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Globally Bisingular Elliptic Operators

U. Battisti, T. Gramchev, L. Rodino and S. Pilipovi¢

Abstract. The main goal of this work is to extend the notion of bisingular
pseudo-differential operators, already introduced on compact manifolds, to
Shubin type operators on R™ = R" @ R"2, n; + no = n. First, we prove
global calculus (an analogue of the I' calculus in the work of Shubin) for such
operators, we introduce the notion of bisingular globally elliptic operators
and we derive estimates for the action in anisotropic weighted Sobolev spaces,
recently introduced by Gramchev, Pilipovi¢, Rodino. Next, we investigate the
complex powers of such operators and we demonstrate a Weyl type theorem
for the spectral counting function of positive self-adjoint unbounded bisingular
globally elliptic operators. The crucial ingredient for the proof is the use
of the spectral zeta function. For particular classes of operators, defined as
polynomials of Pi X Pa, Py X Igna, Ign1 X Pa, P;j being globally elliptic in R™7,
j = 1,2, we are able to estimate and, in some cases, calculate explicitly the
lower-order term in the asymptotic expansion of the spectral function.
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1. Introduction

Let us recall the expression of a Shubin type differential operators with polynomial
coefficients in R™ ([36], see also [4, 18, 28]):
P= Y caupa’Dy, D*=(—i)0g. (1.1)
lee|+]8]<m

We assume that P is an L?- self-adjoint operator and satisfies the global ellipticity
condition

Pm(@,€) = D capr’€ #0 for (x,6) # (0,0). (12)

la|+|Bl=m
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This guarantees the existence of a basis of orthonormal eigenfunctions u;, j € N,
with eigenvalues A;, lim;_,o |Aj| = 400, see Shubin [36] for the asymptotics of the
counting function. If u € L?(R"), or u € S'(R™), then

o0
u = Zajuj, a; = (U,U,j)Lz(Rn), ] = 1,2, ey (13)
j=1

with convergence in L?(R"™) or S’'(R™).

Let us address to [5-7, 10, 13, 22| for further information on the regularity
of the eigenfunctions. Basic examples of operators in the class considered in this
paper are tensor products of Shubin operators. Namely, let P(x, D) be a linear
partial differential operator with polynomial coefficients of the form

P(va) = P1<$17D361)P2<$27D362)

— 1 .8 2 B
- Z C(xﬁmngl Z caﬁxZDgocég )
lef+B<ma la|+[B8] <ma

(1.4)

r1 € R™ 29 € R™ so that P, and P, are self-adjoint, invertible and globally
elliptic on R™ and R™2, that is (1.2) holds for both operators. Spectrum and
eigenfunctions of P are easily detected from those of P;, P, if we note that

UGy o) (1, 2) = u (21)ud, (22),  j1,j2 €N,
is an orthonormal basis of L2(R"**"2) and

\1 42 .
Pujlva - )‘jl)‘jgujhjw Ji,J2 € N.

The study of the counting function is interesting, and challenging. In Section 2
we shall embed example (1.4) into a general pseudo-differential calculus, including
also the case when p;(z, D) € G™i(R™) with symbol p;(x;,&) in the classes of
Shubin

10802 plas, €] < Clas, &)™ 11 (a6) = (1+ [l + |66[2) .

In Section 3 we shall introduce a general notion of ellipticity, inspired by (1.4),
see Definition 3.1. As a consequence of Theorem 3.11, using a generalization of
Tauberian Theorem due to J. Aramaki [1], we will be able to study the counting
function of operators of the form (1.4), see Theorem 3.12. In Section 4 we focus on
the tensor product of Hermite-type operators, and we evaluate directly the first
term of the asymptotic expansion of the counting function.

