we can modify (2.5) and then Theorem 2.6:

25Here, a certain caution is advisable: e.g. for Q a square [0, 1)2, it is not sufficient if Bo(-) = 1
on the sides with 1 = 0 and x2 = 0 and otherwise By and 1 vanishes because of existence of a
non-vanishing function u(z) = z1x2 for which (A(u),u) = 0.
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Proposition 2.47 (EXISTENCE). If a weakly continuous mapping A : V. — Z* is
coercive in the modified sense

m A VZz (2.118)
Iolly —roo [vllv

and if f € V*, then the equation A(u) = f has a solution.

Proof. The technique of the proof of Theorem 2.6 allows for a very simple mod-
ification: instead of (2.14), we consider the Galerkin identity (2.8) as (A(uy) —
fyvk)z+xz = 0 for v € Vi such that vy — v in Z, and make a direct limit
passage. Note that (2.13) looks now as

C(llurllv) HukHv< (Auy), “k>z*xz <f7uk>z*xz <f’u’f>v*xv— HfHV ukHV

and again yields {uy}reny bounded in V because f € V*. O

Confining ourselves again to the 2nd-order problems as in Sections 2.4.1-
2.4.3, we can easily use this concept for the special case when a(x,r, ) : R" — R"
and ¢(z,7,-) : R™ — R are affine, we will call such problems as semilinear although
sometimes this adjective needs still a(x, -, s) constant as in (0.1). So, here

ai(xz,r,8) == Zaij(:c, r)s; + ao(x,7), i=1,...,n, (2.119a)
j=1

c(x,r,s) = ch(xm)sj + co(z, 1), (2.119b)
j=1

with as;,¢; : 2 x R — R Carathéodory mappings whose growth is now to be
designed to induce the Nemytskil mappings A(q,, . Y Meryoen) LQ*_E(Q) —

L2 R™) and A, Ao @ L2 7¢(Q) — LY(Q) with € > 0. Besides, the bound-

ary nonlinearity b : I' x R — R is now to induce the Nemytskii mapping
Ny L¥ =¢(I') = LY(T"). This means, for i,j =1,...,n,

Iy € L*(Q), C eR: laij(z,7)] < mi(z) + Clr| =972,

lej(z,7)| < m(z)+ Clr|F 7972, (2.120a)
Iy € LY(Q), CeR: laio(z, )| < v2(x) + C|r> ¢,

lco(@,7)| < y2(x) + Clr[* (2.120b)
Iy eLMT), CeR:  |b(x,r)| < vs(x) + Cr2" <. (2.120¢)

The exponent p = 2 is natural because a(z,, ) has now a linear growth. Note that
these requirements just guarantee that all integrals in (2.51) have a good sense if
v e WHee(Q) =: Z. Again, Convention 2.26 on p. 46 is considered.
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Lemma 2.48 (WEAK CONTINUITY OF A). Let (2.119)—(2.120) hold. Then A is
weakly* continuous as a mapping WH2(Q) — Whee(Q)*.

Proof. Having a weakly convergent sequence {uy}ren in W12(€), this sequence
converges strongly in L2**E(Q). Then, by the continuity of the Nemytskii map-
PINGS A air o ain)s Nersoen) t L2 ~9(Q) = L2(QR™) and Ag,, Ao, + L2774(Q) —
LY(Q), it holds that

kh_{ilo/ Z Za” uk +al0 Uk ) <ch uk e +co(uk))vdx
:/Q;(;azj(w oz, + aio(u ) (Zc] oz +Co(uk>)vd:)j

for k — oo and any v € W1°°(Q). Also ug|r — ulp in L2 ~<(I), and by (2.120c),
we have convergence in the boundary term fr (ug)vdS — fr w)vdS. O

Proposition 2.49 (EXISTENCE OF WEAK SOLUTIONS). Let (2.119)—(2.120) hold,
g€ L¥(Q), he L¥(T'), and, for some >0, 1 € L%(Q), y2 € L}(R), ~3 € L*(I),
and for a.a. x€Q) (resp. €T for (2.121b)) and all (r,s) R it holds that

Z (Zaij (x,7)s; + aio(z, r)) si + (ch(x, r)s; + Co(.’L‘J”))?“
> els]? +elrl? — yi(2)ls| = 72(x),  (2.121a)
b(x,r)r > —vy3(x). (2.121Db)

Then the boundary-value problem (2.45) with (2.49) has a weak solution in the
sense of Definition 2.24 using now v € W1 (Q).

Proof. We can use the abstract Proposition 2.47 now with V := W12(Q), Z :=
Whee(Q), and Vj, some finite-dimensional subspaces of W1>°(Q) satisfying (2.7).26
The coercivity (2.118) is implied by (2.121) by routine calculations.?” Then we use
Lemma 2.48 and Proposition 2.47. O

Remark 2.50 (Conventional weak solutions). Let, in addition to the assumptions
of Proposition 2.49, also the growth condition (2.55) with p = 2 hold. Then the
solution obtained in Proposition 2.49 allows for v € W12(Q) in Definition 2.24.

26Such subspaces always exlsts e. g one can imagine subspaces as in Example 2.67.
2TWe have (A(v),v)= [, (2 J 1 aij(v) agj vtaio(v)) a(zi o+ (7 ¢ (v) aij vtco(v))v
dz + fI‘ b(’v)’u ds > EHV’U”L2(Q;Rn) 2 ”’Yl ”22(9) - ; ||V’U||22<Q;Rn> - H’YZ HLl(Q) - ’Y3||UH21 (ry’
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2.6 Examples and exercises

This section contains both exercises to make the above presented theory more com-
plete and some examples of analysis of concrete semi- and quasi-linear equations.
The exercises will mostly be accompanied by brief hints in the footnotes.

2.6.1 General tools

Exercise 2.51 (Banach’s selection principle). Assuming the sequential compactness
of closed bounded intervals in R is known, prove Banach’s Theorem 1.7 by a
suitable diagonalization procedure.?®

Exercise 2.52 (Uniform convexity of Hilbert spaces). For V being a Hilbert space,
prove the assertion of Theorem 1.2 directly.?’ Using (1.4), prove that any Hilbert
space is uniformly convex.3°

Exercise 2.53 (Pseudomonotonicity). Assuming (2.3a), show that (2.3b) is equiv-
alent to®!

— 00
lim sup(A(uy), up—u) <0 = lim (Aur), ui) = (A(u), ). (2.122)
—0 —00

Exercise 2.54 (Weakening of pseudomonotonicity). Modify the proof of Brézis
Theorem 2.6 for A coercive, bounded, demicontinuous, and satisfying??

up—u &  Alug) — f
lim sup (A(ux), ur) < (f, u)

k—o0

=  f=A). (2.123)

28Hint: Consider a sequence {fi}ren bounded in V* and a countable dense subset {vy }ren
in V, take v1 and select an infinite subset A; C N such that the sequence of real numbers
{(f&,v1)}kea, converges in R to some f(v1), then take vz and select an infinite subset Az C A
such that {(fx,v2)}rea, converges to some f(v2), etc. for vs, vy, .... Then make a diagonaliza-
tion procedure by taking Ij, the first number in Ay which is greater than k. Then {(f, ,v:)}ren
converge to f(v;) for all ¢ € N. Show that f is linear on span({v;}ien) and bounded because
[f(va)] < limp_ys o0 [{f1,,,vi)| < limsupy_, o || frll«[|vil], and finally extend f on the whole V* just
by continuity.

29 Hint: [Jup |- ul] and uy—su imply [[ug—ull? = [Jug |2 + (=20, ) > Jull? + (u—2u,u) = 0.

OHint: Realize that ||u|| = 1 = |lv|| and |lu — v|]| > & in (1.5) imply ;Hu + || =
V(u,v) = lu=v||2/4 < \/1—¢e2/4 < 1 —§ provided 0 < § < 1 solves §2 — 25 4+ 2/4 = 0.
Such § exists if 0 < € < 2, while for £ > 2 the implication (1.5) is trivial.

31Hint: (2.122)=-(2.3b) is trivial. The converse implication: by (2.3a), assume A(uy) — f (a
subsequence), then 0 > limsupy_, o (A(ug), up—u) = limsup,_, o (A(uk), ug) — (f,u) implies
(A(u),u — vy < liminfy oo (A(ug), up—v) < limsupy_, o (A(ur), uk) — (f,v) < (f,u—v), from
which A(u) = f, hence A(uy) — f (the whole sequence), and eventually (2.3b) for v = 0 yields

(A(u) u) < Hminf(A(wy), ug) < lim sup(A(ug), u) < Jim (A(uy), u) = (A(w), ).

32Hint: Modify Step 4 of the proof of Theorem 2.6: as both {ug}ren and A are bounded,
A(ur) — x (as a subsequence) and, from (2.8), x = f, hence A(ur) — f (the whole sequence)
and, again by (2.8), (A(uk),ux) = (f,ur) — (f, u). Then by (2.123) f = A(u).
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Show that any pseudomonotone A satisfies (2.123).33

Exercise 2.55 (Tikhonov-type modification®! of Schauder’s Theorem 1.9). Assum-
ing a reflexive separable Banach space V & Vi, show that a weakly continuous
mapping M : V — V which maps a ball B in V into itself has a fixed point.3?

Exercise 2.56 (Direct method for A weakly continuous). Assume A : V — V*
weakly continuous, V' Hilbert, and modify the Brézis Theorem 2.6 by using directly
Schauder fixed-point Theorem 1.9 without approximating the problem.36

Exercise 2.57. Try to make a limit passage in (2.38)—(2.39) simultaneously in i
and [ by considering i = [. Realize why it was necessary to make the double limit
lim;_, o lim; oo instead of lim;—; .~ in the proof of Proposition 2.17.

Exercise 2.58. Assuming 1 < ¢ < p < 400, evaluate the norms of the continuous
embeddings L>°(Q) C LP(Q) C LY(Q).57

Exercise 2.59 (Interpolation of Lebesgue spaces). Prove (1.23) by using Holder’s
inequality.38

Exercise 2.60 (Continuity of Nemytskii mappings). Show that the Nemytskii map-
ping 4, with a satisfying (1.48) is a bounded continuous mapping LP' () x

33Hint: The premise of (2.123) and the pseudomonotonicity implies lim supy,_, . (A(ug), up —
u) = limsupy_, o (A(ur), uk) — limg_ oo (A(ug),u) < (f,u) — (f,u) = 0 so that, by (2.3b),
<A(u)7 u— U) < hmlnfk:—)oo<A(uk:)7uk: - U) < lim Supk%oo<A(uk?)7 U — U) < <f7 u— ’U> for any
v € V, from which f = A(u) indeed follows.

34Tikhonov [413] proved a bit more general assertion, known now as Tikhonov’s theorem: a
continuous mapping from a compact subset of a locally convex space into itself has a fixed point.

35Hint: Consider B endowed with a weak topology, realize that u — w in Vi and u € B
implies uy, — w in B, hence M (uj) — M (u) in V and then also M (uy) — M (u) in V1, and then
use Schauder’s Theorem 1.9.

36Hint: Repeat Step 2 of the proof of Brézis Theorem 2.6 directly for V instead of V;. Use
the weak topology on {v € V; |[v|| < o}, and realize that Iy is to be omitted while Jk_1 is to
be weakly continuous (which really is due to its demicontinuity, cf. Corollary 3.3 below, and its
linearity, cf. Remark 3.10). Also use Exercise 2.55.

