Chapter 2

Mixed and Neumann Boundary Conditions
for Domains with Small Holes and Inclusions:
Uniform Asymptotics of Green’s Kernels

In this chapter, we derive and justify asymptotic approximations of Green’s kernels
for singularly perturbed domains whose boundary, or some part of it, supports the
Neumann boundary condition. We also derive simpler asymptotic formulae, which
become efficient when certain constraints are imposed on the independent variables.

Sections 2.1 and 2.2 deal with the Dirichlet-Neumann problems in two-
dimensional domains with small holes, inclusions or cracks. Section 2.3 gives
the uniform approximation of Green’s function for the Neumann problem in the
domain of the same type. Finally, in Sect. 2.4 we formulate similar asymptotic
approximations of Green’s kernels in three-dimensional domains with small holes
or small inclusions.

2.1 Mixed Boundary Value Problem in a Planar Domain
with a Small Hole or a Crack

Let £2 be a bounded domain in R?, which contains the origin O, and let F be a
compact set in R?, O € F. We suppose that the boundary 92 is smooth. This
constraint is not essential and can be considerably weakened. We assume, without
loss of generality, that diam F' = 1/2, and that dist(O, 0§2) = 1. We also introduce
the set F, = {x : e~ 'x € F}, with ¢ being a small positive parameter. The boundary
dF is required to be piecewise smooth, with the angle openings from the side of
R? \ F belonging to (0, 27]. In the case of a crack, dF and dF, are treated as two-
sided. We assume that £2, = £2 \ F, is connected, and in the sequel we refer to it as
a domain with a small hole (or possibly a small crack).

Let GS(N) denote Green’s function of the operator —A, with the Neumann data on
dF, and the Dirichlet data on 92. In other words, GE(N) is a solution of the problem
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22 2 Green’s Functions for Mixed and Neumann Problems

A,GM(x,y) +8(x—y) =0, x.y € 2., @.1)
GE‘N)(X7 y) = Os X € 895 y € Qé‘s (22)
9G."
‘(x.y) =0, x€0F., y € .. (2.3)
0Ny

Here and elsewhere the Neumann condition is understood in the variational
sense, (see Sect. 4.10 in Courant and Hilbert [6]).

In this section, we construct an asymptotic approximation of G,VEN) (x,y), uniform
with respect to x and y in £2,.

2.1.1 Special Solutions of Model Problems

While constructing the asymptotic approximation of G;N), we use the variational
solutions G(x,y), D(e7'x), (¢~ 'x) and N'(¢~'x, e~ 'y) of certain model problems
in the limit domains 2 and R? \ F. It is standard that all solutions, introduced in
this subsection, exist and are unique. We describe these solutions.

1. Let G be Green’s function for the Dirichlet problem in §2:
G(x.y) = (2n) ' log[x —y|™' = H(x.y). 24)
where H is the regular part of G, i.e. a unique solution of the Dirichlet problem
AcH(x,y) =0, x,y € £2, (2.5)
H(x,y) = 2n) 'log|x —y|™', x€dR, ye . (2.6)

2. We introduce the scaled coordinates & = ¢~ 'x and 5 = &~ 'y. The notation ¢ is
used for a unique special solution of the Dirichlet problem:

AL(E) =0 in R*\ F, 2.7)
¢(€) =0 for & € OF, (2.8)
£(§) = 2m) ' log €| + foo + O(E]7"). as|&] — oo, (2.9)

where { is constant.

Also, it can be shown that ¢ is the limit of Green’s function G of the exterior
Dirichlet problem in R? \ F

¢(y) = |Jiinoog(§’ n), (2.10)
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where
A:G(E, ) +8(E—n) =0, £ eR*\F, (2.11)
GE.m) =0, §€IF, neR*\ F, 2.12)
G(&,n) isbounded as |£| — oo and g ERZ\F. (2.13)

Representation (2.10) follows from Green’s formula applied to ¢ and G. Here and
elsewhere Bg = {X € R?: |X| < R}. We derive

¢(n) = — lim C(&)A:G(E. n)dE
 J BR\F

_ e 3Q(§,Vl))ds
lim El:R(g(E,n)—algl ¢(&) BIE| 3

- o lim / G MEdS: = Gloor ). (2.14)
R—0o0 |E‘:R

which yields (2.10).
3. Let N'(§. n) be the Neumann function in R? \ F defined by

N(E. ) = Qm)" log|& —n|™" —hy(§.m). (2.15)
where hy is the regular part of A/ subject to

