
Chapter 2
Global Attractors for Autonomous Evolution
Equations

2.1 Kolmogorov ε-Entropy and Its Asymptotics in Functional
Spaces

We start with the definition of Kolmogorov ε-entropy, via which we define the frac-
tal dimension of a compact set in a metric space. We will use these two concepts in
the sequel.

Definition 2.1 Let K be a (pre)compact set in a metric space M . Then, due to Haus-
dorff’s criteria, it can be covered by a finite number of ε-balls in M . Let Nε(K,M)

be the minimal number of ε-balls that cover K . Then, we can call Kolmogorov’s
ε-entropy of K the logarithm of this number;

Hε(K,M) := log2 Nε(K,M).

We now give several examples of typical asymptotics for the ε-entropy.

Example 2.1 We assume that K = [0,1]n and M = R
n (more generally, K is an

n-dimensional compact Lipschitz manifold of the metric space M). Then

Hε(K,M) = (
n + o(1)

)
log2

1

ε
as ε → 0.

This example justifies the definition of the fractal dimension.

Definition 2.2 The fractal dimension dimF (K,M) is defined as

dimF (K,M) := lim sup
ε→0

Hε(K,M)

log2 1/ε
.

Hence, for a compact n-dimensional Lipschitz manifold K in a metric space M ,
dimF (K,M) = n.

The following example shows that, for sets that are not manifolds, the fractal
dimension may be a non-integer.
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Example 2.2 Let K be a standard ternary Cantor set in M = [0,1]. Then
dimF (K,M) = ln 2

ln 3 < 1.

Proof Let K be the Cantor set obtained from the segment [0,1] by the sequen-
tial removal of the centre thirds. First we remove all the points between 1/3
and 2/3. Then the centre thirds (1/9,2/9) and (7/9,8/9) of the remaining seg-
ments [0,1/3] and [2/3,1] are deleted. After that the centre parts (1/27,2/27),
(7/27,8/27), (19/27,20/27) and (25/27,26/27) of the four remaining segments
[0,1/9], [2/9,1/3], [2/3,7/9] and [8/9,1], respectively, are deleted. If we con-
tinue this process to infinity, it will lead to the standard Cantor set K . Next we cal-
culate its fractal dimension. We emphasize that K = ⋂∞

M=0 θm, where θ0 = [0,1],
θ1 = [0,1/3]∪ [2/3,1], θ2 = [0,1/9]∪ [2/9,1/3]∪ [2/3,7/9]∪ [8/9,1] and so on.
Each of the sets θm can be considered as a union of 2m segments of length 3−m.
In particular, the cardinality of the covering of the set K with segments of length
3−m is equal to 2m. Consequently dimF (K, [0,1]) = limm→∞ ln 2m

ln 3m = ln 2
ln 3 . It is not

difficult to show that

(1) if K1 ⊆ K2, then dimF (K1,M) ≤ dimF (K2,M),
(2) dimF (K1 ∪ K2,M) ≤ max{dimF (K1,M); dimF (K2,M)},
(3) dimF (K1 × K2,M × M) ≤ dimF (K1,M) + dimF (K2,M),
(4) let g be a Lipschitzian mapping of one metric space M1 into another M2. Then

dimF (g(K),M2) ≤ dimF (K,M1). �

The next example gives the typical behaviour of the entropy in classes of func-
tions with finite smoothness.

Example 2.3 Let V be a smooth bounded domain of Rn and let K be the unit ball
in the Sobolev space Wl1,p1(V ) and M be another Sobolev space Wl2,p2(V ) such
that the embedding Wl1,p1 ⊂ Wl2,p2 is compact, i.e.

l1 > l2 ≥ 0,
l1

n
− 1

p1
>

l2

n
− 1

p2
.

Then, the entropy Hε(K,M) has the following asymptotics (see [128]):

C1

(
1

ε

)n/(l1−l2)

≤ Hε(K,M) ≤ C2

(
1

ε

)n/(l1−l2)

.

