Chapter 2

Some Results of the Matrix Theory

This chapter is devoted to norm estimates for matrix-valued functions, in par-
ticular, for resolvents. These estimates will be applied in the rest of the book
chapters.

In Section 2.1 we introduce the notation used in this chapter. In Section 2.2
we recall the well-known representations of matrix-valued functions. In Sections
2.3 and 2.4 we collect inequalities for the resolvent and present some results on
spectrum perturbations of matrices. Sections 2.5 and 2.6 are devoted to matrix
functions regular on simply-connected domains containing the spectrum. Section
2.7 deals with functions of matrices having geometrically simple eigenvalues; i.e.,
so-called diagonalizable matrices. In the rest of the chapter we consider particular
cases of functions and matrices.

2.1 Notations

Everywhere in this chapter ||z is the Euclidean norm of z € C": ||z|| = \/(z, z)
with a scalar product (.,.) = (.,.)cn, I is the unit matrix.

For a linear operator A in C" (matrix), \x = A\x(4) (k = 1,...,n) are the
eigenvalues of A enumerated in an arbitrary order with their multiplicities, o(A)
denotes the spectrum of A, A* is the adjoint to A, and A~! is the inverse to A;
Ry(A) = (A= X))t (A € C,\ & o(A)) is the resolvent, rs(A) is the spectral
radius, ||A|| = sup,ccn ||Az||/||z|| is the (operator) spectral norm, Na(A) is the
Hilbert—Schmidt (Frobenius) norm of A: N3(A) = Trace AA*, A; = (A — A*)/2i
is the imaginary component, Ap = (A + A*)/2 is the real component,

p(A;A) = min A —Ag(A4)]

yonn

is the distance between o(A) and a point A € C; p(A4, C) is the Hausdorff distance
between a contour C' and o(A). co(A) denotes the closed convex hull of o(A),
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a(A) = max; Re A\g(A), B(A) = ming Re Mg (A); 7(A) is the lower spectral radius:
n(d)= min \(4)

=1,...

In addition, C"*" is the set of complex n x n-matrices.
The following quantity plays an essential role in the sequel:

n 1/2
9(A) = <N§(A) _Z|/\k(A)|2> :

k=1
It is not hard to check that

g*(A) < N2(A) — | Trace A?|.
In Section 2.2 of the book [31] it is proved that
9%(A) < 2N3(Ar) (1.1)

and 4
g(e" A+ zI) = g(A) (1.2)
forall 7€ R and 2z € C.

2.2 Representations of matrix functions

2.2.1 Classical representations

In this subsection we recall some classical representations of functions of matrices.
For details see [74, Chapter 6] and [9].

Let A € C"*™ and M D o(A) be an open simply-connected set whose bound-
ary C' consists of a finite number of rectifiable Jordan curves, oriented in the pos-
itive sense customary in the theory of complex variables. Suppose that M U C is
contained in the domain of analyticity of a scalar-valued function f. Then f(A)
can be defined by the generalized integral formula of Cauchy

1
) ==, [ TR (21)
™ Jo
If an analytic function f(\) is represented by the Taylor series

- 1
F) =D o [ < ;
kz_:—o limy 00 &/|ck|

then one can define f(A) as

F(A) = cpA*
k=0
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provided the spectral radius rs(A) of A satisfies the inequality
ro(A) lim &/|ex] < 1.
k—o0

In particular, for any matrix A,

k=0
Consider the n x n-Jordan block:
Ao 1 o ... 0
0 X 1 ... 0
J“(AO) = )
0 O Mo 1
0 0 0 Xo
then / )
fo0) TG 000
0 f(Xo)
f(Jn(o)) =
0 f(Xo) ! (1?0)
0 0 f(Xo)

Thus, if A has the Jordan block-diagonal form
A= diag(‘]ml ()‘1)? I (/\Q)a REE) Jmno ()‘no))a

where \;, k = 1,...,ng are the eigenvalues whose geometric multiplicities are my,
then

f(A) = diag(f (Jm, (M), f (Tmz (A2))s - - f (T (Ang)))- (2.2)

Note that in (2.2) we do not require that f is regular on a neighborhood of an
open set containing o(A); one can take an arbitrary function which has at each
A derivatives up to my — l-order.

In particular, if an n x n-matrix A is diagonalizable, that is its eigenvalues
have the geometric multiplicities my = 1, then

74 =3 FOwQs, (23)
k=1

where @y, are the eigenprojections. In the case (2.3) it is required only that f is
defined on the spectrum.
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Now let
o(4) = U 04(A) (m < n)

and oi(A) C My (k= 1,...,m), where M}, are open disjoint simply-connected
sets: My N M; =0 (j # k). Let fi be regular on Mj. Introduce on M = U | Mj,
the piece-wise analytic function by f(z) = f;(z) (2 € M;). Then

P =y, 3 [ SR (A (24

where C; C M; are closed smooth contours surrounding o(A,) and the integration
is performed in the positive direction. For more details about representation (2.4)
see [110, p. 49].

For instance, let My and M5 be two disjoint disks, and

flz) =

sinz if z € My,
cosz if z € Ms.

Then (2.4) holds with m = 2.

2.2.2 Multiplicative representations of the resolvent

In this subsection we present multiplicative representations of the resolvent which
lead to new representations of matrix functions.

Let A € C"™ and A\ be its eigenvalues with the multiplicities taken into
account.

