Chapter 2

Stochastic Functional Differential Equations
and Procedure of Constructing Lyapunov
Functionals

2.1 Short Introduction to Stochastic Functional Differential
Equations

Here the basic notation of the theory of stochastic differential equations [16, 17, 81,
84-87, 210] is considered.

Let {£2, F, P} be a probability space, {F;,t > 0} be a nondecreasing family of
sub-o -algebras of F, ie., F;, C Fy, for t1 < tp, P{-} be the probability of an event
enclosed in the braces, and E be the mathematical expectation.

2.1.1 Wiener Process and Its Numerical Simulation

The Wiener process sometimes is also called the Brownian motion process. Origi-
nally, the Brownian motion process was posed by the English botanist Robert Brown
as a model for the motion of a small particle immersed in a liquid and thus subject to
molecular collisions. The Brownian motion assumes a central role in the theory of
stochastic processes and statistics. It is basic to descriptions of financial markets, the
construction of a large class of Markov processes called diffusions, approximations
to many queuing models, and the calculation of asymptotic distributions in large
sample statistical estimation problems.

Definition 2.1 A stochastic process w(¢) is called the standard Wiener process (rel-
atively to the family {F;, r > 0}) if it is F;-measurable and

- w(0) =0 (P-a.s.);
— w(t) is a process with stationary and mutually independent increments;
— the increments w(t) — w(s) have the normal distribution with

2
E(w(t) — w(s)) =0, E(w(t) - w(s)) =|t—s|;
— for almost all w € §2, the functions w(t) = w(¢, w) are continuous on ¢ > 0 [84].
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30 2 Stochastic Functional Differential Equations and Procedure

We will also consider an m-dimensional Wiener process
w(t) = (wi(t), ..., wa(t)) €R™

where the components w; (), i = 1, ..., m, are mutually independent scalar Wiener
processes, and

E(w(t) — w(s)) =0, E(w(t) — w(s)) (w(t) — w(s))/ =1t —s|.

Here I is the m x m identity matrix, and the prime denotes the transposition.

The trajectories of the Wiener process are nondifferentiable functions, although
formally the derivative of the Wiener process w(¢) is called the white noise.

There are different ways to get numerical simulation of trajectories of a Wiener
process. One of them is the following [244].

Let Y;, i = 1,...,n, be independent random variables that are uniformly
distributed on [0, 1]. Then X; = ~/12(Y¥; — 0.5) = V/3QY; — 1), i = 1,...,n,
are independent identically distributed random variables such that EX; = 0 and
Var(X;) = 1. Define the random walk S,,,n > 0,by So=0and S, = X1+ ---+ X,
for n > 0. By the central limit theorem, LnSn converges in distribution to N (0, 1),
ie., ﬁs,, — N(0, 1).

Define the continuous-time process W, (t) = €L

fS[m], t > 0, where [¢] is the in-
n

teger part of #, i.e., the greatest integer less than or equal to 7. Therefore, for any
t > 0, we have

_ [t S
W,(t) = " \/m—>N(O,t).

Also, for t > s, we obtain

[nt] .
nt] = Stnst 2 j=lnsi+1 X Sinrl—ins]

i
[nt] — [ns]  Sinr)—(ns]

n JInt] — [ns]

Since the process {W,,(¢), t > 0} is not continuous, let us modify it in the following
way:

Wa(t) = Wa(s) = 2L

— N, —s).

Xinr+1

W () = Stur) + (nt — [nt])

, t>0.
Vn Vi -
It is easy to see that EW,gc) (t) =0 and
2
t — |nt t — [nt
lim Var(W\“(t)) = lim <z Sl 22 i el LD ) ) —1r.
n—oo n—oo n n

So,asn — oo, W,gc) (t) converges in distribution to the Wiener process w(¢). This
means that for large enough #n, the process W,fc) (#) approximates the Wiener process
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Fig. 2.1 50 trajectories of the Wiener process

well enough. 50 trajectories of the Wiener process obtained via this algorithm are
shown in Fig. 2.1.

2.1.2 It6 Integral, Ité Stochastic Differential Equation, and It6
Formula

Let H,[0,T] be the space of random functions f(¢) that are defined and F;-
measurable for each t € [0, T'] and for which

t
/ Efz(s)ds < 0Q.
0

Then for all functions from H[0, T'], the 1t6 integral with respect to the Wiener
process w(t)

t
/0 f(s)dw(s)
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is defined and has the following properties:

t t 2 t
E/ f(s)dw(s) =0, E(/ f(s)dw(s)) =/ Efz(s)ds.
0 0 0

Let H),, p > 0, be the space of Fy-adapted stochastic processes ¢(6), 6 < 0, with
continuous trajectories that are independent on the o-algebra Bjo ) (dw), where
By 1,1(dw) is the minimal o -algebra generated by the random variables w(s) —
w(t) for arbitrary 5,7 : 1 <t <s < t. In the space H, two norms are defined:

l@llo = sups<q l@(s)| and [l@||] = sups o Ele(s)|”.
We will consider the Itd stochastic functional differential equation [84]

d-x(t) :al(tv-xl)dt +a2(ta-xl)dw(t)v
t>0, xeR", 2.1

with the initial condition
xXo=¢ € Hp. 2.2)

Here x e R?, x; = x(t +5), s <0, w:[0,00) — R™ is the standard Wiener
process, the continuous functionals aj (¢, ¢), ax(¢, ¢) are defined on [0, c0) x H,,
a; € R", ap is an n x m-dimensional matrix. It is assumed also that the functionals
ai, i = 1,2, satisfy the following conditions: g; (¢, 0) = 0, and for arbitrary functions
®1(0), p2(0) from H,

|ai<r,¢1>—a,-(r,q)z>|2§/ l01(—6) — pa(—0)dR: (0.
. 0 2.3)
/ dR;(0) <0, i=1,2,
0

where R;(0) are nondecreasing bounded functions.
A solution of problem (2.1)—(2.2) is a process x(¢) such that x(0) = ¢ (0) for
0 < 0 and with probability 1

t t

x(t):x(O)—}—/ al(s,xs)ds+/ ay(s, xg)dw(s), t=>0,
0 0

x(0) =¢(0).