Achy(E,9) =0, E.peR*\ F,  (2.16)
dhy

1 9
(&) = —(log|¢ —q|™"), §€F, neR*\F,  (217)
ng 2 Ong

hn(E.q) — 0, as|é| — oo, p e RZ\ F.  (2.18)
We note that the Neumann function N used here, is symmetric. This follows

from Green’s formula applied to U(X) := N'(X, &) and V(X) := N(X, 5), where
& and » are arbitrary fixed points in R? \ F. We have

Ul = V@) = Jim | {VX)AxUX) - UX) AxV(X)}dX
. 0 d
= lim |x\=R{V(X)WU(X) - U(X)WV(X)}G'SX

X (X-§)

x_g O(R_z))

= — lim (472R)™! {(1og|X— ™+ O(R—l))(
R—o00 X|=R

X-X—1n)

~(og X~ &1 + OR ™ (Zg =

+ O(R‘z))}dSX —0.
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Thus,

0=Um—V(E =N®.& —-NE. ).

4. The vector of dipole fields D(&§) = (D1 (£),D»(£))7 is a solution of the exterior
Neumann problem

AD(E) = 0 in R?\ F, (2.19)
8D (§) =n; for £ €0F, j =1,2, (2.20)
D,-(g)—>0 as & > o0, j =1,2, (2.21)

were n1, np are components of the unit normal on JF.

2.1.2 The Dipole Matrix P

The dipole fields D;, j = 1,2, defined in (2.19)—(2.21), allow for the asymptotic
representation (see, for example, [38])

D) = - Ejﬁ§?¥+oua—%, (2.22)
k 1

where |&] > 2,and P = (ij)?k=1 is the dipole matrix.

The symmetry of P can be verified as follows. Let By be a disk of sufficiently
large radius R, centered at the origin. We apply Green’s formulato §; — D, () and
Di(€) in Bg \ F, and deduce

9Dy (§)
[, &= T Do) ~ Dy @)

d
/@,D@»”@ , 2.23)

where d/0n is the normal derivative in the direction of the interior normal with
respect to F. In the limit, as R — oo, the integral in the left-hand side of (2.23)
tends to —Py;, whereas the integral in the right-hand side becomes

0D, (§)
/Ej—ndS—i-/F'Dj(g) n ds

=6mmuwrg&wvawrvm@nm
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where meas(F') stands for the two-dimensional Lebesgue measure of the set F.
Thus, the representation for components of the dipole matrix takes the form

Prj = —0jkmeas(F) — /RZ\F VD;(&) -VDi(§) dE, (2.24)

which implies that the dipole matrix P for the hole F is symmetric and negative
definite.

2.1.3 Pointwise Estimate of a Solution to the Exterior
Neumann Problem

In this subsection, we make use of the function spaces L} (R?\ F), Wp1 (R?\ F) and
Wp_l/ P(9F). The first of them is the space of distributions whose gradients belong to
L>(R?\ F). The second one is the usual Sobolev’s space consisting of functions in
L,(R?\ F) with distributional first derivatives in L ,(R?\ F). Finally, Wp_l/ P(OF)
stands for the dual of the space of traces on dF of functions in Wpl, (R>\ F), p +
p'=pr.

The following pointwise estimate will be used repeatedly in the sequel.

Lemma 2.1. Let U € L%(]R2 \ F) be a solution of the exterior Neumann problem

AUE) =0, £ eR?\ F, (2.25)
U

a—n(s) = (&), § €0F, (2.26)
UE)—0 as |E] = oo, (2.27)

where 8/0n is the normal derivative on dF, outward with respect to R? \ F, and
@ € Loo(3F),

/ @(&)dS = 0. (2.28)
OF
We also assume that
¢
| v was —o. (2.29)
oOF n

where { is the same as in (2.10). Then

sup {([&] + DIUE)I} = CllellLos@r)- (2.30)
s€R2\F

where C is a constant depending on OF .
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Proof. Let B, denote the disk of radius r centered at O and let W21 (B \ F) be the
space of restrictions of functions in W21 (R?\ F)to B,\ F.By the Wp1 local coercivity

result by Maz’ya and Plamenevskii [31], U € Wpl (B \ F) forany p € (1,4), and

1Ulwgcary = € (10l ~vo e, + 10 laaarm))- 231)
The first term in the right-hand side of (2.31) satisfies
el =17 oy = Cll@llLoo@r)- (2.32)
It follows from (2.25) and (2.26) that
IVUIE oy = [ V@(©S = 1V sor lelon (233)
Note that by Sobolev’s trace theorem

1UNL,0r) = C||U||W21(32\F) (2.34)

for any ¢ < oo (see, for instance, Theorem 1.4.5 in [22]). It follows from our
assumptions on F that

‘M‘ < C@E)™, (2.35)
on

where §(&) is the distance from & € 0F to the nearest angle vertex on dF . Hence
d
[ v©% P as| < s, on 2.36)

for any ¢ > 2. This inequality, together with (2.34), shows that the left-hand side in
(2.36) is a semi-norm, continuous in W, (B, \ F). Besides,