As it is well known, there is an orthogonal normal basis (the Schur basis) {ey}
in which A is represented by a triangular matrix. Moreover there is the (maximal)
chain P, (k = 1,...,n) of the invariant orthogonal projections of A. That is,
AP, = P AP, (k=1,...,n) and

0=PRC"cPC"C---C P,C"=C".

So dim(Py, — P;_1)C"™ = 1. Besides,

A=D+V (¢(A) = a(D)), (2.5)
where .
D =Y MAP, (AP, =Py — P1) (2.6)
k=1

is the diagonal part of A and V is the nilpotent part of A. That is, V' is a nilpotent
matrix, such that
VPk :Pk_lAPk (k‘ = 2,...,n). (27)
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For more details see for instance, [18]. The representation (2.5) will be called the
triangular (Schur) representation.
Furthermore, for X, Xo,..., X; € C**" let

.
H X, = X1Xs...X,,.
1<k<j

That is, the arrow over the symbol of the product means that the indexes of the

co-factors increase from left to right.

Theorem 2.2.1. Let D and V' be the diagonal and nilpotent parts of an A € C**",
respectively. Then

N
VAP
Ra(A) =Ra(D) [ |7+, 77| (vgo(a)).
A=Ak
2<k<n
where Py, k=1,...,n, is the mazimal chain of the invariant projections of A.

For the proof see [31, Theorem 2.9.1]. Since

APy

n
R)\(D): )\_)\a
J

j=1
from the previous theorem we have the following result.

Corollary 2.2.2. The equality

"\ AP, N VAP,

Ra(4) = Y 11 [1+A_Ak] (A € a(A)

Jj=1 JH1<k<n+1
is true with VAP,11 = 0.
Now (2.1) implies the representation

1 AP i VAP,

A)=— A ! I dA.

F(4) 27ri/cf( )Z/\j—)\, H |:+/\—/\k]
=1 JH1<k<nt1

Here one can apply the residue theorem.
Furthermore, the following result is proved in [31, Theorem 2.9.1].

Theorem 2.2.3. For any A € C"*™ we have

AAP,
Ry = — + o(A .
AR 1§|k§|n (I N /\k> AN o(A)uo0), (2.8)

where Py, k= 1,...,n is the mazimal chain of the invariant projections of A.
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Let A be a normal matrix. Then
A= NAP;.
k=1

Hence, AAP, = A\ AP;,. Since AP, AP; = 0 for j # k, the previous theorem gives
us the equality

Ry (A Z ; ( (T N )\k>
or

" AP
B4 =2, Ak —kx

So from (2.8) we have obtained the well-known spectral representation for the
resolvent of a normal matrix. Thus, the previous theorem generalizes the spectral

representation for the resolvent of a normal matrix. Now we can use (2.1) and
(2.8) to get the representation for f(A).

2.3 Norm estimates for resolvents

For a natural n > 2, introduce the numbers

Yoo = \/(n_ 1)((2:21));;;€'I(n_k) (k=1,2,...,n—1),9m0 = L.

Evidently, for all n > 2,
V< (k=1,2,...,n—1). (3.1)

Theorem 2.3.1. Let A be a linear operator in C™. Then its resolvent satisfies the
inequality

Tn,
| Ra(4 H<Z HlA; (A ¢ o(4)),

where p(A, N) = ming=1,..n |A — A\ (4)].

To prove this theorem again use the Schur triangular representation (2.5).
Recall g(A) is defined in Section 2.1. As it is shown in [31, Section 2.1]), the
relation g(U L AU) = g(A) is true, if U is a unitary matrix. Hence it follows that
g(A) = No(V). The proof of the previous theorem is based on the following lemma.
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Lemma 2.3.2. The inequality

— ’Yn,kgk (A4)

IRA(A4) ~ BAD)| < 32 EHT 0 (g o(4)

k=1

18 true.
Proof. By (2.5) we have
Rx(A) — R\(D) = —R\(D)VRA\(A) = —RA(D)V(D +V — I\~ 1.

Thus
RA(A) = RA(D) = =RA(D)V (I + Rx\(D)V) "' R\(D). (3.2)

Clearly, Rx(D)V is a nilpotent matrix. Hence,

n—1 n—1
Rx(A) = RA(D) = =RA(D)V Y _(=RA(D)V)*RA(D) = Y _(~RA(D)V)*RA(D).
k=0 k=1
(3.3)
Thanks to Theorem 2.5.1 [31], for any n x n nilpotent matrix Vo,
IVl < YnteNE (Vo). (3.4)
In addition, ||Rx(D)|| = p~Y(D,\) = p~*(4,)). So
[ RADIV)H] < 30NS (B D)V) < ENE ),
- = pR(AN)
Now the required result follows from (3.3). O

The assertion of Theorem 2.3.1 directly follows from the previous lemma.

Note that the just proved Lemma 2.3.2 is a slight improvement of Theorem
2.1.1 from [31].

Theorem 2.3.1 is sharp: if A is a normal matrix, then g(A) = 0 and Theorem
2.3.1 gives us the equality ||[Rx(A)]| = 1/p(A, X). Taking into account (3.1), we get

Corollary 2.3.3. Let A € C"*". Then

n—1 k
9" (A)
| RA(A)] < k;) VELpEEL(4, )

for any regular A of A.

