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Abstract  Here we look at the interior of protein structures, as viewed through 
the prism of fractal dimensions. History of application of fractal dimension-based 
constructs to probe protein interior dates back to the development of theory of 
fractal dimension itself. Numerous approaches have been tried and tested over a 
course of 30 years. All of these bring to light some or the other facet of symmetry 
of self-similarity prevalent in protein interior. Later half of the last decade, espe-
cially, has been phenomenal; in terms of the works that innovatively stretched the 
limits of fractal dimension-based studies to present an array of unexpected results 
about biophysical properties of protein interior. Here, starting from the fundamen-
tal of fractals, we will learn about the commonality (and the lack of it) between 
various approaches, before exploring the patterns in the results that they have 
produced. Clustering these approaches in major schools of protein self-similar-
ity studies, we will attempt to describe the evolution of fractal dimension-based 
methodologies. Then, after attempting to work out the genealogy of approaches 
(and results), we will learn about certain inherent limitations of fractal constructs. 
Finally, we will attempt to identify the areas and specific questions where the 
implementation of fractal dimension-based constructs can be of paramount help to 
unearth latent information about protein structural properties.

2.1 � Why, at All, Does One Need Fractal Dimension  
to Study Protein Interior?

Anybody who has worked on any small little problem on anything to do with pro-
tein structure will tell you that proteins are rather complex and enigmatic entities. 
You may ask, “precisely how much enigmatic?”—Well, to present an idea, think 
of “simple” single domain globular proteins. They undergo remarkably coopera-
tive transitions from an ensemble of unfolded states to well-ordered folded states 
(often called, somewhat loosely, the ‘native states’) as the temperature is lowered. 
Protein scientists, thousands of them, from all across the world, have accumulated 
enough materials to describe the various stages of the aforementioned cooperative 
transition studying various proteins. But, despite intense research of more than 
half-a-century, scientists could not decipher the general principles how proteins 
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fold with utmost reliability and consistency to their native conformations, despite 
frustration in the form of nonnative interactions between residues. What makes 
this open question seem tantalizingly close to our reach is the fact that in many 
cases, the transition to the native state takes place in an (apparent) straightforward 
two-state manner; i.e., the only detectable species are found to belong to either 
to the unfolded state or to the native state (Poland and Scheraga 1970; Creighton 
1993; Privalov 1979). Studies have shown that folded states of globular proteins 
are only marginally stable below the folding transition temperature and the free 
energies of stability of the native state, relative to the unfolded states, vary within a 
small range of (5–20) kBT at neutral pH (Creighton, 1993; Taverna and Goldstein 
2002). Furthermore, it has been identified that the transition to the native state 
at the folding temperature has the characteristics of a first-order phase transition 
(Privalov 1979; Bryngelson et al. 1995; Kolinski et al. 1996; Dill et al. 1995; Li 
et al. 2004). That is because the transition to native state at the folding temperature 
could be categorized as one due to effective inter-residue attractions that compen-
sates for the loss of entropy. However, we have not succeeded in fully understand-
ing the microscopic origin of this inter-residue cooperativity (Bryngelson et al. 
1995; Kolinski et al. 1996; Dill et al. 1995; Li et al. 2004), even in the case of 
“simple” small single domain globular proteins. This is why, although it seems 
tantalizingly close, we are yet to understand the structure and folding aspects of 
proteins, fully. Thus, there is reasonable ground to assert that proteins are enig-
matic characters, full of nonidealistic traits that are farthest from being addressed 
with simplistic constructs. Not surprisingly therefore, one work has described pro-
teins as ‘complex mesoscopic systems’ (Karplus 2000).

Apart from being characterized by an enormous number of degrees of freedom, 
proteins have multidimensional potential energy surfaces. It is a known fact (De 
Leeuw et al. 2009; Reuveni 2008) that while a protein needs to adhere to its spe-
cific native fold to ensure its (thermal) stability, this native fold should allow cer-
tain parts of the protein to undergo large-amplitude movements. These movements 
(studied under the broad umbrella of fluctuation studies) assume a critical char-
acter in ensuring the desired functionality of a protein. It is equally intriguing to 
notice that although the structure of a protein can be accurately studied as that of a 
composite macromolecule, it has many a properties in common with that of mac-
roscopic microparticles (Goetze and Brickmann 1992). From somewhat a differ-
ent perspective, crystallography studies (Tissen et al. 1994) have reported on the 
mesoscopic nature of protein structures. The standard ‘compact object description’ 
of proteins (characterized by small-amplitude vibrations and by a low-frequency 
Debye density of states) cannot account for their ‘non-idealistic’ behavior (De 
Leeuw et al. 2009; Reuveni 2008). Indeed, the nonconstancy of distance between 
any two atoms (
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∣ �= Constant ) in any biologically functional protein can 
easily be verified with the simplest of computer programs. In addition, recent 
(Banerji and Ghosh 2009a, 2011) characterizations of inhomogeneous distribu-
tions of mass and hydrophobicity in the protein interior merely serve to complicate 
an effort to construct a straightforward and linear scheme for the description of the 
protein interior.
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Thus, it is unrealistic to expect that constructs that are otherwise adequate to 
describe the complexity of simple structures (spheres, cubes, other regular struc-
tures of idealistic shape, and characteristics) will help in attempts to describe pro-
teins. Clearly, to achieve this goal one needs to think beyond the tool set of simple 
geometry and the physics of idealistic systems. To be categorical, one needs to 
adopt an approach that has the capabilities to describe the inherently inhomogene-
ous and nonlinear behaviors of protein structural parameters as an innate capacity 
of proteins, rather than treating them as deviations from some arbitrarily chosen 
standard for (illusory) ideality. In this very context, one notes that quantification 
of the self-similarity prevalent in protein properties can serve as a potent tool to 
achieve the aforementioned challenging task. Self-similarity has a unique advan-
tage over many other possible constructs, because an objective evaluation of self-
similarity will enable deciphering of the hidden symmetry that connects global 
patterns of macroscopic properties in proteins (such as hydrophobicity distribu-
tion, polarizability distribution, etc.) with the local (atomic) interactions that pro-
duce them.

During attempts to describe many natural phenomena, researchers found that 
fractal dimension (denoted as FD from here onward) could reliably quantify self-
similarity. Hence, resorting to FD to quantify the self-similarity prevailing in the 
distributions of protein biophysical and biochemical properties does not appear 
to be an unreasonable proposition. As a result, investigations of protein structures 
using FD-based measures have generated enormous interest.

2.2 � Schools of Protein Interior Fractal Studies

Two forms of protein information, viz. one of the primary structures, and that of 
the three-dimensional structures of proteins (Stapleton et al. 1980; Havlin and 
Ben-Avraham 1982a, b, c, d; Alexander and Orbach 1982; Wagner et al. 1985), 
were chosen to conduct preliminary investigations. The school of primary struc-
ture studies owes its origin to polymer research primarily and focuses for the 
most part upon examining fractal properties within backbone connectivity. The 
other school of studies largely ignored main-chain information and concentrated 
on the distribution of residues and atoms within protein space. These schools, 
together, constructed the general framework with which one can quantify interior 
fractals. Various sub-approaches can be observed within both these broad-based 
approaches that differ from each other (mainly) in terms of their implementation 
strategies. There are also two other basic approaches—slightly more abstract—
that have been used to probe the protein interior. One of these revolves around the 
application of correlation dimension-based constructs to explore interior structural 
invariants, the other attempts to relate renormalization group theory (RGT) in the 
realm of protein structure analysis. It is necessary to (briefly) survey these lines of 
thoughts when comparing and contrasting protein structure. Figure 2.1 presents a 
schematic view of the families of FD-based approaches.

2.1  Why, at All, Does One Need Fractal Dimension to Study Protein Interior?
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2.2.1 � Approaches with Backbone Connectivity

Primary investigations in these lines were started by Havlin and Ben-Avraham 
(1982a, b, c, d). Their studies, however, did not directly involve much of proteins. 
But these pioneering investigations paved the way for many a works during the next 
three decades that attempted to study protein primary structures with fractal dimen-
sions. Amongst them, the work ‘Fractal dimensionality of polymer chains’ (Havlin 
and Ben-Avraham 1982a) had a phenomenal impact on the early works on protein 
fractal studies. Thus, it assumes significance to understand it. This work was impor-
tant because it was (probably) the very first study that asserted that FD could be a 
reliable marker while investigating configurational properties of a single polymer. 
Make no mistake, the various statistical configurational properties of long polymer 
chains were known already, both from theoretical as well as experimental perspective 
(de Gennes 1979; Flory 1971). Behaviors of several properties of statistical ensemble 
of polymers were known too (McKenzie 1976). But, due to some unknown reason, 
properties of a single configurational shape of a single regular polymer in statistical 
equilibrium were not known till then. Properties those were otherwise adequate, like 

Fig. 2.1   Schools of protein interior fractal studies
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mean radius of gyration (ROG), mean square end-to-end distance, etc.—were found 
lacking for the aforementioned job. The authors (Havlin and Ben-Avraham) asked: 
what happens to the case when a regular polymer chain does not change its gen-
eral shape because of bending in the middle? For such a bending, the mean square 
end-to-end distance will change and so will the mean ROG. It is in this context that 
the use of FD was proposed to characterize the configurational properties of a sin-
gle polymer. Upon modeling the polymer by long self-avoiding walk (SAW), the FD 
was calculated. In terms of magnitude, the obtained FD did not differ much from the 
average value of the entire ensemble of polymers; however, conceptually, it was a 
major leap.

The three papers of Havlin and Ben-Avraham (1982a, b, c), all published in 
1982, studied the fractal properties of polymer chains and thereby laid down the 
ground for subsequent treatments of similar type on proteins. Denoting the aver-
age end-to-end length of an unbranched polymer by L, the number of monomer 
segments (of length ε) by N, and fractal dimension as FD, they found the scal-
ing relationship to follow: N =

(

L
/

ε
)1/ vF =

(

L
/

ε
)FD

,  where the exponent turns 
out to be the inverse Flory constant vF  in polymer theory. [Theoretical consider-
ations provide limits 1 < FD < 2, which corresponds to a linear structure given 
by: L = εN  on one end, and a structure represented by unrestricted random walk, 
when FD approaches the topological dimension magnitude 2, where L = εN1/ 2  
(Tanford 1961), on the other].

Two similar approaches emerged from this basic platform. Both considered 
protein length to be the most important variable, but they differed on the exact 
definition of protein length. The first method attempted to find the scaling expo-
nent of the contour length, which is proportional to the number of monomers with 
respect to the end-to-end length. The second method attempted to quantify the 
length of a line segment along the chain, measured with a scale of the number of 
monomers in the segment. Because of its algorithmic strategy, the second method 
is alternatively denoted as ‘the internal line segment method’. But to appreciate 
the intricacies of these algorithms one needs to acquire a little idea about a con-
struct named SAW at first.

A SAW is a sequence of “walks” on a lattice, where the walk does not visit 
any point for more than once. In other words, while “walking” from one point to 
another, a SAW never intersects itself. For wonderful pictorial description of them 
please visit—Wolfram Web Resource on SAW (Weisstein, SAW, hypertext link: 
http://mathworld.wolfram.com/Self-AvoidingWalk.html). There is nothing sacred 
about using the lattices, but it so happens that calculations on lattices offer cer-
tain advantages (viz., easier length measurement, control on the step direction, dis-
creet number of steps etc.) without sacrificing the generality;—hence lattices are 
considered as model systems to study the properties of SAW. Those with slight 
background in this field will be immediately able to identify that SAW is a lattice 
random walk (or ‘Polya walks’, as it was introduced by George Polya), with one 
additional constraint, viz. no point can be revisited. For a lucid nonmathematical 
tour of SAW one may prefer the article ‘How to Avoid Yourself’ by Hayes (1998); 
more mathematically inclined readers, in addition, can refer to the old classics 
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(Kesten 1963) and (Domb 1969). SAWs have intrinsic mathematical interest, and 
their study involves an astonishingly large range of coverage in physics, chem-
istry, and biology. Polymer chemists often take recourse to SAWs to model the 
properties of polymers, whose physical volume imposes the constraint that mul-
tiple occupation of the same spatial point is not possible. It is helpful for polymer 
modeling for other reasons too. Owing to the forbidden self-intersections, SAW 
path corresponds to the excluded-volume interactions of monomers that com-
prise the polymer chain. SAW-based modeling has been immensely fruitful in the 
paradigm of “knotted-structures” like proteins too. Importantly, in the context of 
present discussion, SAWs have been shown to have fractal properties (Havlin and 
Ben-Avraham 1982b, c, d); when considered in Euclidean dimension = 2, the FD 
is found to be 4/3, while for Euclidean dimension =  3, the FD is ~5/3. For an 
interesting study on the extension of these ideas, one can refer to (d’Auriac and 
Rammal 1984).

Now, armed with this (elementary) knowledge of SAW we can revert back 
to the problem of calculating the fractal dimension of protein backbone. As 
mentioned previously, based on the basic platform laid out by Havlin and 
Ben-Avraham’s, two similar approaches emerged. Both considered protein length 
to be the most important variable, but they differed on the exact definition of pro-
tein length. In the first method (Havlin and Ben-Avraham 1982a, b; Wagner et al. 
1985; Colvin and Stapleton 1985), protein length was defined as:

where Z2
i,i+n  is the square of distance between the terminal residues ‘i’ and ‘i + n’, 

of the chain with N amino acids and n intervals. The FD, in this case, is calculated 
by performing linear regression in the scale-range appropriate to the logarithmic 

form of: 
[

〈

Z(n)2
〉1/ 2

]FD
= Const.n .

The second method, although banked on regression for the calculation of FD 
magnitude, differed from the first one in its definition of protein chain length. 
This approach (Isogai and Itoh 1984; Wang et al. 1990) defined protein length as: 
L (n) = L (m) + N−nµ−1

nµ
L(m)  

where N is the number of amino acids, n is the total length interval, L(m) cor-
responds to the length of the chain for the first m-integer segments and 
µ =

[

int
(

N
/

n
)

− 1
]

. The second term quantifies the remaining (n − m) length of 
the segment. Qualitatively it implies that with this scheme the emphasis rests pri-
marily on quantifying the scaling behavior of the segmental length of the backbone, 
which is defined as the sum of stepwise connections of straight lines, measured for 
different interval of monomers. Fractal dimension can then be obtained by analyz-
ing L (n) = Const .n1−FD,  only in the scale range where ln (L(n)) and ln(n) are 
linearly related. Such linearity in the log–log plot corresponds to the scale invari-
ance associated with the observation of the phenomenon under consideration. Some 
10 years after this methodology was published, Xiao (1994) suggested a modified 

�Z (n)2 =
1

N − n + 1

N−n+1
∑

i=1

Z2
i,i+n

〉
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version of it by proposing two possible correction schemes. These were achieved by 
implementing the end-to-end distance of the remaining residues and by performing 
L(n) measurement starting from different Cα atoms, instead of terminal Cα only. 
It is observed that these corrections increase the quality of the regression for high 
values of n, probably because it is only then the statistical nature of the process 
becomes more apparent. A detailed comparison of this genre of FD-based measures 
with the others that attempt to describe symmetry in protein backbone chain can be 
found in following references (Bytautas et al. 2000; Aszodi and Taylor 1993).

FD magnitudes obtained from first and second methods, in the case of SAW 
model, were 5/3 and 1.40, respectively (Havlin and Ben-Avraham 1982a, b; 
Xiao 1994). It was known that, in three dimension, FD would approach the 
topological dimension 2 for the Gaussian walk (or θ-solvent); whereas FD will 
assume a magnitude 5/3 for SAW, which includes the excluded volume effect 
(de Gennes 1979). However, since the SAW does not take into account any 
attractive force, a deviation from idealized magnitude 5/3 was expected too, 
especially when there are interactions between monomers that might be far 
apart along the main chain, but close within folded protein (Elber 1989). Thus, 
more realistic polymers are likely to have chain FD different from that of the 
theoretically predicted SAW magnitude, which is precisely what was observed 
from the obtained FD values. For more comprehensive discussion on FD-based 
description schemes for polymer collapse and polymer scaling in general, one 
can refer to (de Gennes 1979; Dewey 1993, 1995). But, since many of the early 
fractal works on proteins were firmly rooted in polymer studies, it assumes 
importance here to talk a little on this issue, before we get back to the realm of 
proteins again.

2.2.1.1 � A (Qualitative) Comparison Between Polymer Collapse  
and Protein Folding

Early methods of calculating the fractal dimension of any protein depended prin-
cipally on primary structure information, but the methodological apparatus for 
these investigations were (largely) derived experiences from polymer research. 
Algorithms presented beforehand and the discussions therein, demonstrate that. 
Although proteins are special types of polymers and although polymer–centric 
approaches are undeniably associated with protein fractal studies, there are differ-
ences between proteins and polymers in general. Therefore, before we proceed any 
further, it is important that we briefly compare and contrast two similar phenom-
ena, polymer collapse and protein folding. But just like the fact that proteins are 
characterized by a large number of degrees of freedom, field of protein folding 
studies is enormously multifaceted too. Since it is difficult to encompass the entire 
array of aspects related to polymer collapse and protein folding, we will restrict 
ourselves to discussions related to some (reasonably) direct questions.

One may ask, why, at the first place, protein folding studies are bothered about 
treatments of polymer collapse? Probably, it is because of the hope that polymer 

2.2  Schools of Protein Interior Fractal Studiess
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collapse-type treatment of protein folding problem may help in identifying the 
general principles that govern the later. To elaborate a little, one needs to iden-
tify the exact universal (critical) scaling properties of proteins in order to gener-
alize the principles of protein folding to all the proteins without bothering about 
whether it is protein ‘A’ or protein ‘B’, in context A* or context B*. For such a 
task, the statistical mechanics based models of conformations of linear polymers 
in dilute solution in two or three dimensions—come handy; whereby an exten-
sion of polymer collapse models appear to be rational. Or else, one may choose to 
look at the question (viz., ‘why to study polymer collapse in order to study protein 
folding?’) from a historical perspective also. Perhaps the most fundamental of all 
the properties of an isolated polymer chain is its size and shape under various sol-
vent conditions (de Gennes 1979; Doi and Edwards 1988; Grosberg and Khokhlov 
1994). Since, in the early days of protein structure studies, the primary structures 
were more easily available than the tertiary or quaternary structures; and since, the 
widely held belief was that the spontaneous folding of amino acids (protein mono-
mers) into unique globular shape is solely determined by the sequence of amino 
acids itself, it was not unusual to resort to polymer collapse models while attempt-
ing to describe protein folding.