Motivations of the present paper, and connection with existing literature, are
twofold. On one hand, the case when in (1.4) we have the tensor product of two
Hermite operators, or more generally tensor product of real powers of Hermite
operators in several distinct variables, is relevant in Probability, see for example
[25], and other applications. Tensorized Hermite operators were treated in [12]
from a sequential point of view, i.e., basing on eigenfunction expansions. In [12]
the authors observed also a connection with the twisted Laplacian of Wong [37],
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which was proved to be unitarily equivalent to the tensor product of the one-
dimensional Hermite operator and the identity operator. Similar ideas are present
in the subsequent papers [9, 13, 15, 16, 26, 27]. On the other hand, the structure
of our pseudo-differential class is strictly connected with the pioneering work [31],
and [29] where similar operators were dubbed as bisingular operators. Recently,
bisingular operators on compact manifolds were studied in [2] and [28], see also [3]
for analogue results in the SG-setting. In particular, our results of Section 3 can
be seen as a version of [2] for global operators on R™ x R™2. In conclusion, we may
also observe that our class of symbols, in the case of zero orders, is included in
the Hormader class Sg o(R™ *"2). Hence our Theorem 3.3 enters the very general
results of [23], see also [24] and [32], where necessary and sufficient condition for
the Fredholm property were expressed in terms of invertibility of limit operators.
Let us address in particular to Theorem 1.1 in the recent paper [33].

2. T calculus for bisingular operators

Definition 2.1. We define I'1™2(R™+"2) m; € R,ms € R, as the subset of
C*>°(R?™1+2n2) functions such that for all multiindex «;,3; (i = 1,2) there exists

a constant C' so that
|6518626?116?22a(x1, $2,€1,€2)| < C<x1’ §1>m1—\a1|—|[31| <$2, §2>m2—\0¢2|—|ﬁ2\’ (2_1)

1 ~x2

for all z1, &1, 22, &2.

We define
Ffoo,fooGRnl,nz) — ﬂ mme (Rn1+n2)

mi1,ma€R?

as the set of smoothing symbols.

Definition 2.2. A linear operator A : C°(R™*"2) — C°°(R"*"2) is a globally
bisingular operator if it can be written in this way!

A(u)(z1,22) = Op(a)(u)(z1,72)
B //eixl'&m?'@a(ﬂclaxz’51,52)11(51,52)551552

where a € T2 (R™+72). We define G™"2(R™1"2) as the set of operators as
in (2.2) with symbol in ['™1:m2 (R™+n12),

(2.2)

The S-continuity of globally bisingular operators is immediate, we just have
to check all seminorms. More interesting is the Sobolev continuity.

Theorem 2.3. An operator A € G™+™2(R"1"2) can be extended for every s; €
R, s2 € R continuously as an operator

A QS1,82 (Rn1+n2) N Qsl_m1732_m2 (Rm-&-m).

ldg; = (2m)~midg;.
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Where, for positive integers si,s2, we define Q%152 (R™¥"2) qs the space of all
u € LER™*"2) such that

_ 1,..82 par oz
Q12 = E 7" 25 Dt DRul 2.
[ar]|+]B1]<s1,
[az|4]B2]|<s2

[l

For general s1,ss, we set
Q3152 (R"H'm) — {u c S'(Rnﬁ'"?) |
u = Op((z1,61) " (x2,62)**)(v), v € LAR™F"2)}.

The proof of Theorem 2.3 follows by the remark that I'O0(R™ x R"2) C
TY(R™*"2). Then we use the well-known results of L?-continuity and the defini-
tion of Q%1*2(R™*"2). We prove now that globally bisingular operators form an
algebra.

Theorem 2.4. Let A € G™v™2(R™*"2) gnd B € G'2(R™MT"2) then Ao B €
Gmitl,ma+tls (Rnl +n2 ) .

Proof. With a simple evaluation we obtain
(Ao Blu(zy,x2) = // etz oy my, £, £2)00(&r, E2)dE S,
where

c(xr, 22,61, 62) :/efwlfwza(xhxz,ﬂhUz)b(yh92751752)dy1dy25771d772

pr= (Y1 —x1,m — &), p2 = (y2 — 2,2 — &2).