We will need the following result.
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Theorem 2.3.4. Let A € C**". Then

N2(A) — 2Re(\ Trace(A)) +n|)\2] (n—1)/2
n—1

|RA(A) det (M — A)|| < [
(A £ a(A)).

In particular, let V be a nilpotent matriz. Then

I 1 NZ(V)\ "2
[(IA = V) ng [1+n_1 <1+ \2A|2 )] (A #0).

The proof of this theorem can be found in [31, Section 2.11].
We also point to the following result.

Theorem 2.3.5. Let A € C**". Then

1 1 RN R
||R>\(A)|| < p(A, )\) |:1 + n—1 <1 + 02(14,/\)) }

for any regular A of A.

For the proof see [31, Theorem 2.14.1].

2.4 Spectrum perturbations
Let A and B be n X n-matrices having eigenvalues
AM(A), ..., (A) and M\ (B),..., \(B),

respectively, and ¢ = ||A — B]|.
The spectral variation of B with respect to A is

svA(B) := max min |\;(B) — A;(A4)],
i

cf. [103]. The following simple lemma is proved in [31, Section 4.1].

Lemma 2.4.1. Assume that | Ry(A)| < ¢(p~1(A, X)) for all regular X of A, where
¢(x) is a monotonically increasing non-negative continuous function of a non-
negative variable x, such that ¢$(0) = 0 and ¢(c0) = oo. Then the inequality
sva(B) < z(¢,q) is true, where z(¢,q) is the unique positive root of the equation

q9(1/z) = 1.

This lemma and Corollary 2.3.2 yield our next result.
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Theorem 2.4.2. Let A and B be n x n-matrices. Then sva(B) < z(q, A), where
z(q, A) is the unique non-negative root of the algebraic equation

sy gi(A)

y"=q , (4.1)
= V!
Let us consider the algebraic equation
n—1
2" =P(z) (n>1), where P(z)= Z cjz" It (4.2)
j=0

with non-negative coefficients ¢; (j =0,...,n —1).

Lemma 2.4.3. The extreme right-hand root zo of equation (4.2) is non-negative
and the following estimates are valid:

20 < ¥/PQ1) if P(1)<1, (4.3)
and
1<z <P(1) if P(1)>1. (4.4)

Proof. Since all the coefficients of P(z) are non-negative, it does not decrease as
z > 0 increases. From this it follows that if P(1) <1, then 2o < 1. So 2z < P(1),
as claimed.

Now let P(1) > 1, then due to (4.2) zp > 1 because P(z) does not decrease.
It is clear that

P(z0) < 2571 P(1)
in this case. Substituting this inequality into (4.2), we get (4.4). a

Substituting z = az with a positive constant a into (4.2), we obtain

n—1

n __ Cj n—j—1
x _Zaj—&-lx . (4.5)
=0
Let
a=2 max  JtY/cs.
j=0,....n—1 Ve
Then
n—1 c n—1
J —j—1 _ 1 _o-n
DRI SEE AR B
=0 =0

Let xo be the extreme right-hand root of equation (4.5), then by (4.3) we have
g < 1. Since zg = axp, we have derived the following result.
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Corollary 2.4.4. The extreme right-hand root zy of equation (4.2) is non-negative.
Moreover,
<2 itlc..
SRR LR
Now put y = zg(A) into (6.1). Then we obtain the equation

n—1

N q xnfjfl
xr = .
9(4) ; Vil
Put
n—1 1
wn=3_
= Vi

Applying Lemma 2.4.3 we get the estimate z(q, A) < (gq), where

5(q) = qWn if qu, > g(A),
S 9 A)lgwa] Vi quy < g(A).
Now Theorem 2.4.2 ensures the following result.
Corollary 2.4.5. One has sva(B) < d(q).

Furthermore let ﬁ, Vi and V_ be the diagonal, upper nilpotent part and
lower nilpotent part of matrix A, respectively. Using the notation Ay = D + V.,
we arrive at the relations

o(As) = o(D),g(As) = Na(Vy) and [|A— Ay] = V_|.
Taking

5 { V- wn if [[V_|lwn > Na(V4),
A= “1/n o
Ny MOV ]/ i Ve flwn < Na(Va),

due to the previous corollary we obtain

Corollary 2.4.6. Let A = (a‘jk)?,kzl be an n X n-matriz. Then for any eigenvalue
wof A, there is ak =1,...,n, such that

I — arr| < da,
and therefore the (upper) spectral radius satisfies the inequality

rs(A) < max |agk| + 04,
k=1,....,n

and the lower spectral radius satisfies the inequality

’I“l(A) > min |akk| — 04,
k=1,...,n

3

provided |agg| > da (k=1,...,n).
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Clearly, one can exchange the places V, and V_.
Let us recall the celebrated Gerschgorin theorem. To this end write

n

Ri= > lal-

k=1,k#j
Let Q(b,r) be the closed disc centered at b € C with a radius 7.
Theorem 2.4.7 (Gerschgorin). Every eigenvalue of A lies within at least one of the
discs Q(a;j, Rj).