The last integral is understood in the Itd sense.

Sometimes, instead of x(z), we will write x (¢, ¢) for the solution of (2.1) with
the initial function (2.2). Existence and uniqueness theorems for problem (2.1)—(2.2)
are considered in [84-87, 132, 133].

To calculate the stochastic differential of the process n(f) = u(t, x(t)), where
x(t) is a solution of problem (2.1)—(2.2), and the function « : [0, c0) x R" — R has
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continuous partial derivatives

du(t, x) v du(t, x) du(t, x)
s U= e, s
ot 0x1 0xp

Ur =

the following Itd formula [84] is used:
dn(t) = Lu(t,x(t)) dt + Vu'(t, x(1))ax(t, x;) dw(t). 2.4)
The operator L is called the generator of (2.1) and is defined in the following way:
Lu(t, x()) = u; (¢, x()) + V' (£, x())ai (1, x;)

+ %Tr[aé(t, x)V2u(t, x(0))ax(t, xp)], 2.5)

where Tr denotes the trace of a matrix.

The generator L can be applied also for some functionals V (z, ¢) : [0, 0c0) X
H, — R,. Suppose that a functional V(¢,¢) can be represented in the form
Vt,p)=V(t, ¢0),¢®)),0 <0, and for ¢ = x;, put

Vot,x)=V(t, @) =V(t,x) = V(t, x,x(t+ 9)),
x=¢0)=x(), 0 <O0. (2.6)
Denote by D the set of the functionals for which the function V, (¢, x) defined
by (2.6) has a continuous derivative with respect to ¢ and two continuous deriva-

tives with respect to x. For functionals from D, the generator L of (2.1) has the
form

IV, (1, x(1))

LV(Z,X[): a7

+ VV, (1, x(1))ai (1, x;)

1
+5 Tr[ab(t, x) V2V, (1, x(1))ax (t, x,) ). 2.7

From the It6 formula it follows that for functionals from D,
t
E[V(t,x) = V(s,x,)] =/ ELV(zt,x;)dt, t>s. (2.8)
S

Together with (2.1), we will also consider the stochastic differential equation of
neutral type [134]

d(x(t)—G(t,x;))=a1(t,x;)dt+a2(t,x,)dw(t), t>0,
xo=¢ € Hy, 2.9)
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with the additional conditions on the functional G (¢, ¢): G(¢,0) =0,

|G(t,(p)|§/0 lo(—s)|dK (s), /0 dK(s) < 1. (2.10)

2.2 Stability of Stochastic Functional Differential Equations

2.2.1 Definitions of Stability and Basic Lyapunov-Type Theorems

Definition 2.2 The solution x(¢) of (2.1) with the initial function (2.2) for some
p > 0is called:

— Uniformly p-bounded if sup,.E|x(#)|? < oo.
— Asymptotically p-trivial if lim;_, oo E|x(£)|? = 0.
— p-integrable if [ E[x(1)|” dt < oo.

Definition 2.3 The trivial solution of (2.1) for some p > 0 is called:

— p-stable if for each & > 0, there exists 6 > 0 such that E|x(¢,¢)|” <¢e,t >0,
provided that [|¢]|} < 8.

— Asymptotically p-stable if it is p-stable and for each initial function ¢, the solu-
tion x(¢) of (2.1) is asymptotically p-trivial.

— Exponentially p-stable if it is p-stable and there exists A > 0 such that for
each initial function ¢, there exists C > 0 (which may depend on ¢) such that
Elx(t,)|? < Ce ™ fort > 0.

— Stable in probability if for any £ > 0 and &> > 0, there exists § > 0 such that the
solution x (¢, ¢) of (2.1) satisfies the condition P{sup;~ |x (¢, )| > €1/ Fo} < &2
for any initial function ¢ such that P{||¢|lo <8} =1.

In particular, if p = 2, then the solution of (2.1) is called respectively mean-
square bounded, mean-square stable, asymptotically mean-square stable, and so on.

Definition 2.4 A nonnegative functional V (¢, ¢), defined on [0, c0) x H,,, such
that V(¢,0) =0 and lim;, o EV (¢, x;) = 0 if lim; o E|x(¢)|? =0, p > 0, is called
an F,-functional.

Certain stability conditions for stochastic functional differential equations can
be stated in terms of Lyapunov functionals. In the sequel, ¢; are different positive
numbers.

Theorem 2.1 Let V : [y, 00) x H, — Ry be a continuous functional such that for
any solution x(t) of problem (2.1)—(2.2) and p > 2, the following inequalities hold:

EV(1,x) > cElx(0]", >0, @2.11)
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EV(0,¢) < c2ll9ll},
E[V(t,x) - V(0,9)] < —c3 /OIE|x(s)|pds, t>0.
Then the trivial solution of (2.1) is asymptotically p-stable.

Proof From (2.11)—(2.13) we have
Elx®)|” <EV(t,x) <EV(0,9) < c2ll¢ll].