What is the basic premise of polymer models? For completely flexible chains in 
a “good” solvent, the monomers of polymers will favor contacts with the solvent. 
This phenomenon can alternatively be described by saying that in good solvents, 
monomers effectively repel one another. As a result, in good solvent, the polymer 
shape resembles that of a swollen coil. In “poor” solvent, in contrast to the case of 
the good solvents, monomers are repelled by the solvent. Speaking alternatively, in 
poor solvents, the monomers attract one another, and an isolated chain, therefore, 
forms a compact globule. Such a globular form can be (conveniently) assumed as 
spherical in shape, which minimizes the surface area between monomers and sol-
vent. Barring these two extreme cases, one finds other polymers that exhibit sub-
stantial bending stiffness, and therefore find it difficult to attain a compact globule 
shape, because that requires substantial bending. The later cases are exemplified 
by many biopolymers, such as F-actin and DNA. Such chains are described by the 
worm-like chain models (Grosberg and Khokhlov 1994).

One can establish the common ground between polymer collapse and pro-
tein folding studies, merely based on these elementary facts. When an unfolded 
polymer chain is transferred into a poor solvent, it collapses to form a compact 
globule. Similarly, an unfolded polypeptide that is transferred from a denatur-
ing solvent (e.g., guanidine hydrochloride solution) into water, also collapses to 
a compact configuration. However, the collapsed state does not necessarily imply 
the existence of the folded state of a biologically functional polypeptide. Hence, 
one should be careful not to use the word “native” state (denoting the folded state 
of a biologically functional macromolecule) in place of the word “collapsed” state. 
The compact denatured configuration, obtained from collapse, has been variously 
named as “molten globule”, the “compact globule”, or the “folding intermediate”. 
Since, studies related to collapse transition and the nature of these compact dena-
tured states both lay down the foundation of biophysical studies of protein folding, 
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understanding polymer collapse assumes importance while attempting to under-
stand protein folding.

The (aforementioned) statistical mechanical models display three different 
behaviors. At high temperatures these models imitate polymers in “good” solvent, 
which means a solvent where the excluded volume effect is dominant. In contrast 
to this, in low temperatures, the models describe a collapsed state, caused by sol-
vent-mediated attractive interactions amongst different stretches of a polymer. In 
one particular temperature, known as the θ-point, the excluded volume effect and 
attractive forces “balance” each other, to give rise to the third type of behavior. 
This third behavior is routinely modeled with various variants of random walk 
models. But it was realized during the last two decades of last century that, the 
aforementioned paradigm of simplistic and idealistic expectations might not be apt 
to model protein folding. The ground for this realization was found from the find-
ing that in two dimensions, the θ-state does not share the scaling features expected 
from a random walk (Duplantier and Saleur 1987). But interesting as it is, since 
the discourse on this topic deviates significantly from protein reality beyond this 
point, we won’t talk about it anymore. Suffice to note that polymer collapse the-
ories attempt to model how precisely the collapse transition of a single polymer 
chain happens, in all its aspects. Since it is largely accepted (Lifshitz et al. 1978; 
Chan and Dill 1991; Pande et al. 1997) that deciphering the nature of various 
parameters during polymer collapse is foremost a precursor to deciphering protein 
folding, we will zoom in on only this aspect.

How does polymer collapse take place? The earliest known consistent theo-
retical framework of polymer collapse was (probably) put forward by de Gennes 
(de Gennes 1985). According to this framework, as the temperature changes by 
ΔT from the θ-condition, a Gaussian coil starts to aggregate, forming a uniformly 
dense sausage-like shape. With passage of time, due to the requirement to mini-
mize the interfacial area, this sausage-like shape thickens and shortens; until, at 
the final stage, a globule is formed. Alas, if only life were so simple. For vari-
ous questions of equilibrium statistical mechanics one finds neat mathematical 
schemes that fit well and fit easily with intuitive expectation. However, matching 
the intuition does not necessarily imply the infallibility of the scheme itself. This 
could be observed with de Gennes model.

From the mid-1990s, a barrage of works (Ostrovsky and Bar-Yam 1994; Byrne 
et al. 1995; Chu et al. 1995; Buguin et al. 1996; Dawson et al. 1997; Halperin 
and Goldbart 2000) started to report that such uniform sausage-like shapes are 
highly unstable in solvents owing to the capillary instability; whereby, collapse 
proceeds by the formation of “pearl necklace” and the gradual diffusion of large 
pearls from the chain ends. Subsequently, many efforts have been made to incor-
porate the capillary instability in the description of the collapse of a polymer chain 
(Klushin 1998; Halperin and Goldbart 2000; Abrams et al. 2002); however, obtain-
ing a universally accepted theoretical description for this system remained a diffi-
cult problem. This merely goes to underline the point that the mere construction of 
a simplified model to describe protein folding may not necessarily be the correct 
solution.

2.2  Schools of Protein Interior Fractal Studiess
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In this context, it is important to point out certain crucial differences in ‘pol-
ymer collapse-vs-protein folding’ paradigm; alongside these we jot down cer-
tain major difficulties. There are many differences and difficulties. We’ll start by 
reminding ourselves certain points about the most important aspect of this dis-
cussion, the biological aspect. We know that various types of proteins are meant 
to function in various types of cellular environments. The ‘fibrous proteins’ form 
large aggregates that are (almost) water free. Fibrous protein structures are known 
to possess high content of hydrogen bonds and they are known to be highly regu-
lar and noncompact (owing to separate chains). ‘Membrane proteins’ reside within 
the water-lacking membranes. Their intramembrane portions are also highly reg-
ular and highly hydrogen bonded, but restricted in size by the membrane thick-
ness (~40  Å). In contrast, the water-soluble ‘globular proteins’ are less regular 
(especially at the protein/water interface). In them, the compact interior structure 
is maintained by interactions of the chain with itself and sometimes with various 
other molecules (the co-factors). While it may be a physicist’s delight to propose 
an accurate and consistent theory to explain the folding process of all three types 
of proteins with a single model, it seems less realistic. A collapse or folding the-
ory that addresses the typical characteristics of the three aforementioned types of 
native states is difficult to find.

Knowledge about the process of protein synthesis suggests that the ribosome 
synthesizes protein chain residue by residue, from its N-terminal of the chain to 
C-terminal of the chain. Interestingly, the process of protein synthesis does not 
take place with uniform rate. There are temporary rests of the synthesis at the rare 
codons (they correspond to tRNAs which are rare in the cell, and these codons 
are rare in the cell’s mRNAs, too). It is assumed that the pauses may correspond 
to the boundaries of structural domains that can help maturation of the domain 
structures. Some enzymes, like prolyl-peptide- or disulfide-isomerases acceler-
ate the in vivo folding. They catalyze the trans↔cis conversions of the backbone 
conformation of prolines and formation (and decay) of disulfide bonds formed by 
side chains of cysteines. [Interested readers can refer to (Kolb et al. 1994), (Ellis 
and Hartl 1999), or (Finkelstein and Ptitsyn 2002) for more details on this (and 
similar) topics. Anyone is free to guess how many polymer collapse-based protein 
folding theories attempt to incorporate these biological details in their models.

Next, we focus on the paradigm of theoretical (and computational) compari-
son between polymer collapse and protein folding. To start with, one should note 
that proteins are heteropolymers with a variable composition of 20 different amino 
acids, whereas most of theoretical models tend to resort to homopolymer-based 
analysis. How much of a difference will that account for? Well, let’s consider a 
problem with appreciable relevance to our present topic, the problem of absorp-
tion of an ideal polymer into a point-like potential well. For a homopolymer in 
equilibrium, one could efficiently characterize the process as second-order phase 
transition (Binder 1983; Eisenriegler 1993). But, for a heteropolymer, even 
in equilibrium, the problem has proved to be difficult to be fully understood 
(Naidenov and Nechaev 2001; Madras and Whittington 2002; Stepanow and 
Chudnovskiy 2002; Grosberg et al. 2006). [Interested readers may note that an 
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early account of this topic is supposedly provided in (Grosberg and Shakhnovich 
1986),—unfortunately this paper is in Russian. That explains why I cannot com-
ment on its content].

Moving on to the next significant difference, by standards of polymer phys-
ics, proteins are very small (consisting of merely 50–250 amino acids in general). 
Such small size is in stark contrast with (statistical) requirements of procedures 
that are routinely deployed in the sphere of polymer studies. One may choose 
to remember that the scaling relationships in polymer physics are (principally) 
derived for large homopolymers.

Lastly, overwhelming body of accumulated evidences tend to suggest that the 
kinetic ability of natural proteins to fold is acquired, to a significant extent, from 
the evolutionary selection of the sequence of the amino acids. To what accuracy 
and consistency, will it be possible for the homopolymer-based analyses to accom-
modate this concern? But then, one should not be under the misconception that 
heteropolymer-based modeling (instead of homopolymer-based modeling) is the 
answer to all the aforementioned problems. There again one needs to ascertain to 
what extent the model heteropolymers are protein-like? Surely, it is not enough 
for a polymer to have a unique folded conformation. A heteropolymer with a ran-
dom sequence will have some lowest energy conformation. Therefore, in condu-
cive temperature and solvent conditions, the polymer will eventually collapse to 
its folded state,—a fact reported in series of papers in mid and 1990s (Bryngelson 
and Wolynes 1987; Sfatos et al. 1993; Pande et al. 1995a, b, 1998; Gutin et al. 
1996; Wang et al. 1996, 1997). But, probably, there is nothing to be overjoyed at 
this observation; because the freezing transition of coil-to-folded state of the het-
eropolymer differs nontrivially from the folding transitions observed in primary 
structure to native state of the proteins. Typically, in proteins, the folding of ran-
dom sequences can be characterized as (merely) weakly cooperative (Sfatos et al. 
1993; Pande et al. 1995a, b, 1998); furthermore, such a transition in proteins pro-
ceeds very slowly due to trapping in metastable conformations that are unrelated to 
the lowest energy conformation (Bryngelson and Wolynes 1989; Sfatos et al. 1993; 
Wolynes et al. 1995; Wang et al. 1997). In a related observation, one finds that 
unlike the case of proteins, the lowest energy conformation of a random sequence 
of amino acids is expected to be very sensitive to mutations (Shakhnovich and 
Gutin 1991; Bryngelson 1994; Pande et al. 1995a, b; Bussemaker et al. 1997).

The last finding is significant because it tends to imply that the level of com-
plexity encountered in protein paradigm is far more than that found in polymers. 
To exemplify this assertion, let us consider the works that attempted to quantify 
the contributions of secondary and tertiary interactions in influencing folding and 
stabilizing the native structure of proteins. This is only a small piece in the jigsaw 
puzzle, but even a small account of this tiny bit illustrates the difference in levels 
of complexities between two systems. In a series of works in late 1970s, Go and 
co-workers brought to light the essential nature of specific tertiary interactions in 
stabilizing the native state (Go and Taketomi 1978; Go et al. 1980). A decade later, 
Zwanzig and co-workers (Zwanzig et al. 1992) reported that proteins could fold 
rapidly if there is a rather large local bias toward the correct conformation. But at 
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about the same time Karplus and Shakhnovich (Karplus and Shakhnovich 1992) 
pointed out, that in such a case, protein folding would not be cooperative and a 
significant fraction of the population of proteins will not be in the ground state 
at reasonable temperatures. Within a year, Dill and co-workers (Dill et al. 1993; 
Thomas and Dill 1993) used simple lattice models with nonlocal interactions and 
helical propensities to demonstrate that the strength of the local propensities has to 
be low with respect to that of the tertiary interactions, in order to obtain the aver-
age length and number of helices observed in biological protein. While all these 
results are correct, the apparent contradiction between them originates from the 
fact that (probably) all of them are incomplete in some sense or the other. The 
reason for such incompleteness can probably be attributed to the shear extent of 
complexity found in proteins and not in polymers. The lesson from all the afore-
mentioned reports, therefore, is that one needs to be careful while attempting to 
apply algorithms and/or arguments that are pertinent in the paradigm of polymer 
physics to the paradigm of protein folding and protein structure.

But does all of this only suggest that similarities between polymer collapse and 
protein folding are purely metaphorical? Not at all. The fact that polymer collapse 
and protein folding are both (at least) partly guided similar processes—stands 
as the biggest platform of commonality between them. Furthermore, it would 
have been difficult for protein folding models to explain the Blind Watchmaker’s 
Paradox (viz., how a functional protein can originate from mere random 
sequences) and Levinthal’s Paradox (viz., how the folded state of a protein can 
be obtained from an astronomical number of possible nonnative states by random 
search) without applying the polymer collapse models. The sense of generality 
embodied by the polymer collapse models, therefore, has helped subsequent pro-
tein folding research tremendously.

Undoubtedly, the initial contraction of a polypeptide chain from an expanded 
to a more compact state constitutes the very first stage of protein folding. But 
then, how exactly to define the premise of the word “initial”? Just like the rate of 
folding, the rate of the initial hydrophobic collapse can vary over orders of mag-
nitude, depending on the amino acid sequence of the chain. Therefore, the bound-
ary of the word “initial” should be defined in all relevant details. Probably, this is 
one of the fundamental questions that needs to be answered if polymer collapse-
based protein folding models ever wish to make serious impact in the realm of 
practicing researchers in millions of computational biology laboratories, scattered 
over all across the world. One may ask many other questions also. Simulations 
of protein folding in model chains (invariably) result into two extreme cases for 
the aforementioned “initial” phase (Thirumalai 1995; Gutin et al. 1995; Chahine 
et al. 2002). Either, as the result of contraction, the computational analog of bio-
logical primary structure acquires the folded structure with “specific” collapse, or 
it contracts rapidly and “nonspecifically” without forming native contacts—and 
then reorganize into its folded form. How to distinguish between specific and non-
specific collapse? Intuitive approach suggests that a case of slow collapse should 
account for the specific collapse. The rapid collapse, by the same logic, should 
account for some kind of a nonspecific (polymer-like) contraction, achieved purely 
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by transfer of the disordered chain from good-solvent to poor-solvent conditions 
(Agashe et al. 1995; Sosnick et al. 1997; Qi et al. 1998). Such a model, like the 
previously mentioned de Gennes-model, seemed plausible, but then one notices 
that the experimental data for even the fastest-collapsing proteins also show 
some evidence for concurrent structure formation (Nolting et al. 1997; Sauder 
and Roder 1998; Hagen and Eaton 2000; Akiyama et al.  2002)! Observation 
became even more intriguing with the Klimov–Thirumalai assertion (Klimov and 
Thirumalai 1996), while talking about random heteropolymer model; that, “the 
kinetic accessibility of the native states in proteins may be encoded in the primary 
sequence”. Such a finding, quite logically, hinted at the question that whether the 
existence of a stable native structure for a primary structure is necessary and suffi-
cient to dictate the dynamics of the initial collapse? A subsequent study (Qiu et al. 
2003) did probe this question in sufficient details to find that equilibrium stability 
of the native state does not control the collapse dynamics of primary structure.

Thus we can assert that a reasonable degree of understanding about protein 
folding has been obtained from studying it from the framework used for polymer 
collapse studies. But even after that, till to date, the bulk of unanswered questions 
embossing this paradigm tend to overshadow the number of answered questions. A 
detailed discussion on polymer collapse versus protein folding is out of the scope 
of present book. For fantastic treatment of this topic the interested readers can 
refer to (Dill 1990; Mirny and Shakhnovich 2001; Dill 1999; Shakhnovich 2006); 
the last two being of exceptional significance.

Getting back to fractal dimension-based investigation of proteins; we will now 
explore the FD approaches that attempt to study proteins without involving the 
backbone information. In these methods, proteins are considered more like clouds 
of residues (or clouds of atoms). By identifying the self-similarity in the distribu-
tion of these clouds of residues or atoms, the fractal dimension in the distribution 
of the relevant entity is calculated.

2.2.2 � Approach with Residue (and Atom) Distribution

This approach of FD calculation disregards the information about connectivity pro-
file of main-chain atoms and concentrates solely on the distribution of amino acid 
residues and atoms within the folded protein structures. Whether these residues and 
atoms are connected or not is not considered in this approach. This procedure (com-
monly called the ‘mass fractal’ calculation) studies the mass distributions within 
concentric spheres using, for example, the mass scaling relationship: M ∝ RFD  
(where M is the total mass of all the protein atoms and R is the characteristic length 
scale). In this approach, from studying the linear (scale invariant) portion of the 
slope of logM versus logR plot, one can determine the FD. Theoretically, one can 
accomplish this by counting the number of atoms within concentric spheres, taking 
any atom of the protein space as center. However, for most of the practical applica-
tions, choice of center of mass of the protein for the role of aforementioned center 
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makes more sense. Though the generic name for calculation of this genre of FD is 
mass fractals, one can calculate other pertinent properties associated with protein 
atoms with this methodology too. More magnitude of mass-FD for any such prop-
erty implies that, the property under consideration is more space filling in protein 
interior. The mass-FD magnitude varies as 2.00 < mass-FD < 3.00. Proteins have an 
intrinsic self-similarity with respect to their compactness (atom packing) (Enright 
and Leitner 2005; Banerji and Ghosh 2009b). Concept of mass-FD builds upon this 
fact, it simply quantifies the symmetry of scale-invariance associated with any pro-
tein property that is dependent upon atom packing. It can be extended to the level of 
residues too, but not to the realm of organization of residues in secondary structures 
(α-helices are not composed of smaller helices).