Proof. Let A be an eigenvalue of A and let z = (z;) be the corresponding eigen-
vector. Let ¢ be chosen so that |z;| = max; |z;|. Then |z;| > 0, otherwise z = 0.
Since z is an eigenvector, Az = Az or equivalent

n
Z Qi = /\xi
k=1
so, splitting the sum, we get
n
> aimk = Av; — i,
k=1,k#i

We may then divide both sides by z; (choosing i as we explained we can be sure
that z; # 0) and take the absolute value to obtain

n

T
N—aul <) |ajk|‘ ‘<Rz‘,

k=1,ki i
where the last inequality is valid because
|| <1
|z1]
as claimed. g

Note that for a diagonal matrix the Gerschgorin discs (a;;, R;) coincide with
the spectrum. Conversely, if the Gerschgorin discs coincide with the spectrum, the
matrix is diagonal.

The next lemma follows from the Gerschgorin theorem and gives us a simple
bound for the spectral radius.

Lemma 2.4.8. The spectral radius rs(A) of a matriz A = (a;x)7,_, satisfies the
inequality

n
rs(A4) < mjaxz lajk].
k=1

About this and other estimates for the spectral radius see [80, Section 16].
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2.5 Norm estimates for matrix functions

2.5.1 Estimates via the resolvent
The following result directly follows from (2.1).

Lemma 2.5.1. Let let f(\) be a scalar-valued function which is reqular on a neigh-
borhood M of an open simply-connected set containing the spectrum of A € C"*",
and C' C M be a closed smooth contour surrounding o(A). Then

11 < o [ 1 GIIR()ds < me(Wiesup (2],
C

zeC

where

1
me(4) = sup |R. ()], te =, [ Jdz].
zeC TJc

Now we can directly apply the estimates for the resolvent from Section 2.3.
In particular, by Corollary 2.3.3 we have

[1R-(A)[l < p(A, 1/p(A, 2)), (5.1)
where )
B n— xk+1gk(A)
p(A,x) = kz_o i @0 (5.2)

We thus get me(A) < p(4,1/p(A4,C)), where p(A,C) is the distance between C
and o(A), and therefore,

IF (A < lop(A,1/p(A, C)) sup If (2)I- (5:3)

2.5.2 Functions regular on the convex hull of the spectrum

Theorem 2.5.2. Let A be an n x n-matriz and f be a function holomorphic on a
neighborhood of the convex hull co(A) of o(A). Then

n—1

k
£ < sup [F)][+ D sup |8 () Yk (4)

A€o (A) =1 Aeco(A) k!
This theorem is proved in the next subsection. Taking into account (3.1) we
get our next result.
Corollary 2.5.3. Under the hypothesis of Theorem 2.5.2 we have
n—1
g"(4)

IS0 < sup 1O+ s 19O oy
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Theorem 2.5.2 is sharp: if A is normal, then g(A4) = 0 and

[F(A)l = sup [f(N)].

A€o (A)
For example,
Sk gk Tk 4yt = gF(A)EE
lexp(at)] < X3 gt Tt < eSS N (62 0)
k=0 ’ k=0 ’

where a(A) = maxg=1, ., Re Ay (A). In addition,

m Tn, km (A) e k m k(A)
1A ||<Z (m — k)k! Z k'3/2 (m=1,2,...),
k=0

where r5(A) is the spectral radius. Recall that 1/(m — k) =0 if m < k.

2.5.3 Proof of Theorem 2.5.2

Let |V be the operator whose entries in the orthonormal basis of the triangular
representation (the Schur basis) {er} are the absolute values of the entries of the
nilpotent part V of A with respect to this basis. That is,

n k-1
V0Ie=>_>lail( er)ej,
k=1 j=1
where aji = (Aeg, e;). Put
b= F(N)ax
1Tt 21 C ()\jl )\) e ()\jk+1 — )\) '

We need the following result.

Lemma 2.5.4. Let A be an n X n-matriz and f be a holomorphic function on a
Jordan domain (that is on a closed simply connected set, whose boundary is a
Jordan contour), containing o(A). Let D be the diagonal part of A. Then

17(A) = F(D)|| < ZJkH VIl

where
Joe = max{|, j. | 1< j1 < <jppr <}
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Proof. From (2.1) and (3.3) we deduce that

n—1
FA) = 1D) = =0 [ ) = RaD)IA = S B (54
k=1

where

By, = (—1)F! ! /f (Rx(D)V)*Ry(D)d\

2me
Since D is a diagonal matrix with respect to the Schur basis {ej} and its diagonal

entries are the eigenvalues of A, then

R\(D) = A (A) =

where AP, = (., ex)ex. In addition, AP;VAP, =0 for j > k. Consequently,

J2—1 Js—1 Jet1—1
By, = § :APjIV § :Apjzv E : 14 E : APj i jijs. -
ji=1 J2=1 Jk=1 jr41=1

Lemma 2.8.1 from [31] gives us the estimate

j2—1 Ja—1 Je+1—1
IBill < Jkll D AP, VI Y APLIV]e -+ > Ve Z AP, |l
ji=1 j2=1 Jr=1 Jrk+1=1

= Jk:HPnfkr‘V‘ePnferrl‘V‘epn7k+2 cee Pnfl‘v‘e”'
But

Pn—k|v|epn—k+1|v|epn—k+2 s Pn—1|V|e = ‘V‘ePn—k—i-l‘V‘ePn—k-‘J s Pn—l‘V‘e
=|V|2...Poa|V]e = |V|E
Thus
| Br|l < Ji|l V% I
This inequality and (5.4) imply the required inequality. a

Since Na(|V]e) = N2(V) = g(A), by (3.4) and the previous lemma we get
the following result.