(2.3)

We divide ab into four parts, for a fixed integer N > 0:

a(xhx%7717772>b(y17y27£17£2) = (ab){v + (ab)é\, + (ab)év + TN,

where
(ab)} = " lz: Blllal! (y1 — 1) (m — &)™ Ot alm, w2, 61,72)
| +lon|<2N
b1, Yo, &1, 62),
(ab)y = » lz: ,82!1a2! (y2 — 22)7 (2 — &)™ 052 a(w1, 2,11, &2)
Ba|+|az|<2N
052b(y1, 72,1, 62),
PN — _ 1 VB (e — VB2 (£ )a
(ab)s Z;Iizgé:zgx ,31!52!a1!a2!(y1 21)7 (y2 — 22)(m — &)

(772 - §2)ﬁ281?11 87?22a(m1’ L2, §17€2)85116522b(x1? €2, €1a §2)a
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1
N - b — B2
N = Z 51!52!a1!a2!(y1 21)7" (y2 — x2)
|an | +] 81| <2N
ez |+ 82| <2N

1 1
=) - [ [ =¥
o Jo
It onzalzy, w2, & +ti(m — &), &2 +ta(n2 — &2))
O 0p2b(wy + by (yr — 1), 2 + ba(y2 — 22), &1, &) dbrdt.

Dividing the integral (2.3) in four parts, one defines
cfv :/e_i’“_i“2 (ab)fvdyldygdmdng,

Ry :/e_ml_iHQ’l“Ndylddenldng.

Now, we only focus on ¢. Notice that
(y1 — xl)&efi(ylfzhmffl) — (_i)ﬁ1Dg1efi(y17m1,n1*§1)7 (2.4)
1
(771 _ é‘l)@le—i<yl—$177]1_§1> — (_,L')OélDoéle—i<yl—$1,711—§1> (2 5)
Y1 : :
If oy # fi1, there exists an index ¢ such that, for example, (a1); > (51)i. So,
using relation (2.5) and integrating by parts, we derive (a1); times w.r.t. y; the
expression (y; — x1)”1, and, since (a1); > (B1), the derivative is zero. Clearly
the same scheme can be used if (a1); < (B1); using (2.4). This implies that we

can restrict ourself to consider the case a; = (1, so we will just write a;. Now,
integrating by parts and using relation (2.5), we get

1 .
o= //6_””_’”’"2_§2> > 0t a(wr, we,&1,ms)
al
lai| <N (26)
Dg1b(x1,y2, &1, §2)dy2dns.
The expression (2.6) can be written in the form
1
=2 a1 Oei a2 Db,
|| <N 1
where the symbol oy means the composition of the operators acting on R™2. With
the same scheme we can prove that

1
N _ [
Cy = E az!afja o1 Dg2b.

1
== 06 0¢7 aD Di2b.



26 U. Battisti, T. Gramchev, L. Rodino and S. Pilipovié¢

We have now to analyze the remainder. Consider this identity

(i, m) M (y2,m2) M (1= Ay, = A )M (1= Ay, — Ay, )MemHnmthe = g7tk
(2.7)
By Peetre inequality, we have

] < (o, &)™ TN (@, L)t () gy ) IBIFEN () gy 212N
<n1 o £1>\m1|+2N<n2 _ £2>\m2|+2N'

Using (2.7) with M big enough and integrating by parts, we prove that Ry €
T +lo—2N,mo+l2—2N (Rnl +n2). O

Remark 2.5. Tt is useful to write ¢ in this way

oo
¢~ E Cmy+1l1—2§,ma+12—2j>5
=0
where
. ol 2
Crma+l1—2j,ma+l2—2] = Cmy 4+l —24,ma+la—25 T Cimy -+l —2j,ma+la—2j
3
+ Crmy+ly—2j,ma+12—25>
and
ck = E L Ofta oy Db — E 1 0919920 DY D2b
mi+l—2j,matla—25 — o) e 2 My ! “71 T2 S Faa T )
la1|=j laz|<j
c =) b (822a 0y D22b - > ' o gezape Doy
mi+li—2j,ma+la—25 = as! &2 1 Ha, g T T 1 P2V )
|az|=j lar|<yj
c) = L e gozg pes peo
mi+li—2j,ma+la—25 = | Yz Y z1 T2