This approach of FD calculation is rather new. Although one finds its reference 
in Dewey’s work (Dewey 1997), the first systematic attempt to describe proteins 
with this methodology could only be observed as recently as in 2005 (Enright 
and Leitner 2005). However, from this point onward, lot of studies (Reuveni et al. 
2008; Banerji and Ghosh 2009b; Moret et al. 2009; Lee 2006; Figueiredo et al. 
2008; Hong and Jinzhi 2009) have utilized and extended the scope of this pow-
erful construct to successfully unearth many forms of latent symmetries in the 
paradigm of protein interior interactions (these are discussed later).

The mass-FD calculation, even though presents a completely different stand-
point of interior fractal study, is related to the approaches discussed above. One 
can trace back the philosophy of calculation of mass-FD to principles of polymer 
physics too. Criterion of a “good” solvent demands the polymeric units to have 
preferential interaction with the solvent, rather than with each other. As a con-
sequence, the polymer acquires an extended shape and is called “excluded vol-
ume polymer”. The Flory constant vF , in this case assumes the magnitude 3

/

5. 
In an “ideal” solvent (the so-called θ-solvent), polymer interacts with the solvent 
with identical strength, as it interacts with itself. As a result, in an “ideal” sol-
vent, polymer assumes a more compact shape than it does in a “good” solvent, 
with vF = 1

/

2. Polymer collapse takes place in the presence of a “poor” solvent. 
In such a case polymer–polymer interactions become more favorable than poly-
mer–solvent interactions. Hence the polymer forms a collapsed or a globule state 
with vF = 1

/

3. It is easy to notice that this entire spectrum of possibilities can 
be elegantly described by: Rg ∼ NvF —where Rg denotes the ROG of the polymer 
chain (a measure of its compactness), N stands for the number of units and Flory 
constant vF  assumes different values depending upon the solvent conditions. But 
N ∼ M  and M ∼ RFD. Hence, we end up with vF = 1

/

FD. Thus, the excluded 
volume polymer will have FD = 5

/

3, for an ideal polymer the FD magnitude 
will assume that of the topological dimension, viz. FD = 2; whereas for a col-
lapsed polymer, the FD will assume the magnitude of another topological dimen-
sion, viz.FD = 3; whereby the polymer will assume a homogeneous space-filling 
nature. Neither vF = 1/2  nor vF = 1/3 is pertinent in the context of a function-
ing protein; in fact, they merely serve as the trivial limiting cases. Thus, while the 
relationship (2 < mass − FD < 3) holds for proteins, one can effortlessly connect 
fledgling mass-FD studies with the established set of treatise of polymer physics 
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too. We will later talk about mass fractals in details. For a comprehensive review 
of polymer studies with FD measures, one can refer to a (classic) decade-old 
review (Novikov and Kozlov 2000).

(A note of caution, the previous few lines might provide the readers with an 
impression that the concept of FD is synonymous with that of ROG, but it is not so. 
The reasons for their being different are discussed in detail, afterward. Since most 
of the polymer physics works refer to ROG as a measure of compactness (instead 
of mass-FD), to draw the connection, this discussion on ROG was included.)

2.2.3 � Approach with Correlation Dimension Analysis

There are situations where one has a qualitative idea about the distribution of cer-
tain properties within the protein space, but existences of a possible symmetry in 
their dependencies are not known. To obtain an objective idea about the distribu-
tion of the dependencies, it is convenient to opt for the study of a different frac-
tal dimension, the ‘Correlation dimension’(CD). Informally, to determine the CD, 
the pair of points between which possible dependencies may exist are identified 
at first. Amongst these, the ones that lie within a sphere of radius r are counted, 
say this number is denoted by C(r). Then, by assuming a scaling C(r) ∼ rCD, 
the Grassberger–Procaccia algorithm (Grassberger and Procaccia 1983) is imple-
mented to examine the possible presence of a linear stretch in the slope of a log–
log plot of C(r) versus r. Although a previous work (Lee 2008) had characterized 
the roughness of protein surfaces with CD, application of the same for protein 
interior studies started only very recently (Tejera et al. 2009), where it was shown 
that CD magnitude for ribosomal RNAs could successfully explain their structural 
characteristics (local helix formation and long-range tertiary interaction forming 
three-dimensional structures).

A categorical implementation of CD can be attempted by suitably describing 
each of the N monomers by some typical atom (say the alpha carbon atom Cα 
or centroid of the residue). Describing these atoms by points, vectorial distance 
between two monomers i and j can be denoted as |−→x i − −→x j|.  Then one can for-
mally define CD as:

where, θ(x) is the Heaviside step function and N(N  −  1) is a renormalization 
term (presence of which implies that Corr(r) can be considered as the prob-
ability that any two residues are in contact at a cut-off distance r. The term 
[

2
∑N

i<j θ
(

r −
(∣

∣

−→x i − −→x j

∣

∣

))

]

 describes the symmetrical properties of the contact 

matrix. In fact, Corr(r) is an unbiased estimator of the correlation integral:

Corr (r) =
2

N(N − 1)

N
∑

i<j

θ
(

r −
(∣

∣

−→x i − −→x j

∣

∣

))

C (r) = ∫ dµ (x) ∫ dµ (y) θ(r − (|x − y|))
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Both Corr(r) and C(r), monotonically decrease to zero as r  →  0. If C(r) 
decreases with a power law, viz., C(r) ~ rD; then D is called the correlation dimen-
sion of μ. Comprehensive theoretical discussion on this can be found elsewhere 
(Takens 1985). Finally, the dimension is defined by: D = lim

r→0

log(Corr(r))
log(r)

. Details 

of implementation of this algorithm along with thorough discussion of several 
aspects of it can be found in (Lee 2008) and (Tejera et al. 2009).

The discussion above simply tells us how to calculate CD, but what exactly 
does correlation dimension mean? Since the correlation dimension attempts to 
quantify the self-similarity in the distribution of dependencies, it is important to 
understand how these dependencies are identified, and also how these depend-
encies are contingent upon the distribution of atoms or residues or other protein 
structural entities. An atom or a residue can be described by a point, depend-
ing upon the resolution at which one is interested to quantify protein symmetry. 
Every atom of protein is endowed with certain properties; say the mass of its, the 
‘residue specific atomic hydrophobicity’ of its, the electronegativity of its, etc. 
Similarly, every residue is endowed with a set of property of its too; residue hydro-
phobicity, residue polarizability, the Chou–Fasman propensity of the residue, etc. 
Now, suppose one wants to calculate the correlation dimension between the posi-
tively charged amino acids in a protein. Since the person concerned is interested to 
quantify the extent of self-similarity in the distribution of positively charged amino 
acids, as the first step, he (she at any rate) will have to identify the coordinates of 
each of Arg, His, Lys residues in that protein. Drawing a sphere of radius r and 
counting the number of pairs of any two positively charged amino acids simply 
accounts for counting the possible pairs between any two of the three positively 
charged amino acids within a distance threshold. Denoting the number of pairs 
thus obtained by C(r) and assuming the scaling C(r) ∼ rCD, the Grassberger–
Procaccia algorithm can be implemented to examine the possible presence of a 
linear stretch in the slope of a log–log plot of C(r) versus r. But the process of 
identifying the number of pairs of positively charged residues within a distance 
threshold of r Å is the same as identifying the extent of dependency (or correla-
tion) in the spatial disposition of positively charged amino acids. Thus, although 
the Grassberger–Procaccia algorithm requires merely the coordinate information 
about pertinent entities, in the context of proteins, in effect, the correlation dimen-
sion is quantifying the extent of symmetry of self-similarity in the spatial distribu-
tion of any property under consideration. One can of course extend the scope of 
applicability of this powerful algorithm by attempting to innovatively quantify the 
self-similarity in the distribution of other protein structural correlations (or alterna-
tively, protein structural dependencies). For example, a recent work has calculated 
the correlation dimension in the distribution of peptide dipole moments (Banerji 
and Ghosh 2011). However, one may point out that there are other (somewhat) 
similar constructs, say residue contact order (CO), residue contact map etc., which 
attempt to unearth similar array of information. Since, like inverse problems, all 
of them attempt to bring to light certain deeper truths about the nature of protein 
folding and about the nature of structural constraints found in native state of a 
protein, by merely studying the short-range and long-range contacts between the 
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residues. To what extent the correlation dimension is similar to them and by how 
much do they differ?—These are important questions. The next section is entirely 
devoted to discuss these issues.

2.2.3.1 � Residue Contact Order, Contact Map, and Correlation 
Dimension

Before we start our discussion on constructs that bank on residue contact profiles, 
it assumes significance to talk a little bit about the ‘framework model’ of protein 
folding and about importance of local interactions in protein folding and protein 
stability. Such an approach will help us to relate characteristics of local interac-
tions to residue contact profiles, and subsequently to protein folding. To appreciate 
the power of the construct correlation dimension, it is imperative (if not obliga-
tory) to gather a thorough idea about distribution of local interactions and contact 
profiles in proteins.

Starting with the Ptitsyn–Rashin model (1975), the ‘framework model’ (Kim 
and Baldwin 1982; Ptitsyn 1987; Kim and Baldwin 1990) advocated that second-
ary structures form first during the process of protein folding. Such formations 
are followed by docking of the pre-formed secondary structural units to yield 
the native, folded protein. Readers may note that such a view of protein folding 
is starkly opposite to the other view, that of the ‘hydrophobic collapse model’ 
(Schellman 1955; Kauzmann 1959; Tanford 1962; Baldwin 1989), where hydro-
phobic collapse drives compaction of the protein so that folding can take place 
in a confined volume, thereby narrowing the conformational search to the native 
state. The framework model was supported by findings obtained from various 
studies mostly performed during 1980s on small, relatively stable, and helical 
peptides (Brown and Klee 1971; Bierzynski et al. 1982; Shoemaker et al. 1985). 
Assertion of “secondary structures first” from framework model was significant, 
because previously it was assumed that secondary structural segments were not 
sufficiently stable to form in the absence of tertiary contacts (Epand and Scheraga 
1968). Subsequently, however, numerous incomplete aspects of framework model 
were identified, but we won’t get into that discussion now. What is of interest for 
the present treatise is to note that, the idea of significance of local contact, and 
therefore of local interaction, which was implicit in the framework model of pro-
tein folding.

Precisely how important are the local contacts and local interactions? Before 
we attempt to answer this question from the (traditional) paradigm of folded pro-
teins, let us note some other interesting findings. At least two reports (Dobson 
1992; Shortle 1996) in the mid-1990s revealed that the denatured state is rarely 
a random, unstructured coil that our textbooks tend to make us think, where the 
side-chain interactions assume triviality and all amino acids behave (almost) 
independently. Far from it. It is been found that very harsh conditions are neces-
sary to obtain such a classical “disordered” state. Instead, these works suggested, 
that proteins generally adopt residual structure, which may well be in the form of 
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fluctuating secondary structures and dynamic side-chain interactions, particularly 
hydrophobic clusters (Dobson 1992; Shortle 1996). Furthermore, this residual 
structure can be native-like or non-native. Residual structure can be just a prod-
uct of the tendency of the chain to limit its solvent accessible surface area, or the 
structure can be beneficial in folding by helping the protein to reach the native 
state. Since, in the absence of well-defined secondary structures, it is the local con-
tact profiles and local interactions which define the template of the residual struc-
tures, the importance of local contact and local interactions could hardly be trivial, 
even while considering the denatured state.

Indeed, the nontriviality of local interactions could be established categorically 
in the paradigm of folded proteins too. Various studies on protein folding kinet-
ics have demonstrated that some native-like secondary structure elements form 
early and rapidly (Wright et al. 1988). Such a finding implies unambiguously that 
some regions of polypeptide chain can adopt their native-like structure, even in the 
absence of interactions with the other chain(s) or other parts of the same chain. 
Such local structures can therefore be expected to have a crucial role in initiating 
of protein folding (Dill 1990; Baldwin and Rose 1999). Furthermore, they may 
assume importance in stabilization of the transition state structure also, which 
corresponds to the rate-limiting step leading to the folded state of native protein 
(Nölting and Andret 2000; Guerois and Serrano 2001).

Which are the secondary structures that form most readily?—Various studies 
have established that some short stretches of amino acids can form native-like 
α-helices and β-hairpins, independently and quickly, either in aqueous solution or 
in the presence of an organic co-solvent (Dyson et al. 1988; Blanco et al. 1993; 
Blanco et al. 1994). Formation of an α-helix occurs over a nanosecond time scale; 
for example, ~200  ns is enough to fold an α-helix of 20–30 residues (Williams 
et al. 1996; Gilmanshin et al. 1997; Eaton et al. 1998). Such a time scale agrees 
largely to the time scale of elongation (or shortening) of an α-helix by one resi-
due, which is in the range of 1–10 ns per residue according to the ultrasonic meas-
urements held with both long (Zana 1975) and short (Eaton et al. 1998) synthetic 
polypeptide). Time taken for β-hairpin construction is about 30 times more than 
that required to construct an α-helix (Munoz et al. 1997). The difference between 
these time scales can be attributed to the fact that in an α-helix, each new hydro-
gen bond fixes one new residue; whereas in β-hairpin, each new hydrogen bond 
fixes two new residues. Hence, to attain stability, a β-hairpin should necessarily 
have very specific complementarity of sequences of its β-strands, which dictates 
only one point of the chain turn; while the first turn of an α-helix can be anywhere 
in the chain. To gather more insights on this topic, an interested reader can refer to 
(Fukada and Maeda 1990) and (Finkelstein 1991). Furthermore, to obtain a com-
prehensive idea about how the inter-residue interactions (short, medium, and long 
range) play an important role in the folding and stability of globular proteins, one 
may refer to (Miyazawa and Jernigan 1999). Suffice to say that all of the afore-
mentioned results unmistakably demonstrate that, importance of local interactions 
in protein folding and protein structure paradigm was known to biophysicists for a 
long time. Problem was in quantifying the extent of local interactions, so that they 
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can be directly related to the paradigm of protein structures. In this context, we 
introduce ourselves to the concept of residue ‘CO’.

By denoting the average distance between interacting residues in the native 
state as ‘CO’, in a landmark paper in 1998, David Baker and his colleagues 
(Plaxco et al. 1998) proposed it could be considered as a general descriptor of pro-
tein topology to correlate topology with the folding rate. Defined with the simplest 
of the schemes

where N is the total number of residues, L is the length of the protein, and Ci, j = 1 
if residues i and j are in contact, Ci, j = 0 otherwise, the parameter CO could con-
nect local interactions to secondary structures, and then to protein structure and 
protein folding—all by a single thread. (The contact map Mci, j among the residues 
could accordingly be constructed by defining,

where r stands for the distance threshold and di, j denotes the spatial distance 
between ith and jth residues.) Owing to the fact that the α-helical proteins have 
large number of local contacts, they have low CO. In contrast, proteins with pre-
ponderance of β-sheets, as also the α/β proteins, owing to their numerous nonlo-
cal contacts, have high CO. More significantly, since the α-helical proteins have 
been shown to fold more rapidly (discussed previously) than the proteins with 
preponderance of β-sheets, or the α/β proteins—one could establish a negative 
correlation between folding rate and CO of residues. Formalization of this idea 
came when another work (Fersht 2000) proposed an extended nucleus mechanism 
of protein folding that related CO, chain topology and stability, and protein fold-
ing rates. (Alongside these, to obtain a comprehensive idea about how the inter-
residue interactions (short, medium, and long range) play an important role in the 
folding and stability of globular proteins, the reader may refer to (Miyazawa and 
Jernigan 1999).) Thus, in one leap, the chasm between microscopic unit of the 
protein and its macroscopic self could be bridged. Applicability of the new con-
cept was put to test (almost) immediately and two works reported straightaway 
that for quite a few proteins that demonstrate two-state folding, the CO correlates 
well with log of their respective folding rates in water (Jackson 1998; Munoz and 
Eaton 1999).

However, before long it has been found out that the ‘absolute CO’ (derived by 
simply dropping the normalization factor from the denominator in the aforemen-
tioned equation of ‘CO’), instead of the originally proposed definition of CO, pre-
dicts the folding rates better. At about the same time two other measures (Mirny 
and Shakhnovich 2001; Gromiha and Selvaraj 2001) demonstrated that local 
interactions could be defined differently and then quantified efficiently by other 

CO =
1

N .L

∑

i, j

Ci, j |i − j|

Mci, j =

{

1 if di, j ≤ r

0 if di, j > r, or if i = j
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constructs too. The first approach (Mirny and Shakhnovich 2001) attempted to 
quantify the fraction of local and nonlocal contacts by quantifying CO as:

where f  =  Nlocal/N, denoted a fraction of local orders where the condition 
|Resi− Resj| ≤  4 is satisfied; Llocal denoted the average separation between resi-
dues forming local contact; and LDistant denoted the average separation between 
residues forming distant (viz. |Resi  −  Resj|  >  4) contact. The second approach 
(Gromiha and Selvaraj 2001) attempted to quantify the long-range orders (LRO) 
between residues by adopting the scheme:

LRO =

∑

ni j/N, defining number of residues ni j as ni j = 1, if |i −  j| > 12, 0 
otherwise; and denoting the total number of residues in a protein by N. Since then, 
various permutations and combinations have been tried out with the aforemen-
tioned parameters in search of a robust construct that provides insights about over-
all structure and nature of folding by scanning through the sequence.

However, to obtain a comprehensive idea about importance of a pair of any 
two arbitrarily chosen residues, one needs to have something more than a geomet-
ric parameter; it can be a distribution function describing the global disposition 
profile of any structural entity, or it can be a measure that attempts to quantify 
the global symmetry of structural organization that connects the local geometric 
measures to (possibly) symmetric disposition of its global profile. This is where 
the biophysical importance of correlation dimensions can be realized. But the idea 
of correlation dimension does not stand isolated, one can indeed derive the expres-
sion of correlation dimension from the set of aforementioned (elementary) ideas.