/ i(g)ds_ Jim (2n) log|&|dS = 1.
BF

g=r 0I€|

Now, Sobolev’s equivalent normalizations theorem (see Sect. 1.1.15 in [22]) implies
that the norm in W, (B, \ F) is equivalent to the norm

0
VUl + | [ 0@ @as]

Combining this fact with (2.34) and using (2.29), we arrive at

1UlL,0r) < CIVUIl L, @2\ F)- (2.37)
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Then, (2.33) and (2.37) yield
VUL, ®2\r) + Ul Ly0F) < Cll@lLyor).- (2.38)
By (2.34), the norm in W,! (B3 \ F) is equivalent to the norm
IVU | Ly 8s\F) + U || Lo ).
Hence
1Ullaaavry = €(IVU ey + 1U ) (2.39)
which, together with (2.38), gives
1UlL,5\F) < Cll@llLyor)- (2.40)
Substituting estimates (2.32) and (2.40) into (2.31), we arrive at
1UNws\F) < Cl@llLos@r)- (2.41)

Recalling that WPl (B2 \ F) is embedded into C(B; \ F) for p > 2, by another
Sobolev’s theorem (see Theorem 1.4.5 in [22]), we obtain

sup |U| < Cll@|lLooF)- (2.42)
By)\F

Since U(§) — O as |&| — oo (see (2.28) and (2.29)), we have the Poisson’s formula

1 2 1 9/ )
/ ULO) _4g. & = pet”. (2.43)

V@) = ke | oo —1

which, together with (2.42), implies for |&| > 1 that

(1+ENUEl=C max 1U@)| = CllellLos@r)- (2.44)
Applying (2.42) once more, we complete the proof. O

2.1.4 Asymptotic Properties of the Regular Part
of the Neumann Function in R*> \ F

Lemma 2.1 proved in the previous section enables one to describe the asymptotic
behaviour of the function &y defined in (2.16)—(2.18).
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Lemma 2.2. The solution hy (&, 3) of problem (2.16)—(2.18) satisfies the estimate

D) -§

e Const (1 + [g|)7"&| 72 (2.45)

hy (&, m)—

as|&| >2andny € R\ F.

Proof. The leading-order approximation of the harmonic function Ay (£, n), as
|€] — o0, is sought in the form

Qr) 7 EITHCE + Cf).

Applying Green’s formula in Bg \ F to hn(&,n) and D;(§) — &;, and taking the
limit, as R — oo, we obtain

i D, (&) &) ohy(&.m)
dim [ @ T 6 - D)=y s
/ (D) (§) — ) 20 E 1) 81 g (2.46)

where d/dn is the normal derivative in the direction of the inward normal with
respect to F. As R — oo, the left-hand side of (2.46) becomes

(Ci&1 + Cr6)E;
I | o 7> TeEIA)
2w R—lI—Eoo |x|=R{ R3 }dS
1 2
=—— lim (Cicosf + Cysin@)R™'E;dO = —C;. (2.47)
T R—>+o0

Taking into account the definition of the dipole fields D; (see (2.19)-(2.21)) and
the definition of the regular part 4y of Neumann’s function (see (2.16)—(2.18)) in
R?\ F, we can reduce the integral Z in the right-hand side of (2.46) to the form

_ %{/BF (Dj(s)a%(logw —1l™") —log 8 —n|—lgin§7>f@))dsf

+ [ (nole =i =g 5 (ogle =) Jasi). @an

The second integral in (2.48) equals zero. Applying Green’s formula to the first
integral in (2.48) we obtain

1

3 [, (P (el =n7)

ad
~loglg |5 -D;(®))dS: = ~D; ). (2.49)
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Hence, it follows from (2.47)—(2.49) that
Ci=D;(m), j =12 (2.50)
We note that the function

1
hy(§.m) +D(y) - Ve (5~ log &7 (2.51)

is harmonic in R? \ F, both in & and 5, and it vanishes at infinity. Using (2.17) and
(2.20), we obtain

9 1 —
g (i (&) 4+ D) Ve log€]7)

9 1
— S Ve(—1 -1
annhN(EJI)"'n 5(27[ oglé|™)

1
= —n- V{5 log(£]& — ™)}

1 2 -
“omept ! { BE £+ O(&” ‘)} (2.52)

as ) € OF and || > 2. We also note that

ad
[, g (v (&m) 4 D00 - Vet t0g 17 ) s, =0

Consider the problem (2.25)—(2.27) in the formulation of Lemma 2.1, where the
variable & is replaced by 3, the differentiation is taken with respect to components
of n, and the function U is changed for (2.51), with fixed &. In this case, the right-
hand side ¢ in (2.26) is replaced by

9 1
— Ve (— -,
annhN(s,n)Jrn s(ZHIOgI&'I )

Then using (2.52) and applying Lemma 2.1, we obtain (2.45). O

Using the notion of the dipole matrix, from (2.22) and Lemma 2.2 we derive the
following asymptotic representation of /1.