Finally, the last example shows the typical behaviour of the entropy in classes of
analytic functions.

Example 2.4 Let V1 ⊂ V2 be two bounded domains of Cn. We assume that K is the
set of all analytic functions φ in V2 such that ‖φ‖C(V2) ≤ 1 and that M = C(V1).
Then

C1(log2 1/ε)n+1 ≤Hε(K|V1 ,M) ≤ C2(log2 1/ε)n+1

(see [73]).
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2.2 Global Attractors and Finite-Dimensional Reduction

It is well-known that one of the main concepts of the modern theory of DS in infinite
dimensions is that of a global attractor. We give below its definition for an abstract
semigroup S(t) acting on a metric space Φ , although, without loss of generality,
the reader may think that (S(t),Φ) is just a DS associated with one of the PDEs
described in the introduction.

To this end, we first recall that a subset K of the phase space Φ is an attracting
set of the semigroup S(t) if it attracts the images of all the bounded subsets of Φ ,
i.e., for every bounded set B and every ε > 0, there exists a time T (depending in
general on B and ε) such that the image S(t)B belongs to the ε-neighbourhood of
K if t ≥ T . This property can be rewritten in the equivalent form

lim
t→∞ distH

(
S(t)B,K

) = 0,

where distH (X,Y ) := supx∈X infy∈Y d(x, y) is the non-symmetric Hausdorff dis-
tance between subsets of Φ .

We now give the definition of a global attractor, following Babin-Vishik (see
[13, 23, 41, 124]).

Definition 2.3 A set A⊂ Φ is a global attractor for the semigroup S(t) if

(1) A is compact in Φ;
(2) A is strictly invariant: S(t)A =A, for all t ≥ 0;
(3) A is an attracting set for the semigroup S(t).

Thus, the second and third properties guarantee that a global attractor, if it exists,
is unique and that the DS reduced to the attractor contains all the nontrivial dynamics
of the initial system. Furthermore, the first property indicates that the reduced phase
space A is indeed “thinner” than the initial phase space Φ (we recall that, in infinite
dimensions, a compact set cannot contain, e.g., balls and should thus be nowhere
dense).

In most applications, one can use the following attractor’s existence theorem.

Theorem 2.1 Let a DS (S(t),Φ) possess a compact attracting set and the operators
S(t) : Φ → Φ be continuous for every fixed t . Then, this system possesses the global
attractor A which is generated by all the trajectories of S(t) which are defined for
all t ∈ R and are globally bounded.

The strategy for applying this theorem to concrete equations of mathematical
physics is the following. In a first step, one verifies a so-called dissipative estimate
which has usually the form

∥
∥S(t)u0

∥∥
Φ

≤ Q
(‖u0‖Φ

)
e−αt + C∗, u0 ∈ Φ, (2.1)

where ‖ · ‖Φ is a norm in the function space Φ and the positive constants α and C∗
and the monotonic function Q are independent of t and u0 ∈ Φ (usually, this esti-
mate follows from energy estimates and is sometimes even used in order to “define”
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a dissipative system). This estimate obviously gives the existence of an attracting set
for S(t) (e.g., the ball of radius 2C∗ in Φ), which is however non-compact in Φ . In
order to overcome this problem, one usually derives, in a second step, a smoothing
property for the solutions, which can be formulated as follows:

∥∥S(1)u0
∥∥

Φ1
≤ Q1

(‖u0‖Φ

)
, u0 ∈ Φ, (2.2)

where Φ1 is another function space which is compactly embedded into Φ . In ap-
plications, Φ is usually the space L2(Ω) of square integrable functions, Φ1 is the
Sobolev space H 1(Ω) of the functions u such that u and ∇xu belong to L2(Ω)

and estimate (2.2) is a classical smoothing property for solutions of parabolic equa-
tions (for parabolic equations in unbounded domains and for hyperbolic equations,
a slightly more complicated asymptotic smoothing property should be used instead
of (2.2), see Sect. 3.2 of the monograph [41] and the references therein.