One can attempt to connect the aforementioned ideas by a single thread to 
see how residue–residue contact studies can be extended to construct a frame-
work that can unearth the symmetries in the prevailing dependencies among 
the various biophysical properties as manifested by the spatial arrangement of 
residues. As it has been talked about beforehand, the CO is simply defined as: 
CO = 1

N .L

∑

i, j Ci, j |i − j| (symbols retaining their meaning provided beforehand, 
the exact value of distance threshold can vary from case to case, thus we refrain 

from 6 or 8 Å debate). A modification of this scheme was proposed in the form 

of relative contact order (RCO), defined as: RCO =
1

Nc

∑

i<j(j−i)

N  (where Nc is the 
total number of contacts between amino acids in a protein, N is the total number 
of amino acids and the sum is taken over all (properly defined) contacts between 
amino acids.). The contact map Mci, j is the visual way to ascertain contact pro-
file among the residues. The residue contact map be constructed by defining: 

Mci,j =

{

1 if di, j ≤ r

0 if di, j > r, or if i = j Since each amino acid embodies a distinct type 

and extent of biophysical property (properties being size, hydrophobicity, elec-
tronegativity, etc.), one can obtain an idea about disposition of certain biophysical 
property by suitably constructing the contact map. This can easily be achieved by 
including certain residues that are relevant for the calculation, and not including 

CO = 1/L
[

f .Llocal − (1 − f ).LDistant

]

,
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certain other residues, on the ground that the later are not pertinent in the con-
text of the biophysical property under consideration. Furthermore, one can even, 
with suitable modifications of expressions of CO and RCO, calculate the CO and 
RCO, with respect to the agents (viz. the amino acids) that embody the particu-
lar property under investigation. Hence, the aforementioned tools can present us 
meaningful information about residue arrangement, the nature of spatial depend-
ency amongst the various properties. However, such a study will be residue centric 
and will fail to reveal the presence of any symmetry in the distribution of the prop-
erty under consideration, at the global scale. To construct such a scheme one needs 
to connect the information of the location of a set of residues from local arrange-
ment, to the arrangement prevailing at the biological functional state (found from 
biological unit) of the protein. This can be achieved by changing the focus from 
distances between residues paradigm to residues across the protein paradigm, 
which will be spatially isotropic and will potentially include all the residues but 
will also have the filtering option to consider only the residues that are relevant.

To achieve this, one can start with the contact matrix and then calculate the num-
ber of residues at particular distance thresholds from other residues. Since the nature 
of residue disposition is assumed to be isotropic, such an operation can be per-
formed. Whereby, upon performing this operation with all the residues, we obtain:

NC (r) =
∑N

j Mci, j =
∑N

j θ
(

r −
∥

∥di, j

∥

∥

)

, where θ is Heaviside function and N 
is the total number of residues. The total number of relevant contacts can then be 
calculated as:

Then, defining the correlation function as:C (r) = 2
N(N−1)

∑N
i<j θ

(

r −
∥

∥di, j

∥

∥

)

, 
that is, equivalently:

C (r) = 1
N(N−1)

NC(r) —one arrives at the expression of correlation dimension. 
Alternatively, this expression can be thought of as:

C (r) = 1

CN
2

∑N
i<j θ

(

r −
∥

∥di, j

∥

∥

)

, where the term CN

2

(

C
N

2 =
N (N − 1)

2

)

 denotes 

the combination of N amino acids that satisfies the distance threshold, taking any 
two at a time. Such an expression, derived from assuming equiprobable spatial 
distribution of amino acids, provides an ideal platform to study underlying sym-
metries existing between biophysical properties, where the biophysical properties 
themselves are embodied by amino acids. The CD, quantifying such symmetry, 
can be calculated from plotting C(r) versus r—in the log–log plot.

One can connect the MFD with CD too. Starting with residues at any particular 
threshold from any arbitrarily chosen ith residue we arrive at:

NC (r) =
∑N

j Mci, j =
∑N

j θ
(

r −
∥

∥di, j

∥

∥

)

. Now, looking at the problem from 
the perspective of mass distribution we arrive at :

NC (r) =

N
∑

i

Nc(r)i =

N
∑

i

N
∑

j �=i

Mci, j= 2

N
∑

i<j

θ
(

r −
∥

∥di, j

∥

∥

)

.

�M(r)�=
1

N

N
∑

i

N
∑

j �=i

θ
(

r−
∥

∥di, j

∥

∥

)

=
1

N

N
∑

i

N
∑

j �=i

Mci, j =
1

N
NC (r)=(N−1) C(r)
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Since we know the mass of a protein varies as:
�M(r)� = rMFD,  we find: C (r) ∼ rCD ∼ rMFD

However, such a derivation will fail to provide the physical implications of CD, 
the implication with which symmetry amongst residues exhibiting certain proper-
ties can be studied. Hence, the relationship between MFD and CD should not be 
expected to reveal much valuable information.

2.2.4 � Approaches with RGT

As has already been mentioned, proteins are large macromolecules, and protein 
structures undergo large-scale fluctuations. In fact, it has been reported in many 
cases that such large-amplitude movements are pivotally important for certain pro-
teins to ensure proper functioning (Steinbach et al. 1991; Rasmussen et al. 1992). 
Since these fluctuations occur over all length scales, determination of a single 
characteristic scale parameter becomes extremely difficult (if not impossible). As 
a result, correlation functions between various biophysical properties within pro-
teins typically demonstrate nonanalytical behavior. More often than not, these cor-
relation functions tend to follow fractional power law scaling [for an explanation, 
please refer to (Dewey 1997)] and depend on the dimensionality of the protein 
(under a given context), rather than on its microscopic characteristics.

Renormalization methods are widely used methods in theoretical physics. One 
can loosely say that renormalization theory models the flow of the parameters in 
the parameter space describing a dynamical system. In condensed matter physics, 
critical exponents derived by the renormalization method have been shown (empir-
ically) to have strong “universality”(Stanley 1999; Benney et al. 1992), which 
requires that the systems have same dimension and that the numbers of states have 
the same critical exponent. Thanks to the universality thus identified, the critical 
exponents of the systems can be considered as reliable measures for classifying 
dynamical systems; the classes, thus defined, are accordingly called universality 
classes.

Although the RGT was originally applied to describe critical phenomena 
(Wilson 1975), the study of fractals and RGT is naturally linked because as in the 
case of fractal studies, the concept of scale invariance plays a major role in RGT. 
To talk about it briefly, the absence of an internal scale is one of the fundamen-
tal features of fractals. This can be rephrased by asserting that in fractals a great 
many number of scales coexist in a self-similar manner, which in turn reminds us 
of a comparable situation observed in thermodynamic systems at the critical point. 
Divergence of correlation length at the critical point can be mathematically han-
dled by assuming a composition of subsystems with some special coupling con-
stant (Wilson 1979). In such a case, each of the subsystems can be assumed to be 
built up of sub-subsystems with another coupling constant, and so on—which can 
reliably be called the self-similarity of protein interior organization. While FD-
based studies attempt to quantify this self-similarity, the central idea of the RGT is 
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that a change in the scale should lead to the same behavior apart from a renormali-
zation of the coupling constant.

Two principal transformations are studied in the RGT paradigm, namely, the 
coarse graining and the scaling (Goldenfeld 1992). During the analysis of large-
scale fluctuations of a protein, studies of its microscale perturbations may not 
always assume a great importance. Hence, in order to tackle the huge complex-
ity associated with the fluctuations of proteins, researchers have come up with the 
efficient strategy of removing the length of the shortest interactions before the sys-
tem is redefined by rescaling the length scale (Dewey 1997). Since proteins exhibit 
self-similarity in their organization, this self-similarity can be captured with RGT 
and used to probe the various facets of (time variant and context dependent) inte-
rior dependencies. A categorical example of this can be found from the analysis 
of protein folding, which has been proved to be comparable to a phase transi-
tion (Goldstein et al. 1992a, b). These problems are characterized by a multiplic-
ity of scale lengths [one observes a large spectrum of correlations that correspond 
with the critical point, from short-range (among residues close by) to long range 
(amongst residues situated far apart)]. This discussion of the scope of RGT implies 
that it can be suitable for a rigorous and objective description of such phenomena. 
Indeed, taking a cue from polymer physics studies (Family 1982), RGT has also 
been applied in the realm of protein biophysical organizational studies (Pierri et al. 
2008; Bohm 1991; Li et al. 1990a, b; Nonnenmacher 1989; and references therein).

The (possible) relevance of direct applications of renormalization methods in 
protein structure studies can be estimated from the fact that multi-scale techniques 
have emerged as potent tools to combine the efficiency of coarse-grain simulations 
with the detail of all-atom simulations for the characterization of various real-life 
systems, such as proteins. For example, such an idea has been applied to a system 
of small molecules where some parts of its space (that is, parts of the molecular 
space with more relevance to the problem undertaken) are described with the all-
atom representation; while the rest of the space, which influences the properties of 
more important part but is not critically important by itself, is described through 
coarse-grain representation (Praprotnik et al. 2005). Similar type of multiple reso-
lution simulations have also been employed to investigate membrane-bound ion 
channels by coarse graining the lipid and water molecules while using an all-atom 
representation for the polypeptide ion channel (Shi et al. 2006). In the realm of 
protein structure, a similar idea has been used to represent parts of the protein, 
where the active site is described in all-atom detail and rest of the protein was 
described with a coarse-grain model (Neri et al. 2005). Interestingly, one finds that 
such line of thought is not exactly new. In search of an appropriate construct to 
model the scaling, a 1999 paper (Fan et al. 1999) attempted to change the whole 
system resolution during the same simulation (although the word “scaling” was 
not used in the whole paper). Starting with a simplified protein model, which dif-
fered from the then-contemporary descriptions of simplified proteins significantly, 
the work evaluated the folding free energy of the corresponding all-atom model.

In early 1990s, Bohr and Wolynes (Bohr and Wolynes 1992) employed 
it for a protein folding study with contact energies, while Chan and Dill (Chan 
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and Dill 1991) described its possible effectiveness for protein stability studies. 
Subsequently, another work (Coveney and Fowler 2005) has used it for ‘sys-
tematic coarse-graining’ of a system of coupled nonlinear ordinary differential 
equations (see also relevant references therein) while studying protein interac-
tion profiles. However, even after all these applications, the use of RGT is yet to 
become a common practice while attempting the scaling and coarse-graining oper-
ations in protein paradigm; as expressed in a recent work: “rigorous mathemati-
cal procedures, such as RGT, have yet to be applied to the general definition of 
coarse-grain models” (Heath et al. 2007), while studying proteins.

Since FD and RGT-based studies are closely related, there is an overlap 
between these approaches, and indeed many FD-based studies have explored their 
interface (Song et al. 2006; Kitsak et al. 2007; Rozenfeld et al. 2010) with seri-
ous intent. It should not be forgotten, however, that these studies have been per-
formed on a protein network paradigm and not on protein structures. Although 
there are two fantastic works (Dewey 1997; Freed 1987) in which the approaches 
and results of FD and RGT (in the context of polymer and proteins) are com-
pared and contrasted in admirable details. In the sphere of protein interior stud-
ies, one merely finds a small number of FD studies that tangentially mention RGT 
(Havlin and Ben-Avraham 1982b; Wagner et al. 1985; Colvin and Stapleton 1985). 
In order to truly assess the utility of renormalizations methods to study protein 
structural and folding properties, one needs to estimate the feasibility of consist-
ently adding all-atom detail to coarse-grain protein models. Especially, one needs 
to investigate whether, the shift from coarse-grain to all-atom description distorts 
the thermodynamic properties of the corresponding ensembles of structures—or 
not. Only after these issues are resolved, can we expect to find works that employ 
renormalization methods to unearth protein-scaling symmetries.

2.2.5 � Approach with the Spectral Dimension

Here we talk about the dialectics of protein structures! Had he known about it, 
Frederick Engels would have surely incorporated this idea in his magnum opus 
‘Anti-Dühring’; (fortunately) we knew not much of physics of protein structure 
back then. Jokes apart, are there fundamental contradiction that the protein native 
structures suffer from? As it turns out, there is (at least) one, which can be stated 
in two equivalent and dependent ways; one in terms of dynamics, the other, in 
terms of potential energy.

Let us start with the potential energy centric formulation. If a protein is in 
its native state, the compactly folded structure of its can be expected to assume 
a single well-defined equilibrium structure. In such a case, the overall shape of 
the potential energy surface must be that of a single well. But it is well-known 
that the stable equilibrium configurations of proteins actually consist of multi-
ple conformational substates (Elber and Karplus 1987; Frauenfelder et al. 1988; 
Kitao et al. 1998). The problem, then, is to ascertain the extent to which the “fine 
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structural” aspects of the potential energy surface can be regarded as a modulation 
of a smooth single-well potential which defines the protein’s general folding scaf-
fold. The driving force is that, if indeed it is found out to be so, then (in the best 
of the two-worlds description) motion in such a system can be described qualita-
tively as vibrational motion within a local potential energy minimum on a short-
time scale, and as diffusion on a smooth effective potential energy surface on a 
long-time scale.

The same problem can be looked at from the viewpoint of protein dynam-
ics also. On the one hand, proteins attempt to maintain the structure of their 
native fold thermally stable. On the other hand, such native fold template needs 
to accommodate large amplitude conformational changes that allow appropri-
ate functioning of the protein (Karplus and McCammon 1983; Bahar et al. 1998; 
Henzler-Wildman et al. 2007; de Leeuw et al. 2009). The extent of such conforma-
tional changes can be assessed by noticing that some proteins have been reported 
to exist in two or more number of equilibrium states relevant to their function 
(Damaschun et al. 1999; Frauenfelder and McMahon 1998). The two properties 
are not independent of each other; instead, it has been found that fluctuations in 
densely packed regions manipulate the motion of flexible parts of proteins. One 
may argue that although interesting, these are rather predictable findings. What, 
however, could not be labeled as predictable was the discovery that the coexist-
ence of the aforementioned contradiction could not be explained by considering 
proteins as compact objects, since the later are necessarily characterized by small 
amplitude vibrations (Burioni et al. 2004; de Leeuw et al. 2009). To appreciate 
why these facts are extraordinary we need to look at the whole perspective that 
connects residual behavior with folded topology.

Although residual and atomic arrangements within proteins have distinct geo-
metrical nature, such arrangements are far from being static. A sizeable accumu-
lation of experimental data collected from NMR and neutron spectroscopy has 
revealed that protein native states are dynamic structures wherein amino acids 
(and the atoms therein) constantly move around their equilibrium positions. 
Furthermore, it has been established that this motion acts as a crucial determi-
nant toward ensuring protein function (Frauenfelder et al. 1979; Frauenfelder and 
McMahon 1998). Theoretical and computational studies on fluctuations and col-
lective motions of proteins are (usually) conducted with either molecular dynam-
ics (MD) simulations or normal mode analysis (NMA) (Levitt et al. 1985; Bahar 
and Rader 2005) or essential dynamics (Amadei et al. 1993). Detailed discussion 
about them is not possible to undertake here, but we will briefly talk about NMA.

In NMA paradigm, proteins are modeled as elastic networks, where nodes 
denote the residues, linked by inter-residue potentials that stabilize the folded 
conformation. Residues, in turn, are assumed to undergo (Gaussian-distributed) 
fluctuations about their mean native positions. The springs connecting each node 
to all other neighboring nodes are assumed to be of equal strength, and only the 
atom pairs within a distance threshold are considered without making a distinc-
tion between different types of residues. Although highly simplified, using a single 
parameter harmonic potential (Cui 2006), the NMA successfully predicts the large 
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amplitude motions of proteins in the native state (Bahar et al. 1997). Looking at 
it the other way round, one may assess the shear importance of interior fluctua-
tions by the fact that relying mostly on geometry and mass distribution of the pro-
tein, the NMA could demonstrate that a single-parameter model can reproduce the 
complex vibrational properties of macromolecular systems. Of notable relevance 
to the present discussion is the finding that separating different components of nor-
mal modes, say, the collective (low-frequency) motions, the nature of a conforma-
tional change, for example due to the binding of a ligand, can be analyzed in depth 
(Delarue and Sanejouand 2002).

But how are all these related to fractal studies of proteins? Well, there are 
two ways to establish the relevance: first, from the perspective of fluctuation and 
dynamics, second from the perspective of energy flow. We will start with the 
fluctuation and dynamics part. Obtaining a thorough idea about the fluctuation 
dynamics of proteins near native state is necessary toward gaining insights about 
the molecular basis and mechanisms of their function. Studying the fluctuation 
dynamics becomes far easier with linear models such as NMA. Furthermore, to 
study the collective and correlated nature of residue fluctuations, the NMA pre-
sents itself as a reasonable first approximation. Moving on to the other aspect, viz. 
flow of energy studies, it was established that energy flow within a protein could 
be reliably described in terms of transfer among the collective oscillations, or nor-
mal modes, of the protein. Energy flow among the vibrational states of a protein 
(defined in terms of excitations of the vibrational modes) can be generated by 
anharmonic coupling between them, giving rise to energy flow pathways through 
the vibrational states. More importantly, it was found (way back in eighties) that 
low-frequency modes in proteins in the normal mode density, vary with frequency 
as expected for fractal objects (Elber and Karplus 1986; Elber 1989)! Although 
studies about the nature of energy equipartitioning in polymers are nothing new 
(Fermi et al. 1955; Uzer 1991), the importance of the last fact can only be assessed 
when we talk about flow of vibrational energy in proteins. It is here that we will be 
introduced to the third type of fractal dimension relevant in protein structure para-
digm, the spectral dimension.

