Chapter 2
Methods for Testing the Non-Gaussianity
of the CMB

2.1 Statistical Tests for Non-Gaussianity

2.1.1 Basic Framework

Cosmologists searching for non-Gaussianity in the CMB have to deal with two major
fundamental statistical problems. First, it is not clear what to look for and which
way is the best for doing that. Let us recall that non-Gaussianity—which an analyst
intends to find or to rule out—can occur in various ways, since it is only defined
as anything except Gaussianity (see Sect. 1.4). Therefore, there is a nearly infinite
number of thinkable investigations. Besides, any analysis resulting in a non-detection
of anomalous behaviour does not prove the CMB to be Gaussian, but just rules out a
single type of non-Gaussianity corresponding to the characteristics of the analysis.

However, also the detection of peculiarities in the data does not immediately imply
intrinsic non-Gaussianities in the microwave background, because the high amount
of foreground contributions could leave hidden imprints in particular in the results
of more complex analyses.

The second fundamental statistical problem of the CMB is the fact that there is
only one realisation. Irrespective from foregrounds or technical difficulties, there is
in theory no way to tell if a possibly detected anomalous behaviour is due to different
underlying physics or just a statistical fluke. There is the idea of using the polarisation
of the CMB as a new independent sample (e.g. [1-3]), however this strongly depends
on the characteristics of the investigation and can not be seen as a solution in general.

The first of the two problems lead to an amazingly large amount of different
measures for non-Gaussianity. A short overview over some of these measures will
be given in Sect.2.2.1. The second problem yields the fact that one has to interpret
the results of the different analyses with great caution. Since any kind of possible
measure is “allowed” to be used, its choice could sometimes be motivated by the
characteristics of the data itself. The choice would therefore be an a posteriori one
(cf. [4, 5]). The fact that all analyses naturally focus on anomalous features in the
data, combined with a plethora of different measures used today, could lead to some
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sort of preselection and therefore lowers the validity of possible anomalies. However,
this does not mean that all analyses working on non-Gaussianity become redundant.
In fact, every investigation claiming deviations from the theoretical properties of the
microwave background is supposed to obtain a very significant result, that is in the
best case confirmed by different measures. Apart from that, checks on systematics
and ruling out foreground effects as a cause for the deviations is always necessary.

A common technique to search for non-Gaussianity in the microwave background
is to construct simulated maps, that are Gaussian random fields which mimic the
properties of the ACDM model. The analysis is then performed on both the data and
a set of these simulations. Eventually, a comparison of the results gives information
about how well the measured CMB corresponds to the theoretical demands (e.g.
[6-8]). This is also accomplished in this work in Chap.4 for the WMAP five-year
data set. On the other hand, some investigations make use of particular assumptions
about the nature of the non-Gaussianities by parametrising it with e.g. the non-linear
coupling parameter fyr (e.g. [2, 9, 10], see also below).

Clearly, both procedures depend on the model or the assumptions that are imple-
mented. However, it might be favourable to rely on as few requirements as possible.
A complementary and elegant way to investigate the non-Gaussianity of the CMB
is an analysis that is completely model-independent. In the following Chapter, we
will introduce the surrogate method, that describes one possibility of a thorough
data-driven, i.e. model-independent investigation.

2.1.2 Surrogates on the Complete Sky

The concept of constructing surrogates from a given data set originates from the
field of non-linear time series analysis. The basic idea was introduced in the paper
of Theiler et al. [11] and subsequently applied to several different data sets, like
fluid convection, sunspots, as well as electroencephalograms [12], and was continu-
ously developed [13, 14]. Further, constrained randomisation has already been used
before to generate CMB data sets with random phases as a technique for analysing
the effect of cosmic strings. This was combined with a multifractal formalism in
[15] for detecting cosmic string induced non-Gaussianity on synthetic CMB data
sets. The surrogate method can be applied on nearly all complex systems, as outlined
in [16] for the climate, stock-market and the heart-beat variability. In combination
with scaling indices, which is the measure used throughout this work and will be pre-
sented in Sect. 2.2.2 below, surrogates were applied for large scale structure analysis
[17] and non-Gaussianity investigations on simulated two-dimensional temperature
maps [18].

The starting point for the surrogates technique is a given data set and some null
hypothesis, whose validity in the data set is to be tested. The fundamental idea is then
to generate surrogate data sets from the original data, which are consistent with the
null hypothesis. Apart from the characteristics that are affected by the hypothesis,
these surrogates share exactly the same properties as the original data set. Next, the
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data as well as the surrogates are tested by means of some measure that is sensitive
to characteristics, which could be induced by deviations from the null hypothesis.
If different results are obtained for the original and the set of surrogates, the null
hypothesis is rejected. If not, the hypothesis is confirmed.