Since the continuity of the operators S(t) usually poses no difficulty (if the
uniqueness is proven), then the above scheme gives indeed the existence of the
global attractor for most of the PDE of mathematical physics in bounded domains.

Remark 2.1 As was shown in [6] the assumption that S(t) : Φ → Φ is continu-
ous for every fixed t can be replaced by the closedness of the graph {(u0, S(t)u0),

u0 ∈ Φ}.
Remark 2.2 Although the global attractor has usually a very complicated geometric
structure, there exists one exceptional class of DS for which the global attractor has
a relatively simple structure which is completely understood, namely the DS having
a global Lyapunov function. We recall that a continuous function L : Φ → R is a
global Lyapunov function if

(1) L is non-increasing along the trajectories, i.e. L(S(t)u0) ≤ L(u0), for all t ≥ 0;
(2) L is strictly decreasing along all non-equilibrium solutions, i.e. L(S(t)u0) =

L(u0) for some t > 0 and u0 implies that u0 is an equilibrium of S(t).

It is well-known that, if a DS possesses a global Lyapunov function, then, at least
under the generic assumption that the set R of equilibria is finite, every trajectory
u(t) stabilizes to one of these equilibria as t → +∞. Moreover, every complete
bounded trajectory u(t), t ∈ R, belonging to the attractor is a heteroclinic orbit join-
ing two equilibria. Thus, the global attractor A can be described as follows [6, 79]:

A =
⋃

u0∈R
M+(u0),

where M+(u0) is the so-called unstable set of the equilibrium u0 (which is gen-
erated by all heteroclinic orbits of the DS which start from the given equilibrium
u0 ∈ A). It is also known that, if the equilibrium u0 is hyperbolic (generic assump-
tion [6]), then the set M+(u0) is a κ-dimensional submanifold of Φ , where κ is
the instability index of u0. Thus, under the generic hyperbolicity assumption on
the equilibria, the attractor A of a DS having a global Lyapunov function is a fi-
nite union of smooth finite-dimensional submanifolds of the phase space Φ . These
attractors are called regular (following Babin-Vishik (see [13]).
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It is also worth emphasizing that, in contrast to general global attractors, regular
attractors are robust under perturbations. Moreover, in some cases, it is also possible
to verify the so-called transversality conditions (for the intersection of stable and
unstable manifolds of the equilibria) and, thus, verify that the DS considered is a
Morse-Smale system. In particular, this means that the dynamics restricted to the
regular attractor A are also preserved (up to homeomorphisms) under perturbations.

In the sequel we will apply Theorem 2.1 or Remark 2.1 (whenever it will be nec-
essary) to a class of PDEs arising in mathematical physics. We especially emphasize
that one of the challenging questions in the theory of attractors is, in which sense
are the dynamics on the global attractor finite-dimensional? As already mentioned,
the global attractor is usually not a manifold, but has a rather complicated geometric
structure. So, it is natural to use the definitions of dimensions adopted for the study
of fractal sets here. We restrict ourselves to the so-called fractal (or box-counting,
entropy) dimension, although other dimensions (e.g., Hausdorff, Lyapunov, etc.)
are also used in the attractors’ theory. Here the so-called Mané theorem (which can
be considered as a generalization of the classical Whitney embedding theorem for
fractal sets) plays an important role in the finite-dimensional reduction theory (see
[124]).

Theorem 2.2 Let Φ be a Banach space and A be a compact set such that
df (A) < N for some N ∈ N. Then, for “almost all” 2N + 1-dimensional planes
L in Φ , the corresponding projector ΠL : Φ → L restricted to the set A is a Hölder
continuous homeomorphism.