Carlag
lar|=laz|=]

In the following, we will study a subclass of globally bisingular operators,
namely operators with homogeneous principal part.
Definition 2.6. A symbol a € IT'"™1:™2(R"1*"2) has homogeneous principal part if

i) there exists a function a,, .(z1, z2, &1, §&2) homogeneous w.r.t. (x1, &) of order
mq such that

a—y (xh gl)aml}- e pm—Lma (Rn1+n2)’

11 cut-off function at the origin, and the operator a(z1,x2,&1, D2), with
(x1,&1) frozen, is a classical global operator in R"2;
ii) there exists a. ,,, homogeneous w.r.t. (xz, &) of order mgy such that

a— w2($2, fg)a.mZ € I‘mhmZ*l(Rnhnz)’

19 cut-off function at the origin, and the operator a(z1,z2, D1,&2), with
(x2,&2) frozen, is a classical global operator in R™;
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iii) there exists a function am, m, (71, T2, &1,&2) bihomogeneous w.r.t. (x1,&1) of
order m; and w.r.t. (zg,&2) of order mg, such that am, m, is equal to the
principal symbol of ap,, .(z1,x2, &1, D2) and of a. m, (21, x2, D1,&2) and

a—1(x1,81)am, . — Y2(22,82)(a. my) + 1 (21, 1) Y2 (22, £2)Amy me

belongs to [~ bma2=1(Rritnz)

In the following, the class of symbols with homogeneous principal part is
written as I/t (R™1+72) and the operators with homogeneous principal symbol
as G2 (R™+72), We introduce three functions associated to an operator A €
valnl ;M2 (Rnl +n2):2

oy (A) : T*(R™) \ {0} — G52 (R™2)
(x1,&1) = am, (21, 22, &1, D2),
03?(A) : T*(R™)\ {0} — GZ* (R™)
(72,8&2) ¥ a.my (71,72, D1,62),
o7 (A) s TR\ {0} x T*(R™2) \ {0} — AL (R 72)
(xlax2a§1a§2) = am17m2(x1?x27€a§2)'

3. Globally elliptic bisingular operators and the Weyl formula
Definition 3.1. Let A € G2 (R™1+72) - A is globally elliptic bisingular operator
if there exist constants Ri, Re such that
i) the operator
Uy, (21,22, &1, D2) : S(R™) — S(R™)
is invertible for every (z1,&1) € T*R™ \ {0};
ii) the operator
. my (21,2, D1, &2) : S(R™) = S(R™)
is invertible for every (z2,&2) € T*R"™2\ {0};
iii) there exists a positive constant C' such that
|am1>m2 ($1, x2, 517 £2>| Z C<x17£1>m1 <$2, £2>m27 (3 1)
V|l‘i|2+|€i|2 > R;,i=1,2. '

Since am, m, (71, T2, &1, &2) is bihomogeneous it is enough to require that (3.1)
is fulfilled for (z1,&;) € T*R™ \ {0}, (z2,&2) € T*R™ \ {0}.

Remark 3.2. If an operator A € G2 (R™ ") satisfies item 4ii) of Defini-
tion 3.1 then both the operators am,,.(z1,22,&1,D2)(z2,&2) € G™(R™) and
Aoy (X1, @2, D1, &2)(21,&1) € G™ (R™) are elliptic Shubin type operators. If more-
over A satisfies items ¢) and ) one can prove that both an,, .(z1, 2, &1, D2) (22, &2)

2’}-{2’?&;’” (RM1+72) is the set of homogeneous function of order m; w.r.t. &;.
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and a.m, (21,22, D1,&2)(x1,&1) are injective Fredholm operator with zero index,
therefore invertible operators also in the scale of Q° spaces. Thus, in Definition
3.1, it is equivalent to require the invertibility of the operators on the Schwartz
spaces or on the Sobolev spaces Q°. For this reason, in the following we will not
specify the space in which the operators are assumed to be invertible.