Gaining an understanding about energy flow in proteins is crucial require-
ment toward understanding protein stability and protein function. While one 
study attempted to address this problem by trying to identify evolutionarily con-
served pathways of energetic connectivity across protein families (Lockless and 
Ranganathan 1999), another approach (Sharp and Skinner 2006) resorted to pump-
probe MD, whereby exciting a selected set of atoms or residues with a set of oscil-
lating forces the transmission of energy to other parts of the protein was probed 
using Fourier transform of the atomic motions. Many other works (Suel et al. 
2003; Clarkson and Lee 2004; Fuentes et al. 2006—to name only a few) attempted 
to decipher the characteristics of energy flow in particular cases. Commonality 
amongst all these studies was that they attempted to decipher the connection 
between protein architecture and pathways for energy to reach a specific target. 
Such studies highlighted the role of allostery. However, although informative, 
such studies could not present a general framework of energy flow in proteins, 
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which could consistently connect the rich dynamics of proteins with their energy 
landscapes. Such a general treatment of the problem could be obtained from an 
alternative view of energy flow among the collective oscillations of a protein 
(Moritsugu et al. 2000; Leitner 2001; Leitner 2002; Moritsugu et al. 2003; Fujisaki 
and Straub 2005). The latter view relates to vibrational energy flow in proteins. 
Vibrational energy flow has been identified as an important (if not fundamental) 
mechanism by which a protein maintains a near constant temperature while taking 
part chemical reactions in cells.

How to study the flow of vibrational energy within proteins? It was found 
out that energy transport on a percolation cluster (Alexander and Orbach 1982; 
Rammal and Toulouse 1983; Nakayama et al. 1994), in which energy flows read-
ily between connected sites of the cluster and only slowly between weakly con-
nected sites, reliably describes the energy flow in proteins. But since energy may 
be trapped in a percolation cluster, speaking statistically, the spread of energy 
assumes the form of anomalous subdiffusion in them. (In the case of normal dif-
fusion, the mean squared displacement of particles varies linearly with time, 
viz. 

〈

∆x2(t)
〉

∼ t.  However, in some complex disordered media, diffusion pro-
cess assumes an anomalous nature; whereby we observe 

〈

∆x2(t)
〉

∼ tα .  In the 
last equation, the scaling exponent α = 1 characterizes anomalous diffusion. For 
α < 1, the process is characterized as subdiffusion, and for α > 1, it is called 
super diffusion. Differential equations of fractional order are well suited for 
describing fractal phenomena such as anomalous diffusion in complex disordered 
media. The constant memory and self-similar nature of these phenomena can be 
taken into account by using the kinetic equations with fixed fractional order.) 
Intriguingly, anomalous subdiffusion could be observed in simulations on proteins, 
as with a percolation cluster (Bouchaud and Georges 1990; Garcia et al. 1997); 
whereby, protein’s geometry, its vibrational modes, energy flow through protein—
could all be connected and it could be established that percolation cluster-based 
protein modeling could be reliable and beneficial. Amongst various other interest-
ing properties, we will just mention that a general feature of vibrational energy 
flow among vibrational states of a molecule is its local nature (Logan and Wolynes 
1990; Lehmann et al. 1994; Leitner and Wolynes 1996). Importance of the last 
observation can be assessed once the concept of spectral dimension is discussed.

In their pioneering study, Alexander and Orbach (Alexander and Orbach 1982) 
found that the mean square displacement (denoted by R2) of a vibrational excita-
tion on a fractal object varies as:

The denominator of γ, that is D, is (our old friend) mass fractal dimension 
(MFD); the numerator of γ, that is d, is the spectral dimension, whom we’ll denote 
by SD from now. The last equation can therefore be written as:

R2 ∝ tγ , where γ =
d

D

R2 ∝ tγ , where γ =
SD

MFD
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MFD characterizes the scaling of mass M with the backbone length L (that is: 
M ∼ LMFD). The SD quantifies how the vibrational density of states (g(ω)), var-
ies with mode frequency (ω), viz. g (ω) ∝ ωSD−1. The MFD quantifies how much 
of a space is filled up with the property under consideration; where the property 
under consideration can be mass, hydrophobicity, polarizability, chirality, etc.,—it 
does not necessarily have to be mass only. The SD quantifies the density of vibra-
tional states. But then, how to count the number vibrational states with frequency 
less than (ω)?—That can be found from a parameter named ‘cumulative density of 
states’, (G (ω)) , which is defined as: G (ω) =

∫ ω

0 g (ωlow) dωlow. While studying 
these low frequencies, one can resort to the scaling (G (ω)) ∼ ωSD. For an infinite 
regular square lattice, the SD coincides with the regular dimension of 2; but for 
Sierpinski gasket it is smaller than 2 and is given by: 2ln(3)/ln(5) ≈ 1.365 . For 
more discussions on it, the interested reader can straightaway look at the classic 
papers (Alexander and Orbach 1982) and (Rammal and Toulouse 1983).

The vibrational normal mode spectra, (g(ω)), of proteins was first stud-
ied by Ben-Avraham for five proteins with sizes in the range of 39–375 resi-
dues. It was found that the data collapsed to produce a single curve, especially 
in the slow mode region (Ben-Avraham 1993). The density of states was found 
to increase linearly with the frequency in this region, implying a spectral dimen-
sion of magnitude SD = 2. This trend demonstrated a marked deviation from the 
Debye model of elastic solids, according to which the expected value should have 
been 3 (Kittel 2004). Subsequently, the anomalous spectral dimension of proteins 
was confirmed by inelastic neutron scattering experimental measurements, which 
yielded SD ≈ 1.4  for hen egg white lysozyme (Lushnikov et al. 2005). Very 
recently, in a work of far-reaching consequence to the study of protein structure 
physics, an equation of state relating the spectral dimension, fractal dimension, 
and the size of a protein has been proposed, based on the coexistence of stabil-
ity and flexibility in folded proteins (Reuveni et al. 2008). The SD, therefore, 
can be considered as a reliable marker to study the low frequencies in vibrational 
dynamics of a fractal. For a more rigorous treatment of SD, the interested reader 
can refer to (Triebel 1997).

2.2.5.1 � How to Calculate Spectral Dimension of a Protein?

This discussion is rooted in protein dynamics, for which we will have to revisit 
NMA of protein structures.

In a significant observation, in 1996, Tirion (1996) proposed the possibility of 
replacing the complicated empirical potentials in protein normal mode computa-
tions, with ‘Hooke’-type pairwise interactions depending on a single parameter. 
Such an approach originated from the observation that low-frequency dynamics, 
which are mainly associated with protein-domain motion, are generally insensi-
tive to the finer details of atomic interactions. Subsequently, many works (to name 
a significant few, Bahar et al. 1998; Jacobs et al. 2001; Micheletti et al. 2002; 
Banavar and Maritan 2003) have demonstrated the success of simple harmonic 
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models in the study of the slow vibrational dynamics of large biological macro-
molecules, and they have become a viable alternative to demanding and time-con-
suming all-atom NMA.

Going a step further, let us choose to describe a general elastic network 
of masses and harmonic springs. Physics tells us that such a network can be 
described by a set of normal modes and a corresponding set of eigenfrequen-
cies. To recapitulate, a normal mode of an oscillating system is a particular type 
of motion in which all parts of the system move sinusoidally with the same fre-
quency. The frequencies of the normal modes of a system are called its natural 
frequencies or eigenfrequencies. For such a system, the SD provides the informa-
tion regarding density of low-frequency normal modes on a fractal. That is, there 
holds a relationship g (ω) ∝ ωSD−1 between density of modes (g(ω)) and mode 
frequency (ω), for low frequencies.

At this point, we choose to talk about the ‘Gaussian network model’ (GNM) 
(Bahar et al. 1997). It is especially noteworthy in the present context, not merely 
because it yields results in agreement with X-ray spectroscopy experiments, but 
also because GNM has emerged as a potent system to study the spectral dimen-
sion. The GNM explores the role and contribution of purely topological con-
straints, defined by the 3D structure, on the collective dynamics of proteins, where 
the proteins are modeled as elastic networks whose nodes correspond to the posi-
tions of the Cα atoms in the native structure, and the interactions among nodes 
are described by (homogeneous) harmonic springs. These springs determine the 
degrees of freedom of the elastic network, viz. that of a protein structure, modeled 
as elastic network in present case. Furthermore, these springs govern the modes of 
vibrations of the given structure. One may wonder, what is the necessity for such 
kind of a model, when the crystal structure information for a protein is known?—
Well, X-ray crystallography provides accurate structural information by allow-
ing the determination of the average position of atoms and the amplitudes of their 
displacements from these average positions. But this analysis tells little about the 
ways the residues and the atoms move. Studying proteins with any form of elastic 
network model (like the GNM), assumes significance because such an investiga-
tion throws light on protein dynamics. Ironically, to verify the accuracy of such 
a model, the crystallographic information is sought. That is because, crystallo-
graphic structure determination includes obtaining information about thermal and 
other fluctuations of the atoms in a crystal. Typically, each atom can be assigned 
a Debye–Waller temperature factor or B-factor, with the latter proportional to the 
mean square amplitude of the fluctuations. Although these factors have some limi-
tations (Kuriyan et al. 1986), they represent a very reliable experimental source of 
information on the dynamics of proteins. We’ll find out shortly how this piece of 
information could be used for verification of GNM.

In GNM, an interaction between two nodes is considered to exist if the nodes 
are separated by a distance less than the pre-defined interaction threshold distance 
[usually, 6 or 7 Å (Burioni et al. 2004)]. The GNM Hamiltonian, thus constructed, 
is based upon two important assumptions; viz. residual fluctuations are isotropic 
in nature, and they are Gaussian in nature. Having said that, since the mean square 
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fluctuation for every residue is measurable with GNM, and since such a parameter 
can be directly associated to B-factor of a residue in the studies of X-ray crys-
tallography, since the GNM-predicted fluctuation profile showed excellent match 
with crystallographic finding,—one can safely infer that those assumptions do not 
differ much from biophysical reality. Indeed, studies examining the isotropic case 
(Bahar et al. 1997) and anisotropic case (Kondrashov et al. 2007; Micheletti et al. 
2002), revealed good match with theoretical predictions at room temperature. The 
Hamiltonian for such a system is given by:

Here, in the first term of the expression, ‘p’ represents the momentum and ‘m’ 
represents the mass; whereby, being summed over all the residues, the first term 
describes kinetic energy of the system. In the second term, ‘k’ represents the force 
constant (assumed to be homogeneous), 

−→
R i and ∆

−→
R i are the instantaneous posi-

tion and displacement with respect to equilibrium position 
−→
R 0

i  of the ith Cα atom. 
Here we note that 

−→
R i and 

−→
R 0

i  are external coordinates, whereas 
−→
R 0

i, j, viz. the 
separation vector between ith and jth residue in equilibrium—is an internal coor-
dinate. (The ∆

−→
R i and ∆

−→
R j  can be alternatively considered as instantaneous fluc-

tuation vectors.) The ‘M’ is an old-friend of ours, the network connectivity matrix, 
whom we had met during our discussion on correlation dimension. Just like the 
case encountered then, we define Mi, j = 1, only when both the conditions i �= j  
and the distance 

∣

∣

∣

−→
R i −

−→
R j

∣

∣

∣
between two Cα atoms in native state is less than some 

pre-defined distance threshold—are met; otherwise Mi, j = 0. Since no distinction 
is made between different types of amino acids, a generic spring constant k could 
be adopted for modeling the interaction between all pairs of residues sufficiently 
close. The significant aspect of this Hamiltonian is that not only the changes in 
inter-residue distances, but also any change in the direction of inter-residue vec-
tor—will have a penalty to pay in GNM potential.

Thus the GNM, in short, describes protein mobility in terms of the atoms’ 
local packing density. Another peculiar feature of GNM is how the issue of 
degrees of freedom is addressed here. That is, a protein is viewed here as a col-
lection of N sites, one for each residue, resulting in an ensemble of N—1 inde-
pendent modes, instead of the 3N—6 modes that would have been expected 
from a 3D description. To obtain an idea about various other physical and com-
putational aspects about low-frequency modes, NMA and GNM, the interested 
readers can refer to (Haliloglu et al. 1997), (Hinsen 1999), and (Atilgan et al. 
2001). Also, to obtain an idea about how the two elastic network models (NMA 
and GNM both) of proteins have allowed us to observe that a few low-frequency 
normal modes can present accurate information about the deep patterns in the 
large amplitude motions of proteins upon ligand binding, demonstrating thereby 
the robust character of residual collective motions, one can refer to (Tama and 
Sanejouand 2001; Delarue and Sanejouand 2002; Krebs et al. 2002; Lu and 
Ma 2005; Tama and Brooks 2006; Nicolay and Sanejouand 2006). Finally, to 
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acquire a thorough idea about the theoretical background behind GNM (and elas-
tic networks in general), the interested reader can refer to (Eichinger 1972) and 
(Kloczkowski and Mark 1989).

A short note on (an)isotropy in residue fluctuation in GNM assumes importance 
here. Residue fluctuations are implicitly assumed to be isotropic in the GNM; and 
such an assumption did not produce results that differed by much from experimen-
tal data. However, in reality, it is known that residue fluctuations are in general 
anisotropic in nature (Kuriyan et al. 1986; Ichiye and Karplus 1987). Although 
an extension of the GNM, called the anisotropic network model (ANM), exists 
(Doruker et al. 2000; Atilgan et. al 2001), a satisfactory explanation of how could, 
then, the experimental results matched the results predicted through isotropic fluc-
tuation assumption—is not easy to find. But one can (somewhat crudely) attribute 
the emergence of perceived isotropy to the fact that at systemic level, the min-
ute effects of particular anisotropies won’t probably be affecting the description 
appreciably.

Going back to the GNM Hamiltonian, let us zoom in on the interaction term, viz.  
k
2

∑

i, j(j>i) Mi, j

(

∆
−→
R i − ∆

−→
R j

)2

. Furthermore, let us concentrate only on the sys-

tem-wide residual fluctuation part, viz. on 
∑

i, j(j>i) Mi, j

(

∆
−→
R i − ∆

−→
R j

)2

. —This 
term expands as:

—which, sadly, isn’t exactly very insightful. However, this term can now be sub-
jected to threshold filtering, so that an effective contact matrix, say, ‘C’ can be 
constructed. To achieve this, we define:

The suitably changed effective form of GNM Hamiltonian can therefore be 
written as:

which is, not much of an improvement, but at least it describes the system in 
exactly the way it is supposed to be viewed. Since residue fluctuations are iso-
tropic, (viz., 

〈

(∆Xi)
2
〉

=
〈

(∆Yi)
2
〉

=
〈

(∆Zi)
2
〉

=
〈

(∆Ri)
2
〉

/

3, the position vector 
−→
R i  

can be broken up symmetrically in three components (Xi, Yi, Zi). Whereupon, to 
cut down on degeneracy, one can study the behavior of the fluctuation part of 
the Hamiltonian by studying anyone of these components. Causing no loss to 
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generality, we choose to study the behavior of only the X-component. Thus we 

have the (reduced) Hamiltonian: HGNM =
∑

i
(
−→pi )

2

2m
+ k

2

∑

i, j

Ci, j∆
−→
X i∆

−→
X j

In an equivalent form, this system can be expressed with Lagrangian descrip-
tion also (Reuveni 2008), whereby we arrive at:

Then, using the Euler–Lagrange equation of motion, viz. 
(

∂LGNM

∂∆Xi
= ∂

∂t
∂LGNM

∂∆Ẋi

)

 

and re-arranging the expression, we obtain: ∆Ẍi = −k
∑

j Ci, j∆Xj. It assumes 
significance to observe here that the last equation implies that dynamics of ith 
node, captured in the term ΔXi, is not only a function of itself but also of the 
dynamics of other nodes, described in {ΔXj}. Anyway, upon performing the 
summation, this expression can be written in the composite matrix form, as: 
M∆

→̈
X
i

= −kC∆
−→
X . The last equation is a well-known and adhering to the stand-

ard technique one may substitute ∆
−→
X =

−→
A eiωt , to obtain a harmonic solution 

of the equation. The eigenvalue equation for the matrix can therefore be given 
by: C

−→
A = 1

k
Mω2−→A ;—which implies that for such a description of the system, 

eigenfrequencies of the system are, to a proportionality factor, square root of 
the eigenvalues of the matrix C. Furthermore, since the spectral dimension 
attempts to characterize the scaling between density of modes (g(ω)) and mode 
frequency (ω), proportionality factor does not play a decisive role here. The set 
of vibrational eigenfrequencies (ω0, ω1, …, ωN–1) (alternatively called the ‘har-
monic spectrum’) can subsequently be obtained by diagonalizing the matrix ‘C’. 
Finally, by plotting ln(G(ω)) versus ln(ω), one can identify the linear stretch in 
the ordinate.

How to identify the linear stretch?—Many prefer to achieve this by manu-
ally inspecting every case. But this is tiresome, faulty and for a big dataset, 
unrealistic. Instead, consider a window of five consecutive points, and run this 
window in an overlapping mode across the entire ordinate profile. For each 
of these windows calculate the cumulative difference, viz. 

∑5
i=1 (yi+1 − yi).  

The window with least cumulative difference is the best linear stretch for 
ln(G(ω)) versus ln(ω) plot for the particular protein under consideration. 
Consider the third point of this window and this magnitude of ordinate should 
be assigned as the SD of that protein. (Of course, this goes without saying that 
same technique to identify the linear stretches should also be applied to all 
forms of MFD calculations too.)

Magnitude of SD is generally smaller than that of the MFD of the object 
under consideration. This fact relates to the connectivity or bonding of the atoms 
(Ben-Avraham 1993) in the object. When SD magnitudes for some small pro-
teins were obtained from results of the spin echo experiments, these were found 
to range between 1.3 and 1.6 (Stapleton et al. 1980; Drews et al. 1990). These 
magnitudes matched the ones obtained from theoretical and computational analy-
sis on fractal models of proteins (Elber 1989; Elber and Karplus 1986). In a 2004 
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study on 58 proteins (ranging from less than 100 to 3,600 residues), Burioni 
and co-workers used the GNM and computed the SD directly from the density 
of states for these proteins (Burioni et al. 2004). The SD was found to range 
from about 1.3 to 2.0; furthermore, the SD was reported to increase logarithmi-
cally with protein size (Burioni et al. 2004). This last fact assumes significance, 
because it provides a means to estimate the spectral dimension of a protein based 
on its size. On the other hand, the fact that SD magnitudes are predominantly 
found to be less than 2.0, suggested the presence of large thermal fluctuations 
of residue displacements about their equilibrium position. We will come back to 
this point later.