Lemma 2.5.5. Under the hypothesis of Lemma 5.4 we have

n—1

1F(A) = F(D) < D~ Tevnkg® (A).

k=1
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Let f be holomorphic on a neighborhood of co(A). Thanks to Lemma 1.5.1
from [31],

L osup [,

Ji <
k! A€Eco(A)

Now the previous lemma implies

Corollary 2.5.6. Under the hypothesis of Theorem 2.5.2 we have the inequalities

A = (k) g*(A)
I1£( )_f(D)”S];)\ebil()A)U OVEATRS

The assertion of Theorem 2.5.2 directly follows from the previous corollary.

Note that the latter corollary is a slight improvement of Theorem 2.7.1
from [31].

Denote by fla1,asg,...,ar+1] the kth divided difference of f at points a1, as,
..., aky1. By the Hadamard representation [20, formula (54)], we have

Ij1~~~jk+l = f[)‘lv SRR} )‘jk+1}7

provided A; are distinct. Now Lemma 5.5 implies

Corollary 2.5.7. Let all the eigenvalues of an nxn-matriz A be algebraically simple,
and f be a holomorphic function in a Jordan domain containing o(A). Then

ko 05(A)
1£(A) = FDI <D frmug®(A) <D fi Vil
k=1 k=1 .

where

fk = max{‘f[)‘l(A)vv)‘jk-H(A)” 1< jl << jk:+1 < ’ﬂ}

2.6 Absolute values of entries of matrix functions

Everywhere in the present section, A = (a;x)} . S = diaglai1,. .., ans] and the
off diagonal of A is W = A — S. That is, the entries v, of W are v, = aji
(j # k) and vj; =0 (j,k = 1,2,...). Denote by co(S) the closed convex hull of
the diagonal entries ai1, ..., ann. We put |A| = (lajx|)};—;, i-e., [A] is the matrix
whose entries are the absolute values of the entries A in the standard basis. We
also write T' > 0 if all the entries of a matrix T" are non-negative. If 7" and B are
two matrices, then we write T'> B if T — B > 0.
Thanks to Lemma 2.4.8 we obtain rs(|WW|) < 7y, where

n
Tw = max Z k]
T k=Lk#
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Theorem 2.6.1. Let f(\) be holomorphic on a neighborhood of a Jordan set, whose
boundary C has the property

n

2 —ajl > Y lal (6.1)

k=1,k#j

forall z€ C and j =1,...,n. Then, with the notation

(k)
g(a) = sup T goo10 ),
z€co (S) k!

the inequality
| 9)| < ka )W

is valid, provided

rs(IW)) Jim {/6,(4) <1

Proof. By the equality A =S+ W we get

oo

RA(A) = (S+W =AD" = (I+ Ra($)W) " Ra(S) = 3 (R S1)ER,(S),
k=0

provided the spectral radius 79(A\) of Rx(S)W is less than one. The entries of this
matrix are ain
! (A 7& Qjj, .7 7& k)
ajj — A "
and the diagonal entries are zero. Thanks to Lemma 2.4.8 we have

lagel 4 (AeQ)

ro(A) < max 4y — Al
k=1k#j ' I

J

and the series

Rx(A) = Ra(S) = i(R/\(S)W)k(_l)kR/\(S)

k=1

converges. Thus
(CEVCEENN FOTADET NCITED SETSINE
k=1

where

My = (—1)r ! / FOV(RA(S)W)F R (S)dA

27
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Since S is a diagonal matrix with respect to the standard basis {dj}, we can write

Ra(S) =), ™\ (b =ay),
— Y
Jj=1
where Qj, = (., dg)dy. We thus have
My, = Z QﬁW Z Qjéw“ W Z ij+1lej2~~~jk+1' (6.3)
Ji=1 Jj2=1 Je+1=1
Here
PR I
Tkt 2w Jo (b, = A) e (Bjyy — A

Lemma 1.5.1 from [31] gives us the inequalities

|Jj1---jk+1‘ < fk(A) (jlvaa s ajk+1 = 1a s ,’I’L).
Hence, by (6.3)

ji=1 jo=1 Jr+1=1
But . N N
ZQAJ1|W‘ ZQJz‘W||W‘ Z ij+1 = |W‘k
Jji=1 jo=1 jk,+1:1
Thus |M| < &(A)|W k. Now (6.2) implies the required result. O

Additional estimates for the entries of matrix functions can be found in [43,
38]. Under the hypothesis of the previous theorem with the notation

6o(A) = max | (o).
we have the inequality
F(A)] < &+ (W] = ng W, (6.4)
k=1
Here |W|° = I.

Let [|A||; denote a lattice norm of A. That is, [|Al|; < ||[A]l[;, and [|A]|; < 4],
whenever 0 < A < A. Now the previous theorem implies the inequality

1F(A) = F(S)lle < Zﬁk MW (6.5)

and therefore,

1f(A ||z<Z£k )W .
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2.7 Diagonalizable matrices

The results of this section are useful for investigation of the forced oscillations of
equations close to ordinary ordinary differential equations (see Section 12.3).