37THint: Estimate

||u||LP(Q) = (/fn |ulPdz < (/fsz eBIP u(€)|Pda = {/H“Hiw(n)fn ldz = NH“HLO@(Q)

with N = (measn(Q))l/p being the norm of the embedding L*°(2) C LP(2). Likewise, by
Hoélder’s inequality,

oy = 1 ulde < O/ o 1w 7 o [ = N2,

(Q)) (p=a)/(pa)

with N = (measn
38Hint: Use Holder’s inequality for

1/« 1/8
/ \v\pdx:/ [o|*Plo|I=MPdg < (/ |v|)‘p°‘d:c> (/ \v\(lf)‘)pﬁd:o
Q Q Q Q

with a suitable a = p1/(Ap) and 8 = p2/((1 — A)p), namely a~! + 71 = 1 which just means
that p satisfies the premise in (1.23).
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LP2(QR™) — LPo(Q).59

Exercise 2.61. Show that p3 in Theorem 1.27 indeed cannot be +oc: find some a
satisfying (1.48) for p1,ps < 400 and p3 = +o0 such that .4, is not continuous.*’

Exercise 2.62. Show that, for any ¢ : R™ — R™2 not affine, the Nemytskii
mapping A, : u +— c(u) is not weakly continuous; modify Figure 3 on p.20.*!

Exercise 2.63 (Integral balance (2.63)). Consider the test volume in the integral
balance (2.63) as a ball O = {z; |v — x| < o} and derive (2.63) for a.a. ¢ by
a limit passage in the weak formulation (2.45) tested by v = v, with v.(z) =
(1 — dist(x,0)/e) T provided the basic data qualification (2.55a,c) is fulfilled.*2

Exercise 2.64. Show that the mapping u — c(u, Vu) is compact, i.e. it maps
bounded sets in WP () into relatively compact sets in WP (Q)*, cf. Remark 2.39.
For this, specify a growth assumption on ¢.*?

Exercise 2.65. By using (2.56), show that A : WLP(Q) — WP (Q)* defined by
(2.59) is demicontinuous. Note that no monotonicity of this A is needed, contrary
to an abstract case addressed in Lemma 2.16.

39Hint: Take uj — u in LP1(Q) and y; — y in LP2(Q; R™), then take subsequences converging
a.e. on . Then, by continuity of a(z,-,-) for a.a. z € Q, A4 (uk,yx) — Ha(u,y) a.e., and by
Proposition 1.13(i), in measure, too. Due to the obvious estimate

(@, ks yi) — ale, u, )| < 67071 (570 (2) + Clug(@)[P + Clu(@)|*' + Clyi ()] + Cly(2)[*?)

for a.a. z € Q, show that {|a(z,ug,yr) — a(z,u,y)|P0 }ren is equi-absolutely continuous since
strongly convergent sequences are; use e.g. Theorem 1.16(i)=-(iii). Eventually combine these
two facts to get fQ la(z, ug, yr) — a(z, u,y)|Podz — 0 and realize that, as the limit A5 (u,y) is
determined uniquely, eventually the whole sequence converges.

49Hint: For example, a(z,r,s) = r/(1 + |r|) and up = xa,, a characteristic function of a set
Ay, measy (Ag) > 0, limy,_, o measy (Ay) = 0, and realize that [lug||Lr (o) =(meas, (A))/P =0
but [|Aa (ug)llee () = 1/2 # 0 = [|Aa(0)]|Loe (0)-

41Hint: Take 71,72 € R™1 such that c(§r1+ %7’2) # éc(rl)Jr éc(rl) and a sequence of functions
oscillating faster and faster between r1 and ro (instead of 1 and —1 as used on Figure 3).

42Hint: Putting 2o = 0 without any loss of generality, realizing that Vv (z) = —e~1z/|x| if
0 < |z| < o+ € otherwise Vve(z) = 0 a.e. and that v(xz) = z/|z|, the limit passage

"o /\T\SQC(:C7U7VU)_g(x)dx+/é7§\z\ﬁg+s ((C(I’“’V“)—g(x))<1— mg_g)

— 1a(x,u, Vu) - N ) doe — / c(z,u, Vu) — g(z) de — / a(z,u, Vu) -vdS
€ lz|<e

|z| lz|=e

holds at every right Lebesgue point of the function f : o+ o~ ! fng a(z,u, Vu) - xdS, i.e. at
every g such that f(g) = lim.\ i f@g+£ f(€)d€. As f is locally integrable thanks to the growth
conditions (2.55a,c), it is known that, for a.a. g, it enjoys this property.

43Hint: It suffices to design the growth condition so that .4 maps LP (€) x LP(Q;R") into

L(p*_e)/(Q) which is compactly embedded into WP (Q)*.
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Exercise 2.66 (V-coercivity). Consider, instead of (2.92),

Je1, ko>0, k1 €LY (Q) : a(w,r,s)-s+c(x,r,s)r > eq|s[P—ko|r|™ —ki(z), (2.124a)
Jea >0, koeL'(D): b(x,r)r > eaxy, (¥)[r|?—ka(x), (2.124D)

for some 1 < ¢1 < ¢ < p and meas,,_1(Iy) > 0, and prove Lemma 2.35 by using
the Poincaré inequality in the form (1.56). Likewise, formulate similar conditions
for the case of mixed Dirichlet/Newton conditions (2.49) and use (1.57) to show
coercivity of the shifted operator Ay = A(-+w) with w|r, = up on V from (2.52).

Example 2.67 (Finite-element method). As an example for the finite-dimensional
space Vj, used in Galerkin’s method in the concrete case V = WHP(Q), the reader
can think of 7 as a simplicial partition of a polyhedral domain Q C R"”, i.e. J
is a collection of n-dimensional simplexes having mutually disjoint interiors and
covering Q; if n = 2 or 3, it means a triangulation or a “tetrahedralization” as on
Figure 5a or 5b, respectively. Then, one can consider Vj, := {v € WHP(Q); VS €
T+ v|g is affine}. A canonical base of Vj, is formed by “hat” functions vanishing
at all mesh points except one; cf. Figure 5a.** Nested triangulations, i.e. each
triangulation 41 is a refinement of 7%, obviously imply V), C Viy1 which we
have used in (2.7).

v =uv(z1, T2

)
/o

Figure 5a. Triangulation of a polygo-  Figure 5b. A fine 3-dimensional tetrahedral

nal domain Q C R? and one mesh on a complicated (but still
of the piece-wise affine ‘hat- stmply connected) Lipschitz do-
shaped’ base functions. main QCR3; courtesy of M. Mddlik.

This is the so-called P1-finite-element method. Often, higher-order polynomials
are used for the base functions, sometimes in combination with non-simplectic
meshes. For non-polyhedral domains, one can use a rectification of the curved
boundary by a certain homeomorphism as on Figure 8 on p. 91. Efficient software
packages based on finite-element methods are commercially available, including
routines for automatic mesh generation on complicated domains, as illustrated on
Figure 5b.

Exercise 2.68. Assuming n = 1 and limy_, . maxgse 7, diam(S) = 0, prove density
of Upen Vi in WHP(Q), cf. (2.7), for V; from Example 2.67.45

4411 such a base, the local character of differential operators is reflected in the Galerkin scheme
that, e.g., linear differential operators result in matrices which are sparse.
45Hint: By density Theorem 1.25, take v € W2°°(Q) and vy € Vj, such that vy (z) = v(z)
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Remark 2.69. To ensure (2.7) if n > 2, a qualification of the triangulation is
necessary; usually, for some e > 0, one requires that always diam(S)/os > € with
denoting pg the radius of a ball contained in S.

Exercise 2.70 (Traces of higher-order Sobolev spaces). Generalize the trace Theo-
rem 1.23 for W2P(Q), and identify the integrability exponent for traces of functions
from W2P(Q), namely p*# := (p*)¥#, as (np—p)/(n—2p) if 2p < n, otherwise, its
integrability is arbitrarily large if 2p = n or in L*°(T") if 2p > n. Continue by
induction for W*?(Q), k > 3.46

2.6.2 Semilinear heat equation of type —div(A(z,u)Vu) =g

Here we focus on a heat equation where, from physical reasons, the heat-transfer
coefficients depend typically on temperature but not on its gradient, giving rise
to a semilinear equation as investigated in Section 2.5. Moreover, we speak about
a critical growth of the particular nonlinearity when (2.55) would be fulfilled only
if e = 0. Here we will meet the situation when even e = —1 in (2.55b) is needed
(and by replacing the conventional Sobolev space WP(Q) by (2.128) eventually
allowed) for b(x,-); this is reported as a super-critical growth.

Example 2.71 (Nonlinear heat equation). The steady-state heat transfer in a non-
homogeneous anisotropic nonlinear?” medium with a boundary condition control-
ling the heat flux through two mechanisms, convection and Stefan-Boltzmann-type

radiation?® as outlined on Figure 6a, is described by the following boundary-value
problem
—div(A(z,u)Vu) = g(x) on €,
VT Az, 0)Vu = by(2)(0 —u) + ba(2)(@* — [ulPu) onT, (2125)
~ -~ - ~ -~ -
convective radiative
heat flux heat flux

at every & € Q which is a mesh point of the partition .7, and ||Vv, — Vol oo (@irn) <
diam(S)||V2v||Loo(Q;Rmm); as n =1, each S is an interval here.

46Hint: For W2P(Q) with 2p < n, consider W2?(Q) C wie® (2) and apply Theorem 1.23 for
p* = np/(n—p) instead of p. By induction, u — u|p : WhP(Q) — L2=p)/(n=kp)(T) if kp < n.

47The adjective “nonhomogeneous” refers to spatial dependence of the material properties, here
A. The adjective “anisotropic” means that A # I in general, i.e. the heat flux is not necessarily
parallel with the temperature gradient and applies typically in single-crystals or in materials
with a certain ordered structure, e.g. laminates. The adjective “nonlinear” is related here to
a temperature dependence of A which applies especially when the temperature range is large.
E.g. heat conductivity in conventional steel varies by tens of percents when temperature ranges
hundreds degrees; cf. [358].

48Recall the Stefan-Boltzmann radiation law: the heat flux is proportional to u* —* where 6 is
the absolute temperature of the outer space. In room temperature, the convective heat transfer,
proportional to u — 6 through the coefficient by, is usually dominant. Yet, for example, in steel-
manufacturing processes the radiative heat flux becomes quickly dominant when temperature
rises, say, above 1000 K and definitely cannot be neglected; cf. [358].
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with
u = temperature in a thermally conductive body occupying (2,
0 = temperature of the environment,
A = [a;]}';_1= a symmetric heat-conductivity matrix, A:QxR—R™" ", i.e.
ai(x,r,8) = >0 aij(x,7)s5,
5] n
Az, u)Vu = (2?21 a;;(u) oz u),_, =the heat flux,
v A(z,u)Vu = D=1 @i (u)vi 82]_ u =the heat flux through the boundary,
b1, bs = coefficients of convective and radiative heat transfer through T,
g = volume heat source.

RADIATION
RADIATION
CONVECTION
CONVECTION \/
HEAT FLUX
INSIDE THE PLATE
Figure 6a. Illustration of a heat-trans- Figure 6b. Illustration of a heat-trans-

fer problem in a 3-dimen- fer problem in a 2-dimen-
sional body Q C R3. sional plate Q C R?.