Theorem 3.3. If an operator A is globally elliptic bisingular then it is a Fredholm
operator.

Proof. Tt is a consequence of Theorem 2.3. From Remark 2.5, if A is elliptic one
can define an operator B as the operator with symbol

b= 1 (x1,61)ay,; .+ Ya(x2,&)a,,, — r(x1, &) ba(22,E2) A, -

Applying the calculus, one can check that B is an inverse of A modulo compact
operator. O

Using a Neumann series procedure, by Theorem 3.3, one can prove that,
if an operator is globally elliptic bisingular, then there exists an inverse modulo
smoothing operators. So we have this immediate corollary:

Corollary 3.4. Let A € G2 (R™1+12) be globally elliptic then
i) Zf Au € QS1,S2 (R"l"'”?) then u € Qsl+m1,82+m2 (Rm-&-m);
ii) if Au e S(R™*"2) then u € S(R™"2),

Our aim is now to study the counting function of positive self-adjoint glob-
ally bisingular operators. We will use Tauberian techniques, so we need to define
complex powers of globally bisingular operators.

First we define parameter ellipticity:

Definition 3.5. Let A be a sector of the complex plane and a be a symbol belonging
to T2 (R™F72); a is called A-elliptic w.r.t. A if there exists a constant R such
that

i) o1 (A) (21, 61) — Mrnz € G (R™?)
is invertible for all |z1| + |£1] > R, for all A € A.
ii) 052 (A)(x2,&2) — Mrm € GJ' (R™)
is invertible for all |zo| + |£2| > R, for all A € A.
iif) (™2 (A) (21, 23, €1,62) — A) T € D712 (RP+nz)
for all |z;| + |&| > R, for all A € A.

In the following, we consider sector of the complex plane A with vertex at
the origin as in the figure below.
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A

arg =m — 0

arg = —7m+ 0

It is an exercise to prove that, if A € G2 (R™*72) is A-elliptic, then the
operator is sectorial. Follow for example the scheme of Theorem 2 in [2].

We make now some natural assumptions in order to perform the functional
calculus.

Assumptions 3.6.

i) AeGprme (R™1+n2) s A-elliptic,
ii) ¢(A) N A =0, in particular A is invertible.

Remark 3.7. In item ii) of Assumptions 3.6, we assume that the operator is in-
vertible. We have made these assumptions in order to get a simpler theory. It is
nevertheless possible to handle functional calculus of operators with non trivial
kernel, even with infinite-dimensional kernel, the crucial requirement is that the
origin must be an isolated point of the spectrum. Roughly speaking, instead of
considering the operator A, one studies the operator Ao (I — Pier 4); Prer 4 being
the projection into the kernel of A. Clearly this operator is invertible, cf. [8].

Definition 3.8. Let A be a globally bisingular operator that satisfies Assumptions
3.6, we can define
i

A, N (A= Ad)"'d\, Re(z) <0, (3.2)

T on AT

where Ac = AU {z € C| |z| < €}. The complex power of A is defined in this way

A — A, Re(z) < 0,
A, koA keN,Re(z—k)<0.

Since the operator A is sectorial, the Dunfort integral in (3.2) converges. As usual,
one can prove that the Definition 3.8 does not depend on k.
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Theorem 3.9. If A € G 1™2(R""2) fulfils Assumptions 3.6, then A* € G™1*™m2*
(R™+72). Moreover,3

o (A7) (21, &) = (07" (A)(21,6))7, (3.3)
0525 (A7) (w2, &) = (052 (A) (22, &)) (34)
o'mIZ}mzz(AZ)(xlvx27£17£2) - (O'ml’m2 (A)($1,$2,£1,£2))Z, (35)

where the complex power in (3.3), (3.4) is the complex power of operators, while
in (3.5) is the standard complex power of a function.