2.7.1 A bound for similarity constants of matrices

Everywhere in this section it is assumed that the eigenvalues A\ = A\p(A4) (k =
1,...,n) of A, taken with their algebraic multiplicities, are geometrically simple.
That is, the geometric multiplicity of each eigenvalue is equal to one. As it is well
known, in this case A is diagonalizable: there are biorthogonal sequences {uy} and
{vi}: (vj,ur) =0 (j #k), (vj,u;) =1 (j,k=1,...,n), such that

A= Qs (7.1)
k=1
where Q = (., ug)vr (k= 1,...,n) are one-dimensional eigenprojections. Besides,

there is an invertible operator 7" and a normal operator .S, such that
TA=ST. (7.2)
The constant (the conditional number)
kr = || T| |1 T~

is very important for various applications, cf. [103]. That constant is mainly nu-
merically calculated. In the present subsection we suggest a sharp bound for sp.
Applications of the obtained bound are also discussed.

Denote by pj,7 =1,...,m < n the distinct eigenvalues of A, and by p; the
algebraic multiplicity of j;. In particular, one can write

P1=A1 =" = Apyy B2 = Api41 =" = Apy4pos
etc.
Let ; be the half-distance from p; to the other eigenvalues of A:
0ji=,  min ki — pwl/2
and
PN = A0 T e s 10 T PRI/
Put )
n- k
g*(A
n(A) = 5 A( \}k"
i1 0F(A)VR!
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According to (1.1),
T (V2No(A)))
USEDD SE(AWK

k=1

In [51, Corollary 3.6], the inequality

m vn—l gk(A)
ke <Y p 2 s < n(l+7n (A)) (7.3)

Jj=1

has been derived. This inequality is not sharp: if A is a normal matrix, then it
gives kp < n but kp = 1 in this case. In this section we improve inequality (7.3).
To this end put

( n(1 47 (A)) it (4) > 1,
/y = n .
(0 (A) + ) +1] g (4) < 1.
Now we are in a position to formulate the main result of the present section.

Theorem 2.7.1. Let A be a diagonalizable n x n-matriz. Then kr < vy(A).

The proof of this theorem is presented in the next subsection. Theorem 2.7.1
is sharp: if A is normal, then g(A) = 0. Therefore 1 (4) = 0 and v(A) = 1. Thus
we obtain the equality kp = 1.

2.7.2 Proof of Theorem 2.7.1

We need the following lemma [51, Lemma 3.4].
Lemma 2.7.2. Let A be a diagonalizable n X n-matriz and

n

S = Ne(,di)dy, (7.4)

k=1
where {dy} is an orthonormal basis. Then the operator

n

T=> (. dp)vx (7.5)

k=1

has the inverse one defined by

and (7.2) holds.
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Note that one can take ||ug|| = ||vg||. This leads to the equality
IT=H =T (7.6)
We need also the following technical lemma.

Lemma 2.7.3. Let L1 and Lo be projections satisfying the condition r := ||L1 —
Ls|| < 1. Then for any eigenvector fi of Ly with ||f1]| = 1 and Ly fi1 = f1, there
exists an eigenvector fo of Lo with ||f2]| =1 and Lafy = fa, such that

2r
— < )
[f1— foll < 1—r

Proof. We have |Laf1 — L1 f1|| <7 < 1 and
bo = Lafull = | Lofill = (B — La)fill = 1= 7 > 0.

Thanks to the relation La(Laf1) = Laf1, we can assert that Lo f1 is an eigenvector

of Ly. Then
1

f2 = b Laf1
0
is a normed eigenvector of Ly. So
1 1 1
fi—fe=Lifi—, Lafi=fi—, fi+, (L1— L2)fi.
bo bo bo
But
1 1
<
bop — 1—r
and
1 1 1 r 2r
— < —1 Li—L < -1 =
A o) T E o (L A N R
as claimed. |

In the rest of this subsection dy = e; (k = 1,...n), where {ex}}_, is the
Schur orthonormal basis of A. Then S = D, where D is the diagonal part of A
(see Section 2.2). For a fixed index j < m, let Pj be the eigenprojection of D,
and Qj the eigenprojection of A corresponding to the same (geometrically simple)
eigenvalue p;. So

A=D 1iQ;
j=1
The following inequality is proved in [51, inequality (3.3)]:
n—1 r
N g (A
10— Byl <nyy where ;=3 0 (77)
A
Let v;s and ejs (s =1,...,p;) be the eigenvectors of Qj and I:’j, respectively, and

llejs|l = 1. Inequality (7.7) and the previous lemma yield
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Corollary 2.7.4. Assume that

Then

Vjs
vjs |

< Y(A) (s=1,...,p;), where P(A)=

— ejs

Hence it follows that

Taking in the previous corollary Q7 instead of Q; we arrive at the similar inequality

Proof of Theorem 2.7.1. By (7.5) we have

Vk
v ||

U,
k|

< (A (k=1,...,n). (7.9)

1/2 " 1/2
[Z , [lukllex) + (xvu;c—wcek)zl

k=1

n
7] = [D o)
k=1
n g
< Juk|?|(x —ep)|?
L; "]

Hence, under condition (7.8), inequality (7.9) implies

1/2

n 1/2
> uk(x,ek)zl (zeC™).
k=1

I1T2]| < max [fugl[[|lz]|($(A)v/n +1) (@€ C").
Thanks to Corollary 3.3 from [51], maxy, ||ux||? < 1+ n (A). Thus,
- 2y/nn (A
ITIP < 304) = (n 4y + 1) |2 ]

According to (7.6), ||T~|? < 4(A). So under condition (7.8), the inequality xr <
7(A) is true. Combining this inequality with (7.3), we get the required result. O

2.7.3 Applications of Theorem 2.7.1

Theorem 2.7.1 immediately implies

Corollary 2.7.5. Let A be a diagonalizable n x n-matriz and f(z) be a scalar func-
tion defined on the spectrum of A. Then ||f(A)| < v(A) maxy |f( ).
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In particular, we have

7(A)

IR < 7

and [le®]| < y(A)e " (> 0).