We apply this basic concept to CMB non-Gaussianity analysis. As null hypothesis,
we take the random phase hypothesis, which is the assumption that the phases ¢y, of
the spherical harmonic coefficients ay,, are independent and identically distributed in
terms of a uniform distribution in the interval [—7, 7] (see Sect. 1.4). This assumption
is on the one hand a very important and fundamental statement. Only if the random
phase hypothesis holds, the construction of the power spectrum, which represents a
compression of the information of a complete CMB map with several million data
points to only around one thousand values, is lossless and therefore fully justified
[19]. On the other hand, the statement of random phases is a direct consequence of
the presumed Gaussianity of the CMB. Since the power spectrum only takes into
account the linear correlations in the map, possible higher-order correlations can
only be contained in the phases and the correlations among them. Thus, the presence
of phase correlations would clearly disagree with Gaussianity. Any detection of
inconsistencies between a CMB data set and surrogates, whose phases do not have
any correlations, would therefore directly identify non-Gaussian behaviour of the
CMB data. For this reason, the method of constructing surrogates used in this work
is based on a phase shuffling technique, which destroys possible phase correlations
of the original data set, and which is consistent with the stated null hypothesis.

Phases were already subject to analyses concerning the formation of the large
scale structure in the Universe [20]. Also, a close look at the quadrupole of the CMB
[21] as well as its foregrounds [22, 23] is possible in terms of a phase analysis.
Investigations searching for phase correlations—and therefore non-Gaussianity—of
the CMB were performed in [24-31] (see also Sect.2.2.1 for a closer look at the
results).

The method for generating surrogates by shuffling the phases is as follows: As
described in detail in Sect. 1.3.3, a temperature map 7 (X), X € S, on the complete
sphere S can be expressed by means of spherical harmonics Yy,

enmx

14
TE =Y > amYen().

=0 m=—1
The sum consists of i;qc = (Cpax + 1)2 different summands. The coefficients ay,,
are complex-valued, and can therefore be written in polar coordinates,
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in which the phases ¢, can be computed as
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To ensure that possible outliers in the data, which do not follow the assumed
probability distributions as given in Sect. 1.4, are not affecting the results of the further
process, one has to implement the following preprocessing. However, possible phase
correlations are not affected by these two steps.

o First, the temperature values T (X) are replaced by a Gaussian distribution in a rank-
ordered remapping. We use the expressions T4 (X) and Ty, (X) for denoting the
temperature values before and after the remapping. Formally, we obtain:

Thew ()_é!) = D(k)

with D(x) ~ N'(u, o) for x = 1, ..., Npix, and DV < D@ < . < DWpix),
Hereby, 1 and o denote the mean and the standard deviation of T,;4(X), respec-
tively, while k characterises the position of T,;;(x;) in the rank ordering

(D) 2) (Npix)
Torg < Toig < <Ty4"

e A similar rank ordering is applied to the values of the phases ¢(i) = @;(¢,m):

Gnew(i) = DP

with D(x) ~ U([—=, 7]) for x = 1, ..., imax, and DD < D® < .. < DUmax),
Similar to above, k describes the position of ¢4 (i) in the rank ordering

(n 2) (imax)
Dot < Pora < = < Poig " -

Hence, all detected deviations between the underlying map and the constructed sur-
rogates can only be due to possible phase correlations inside the original data set.

To perform the surrogates method, one has at first to choose a shuffling interval
[£1, €2] containing the scales that are of interest in the analysis. This interval may
be chosen arbitrarily inside the possible range of all multipoles, [0, £,,,]. However,
since in data maps for CMB investigations, the monopole and dipole are often sub-
tracted, the lower bound should in this case be larger than one, ¢; > 2. After a
convenient interval was chosen, one applies two shuffling steps onto the underlying
data map, to generate two kinds of surrogates:

The first step is a shuffling of the phases of all coefficients ay,,, m > 0, outside
the range [£1, €>]. In doing so, all phase correlations that correspond to scales that
are not of interest, are destroyed. The resulting map with the shuffled phases is
termed first order surrogate. The second step is to shuffle the phases of the first
order surrogate inside the range of interest [£1, £;], to create a map with no phase
correlations at all. This step is to be performed multiple times to obtain several data
sets. The resulting maps are denoted second order surrogates. In Fig.2.1, the two
phase shuffling steps are illustrated on a £-m-diagram. In each step of this process,
the phases with a negative m-value, ¢¢,,, m < 0, have to be shuffled in the same way
as the corresponding phases with the positive m-value, since otherwise the imaginary
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exact same shuffling
for negative values

Fig. 2.1 A ¢-m-diagram for illustration purposes of the two phase shuffling steps: At first, the
phases outside [, ¢7] are shuffled to obtain the first order surrogate, and afterwards, the phases
inside the interval are shuffled multiple times to create several second order surrogates

parts of the coefficients ay,, and spherical harmonics Yy, would not cancel each other.
Note that all surrogates possess by definition exactly the same linear properties, that
is the power spectrum, as the underlying map, since the amplitudes |ay, | were left
unchanged.

The first order surrogate is then compared with the set of second order ones by
means of some measure (see the following Sect. 2.2 for a overview of currently used
measures in the field of CMB non-Gaussianity). Since the preprocessing steps from
above ensure the correct distributions for the temperature values and the phases, any
detected discrepancies have to be traced back to the phase correlations inside the
first order surrogate, and are therefore a sign of non-Gaussianity inside the chosen
multipole range of the initial map. Hence, the surrogate method presents a technique
to search for deviations from Gaussianity in a range of scales which can be chosen
arbitrarily.

A special case of the shuffling technique occurs if one chooses the range
[£1,£2] = [0, £,4x] (or [£1, £2] = [2, £14x] in case of a mono- and dipole reduced
map, see above). Since this interval covers the complete range of available multipoles,
generating a first order surrogate becomes dispensable. In this case, a comparison
between the original map and the second order surrogates shows deviations from
Gaussianity on all scales.