In the setting (2.48), b(z,7) = by (x)r + ba(z)|r|>r and h(x) = [b10 + b20*](x). We
assume 0 > 0, by(x) > b; > 0 and ba(z) > by > 0, by € L>/3(T") and by € L=(T),
and the operator A is defined by

(aw.) = [

(Vo) Az, u)Vude + / (b (2)u + bo(2)|ulPu)vdS.  (2.126)
Q r

It should be emphasized that no monotonicity of A with respect to the L?-inner
product can be expected if A(z,-) is not constant.*?

Exercise 2.72 (Pseudomonotone-operator approach). Check the assumptions
(2.55) and (2.65) in Section 2.4°0 as well as the coercivity (2.124)5!. Realize, in

49This means fQ(Vul — Vug)T(A(:U, u1)Vur — Az, u2)Vuz) de < 0 may occur.
50Hint: The assumption (2.55a) reads here as [>27=1 aij(z,m)s;| < () + Clr|P*=a/p" 4

C|s|P~! with v € LPI(Q). This requires p > 2. The assumption of monotonicity in the main part
(2.65) just requires that A(z,r) = [as;(x,r)] is positive semi-definite for all r and a.a. z € Q,
i.e. sTA(x,7)s > 0. The assumption (2.55b) for the “physical” dimension n = 3 and for p = 2
yields p# = (np—p)/(n—p) = 4, cf. (1.37). This just agrees with the 4-power growth of the
Stefan-Boltzmann law at least in the sense that the traces |u|3u are in L1(T") if u € W12(Q).
Yet (2.55b) admits only (3—e€)-power growth of b(x, -) which does not fit with the 4-power growth
of Stefan-Boltzmann law.

51Hint: The coercivity assumption (2.124a) requires here s' A(x,r)s > e1|s|? — k1, which
requires, besides uniform positive definiteness of A, also p < 2. Altogether, p = 2 is ultimately
needed. Note that p = 2 and (2.55a) need A(z,r) bounded, i.e. |a;;(z,r)] < C for any i,j =
1,...,n. The condition (2.124b) holds trivially with k2 = 0.
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particular, that p = 2 is needed and the qualification (2.57) of (g, h) means

LY(Q), L) ifn=1,
gel L), heq L7FD)  ifn=2, (2.127)
L2n/(n+2)(Q), L272/M(T)  ifn > 3.

In view of this, the pseudo-monotone approach has disadvantages:

v direct usage of Leray-Lions Theorem 2.36 on the conventional Sobolev space
W12(Q) is limited to n < 2 or to by =0,

v if n > 1, an artificial integrability of g and h is needed, contrary to the
physically natural requirement of a finite energy of heat sources, i.e. g€ L(Q),
heLY(T),

v' A must be bounded.

Modify the setting of Section 2.4.3 by replacing W?(Q) by

V ={veW"?Q); vlreL’(T)} (2.128)

and show that V becomes a reflexive Banach space densely containing C*°(Q) if
equipped with the norm [|v]| := [|v|[w.2(q) + ||v]r| LS(F).52 Show that A: V — V*
defined by (2.126) is bounded and coercive. Make a limit passage though the

monotone boundary term by Minty’s trick instead of the compactness.

Exercise 2.73 (Weak-continuity approach). Use V from (2.128) and Z = W1 (Q),
assume

de1 >0: sTA(z,7)s > e1]s|?, (2.129a)
FyeL*(), €>0: |A(z, )] < y(z) + Clr|* =972 (2.129Db)

and show that A : V' — Z* defined by (2.126) is weakly continuous; use the fact
that L*(T) is an interpolant between L?(T') and L5(T).%?

Exercise 2.74 (Galerkin method). Consider Vj, a finite-dimensional subspace of
W1e2(Q) nested for k — oo with a dense union in W2?(Q) and traces dense in

52Hint: For n < 2, simply V = W12(Q). For n > 3, any Cauchy sequence {vj}rcy in V has
a limit v in WH2(Q) and {vk|r}ren converges in L (") to v|r, and simultaneously has some
limit w in L3(T") but necessarily v|r = w. As V is (isometrically isomorphic to) a closed subspace
in a reflexive Banach space W12(Q) x L5(T'), it is itself reflexive. Density of smooth functions
can be proved by standard mollifying procedure.

53Hint: Take uy, such that up — w in WH2(Q) and ug|r — ulr in L?(T). Use WH2(Q) e
L2 ~¢(Q) and then A(ug) — A(u) in L2(Q;R"X") and Vuy, — Vu weakly in L2(€;R™), and,
for v € Whoo(Q) =: Z, pass to the limit [,(Vug) T Az, up)Vodz = [o(Vu)TA(z,u)Vodz. By
compactness of the trace operator, ug|r — u|r in Lp#’E(F) C L%(T), realize that ug|r — u|r
in L*(T") because

llrle = ule| pary < Jurle = wlel|75 lurle = wle[| 2, = 0.

Then |ug|Pug|r — |ul3ulr in LY(T), and [p [ug|3ugvdS — [ [u[3uv dS for any v € L>°(T").
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L5(T'), and thus in V from (2.128), too. Then the Galerkin method for (2.125) is
defined by:

/(Vuk)TA(x,uk)Vv —gvdz +/ ((b1 + ba|ug |*)up, — h)vdS =0 (2.130)
Q r

for all v € Vi. Assume g € L27(), h = by0+bo#* with 6 € L?(I), see Example 2.71,
and assuming existence of uy, show the a-priori estimate in V' from (2.128) by
putting v := wy into (2.130).°* Then, using the linearity of s — a(z,r,s) =
A(x,r)s, make the limit passage directly in the Galerkin identity (2.130) by using
the weak continuity as in Exercise 2.73.

Exercise 2.75 (Strong convergence). Assume again A bounded as in Exercise 2.72
and, despite the lack of d-monotonicity of u +— div (A(:L‘, u)Vu), use strong mono-
tonicity of u — div(A(z,v)Vu) for v fixed, and show u; — u in W12(£2); make
the limit passage in the boundary term by compactness® if n < 2, or treat it by

54Hint: By Holder’s and Young’s inequalities, this yields the estimate
€1 /Q |Vuy|?dz + b, / |ug)?dS + b2/ lug|®ds < /Q(Vuk)TA(:c,uk)Vukd:c
T T

+/b1|uk|2+b2|uk|5d5‘:/gukdw+/(b19+b294)ukd5
r Q r

5/4
< N9l o el o gy + (1815700 10113y + ozl oo (01101150 gy ) ety
1
< L V2 ey + ellunln z )

5/4 1
+C(Hb1HL5/3(1‘)H9HL5(F) + Hb2HLoo(F)H9H4s(p)) + 2b2||uk||‘zs(p)

where N is the norm of the embedding W1-2(Q) C L2 (2) and C is a sufficiently large constant,
namely C' = 2°/(5%b,), and & < min(e1,b,)/Cp with Cp, the constant from the Poincaré inequal-
ity (1.56) with p = 2 = ¢q. Then use (1.56) for the estimate of the left-hand side from below and
absorb the right-hand-side terms with uy in the left-hand side.

55Hint: Abbreviate b(u) = (b1 +b2|u|?)u and az = V(up—u) " A(ug)V (ug—u), cf. (2.83). Then,
use the Galerkin identity (2.130), i.e. [, V(ur—vi) T A(ug)Vurdz = [ b(ug) (v, —ug) dS, to get

/ ar dz = / V(up—u) T (A(uk)Vug, — A(u)Vu) — V(up—u) T (A(ug) — Aw)) Vuda
Q Q
= / V(up—vg) " (A(ur)Vug, — A(u)Vu) + V(v —u) " (A(ug) Vur—A(w) Vu)
Q
- V(up—u) " (Alug) — A(u)) Vudz = /F (b(w)—b(uy,)) (ug—vx) dS
+ / V(v —u) " (Alug) Vg — Aw)Va) — V(ug—u) T (Alug) — Au)) Vudz
Q
for any vy € Vj. In particular, take v, — u in W12(Q). For n < 2, use compactness of the
trace operator W12(Q) — Lp#_e(F) C L3(T") and push the first right-hand-side term to zero.
Furthermore, use Vo, — Vu in L?(Q;R™) and A(ug)Vuy — A(u)Vu bounded in LZ(Q;R™) to

push the second term to zero. Finally, push the last expression to zero when using (A(uk) —
A(w))Vu — 0 in L?(;R™) (note that one cannot rely on A(ug) — A(u) in Lo°(Q;R"X"),
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monotonicity if n = 3 when this term has the super-critical growth.%® Note that,
for n = 3, the super-critical growth of the boundary term is such that, although
being formally a lower-order term, it behaves like a highest-order term and must
be treated by its monotonicity.?”

Exercise 2.76 (Comparison principle). Put v := v~ = min(u,0) into the integral
identity (2.51) for the case of (2.125). Show that non-negativity of heat sources,
ie. h = b1 + by#* > 0 and g > 0, implies the non-negativity of temperature,
i.e. u > 0.5 Assume g = 0 and 0 < 6(-) < Oyayx for a constant O, > 0 and use
v:= (4 — Omax) ™ in (2.51) to show that u(-) < Opax almost everywhere.

Exercise 2.77 (Mixed boundary conditions). Perform the analysis by the Galerkin
method of the mixed Dirichlet/Newton boundary-value problem®’

however) and when assuming vy — u in W12(Q). Then €1 ||Vuy— Vu||L2,(Q Ry < < [oadz — 0

and, as ug — u in L2(Q) by Rellich-Kondrachov’s theorem 1.21, uz, — u in W1H2(Q).
56Hint: Use identity (2.130) and the previous notation of a; and b to write

/akd:er/ (ug) fbu)) (ug—u)dS
/ V(ug— vk) (uk)Vuk — A(u)Vu) + V(vg —u)T (A(uk)Vuk — A(u)Vu)
- V(Uk*U)T(A(Uk)*A(U))Vwa+/F (b(ur)—=b(u)) (ur—vk) + (b(ug)—b(u)) (v, —u) dS

= [ =blu)ur=u0) + (u)-bw) (@ -0) dS + [ ~Viw—u) AW Tu
T Q
+ V(vg—u)" (A(uk)Vug, — A(u)Vu) — V(up—u) " (A(ug) — Aw)) Vuda
S S U (L S (D

Assume vg, — u in WH2(Q) and vg|r — u|p in L5(T). Use b(u) € L*(I') and uy — vp — 0 in
L3(T) to show ](1> — 0. Use {b(ug)}ren bounded in L5/4(T") and vy —u — 0 in L?(T) to show
1(2) = [r(b( b(u)) (v —u)dS — 0. Push the remaining terms I,(CS), I,(:l), and I,(:)) as before.
Altogether conclude up — u in WH2(Q). Moreover, conclude also ||uz — ull sy — 0.

5THint: Realize the difficulties in pushing [.(b(u) — b(ug))(ug — vj) dS to zero if n > 3 because

we have {uj}reny and {b(ug)}ren only bounded in L3(I") and L3/*(T"), respectively, but no
strong convergence can be assumed in these spaces.