This proves the p-stability.

35

2.12)

(2.13)

(2.14)

To prove the asymptotic p-stability, let us show that the solution of (2.1) is
asymptotically p-trivial for any initial function ¢. Note that from (2.14) we obtain

&)
supE|x(1)]” < =9I}
t>0 C1

From (2.13) and (2.12) it follows that

> p 1 2 P
Elx(s)|" ds < —EV(0,¢) < =|¢]I} < oo,
0 Cc3 Cc3

(2.15)

(2.16)

i.e., the solution of (2.1) is p-integrable. Applying the generator L to the function

x(£)]? via (2.5), we obtain
EL|x()|" = §[2E|x(t)|p*2x’(t)a1(t,xt)
+E|x()|" 7 Tr[ab ¢, x)ax (t, x0)]
+(p = DEx)|" ¥ Daa(t, x|
By the Holder inequality, (2.3), and (2.15), there is a constant c4 such that
2E|x(0)|” | (Dar (1, x1) |
<Elx0)|"[|lx@ + |1, x0)|]
<Elx(0)|” + /OOOE|x(t)|p_2|x(t —60)[ dR,(6)

p—2

§E|x(t)|p+/0 (Elx0)|") 7 (E|x(t—8)|p)%dR1(9)

<c4.
Analogously,

E|x(0)|" 7 |Telab (t, x)ax(t, x))]| < ca.
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Elx)|” | 0ax(t, x0)|* < ca.

Hence, there exists a constant c¢5 such that |[EL|x(¢)|”| < ¢s, and using (2.8) for
ty >t > 0, we obtain

[E[x(0)|” —E|x(t)|”| < esta — 1),

i.e., the function E|x(7)|? satisfies the Lipschitz condition. From this, (2.15), and
(2.16) it follows that lim,_, o E|x(#)|? = 0. The proof is completed. O

Remark 2.1 From (2.8) it follows that for the functional V € D, condition (2.13) in
Theorem 2.1 follows from the inequality

ELV(t,x;) < —c3E[x@®)|", t>0. (2.17)

Theorem 2.2 Let there exist a functional V(t,p) € D such that for any solution
x(t) of problem (2.1)—(2.2) and p > 2, the following inequalities hold:

Vit,x) = cr|x®)], (2.18)
V(0,¢) <c2llplly, (2.19)
LV(t,x)<0, t>0, (2.20)

c¢i > 0, for any initial function ¢ such that P{||¢p|lo < 8} =1, where § > 0 is small
enough. Then the zero solution of (2.1) is stable in probability.

Proof Let us suppose that P{||¢||o < &} = 1. From (2.20) it follows that the process
V (t, x;) is a supermartingale. By (2.18), (2.19), and the inequality for supermartin-
gales [84-87] we have
p
V(to, @) - 26

P{sup|x(t,¢)| > 81/F()} §P{sup Vi, x) > clsf/Fo} < = 7 <&
>ty t>to C]Sl C181

for§ < & (C]Ez/Cz)l/p. The theorem is proven. O

Theorem 2.3 Let there exist a functional W : [0, 00) x H» — Ry satisfying the
condition EW (t, ¢) < ¢ ||<p||% and such that for the functional

2
V(t,@)=W(t,9)+|e0) — G, 9)|", (2.21)
where G (t, ) satisfies condition (2.10), the following estimates are valid:
EV(0,9) < a2llgll7,
(2.22)

t
EV(t,xt)—EV(0,¢)§—C3/ E|x(s)|2ds, t>0,
0

where ci, i = 1,2, 3, are some positive constants. Then the zero solution of (2.9) is
asymptotically mean-square stable.
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The proof of Theorem 2.3 is similar to Theorem 2.1 and can be found
in [132-135].

Theorem 2.4 Let there exist a functional V (t, ¢) € D such that for some p > 0 and
A > 0, the following conditions hold:

EV(t,x) > c1e™E[x@®)|", t>0, (2.23)
EV(0,¢) <cl¢lf, (2.24)
ELV(t,x;) <0, t>0. (2.25)

Then the trivial solution of (2.1) is exponentially p-stable.

Proof Integrating (2.25) via (2.8), we obtain EV (¢, x;) <EV (0, ¢). From this and
from (2.23)—(2.24) it follows that

ciE[x(0)]” <e™EV(0,¢) < c2ll¢l].
The inequality c1E[x(r)|* < cz||¢||f means that the trivial solution of (2.1) is p-

stable. Besides, from the inequality ciElx(1)]? < e EV (0, ¢) it follows that the
trivial solution of (2.1) is exponentially p-stable. The proof is completed. 0

Corollary 2.1 Let there exist a functional Vy(t, ¢) € D such that for some p > 0,
the following conditions hold:

ciElx(0)|” <EVo(t, x;)
m 00 t
gczny(t)V’JrZ/O /9(s—t+9)iE|x(s)|pddei(9), (2.26)
i=0 =

ELVo(t,x;) < —c3E|x(®)|”, (2.27)

where m > 0, K;(0),i =0,1,...,m, are nondecreasing functions such that, for
some small enough A > 0,

o0
f Mot dK; 9). (2.28)

m
)\‘ N )\‘:
;m()<00 ni (A) i+1J

Then the trivial solution of (2.1) is exponentially p-stable.
Proof Tt is enough to show that by the conditions (2.26)—(2.28) there exists a func-

tional V (¢, ¢) that satisfies the conditions of Theorem 2.4. Indeed, put Vi (z, ¢) =
eMVy(t, @). By (2.26) and (2.27) we have
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ELV(t,x;) = A EVy(t, x;) + "ELVy(t, x;)
m oo pt
ge*’(x<czE|x(t)|”+Z/ / (s—t+9)iE|x(s)|pddei(0))
0”0 Ji-6
—C3E|x(t)|p>
=M ((kq —c)E|x®)]”
m 00 t
—i—kZ/ / (s—t+0)"E\x(s)|”ddei(9)>.
/0 Ji-o