In Fig. 2.2, first and second order surrogates of the seven-year ILC map are illus-
trated with an underlying scale range of interest [¢1, £2] = [20, 60].

Despite the advantage of analyses on all arbitrary scales, the surrogates method
also possesses a disadvantage: It requires a complete sphere, to ensure that the spher-
ical harmonics are orthogonal. Otherwise, the phases of the underlying map would
be coupled, which leads to induced phase correlations. For this reason, the surrogates
method is performed on maps, where the foreground influences—especially those
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Fig. 2.2 An example of the phase shuffling method: The phases of the underlying seven-year
ILC map (upper left) are shuffled outside the interval [£1, £2] = [20, 60] to obtain the first order
surrogate (upper right). Two realisations of an additional shuffling of the phases inside the interval
leads to the two second order surrogates (lower row). Note that the structural behaviour of the large
scales differs between the maps in the upper row, but is similar for all the first as well as the second
order surrogates

due to the Galactic plane—are reduced to a minimum. This is provided by the ILC or
the NILC maps (see Sect.3.2.2). The results of these investigations are presented in
Chaps. 5 and 6. But to accomplish an even more thorough analysis, it is better to mask
out highly foreground affected regions like the Galactic plane, which hence puts a
problem to the method. However, as a main part of this work, new ways to construct
anew set of orthogonal harmonics for incomplete skies were developed, thus solving
this problem. These techniques will be presented in detail in the following section,
and are applied to data sets in Chap. 7.

2.1.3 Surrogates on an Incomplete Sky

The spherical harmonics form an orthonormal basis set on the complete sphere S.
This statement is expressed formally by the equation

- - 1 ford =¢ andm =m’
/Yem(x) Yo (xX)d2 = 2.1
s 0 else

where Yy, Yy, characterise two harmonic functions with £, £/ > 0, —£ < m < ¢,
—¢' < m’ < {'. This equation describes a fundamental condition. Only if orthogo-
nality holds, the coefficients agy, of a map f(X) are unique.
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If one replaces the complete sphere S in Eq. (2.1) by some incomplete sky S°*?,
the orthogonality of the spherical harmonics obviously vanishes. This leads to severe
problems, since in this case the coefficients ag,, would be coupled. Hence, the random
phase hypothesis no longer holds, and the surrogates technique from the previous
Sect.2.1.2 becomes inapplicable.

Incomplete skies often appear in CMB non-Gaussianity analyses: Highly fore-
ground affected regions, in the first place the Galactic plane, strongly influence the
Gaussianity of the map. Even the foreground-reduced maps, as provided by the
WMAP team, still have obvious artefacts in the Galactic plane (cf. Fig.3.4 on p.
XXX). The best way to deal with this, is to apply a sky cut on these regions (cf.
Sect. 3.2). The usage of full-sky maps with minimal Galactic foreground contribu-
tion, like the ILC [32] or the NILC map [33], is another solution to the problem, which
avoids the sky cut. But the map-making process of these maps could induce phase
correlations, which can then not be distinguished from the intrinsic higher-order
correlations of the CMB.

However, there are ways to overcome this problem: In [34, 35], a method was
presented, which transforms the real-valued spherical harmonics to a new set of har-
monics, thatis orthonormal on an user-defined cut sky. This method was improved and
extended in [36]. In the present work, we adopt these techniques onto the complex-
valued spherical harmonics, and combine it with the surrogates analysis, to enable
investigations by surrogates on an arbitrary cut sky.

Our goal is to express any CMB temperature map

Zmax 14

fE =D amYm(®), X €5,

=0 m=—¢

on an incomplete sky S/ by means of new coefficients aj' and new cut sky har-
monics Yju': S — C,

max

f()_é) z z Lutycut(x)7 ie Scut’

=0 m=—¢L

where Y is an orthogonal basis set on S/, and thus aj' being unique.

At first, we write the spherical harmonics and the orlgmal coefficients of the
underlying map, as well as the harmonics and the coefficients that we would like to
obtain, into one vector each. In doing so, we only consider the modes with m > 0:

Y(X) = [Y0,0(%), Y1,0(0), Yi,1(X), ey Yerar e 17,
YU (X) = Y5 (%), Y5 (X)), Y“"(X) S G 17,
a = [a0,0, @1,0, Q1,14 ooy Qe b ]

acut — [a(L)Mé’ aiué’ a?u]l’ o agzix,gww]T
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All vectors have the length of i},4x := (£inax + 1) (Cmax +2) /2. With the help of these
terms, we can express our goal in a different way: We would like to determine two
matrices By, By € CimaxXimax that transform the vectors of the spherical harmonics
and the original coefficients into the cut sky vectors of above, which is characterised
formally by the following equations:

YU (¥) = By Y (¥) (2.2)

a" =Bya (2.3)

It is possible to evaluate these two matrices by applying several matrix com-
putations onto the vector Y (x). The first step, important for both the calculation

of B and By, is the definition of the coupling matrix and its cut sky counterpart
C Ccut c (Cimax Ximnx:

c = fR Y(X)Y*(X)dR
Ccut = fR Ycut()'c’)(ycut)*()?)dg

where R characterises an area on the sphere, and Y* denotes the hermitian transposed
of Y. When working with a pixelised sky, like e.g. in the HEALPix environment
used for the WMAP data set, one has to replace the integral with a sum over all
pixels that belong to R. The coupling matrices can be treated as positive definite
for 1ow £,,4. In addition, C and C*' are hermitian by definition: For the diagonal
of C, the components read as ¢;,m),i(t.m) = fR YemY emd 2, which is obviously
real-valued. Outside the diagonal, we obtain c;( m)ic.m) = [ YomY prdQ2 =

Jo (YemYerm )dS2 = Ci(¢ i, m)- The equivalent holds for C*'.