Corollary 2.1. Let |&| > 2, and |n| > 2. Then

(2.53)

& Padim 1] + [n]
hn(§.m) = rjﬂj;l EPme 0( & 1nl> )
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2.1.5 Maximum Modulus Estimate for Solutions to the Mixed
Problem in 2., with the Neumann Data on oF,

In the sequel, when estimating the remainder term in the asymptotic representation
of G.(x,y), we use the following assertion.

Lemma 2.3. Let u be a solution of the mixed boundary value problem

Au(x) =0, x € £2,, (2.54)

u(x) = @(x), x € 052, (2.55)
a—M(x) = Y:(x), x € 0F,, (2.56)
on

where ¢ € C(052), V. € Loo(3F,), and
/ Ve(x)ds = 0. (2.57)
JdF,

The solution u is sought in C(2;), and it is also assumed that Vu is square
integrable in a neighbourhood of 0F;. Then there exists a positive constant C,
independent of € and such that

lullc@,) < llellcoe) + eClIYellLor,)- (2.58)

Proof. (a) We introduce the inverse operator

Ny —>v (2.59)
for the boundary value problem
Av(E) =0, E e R?\ F, (2.60)
0
S(6) = (). § < oF, @.61)
v() — 0, as |&| — oo, (2.62)
where ¥ € Loo(dF), and
/ V(§)dss = 0. (2.63)
IF

In the scaled coordinates § = ¢!

M) (x) = (NY)(8). (2.64)
where ¥, (x) = e ' (e7'x).

X, the operator 91, is defined by
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(b) We look for the solution u of (2.54)—(2.57) in the form
u="VEx + Wx)), (2.65)

where V' = 91,9, and the function W satisfies the problem

AW(x) =0, x € £2,, (2.66)
ow
—(x) =0, xe€dF,, (2.67)
on
W(x) = p(x) — V(x), x € 0352. (2.68)
By Lemma 2.1, we have
max V= max [Neye| < eCl|[VellLoo(aF,)- (2.69)

Hence, as follows from (2.68) and (2.69)

max W/ < [@llcas) +eC 1Velaor. 2.70)

and by the weak maximum principle for variational solutions (see, for example,
Gilbarg and Trudinger [12], pages 215-216) of (2.66)—(2.68) we obtain

ngllel < llellc@on) + eCllVell Loo (oF,)- (2.71)

The result follows from (2.69), (2.71) combined with (2.65). O

2.1.6 Approximation of Green’s Function GE(N)

The required approximation of GéN) is given in the next Theorem.

Theorem 2.1. Green'’s function G,VSN)(X, y) for the boundary value problem (2.1)—
(2.3), with the Neumann data on 0F, and the Dirichlet data on 052, has the
asymptotic representation

GM(x,y) = G(x.y) + N(e7'x,e7'y) + 27) " log(e ' x — y|)
+eD(e7'x) - V. H(0,y) + eD(e7'y) - V, H(x, 0) + re(x,y), (2.72)

where
|rs(x,y)| < Const 2 (2.73)

uniformly with respect to X,y € $2.. Here, G, N, D and H are the same as in
Sect. 2.1.1.
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Proof. We begin with the formal argument leading to (2.72). First, we note that
N(e™'x,e7ly) + @m) " Hog(e ™ Ix —y) = —hn (e 'x. 7 'y),
and then represent G (x,y) in the form
GV (x.y) = G(x.y) — hy (™' x.e7'y) + pe(x.¥). (2.74)

By the direct substitution of (2.74) into (2.1)—(2.3) and using Lemma 2.2, we deduce
that p. (x,y) satisfies the boundary value problem

Avpe(x,y) =0, X,y € £2,,
pe(x,y) = hy(e 'x,67y)
£ D(X) X L 0@, forxedR,ye 2., (275

T2 \e) kP
and
0 0
E(X,Y) = EH(X,}’)
=n-V,H(0,y) + O(¢), forx € 0F,,y € £2.. (2.76)

Hence, by (2.5), (2.6) and (2.19)—(2.21), the leading-order approximation of p, is
eD(e7'x) - V., H(0,y) + eD(c" ly) - V,H(x,0),

which, together with (2.74), leads to (2.72).
Now, we prove the remainder estimate (2.73). The direct substitution of (2.72)
into (2.1)—(2.3) yields the boundary value problem for r,:
Ayre(x,y) =0, forx,y € £2,, .77)
re(x,y) = hy(e7'x, &7 y)
—eD(e'x) - V. H(0,y) — eD(¢"'y) - V, H(x, 0), (2.78)
forx € 082, y € £2,,