58Hint: Note that u~ € W12(Q) if u € W12(Q) so v := u~ is a legal test, cf. Proposition 1.28,
and then [(Vu)TA(w)Vu~™ dz = [(Vu™)TA(u)Vu~ do due to (1.50). By this way, come to
the estimate

61/ |Vu_|2d:c+b1/(u_)2d5§/(Vu)TA(u)Vu_ dx
Q T Q
+/b1(u7)2+b2\u7|5d5':/gu7 dw+/ hu™ dS <0.
r Q r

By the Poincaré inequality (1.56), we get [|u™[|yy1.2(p) = 0, hence u™ =0 a.e. in Q.

59Hint: Instead of (2.128), use V = {ve W1H2(Q); v|r, € L5(Ix), v|ry, = 0}, define Galerkin’s
approximate solution wuj, with approximate Dirichlet conditions wuy|r, = ul and derive the a-
priori estimate by a test v := up — wy where wy € Vi, a finite-dimensional subspace of V, is

chosen so that wg|ry = uf — up in LQ#(FD) and the sequence {wy }ren is bounded in V.
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—div(A(z,u)Vu) = g(z) in Q,
v A(z,u)Vu = by (2)(0 — u) + ba(x)(0* — |u[>u) on Ty, (2.131)
Ul = Up on I}.

Exercise 2.78 (Heat-conductive plate). Perform the analysis by Galerkin’s method
of the problem

—div(A(z,u)Vu) = c1(2)(0 —u) + c2(2)(0* — [ul’u)  in Q, } (2.132)

U\F = Up onI.

In the case n = 2, this problem has an interpretation of a plate conducting heat in
tangential direction with normal-direction temperature variations neglected, and
being cooled/heated by convection and radiation and with fixed temperature on
the boundary as outlined on Figure 6b. Consider n < 3, use the conventional
Sobolev space VVO1 ’2(9)7 define Galerkin’s approximate solution u; with approxi-
mate Dirichlet conditions uy|r = uf., and derive the a-priori estimate by a test by
v = u — w with wy as in Exercise 2.77.

Example 2.79 (Special nonlinear media). Let us consider again the nonlinear heat-
transfer problem (2.125) with A(z, r) = [a;;(z, )] in the special form

aij(z,7) = bij(x)k(r) (2.133)

with B = [b;;] : @ — R" ™ and x : R — RT. Then the so-called Kirchhoff
transformation employs the primitive function ¥ : R — R to &, i.e. defined by

R(r):= / k(o)do , (2.134)
0
and transforms the nonlinearity of (2.125) inside € to the (already nonlinear)
boundary conditions. Indeed, B(x)VE (u) = B(z)s(u)Vu = A(xz,u)Vu and
B(z) 2 % (u) = B(x)k(u) 2 u = Alz,u) S u and, by a substitution w = & (u),
one transfers the nonlinearity from the equation on {2 to the boundary conditions
which has been nonlinear even originally anyhow due to the Stefan-Boltzmann
radiation term. Thus one gets the following semilinear equation for w:

ow
ov

—div(B(z)Vw) = g in €, }
(2.135)

B(x) +(b1+b2m*1(w)\3)kfl(w) h o onT.

We assume B : Q@ — R™ ™ measurable, bounded, and B(-) uniformly positive
definite in the sense ¢ 'B(z)¢ > Bl¢|? for all £ € R™ and some 3 > 0. Further,
we assume k(-) > € > 0 measurable and bounded; note that this implies & to
be continuous and increasing, and one-to-one with & ~! Lipschitz continuous, in
particular having a linear growth. Furthermore, g and h satisfy (2.127). Again,
ultimately p = 2, and one can show the coercivity. As the function R — R : r —
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b(z,7) == (bi(z) + ba(z)| & ~1(r)[*) & ~1(r) is monotone for a.a. z € I, we can use
the monotonicity technique. Then there is just one weak solution w € Wh2(Q).
By Proposition 1.28, u = & ~!(w) € W12(Q) and this u solves the original prob-
lem in the weak sense. Moreover, (g,h) — u : LP () x Lp#/(F) — Wh(Q)
is (normxnorm,norm)-continuous. Note that the heat-conductivity coefficient
need not be assumed continuous.®’

Example 2.80 (Heat transfer with advection). The heat equation in moving homo-
geneous isotropic media, i.e. with advection by a prescribed velocity, say ¢ = v(x),
is

—div(k(u)Vu) + c(u)7- Vu = g, (2.136)

where ¢ is the heat capacity dependent on temperature. Let us consider, for simplic-
ity, constant Dirichlet boundary conditions and use the Kirchhoff transformation
(2.134), i.e. put w = % (u) and using V& ~!(w) = Vw/k(k ~1(w)), to arrive at

C(w)v - Vw

AU K(w)

g in Q,
0 onl

(2.137)

w

where we abbreviated x(% ~!(w)) =: K(w) and ¢(% ~!(w)) =: C(w); note that
we can shift ¥ by a constant so that w = 0 can be considered on I'. Note that
the pointwise coercivity (2.92a) for p = 2 > ¢ > 1 is violated if ¢(z,r,s) =
C(r)v(x) - s/K(r). Assume the velocity field v € C*(Q;R") as divergence free,
which corresponds to a motion of an incompressible medium, cf. also the equations
(6.26¢), (12.44c), or (12.95b) below, one can consider an alternative setting with
¢(u)T Vu = div(? ¢ (u)) = div(d ¢ (k1 (w))) with ¢ the primitive function of c.
This leads to a(z,r,s) = s + ¥(z) ¢ (k~1(r)) which again need not satisfy (2.92a).

Exercise 2.81 (Uniqueness). Show uniqueness of the weak solution w to (2.135),
and thus of u, as well. Try to show uniqueness in the general case (2.125) and
realize the difficulties if smallness of ||lu][y1.(q) is not guaranteed.®!

Exercise 2.82. Assume divy < 0 in Example 2.80 and show the coercivity of
the respective A (in spite of this lack of any pointwise coercivity pointed out
in Example 2.80) by derivation of an a-priori estimate again by a test by w.%?

60 A discontinuity of x can indeed occur during various phase transformations, cf. [358] for a
discontinuity in the heat-conductivity coefficient x within a recrystallization in steel.

61The uniqueness holds even for a general case (2.125) but the proof is rather technical, cf. [243].

62Hint: For N the norm of the embedding W12(Q) c L2" (), use Green’s Theorem 1.31 to
estimate

/Q|Vw|2d:c§/Q|Vw|2_(div17)(/0w<w) IC(((gdf)dx:/Q|vw|2+17.v(/0w<$) Ic((é))df)dx

_ 5  (U-Vw)C(w) _
7/Q|Vw| + K (w) dz = ngd:cSN||w||W1,2(Q)||gHL2*/(Q).
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Furthermore, assuming Lipschitz continuity of x, show uniqueness of a solution to
(2.137) if ¥ is small enough in the L>°-norm.%

2.6.3 Quasilinear equations of type —div(|Vu[P~*Vu)+c(u, Vu)=g

Here we will address quasilinear equations (2.45) with a(z,r,-) or ¢(z,r,) nonlin-
ear so that a limit passage in approximate solutions cannot be made by using mere
weak convergence in Vu and compactness in lower-order terms, unlike in semilin-
ear equations scrutinized in Section 2.6.2. As a “training” quasilinear differential
operator in the divergence form, we will frequently use

Apu = div(|Vul[P*Vu) (2.138)

called the p-Laplacean; hence the usual Laplacean is what is called here 2-
Laplacean. For p > 2 one gets a degenerate nonlinearity, while for p < 2
a singular one, cf. Figure 9 on p.128 below. Note that, by using the formula
div(vw) = vdivw + Vv - w, (2.138) can equally be written in the form

div(|VulP72Vu) = [VulP2Au+ (p—2)|VulP~*(Vu) " VZu Vu. (2.139)

Example 2.83 (d-monotonicity of p-Laplacean). To be more specific, A = —A,
will be understood here as a mapping W1P(Q) — W1P(Q)* corresponding to a
Neumann-boundary-value problem, i.e.

(A(u),v) = /Q |VulP~2Vu - Vo dz (2.140)

for any v € WHP(Q). For p > 1, the p-Laplacean is always d-monotone in the sense
(2.1) with respect to the seminorm |u| := [|Vu| pr(qmn), i.e.

/Q(\VU\I’_QVU—\VUF’_QVU) - (Vu—Vv)dz > (d(\u|)—d(\v\))(\u|—|v\)

63Hint: Realizing that also [C/K](-) is Lipschitz continuous, with ¢ denoting the Lipschitz
constant, we have
/ N (C(wl)le C(w2)Vws
7- —
Q K(w1) K(w2)

_ 7 C(MJ1) - C(’LUQ)  YVwi (w1 —w = C’(wg)ﬁ-V(wlfwg) Wi —w =
_/n (K(wl) K(wz)) Ven(wr—wz)d +/Q K(w2) (w1 mwz)d

)(wl — wa)dx

- Cw1) _ C(wz)
<19 @20 | 1 () = ey e IV 2@ 01 = w2l

C(w2) )
K (w2)

+ 19l Lo (2;rm) Vw1 — Vwall 2 (oirn)llwi — wallpaq)

L4(Q)

maxc(-)

< 8l tmy (171l 2 N o N S measn (@)1/4) or = w2lffy .20,

min k(

where N is the norm of the embedding W12(Q) C L*(Q) valid for n < 3. For [|19]] oo (;rm) small
enough, conclude that wi = wa.
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with d(€) = €P~1, which can be proved simply by Holder’s inequality as follows:
| 2y=122) - (=2 da

= HyHip(Q;Rn) - /Q <‘y|1’—2y -z + ‘Z‘p—Qz . y)da)‘ + ||ZHI£@(Q;]RTL)

> [yl Z0@zey = 187729 Loy 12 2o(me)
= [l 22| 1 Q;R")HyHLP(Q;R") + HZHI];,P(Q;]R”)
= (19117 oy = 910 121 oz
H ‘LP(QR" ‘yHLP(QR" + H HLP (Q4R")

(Hy‘ LP(Q4R™) — ||z ’ LP(Q Rr )(HyHLp(Q;Rn) - HZHLP(Q;R"))' (2.141)
For p > 2, from the algebraic inequality®*

(|s|P~2s = |5]P723) - (s — 3) = c(n,p)|s — 5| (2.142)
with some ¢(n, p) > 0, we obtain a uniform monotonicity on W, () in the sense
(2.2) with ¢(z) = 2P~ (or with respect to the seminorm ||V-|| »(q.rn) on WP(Q)):

(A(u)—A(v), u—v) = /(\Vu\p_QVu—|Vv\p_2Vv)~V(u—v) dz
Q
> c(n,p) / |[Vu—Vo|Pdz.
Q
It should be emphasized that, for p < 2, one has only (A(u)—A(v),u—v) >

(p—1) [, max(1+|Vul, 1+|Vo|)P~2|Vu—Vo|*dz.5 -

Exercise 2.84 (Monotonicity of p-Laplacean). Realize that (2.138) corresponds to
a;(z,r,s) = |s|P~2s; and verify the strict monotonicity (2.65) and (2.68a).56

Exercise 2.85 (Strong convergence in ¢(Vu)). Consider the Dirichlet boundary-
value problem

—div(|Vu|P~2Vu) + ¢(z, Vu) = in Q,
(IVul )+ e( ) =g } (2.143)

0 onl.

u
For some € > 0, assume the growth condition
FyeL® =) (Q) CeR V(a.a.)zeQ VseR" : ez, 5)| < v(x)+C|s|P~17¢. (2.144)

64See DiBenedetto [120, Sect.I.4] or Hu and Papageorgiou [209, Part.I,Sect.3.1].
65See Malek et al. [268, Sect.5.1.2].