To evaluate Bj, we have to recall the orthonormality condition (2.1) from above.
Applying an adequate condition to the incomplete cut sky S/, it follows that a set
of harmonics Y;", which is orthonormal on the cut sky, needs to fulfil the equation

CCut — Ii .
Hereby, /;,,,. denotes the unit matrix of size i,,,. We can use Eq.(2.2) to change
this condition to

BICBf =1, (2.4)

It is possible to decompose the coupling matrix and to calculate a matrix A €
ClmaxXimax which fulfills C = A A*. Hereby, different matrix decomposition methods
can be used, as for example the Cholesky or the eigenvalue decomposition. We will
discuss this important step of the calculation in more detail below. Applying this
decomposition to the above equation leads to
(B1A)(B1A)" =1

Imax
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which offers the simple solution By = A~!. Note that this does not have to be the
only possible solution: In general, every matrix Bj that fulfils Eq. (2.4) is applicable.

For B;, we rewrite Eq. (1.4), which offered a formula for the computation of ag,,,,
into a vectorial form,

a= / Y (X) f(X)dQ
S

or correspondingly

at = / Y R) f(F)d .
SCMI
By inserting (2.2) and replacing the map by means of f(x) = a’ Y (x), we obtain
cut __ n bnd k=21 ) T
a = Bi(Y(x)Y*(x))'ad2=B|C"a.
Scut

Again, we make use of the above introduced matrix decomposition and apply addi-
tionally the result of the first transformation matrix from above, B = A~1, which
leads to

a =B (AATa=ATa.

Thus, it follows B, = AT,
So far, we ignored the cut sky harmonics Y%/ (x) and coefficients aj' for m <
0. For their computation, we make use of Eqgs.(1.5) and (1.6). We assume these
equations to be valid also in the cut sky regime,
Yo = (—Dyyt, )
aghy, = (=HMag ),

and can thus easily get the missing terms. Nevertheless, the above equations could
in general lead to a non-orthogonal set of cut sky harmonics, since each Y ;“j . 18 by
definition only orthogonal to its counterpart Y[C"f;, but possibly not to the rest of the
harmonics. Still, for all sky cuts and £-ranges that were used throughout this work,
the cut sky harmonics were tested and confirmed to be orthogonal.

In summary, both transformation matrices By, B> can be easily determined once
the decomposition of the coupling matrix C = AA* was successful, and we obtain

YU x) = A" Y (%) (2.5)
a“ =ATa. (2.6)

However, the matrix decomposition is—from a numerical point of view—the most
difficult part of the cut sky procedure, since the matrix C grows exponentially with
the fourth power of £, . The choice of which decomposition technique one uses has
a strong influence on the characteristics of the cut sky harmonics Y, ;,Zt. In this work,
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we will apply three different decomposition methods, the Cholesky, the eigenvalue,
and the singular value decomposition (cf. e.g. [37]). All three techniques require the
coupling matrix to be positive definite, which holds up to some ¢,,,,, that depends on
the applied sky cut. The differences between the three decompositions are explained
in the following.

Cholesky Decomposition

The easiest approach is the Cholesky decomposition, which was already used for the
real-valued cut sky harmonics in [34] and [36]. It defines the matrix A to be lower
triangular (and therefore A* to be upper triangular), and calculates then step by step
a solution for each row of A. For example, the first three diagonal elements of A
have to fulfil

(c11) = (an)?
(c22) = (a21) + (an2)?

(c33) = (a31)* + (a32)* + (@33)? , ...

which can be solved in combination with similar (but more complex) equations
for the off-diagonal terms. The Cholesky decomposition is implemented in nearly
every mathematical software today and provides the fastest results of all three matrix
decompositions used in this work. Another advantage is the fact that A is lower
triangular. Having a look a Eq.(2.6), one can see that this leads to a comfortable
situation: In this case, all cut sky coefficients aﬂ‘(le,m) only depend on the full sky
coefficients of higher multipoles, a;(,m), i > i*. Therefore, a monopole and dipole
reduction is still possible, since these are only contained in the first four cut sky
coefficients.

Eigenvalue Decomposition

Another possibility is to apply the eigenvalue decomposition, which was also used
in [36] (identified there as “singular value decomposition”, which is not necessarily
wrong, as we will see below). The basic idea relies on the possibility to rewrite the
coupling matrix in the following way [37]:

C=VWVv*,

where the columns of V contain the eigenvectors of C, and the diagonal matrix W
contains the corresponding eigenvalues. For a positive definite and hermitian C, these
eigenvalues are real-valued and larger than zero, and can therefore be used to divide
the above term into

c=vw\2vw!/2),
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which leads to the solution A = VW2, Hereby, W1/2 denotes the matrix that
contains the square roots of the elements of W.