I Y) _ v Hxy) — e (D(e“x)-VxH(Osy))
anx anx
_832 (D(g—ly).vyH(x,O)), (2.79)

forx € dF,, y € £2,.
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We note that every term in the right-hand side of (2.79) has zero average on JF,
and hence

/ I 4o o, (2.80)
JdF, anx

It follows from Lemma 2.2 that
|y (e7'x, e y) — eD(e'y) - V, H(x, 0)| < Const &2, (2.81)

uniformly with respect to x € 32 andy € £2.. Since |D(§)| < Const |&|7!, as
|€] = oo, and V, H(0,y) is smooth on £2,, we deduce

|eD(¢7'x) - VL H(0,y)| < Const &2 (2.82)

uniformly with respect to x € 952 and y € £2,. By (2.81) and (2.82), the modulus
of the right-hand side in (2.78) is bounded by Const &2, uniformly in x € 952 and
y € £2..

It also follows from the definition of the dipole fields D;(§), j = 1,2, and the
smoothness of the function H (x,y) for all x € dF,, y € 2, that

‘n -V H(x,y) — 838 (’D(s_lx) -V, H (0, y))‘ < Const ¢, (2.83)
ny
and
e (P
8W D(y)-V,H(x,0) ) < Const g, (2.84)

uniformly with respect to x € dF;, y € £2.. These estimates imply that the modulus
of the right-hand side in (2.79) is bounded by Const ¢, uniformly in x € JF, and
y € £2,.

Using the estimates on dF; and 952, just obtained, together with the orthogonality
condition (2.80), we deduce that the right-hand sides of problem (2.77)—(2.79) sat-
isfy the conditions of Lemma 2.3. Applying Lemma 2.3, we obtain that |7, Lo, (2,)
is dominated by Const &2, which completes the proof. O

2.1.7 Simpler Asymptotic Formulae for Green’s Function GE(N)

Here we formulate two corollaries of Theorem 2.1. They contain simpler asymptotic
formulae, which are efficient for the cases when both x and y are distant from F, or
both x and y are sufficiently close to F;.
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Corollary 2.2. Let min{|x|, |y|} > 2¢. Then the asymptotic formula holds

e xI' __y
Mixy)=G6xy) — ——P
€ (X y) (X y) 47{2 |X|2P| |2

N ez{ | szvyH(x, 0)}

+ 0(x| 72 + |yl ™). (2.85)

x |2'PV +H(0,y) +

where H is the regular part of Green’s function G in §2, and P is the dipole matrix
for F, as defined in (2.22).

Proof. Using (2.53) for the regular part hy of the Neumann function in R? \ F,
together with the asymptotic representation (2.22) of the dipole fields D; in R2\ F,
we obtain

Pikxjyi 0( 3 x|+ |Y|)

GM(x,y) = G(x,y) —
42 Z Ix|2|y|? Ix|2|y|?

kf{zpjk(x’[ng(o D+ )

+ 20(xI2 + [y ) + 0(e). (2.86)
Combining the remainder terms and adopting the matrix representation involving
the dipole matrix P, we arrive at (2.85). O

The formula (2.85) becomes efficient when both x and y are sufficiently distant
from the small hole F,. Compared to (2.72), formula (2.85) does not involve special
solutions of model problems in R? \ F, while the influence of the hole F is seen
through the dipole matrix P.

Corollary 2.3. The following asymptotic formula for Green’s function GS(N) of the
boundary value problem (2.1)—(2.3) holds:

GM(x.y) = @) og|x —y|7' —hy(e7'x.e7'y) — H(0,0)
— (x—&D(e7'x)) - Ve H(0.y) — (y — £D(e"'y)) - V, H(x. 0)
+ 0 + x> + |yP). (2.87)
forx,y € £2..

Proof. Using the Taylor expansion of H(x,y) in a neighbourhood of the origin, we
obtain

GM(x,y) = —H(0,0) —x- V. H(0,y) —y - V, H(x,0) + O(|x|> + |y|*)
+ N 'x,e7ly) — 27) loge
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+ sD(e_lx) -V,H(0,y)
+ eD(e7'y) - V, H(x,0) + O(&?). (2.88)

By substituting
N(Ex,e7ly) = @r) Mogx —y| ' 4+ 27) loge — hy(e7'x, &7 ly)

into (2.88) and rearranging the terms, we arrive at (2.87). ]

2.2 Mixed Boundary Value Problem with the Dirichlet
Condition on doF,

In the present section, the meaning of the notations §2, F and F,, already used
in Sect. 2.1, will be slightly altered. Let £2 be a bounded domain with smooth
boundary, and let F stand for an arbitrary compact set in R? of positive logarithmic
capacity (see Landkof [20]). As in Sect. 2.1, it is assumed that diam F = 1/2, and
that dist(O, 0£2) = 1. We also set F, = {x: ¢ !x € F}.