We now introduce the (-function of suitable bisingular operators, then we
will study the meromorphic extension of the (-function and we will analyze its
first left pole. We do not write the proofs of the following statements, they are
similar to Theorem 4 and Corollary 1 of [2].

Definition 3.10. Let A € G™*™2(R™*"2) be a bisingular operator that satisfies
Assumptions 3.6, then
(A, 2) = // Kg= (21,22, 21, 22)dz1dre, Re(z) < 2min{— " ,— "2 } ,
R71+no mi ma
where K 4- is the kernel of A%.

Theorem 3.11. Let A € G™v™2(R™*"2) be an operator that satisfies Assump-
tions 3.6. Then ((A,z) can be extended as a meromorphic function on {z €
C | Re(z) < 2min{—::lll,—gf2} + €}. Moreover, the Laurent coefficients at pole
Zpole = 2min{— m1 — e } depend on ::Lll and ::L?Q

In the case ' > ey

ma °
2 2r)~mi—na _am
lim <Z+ nl) (A, z) = (2m) / / (G, ,.) 2ml dfrdxodEs.
Zﬁ,i’;; my mi R2n2 Jg2ni—1
(3.6)
In the case ::L?Q > ::Lll :
2 ) —m—na _2n
lim <z+ nQ)C(A,z): (2m) / / (umy) ™ ™5 dBydayde,.
Z_,_i:;z meo mo R271 Jg2no—1
(3.7)
In the case ™ = ™ =]|:
maq ma2
204N 1 2 T
*(4) o
res
li A z)— =-T A) +TRy(A )
tim o0 (a2 <z+z>2)’ fral i), 39

3We have just defined symbols T'"™1:™2(R71+72) with m1,ma € R2. It is nevertheless possible
to define the same class with complex numbers z1, z2, in the inequality (2.1) instead of m,; we
use Re(z;).
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where
TRLQ(A) = (277')_"1_"2

1
lim ( / / ((aml’.)_ld01d$2d£2 - TesQ(A) log T))
TN Jay| g | <r Js2m—t

1
+ lim < / / Gy, “Ldfodurde; — res?(A)log T ) ’
TTree N2 |lz1|+|&1|<T §2ng—1 (( 2 ) 1 ( ) )

and

@ §
TRy(A) = mym 1 ma.meo )d01d05.
Re( ) myms - SQM—l(a 1, 2) Og(a 1 2) 14b2

Now, applying a generalization of Tauberian Theorem due to J. Aramaki [1],
we easily obtain the following:

Theorem 3.12. Let A € G™v™2(R™*"2) pe self-adjoint and positive, suppose
moreover that A satisfies Assumptions 3.6. Then

CiAllog A+ CIA + O(AI=0r) 2 = 2ne —

ma ma
no ng

Na(A) = { ConPrz + O(N?mz ~%2) 2z 2
ny ny

Cy\Zm2 +O()\2m1 53) 2n1  2np

mi ma ’
for certain §; > 0. It is moreover possible to find the exact value of the constants
in terms of {@my,.s @ mys Qma ms §, the principal symbol of A.

1 l
= mi.ms)  d01d0O2,
= (2m)mM+n22n,my é27L2—1 \/SZ'rLlfl(a 1ma) 12
TRy 2(A) —TRy(A 1
o = T P AL ] )00
l 4n1n2 §2n2—1 J§2n1—1

1 2no
Cy = )" ™2 dfodrd
? (2m)mtn22n, /]R2n1 /§27L271<a ’mQ) 2 dfydzydEy,

1 2nq
C3 = ) ™ dfydxodEs.
3 (27)nitn22m, /R27L2 /Szrrqfl(aml’) + dbrdrzdty

4. Tensor products of Hermite-type operators

We use the notation in the Introduction. We consider globally elliptic self-adjoint
bisingular differential operators of the special form