Singular Value Decomposition

A method very similar to the eigenvalue decomposition is the singular value decom-
position. This is based on the fact that one can write [37]

C=UWV*.

Hereby, in contrast to above, U contains the eigenvectors of CC*, V the eigenvectors
of C*C, and the diagonal matrix W the eigenvalues of either CC* or C*C, which
leads to the same result. These eigenvalues are also termed singular values of the
matrix C. Since C is hermitian, it follows CC* = C*C and therefore U = V. Hence,
we obtain

C=UWU*=UWUuw!/?*

and thus the result A = UW!/2. When applying this method, it is important to
consider the following: For a hermitian matrix like the used coupling matrix C,
it can be shown that the resulting matrices A of eigenvector and singular value
decomposition are theoretically exactly consistent with each other (cf. e.g. [37]).
However, this does not hold in practice: The decomposition by means of the singular
values yields numerically far better results than the eigenvector decomposition, since
it can be applied onto larger coupling matrices (and therefore higher ¢,,,,) and
provides a faster calculation.

There exist two technical procedures that improve the decomposition processes
from above:

First, the Cholesky decomposition has the advantage of a triangular transformation
matrix. This does not hold for the other two decompositions, but in this case it is
again possible to decompose the matrix A into a triangular matrix A’ and an unitary
matrix U with the same size each,

A=AU,

by applying a Householder transformation. The unitary matrix can then be ignored,
since it does not change the decomposition equation C = AA*, and therefore one
can use A’ instead of A. See the Appendix for a more detailed description of this
technique.

Second, when applying a constant latitude cut, the majority of the terms of the
coupling matrix C becomes trivial. This simplifies its calculation as well as its decom-
position. See again the Appendix for more details.

Examples of the new cut sky harmonics for two different constant latitude cuts
are illustrated in Fig.2.3.
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Fig. 2.3 Examples of the original spherical (first column) and the new cut sky harmonics for
€, m) = (20,0), (20, 10) and (20, 20) (from top to bottom). The harmonics were constructed
by means of the singular value decomposition with additional householder transformation for
Imax = 20 and a constant latitude cut of |b| < 30° (second column) and |b| > 30° (third col-
umn), respectively. Only the real part of the complex-valued harmonics is shown in each plot

After the calculation of the new sets of cut sky harmonics Y;,’:l’ (¥) and coefficients

af'! = |ag"| ¢'%n corresponding to the underlying map f(¥), one can finally apply

the surrogates method. Similar to the previous Sect.2.1.2, the phases

Im(acut

cut Im
¢€m = arctan Rar Culy
Re(ay,,

are shuffled, while the amplitudes |a£”jf| are preserved. Each shuffling results in a
new set of a§'’s, which corresponds to one cut sky surrogate map. Special care has to
be taken when choosing the shuffling range [£1, £>], since the scales of the structural
behaviour of the map might no longer be preserved in the cut sky coefficients. For
low £,,4x, a rough scale similarity still holds, though. An example of a surrogate
set of the WMAP seven-year ILC map with a multipole limit of ¢,,,, = 40 and a
shuffling range of [£1, £2] = [2, 40] is presented in Fig.2.4.

But this result is not satisfying yet because of one remaining problem: By applying
the cut sky transformation, the phases of the underlying data map additionally get
correlated due to Eq. (2.6). This effect is shown in Fig.2.5, which illustrates the
results of anaive cut sky analysis of a simulated Gaussian CMB map with independent
phases by means of scaling indices (see Sect.2.2.2 below), for a series of increasing
constant latitude cuts, that remove |b| < 10°, |[b| < 20° and |b| < 30° of the
Galactic plane. The colour-coded pixels show the o-normalised deviations between
each hemisphere of the original and the surrogate data sets around this pixel. The
details of this investigation are not important for the moment and will be discussed in
more detail in Chap. 4. While the full sky analysis—correctly—detects no significant
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Fig. 2.4 A set of second order surrogates for the WMAP seven year ILC map (upper left) for a
constant latitude cut, that removes |b| < 20° of the Galactic plane. Here, the multipole limit is
Lmax = 40 (also for the original ILC map) and the shuffling range is chosen as [¢1, £2] = [2, 40].
This represents the special case, where a shuffling outside the range is unnecessary, and therefore
no first order surrogate exists

-5.0 . 5.0 -5.0

e 5.0

Fig. 2.5 The o-normalised deviations between a simulated CMB map and its surrogate data sets.
The colour of each pixel illustrates the mean deviation for the hemisphere around that pixel

deviations between the simulation and its surrogates, a clear shift to negative values,
and therefore phase correlations, are identified for the cut sky cases. This shift is
getting larger for increasing cuts, which clearly points towards a systematic effect.

A convincing analysis should therefore be able to remove these systematic effects.
In Chap.7, we will return to this problem and present an appropriate solution, thus
enabling investigations by means of surrogates on an incomplete sky.
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2.2 Measures for Non-Gaussianity

2.2.1 Overview Over Currently Used Measures

As soon as simulations or surrogates are created, one needs a measure being sensitive
to some characteristics of the input maps and providing output values that can then
be used for a comparison with the original data set. As we stated in Sect.2.1.1, any
kind of possible deviation from as well as consistency with Gaussianity marks an
interesting result. Thus, one could think of a large amount of reasonable measures
that could be used for the comparison. In fact, a plethora of different measures has
been applied in CMB analysis until today. In general, these can be separated into
global and local measures.