66Hint: Like (2.141), (|s|P~25—|5|P723)-(s—5) = |s|P—|s|P~25-5—|5|P725-5+|3]P > |s|P —
Is[P~ 15| — |8[P=|s| + |5]7 = (Is|P~ =3[P~ *)(Is|—|5]), hence (2.65) holds. If (|s|P~2s—|5[P~25) -
(s—8) = 0, then |s| = ||, and if s # 5, then |s|? > 55 hence |s|P—|s|P725:5 > 0, and similarly

|5|P—15 \p_2§-s > 0, hence (|s|P~2s—|3|P~25)-(s—3) > 0, a contradiction, proving (2.68a).
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Formulate Galerkin’s approximation®” and prove the a-priori estimate in VVO1 P(Q)
by testing the Galerkin identity by v = % and prove strong convergence of
{ug} in VVO1 () by using d-monotonicity of —A,, following the scheme of Propo-
sition 2.20 with Remark 2.21 simplified by having boundedness guaranteed explic-
itly through Lemma 2.31 instead of the Banach-Steinhaus principle through (2.36)
and (2.42).5° Further, considering p = 2, formulate a Lipschitz-continuity condi-
tion like (2.157) in Exercise 2.90 that would guarantee (uniform) monotonicity of
the underlying mapping A.

Exercise 2.86 (Weak convergence in ¢(Vu)). Consider the boundary-value problem
(2.143) in a more general form:

—diva(z,Vu) + c(x,Vu) = in Q,
(2, V) + (e, Vu) = g } .

0 onTl,

u

with a(z,-) : R™ — R” strictly monotone. The Galerkin approximation looks as
/ a(Vug) - Vv + (¢(Vug) — g)vde =0 YveV,. (2.146)
Q

Assuming coercivity a(x, s) - s > g4|s|P and the growth (2.144), prove the a-priori

67See (2.146) below for a(x, s) = |s|P~2s.
68Hint: Use Holder’s inequality between LP/(P=1=¢)(Q) and L4(Q) with ¢ = p/(1+€) to esti-
mate

[l oy = Il gy = [ (0=cCT) s < [ (11071 ] o

< gl 4+l gor 7y lleell Loy + C”VUIQHIL);(I(;)EHukHL‘Z(Q)

—€

< Np=|llgl + ’Y||Lp*’(n)||“k||wol’1’(n) + CNq||“k||€V&,p(Q)

with Ny the norm of the embedding W1?(Q) C L4(2), and Np» with an analogous meaning.
69Hint: Take a subsequence uy — u in Wol’p(Q). Use the norm Hv||W1,p(Q) = IVl p (rn)
0
and, by (2.141) and using still the abbreviation a(Vv) = |Vv|P~2Vv, estimate

p—1 _ p—1 _ _ . —
(sl gy =00 ) (o laom oy =¥l ) < /Q (a(Vug)—a(Vv)) - V(up—v) dz

= /Qa(Vuk) - V(ug—vg) + a(Vug) - V(vg—v) — a(Vv) - V(up—v) de
= [ (o= e(Tw) (wn=u) + a(Vaw) - T (w=0) = a(V0) - ¥y —0) da

with v € V. Assume vy — v. For v = u, up — v — v —u = 0 in Lp*_e(Q) because of
the compact embedding Wol’p(Q) € LP"~¢(Q2), and then Jo e(Vug)(up — vi) dz — 0; note that
{e(Vug)}ren is bounded in L(p*_e)/(ﬂ). Push the other terms to zero, too. Conclude that

up — u in Wol’p(Q). Then, having got the strong convergence Vup — Vu, pass to the limit
directly in the Galerkin identity.
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estimate by testing (2.146) by v = ux.”° Then prove weak convergence of the
Galerkin method as in (2.84).7

Exercise 2.87. Modify Exercises 2.85 and 2.86 for non-zero Dirichlet or Newton
boundary conditions.

Exercise 2.88 (Monotone case I). Consider the boundary-value problem (2.45)—
(2.49) in the special case a;(x,r,s):= a;(x, s) and c(z,r, s):= c(z,7), i.e.

—diva(Vu) +c(u) = g  onQ,
v-a(Vu) +b(u) = h  onlIy, (2.147)
ulp, = up on Iy.

Assume that a(x, -), b(x, -), and ¢(x, -) are monotone, coercive (say a(x, s)-s > |s|?,
b(x,0) =0, ¢(z,0) = 0, and meas,,_1(Ip) > 0) with basic growth conditions, i.e.

(a(z,s) — a(x,5))-(s—35) >0,

Iy, €L(Q), Cu€R:  la(z,s)| < va(a) + Cals[P, (2.148a)
(b(z,r) = bz, 7)) (r—7) > 0,
IpelP (1), CLeR: |b(z,7)| < () + Colr|?” 1, (2.148b)
(c(z,7) = c(z,7))(r—7) > 0,
F,eLP (), C.eR: |e(z,r)| < ye(x) + Colr|?" 1, (2.148¢)

and prove a-priori estimates”® and the convergence of Galerkin’s approximations
by Minty’s trick.™

70Hint: Estimate
sa”uk”;&’p(ﬂ) = aaHVukHip(Q;Rn) < /na(Vuk) - Vaugdz < /Q (9 — c(Vug))upda

and finish it as in Exercise 2.85.

"IHint: Prove limg_ oo [ (a(Vug) — a(Vu)) - V(ug —u) dz = 0 as in Exercise 2.85. Then, for a
selected subsequence, deduce ¢(Vuy) — ¢(Vu) a.e. in Q by the same way as done in (2.88), and
similarly also a(Vuy) — a(Vu) a.e. in Q. Then prove a(Vug) — a(Vu) in LPI(Q) and ¢(Vug) —
¢(Vu) in LP*IJFS(Q) and pass to the limit directly in (2.146) for any v € ;- o V& without using
Minty’s trick. Finally, extend the resulted identity by continuity for any v € W1P(Q).

72Hint: Denoting up € W1P(Q) an extension of up test the Galerkin identity determining
up € Vi by v := uyp — g where a|r — up in WHP(Q)|r for k — oo, {u}reny bounded in
WLP(Q), dy € Vi, Vi a finite-dimensional subspace of WP (Q). Arrive to

/ [Vug|Pde < / a(Vuyg) - Vuy, + c(uy)upde +/ b(ug)urdS
Q Q v

= [ a(Vur) - Van -+ clun)n +glu—ap) o+ [ dur)in + hluw—u) dS
Q I'n
and then get uy estimated in W1P(Q) by Hélder’s inequality and Poincaré’s inequality (1.57).
Alternatively, use the a-priori shift as in Proposition 2.27.
"3Hint: For v € WHP(Q), use vy — v in WHP(Q), vy € Vi, Ukl = Vk|rp, the monotonicity
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Exercise 2.89 (Monotone case IT). Consider A:Whmax(2:p)(Q) — W imax(2.p)(Q)*
given by

(A(u),v) = /Q(l + [VulP~?)Vu - Vo + c(u)vdz + /F b(u)vdS (2.149)

so that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem for the reqularized p-Laplacean:

—div((1+|VulP~*)Vu) + c(z,u) =g inQ, }

2.150
(1+ |VulP?) gz +b(z,u) =h onI. ( )

Assume c¢(z, -) strongly monotone and b(x, -) either increasing or, if decreasing at
a given point r, then being locally Lipschitz continuous with a constant £, :

(c(z,r) —c(z, 7)) (r —7) > eo(r —7), (2.151)
(b(z,r) = bz, 7)) (r —7) > =L, (r—7)% (2.152)

Show that A can be monotone even if b(x,-) is not monotone; assume that™

¢, < N"?min(1,¢,.). (2.153)
Show further strong monotonicity of A with respect to the Wh2-norm if (2.153)
holds as a strict inequality.
Exercise 2.90 (Monotone case ITI). Let A : Whmax(2:p)(Q) — Wmax(2p)(Q)* be
given by
(A(u),v) = / (1+ [VulP~?)Vu- Vo + c(Vu)odz + / b(u)v dS. (2.154)
Q r

and Galerkin’s identity

0= [ (a(Vur) = a(Vor) - ¥(up—vi) + (clur) = c(v) (wp—vi) do+ [ (bun) = boe))
Q I'n

X (g —vy,) dS = /Q (g — c(vr)) (ux—vk) — a(Vo) -V (ux—vg) da + /F (R — b(vk)) (ug—vy) dS

N

— / (g9 — c(v)) (u—v) — a(Vv) - V(u—v) dz + (h = b(v)) (u—v)dS
Q 'n

and then put v := u £ ew, divide it by € > 0, and pass € — 0.
74 Hint: Indeed,

(A(u) — A@),u—v) = /Q\vu C Vo2 4 (VP 2V — [VoP2V0) - (Vi — Vo)
+ (c(u) — ¢(v)) (u —v) dz + /F (b(u) = b(v)) (u — v)dS

2/ |Vu7Vv|2+sc(u7v)2dwf/€;(ufv)2ds
Q r

> min(l,sc)Huva%/Vl,g(Q) 78;“”*1)”%2(1-\) > (min(1,e.) fZ;NQ)H’uf’UH%,VLz(Q).
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Note that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem

—div((1+|Vu[P~*)Vu) + c(z,Vu) = g forz € Q,

(14 |VulP—?) g:j +b(x,u) = h forx el. (2.155)
Assume b(z, -) strongly monotone and ¢(z, -) Lipschitz continuous, i.e.
(b(z,r) = bz, 7)) (r — ) > gy|r — 1|7, (2.156)
|c(z, s) fc(x,§)’ < l|s — 3|, (2.157)
and show monotonicity of A if £. is sufficiently small, despite that u — ¢(Vu)

alone would not allow for any monotone structure.” In particular, if ¢, is small
enough, realize that A is strictly monotone and uniqueness of the solution follows.

Exercise 2.91 (Monotone case IV: advection). Consider a special case of (2.155)
with ¢(x, s) := ¥(x) - s with ¥ : Q@ — R™ being a prescribed velocity field. Assume
dive < 0 (as in Exercise 2.82) and ¢|r - v > 0, and show that A enjoys the
monotonicity’® even if there is no point-wise monotonicity.

Exercise 2.92. Consider the following boundary-value problem:
—div(\Vu\p_QVu + ao(x,u)) =g inQ,

(2.158)
h onl.