We consider the mixed boundary value problem in a two-dimensional domain
2, = 2\ F,, with the Dirichlet data on dF, and the Neumann data on 952.

Green'’s function GéD) of this problem is a weak solution of

AGP(x,y) +8(x—y) =0, x,y € 2, (2.89)
GP)(x,y) =0, xe dF,, y € 2., (2.90)
aG(D)
3 L x,y)=0, x€02,ye€ 2, (2.91)
Ny

Before deriving an asymptotic approximation of el (x,y), uniform with respect
to X,y € £2,, we outline the properties of solutions of auxiliary model problems in
limit domains.

2.2.1 Special Solutions of Model Problems

1. Let N(x,y) be the Neumann function in £2, i.e.

AN(X,y) +8(x—y) =0, x,y € £2, (2.92)

0
3 (N(x, y) + 27) " 'log |x|) =0, xe€df2,ye R, (2.93)
ny
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and
ad
/ N(x,y)— log|x|dSy = 0. (2.94)
a2 ony

Condition (2.94) implies the symmetry of N(x,y). In fact, let U(x) = N(x,z)
and V(x) = N(X,y), where z and y are fixed points in §2. Then applying Green’s
formula to U and V' and using (2.92)—(2.94) we deduce

Uly)—V(z) = /Q (V(X)AXU(X) —U®X)A, V(x))dx

1
_27'[ R

1 d
=5l [ Neog-togihas, - [ Ny

0 d
(V)5 (log|x]) = V(x)5—(log]x]) S

0

oy

(log [x|)ds. | =0,

where d/dn, is the normal derivative in the direction of the outward normal
on d52. Hence N(y,z) = N(z,y).
The regular part of the Neumann function is defined by

R(x.y) = 2m)'log|x —y| ™' — N(x.y). (2.95)

Note that
5 a
R(0,y) = —(2n) log |x| — log |x|dsy, (2.96)
092 on

which is verified by applying Green’s formula to R(x,y) and (27)~! log |x| as
follows:

RO.9 = 5 [ Ry Aoz x)ax

0 d
= 5 | (Rexy)5—(loglx) ~log|x|5—R(x.¥))ds,.  (297)
2n IR al’lx al’lx

where d/0dn, is the normal derivative in the outward direction on 052. Taking into
account (2.93)—(2.95), we can write (2.97) in the form

1 4 0 0 -
RO.9) = 5 [ (1oglx—yI™ 5~ (log ) ~ log x| - log x —yI ) ds,

1 d
+—/ log |x| (N(x,y))ds,. (2.98)
27 Ji0 ony

The first integral in (2.98) is equal to zero, while the second integral in (2.98) is
reduced to (2.96) because of the boundary condition (2.93).
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As in Sect. 2.1, the notations & and » will be used for the scaled coordinates

& = ¢ 'x and y = ¢ 'y. The corresponding limit domain is R? \ F.
2. Green’s function G (&, 5) for the Dirichlet problem in R? \ F is a unique solution
to the problem (2.11)—(2.13). The regular part h(&,75) of Green’s function

G(E.n)is
h(g.m) = 2m) " log|§ — ™" — G(&. ). (2.99)

3. Here and in the sequel, D(§) denotes a vector function, whose components
D;, j = 1,2, satisfy the model problems

AD;(§) =0, § e R*\ F, (2.100)
D;(&§) =¢&;, & €0F, (2.101)
D (&) is bounded as |§| — oo. (2.102)

We use the notations D = limjg| 00 D, (§) and D*® = (D7°, D$°)T.

Application of Green’s formula to D; and the function ¢, defined in (2.7)-(2.9),
gives

Do KE) 5

; £t (2.103)
oF

Here and in other derivations of this section, d/dn on dF is the normal derivative in
the direction of the inward normal with respect to F'.

We also find an additional connection between D; and { by analyzing the
asymptotic formula (compare with (2.9))

o x

HE + 0(|§|_2)a |&| — o0, (2.104)

L) = @m) " log €] + {oo + - Z

and showing that
o = —Dg°. (2.105)

Let us apply Green’s formula to §; and {:

 tlas; = [ e "8 o) as.

aF an
. 2 (8) 9,
_ nggo/“_ & e “5)a|g|}

akékéj
= dSs = a;. (2.106)
R%o/s et

Then formulae (2.106) and (2.103) lead to (2.105).
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2.2.2 Asymptotic Property of the Regular Part of Green’s
Function in R* \ F

Asymptotic representation at infinity for the regular part of Green’s function in R? \
F is given by the following Lemma.