Global Measures

Measures of global type are related to the characteristics of the map as a whole. One
of the currently most used measures is the angular bispectrum (e.g.[2, 9, 10]), which
is the harmonic transform of the three-point correlation function. Three different con-
figurations of the bispectrum are favoured. These depend on the shape of the triangle
describing the three-point correlation function, and are termed “local” (referring to
a “squeezed” triangle with two sides much larger than the third, [38]), “equilateral”
[39] and “orthogonal” [40]. The result for each configuration can be expressed as
one single value, the so-called non-linear coupling parameter fy, which describes
the amount of non-Gaussianity of the primordial gravitational potential: fy; = 0
would refer to the Gaussian case, while any larger or smaller value points towards
deviations from Gaussianity. Both the parameter fx as well as the bispectrum can
be used in combination with other techniques, e.g. the bispectrum with the help of the
needlet coefficients (see also below), which is then referred to as needlet bispectrum
[41-43]. Another global measure is the power spectrum, which we defined already
on p. XXX, or the corresponding 2-point correlation function in real space. These
measures were applied in [44-50]. Although the power spectrum is not a measure
for non-Gaussianity (since it only analyses the Gaussian part of the temperature
anisotropies, see Sect. 1.3.3), it is listed here due to the important results concerning
asymmetries in the CMB sky: The power spectrum can be estimated using parts of
the sky only, hence modifying it to a measure of local type, which enabled the first
detection of power asymmetries in [46] (cf. Sect. 1.4). The next example for global
measures are Minkowski functionals. These are three related measures, which can be
interpreted as area, perimeter, and Euler parameter, that focus on geometrical struc-
tures in the data [9, 51]. In doing so, the map is grouped into active and inactive pixels
that are defined as pixels with lower/higher values than some given threshold. Then,
the structural behaviour of these two kinds of pixels is observed for different thresh-
old values. In Chap. 7, we will use the Minkowski functionals on cut sky surrogates
parallel to an analysis by means of the scaling indices, that are described in more
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detail in the following Sect.2.2.2. Similar to the Minkowski functionals, the length
of the sceleton describes an analysis that examines the length of the zero-contour
line of the map, which is defined by derivatives of the field in different directions
[51]. Another two global measures are the genus analysis [52] and multipole vectors
[53-59]. The former investigates the different quantities of hot and cold spots, while
the latter forms a set of unit vectors, that can be used to describe and analyse a given
multipole £. Finally, phase mapping techniques are a useful tool to detect deviations
of the map from a Gaussian random field [24-31]. The basic assumption for this kind
of analysis—that is independent and identically distributed phases—is the same as
we used above for the construction of surrogates.

Local Measures

In contrast to the global measures, local measures investigate the behaviour of the
maps in a direction-dependent way. This offers the possibility to identify the position
of anomalies, which can then for example be compared with a large-scale structure
survey. In addition, for investigations by means of local measures, one can simply
exclude heavily foreground-affected regions like the Galactic plane.

A very famous example for a local measure in CMB analysis are wavelets.
A wavelet is a filter function, that is used to transform the underlying map into
wavelet space, where the structural behaviour of the data becomes more pronounced.
For CMB analysis, directional spherical wavelets [8, 60, 61], steerable wavelets [1],
and spherical mexican hat wavelets [62—-66] have been applied, in which the inves-
tigation in [62] lead to the first detection of the famous Cold Spot (cf. Sect. 1.4).
A very recently developed form of wavelets are spherical needlets, which allow to
focus on a specific set of multipoles [7, 41-43]. As already stated above, needlets
can also be used to construct the needlet bispectrum.

An analysis by means of local curvature classifies the map points by their type of
curvature, that s hills, saddles and lakes [67]. Their distribution on the sphere can then
be analysed and compared to that of simulations or surrogates. Similar to the power
spectrum estimation from above, some measures have in general a global behaviour,
but can be used as a local one by focusing on smaller regions on the sphere. While
this usage is an exception for the power spectrum, it is common for the so-called
large-angle non-Gaussianity indicators [68—70] and the Kolmogorov stochasticity
parameter [71-73]. The former is based on skewness and kurtosis of the temperature
values inside large-angle patches of CMB maps, while the latter examines the largest
difference between theoretical and empirical cumulative distribution function. The
technique of considering small caps on the sphere to transform a global measure
to a local one was also applied for analyses of the angular two-point correlation
function in [6].
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2.2.2 The Scaling Index Method

The measure for non-Gaussianity of the CMB which is applied throughout this work
is the scaling index method (SIM) [17, 18]. This measure has the ability of reveal-
ing the topological behaviour of an input map by detecting different structures in
the data, as for example cluster-like or sheet-like structures, as well as filaments or
walls. While wavelets are more sensitive to structures, which offer intensity vari-
ations of significant magnitude with respect to the existing noise, scaling indices
also detect structural features which possess variations within the noise level, but not
significantly higher or lower intensity values [74].