Let A and A be complex n x n-matrices whose eigenvalues A\, and ;\k, re-
spectively, are taken with their algebraic multiplicities. Recall that

sva(A) := ml?xmin Ak — A
j

Corollary 2.7.6. Let A be diagonalizable. Then sva(A) < v(A)||A — A.

Indeed, the operator S = TAT ! is normal. Put B = TAT~!. Thanks to
the well-known Corollary 3.4 [103], svs(B) < ||S — B||. Now the required result is
due to Theorem 2.7.1.

Furthermore let ﬁ, Vi and V_ be the diagonal, upper nilpotent part and
lower nilpotent part of matrix A = (axx), respectively. Using the preceding corol-
lary with Ay = D + V., we arrive at the relations

o(As) = (D), and [A— Ayl = [V_].

Due to the previous corollary we get

Corollary 2.7.7. Let A = (ajk);‘l,kzl be an n x n-matriz, whose diagonal has the
property

ajj #aps (J#*; kE=1,...,n).
Then for any eigenvalue p of A, there is a k =1,...,n, such that
| — apr] < Y(ADIV-l,

and therefore the (upper) spectral radius satisfies the inequality

rs(A) < k£§§n|akk| + (A [V-],

and the lower spectral radius satisfies the inequality

ro(4) > min Jael = (AL)IIV-)

provided |agi| > 04 (k=1,...,n).

Clearly, one can exchange the places V, and V_.
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2.7.4 Additional norm estimates for functions
of diagonalizable matrices

Again A is a diagonalizable n x n-matrix, and p; (j = 1,...,m < n) are the
distinct eigenvalues of A: u; # u for k # j and enumerated in an arbitrary order.
Thus, (7.1) can be written as

m

A= Qx,
k=1

where Qk, k < m, is the eigenprojection whose dimension is equal to the algebraic
multiplicity of .
Besides, for any function f defined on o(A), f(A) can be represented as

m

FOA) = F ) Q-

k=1

Put
j A
:ZQk (j=1,....,m).
k=1

Note that according to (7.2) Qj = T’ll—c’jT, where Pj is an orthogonal pro-
jection. Thus by Theorem 2.7.1,

< <
Jmax [ Qull < rr < y(A).

Theorem 2.7.8. Let A be diagonalizable. Then

m—1

1F(A) = F(pm)I|| = max IQkl D 1f () = funa)-

k=1

To prove this theorem, we need the following analog of the Abel transform.

Lemma 2.7.9. Let ay be numbers and Wy, (k= 1,...,m) be bounded linear opera-
tors in a Banach space. Let

m J
Ui=> ayW, and B;=» Wi
k=1 k=1

Then

m—1
U = ag — ak:Jrl Bk: + amBm
k:l
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Proof. Obviously,

m m m—1

m
U= a1B1+Z ar(Br—DBy-1) Z%Bk Z%Bk 1= ZakBk_Z ax41Bp,

k=2
as claimed. 0O

Proof of Theorem 2.7.8. According to Lemma 2.7.9,

m—1
fA) =) (f(ur) = f(rt1)) @k + f (1tm) Q- (7.10)
k=1
But Q,, = I. Hence, the assertion of the theorem at once follows. O

According to the previous theorem we have

Corollary 2.7.10. Assume that f(X) is real for all A € 0(A), and that the condition

i) < F(u) (k=1,...,m—1) (7.11)

holds. Then

1F(A) = FQpm)T]| < max QUL (1) — f (pm)]-

From this corollary it follows that

IF A < max (|Qu[f (1) + [f ()| = f ()],

1<k<m

provided (7.11) holds.

2.8 Matrix exponential

2.8.1 Lower bounds

As it was shown in Section 2.5,

n—1
t T,k
lexp(AL)[| < e*M0> " g* ()t w20
k=0

where a(A) = maxy=1 ., ReA;(A). Moreover, by (3.1),

(A)tF
| exp(At)]| < et Z gk' 3)/2 (t >0). (8.1)
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Taking into account that the operator exp(—At) is the inverse one to exp(At) it
is not hard to show that

ws SO
T 0 9 (AR T
where S(A) = ming=1 ., ReAx(A). Therefore by (3.1),

|| exp(At) (t>0,heCm),

P |n]

|| exp(At)h|| > Zn 1 gk (A)(K)=3/2 th

(t>0). (8.2)

Moreover, if A is a diagonalizable n X n-matrix, then due to Theorem 2.7.1 we

conclude that
Jle=44)] < 3(A)e PN (¢ > 0).

Hence,
[A]|eP A

eAth >
et > 117

(t>0,heC™).