P(z,D,) = Pi(x1, Dy, ) Pa(x2, Dy,),
so that Puj = )\}1 /\?QUJ, J=(j1,J2) € Z2, cf. (1.4). Hence we have:
Proposition 4.1. Let u be a tempered distribution in R™+m2 Jf
u= Z ajuj in S'(R™1"2),

s 72
jezy
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then
P(z,Dz)u= Z A, A2, auj, (4.1)
J=(41,42) €27
where P(z, Dy )u € L2(R™*"2) js equivalent to
DAL g* < oo (4.2)

jezi
With the notation at the end of Section 2, we obtain

o1 (P)(x1,&1) = pm, (21, 1) Pe(22D2),
09" (P)(22,82) = Ppm, (72,&2)P1(x1, D1),

O'thnQ(xlaanglaé-Q) = Pm, ($1,§1)pm2 <I2’€2)'

Thus, Definition 3.1 before amounts to assume global ellipticity of pi,po, cf.
(1.2), and invertibility of Pj(z1,D;1) and Pa(x1,D2) as required in the Intro-
duction. From Corollary 3.4, we have that Pu € Q%1 ~™1:52=m2(R™+12) jmplies
u € Q¥152(R™*"2) for every s; € R, sy € R. In particular, if Pu € S(R™1"2)
then u € S(R™+"2),

Assuming further that Py, P, are strictly positive, we may apply Theorem
3.12 to estimate the counting function N(\) of P. By direct calculation, we shall
give now more precise results in the case when P;, P, are Hermite-type operators.

We first recall a classical result of L. Dirichlet for the first summatory function
of 7(n), see [20, 21] for an overview on the subject:

(A
DO =3 ) =Y 1), Az, (43)

n<A,
neN

where 7(n) denotes the number of divisors of n and [A] stands for the integer part
of A. In 1849, Dirichlet proved that

D) =Aln A+ (25 — DA+ E(N), A>1, (4.4)
where 7 is the Euler-Mascheroni constant and
E\) =0(\'?), X = +oc. (4.5)

It is still an open problem to evaluate the optimal order of the reminder E(\)
in the asymptotic expansion (4.4). In 1916 [17] Hardy discovered that O(\4) is
a lower bound. Then a lot of upper bound have been proved, the better one has
been given by Huxley in [19]. He proved that E()) is O(A¢(log \)?¢), where

131 18627

= ~ 14 462 d:=
c 6 0,314903846 8320

1 ~ 3,238822115.
i +1 ~ 3,238822115
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The conjecture is that the E()) is O(A1). One can recast the issue of computing
D()\) as a lattice point problem. More precisely, since

D= > > 1= > 1, (4.6)

n<\,neNd|n,deN ning <A
ni,n2€N

we readily obtain that D(\) is the number of positive integers lattice points in the
first quadrant between the axes and hyperbola i1z < A. We will use this result
for the proof of the second part of the next proposition.

Proposition 4.2. Assume that A; are self-adjoint operators with spectrum n"™,n €
N, and eigenfunctions u’ being an orthonormal basis of R™, ¢ =1, 2. Denote by
N(X), A > 0 the counting function,

N(A) = card{(n1,n2) : n{"'n3? < A}, A >0,
where card means cardinal number. Then we have the following assertions.
a) Let mq > mg > 0. Then

N\ ~ ¢ (:;) AY™2 1 C(my, ma, NAY™ 4+ O(1), (4.7)
where e - < Clm o o
(m1 —mg) — 1Mz, A) < (m1 —mg)’
b) Let m = m; = ma. Then
N = ;Ai mA+ 2 "Iy o). (4.8)

Proof. a) First we recall from [11] the next identity, for « > 1,¢ > 0:

>

— (n+q)"

oo
1 t—n
= + o dt.

T;)(TH'Q) (1_a)(N+qa1 Z/ (t + q)ot!

One can find that

aZ/ anﬂ = O(1/N®).