Scaling indices have already been used for texture discrimination [75] and feature
extraction [76, 77], time series analysis of stock exchanges [78] and active galactic
nuclei [79, 80], as well as structure analysis of bone images [81] and other different
medical data, like biological specimens, skin cancer, computed tomographic images,
and beat-to-beat sequences from electrocardiograms [16]. Investigations concerning
the Gaussianity of the CMB by applying the SIM to simulated CMB maps and the
WMAP three-year data were performed in [74] and [18], respectively, where the
method turned out to be of great usefulness.

The basic ideas of the SIM stem from the calculation of dimensions of strange
attractors in nonlinear time series analysis. If an attractor has a non-integer dimen-
sion, it is termed strange [82]. These attractors play an important role in the field
of dynamical systems, since systems exhibiting chaotic behaviour often possess a
strange attractor in phase space [82—85]. The dimension hereby provides information
about the topological characteristics of the attractor [§6—88].

The basis for the calculation of the dimension of attractors from a time series
is to perform a transformation of the time series into a point distribution in d-
dimensional Euclidian space [89]. This transformation and the d-dimensional space
are also denoted embedding and embedding space, respectively. The most common
example for such an embedding are the so-called delay-coordinates [90]. These are
constructed from a time series x;, i = 1, ..., N, of a single observed quantity from
some experiment. The information of d data points can be combined to a vectors p;
in d-dimensional Euclidian space in the following way:

Di = (Xiy Xitrs ooy Xitdr) » 1 €{1,..., N —dT}

Here, the time interval 7 which specifies the distance between the data points is termed
delay time or lag. The resulting point set provides the analyst a completely new access
for investigations of the data set. It was proven in [90], that the transformation to
delay-coordinate maps is a diffeomorphism, that is a smooth invertible isomorph
function with a smooth inverse that maps one differentiable manifold to another.
Therefore, all the information of the time series is preserved. This result was extended
to fractal sets in [89]. We use an approach analogously to this concept to enable the
usage of the SIM on CMB data below.
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After transforming the original data by means of such an embedding, and there-
fore obtaining a point set P with points p;, i = 1, ..., N, in Euclidian space, one
can estimate the local scaling properties of this point set. In [83], this is done by
counting the number of system states around one point p; by means of the Heaviside
function H (x):

Np
NG, pi) =D HE— 15 — il 27)
j=1

where the Heaviside function is defined as H(x) = 1 for x > 0 and H(x) = O else.
The parameter ¢ is used to set a boundary: If the distance || p; — p ;|| is larger than 9,
the resulting H (x) becomes zero. The basic idea behind the setup of Eq. (2.7) is the
following fact: For small r and a large amount of points N, the measure behaves as
a power of r, with an exponent v [16, 83]:

lim
Np—o00

%N(é, pi) o & (2.8)

P
The exponent v is again closely related to the dimensionality of the strange attractor
[83, 91]. Therefore, by calculating v, one can obtain information about the topo-
logical characteristics of the attractor. This statement is also the crucial point for
the scaling index approach, as we will see below. However, due to the discontinuity
of the Heaviside function, the derivate of H (x), and therefore also the exponent v,
cannot be evaluated analytically. One can only approximate v by averaging over a
chosen range [41, 92]:

log N (62, pi) — log N (41, pi)

VR (2.9)
log 62 — log 1

The method explained above is not the only possible approach. Similar studies were
considered e.g. in [86], where a one-dimensional return map was constructed from the
embedding space. From this return map, one can evaluate the characteristic exponent
of the attractor. In [92], the spectrum of singularities of scaling functions is computed,
in order to describe the complex scaling of the attractor.

One can now modify these ideas to apply the scaling index approach to the CMB.
Here, the fluctuations of the temperature map are characterised by the values of the
pixelised sky on a sphere S. Thus, the analogue of an embedding for a CMB analysis,
is atransformation of the combined temperature information and the two-dimensional
spatial information on the sphere into a three-dimensional point set, which includes
all the information of the original map as spatial information only. Here, the pixels
i, ¢i),i =1,..., Npjx, of S, where N;, denotes the number of pixels and (6;, ¢;)
latitude and longitude of the pixel i on the sphere, are converted to a point distribution
in a three-dimensional space in the following way: Each temperature value T (6;, ¢;)
is assigned to one point p;, which is located in the radial direction through its pixel’s
centre (6;, ¢;), that is a straight line perpendicular to the surface of the sphere. Thus,
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the three-dimensional position vector of the new point p; reads as

xi = (R + dR) cos(¢;) sin(6;) (2.10)
yi = (R 4+ dR) sin(¢;) sin(6;) (2.11)
zi = (R + dR) sin(6;) (2.12)
with
or

where R denotes the radius of the sphere and a describes an adjustment parameter.
In addition, (T') and o characterise the mean and the standard deviation of the
temperature fluctuations, respectively. The normalisation is performed to obtain for
dR zero mean and a standard deviation of a. A transformed CMB map appearing
as a three-dimensional point distribution is illustrated in Fig. 2.6. Here, two different
values for a were used in the embedding process.