B
|Vau|P—2 az + bo(z, )

75Hint: Estimate

(A(w) — A(v),u —v) = /n ((1 +|VulP~2)Vu — (1 + |VU‘P—2)VU> V(u—v)

+ (e(Vu) — ¢(Vv)) (u — v) dz +/ (b(u) — b(v)) (u —v)dS
r
> [Vu = Vol qupny = (V) = (Vo) L2 oy llu = vl L2q) +epllu = vl 2 1y
> ||Vu_vaiZ(Q;R") = Le||[Vu=Vl 2 qrnyllu=vllL2(q) + &bllu — UHZLZ(F)
e 2 2 6 2
>(1- 2 (IVu — V/UHLQ(Q;]RTL) +EIJH“*'U”L’L’(F) - 2”“‘71]“[12((2)
—1_ . e 2 6 o 2
>C, min | 1- 26’Eb ||u7vHW1,2(Q) — 2N Huf'UHWl’z(Q),

with N the norm of the embedding W2(Q) C L?(Q2) and C, the constant from the Poincaré
inequality (1.56) with p =2 = g and Iv = T. If £ is so small that there is some § > 0 such that

2
min (1— Kc,ab) > 6NQCP,
20 2

the monotonicity of A follows.
"6Hint: By using Green’s formula, the monotonicity of this linear term is based on the estimate:

1 1 1
/ (V- Vu)ude = / T Vuldz = / (7 v)u?dS — / (div 7) u?dz > 0.
Q 2 Ja 2 Jr 2 Jo
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Assume the basic growth condition: |ag(z,7)| < ~(z) + Clr[?"/?" for some
v € LP(Q) and formulate a definition of the weak solution; denote: b(x,r) :=
bo(z,7)—ao(x,7)-v(x). Prove that u —div(ag(z,u)) : WHP(Q) — WLP(Q)* is a to-
tally continuous mapping (which allows us to use Theorem 2.6 with Corollary 2.12
to get the existence of a weak solution). Further prove the a-priori estimate by test-
ing by u.”” Prove convergence of the Galerkin approximation via Minty’s trick,
and alternatively strong convergence and direct limit passage without Minty’s
trick. Show uniqueness of the weak solution for Lipschitz continuous ag(z, ) with
a small Lipschitz constant. Make the modification for the Dirichlet boundary
condition.”®

Example 2.93 (Banach fixed-point technique). Consider the boundary-value prob-
lem (2.147)) and assume the strong monotonicity of a(z, ) and, e.g., of ¢(z, ) but

no monotonicity of b(z, -), i.e.

(a(z,s)—a(z,35)) - (s—8) > eqls — 5%, (2.159a)
(c(z,r) = c(z, 7)) (r = F) > ecr — 7), (2.159b)

and the Lipschitz continuity

la(z,s) — a(x,8)] < La|s — 3], (2.160a)
— 0y (r—7)? < (b(z, 1) — b(z, 7)) (r — 7) < G (r —7)?, (2.160D)
le(x,r) — e(a, )| < le|r — 7, (2.160c)

with some Zl‘f > {,” > 0; note that b(x, -) is Lipschitz continuous with the constant
K;'. Then one can use the Banach fixed-point Theorem 1.12 technique based on
the contractiveness of the mapping T; from (2.43) where the Lipschitz constant ¢
of A can be estimated as:™

""Hint: Realize that
/ |VulPda + / bo(u)udS = / —ao(u) - Vu+ gudz +/ (ao(w) - v+ h) udS.
Q r Q r

Assume bo(x,r)r > |r|P, and estimate u by assuming further |ag(z,7)| < y(z) + C|r|P~17¢.

"8Hint: Denoting a (z,r) = (al(x,r), covy an(z, 7")) the component-wise primitive functions
to ag(z,7) = (a1(z,7),...,an(z,r)) and realizing that now u|r = up, by Green’s Theorem 1.31,
one gets

n 8 n
ao :L‘,u-Vud:L‘:/ ai(z,u d:c:/ ?i-:c,uu-:cdS:/?iu -vdS = const.
[ e (2 o, imde = [ 3 aie @ ds = [ a()

79Cf. also (4.17) below.
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[A(u) = A)|lwr2@)- = sup (A(u) — A(v), 2)

”Z”W1,2(Q)§1

= sup /Q(a(Vu)fa(Vv))Vz + (c(u)—c(v)) zdz +/ (b(u)—b(v))zdS

”Z”WI,2(Q)§1 I'n

N

sup (KGHVU - vv||L2(Q;Rn)||vz||L2(Q;Rn)

22y <t
+ Lellu— vl 2 12l L2 @) + 4 llu— UHLQ(FN)||ZHL2(FN))

< (\/2 max(fa,&) + NQEZJ)F) ||u — ’UHW1,2(Q) = €||u — 'UHWL?(Q)

while the constant § in the strong monotonicity of A can be estimated as
(A(u) — A(v),u —v) > (min(ec,eq) — N24; ) |lu — U||%,V1,2(Q) =: 0|lu — vH%Vl,Q(Q);
cf. Exercise 2.89. Then, by Proposition 2.22, T; from (2.43) with J : W12(Q) —
Wh2(Q)* defined by®°

(J(u),v) = /QVU-V’U +wv da (2.161)

is a contraction provided € > 0 satisfies®!

min(ec, eq) — N0y,

e<2 5
(V2max(ly, L) + N20;)

(2.162)

Exercise 2.94. Modify the above Example 2.93 for Dirichlet boundary conditions®?
and/or the term ¢(Vu) instead of c(u)®3.

Example 2.95 (Limit passage in coefficients). Consider the problem from Exam-
ple 2.93 modified, for simplicity, as in Exercise 2.94 with zero Dirichlet boundary
conditions. Assume s — a(x, s) and r — c¢(x, ) monotone, a(z,s)-s+c(z,r) - r >
cols|P — C, |a(z,s)| < v(x) + C|s|P~! with v € LP(Q) and 1 < p < 2. Such a
problem does not satisfy (2.159) and (2.160a,c). Therefore, we approximate a and
¢ respectively by some a. and ¢, which will satisfy both (2.159) and (2.160a,c) and
such that ac(z,-) — a(zx,-) uniformly on bounded sets in R™, and c.(z,-) — ¢(z,-)
uniformly on bounded sets in R, and such that the collection {(ac, cc)}eso is uni-
formly coercive in the sense

36 >0Ve>0: ac(x,8) - s+ ce(x,r) - > §|s|P = 1/6. (2.163)
80Note that (J(u),u) = H“H‘Z/VLz(Q) and also [[ully1,2(q) = [[J(W)llw1,2(q)~ if one considers
the standard norm [lul|y1.2(q) = \/||VuH2LQ(Q,Rn) + ||u||2LQ(Q); cf. Remark 3.15.

81Cf. (2.44) on p. 42.

82Hint: Instead of (2.161) use (J(u),v) = [, Vu -Vvdz, cf. Proposition 3.14.

83Hint: In case of Newton boundary conditions, b(z,-) has to be strongly monotone as in
Exercise 2.90.
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E.g. one can put ac(z,-) := ZM(a(z,-)) and c(z,-) := #(c(x,-)) where ZM

n,e n,e *
R™ — R™ denotes a suitable modification of Yosida’s approzimation %;, .:R™ — R"

defined by

[ 20 (D] () = {% (f + 16_25171)}(5) with (2.164a)
% -(D](s) =" (I"Tf)_ ) (2.164D)

and I, the identity on R"; cf. also Remark 5.18 below. Unlike the mere Yosida
approximation %, ., the regularization (2.164) turns monotonicity to strong mono-
tonicity; note also that ZM(I,,) = I,,.

n,e

3

Figure 7. A regularization of the nonlinearities a(x,s) = |s|*/?s and c(z,r) = r
that makes them both strongly monotone and Lipschitz continuous.

Then we can obtain the weak solution u. € W2(£2) of the approximate problem

(2.165)

—diva.(Vu) + cc(u) = g in Q,
u=0 onl

constructively by Example 2.93 (modified as in Exercise 2.94). The convergence
of u. € Wy *(Q) for ¢ — 0 relies on an a-priori estimate in W, "*(2) which is
uniform with respect to € > 0 due to (2.163), and then a selection of a subsequence
u. — u in WP(Q). Note that, as p < 2, we have Wy (Q) D W,*(Q). Taking
v E VVO1 "°°(2) and using monotonicity, we obtain

0= /Q (ac(Vue)=ac(V0))-(Vue—V0) + (cc(ue)—ce(0)) (ue—0) dz
= /Q (9= cc()) (ue = V) — ac(V0)-(Vue — V) da
- /Q (9 —c(@))(u—70) - a(V0)-(Vu — Vo) dz (2.166)

for £ — 0, where we used a.(V¥) — a(V?) in L>®(;R™). Then we can pass v
to v € WyP(Q); by density of Wy *°(Q) in W, (), cf. Theorem 1.25, v can be
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considered arbitrary. By continuity of the Nemytskil mappings .4, : LP(; R™) —
LP(Q;R™) and A, : LP'(Q) — LP7(Q), from (2.166) we get [,(g — c(v))(u — v) —
a(Vv) - (Vu — Vo) dz > 0. Eventually, by Minty’s trick, we conclude that u solves
(2.165); cf. Lemma 2.13.

Remark 2.96 (Constructivity). Let us still point out that, by combining the Ba-
nach fixed-point iterations as in Example 2.93 with some coefficient approxima-
tion as in Example 2.95, one can solve problems as (2.147) under quite weak
assumptions rather constructively, without any Brouwer’s fixed-point argument,
cf. Remark 2.7. In case of strict monotonicity in (2.147), the whole sequence of
approximate solutions converges.

Exercise 2.97. Modify Example 2.95 for the case of Newton boundary conditions.

Exercise 2.98. Add a term div (b(z, u, Vu, VZu)) here with b : @ x RxR"xXR™ ™ —
R™ into (2.97) and modify (2.99) and Propositions 2.42 and 2.43.

Exercise 2.99. Realizing that only four out of all six combinations of derivatives
up to 3rd-order on the boundary have been used in (2.100), (2.101), (2.105), and
(2.107), identify the remaining two combinations and explain why they are not
compatible with a consistent and selective weak formulation.®4

Exercise 2.100 (Singular higher-order perturbations). Consider the weak solution
ue € W22(Q) N WhP(Q) of the problem

div(edivV2u — [VulP~2Vu) = g inQ, }
(2.167)
g’lf =u =0 onlI.
Prove the a-priori estimates
H“EHWLP(Q) <C, H“EHWM(Q) < C/Ve. (2.168)

By using Minty’s trick based on the monotonicity of the mapping ediv?Vv? — Ap,
prove the weak convergence u. — u in VVO1 "P(Q) to the solution of the boundary-
value problem div(|Vu|P~2Vu) + ¢ = 0 and v = 0 on I'.35 Alternatively, make

84Hint: These two wrong options would exactly over-determine either the first or the second
boundary term in (2.104).

85 Hint: Taking into account the identity fQ |Vu5\p’2Vu5-Vv + eV2ue: V2o — gvdx = 0, use
H6V2u5||L2(Q;Ran) = O(y/¢) and, for any v € W02’2(Q) NWLrP(Q), show
0< / (|Vue|P~2Vue — [Vo[P72V0) - V(ue —v) + a}VQUE — VQU}Q dz

Q
:/g(ug71;)7|V'U\p72Vv-V(uE7v)7sv2v:V2(u5f'u) dx H/g(ufv)f\VvV’*ZVv-V(ufv) dx.
Q Q

Then extend the limit identity by continuity for all v € Wol’p(Q), and use v := u £ ez and
accomplish it by Minty’s trick.
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it by Minty’s trick based on the monotonicity of the mapping —A,.8¢ Show also
the strong convergence u. — wu in Wol’p(Q) by using d-monotonicity of pr.87
Modify it by considering also term ¢(Vu) as in Example 2.85 and/or Newton-type
boundary conditions, or a quasilinear regularizing term as in Example 2.46.