Note that with ¢ = 1 one obtains the formula for the partial sum of the Riemann
zeta function ((a). Set

\/m1
/\1/m2 /\1/m2
R(\,m1,mgo) = Z:l (nml/m - {nml/m]) .
Clearly 0 < R(A\, mq,ma) < A/™1 hut we are not able to find the exact behavior
of R(A\,m1,m2) as A — oo.
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Now we calculate

\1/ma
AY/m1] | a7 /m2

Ny = > 1=> > 1

n;”lng’ﬂg)\ ni=1 no=1

We have
A/

— R(\,my,m2)

nmi/m2 nmi/msz

|:)\1/m2 :| [)\1/m1] )\l/mz

n=1 n=1

and, using (4.9) with a = 71 N = [A}/™], we obtain

AL/m1
1 mi mo

AL/m2 ~ AL/m2 AVme 4 0(1).

; o fma ™~ <m2> (m1 —mo) +00)

This implies

Soing (m) Ama— T \Um RO\ my,m) + O(1).
e ma (m1 —ma2)
ny Ny < <A
This and the estimate of R proves (4.7).
b) Since
n'ndt < X\ is equivalent to ning < )\1/’",
we directly obtain N(\) = D(AY/™) which gives (4.8). O

Ezxample. An example of on operator that satisfies the hypothesis of Proposition
4.2 is the following. Let m1,mo € N,my > mao, k1, ke > 0 and

82 ) maq 62 ) mao
Al_k1<—a%+$> , Ag_k2<—a§+y> , x,y €R.
Then, we know that the Hermite basis of L?(R?),

hjh]é (xv y) = hj1 (:C)h]é (y)v Ji1,J2=0,1,...,
is the set of eigenfunctions and that k;(2n+1)™,n =0,1,..., are the eigenvalues
for A;, i =1,2.
We use the result of Proposition 4.2 to calculate the counting function for
A1 As. With the transformation A/(k1k2) — A, we can, and we will, assume that
ki =ky=1.
Put

Li={neNU0;1<2n+1<[\/™]},

)\l/mg
Inn, = {n2 ENUO1<2np+1< [(an + 1)m1/m2} } '
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Hence, the cardinal numbers of these sets are not greater than
Al/mg

AY™1/2 41 and
[ ]/ +1an |:(2n1+1)m1/m2

|+

respectively. With this notation we have

e Y =y Y

(2n14+1)™1 (2nz+1)m2 <A n1€Ix\ o€l ny
1 [ AL/ma }

= E + T,
2 i (2n + 1)ma/mo

where r,, takes values 0 and 1. We obtain

0 < S(A,my,me) = Zrn_ )\l/ml] 1.

nely
Next
1 AL/me A\L/ma
27%; [(2n+1 ml/m?} z; 2n + 1)ma/m2 — RO ma ma),
where

O<R(/\ ml,mg) [/\Uml]-i-l

By the proof of the previous proposition, with r =1 or r = 0,

1131/m1
SIRUESP SR
nely (2n + 1ym/ma t=1 trma/ma

mo—mq

- <m1) - m1n12m2 (;([Al/ml] + 7”)) "2 O(1/AY M),

ma

This implies

mo—mq

Ny = (e (M) (L)

+ O(I/Al/m2)> — R(A, m1,ma) + S(A,m1, m2)

)\l/mZ m m m1—2mo
_ ¢ 1y 2 9y T \/m
2 mao miq mo

- R(/\,ml,mg) + S(/\,ml,mg) + 0(1)

l/mz
= A ¢ <m1> * C()‘7m17m2))\1/m1 + 0(1)’

2 mo

35
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where
my—2mo
2 ma mo [Al/ml] 1
B - - <
mp —ma 2)\1/ma \/mi — C()‘vmlva)
my—2m
2 lmg 2m2 [)\l/ml] 1

my — ma oAL/mi T \L/mi
One can consider in a similar way

Ay = k(= Ag, + |z1]|)™ + 71, Ag = ko(=Ag, + [|22]2)™2 + 12, 2 € R™,
ki > ke > 0,r; > 0,7 =1,2; but the computation is much more complicate.
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