In general, the SIM is—like v in Eq.(2.8)—a mapping that calculates for every
point p; of the point set P a single value, which depends on the spatial position of p;
in the group of the other points. P is three-dimensional for this chosen embedding
of CMB data. For every point p;, we define the local weighted cumulative point

distribution as
Npix

p(Bir) = s @d(pi p)))

j=1

with r describing the scaling range (similar to ¢ in Eq.(2.7)), while s, (e) and d(e)
denote a differentiable shaping function and a distance measure, respectively. To
obtain the scaling index o(p;,r), we assume the following scaling law, which is
similar to Eq. (2.8): ;

p(pi.r) ocrin) (2.14)

One important difference to the above concept is the request for a differentiable
shaping function s,(e), which leads also to a differentiable cumulative point dis-
tribution p(p;, r). Therefore, in contrast to Eq.(2.8) above, the scaling law (2.14)
becomes analytically solvable. The scaling index, corresponding to the exponent v
in Eq. (2.8), can therefore be computed as the logarithmic derivative of p(p;, r). If
we choose e.g. Gaussian shaping functions

sr(x) = e 7"

the scaling index reads as
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Fig. 2.6 WMAP 3-year data after application of the transformation into a three-dimensional point
distribution. On the left side the full set of points is presented, while the right side shows an x, z-
projection of only the points with |y| < 0.05. In other words, the plots show the “roughness” of
the last scattering surface. Two different values for a were used, namely a = 0.075 (above) and
a = 0.225 (below). The black circles represent the scaling ranges r = 0.075 and r = 0.225. Figure
taken from [74]

dlog (i) _ Tilt n(TF)e (72)

dlogr

P 7) = Ny —(“PLEDY"

Zj:] e 4

In general, one can freely choose s,(e) and d(e), apart from the requirement that
sr (o) has to be differentiable. For the analysis in this work, we make use of a set of
quadratic Gaussian shaping functions and the isotropic Euclidian norm as distance
measure:
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5r(0) = e’
d(pi. pj) = |pi — pjll2

Taking this into account, and using in addition the abbreviation d;; := || pi—p ill2,
we obtain the final formula of the scaling indices:

ZNpix 2(ﬁ)e_(d_ii)2

- =1 r
alpi,r)y ==L — (2.15)
s e ()

In the resulting map a(p;,r), i = 1,..., N pix» the structural behaviour of the
underlying point set P becomes apparent, and different types of structure can be
detected very easily. The values of « are related to structural characteristics in the
following way: A point- or cluster-like structure leads to scaling indices o = 0,
filaments to o & 1 and sheet-like structures to a &~ 2. A uniform distribution of
points would result in o ~ 3. In between, curvy lines and curvy sheets produce
1l <a <2and 2 < a < 3, respectively. Underdense regions in the vicinity of
point-like structures, filaments or walls feature o > 3. An example of a simulated
CMB map and its scaling index response is shown in Fig.2.7.

2.0

2.0 e 3.5

e 3.5

Fig.2.7 A simulated CMB map, in which the central regions were masked out and filled with noise
whose variance corresponds to the noise characteristics of the WMAP satellite (upper left), and the
scaling index responses a( p;, r) for three different scaling ranges: r = 0.05 (upper right),r = 0.15
(lower left) and r = 0.25 (lower right). Different values of c(p;, r) correspond to different types of
structure in the underlying map. Small scaling ranges examine the behaviour of the small structures,
while the characteristics of the larger structure is displayed by the higher scaling ranges. Note the
different structures inside and outside the masked region of the simulated map, and also the different
structures in the mask itself due to the noise characteristics. Both is clearly identified by the scaling
indices
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From Eq.(2.15), one can see that the scaling range parameter » can be chosen
arbitrarily. This parameter weights the distances between our point of interest p;
and the remaining points p j (cf. definition of s, (x)). Therefore, we can make use of
smaller or larger values for r to examine the different behaviour of the small-scale
or large-scale structural configuration in the underlying map. For the analysis in
the following Chapters, we mostly make use of the ten scaling range parameters
rr = 0.025,0.05, ...,0.25, k = 1,2, ...10. Table 4.1 on p. XXX illustrates how the
positions of the resulting 90 % and 10 % weighting of the quadratic Gaussian shaping
function s, (x) correspond to the angular scale ¢ in Fourier space. In Fig.2.7, three
different values of r were applied to the simulated CMB map.

In addition, both R and a from the Egs.(2.10) and (2.13) should be chosen in a
proper way to ensure a high sensitivity of the SIM with respect to the temperature
fluctuations at a certain spatial scale. For CMB analysis, it turned out that this require-
ment is provided using R = 2 for the radius of the sphere and setting the parameter
a, which describes the standard deviation of the normalised temperature values, to
the value of the scaling range parameter r [74]. Thus, in this case the distance 1r
corresponds to 1o of the temperature distribution.

When we apply the scaling index method to CMB data sets, there are different
methods of how to compare the results with those from simulations or surrogate
maps. On the one hand, one can carry out a global analysis by calculating statistics
like the mean or the standard deviation,

Npix
() = > apinr)
Npix i35
1 Npix 1/2
~ 2
0o, = | ——— > [a(pi.r) — ()] :
Npix =13

of the scaling index response for the complete set of pixels. On the other hand, it
is also possible to perform a local analysis by focusing on a particular area, as for
example a hemisphere that is located in some chosen direction on the sphere. These
methods will be repeatedly applied throughout Chaps.4-7.
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