Thus, if the finite fractal dimensionality of the attractor is established, then, fix-
ing a hyperplane L satisfying the assumptions of the Mané theorem and projecting
the attractor A and the DS S(t) restricted to A onto this hyperplane (Ā := ΠLA and
S̄(t) := ΠL ◦ S(t) ◦ Π−1

L ), we obtain indeed a reduced DS (S̄(t), Ā) which is de-
fined on a finite-dimensional set Ā⊂ L ∼R

2N+1. Moreover, this DS will be Hölder
continuous with respect to the initial data.

Remark 2.3 Note that, good estimates on the dimension of the attractors in terms
of the physical parameters are crucial for the finite-dimensional reduction described
above and (consequently) there exists a highly developed machinery for obtaining
such estimates. The best known upper estimates are usually obtained by the so-
called volume contraction method which is based on the study of the evolution of
infinitesimal k-dimensional volumes in the neighbourhood of the attractor (and, if
the DS considered contracts the k-dimensional volumes, then the fractal dimension
of the attractor is less than k (see [13, 124])).

Remark 2.4 Lower bounds on the dimension are usually based on the observation
that the global attractor always contains the unstable manifolds of the (hyperbolic)
equilibria. Thus, the instability index of a properly constructed equilibrium gives a
lower bound on the dimension of the attractor (see [13, 41, 124]).
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The following Theorem 2.3 plays the decisive role in the study of the dimension
of an attractor, which in turn does not require differentiability of the associated
semigroup in contrast to (see [13, 23, 124]). We especially emphasize that for a quite
large class of degenerate parabolic systems arising in the modelling of life science
problems (see Chap. 5 of this book) the associate semigroup is not differentiable.
We denote this by S := S(1).

Theorem 2.3 Let H1 and H be Banach spaces, H1 be compactly embedded in H

and let K � H . Assume that there exists a map S : K → K , such that S(K) = K

and that the ‘smoothing’ property
∥
∥S(k1) − S(k2)

∥
∥

H1
≤ C‖k1 − k2‖H (2.3)

is valid for every k1, k2 ∈ K . Then the fractal dimension of K in H is finite and can
be estimated in the following way:

dF (K,H) ≤ H1/4C

(
B(1,0,H1),H

)
(2.4)

where C is the same as in (2.3) and B(1,0,H1) denotes the unit ball in the space H1.

Proof Let {B(ε, ki,H)}Nε

i=1, ki ∈ K , be some ε-covering of the set K (here and be-
low we denote by B(ε, k,V ) the ε-ball in the space V , centred in k). Then according
to (2.3), the system {B(Cε,L(ki),Hi)}Nε

i=1 of Cε-balls in H1 covers the set S(K)

and consequently (since S(K) = K) the same system covers the set K .
Cover now every H1-ball with radius Cε by a finite number of ε

4 -balls in H . By
definition, the minimal number of such balls equals to

Nε/4
(
B

(
Cε,S(ki),H1

)
,H

) = Nε/4
(
B(Cε,0,H1),H

)

= N1/4C

(
B(1,0,H1),H

) ≡N .

Note, that the centres of the ε/4-covering thus obtained do not necessarily belong
to K but we evidently can construct the ε/2-covering with centres in K and with
the same number of balls.

Thus, having the initial ε-covering of K in H with the number of balls Nε we
have constructed the ε/2-covering with the number of balls Nε/2 =NNε .

Consequently, the ε-entropy of the set K possesses the following estimate.
In fact the assertion of the theorem is a corollary of this recurrent estimate. In-

deed, since K � H then there exists ε0 such that K ⊂ B(ε0, k0,H) and conse-
quently

Hε0(K,N) = 0. (2.5)

Iterating the estimate (2.5) n-times we obtain that

Hε0/2n(k,H) ≤ n log2 N .

Fix now an arbitrary ε > 0 and choose n = n(ε) in such a way that
ε0

2n
≤ ε ≤ ε0

2n − 1
.
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Then

Hε(K) ≤ Hε/2n(K) ≤ n log2 N ≤ log2

(
2ε0

ε

)
log2 N . (2.6)

Thus (2.4) is an immediate consequence of (2.6). Theorem 2.3 is proved. �
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