Lemma 2.4. The regular part (2.99) of G satisfies the estimate

2

_ _ 1 D;(n)&; Const
h(E, p) —Q2n)7 "1 ! - I20) | < . (2.107
(&) — m) " log €] + ¢(n) 2n; " = PR
as |&| > 2,andn € R*\ F.
Proof. Let
2
D; .
(&) = (g n) — ) o g £ — 5 3 PHE
j=1
‘We have
AU,B(S,")ZO, "GRZ\Fa
and
1 E-n Il -
,3(5777)——51%(1_2@—*_W)_anz
_ 1 2 (5'77)2 —1
= —grEp i -2 o) eaos)

as n € 0F. By (2.7)—(2.9) and Green’s formula

GTOP
ony

Bt o) = —/aFﬂ(s,m

which together with (2.108) and (2.35) implies

1B(€,00)| < C [€]72.

Hence the maximum principle gives (2.107). O
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2.2.3 Maximum Modulus Estimate for Solutions to the Mixed
Problem in 2., with the Dirichlet Data on 0F,

Lemma 2.5. Let u be a solution of the mixed problem

Au(x) =0, x € £, (2.109)
) =y, xeo, 2.110)
on

u(x) = @:(x), x € JF;, (2.111)

where ¢ € C(052), ¢, € C(dF,), and
/ Yv(x)ds = 0. (2.112)
a2

The solution u is sought in C(2,), and it is also assumed that Vu is square
integrable in a neighbourhood of 052. Then there exists a positive constant C
such that

lullca,) < l@ellcor) + CllY llcoo)- (2.113)
Proof. (a) First, we introduce the inverse operator
No: ¥ —>w (2.114)

for the interior Neumann problem in £2

Aw(x) =0, x€ 2, (2.115)
a—w(x) = Y¥(x), X € 052, (2.116)
an
with ¢ € C(052) and
/ Y (x)dSy =0 and / w(x)i(log|x|)de =0. (2.117)
a2 R on

Applying Green’s formula to w(x) and N(x,y) in §£2 we obtain

1 ad
w) = [ (N9 + w5 og s )ds.
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(b)
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Then the unique solution of (2.115)—(2.117)is given by

v = [ Naxvs,. @.118)
and

max wl < Cll¥lcoo)- (2.119)

The solution u of (2.109)—(2.111) is sought in the form
u(x) = w(x) + v(x), (2.120)

where w = Ny is defined by (2.118), whereas the second term v satisfies the
problem

Av(x) =0, x € £2,, (2.121)
i(x) =0, x€ 0942, (2.122)
an

v(X) = @.(x) — w(x), x € JF,. (2.123)

According to the estimate (2.119) and the maximum principle for variational
solutions of (2.121)—(2.123) (see, for example, Gilbarg and Trudinger [12]) we
have

max |v| < |¢qllcor) + Cllvllcoo)- (2.124)

B

Finally, using the representation (2.120), together with the estimates (2.119)
and (2.124), we obtain the result (2.113). This completes the proof. ]

2.2.4 Approximation of Green’s Function GE(D)

We give a uniform asymptotic formula for Green’s function solving the problem
(2.89)—(2.91).

Theorem 2.2. Green’s function GS(D)(X, y) for problem (2.89)—(2.91) admits the
asymptotic representation

GP(x,y) = G(e'x,e7y) + N(x,y) — 27) ' log|x —y|™" + R(0,0)

+eD(e7'y) - Vy R(x,0) + eD(e'x) - VL R(0,y) + r:(x,y), (2.125)
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where G, N, R,D are defined in (2.11)—(2.13), (2.92)—(2.94), (2.95), (2.100)—
(2.102), and

|rs(x,y)| < Const &2,

which is uniform with respect to X,y € 2.

Proof. First, we describe the formal argument leading to (2.125). Let p.(x,y) =
G (x,y) — G(e7'x, e 'y). This function satisfies the problem

Avpe(x,y) =0, X,y € £2, (2.126)
p:(X,y) = 0 whenx € dF,, y € §2,, (2.127)
and
1 -1 -1 —1
3 (5 los =y =k xe ) @128)
3 /1 _
o (ﬁ log [x —y] 1—N(x,y))
3 /1
+- (—log|x| +h(ex e y))
X

where x € 052, y € £2.. Here h(&, ») is the regular part of Green’s function G in
R?\ F. Taking into account (2.95), we deduce that

pS(Xv y) = _R(Xs y) + R(Os 0) + RS(Xv y)v (2129)

where R(x,y) is the regular part of the Neumann function N(x,y) in §2, and R, is
harmonic in §2, and satisfies the boundary conditions