2.2.5.2 � Interpretations of Spectral Dimension

When Alexander and Orbach (Alexander and Orbach 1982) introduced the spec-
tral dimension, it was considered as a useful tool to characterize the low-frequency 
vibration spectrum of fractals. Present scenario is different. In this day and age, the 
spectral dimension is considered by many as the appropriate generalization of the 
Euclidean dimension of regular lattices to irregular structures in general, whether 
fractal or not. These irregular structures include polymers, proteins, glasses, per-
colation clusters, dendritic growths, etc., although we will only talk about spectral 
dimension in the context of proteins.

Probably, the most tangible interpretation of spectral dimension can be 
found from the extent of connectivity in a protein; a high magnitude of spectral 
dimension corresponds to high degree of topological connectedness. Spectral 
dimension finds relevance in (anomalous) diffusion studies, energy conductiv-
ity studies, phase-transition studies, etc. Though various aspects of pertinence 
of spectral dimension in the paradigm of studies on density of vibrational modes 
in proteins have already been presented in the last sections, no discussion can 
be complete without mentioning spectral dimension’s pivotal role in derivation 
of generalized Landau-Peierls instability. We will tangentially touch upon this 
topic. Although spectral dimension can relate to large-scale topology of protein 
geometry, it governs the low-energy fluctuations of proteins too. Thus, exploit-
ing this fact, one can derive an instability criterion for proteins, which is based 
only on topological considerations, which is analogous to Peierls’ criterion 
deduced originally for ordered crystalline structures. We will come back to this 
topic later.

Finally, it will be incorrect to think that spectral dimension can only relate to 
various aspects of energy flow and vibrational dynamics, spectral dimension can 
be useful in predicting dynamical relaxation properties too. Defining vibrational 
excitation of an object with fractal geometry as ‘fractons’, a 2005 study (Granek 
and Klafter 2005) has proposed a model of protein vibrations (Nakayama et al. 
1994) to describe fluctuations between pairs of residues. Remarkably, the theoreti-
cally predicted results matched well with results obtained from single-molecule 
experiments (Yang et al. 2003).

2.2  Schools of Protein Interior Fractal Studiess
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2.3 � Results Obtained with Fractal Dimension-Based 
Investigations

It can be realized without much difficulty that fractal dimension-based proce-
dures can extract valuable information about the latent symmetry in arrangement 
of atoms and residues. Moreover, they can be indispensable in extracting pat-
terns from a spectrum of nonlinear, time-dependent and context-dependent inter-
actions amongst the interior biophysical properties. Thus, not surprisingly, these 
algorithms have been applied (meaningfully) in a wide range of cases. Due to the 
aperiodic arrangement of the amino acids, conformational states of proteins con-
sist of many sub-states with nearly the same energy (Frauenfelder et al. 1988). 
Experimental evidences do indicate that each sub-state of the protein has in itself 
a large number of sub-states, and the potential energy function is statistically self-
similar, having the same form on many different scales (Li et al. 1990a, b). To 
investigate a system with such characteristics, FD-based constructs present them-
selves as able candidates. Here we talk about the principal findings from varie-
gated gamut of FD-based results.

2.3.1 � FD-Based Protein Conformation Studies

FD is a reliable indicator of protein conformation, because it provides a quan-
titative measure of the degree to which a structure (and any property associated 
with the structure) fills the space. Based on this recognition, way back in 1982, 
Stapleton and his co-workers (Allen et al. 1982) had shown that changes in pro-
tein structure with solvent conditions could conveniently be monitored by it. In 
fact, in its totality, their studies (Stapleton et al. 1980; Allen et al. 1982; Wagner 
et al. 1985; Colvin and Stapleton 1985) had reported for the first time that the 
geometry of the carbon backbone determined from X-ray diffraction data and the 
vibrational dynamics of proteins as measured by Raman scattering, are both frac-
tals. Their work proved that FD determined from the structure, correlates (almost) 
perfectly with that determined from the dynamics. Subsequently in 1984, another 
group took this question up and worked further on the Stapleton finding that the 
FD of the polymer coincides with SD that governs the phonon density of the states 
g(ω) at small frequencies (ω) as : g (ω) ∼ (ω)SD−1. However, their interpretation 
(Helman et al. 1984) of ‘fracton’s was challenged (Herrmann 1986) soon after (on 
the ground that fracton dimension only considers the scalar excitations, while the 
phonons are vector excitations) and exponent in Stapleton finding was related to 
spectral dimension. For an in-depth account of these concepts, interested read-
ers can refer to (Colvin and Stapleton 1985; Helman et al. 1984; Herrmann 1986; 
Stapleton 1985) and references therein), to appreciate the pivotal significance of 
these early works in the context of contemporary theoretical soft condensed matter 
research.
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2.3.2 � FD-Based Ion-Channel Kinetics Studies

Liebovitch and co-workers proposed a framework for fractal model of ion chan-
nel kinetics in 1987 (Liebovitch et al. 1987a, b; Liebovitch and Sullivan 1987). 
The fact that their model was more consistent with the conformational dynamics 
of proteins, helped in establishing the fact that fractal models can be accurate and 
reliable when considering conformational transitions between states that consist 
of a hierarchy of sub-states. Liebovitch’s interpretation of the results was radical, 
because it was based on the notion that dynamic processes in proteins occur with 
many different correlation times. By adjusting the parameters of the model, the 
observed gating behavior could be described in a wide time range. The immedi-
ate impact of this study on the then-contemporary ones could be understood by 
comparing the (varying) approaches and interpretations suggested in (Korn and 
Horn 1988; French and Stockbridge 1988; Millhauser et al. 1988; Lauger 1988), 
with those that were attempting to describe the same genre of results with other 
tools. Subsequent works by Liebovitch (Liebovitch and Toth 1990; Liebovitch and 
Toth 1991) on analysis of patch clamp recordings of the sequence of open and 
closed times of cell membrane ion channels, could establish a new trend ion chan-
nel kinetics studies, which asserted that ion channel proteins have many confor-
mational states (connected by large number of pathways) of nearly equal energy 
minima. It was shown that these states are not independent but are linked by phys-
ical mechanisms that result in the observed fractal scaling. Impact of these find-
ings can be appreciated from the profile of succeeding studies (Lowen and Teich 
1993; Churilla et al. 1995; Lowen et al. 1999; Rodriguez et al. 2003; Kim et al. 
2005) on fractal kinetics from 1991 onwards. For example, in a recent work (Kim 
et al. 2005) it has been shown that patterns in spiking activity in suprachiasmatic 
nucleus neurons can be explained with fractal point process model, which implied 
the presence of self-similarity in the profile of spike trains; proving thereby that no 
characteristic time scales dominates the dynamics of the spiking process.

2.3.3 � FD-Based Attempts to Relate Protein Structure  
and Dynamics

It was known from a long time that protein dynamics involves a broad range of 
interconnected events occurring on various time scales (Brooks et al. 1988). 
Thus, it is hardly surprising that protein systems exhibit nonexponential behavior. 
Fractal approach is of great assistance in developing models of protein dynami-
cal processes. There is a wealth of nonexponential rate processes in biophysics, 
and fractal models were found to be effective in describing such processes (Dewey 
and Spencer 1991). Although some dynamical models (Bagchi and Fleming 1990; 
Zwanzig 1990) were there to describe the vast array of nonexponential processes, 
discriminating between them was a difficult (yet important) problem. In this 
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context, fractal dimension-based models came handy. Fractal models had a unique 
appeal because with them a structural parameter, the MFD, could (automatically) 
be related to a dynamic parameter, viz. SD, the spectral dimension. Exploiting 
this advantageous aspect, Dewey (Dewey and Spencer 1991; Dewey and Bann 
1992; Dewey 1995) explored the inherent direct connection between structure 
and dynamics in a series of works. To study the emergence and characteristics of 
these nonexponential behaviors in conformational change of proteins and protein 
structures in general, one can refer to (Dewey 1997). Recent applications of this 
approach can be found in a number of works (Ramakrishnan and Sadana 1999; 
Goychuk and Hanggi 2002; Carlini et al. 2002).

2.3.4 � Studies in Fractal Kinetics

Discussion above (on fractal studies of ion channel kinetics and nonexponential 
rate processes) falls under the broad category of “fractal kinetics” study. It was 
Kopelman (1986), who suggested that the general phenomenon of logarithmically 
decreasing reaction rates should be collectively considered under the umbrella 
of “fractal kinetics”. His assertions were proved experimentally in a number of 
boundary conditions (Kopelman 1988). Spatial and/or energetic heterogeneity 
of the medium, or nonrandomness of the reactant distribution in low dimensions 
was suggested as (possible) mechanisms behind fractal kinetics. Kopelman (1988) 
showed how surface diffusion-controlled reactions, which occur on clusters or 
islands, are expected to exhibit anomalous and fractal-like kinetics. Mechanisms 
of fractal kinetics exhibit anomalous reaction orders and time-dependent (for 
example, binding) rate coefficients, holding therefore an advantageous ground. 
Investigations (Li et al. 1990a, b) (with theoretical considerations raised by statis-
tical methods of random walk on fractal structures) have proved that fractal kinet-
ics is observed not due to the number of binding sites on each protein molecule, 
but it is a reflection of the fractal properties of enzymes (and proteins in general) 
themselves. Since roughness of protein surfaces follow fractal scaling (Lewis and 
Rees 1985) and since fractal dimension is a global, statistical property, insensitive 
to time-dependent tiny fluctuations;—the results in (Li et al. 1990a, b) appear to 
be easily understandable. The same study had (notably) established that, nonin-
tegral dimensions of the Hill coefficient (used to describe the allosteric effects of 
proteins and enzymes), are direct consequences of fractal properties of proteins. 
Another consequence of this inherent fractal nature was demonstrated by power-
law dependence of a correlation function on certain coordinates, and power-law 
dependence of correlation function on the surface of analyte-receptor complex on 
time (Ramakrishnan and Sadana 1999). Original Kopelman algorithm was pro-
vided a strong theoretical support when it was shown that fractal kinetics owes 
its emergence to spatial self-organization of the reactants induced by the compact 
properties of diffusion (Argyrakis and Kopelman 1990). Being an extremely sig-
nificant platform, countless applications of this scheme have been attempted over 
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the years; one can find the prominent ones in (Turner et al. 2004; Berry 2002; 
Yuste et al. 2004; Kosmidis et al. 2003; Grimaa and Schnell 2006). Interested 
reader may also benefit from studying (Turner et al. 2004), where an in-depth 
comparison between various pertinent schemes is provided.

A discussion (however small) on fractal kinetics cannot be complete without a 
note on fractal time studies. However, such a note will fall outside the purview of 
the present book. Interested reader can find an excellent discussion about chemi-
cal kinetics and fractal time and their pertinence in the realm of protein interaction 
studies elsewhere (Shlesinger 1988), pages 158–163 of (Dewey 1997).

2.3.5 � FD-Based Results on Protein Structure

The recent trend of FD-based studies indicates a strong inclination toward discov-
ering protein structural invariants. Since MFD is a measure of the compactness, it 
can alternatively be used as an effective measure for the extent of torsion that the 
extended polypeptide undergoes during folding. It is expected (intuitively) that the 
stronger the torsion of the systems is, the larger will be its MFD, and vice versa. 
Therefore to quite an extent, MFD reflects the structure information of proteins, 
and submits itself as a reliable construct to study the extent of folding. Enright 
and Leitner in 2005 (Enright and Leitner 2005) formalized the aforementioned 
intuitive notion by systematically calculating the MFD of a set of 200 proteins and 
found the magnitude to be 2.489 ± 0.172 . Their result was consistent with those 
obtained from dispersion relations and the anomalous subdiffusion, computed for 
the same set of proteins (Yu and Leitner 2003), which were (in turn) related to the 
theory of mass fractal dimension proposed by Alexander and Orbach (Alexander 
and Orbach 1982). A lot of incisive research works in the last 5 years have zoomed 
in on two aspects of Enright–Leitner finding; one, influence of magnitude of 
the MFD on protein dynamics and energy flow, and two the noncompactness of 
the folded primary structure. Many findings obtained from these studies can be 
labeled “unexpected”, because the classical works on protein structure could not 
reveal them. Here we outline some such results.

The similarity between the geometry of a globular protein and a percolation 
cluster was pointed out by Liang and Dill (Liang and Dill 2001). However, based 
on a (masterly) follow-up study (Leitner 2008), it was found out that energy flow 
through the vibrational states of proteins is anisotropic, and this process can be 
reliably described by the theory of transport on a percolation cluster in terms of the 
dimension of the cluster and the density of vibrational states. Though the precise 
functional roles of the energy propagation channels could not be identified; pos-
sibility of relating them to fast cooling of proteins during reaction, directed energy 
transport to speed reaction, communication signals, and allostery—were proposed.

Adopting the fractal point of view made it possible to analyze protein topology 
and protein dynamics, within the same framework. This advantageous fact was 
utilized wonderfully in a recent work (de Leeuw et al. 2009) where a universal 
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equation of state for protein topology was derived. Although the marginal stabil-
ity criterion of proteins was talked about previously (Li et al. 2004), this study 
(de  Leeuw et al. 2009) proved that most proteins “exploit” the Landau-Peierls 
instability (Peierls 1934) to attain large amplitude vibrations. The authors insisted 
that this is the key mechanism how proteins can perform large amplitude confor-
mational changes to ensure proper function, while maintaining an invariant native 
fold. Furthermore (perhaps most importantly), it is proved here that the majority 
of proteins in the PDB exist in a marginally stable thermodynamic state, namely a 
state that is close to the edge of unfolding. These are exciting new findings about 
state of existence of proteins, which could never have been brought to the fore 
without efficient and accurate implementation of FD-based ideas.

Recently, the horizon in this area opened up further when the answer to a basic 
question, namely, ‘why, although proteins seem to vibrate under a complex ener-
getic landscape thanks to their highly involved dynamics, the same energetic land-
scape appear harmonic near the minima?’—was answered. This was achieved 
(Reuveni et al. 2010) by challenging the very validity of the harmonic approxima-
tion concerned and the study could establish that anomalous vibrational dynam-
ics in proteins is a manifestation of a fractal-like native state structure. To obtain 
an even more inclusive picture of this aspect of protein structure studies, one can 
complement the aforementioned (Reuveni et al. 2010) assertion with that from 
another recent study (Lois et al. 2010), where the later could identify a possible 
mechanism, the small fractal dimension of “first passage networks”, that accounts 
for reliable folding for proteins with rugged energy landscapes. On a related note, 
one may find it useful to note the results presented in a recent work on folding 
of proteins that are too slow to be simulated directly. Here, it was asserted that 
fractal Smoluchowski equation could reliably model protein folding by subdiffu-
sion (Sangha and Keyes 2009). In this way, this methodology could achieve what 
the standard paradigm of, either diffusion (the usual Smoluchowski equation), or 
normal-diffusion continuous time random walk of a single-order parameter under 
thermodynamic influences,—would have had difficulty to achieve.

Another equally unexpected set of results (Banerji and Ghosh 2009b) was pre-
sented when the degrees of noncompactness of mass, hydrophobicity, and polar-
izability within proteins were quantified across four major structural classes for 
globular protein structures. This study revealed that barring all-α class, all the 
major structural classes of proteins have an amount of unused hydrophobicity left 
in them. Figure 2.2 describes the presence of unused hydrophobicity in bacterial 
family-III cellulose-binding domain protein `1nbc’ (all-beta domains). Amount 
of unused hydrophobicity was observed to be greater in thermophilic proteins, 
than that in their (structurally aligned) mesophilic counterparts. The all-β proteins 
(thermophilic, mesophilic alike) were identified with maximum amount of unused 
hydrophobicity, while all-α proteins have been found to possess minimum polariz-
ability. The unused hydrophobicity was explained as the extent of hydrophobicity 
that was not utilized during the process of protein folding. It was hypothesized 
in the work that such unused hydrophobicity acts as an added layer of protection 
for proteins, lending them with an extra level of stability. The fact that proteins 
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belonging to thermophilic organisms have more unused hydrophobicity in them, 
therefore, does not appear strange. Polarizability, on the other hand, relates to 
the bottom-up description of protein structure, because it concerns the residue-
specific magnitudes. Lower profile of residue polarizability implies lower dielec-
tric constant in protein interior; which in turn, suggests a conducive electrostatic 
environment in protein interior. Interpreting the obtained findings from the afore-
mentioned perspectives, the Banerji–Ghosh work (Banerji and Ghosh 2009b) thus 
asserted that origin of α-helices are possibly not hydrophobic but electrostatic, 
whereas β-sheets are hydrophobic in nature.

Staying with noncompactness, approaching the questions from a different per-
spective, another recent work studied the backbone of ribosome (Lee 2008), employ-
ing correlation dimension (discussed earlier). It revealed that capacity dimensions of 
rRNAs are less than their embedding dimension, implying presence of some empty 
spaces in rRNA backbones. Going back to principles of polymer physics in the 
context of proteins, Hong and Jinzhi (2009) derived a unified formula for the scal-
ing exponent of proteins under different solvent conditions. Since this formula was 
obtained by considering the balance between the excluded volume effect and elastic 
interactions among monomers, one can expect it to find a lot of attention in pure and 
applied research works of future. Their results showed that the scaling exponent is 
closely related to the MFD of a protein’s structure at the equilibrium state.

Hidden dependencies between protein structural class-specific FD mag-
nitudes and kinetic-thermodynamic parameters (the folding and unfolding 
rate, folding-unfolding free energy) were studied recently (Tejera et al. 2009).  
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dimension of an ‘all-beta’ class protein (PDB id.: 1NBC)
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This study assumes special importance because it confirmed the dependence of 
FD values on the fold type and on the location and connectivity of the second-
ary structures. However, it left a cautionary note by reporting that presence of 
turns tends to increase the values of FD, irrespective of the structural classes. In 
an effort to describe accessible surface area, number of amino acids and ROG with 
FD-centric protein view, another recent work on protein (non)compactness (Moret 
et al. 2009), found that compactness of a protein can as well be described in terms 
of packing between random spheres in percolation threshold and crumpled wires.