2.7 Excursion to regularity for semilinear equations

By regularity we understand, in general, that the weak solution has some addi-
tional differentiability properties as a consequence of some additional qualification
of data, i.e. in case of the boundary-value problem (2.45)—(2.49) a certain differen-
tiability of a, b, ¢, g, and h, and a qualification of ) as smoothness or restrictions
on angles of possible corners. This represents usually a difficult task and there are
examples showing that, in case of higher-order equations or systems of equations,
any smoothness of the data need not imply an additional smoothness of weak so-
lutions. Regularity theory is a broad and still developing area which determines a
lot of investigations in particular in systems of nonlinear equations and in numer-
ical analysis, and the exposition presented below is to be understood as only an
absolutely minimal excursion into this area.

We will confine ourselves to W*2-type regularity for semilinear equations
and we start with a so-called interior regularity®® for the linear equation

86 Hint: Again first for any v € WOZ’Q(Q) NWLP(Q), calculate
0< / (|Vue|P~2Vue — |[Vo[P72V0) -V (ue —v) da
Q
:/ g(ue—v) — |Vo|P72V0-V (ue —v) — eV2ue: V2 (ue —v) dz
Q

§/g(ug—v)—\Vv|p72Vv~V(ug—v)+€V2ug:V2vd:L‘ —>/g(u—v)—|VU\p72Vv~V(u—v)d:L‘.
Q Q

87THint: Using Example 2.83, for any v € W02’2(Q) NWLr(Q), show
(l!vu‘SHi;(IQ;R”) - HVUHII’;(IQ;]R")> (HVUEHLP(Q;R") - HVUHLP(Q;R"))
< / ([Vue[P72Vue — |VulP72Vu) -V (ue — u) da
Q
- / g(ue—v) — eV2ue: V2 (ue—v) — |Vu|P 7 2Vu-V(ue—u) + |Vue [P~ 2Vue - V(v—u) d
Q

< / gue—v) + eV2ue: V23 — [VulP 7 2Vu-V(ue—u) + [Vue [P~ 2Vue - V(v—u) dz
Q

— /ﬂg(u—v) + & V(v—u)dz

with some £ € Lp/(Q; R"™) being a weak limit of (a subsequence) of |Vue|P~2Vuc. Pushing v — u
in WHP(Q) makes the last expression arbitrarily close to zero, which shows IVuellLprny —
IVul|p (;rn), hence the strong convergence ue — u.

88 This means we get estimates only in subdomains of © having a positive distance from I
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"0 < A >8u

9 (i (2 39:-) =g(x) onQ (2.169)
10 J

ij=
with nonspecified boundary conditions. By a weak solution to (2.169) we will
naturally understand v € W?(Q) such that [,(Vu) AVv — gvdz = 0 for all

v e Wy 2(Q) where A : Q — R™™ : z — A(z) = [ai; (@) =1
Proposition 2.101 (INTERIOR W22-REGULARITY). Let A € C1(Q;R"*") satisfy
36 >0 VY(ER™ Y(a.a.)zeQ: CTA(z) ¢ > 0|¢)%, (2.170)

g€ L2 (), and let u be a weak solution to (2.169). Then u € W22(Q). Moreover,

loc

for any open sets O, Oy C R™ satisfying O C Oy and Oy C Q, it holds that
[ullwzz20) < C(llgllz2c00) + lullz2()) (2.171)

with C = C(O, 02, ||A||Cl(Q;Ran)).

As the rigorous proof is very technical and not easy to observe, we begin with
a heuristic one. Take still an open set O such that O € Oy and Oy C O, and a
smooth “cut-off function” ¢ : Q — [0, 1] such that yo < ¢ < x0,. Then, for a test

function
0 ou

vi= g (8 axk) (2.172)

with £k =1,...,n, by using Green’s Theorem 1.30, we have formally the identity

- ou 0 0 ou
~/O1 1Z= i aIBj 8x2 <8$k (<2 ka)>dx
0 ou
/o1 12_: 53€k Y 9 ) O (CQ 8xk)dx

8a” au 0%u s Ou 0¢ Ou
/01 lz_: Oxy, axj i 83:J6xk) (C 0201 + Qcaxl axk)d.%‘ (2.173)

The identity (2.173) leads to the estimate

2
L2(01;R™) /Z 8m8mk‘ dz

/ a 0%u / 8az] ou 0?
o i Ox;0xy, axjaxk . 8a:k Oxj Ox;0xy,

1i4,5=1 1i4,5=1

+2C(’)C ou ((’)az] 8u+ , 0?%u )—I—g( 0 <C28u)>dx

8@- axk 8azk 8% i axjaxk a$k a$k

v,

oxy, ‘
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< [, X st (€57 oo

+2lellonen| o | (\aafj Lo o))

ou
+l9llz2(0) QCVC +¢ axk’m(olm
< Cr([IVull 204y + 119l 2(04)) <HC 5m‘Lz(oan H axk‘m(ol))

23
) (IVuleo, mn) + llgl0,)  (2174)

_QHC 8xk‘L2(01Rn) (

with O depending on |[|[ai;]7;_ [|c1 (@rnxny and [|C]lc1(q). Then, letting k range
over 1,..,n, we obtain

lullw22(0y < C2(llgllrzcon) + lullwrzco,))- (2.175)

Finally, using a smooth “cut-off function” 7 : @ — [0, 1] such that yo, < n <
Xo, and the test-function v = nu, we get 5HVU||2L2(01;R") < 6 [onVulPde <
Jongudz < éHgHQLQ(OQ) + ;HUH%Q(Q)7 which eventually leads to (2.171). The rigor-
ous proof is, however, more complicated because (2.172) is not a legal test function

unless we know that u € W22(Q), which is just what we want to prove.

Sketch of the proof of Proposition 2.101. We introduce the difference operator D,
defined by

Diu] () = u(z + cex) — u(l’)’ e#£0, [ex)i = { (1) ii ; Z: (2.176)

9

and use the test function
v :=D; *(¢*Dju) (2.177)

with k = 1,...,n. Note that, contrary to (2.172), now v € Wol’Q(Q) is a legal test
function. The analog of Green’s Theorem 1.30 is now

/QUD;EU) dox = /Qv(:c)w(x B seg) —w(@) dx
= i/qu(a:)w(xfeek) dz — i /Qv(:c)w(x) dz
_ 1/91;(x+sek)w(:c)dx*i/ﬁv(x)w(x)dx: f/QwDivdx (2.178)

3

if |e] is smaller than the distance g¢ of I' from Oq; note that v vanishes on 2\ O;.
Moreover, by simple algebra, we have the formula

D3 (vw) = Sjv Djw + wDiv (2.179)
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with the “shift” operator Si defined by [Sfv](x) := v(z + eex). The analog of
(2.173) now reads as

/O Z aij Ou 9 (Dkf(g2Dzu)>dx

14,5=1

A,zv o) o (i )ar

ij=1

n

> (Diaijaax +S5a,D g;fj)@ D: g +2C§§iDiu)dx.

Lij=1
(2.180)

I
!
Q\

We also use that ||D5v|lr2(q,) < ||VollL2(q) if |e] < g := dist(O1,T).%? Then the
analog of (2.174) reads as

5HCD VUHLZ(Ol;R" = HCD V“HL2 O1;R)

02 2
+ ( 51 + 2)(HVU’HL2(01;R") +19l7200,))- (2.181)

Hence the sequence (selected from) {¢D5Vu}o<e<e, is bounded in L?(O1;R™)
and converges, possibly as a subsequence, weakly to some w in L?(O1;R™). In the
sense of distributions, it must hold that w = ( azk Vu.% In particular, azk Vu €
L?(O;R™) and, if considering k = 1, ..., n, we have obtained (2.175). Then (2.171)
follows as outlined in the heuristics. O

Proposition 2.102 (INTERIOR W?32-REGULARITY). Let A € CH(Q;R™") N
W2(Q; R™™"™) with ¢ = 2*2/(2* — 2) with 2* from (1.34) satisfy (2.170), and
let g € W2(Q), and let u be a weak solution to (2.169). Then u € W2(9Q).

Moreover, for any open sets O,Oy C R™ satisfying O C Oy and Oy C Q, it holds
that

[ullws20y < C(lgllwiz0,) + lullz2@) (2.182)
with C = 0(07 ||A||Cl(Q;Rn><7L)mW2,q(Q;Rn><n)).
Proof. Applying 821@ to (2.169), we obtain
"0 0%u g - 0%a;; Ou  day; 0%u
_ 99 _ 2.183
i]zz:l ox; (a J 8a:j6xk) Oxy, i]z,z:l (8xi8xk dz; + Oxy, 3@8@-) ( )

897t holds that [Div](z) = fol 62k (v + Teer)dT so that, by Holder inequality, we obtain
1 0 2 2
HDiv||%2(Ql) = f91 [ f5 oy, (v + Teeg)dr|"dx < [, | Vo] da.
OFor any v € 2(0) it holds that limc_¢ ffh (¢DEVu)vde = lime 0 — [ D *(¢v)Vudz =
- Jo Bik (Cv)Vudz = — [, ng vVude.
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in Q. Note that, by Proposition 2.101, v € W2?(Q) and therefore (2.183) has

loc

indeed a good “weak” sense: z = acz_ku is a weak solution to (2.169) with z
instead of u and with ngg - div((aik A)Vu) — (ng A)WV?u € L2 _(Q) instead of
g. Hence aik“ € VVI?)CQ(Q) O

For linear equations as (2.169) the process suggested in (2.183) can be
iterated for k = 4,... to obtain W'{Zf—regularity under the assumption that
A € CF2(Q; RV ) N WE-L4(Q; R ") and g € WF=22(Q). This differs from
nonlinear equations where the regularity has usually a natural bound. Here, we
confine ourselves to semilinear equations where results for linear equations can
directly be exploited. To be more specific, we will handle the equation

n a a
> o (a@) ) o) +eo(Vu) + [l 2u=g(x)  onQ  (2184)
1o J

4,j=

again with unspecified boundary conditions. By a weak solution to (2.184) we will
naturally understand u € W?(Q) such that [, ((Vu) "A+ag(u))-Vo+ (co(Vu)+
[ul7?u — g)vdz =0 for all v € W2 ().

Proposition 2.103 (REGULARITY FOR SEMILINEAR EQUATIONS).

(i) Let A € CH(;R™ ™) satisfy (2.170), let 1 < q < (2n—2)/(n —2) forn >3
(or q > 1 arbitrary if n < 2), ag : R — R™ be Lipschitz continuous, ¢y have
at most linear growth, and g€ L2 (). Then any weak solution u € W'2(Q)

loc

to (2.184) satisfies also ue W22 (Q).

loc
(i) Moreover, let, in addition, A € W2™aX2n+e)(Q:R™X™) with € > 0 if n = 2
(otherwise € = 0 is allowed), and let also q¢ > 2, ag € C?(R; R™) with

having arbitrary growth — if n <3,
ag : R —R" < being bounded if n=4, (2.185)

co : R™ — R be Lipschitz continuous, and g € VVl})C2 (). Then any weak solution

u€WhH2(Q) to (2.184) belongs also to W2 (Q).