Now put

m
1 [ [t .
Vz(t,xt)zkzi+1[ [ HMFD (s — 1 4+6) T x(5)|” ds dK; (9).
! 0 t—6
i=0

Then
m
LVa(t, x) =A2<e“m<x>!x<r>!”
i=0

o0 t
_/ / e)‘(HQ)(S _t+9)i|x(s)|pdeKi(9)>
0 t—0
:AEAZZ(Uz’(}L)|x(I)|p
i=0

oo pt )
- / / AT (s — 1 +0) |x ()| ds dK; (9)),
0 t—6

and via s >t — 6, for the functional V = V| + V5, it follows that

ELV(t,x,) < e ((A (cz + Zm(k)) - C3>E]x(z)y”

i

=0
m oo pt
_sz / (M"+9>—1)E|x(s)|”dsd1<,»9>
i—0”0 t—0
m

<M (A(cl + Zm(k)) - C3>E|x([)|p.

i=0
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From this and from (2.28), for small enough A > 0, we obtain (2.25). It is easy to
check that conditions (2.23)—(2.24) hold too. The proof is completed. O

Example 2.1 Consider the linear stochastic differential equation
X@)=ax(@)+bx(t —h)+ox(t—1)w(). (2.29)

For the functional

t t
V(z,x,)=x2(t)+|b|/ xz(s)ds—i—az/ x2(s) ds, (2.30)
t—h t

we have
LV (t,x;) = 2x(t) (ax(t) + bx(t — h)) + o*x*(t — 1)
+ bl (x* () — x*(t — b)) + 0 (x> (1) — x*(t — 1))
< (2(a+1bl) + %) x*(0). (2.31)
So, by the condition
a+|b|+%az <0 (2.32)

the functional (2.30) satisfies the conditions of Theorem 2.1 with p = 2, and there-
fore the trivial solution of (2.29) is asymptotically mean-square stable.

On the other hand, by (2.31)—(2.32) the functional (2.30) satisfies the conditions
of Corollary 2.1 with p =2, m =0, and dKo(s) = (|b|5(s — h) + 028(s — 1)) ds.
Therefore, the trivial solution of (2.29) is exponentially mean-square stable. By The-
orems 2.1-2.4 the construction of stability conditions is reduced to the construc-
tion of some Lyapunov functionals satisfying the assumptions of these theorems.
Below we will use the general method of construction of Lyapunov functionals
[136-139, 146148, 150, 265, 269-272, 278] allowing one to obtain stability con-
ditions immediately in terms of parameters of systems under consideration. This
method was successfully used for functional differential equations, for difference
equations with discrete and continuous time [278], and for partial differential equa-
tions [48].

2.2.2 Formal Procedure of Constructing Lyapunov Functionals

The formal procedure of constructing Lyapunov functionals consists of four steps.

Step 1 Let us represent (2.9) in the form

dz(t,x;) = (b] (t, x(t)) +c1(t, x,)) dt + (bz(t, x(t)) + (2, xt)) dw(t), (2.33)
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where z(¢, x;) is some functional of x;, z(¢, 0) = 0, the functionals b; (¢, x(¢)), i =
1,2, depend on ¢ and x(¢) only and do not depend on the previous values x (¢ + s),
s < 0, of the solution, and b; (¢, 0) = 0.

Step 2 Consider the auxiliary differential equation without memory
dy(t) =by(t, y(1))dt + by (2, y()) dw(?). (2.34)

Let us assume that the zero solution of (2.34) is asymptotically mean-square stable
and therefore there exists a Lyapunov function v(z, y) such that ¢1|y|> < v(t, y) <
calyl? and Lov(r, y) < —c3|y|%. Here Ly is the generator of (2.34), ¢; > 0, i =
1,2,3.

Step 3 Replacing the second argument y of the function v(z, y) by the functional
z(t, x;) from left-hand part of (2.33), we obtain the main component Vi (¢, x;) =
v(t, z(¢, x;)) of the functional V (¢, x;). Then it is necessary to calculate L V7, where
L is the generator of (2.33), and in a reasonable way to estimate it.

Step 4 Usually, the functional V; almost satisfies the requirements of stability
theorems. In order to satisfy these conditions completely, an auxiliary component
V, can be easily chosen by some standard way. As a result, the desired functional
V(t, x;) takes the form V = V| + V,.

Let us make remarks on some peculiarities of this procedure.

(1) It is clear that the representation (2.33) in the first step of the procedure is not
unique. Hence, for different representations, one can construct different Lya-
punov functionals, and, as a result, one can get different stability conditions.

(2) In the second step, for the auxiliary equation (2.34), one can choose different
Lyapunov functions v(¢, y). So, for the initial equation (2.9), different Lyapunov
functionals can be constructed, and, as a result, different stability conditions can
be obtained.

(3) It is necessary to emphasize also that by choosing different ways of estimation
of LV] one can construct different Lyapunov functionals and, as a result, one
can get different stability conditions.

(4) At last, some standard way of the construction of the additional functional V,
sometimes allows one to simplify the fourth step and do not use the functional
V, at all. Below the corresponding auxiliary Lyapunov-type theorems are con-
sidered.