Although the description of a single protein molecule as a contact network 
of amino-acid residues is not new; a recent work (Morita and Takano 2009) has 
investigated the properties of shortest path length between the number of nodes by 
employing the network topological dimension, the fractal dimension, and the spec-
tral dimension. Results obtained from this study are of far-reaching ramification 
in the paradigm of protein structure, because these showed that residue contact 
networks in proteins in native structures are not small world networks but fractal 
networks.

2.4 � Gaining New Knowledge About Protein Interior  
with FD-Based Investigations

While the last section enlists various successful applications of FD-based con-
structs in probing protein interiors, a lot can still be achieved in that end. Just to 
emphasize this very point, that is, how, yet-unexplored questions can be rigor-
ously investigated with innovative use of FD constructs; I present here a glimpse 
of correlation-dimension (CD)-based investigations of protein structural param-
eters. Since one can investigate the underlying symmetries in short, medium, and 
long-range interactions between various residues with an invariant framework, 
CD-based studies on protein interior, can prove to be extremely useful. The scope 
and resolution of the obtained results underscore the point that, extensive infor-
mation about numerous (elusive) dependencies between biophysical and/or bio-
chemical invariants within proteins, can be drawn from series of elaborate and 
systematic studies—using this very methodology.

2.4.1 � Implementation of CD-Based Constructs

CD (as explained earlier) is different than the other FD constructs, because it 
attempts to investigate the self-similarity in distributions between correlated prop-
erties (or dependencies), which arise out of particular dispositions of atoms or 
residues. In other words, instead of studying the self-similarity in distribution of 
atoms or residues—something that the mass-fractal analyses perform; here, one 
examines the self-similar characteristics of correlations amongst the properties 
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that come to being due to any given distribution of atoms or residues. Figures 2.3, 
2.4, 2.5 , and 2.6 contain correlation-dimension-based analysis of key biophysical 
properties necessary for protein stabilization. While some of these are quantifiable 
through other possible means; some say the possible self-similarity in the distribu-
tion of π-electron clouds of the aromatic amino acids, will be difficult to obtain 
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Fig.  2.3   Calculation of correlation dimension between hydrophobic amino acids in a protein 
(PDB id.:1SU7)
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Fig. 2.4   Calculation of correlation dimension between charged amino acids in a protein (PDB 
id.:1A59)
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through other procedures. While one section shows how structural classification of 
proteins [SCOP (Murzin et al. 1995)]-class centric inferences can be obtained with 
CD-based constructs, another describes the utility of it in quantifying the extent of 
dependencies amongst properties of individual residues. Thus, while one section, 
presents results of general nature; another presents the results at the resolution of 
particular proteins.
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Fig. 2.5   Calculation of correlation dimension between peptide dipole units in a protein (PDB 
id.:1LQ8)
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Fig. 2.6   Calculation of correlation dimension between aromatic amino acids in a protein (PDB 
id.:1LF6)
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2.4.2 � CD-Based Investigation of Local and Global 
Dependencies Amongst Peptide Dipoles Units

2.4.2.1 � Why is it Advantageous to Resort to CD, While Studying  
Protein Electrostatics?

Many quantitative analyses have attempted to describe the delicate balance of 
forces in the complex charge subsystem and hard-to-model dielectrics of protein 
interior. Proposed simulation strategies to study this problem range from con-
tinuum dielectric methods (Bashford and Karplus 1990) to explicit approach for 
dealing with polarizability (Warshel and Papazyan 1998). In other words, starting 
from Tanford–Kirkwood dielectric cavity scheme, analytical solution of Poisson–
Boltzmann equation, nonlinear numerical finite difference (Zhou et al. 1996), 
boundary element algorithms (Lu et al. 2005), and finally the sophisticated empiri-
cal generalized Born solutions (Feig et al. 2004)—all have been tried. However, 
explicit treatment of polarizability, even at its modest linear response level, involves 
high-computational price and detailed know-how of molecular modeling practices. 
Thus, the immediate needs of many protein scientists, viz. easy-to-understand 
and easy-to-calculate measures to describe protein electrostatics, are not always 
addressed by the aforementioned procedures. In this context, one might find the use 
of CD-based analyses of protein interior to be immensely beneficial. Since charge–
charge and peptide–dipole interactions have been identified to play important roles 
in the stabilization of proteins (Spassov et al. 1997) and in determining the native 
fold (Petrey and Honig 2000), here I demonstrate how CD-based investigations on 
these can bring to fore valuable information from an invariant simple framework.

2.4.2.2 � Calculation of CD to Quantify Dipole Distribution

Although the peptide group is uncharged at normal pH, its double-bonded reso-
nance form accounts for a dipole moment of ~3.6 Debye, directed from oxygen 
of C=O, to hydrogen of N–H bond. In case of some secondary structures, like 
the α-helices, these dipole moments align with each other to produce a significant 
resultant dipole moment, which in turn, tend to account for nontrivial contribu-
tions to protein stability. Electrostatic field resulting from arrangement of helix 
dipoles has been proposed as an important factor contributing to both helix stabil-
ity and specificity (Shoemaker et al. 1987). Aqvist et al. (1991) have demonstrated 
that this effect is short ranged, and its influence is confined largely to individual 
backbone dipoles localized within the first and last turns of the helix resulting in 
a formal positive charge at the helix N terminus and formal negative charge at the 
C terminus. But the global picture regarding protein interior electrostatics, as a 
function of backbone conformation of the native structure—does not, necessarily, 
emerge from that. Since dipoles in an α-helix are electrostatically aligned nearly 
parallel to the axis of the helix (Wada 1976), such a global picture can be obtained 

2.4  Gaining New Knowledge About Protein Interior with FD-Based Investigations



62 2  Studying Protein Interior with Fractal Dimension

straightaway by calculating the general dependency profile between dipoles, origi-
nating from the numerous mutual spatial dependencies between the peptide-unit 
dipoles across the entire backbone. The mere vectorial summation to calculate the 
resultant dipole vector will fall short of quantifying this aspect of dipole distribu-
tion in protein structures.

Hence, choosing the standard threshold for considering a pair of residues to be 
in long-range contact (Miyazawa and Jernigan 1999; Selvaraj and Gromiha 2003), 
namely a maximal distance of 8 Å between their centroids (alternatively, distance 
between Cβ atoms (Cα for glycines) can be chosen, results do not vary appreci-
ably (unpublished data)) and resorting to the formulae provided earlier, CD were 
calculated for every nonredundant protein structure (taken from protein data bank 
[PDB (Berman et al. 2003)] within all the SCOP folds with statistically signifi-
cant number of nonredundant protein structures. While calculating the centroid of 
an amino acid, all the nonhydrogen atoms were considered. Set of formulae men-
tioned earlier was used to calculate the correlation dimension. One can refer to 
(Banerji and Ghosh 2011) for details of the methodology. After obtaining the CD 
for each of the proteins belonging to a particular SCOP fold, average of obtained 
CDs for a particular SCOP fold was subsequently calculated to draw biological 
inferences at the SCOP class level. Tables 2.1 and 2.2, contain the list of 15 SCOP 
folds with respectively the maximum and minimum magnitudes of CD between 
peptide dipoles, the entire list can be found in (Banerji and Ghosh 2011).

Brief Discussion About Peptide–Dipole Distribution Within SCOP-Folds

Most of the studies on peptide–dipole units (Shoemaker et al. 1987; Wada 1976) 
have concentrated on the nature and magnitude of (resultant) dipoles moments, 
especially in the context of α-helices. Results obtained with CD, on the other 
hand, quantified a different aspect of peptide–dipole units in proteins; namely, it 
quantified the prevalent symmetry in dependencies amongst the spatial arrange-
ment of the peptide dipoles, across proteins from all the seven SCOP classes. 
Somewhat unexpectedly, the results revealed that peptide  dipoles in α/β class of 
proteins, in general, are more correlated to each other, than the peptide dipoles 
in proteins belonging to all-α class. Out of 15 SCOP folds with maximum CD 
amongst peptide dipoles (Table  2.1), only one (‘α/α toroid’, with the maximum 
CD) entry belongs to all-α class, eight belongs to α/β class of proteins, three 
belongs to α + β proteins, along with two entries from all-β and one from multi-
domain proteins. Hence, although peptide dipoles in α-helices are electrostatically 
aligned nearly parallel to the axis of the helix (Wada 1976) and although their 
resultant effect in helix stability and specificity (Shoemaker et al. 1987), is well 
documented; with respect to ensuring maximum dipole–dipole interactions, the 
α/β structures appear to be better optimized. On the other hand, in the particular 
case of fold ‘α/α toroid’, the closed circular arrangement of array of α-hairpins, 
present perfect positioning for the peptide dipoles to correlate with each other; 
which explain α/α toroid’s having highest CD for peptide dipoles.
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The assertion about better inherent correlations between dipoles in α/β pro-
teins is vindicated by Table 2.3 and by results enlisted in Table 2.2 too. Amongst 
the 15 SCOP folds with minimum CD between peptide dipoles, not a single entry 

Table 2.1   List of 15 SCOP-folds with maximum correlation-dimensions between peptide unit 
dipoles

SCOP class SCOP fold Magnitude of  
correlation dimension

All-α proteins α/α toroid 2.490
α/β proteins PLP-dependent transferase-like 2.469
Multi-domain protein β-lactamase/transpeptidase-like 2.463
α/β proteins α/β -Hydrolases 2.452
α + β proteins Protein kinase-like (PK-like) 2.432
α/β proteins TIM β/α -barrel 2.428
α/β proteins Ribokinase-like 2.426
α/β proteins Nucleotide-diphospho-sugar transferases 2.407
α/β proteins Periplasmic binding protein-like II 2.379
α/β proteins S-adenosyl-l-methionine-dependent 

methyl transferases
2.368

α + β proteins Class II aaRS and biotin synthetases 2.363
α + β proteins Cysteine proteinases 2.342
α/β proteins Phosphorylase/hydrolase-like 2.337
α/β proteins HAD-like 2.327
α + β proteins Ntn hydrolase-like 2.325

Table 2.2   List of 15 SCOP-folds with minimum correlation-dimensions between peptide unit 
dipoles

SCOP class SCOP fold Magnitude of  
correlation dimension

Peptides Conotoxins 0.539
Peptides Transmembrane helical fragments 0.933
Coiled coil proteins Parallel coiled coil 1.095
Designed proteins Zinc finger design 1.125
Small proteins Knottins (small inhibitors, toxins, lectins) 1.252
Small proteins β-β-α zinc fingers 1.309
Small proteins Glucocorticoid receptor-like (DNA-binding 

domain)
1.360

Coiled coil proteins Stalk segment of viral fusion proteins 1.431
Small proteins Rubredoxin-like 1.512
All-α proteins RuvA C terminal domain like 1.628
All-α proteins Long-α hairpin 1.675
All-β proteins Glycosyl hydrolase domain 1.730
All-β proteins SH3 like barrel 1.768
All-α proteins λ-repressor like DNA binding domains 1.834
All-α proteins DNA RNA binding 3 helical bundle 1.854
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could be found from α/β proteins. Four entries from ‘small proteins’ class and one 
each from ‘peptides’ and ‘designed proteins’ class, underline the fact that in these 
SCOP folds, the correlation (and dependencies) between peptide–dipole units on 
each other is extremely less. On the other hand, Table 2.3 results show unambigu-
ously that spatial correlation (and therefore, dependency) between peptide dipoles 
in all-α and all-β class of proteins match each other almost perfectly.

2.4.3 � CD Amongst Charged Amino Acids Across All Seven 
SCOP Classes

Considering ‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and ‘Glu’ as the charged amino acids, analy-
sis was carried out on the nonredundant structures from all the seven SCOP classes 
with unchanged methodology as used in the previous case. Table 2.4 enlists 15 SCOP 
folds with maximum values of CD amongst charged amino acids, Table 2.5 enlists 

Table 2.3   Correlation 
dimension between peptide 
unit dipoles, across four 
major SCOP classes

SCOP class Dipole moment correlation 
dimension (mean ± standard 
deviation)

α/β proteins (0.958 ± 0.252) – highest
α + β proteins (0.725 ± 0.220)
All-α proteins (0.629 ± 0.241)
All-β proteins (0.624 ± 0.258) – least

Table  2.4   List of SCOP folds with maximum correlation-dimensions amongst the charged 
amino acids (‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and Glu’)

SCOP class SCOP fold Magnitude of  
correlation dimension

α + β proteins Class II aaRS and biotin synthetases 2.324
α + β proteins Protein kinase-like 2.322
α + β proteins Lysozyme-like 2.275
α/β proteins PLP-dependent transferase-like 2.273
All-α proteins α/α toroid 2.261
α/β proteins HAD-like 2.258
Multidomain proteins β-lactamase/transpeptidase-like 2.253
α + β proteins Zincin-like 2.251
α + β proteins Cysteine proteinases 2.241
α + β proteins ATP-grasp 2.240
α/β proteins Nucleotide-diphospho-sugar transferases 2.239
α/β proteins TIM β/α–barrel 2.238
α/β proteins S-adenosyl-l-methionine-dependent 

methyltransferases
2.234

α/β proteins α/β -Hydrolases 2.212
α/β proteins Ribokinase-like 2.208



65

15 SCOP folds with minimum magnitudes of CD amongst charged amino acids. 
Interestingly, six out of top ten correlation dimensions between charged amino acids 
could be observed in proteins from α/β class (Table 2.4). This is in striking similar-
ity with the results obtained from SCOP class wide peptide–dipole correlation pattern 
(Table 2.1), where eight of the top fifteen CD magnitudes were observed in proteins 
from α/β class. The extent of optimization in electrostatic environment of α/β pro-
teins could alternatively be assessed from their (conspicuous) absence from Table 2.5 
too. Although it was expected that the proteins from SCOP class ‘small proteins’ and 
‘designed proteins’ might have minimal CD among the (aforementioned) five charged 
residues (Table 2.5), it was unexpected to observe that CD among those five charged 
residues even among the proteins from three all-α folds (‘RuvA C terminal domain 
like’, ‘λ-repressor like DNA binding domains’, and ‘SAM domain like’) is minimal.

2.4.4 � CD Amongst Aromatic Amino Acids Across All Seven 
SCOP Classes

Considering all the (nonhydrogen) atoms belonging to aromatic rings of ‘Tyr’, 
‘Trp’, and ‘Phe’, analysis was carried out on the nonredundant structures from 
all the seven SCOP classes with unchanged methodology as used in the previ-
ous case. Table 2.6 enlists 15 SCOP folds with maximum values of CD amongst 
π-electron clouds of the aromatic amino acids, whereas Table 2.7 enlists 15 SCOP 
folds with minimum magnitudes of CD amongst the same. Conforming to the 

Table  2.5   List of SCOP folds with minimum correlation-dimensions amongst the charged 
amino acids (‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and Glu’)

SCOP class SCOP fold Magnitude of  
correlation dimension

Peptides Conotoxins 0.920
Peptides Transmembrane helical fragments 1.250
Coiled coil proteins Stalk segment of viral fusion proteins 1.488
Small proteins Glucocorticoid receptor-like (DNA-binding 

domain)
1.606

Coiled coil proteins Parallel coiled coil 1.628
Small proteins Knottins (small inhibitors, toxins, lectins) 1.711
Designed proteins Zinc finger design 1.729
All-β proteins Glycosyl hydrolase domain 1.769
All-α proteins RuvA C terminal domain like 1.863
Small proteins β-β-α zinc fingers 1.887
Small proteins Rubredoxin-like 1.929
All-α proteins Long-α hairpin 1.949
All-β proteins Immunoglobulin like β-sandwich 1.969
α + β proteins FKBP-like 1.973
All-α proteins λ-repressor like DNA binding domains 1.980
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trends observed in the distribution of peptide dipoles and charged amino acids, 
six out of top fifteen correlation dimensions between aromatic amino acids could 
be observed in proteins from α/β class (Table  2.6). Aromatic amino acids from 
proteins belonging to α + β class, were found to feature in the same list for four 
out of top fifteen cases. Marked absence of proteins belonging to either of these 

Table  2.6   List of SCOP, folds with maximum correlation-dimensions amongst the aromatic 
amino acids

SCOP class SCOP fold Magnitude of  
correlation dimension

Multidomain proteins β-lactamase/transpeptidase-like 2.531
All-α proteins α/α toroid 2.497
All-β proteins β -Trefoil 2.424
All-β proteins GroES like 2.389
All-β proteins Trypsin like serine proteases 2.387
α + β proteins Protein kinase-like 2.386
α/β proteins TIM β/α -barrel 2.381
α/β proteins α/β -Hydrolases 2.348
α + β proteins Cysteine proteinases 2.341
α/β proteins Nucleotide-diphospho-sugar transferases 2.338
α + β proteins ATP-grasp 2.334
α/β proteins Adenine nucleotide α- hydrolase-like 2.333
α/β proteins Ribokinase-like 2.328
α/β proteins PLP-dependent

transferase-like
2.325

α + β proteins Ntn hydrolase-like 2.311

Table  2.7   List of SCOP folds with minimum correlation-dimensions amongst the aromatic 
amino acids

SCOP class SCOP fold Magnitude of  
correlation dimension

Peptides Conotoxins 0.369
Designed proteins Zinc finger design 1.512
Small proteins Rubredoxin-like 1.199
All-α proteins RuvA C terminal domain like 1.276
Coiled coil proteins Parallel coiled coil 1.320
All-α proteins λ-repressor like DNA binding domains 1.408
Small proteins Glucocorticoid receptor-like (DNA-binding 

domain)
1.414

All-α proteins EF hand like 1.445
All-α proteins Spectrin repeat like 1.498
Peptides Transmembrane helical fragments 1.506
All-β proteins SH3 like barrel 1.517
Small proteins Knottins (small inhibitors, toxins, lectins) 1.544
All-α proteins SAM domain-like 1.603
Small proteins β-β-α zinc fingers 1.605
All-α proteins Four helical up and down bundle 1.616



67

SCOP classes from Table 2.7 implied the existence of conducive electrostatic envi-
ronments within α/β and α + β proteins in general; so that interactions between 
π-electron clouds of ‘Tyr’, ‘Trp’, and ‘Phe’ are maximized. On an unexpected 
note, it was observed that interactions between aromatic amino acids of proteins 
belonging to SCOP class all-α is nominal amongst all seven SCOP classes, which 
is demonstrated by the presence of six all-α folds in Table 2.7.