2.8.2 Perturbations of matrix exponentials

Let A, A € C™™ and E = A — A. To investigate perturbations of matrix expo-
nentials one can use the equation

t
et — At = / et peAs s (8.3)
0

and estimate (8.1). Here we investigate perturbations in the case when | AE — EA|
is small enough. We will say that A is stable (Hurwitzian), if a(A) < 0. Assume
that A is stable and put

o0 o0
() :/ leAtdt and va :/ HleA | dt.
0 0
Theorem 2.8.1. Let A be stable, and
|AE — EA|va < 1. (8.4)

Then A is also stable. Moreover,

- A E
1A AE — EA|
and
*® 1 AE -~ FA A E
/ ”eAt - eAt”dt < ||E||’UA + H ”UASU( )+UAH H) (86)
0 1 — val|AE — EA|
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This theorem is proved in the next subsection.
Furthermore, by (8.1) we obtain u(A) < ug(A) and va < 94, where

n—1 n—1
uo(A) = g*(4) d ba=Y ‘ (k +1)g*(A)
k=0

an .
2 a(A)F+ (k1) 12 a(A)[F2 (k)12
Thus, Theorem 2.8.1 implies

Corollary 2.8.2. Let A be stable and |AE — EA|o4 < 1. Then A is also stable.

Moreover,
i uo(A) + 04l E||

u(A) < N
1—04||AE — EA||

and ~
|AE — EA[|[0(uo(A) + al|E]])

/ leAt = eAtdt < |[Efoa+ | loat
0 1 — 04| AE — EA|

2.8.3 Proof of Theorem 2.8.1

We use the following result, let f(¢),c(t) and h(t) be matrix functions defined on
[0,0] (0 < b < ). Besides, f and h are differentiable and ¢ integrable. Then

b b
/0f(t)C(t)/”L(t)dt=f(b)j(b)/”b(b)—/O (f'®F(OnE) + f() ()R (¢))dt

with .
j(t) = / c(s)ds.
0
For the proof see Lemma 8.2.1 below. By that result

et _ At — /Ot A=) BeAsds = Bttt + /Ot eAt=9) [AE — EA]se?*ds.
Hence,

/OOO eAt — At gt < /Ooo | Ete™|dt + /OOO /Ot A | AE — BA|||[seA|ds dt.
But

[e%¢) t _ oo oo .
/ / 1A= [ sljeA%|ds dt = / / 1A= slleA% dt ds
0 0 0 s

:/ SHeAstS/ leAtdt = vau(A).
0 0
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Thus -
/ |edt — eAt||dt < ||E||va + |AE — EA|lvau(A). (8.7)
0
Hence, R R R
w(A) < u(A) +||E|va + ||AE — EA|jvsu(A).

(
So according to (8.4), we get (8.5). Furthermore, due to (8.7) and (8.5) we get
(8.6) as claimed. O

2.9 Matrices with non-negative off-diagonals

In this section it is assumed that A = (a;;)7;_; is a real matrix with
ai; > 0 for i # j. (9.1)

Put
a= min a;; and b= max aj;.

Jj=1,....n Jj=1,....,n

For a scalar function f(\) write

ap(f,A) = inf f® (@) and  fBr(f,A) := sup f® ()

asest Kl a<e<p k! (k=0,1,2,...),

assuming that the derivatives exist.
Let W = A — diag(a;;) be the off diagonal part of A.

Theorem 2.9.1. Let condition (9.1) hold and f(X\) be holomorphic on a neighbor-
hood of a Jordan set, whose boundary C' has the property

n
2 —ajl > Y ag

k=1,k#j

forallz € C andj=1,...,n. In addition, let f be real on [a,b]. Then the following

inequalities are valid:
oo

FA) = aw(f, AWE, 9.2)
k=0
provided
rs(W) Jim /Jax(f, A) <1,
and -
FIA) <7 Belf, AW, (9:3)
k=0
provided,

rs(W) lergO Y16 (f, A)| < 1.

In particular, if ag(f,A) >0 (k=0,1,...), then matriz f(A) has non-negative
entries.
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Proof. By (6.2) and (6.3),

F(A) = £(S) + 3 M,
k=1

where . . .
My, = Z lew Z szw W Z ij+1Jj1j2~~~jk+1'
=1 J2=1 Je1=1
e (-1t &
-1 F(A)dA
= S
J1--Jhet 27 C(bjl_/\)“'(bjk+1_/\) (J jj)

Since S is real, Lemma 1.5.2 from [31] gives us the inequalities

ak(fv A) < Jj1~~~jk+l < Bk(fv A)

Hence,

My > ap(f,A) D> QW Y QuW ... W > Qjy,, = an(f, AW

j1=1 Jj2=1 Jrk+1=1

Similarly, My < Bi(f, A)WP*. This implies the required result. |

2.10 Comments

One of the first estimates for the norm of a regular matrix-valued function was
established by I.M. Gel’fand and G.E. Shilov [19] in connection with their inves-
tigations of partial differential equations, but that estimate is not sharp; it is not
attained for any matrix. The problem of obtaining a sharp estimate for the norm
of a matrix-valued function has been repeatedly discussed in the literature, cf.
[14]. In the late 1970s, the author obtained a sharp estimate for a matrix-valued
function regular on the convex hull of the spectrum, cf. [21] and references therein.
It is attained in the case of normal matrices. Later, that estimate was extended
to various classes of non-selfadjoint operators, such as Hilbert—Schmidt operators,
quasi-Hermitian operators (i.e., linear operators with completely continuous imag-
inary components), quasiunitary operators (i.e., operators represented as a sum
of a unitary operator and a compact one), etc. For more details see [31, 56] and
references given therein.

The material of this chapter is taken from the papers [51, 53, 56] and the
monograph [31].

About the relevant results on matrix-valued functions and perturbations of
matrices see the well-known books [9, 74] and [90].
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