2.2.3 Auxiliary Lyapunov-Type Theorem

The following theorem in some cases allows one to use the procedure of construct-
ing Lyapunov functionals without an additional functional V5.
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Theorem 2.5 Let there exist a functional Vi (t, x;) € D of type (2.21) such that

l o0
ELVi(t,x;) <Ex'(t)D(t)x(t) + Z/ Ex'(t — $)S;i (t — $)x(t — 5) dvi(s)
i=170

+Z/ Ex?(1 —5)dK;(s)
i=170

k
+ Y Ex(t — 7)) Qit — n(0)x(t — 7 (1)

i=1

m ) t
+Z/ duj(s)f O — 1 +s)/Ex'(0) R, (0)x () dO
=0 0 t—s

o t
—+—/ du(s)/ Ex'(t)R(t +s,)x(1) d, (2.35)
0 t—s

where L is the generator of (2.9), D(t) is a negative definite matrix, S;(t), i =
L...,l, Qi@®),i=1,....,k, Rj(t), j=0,...,m, R(s,t), s >t >0, are non-
negative definite matrices, t;(t), i = 1,...,k, t > 0, are differentiable nonnega-
tive functions with t;(t) < 7; <1, Ki(s), i =1,...,n, v;(s), i =0,...,1, u;j(s),
Jj=0,...,m, and u(s), s > 0, are nondecreasing functions of bounded variation
such that

00 o0
k,.:/ K (s) < o0, q,:/ dvi(s) < 00,
0 0 (2.36)

[e¢] s./—i-l
= ——dp(s) < oo,
rj /0 S MJ(S)

and the matrix

1
1-%

l
GO =DO+K+Y ¢S+

k
i=1 i=1

Qi(r)

m 00 t+s
+erRj(t)+/ d,u(s)/ R(t +s5,0)d0, (2.37)
0 0 t

where K is the diagonal matrix with elements k;, i = 1, ..., n, is uniformly negative
definite matrix with respecttot >0 , i.e.,

X'G)x < —c|x|?, ¢>0, x eR". (2.38)

Then the zero solution of (2.9) is asymptotically mean-square stable.
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Proof Put

I roo '
Wa(t, x;) = Z/O dvi(s)/ x'(0)Si (0)x(0) do
i=1 s

k
+Z/ dKi(s) | x; (9)d9+21 1A

—s =11

t
f ¥(8) Qi (5)x(s) ds
1—7; (1)
t _ j+l
+Z/ d/ms)/ Ot t“) ' (6)R; (0)x(6) d8
+/ du(s)// X(T)R(t +5.0)x(1)d6 dr.
0 t—s Jt

Then

l oo
ELVy(t,x;) = ZqiEx/(t)Si ®x(t) — / Ex'(t —5)S(t — s)x(t — ) dv(s)
0

i=1

+Zk,~Ex?(:) - Z/OOExf(t —$)dK;(s)
i=1 =170

k
+Z:1

1
— Ex'(1) Qi ()x(1)

_z OB (- 0 ) (- (e - 1)

1-1

+ erEx/(t)Rj(t)x(t)

j=0

m 00 t
- Z/ duj(s)/ 6 —t +5)Ex'(0)R;(6)x(6) dO
=0 0 t—s

00 t+s
+ / du(s) / Ex'(t)R(t +s,0)x(t)do
0 t

00 t
—/ du(s)/ Ex'(T)R(z +5,)x(1)dr. (2.39)
0 t—s

From (2.35), (2.37), and (2.39) for the functional V (¢, x;) = Vi (¢, x;) + Vo (¢, x;) it
follows that

ELV(t,x;) <Ex'()G(t)x(1). (2.40)
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By (2.38) and Remark 2.1 this means that the functional V (¢, x;) satisfies conditions
(2.22) of Theorem 2.3, and therefore the zero solution of (2.9) is asymptotically
mean-square stable. The proof is completed. g

Corollary 2.2 Let in Theorem 2.5 inequality (2.35) be the exact equality, G(t) =
G = const, and the functional V = V| 4+ V, be F,-functional. Then in the scalar
case the condition G < 0 is a necessary and sufficient condition for asymptotic
mean-square stability of the zero solution of (2.9).

Proof In the considered case, for the functional V = V4 V,, wehave ELV (¢, x;) =
GEx2(t). If G > 0, then from this and from (2.8) it follows that

t
EV(t,x)=EV(0, ¢)+G/ Ex*(t)dr > EV(0, ¢) > 0.
0

This means that lim;_, oo EV (¢, x;) # 0 and therefore lim;_, o E|x(7)|?> # 0. The
proof is completed. 0

Remark 2.2 Since the functional V (¢, x;) constructed in Theorem 2.5 satisfies the
conditions (2.22) and V (¢, x;) > 0, we have that c3 fé E|x(s)|2 ds <EV(0,¢) < 0.
This means that by conditions (2.35) and (2.38) the solution of (2.9) is also mean-
square integrable.

Remark 2.3 In the scalar case, from Remark 2.2 it follows that if by condition (2.35)
the solution of (2.9) is mean-square nonintegrable, i.e., fooo Ex2(t)dt = oo, then
sup,5o G(1) > 0.

Remark 2.4 Theorem 2.5 is a useful development and improvement of the general
method of construction of Lyapunov functionals. It allows one not to use Step 4 of

the procedure and get good stability conditions using much more simple Lyapunov
functional than via Theorem 2.3. It can be used in different applications.