Proof. Note that u € W'2(Q) implies div(ao(u)) = ap(u)Vu = Y7, ap;(u) .2 w
€ L2(Q) if ap € W1°(R;R") as assumed, cf. Proposition 1.28. Also, co(Vu) €
L?(Q) because of the linear growth of co, and eventually |u|9=2u € L?/(a=1)(Q)
L?(Q)if 1 < ¢ < (2n—2)/(n—2) (or ¢ > 1 arbitrary if n < 2). Noting also that
the exponent 2*2/(2* — 2) equals max(2,n) if n # 2, or is greater than 2 if n = 2,
we can use simply Proposition 2.101 with g being now g; := g — div(ag(u)) —
co(Vu) — |u|?2u € L*(Q). The point (i) is thus proved.
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Assuming the additional data qualification as specified in the point (ii), we
want to show that g; € VVﬁ)CQ(Q) Fori=1,...,n, we have

dg1 9y . 0%u
83’51‘ - 83’51 ;(%J(u)ﬁxz@%
ou Ou 800 9%u
(Vu)a ou

For u € W12(Q), we have |u|9=2 € L?"/(4=2)(Q) so that, in general, we do not have
|u|7=2Vu € L*(Q) guaranteed. Likewise, the ag- and co-terms also do not live in
L?(2) in general if we do not have some additional information about u € W2(Q).
However, we can use the already proved assertion (i), i.c. u € W22(); this trick
is called a bootstrap®'. Then it is easy to show that g1 € VVﬁ)f (©) hence we can
use simply Proposition 2.102 with g being now g¢;. O

) — (- 1)\u|q*2g§'. (2.186)

2

1
+ o, (u) Ox; 0x; 8

Having the data qualification A € C'(Q;R™*") and ag € WH>(R;R") as-
sumed and the VVli 02 (Q)-regularity at our disposal, it is then straightforward to
check that (2.184) holds not only in the weak sense but even a.e. in Q. Such a
mode of a solution to a differential equation is called a Carathéodory solution.

Let us now briefly outline how regularity up to the boundary can be obtained.
We will confine ourselves to W22-regularity and the Newton boundary conditions

(2.48) and begin with (2.169). Thus (2.48) reads as
Zz/la” 8:53 + b(x,u) = h(z) on I (2.187)

Proposition 2.104 (W2’2—REGULARITY UP TO BOUNDARY). Let 2 be of C?-class,
AeCH(Q;R™ ™) satisfy (2.170), be C1(R™xR) satisfy, for some bg>0 and C €R,

V(a.a.)x €Tl Vry,ro€R: (b(m, r1)—b(z, T2))(7"1—’I"2> > bo"l"1—7‘2 27 (2.188a)
b
FyeL*(T) V(a.a.)zel VreR: gx (x,r)’ < ~v(z)+ C\T\Q#/Q, (2.188b)

geL*(Q), he WH2(T'),%? and let ue W12(Q) be the unique weak solution to the
boundary-value problem (2.169)—(2.187). Then ue W*2(Q). Moreover, if b(x,r) =
by (z)r with by € W12"2/QF=2(T) | then

lullwas < C(llglea@ + Ihlwiam) (2.189)
with C = C(S, [Allos @ugrsonys 1B i1 2n2e(r ).

910Often, bootstrap is used not only in the order of differentiation but rather in the integrability,
which is not possible here because we present the Hilbertian theory only.

92The notation W12(I") for I smooth means that, after a local rectification like on Figure 8,
the transformed and “smoothly cut” functions belong to W1:2(R"~1). Also (,;’I b in (2.188Db) refers
to the derivatives in the tangential directions only.



2.7. Excursion to regularity for semilinear equations 91

Sketch of the proof. First, as £ is bounded, I' is a compact set in R", and can
be covered by a finite number of open sets which are C2-diffeomorphical images
of the unit ball B = {{ € R™; |£| < 1} such that the respective part of ' is an
image of {{ = (&1,...,&) € B; & = 0}. Thus we rectified locally the boundary
I, cf. Figure 8.

e diffeomorphism &o

&

Figure 8. Illustration of finite coverage of T C R? and one diffeomorphism rectifying
locally a part of T'.

It is a technical calculation showing that @ € W12(By) defined by @(¢) = u(¥(€)),
where ¢ : By == {¢ € B; z; < 0} — Q is the homeomorphism in question,
is a weak solution to an equation like (2.169) but with the coefficients A trans-
formed but again being continuously differentiable and satisfying (2.170)%, and
the boundary condition (2.187) transforms to a similar condition for ¢, —o. Hence,
in fact, it suffices to obtain an estimate like (2.189) only for @ € W'2(By). For
simplicity, we will use the original notation.

We again use the test function (2.177) but now only for k = 2,...,n, i.e. we
use shifts only in the tangential direction, so that we still have (2.178) at our
disposal. Now the cut-off function ¢ : By — [0, 1] can be taken as 1 in a semi-ball
{¢ € R™; [¢] <1 —¢eo, x1 < 0} and vanishing on {{ € R™; [¢{] > 1 — Jeg, 21 <
0} with some g9. The heuristical estimate (2.173)—(2.174) now involves also the
boundary term [i.(b(z,u) — h) aik (¢? azk u)dS which, in the difference variant,
reads and, for |e] < éso, can be estimated as

/(b(%u)—h)D;E(CQDiu) ds = —/CQDZ(b(gg7u)_h) £ udS
r r
_ /F % (b(‘x+56k7u($+5ek)) — b(z+eek, u(z))

3

*D2h+1 / ab(x+76k,u(x))dT>DiudS
€ )y Or

= _bOHCDi“”;(F) + (HhHWL?(F) + |‘7+C‘u|2#/2“L2(F)) HCDiu|‘L2(F)
93To be more specific, i satisfies 31 j=1 0(a;;0u/025)0x; = g with the transformed coefficients

aij (&) = ZZ,Lzl[akl 521¢ Pt ailw_l](w(ﬁ)) and g(&) = g(¥(£)). The boundary conditions are
transformed accordingly, i.e. I;(f, r) = b(y(&),r) and ﬁ({) = h(¥(§))-
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2 1 2 ot
< NAlyaqry + 4, (PUZaqey + Ol Ty ) (2.190)

In this way, we get the local estimates for Bm?;zju for all (i,7) except i =1 =j
meant in the locally rectified coordinate system, cf. Figure 8(right).

The estimate of the normal derivative follows just from the equation itself
which has been shown to hold a.e. in 2. Thus

0%u Oa;j Ou
33:% an ( 22 ij 83328% Z 0x; 3%) (2.191)

5?

from which we get the local L2-bound for o

L>(€)) due to the uniform ellipticity of A.
For the special case b(z,r) = by(x)r, the estimate (2.190) can be finalized by
112 b)(z,w) || 2y < Hafl_blﬂm#w@#,g)(r)HuHLQ#(F). This eventually allows us to

2 U near the boundary because a;;" €

derive the a-priori estimate (2.189) by summing the (finite number of) the local
estimates on the boundary with one estimate on an open set O from Proposi-
tion 2.101 and by using the conventional energy estimate [|u|[yy1.2() and thus also
HuHLQ#(F) in terms of g and h. O

Corollary 2.105 (W?2-REGULARITY FOR SEMILINEAR EQUATION). Let the as-
sumptions of Propositions 2.103(i) and 2.104 be satisfied. Then any weak solution
u to the equation (2.184) with the boundary conditions

ZW <aij (x) 88::] + aOi(u)) + b(z,u) = h(z) on T (2.192)

=1
is a Carathéodory solution and belongs also to W22(Q).

Remark 2.106 (Dirichlet boundary conditions). Alternatively, instead of (2.192),
one can think about prescribing u|r = up with up, = w|r for some w € WQ’Z(Q).
After a shift by w, cf. Proposition 2.27, one gets a problem for uy = v — w with
zero Dirichlet condition and a contribution to the right-hand side which is again
in L?(£2). The proof of Proposition 2.104 is even simpler because (2.190) simply
vanishes.

2.8 Bibliographical remarks

Pseudomonotone mappings have been introduced by Brézis [64].%* A further read-
ing can involve the books by Necas [305], Pascali and Sburlan [325], Renardy and

941In fact, [64] allows for A : V — Vi with Va “in duality” with V but not necessarily Vo = V*,
and also requires u — (A(u),u — v) to be lower bounded on each compact set in V' and for
each v € V, which is weaker than (2.3a). In literature, “pseudomonotone” sometimes omit (2.3a)
completely, cf. [427, Definition 27.5].
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Rogers [349], Ruzicka [376], and Zeidler [427, Chap.27]. Mere monotone map-
pings can be found there, too, and also in a lot of further monographs, say
[95, 168, 414, 424]. Historically, theory of monotone mappings arises by the works
by Browder [73], Minty [286], and Vishik [416].

The mappings weakly continuous when restricted to finite-dimensional sub-
spaces and satisfying (2.123) are called mappings of the type (M), having been in-
vented by Brézis [64], and further generalized e.g. in [201, 227]. This class involves
both the pseudomonotone and the weakly continuous mappings®® but, contrary
to those two classes, it is not closed under addition. Mappings of type (M) do
not inherit some other nice properties of pseudomonotone mappings, t00.”6 As
to the weakly continuous mappings, their importance in the context of semilinear
equations has been pointed out by Francu [149]. The setting A : V — Z* D V*
with V, C Z we used in Section 2.5 was used by Hess [201] in the context of the
mappings of the type (M), see also [325, Ch.IV, Sect.3.1] or [427, Sect.27.7]. The
mappings satisfying (2.23) are called mappings of the type (Sy); this notion has
been invented by Browder [76, p.279].

The fruitful Galerkin method originated at the beginning of 20th century
[171], being motivated by engineering applications.

Concrete quasilinear partial differential equations in the divergence form
has been scrutinized, e.g., by Chen and Wu [92, Chap.5], Fu¢ik and Kufner
[159], Gilbarg and Trudinger [178, Chap.11], Ladyzhenskaya and Uraltseva [250,
Chap.4], Lions [261, Sect.2.2], Necas [305], Taylor [402, Chap.14], and Zeidler [427,
Chap.27]. For semilinear equations see Pao [324]. Quasilinear equations in a non-
divergence form (not mentioned in here) can be found, e.g., in Ladyzhenskaya and
Uraltseva [250, Chap.6] or Gilbarg and Trudinger [178, Chap.12]. Fully nonlin-
ear equations of the type a(Au) = g (also not mentioned in here) are, e.g., in
Chen, Wu [92, Chap.7], Caffarelli, Chabré [86], Dong [126, Chap.9,10], Gilbarg
and Trudinger [178, Chap.17].

Regularity results in Sect. 2.7 can easily be generalized for the strongly mono-
tone quasilinear equation of the type (2.147) satisfying (2.159a). More general reg-
ularity theory for elliptic equations is exposed, e.g., in the monographs by Bensous-
san, Frehse [50], Evans [138], Giaquinta [175], Gilbarg, Trudinger [178], Grisvard
[190], Lions, Magenes [262], Ladyzhenskaya, Uraltseva [250], Necas [302, 305], Re-
nardy, Rogers [349], Skrypnik [387], and Taylor [402]. Besides, this active research
area is recorded in thousands of papers; e.g. Agmon, Douglis, and Nirenberg [6]
and Necas [303].

9 For the implication “pseudomonotone = type-(M)” see Exercise 2.54 while the implication
“weakly continuous = type-(M)” is obvious — note that even limsup,_, <A(uk),uk> < (f,u)
occurring in (2.123) does not need to have a sense if A(ug) € Z*\V* or f € Z*\ V*.

9 E.g., ® of type (M) does not yield weak lower-semicontinuity of ®, unlike pseudomonotonic-
ity, cf. Theorem 4.4(ii); e.g. ®(u) = —||u||? if V is an infinite-dimensional Hilbert space.
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