2.4.5 � CD Amongst Hydrophobic Amino Acids Across All 
Seven SCOP Classes

Analysis of self-similarity in interactions amongst hydrophobic amino acids was 
performed by quantifying their dependencies (or correlations) on each other. This 
was achieved by calculating the correlation dimensions amongst ‘Gly’, ‘Ala’, 
‘Val’, ‘Ile’, ‘Leu’, ‘Met’, and ‘Cys’, for proteins belonging to seven SCOP classes. 
The observed pattern that more than half of the SCOP folds with maximum values 
of CD amongst the hydrophobic amino acids belonged to α/β class (Table  2.8), 
pointed unambiguously to superior stability profile of proteins belonging to α/β 
structural class, in general. Such assertion of better stability was further vindicated 
by a marked absence of α/β folds in Table 2.9, which enlisted 15 SCOP folds with 
minimum values of CD amongst hydrophobic amino acids. Although ‘peptides’, 
‘small proteins’, ‘designed proteins’ were expected to have negligible hydrophobic 
interaction profiles, presence of four all-α folds (‘RuvA C terminal domain like’, 

Table 2.8   List of SCOP folds with maximum correlation-dimensions amongst the hydrophobic 
amino acids

SCOP class SCOP fold Magnitude of  
correlation dimension

All-α proteins α/α toroid 2.358
α/β proteins α/β -Hydrolases 2.315
α/β proteins PLP-dependent

transferase-like
2.309

Multidomain proteins β-lactamase/transpeptidase-like 2.295
α/β proteins TIM β/α -barrel 2.287
α/β proteins Ribokinase-like 2.285
α + β proteins Protein kinase-like 2.267
α/β proteins Nucleotide-diphospho-sugar transferases 2.259
α + β proteins Cysteine proteinases 2.242
α + β proteins Class II aaRS and biotin synthetases 2.236
α/β proteins S-adenosyl-l-methionine-dependent 

methyltransferases
2.223

All-β proteins Concanavalin A like lectins glucanases 2.201
α/β proteins Phosphorylase/hydrolase-like 2.196
All-β proteins Acid proteases 2.192
α/β proteins Periplasmic binding protein-like II 2.188
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‘long-α hairpin’, ‘λ-repressor like DNA binding domains’, and ‘SAM domain 
like’) and two all-β folds (‘SH3 like barrel’ and ‘Glycosyl hydrolase domain’) in 
Table 2.9, indicated that it is simplistic to expect that the nature of hydrophobic 
interactions in proteins belonging to some all-α and all-β SCOP folds is neces-
sarily different from that existing in ‘peptides’, ‘small proteins’, and ‘designed 
proteins’.

2.4.6 � General Inferences About Protein Stability from SCOP 
Class Wide Separate Analyses of CD Between Charged 
Residues, Peptide Dipole, Aromatic Amino Acids, and 
Hydrophobic Amino Acids

The CD-based analyses conducted in here involved three aspects of protein elec-
trostatics. Separately, it presented an account of self-similarity in hydrophobic 
interactions. Although this not exhaustive, even with such limited analyses, cer-
tain significant information about latent features of protein stability could be 
unearthed, which included a detailed characterization of electrostatic environment 
within protein structures belonging to various SCOP folds across seven SCOP 
classes. For example, it is interesting to note that 10 out of 15 SCOP folds with 
maximum CD between ‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and ‘Glu’ (Table  2.4), feature 
within the top 15 SCOP folds with highest magnitudes of CD amongst peptide 
dipoles (Table 2.1). Even more striking is the fact that the two SCOP folds (‘α/α 

Table 2.9   List of SCOP folds with minimum correlation-dimensions amongst the hydrophobic 
amino acids

SCOP class SCOP fold Magnitude of correla-
tion dimension

Peptides Conotoxins 0.497
Peptides Transmembrane helical fragments 1.045
Small proteins Knottins (small inhibitors, toxins, lectins) 1.103
Designed proteins Zinc finger design 1.118
Coiled coil proteins Parallel coiled coil 1.157
Small proteins β-β-α zinc fingers 1.191
Small proteins Glucocorticoid receptor-like (DNA-binding 

domain)
1.305

Small proteins Rubredoxin-like 1.357
All-α proteins RuvA C terminal domain like 1.379
Coiled coil proteins Stalk segment of viral fusion proteins 1.413
All-α proteins Long-α hairpin 1.498
All-α proteins λ-repressor like DNA binding domains 1.582
All-β proteins SH3 like barrel 1.587
All-β proteins Glycosyl hydrolase domain 1.611
All-α proteins SAM domain-like 1.614
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toroid’ (belonging to all-α SCOP class) and ‘PLP-dependent transferase-like’ 
(belonging to α/β SCOP class)) with maximum CD between the charged residues 
and separately, between peptide dipoles—retain their places in respective tables 
(albeit in reverse order). These signify the presence of extremely favorable elec-
trostatic environments in the proteins belonging to these folds. The fact that some 
of these SCOP folds with maximal CD magnitudes are amongst evolutionarily 
most conserved folds (say, TIM β/α-barrel, α/β-hydrolases etc.) therefore, does 
not appear to be surprising. On a diametrically opposite scenario, all the 10 SCOP 
folds with minimum CD between ‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and ‘Glu’ (Table 2.5), 
can be observed to feature within the 15 SCOP folds with least magnitudes of CD 
amongst peptide dipoles (Table 2.2). Proteins from SCOP fold ‘Zinc finger design’ 
(under the SCOP class ‘Designed proteins’) could be identified as ones with least 
conducive electrostatic environment, since these proteins can be observed to pos-
sess the lowest CD amongst charged amino acids and separately, amongst their 
peptide dipoles. ‘Knottins’ (small inhibitors, toxins, lectins), under the SCOP class 
‘small proteins’, registered the second position in both the tables for folds with 
least CD.

2.4.7 � Correlation Dimension-Based Investigation  
of Dependency Distribution Amongst Hydrophobic 
Residues, Charged Residues, and Residues  
with π-Electron Clouds

Here I present an account of utility of the same analysis from amino acid centric 
(bottom-up) framework.

Considering the centroids (instead of Cα–atoms) of predominantly hydropho-
bic amino acids as true indicators of positions, magnitude of CD (found from the 
slope of the log–log plot) between hydrophobic amino acids (Fig. 2.3) within the 
protein ‘Carbon monoxide dehydrogenase’ (PDB id: 1su7) was calculated. (As in 
the case of previous calculation, set of formulae mentioned earlier was used. One 
can refer to (Banerji and Ghosh 2011) for details of the methodology.) Similarly, 
considering ‘His’, ‘Arg’, ‘Lys’, ‘Asp’ and Glu’ as the charged amino acids, the 
correlation dimension between charged amino acids was calculated for the pro-
tein ‘cold-active citrate synthase’ (PDB id: 1a59) (Fig. 2.4). To quantify the self-
similarity prevalent in the dipole moment distribution of a complex multi-domain 
protein ‘archaeosine tRNA-guanine transglycosylase’ (PDB id: 1iq8), CD was 
calculated (shown in Fig. 2.5). Equally interesting was the study of CD between 
π-electron clouds of ‘Tyr’, ‘Trp’ and ‘Phe’, in ‘bacterial glucoamylase’ (PDB id: 
1lf6) (Fig. 2.6). Although Figs. 2.3, 2.4, 2.5, and 2.6 describe the results obtained 
from individual protein structures, it is easy to note that comprehensive scale-up of 
these on statistical scale can unearth hidden dependencies between pertinent enti-
ties embodying biophysical or biochemical properties.

2.4  Gaining New Knowledge About Protein Interior with FD-Based Investigations
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2.5 � Problems with FD, Necessary Precautions While 
Working with FD

Effective as they are, FD-based measures are not panaceas. There are some 
inherent limitations associated with FD-based toolkits and whoever interested to 
explore the scopes of utilization of FD-based measures should be aware of them. 
For example, as a consequence scale invariance of fractals, the functions describ-
ing them can never be smooth. This is significant to note because it implies that 
the normal practice of expanding a function to first order and then to approach the 
linearized problem, will not be compatible with FD-based constructs. The scale 
invariance of fractals ensures that one cannot find a scale where functions become 
smooth enough to linearlize. Due to this innate nonanalytic nature, fractals have 
undefined derivatives; making the common principles of differential calculus abso-
lutely useless for them. Thus, the very property that makes fractals useful while 
describing irregular natural shapes (and phenomena), pose these problems.

Kept below is an account of other specific points that one should be careful 
about:

1.	 There are nontrivial differences between proteins and “classical collapsed pol-
ymers” (interested reader can refer to page 41–44 of (Dewey 1997)). Hence, 
some of the theoretical constructs of polymer physics cannot be transported 
“directly” to the realm of protein structure studies. This is important to note 
because many of the early works on fractals were carried on polymers and not 
on proteins. Similarly, while it is known that energy surfaces of proteins are 
rough hypersurfaces in high dimensional configuration spaces with an immense 
number of local minima (Frauenfelder et al. 1988); and that proteins share this 
feature with other complex systems like spin glasses, glass-forming liquids, 
macromolecular melts etc. (Gallivan and Dougherty 1999); one should not for-
get that compared to the aforementioned complex systems, a protein is a rela-
tively small system. Thus, a blind application of FD-based procedures pertinent 
for spin-glass studies on proteins, may not be judicious.

2.	 One should always be aware of the statistical nature of FD-based measures. This 
implies that FD-based measures can be useful for studying a property from a 
“top-down” perspective. Employing the FD-based measures to extract patterns 
from a “bottom-up” standpoint, where the atoms are distinguishable, can only 
be done with extreme care, ensuring that the number of distinguishable atoms 
form a statistically significant set. Thus, one needs to be careful while studying 
the “local” profile of certain properties with FD measures. Unfortunately, ascer-
taining the limit of this ‘local’-ness in terms of the precise number of (inter-
acting) parameters is primarily dependent upon experience. But a reasonable 
approach can be to consider a statistically significant number of such interac-
tions. Defining any of the fractal exponents with 5–10 atoms makes no sense.

3.	 Continuing from the last point, problems with aspects of an interesting param-
eter averaging out due to the innate constraints of FD-based methodologies, 
isn’t uncommon [see for example (Lee, 2008)] either. Drawing from that, one 
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can assert that probing protein interior with fractal exponents for some ‘nano’ 
or ‘microscopic’ properties (or emergence of it) may turn out to be extremely 
risky. Similarly, one should be aware of the possibility that in some cases, a 
system may show statistical self-similarity only when the X and Y-axes describ-
ing it, are magnified by different scales. These fractals form a distinct class of 
fractal objects and are called the ‘self-affine fractals’. While the ‘self-affine 
fractals’ are not exactly common, they aren’t rare in the paradigm of protein 
studies either (Glockle and Nonnenmacher 1995). Working with them calls for 
extra precautions.

4.	 FD-based analyses often provide results in (somewhat) abstract form that are 
difficult to be explained fully from our present state of knowledge of biophysics 
and biochemistry. [Examples of such results can be found in many recent and 
old works (Cserzoa and Vicsek 1991; Isvoran 2004; Morita and Takano 2009)]. 
Thus, one should be patient to decipher (and interpret) the abstract nature of 
fractal results.

2.6 � New Directions in Fractal Dimension-Based Protein 
Interior Research

We have discussed various approaches to calculate fractal dimension for proteins. 
Results obtained from these studies complement each other. Even a cursory look 
at the various research-paper repositories will demonstrate the growth in the num-
ber of works that are attempting to explore protein interior with fractal exponents. 
Such growth can be observed to be phenomenal during the last 5–7  years. This 
body of research, collectively, presents the contour of a promising multifaceted 
technique that can honestly and reliably probe an object as complex as protein. 
Indeed a lot has been achieved with it; yet, one can still observe the possibilities 
of many new works that can still be performed to take the obtained knowledge to 
completeness. Here, a few simple possibilities are enlisted.

Even after the (pioneering) Leitner work (discussed earlier) (Leitner 2008), 
one needs to relate the complete information of energy transport channels within 
individual proteins before relating them to their functional roles. Similarly, stud-
ies need to be performed with “universal equation of state” (discussed earlier) (de 
Leeuw et al. 2009; Reuveni et al. 2008) to fully understand the biophysical and 
biochemical implications of protein’s existence at “the edge of unfolding”, before 
attempting to use it for practical protein engineering applications. The (Reuveni 
et al. 2008; de Leeuw et al. 2009) paradigm of works can be used to probe more 
fundamental questions too. For example, it has previously been suggested that, 
though the theoretical limit on the size of protein structure space is enormously 
huge (an assertion that indirectly implies that only an infinitesimally small por-
tion of protein structure space has been explored during the course of evolution 
hitherto), it is quite plausible that most (if not all) of functionally relevant pro-
tein sequence space has already been explored (Dryden et al. 2008). Now, put 

2.5  Problems with FD, Necessary Precautions While Working with FD
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this (extraordinary) claim to present perspective of looking at protein structures. 
Numerous works of last decade have established the fact that enzymes that are 
homologous at the sequence level are likely to have the same (or at least a very 
similar) mechanism. That being the case, employing the (Reuveni et al. 2008; de 
Leeuw et al. 2009) framework of logic, can one identify and compare the char-
acteristics of aforementioned “universal equation of state” when it describes the 
functional enzymes and protein structures that are theoretically possible but are 
not known for any functionality? In other words, can one segregate the functional 
enzymes from the theoretically possible but functionally silent enzymes based on 
their proximity to “the edge of unfolding”?—These questions have huge ramifica-
tions not only in the sphere of theoretical biology but also in the realm of protein 
engineering and possibly in the ever growing paradigm of drug-discovery.

Likewise, in another recent work (Banerji and Ghosh 2009b) (discussed ear-
lier), certain nontrivial correlations between polarizability-FD and hydropho-
bicity-FD in all-α, α

/

β and (especially) α + β proteins, were reported. It may 
be worthwhile to study whether these correlations imply a small yet significant 
dependence of dielectric constant on hydrophobicity content of a protein (and vice 
versa). Similarly one needs to explore the uniqueness of distributions of structural 
properties in all-β proteins to answer why neither their mass, nor hydrophobicity 
distribution show any dependence on their polarizability distributions. In this con-
text, perhaps an even more challenging problem will be to ascertain exactly how 
many atoms are needed to observe the emergence of mass-FD or hydrophobicity-
FD or polarizability-FD? Since, as a recent work indicates, emergence of protein’s 
biochemical and biophysical properties with statistical nature, might well be mes-
oscopic in their nature (Banerji and Ghosh 2010); and since, FD in the context of 
protein structure studies, essentially quantifies the statistical self-similarity (Mitra 
and Rani 1993);—evaluation of exact number of atoms to observe the emergence 
of interior FD parameters will be immensely beneficial.

Questions and points discussed in the paragraph above are far from being sim-
ple. However, surprisingly, many of the unsolved problems in the realm of FD-
based protein interior studies can be identified with more “simple” questions. For 
example, as mentioned in earlier discussions, FD of protein backbone is independ-
ent of secondary structural content of the protein, which implies that secondary 
structural classes can reliably be modeled as Hamiltonian walks (Dewey 1997). 
(Hamiltonian walk is a lattice walk in which every point is visited once and only 
once, with no intersecting paths. Thus, the construct ‘Hamiltonian walk’ can be 
used to model polymers that show compact local and global scaling, viz. “crum-
pled globules”.) Crumpled globules tend to imply an absence of knots in the 
protein structures (Dewey 1997). But knots do occur in proteins, and their occur-
rences are not entirely rare (Grosberg and Khokhlov 1994; Røgen and Fain 2003). 
How does one resolve this contradiction from an objective general perspective?

Talking about an even simpler (?) case, we concentrate on amino acid fre-
quency studies. It was known from an old study that the distribution of pairs of 
amino acids is not a linear combination of frequencies of occurrences of the con-
stituent individual amino acids (Ramnarayan et al. 2008). A subsequent work 
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could establish that the distribution of a given residue along a polypeptide chain 
is fractal in nature (Isvoran 2004). However, the same study reported a negative 
correlation between the probabilities of occurrence of various residues and their 
fractal dimensions; for which, according to my knowledge, no general satisfac-
tory answer has yet been proposed. Similarly, although a recent study (Morita 
and Takano 2009) establishes the fact that amino acid residue network in protein 
native structure forms a fractal and not small-world network, no general biophys-
ical cause to this could be attributed to such observation. But at the same time, 
their explanation on the reasons behind critically percolated nature of amino acid 
residue-contact network, could be related to the another assertion made in a recent 
work (de Leeuw et al. 2009) that says; majority of proteins in the PDB exist in 
a marginally stable thermodynamic state, namely a state that is close to the edge 
of unfolding. A comprehensive study involving these two works, viz [(Morita and 
Takano 2009) and (de Leeuw et al. 2009)]—from the perspective of molecular 
evolution may provide us with unique perception of protein structures.

2.7 � Conclusion

Hence, while a lot of unknown, unexpected and deep information about (nonlin-
ear) dependencies between protein-structural-parameters could be unearthed with 
FD-based probing, a lot is yet to be achieved. One should never forget that apart 
from the prominent importance for biological functions, proteins are qualified 
objects to study the dynamics of complex systems. The FD-based investigations of 
protein interior organization can serve as a unique platform for the physicists and 
biologists to interact. However, to end on a cautionary note, although FD-based 
investigations of protein properties are insightful and although they can often 
reveal unexpected information, FD-based measures are not panacea. Therefore, 
one needs to be aware of the intrinsic limitations of them and at the same time take 
necessary precautions (as outlined before) while implementing them.
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