2.3 Some Useful Statements

2.3.1 Linear Stochastic Differential Equation

Consider now conditions for asymptotic mean-square stability of the trivial solution
of the linear Itd stochastic differential equation

x(t)=Ax(t)+Bx(t — 1) +ox({t —h)w(), (2.41)

where A, B, o, T >0, h > 0 are known constants.
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Lemma 2.1 A necessary and sufficient condition for asymptotic mean-square sta-
bility of the trivial solution of (2.41) is

A+ B <0, G '>-o?, (2.42)

N =

where
Bg~!sin(gr)—1 B
%’ B+ Al <0, g= BZ — A2,
_ ) a4 B
G=1 > B=A<0, (2.43)

Bg~!sinh(g7)—1 . 5 5
“ATBooshigry > A TIBI <0, g =~/A2 - B2

Remark 2.5 If A= —a and B =0, then the necessary and sufficient stability condi-
tion (2.42)—(2.43) takes the form a > %02.

Note that the proof of Lemma 2.1 is based on two old enough papers [243, 290]
as it was shown briefly in the author recent book [278]. Following to advices and
requests of some readers of the book [278], the author took the decision to write
here the proof of this lemma in more detail.

Proof of the Lemma 2.1 A necessary and sufficient stability condition (2.42) with
o
G= 2[ x*(s)ds, (2.44)
0

where x(¢) is a solution of (2.41) in the deterministic case, i.e., with o = 0, was
obtained in [243]. By the Plancherel theorem the integral (2.44) coincides [243, 290]

with
2 [ dt
G== - . (2.45)
7 Jo (A4 Bcostt)?+ (t+ Bsintt)?

Let us obtain for this integral the representation (2.43) in elementary functions.
Following [243], consider the functional

t
Vix,) = %ze(t) +/ B(s — )x(s)x(t)ds
-7

t t
+ / / (s —t,0 —t)x(0)x(s)dbds, (2.46)
t—1Js

where G is a constant, and B(s) and §(s, 0) are continuously differentiable func-
tions. By (2.46) and (2.41) with o = 0 we obtain

t
WO _(Gro+ [ pts = 0xras ) (4r0+ Brte - )
t—7

t _
+ ,B(O)xz(t) —B(—)x(t —T)x(t) — / CL(;S t)x(s)x(t) ds
-7
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t

t
+f S(s —1,0)x(t)x(s)ds — / §(—1,0 —t)x(O)x(t —1)dO
1—T t

-7

COLT08(s— 1,60 —1)  98(s—1,0 —1)
_/H/S ( = + ae >x(9)x(s)d9ds

= (GA+ B(0))x*(1) + (GB — B(—D))x(D)x(t — 1)

t _
+/ (A,B(s —— % +8(0,s — t))x(s)x(t)ds
-1

t
+/ (BB(s —1) = 8(—1,5s — 1)) x(s)x(t — T)ds
1—T

—ft /t<38(s_t’0_t)+85(S_t’9_t)>x(6’)x(s)d9ds
t—tJs

as 20
(2.47)
Let us suppose that the functions (s) and §(s, 9) satisfy the conditions
GA+B(0)=-1, GB—B(-1)=0,
dp(s)
AB(s) — T +68(s,0) =0, BB(s) —8(—1,5) =0, (2.48)
s

38(s, 0) aa(s,e)_o
s 0

Then from (2.47) and (2.48) it follows that % = —x2(t), and therefore (if the
condition for asymptotic stability of the trivial solution of the considered equation
holds, i.e., lim; o V (x;) =0),

fooxz(r) dt = —/OO VD Vo). (2.49)
0 0 dt

Using the initial function

(s) = 0 if —t<s<-—¢,
reld) = l—l—% if —e<s<0,

and the limit ¢ — 0, from (2.46) we obtain V (xo) = 3 G. From this and from (2.49)
it follows that G in the functional (2.46) indeed coincides with (2.44) and has the
representation (2.45).

To get for G the representation (2.43), let us solve system (2.48). From the last
equation of (2.48) it follows that &(s, 8) = ¢(s — 0) and, by the forth equation of
(2.48), ¢(s) = BB(—t — s). Substituting this ¢(s) into the third equation of (2.48),
we obtain that the function 8(¢) is defined by the differential equation

B(t) = AB(t) + BB(—t — 1) (2.50)
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with the conditions
GA+B(0)+1=0, GB—p(-1)=0. (2.51)
Suppose that g> = B> — A? > 0. Then, by (2.50),
B()=AB(t) — Bf(—t —1)
= A(AB(t) + BB(—t — 7)) — B(AB(—t — 1) + BB(t + T — 1))
=—q*B(1)
or

Bt)+q*B(t) =0. (2.52)

Substituting the general solution §(t) = Cjcosqt + Cs singt of (2.52) into (2.50)
and (2.51), we obtain two equations for G, C1, and C»

GA+Ci=-1, GB =Cjcosgt — Cysingr, (2.53)
and two homogeneous linear dependent equations for C; and C;

C1(A+ Bcosqt) — Ca(q + Bsingt) =0,

(2.54)
Ci(q — Bsingt) + C2(A — Bcosqt) =0.
By (2.54) we have
A+ B — Bisi
C,=c At beosqr ., q— Bsingr (2.55)
q + Bsingrt A — Bcosqt
Substituting the first equality (2.55) into (2.53) and excluding C;, we obtain
Asingt —qcosqt (2.56)

G= .
q(Acosqt +¢gsingt + B)

Multiplying the numerator and the denominator of the obtained fraction by
Bsingt — ¢, one can convert (2.56) to the form of the first line in (2.43). Note
that the same result can be obtained using the second equality (2.55).

Suppose now that g> = A2 — B? > 0. Then, similarly to (2.52), we obtain the
equation B(t) — g2 B(t) = 0 with the general solution B(7) = C1e?" + Cpe™9". Sub-
stituting this solution into (2.50) and (2.51), similarly to (2.53) and (2.54), we have

GA+C1+Cr=-1, GB=C1e 1" 4 Cpe?™,

(2.57)
Ci(g — A) — CBel" =0, CiB+ Ca(g+ A)el" =0.
By the two last equations of (2.57),
—A B
C=C 120t — ¢, e 7. (2.58)

B N q+A
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From the first equality of (2.58) and the two first equations of (2.57) we obtain

_ g—A+Be ™"
"~ g(g—A—Be 1)’

(2.59)

Put now sinhx = %(ex — e ¥) and coshx = %(ex + e™¥) (respectively, hyperbolic
sine and hyperbolic cosine). Multiplying the numerator and the denominator of
(2.59) by Bsinhgt — g in the denominator, we have

(g — A— Be %) (Bsinhgt — q)
=(q—A—Be ") (Bcoshqt — Be " —q)
=gBcoshqt — ABcoshgt — B?e™9% coshgt
— Bge 9" + ABe 9 4 B?e729T — A2 4 B> 4+ Aq + Bge "
=(q — A)(A+ Bcoshgt) + Be 9° (A + B(e‘” +e 9" — coshqr))
=(q— A+ Be ?")(A+ Bcoshqr).

As aresult, we obtain (2.59) in the form of the third line in (2.43). Note also that the
same result can be obtained using the second equality of (2.58).

The second line of (2.43) can be obtained from the first (or the third) line in the
limit as ¢ — 0. The proof is completed. 0

2.3.2 System of Two Linear Stochastic Differential Equations

Consider the system of two stochastic differential equations without delays

X1(t) = anx1(t) + apx2(t) + or1x1 (w1 (1), 2.60)
%2(t) = ap1x1 (1) + anxa(t) + oaxa (D (1), ‘

where a;;, 0;, i, j =1, 2, are constants, and w1 (f) and w7 (¢) are mutually indepen-
dent standard Wiener processes.
Put A = |la;;|l,i, j=1,2,and

i=1,2. 2.61)

Remark 2.6 1f 01 = 0o =0, then (by Corollary 1.1) the trivial solution of (2.60) is
asymptotically stable if and only if
Tr(A) = a1 +ax <0, det(A) = aji1ax — appaz; > 0. (2.62)

If a1 = a1 =0, then (by Remark 2.5) the necessary and sufficient conditions for
asymptotic mean-square stability of the trivial solution of (2.60) are

apl +61 <0, ay + 8 <0. (2.63)
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Lemma 2.2 Let for some positive definite matrix P = ||p;; |, i, j = 1, 2, the param-
eters of system (2.60) satisfy the conditions

p12az1 + pii(ai +61) <0,
p12a12 + pxnlaxn +82) <0,

(2.64)
4(p12az1 + pri(ain + 81) (pr2ai2 + prn(an +82))

2
> (priai2 + prpazi + pi2 Tr(A))”.

Then the trivial solution of system (2.60) is asymptotically mean-square stable.

Proof Let Ly be the generator of system (2.60). Using the Lyapunov function
v(t) = prixi (1) +2p1ax1 (Dx2(1) + p2ax3 () (2.65)
and (2.61)—(2.62) for system (2.60), we have
Lov(t) = 2(p1ix1(®) + prax2(0) (an1x1 (1) + axa () + puopai @)
+2(p12x1(1) + paax2 (1)) (a21x1 (1) + aznxa2 (1)) + P03 x5 (1)
=2(pi2az1 + pr1(an +80))xi(t) +2(pr2aiz + pr(az + 8))x3 (1)
+2(pr1ai2 + pnaz + pi2 Tr(A))x1 (D)xa(1).

By (2.64) Lov(¢) is a negative definite square form, i.e., the function v(#) satisfies
(2.17) with p = 2. So, the trivial solution of system (2.60) is asymptotically mean-
square stable. The proof is completed. 0

Corollary 2.3 Suppose that conditions (2.62) hold, a1 # 0, and

| Tr(A)| det(A) | Tr(A)| det(A) — Az,
Sl<—— 1 5 <
As Ay — | Tr(A)|d:

, (2.66)

where
Ay =det(A) +a?,, Ag = det(A) + a3,. (2.67)
Then the trivial solution of system (2.60) is asymptotically mean-square stable.
Proof By Remark 1.1, from (1.29) and (2.64) it follows that if, for some g > 0,
—q+2p1é <0, —142p2»d <0, (2.68)

then the trivial solution of (2.60) is asymptotically mean-square stable.
Using (1.29), we can represent (2.68) in the form

(A2g + a3))8 B (A1 +a},q)8: B
| Tr(A)| det(A) ’ | Tr(A)| det(A)
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From this we have

2
1) Tr(A)|det(A) — A6
a3,01 <q<| r(A)| 62( ) 1% (2.69)
| Tr(A)| det(A) — Az a5
So, if
2
) Tr(A)|det(A) — A1d
ay, 81 <| r(A)| 62( ) 192 (2.70)
| Tr(A)| det(A) — A28 aly)

then there exists ¢ > 0 such that (2.69), and therefore (2.68) holds.
Let us show that (2.70) holds. Indeed, by the first condition (2.66) we can rewrite
(2.70) in the form

a},a3 8182 < (|Tr(A)| det(A) — A281)(|Tr(A) | det(A) — A182)

= (|Tr(A) | det(A4))” — |Tr(A)| det(A) (A182 + A281) + A1 A28152.
(2.71)

By (2.67) we have

A A = (det(A) + a7, ) (det(A) + a3,)
= (det(A) + af, + a3,) det(A) + af a3,
— (ITe(A)|” = (@i1a2 + anaz)) det(A) +a?ya3,
= |Tr(A) | det(A) + a}ya3,
> |Tr(A)|2det(A). (2.72)
So, by (2.71) and (2.72) it is enough to show that
0 < |Tr(A)|det(A) — A28; — (A1 — |Tr(A)[81)8>. (2.73)
Note that from (2.66) and (2.72) it follows that

| Tr(A)| det(A) Al
< <

81 < .
A | Tr(A)]

So, (2.73) is equivalent to (2.66). The proof is completed. Il

Remark 2.7 If a;p = 0, then conditions (2.66) coincide with (2.63). Indeed, by
(2.62) from (2.66) we obtain

lar1 + axlaiiazn lar1 + axlaz(ai + 81)
51 <— = —da11, 52< = —daj).
(a11 +ax)axn (a11 +ax)(ai +61)
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Remark 2.8 From the conditions (2.63) and ajpa1 < 0 it follows that

< |Tr(A)|det(A)’ 2] < |Tr(A)|det(A)'

layi] A, A

So, from the conditions (2.63) and ajpas; < 0 it follows that

| Tr(A)| det(A) | Tr(A)| det(A)
§p<—— L Sy < —
A2 Al

Corollary 2.4 Suppose that the parameters of system (2.60) satisfy the condi-
tions (2.62),

az >0, Ay > |Tr(A) 8, (2.74)

and the intervals

) 1)
I =< ap(an +6)  ain+ 1) 2.75)

Ay —|Tr(A)S] as|

and

e <|Tr(A)| — V(an —an)® +4det(4) |Tr(A)| + v (an — an)? +4det(A)>
2a;1 ’ 2a1
(2.76)
have common points. Then the trivial solution of system (2.60) is asymptotically
mean-square stable.

Proof Consider the function v(¢) given by (2.65) with p11 =1, pio =u, po=v,
where y = a{ll (u| Tr(A)| — ay2). From (2.64) it follows that i € I;. On the other
hand, the function v(z) is positive definite if and only if y > 2, which is equivalent
to i € I. So, the appropriate w exists if and only if the intervals /; and I have
common points. The proof is completed. g

2.3.3 Some Useful Inequalities

Lemma 2.3 For arbitrary vectors a € R", b € R" and an n x n matrix R > 0, it
follows that

ab+ba<daRa+bR b
Proof The proof follows from the simple equality

0<(a—R'"o)R(a— R 'b)=d'Ra+b'R'b—a'b—Va. O
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Lemma 2.4 For positive P>, x and nonnegative Pi, Q such that P > Qx, the
following inequality holds:

Pi+Qx" <M+ Q>2

P, — Ox P

Proof 1t is enough to check that the function

P+ Qx_l
f)=—F—7—
P, — Ox

reaches its minimum at the point
P,

VO?+ PP+ Q

and this minimum equals x’ 2 The proof is completed. d

X0 =

2.4 Some Unsolved Problems

In spite of the fact that the theory of stability for stochastic hereditary systems is
very popular in researches, there are simply and clearly formulated problems with
unknown decisions. In order to attract attention to such problems, one of them for
stochastic difference equation with continuous time is represented in [277], and two
unsolved stability problems for stochastic differential equations with delay are de-
scribed below.

2.4.1 Problem 1

Consider the linear stochastic differential equation with delays

i) = Ax()+ Y Bix(t — 1))+ ox(t — hyi o), (2.77)
i=1

where A, B;, o, t; > 0, h > 0 are known constants, and w(z) is the standard Wiener
process.

It is known [290] that a necessary and sufficient condition for asymptotic mean-
square stability of the zero solution of (2.77) can be represented in the form

., o? 2 [ dt
G "'>—, G=— = 3 = - 5
2 7Jo (A4 Bicostit)>+ (t+ > ;" Bisintt)
(2.78)
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By Lemma 2.1, in the particular case m = 1, B} = B, t1 = 7 the integral (2.78)
can be calculated in elementary functions, and the stability conditions take the form
(2.42)—(2.43).

The problem is: to calculate the integral (2.78) in elementary functions form > 2,
in particular, for m =2.

2.4.2 Problem 2

From (2.42) and (2.43) it follows that the zero solution of the differential equation
with a constant delay x (1) = —bx (¢t — h) is asymptotically stable if and only if

T
0<bh <. (2.79)

It is also known [221, 318] that the zero solution of the differential equation with a
varying delay x(¢) = —bx(t — t(¢)) is asymptotically stable for an arbitrary delay
7(¢) such that 7(¢) € [0, h] if and only if

3
0<bh <. (2.80)

Consider the stochastic differential equation with a constant delay
X(t)=—bx(t —h)+ox(t)w(z). (2.81)
From (2.42) and (2.43) it follows that the zero solution of (2.81) is asymptotically
mean-square stable if and only if

b2 — p2 o2
0 < bh < arcsin ———, = —. (2.82)
b2 + p? 2
In the deterministic case (o = 0) condition (2.82) coincides with (2.79).
Consider the stochastic differential equation

X(t)=—bx(r — (1)) + ox()w(r) (2.83)

with a varying delay 7 (¢) such that 7 (¢) € [0, k].
The problem is: to generalize condition (2.80) for (2.83).
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