R, Jd 1 -
3 (x,y) = 3 (2— log x| + h(e7'x, ¢ ly)) as X €082,y e 2., (2.130)
Ry ny \2m

Re(X,y) = x-V,R(0,y) + O(s?) as x € OF,, y € 2. (2.131)
The asymptotics of #(€, 5) given by Lemma 2.4, can be used in evaluation of the
right-hand side in (2.130).
The boundary condition (2.131) can be written as

Re(x,y) — eD(§) - Vi R(0,y) = O(s?),

for x € 0F,, y € £2,. In turn, the boundary condition (2.130) is reduced to

0
S |Re(x.y) = D) - V, R(x. 0)} = O(e?),
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when x € 082, y € §2.. Hence, representation (2.129) of p. can be updated to
the form

pe(X,y) = —R(x,y) + R(0,0) (2.132)
+ eD(£) - Vo R(0,y) + eD(n) - V, R(x, 0) + R{" (x, y),
where the principal part of Ril) (x,y) compensates for the leading term of the dis-
crepancy £2€ - V. (D(n) - V, R(x, 0)) |, _, brought by the term eD(y) - V, R(x, 0) into
the boundary condition (2.127) on dF,. This leads to the required formula (2.125).

For the remainder r.(X,y) in the asymptotic formula (2.125), we verify by the
direct substitution that

Are(x,y) =0, X,y € £2,, (2.133)
and that the boundary condition (2.90) implies
re(x,y) = R(0,y) — R(0,0) +x- V:R(0,y)
—eD(x/€) - Vi R(0,y) + O(¢?) = O(£?) as X € dw,, ¥ € £2;, (2.134)
where D(x/e) = &7 !x for x € dw,, and formula (2.96) was used to state that
R(0,y) is independent of y. In turn, the second boundary condition (2.91), together

with formula (2.107), yields

8r5 (x y) = (h(e_lx e ly) — —10g|x| 1)

—eD(sy) - W(vyle(x, 0)) + 0(ed)

2
= SZ D; (6_1}’)—(2”';'2)

Jj=1

—eD(e"y) - %(vyze(x, 0)) 1 0@2) = 0(2), (2.135)

asx € 082, y € £2.
It can also be verified that /. 90 %rg(x, y)dS, = 0. Indeed,
x -yl

9 0 (. . 1
_ = , —1
/3:2 o, /a.rz T UG E

+eD(e7'y) - V, R(x,0) + eD(e™'x) - V, R(0, y)}ds
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e [ bty v, (@0 gk -y - Neey)| s,

y=
& 0 1 X
=57 [ 3 D plas =0

Using (2.134), (2.135), together with Lemma 2.5, we complete the proof. O

2.2.5 Simpler Asymptotic Representation of Green’s
: (D)
Function G,

Two corollaries, which will be formulated here, follow from Theorem 2.2. They
include simplified asymptotic formulae for the Green’s function, which are efficient
for the cases when both x and y are distant from F; or both x and y are sufficiently
close to F.

Corollary 2.4. Let min{|x|,|y|} > 2¢. Then the asymptotic formula (2.125) is
simplified to the form

GP(x,y) = N(x,y) — 2n) ' loge + oo + R(0,0)
+ @) log(Ix]ly]) — 5D - (xix| + yly| ?)
+ eD*. (VXR(O,y) + VyR(x,O)) (2.136)
+ 0@x| ™y,

where R is the regular part of Neumann’s function N in 2.

Proof. Estimate (2.107) can be written in the form

h(g.m) = (2n) " log(1&|1n) ™" — too

2
£ X Vj 1=
— N "Dp¥P(L 4 L o x| yI™). 2.137
+27f,§=1 ; (IXI2+IyIZ)+ X[~ yl™) ( )

Using (2.99), (2.125) and (2.137) we obtain

1 1 X
GS(D)(X, y) = —glogs + —logM

2n 8y e

¢ Xy L
——§D°~°(—’+—’)+02 Hyl™
T i T P Xy



44 2 Green’s Functions for Mixed and Neumann Problems

+ N(x,y) — 27) 'log|x — y|~" + R(0,0)
+ eD>®. (VyR(x, 0) + V. R(0, y)) (2.138)
+&20(x"" + |yl 7h.

Rearranging the terms in (2.138) and taking into account that the remainder terms

in the above formula are O(g2|x|~!|y|™!), we arrive at (2.136). O

Formula (2.136) is efficient when both x and y are sufficiently distant from F;.
The next corollary of Theorem 2.2 gives the representation of GS(D), which is
effective for the case when both x and y are sufficiently close to F;.

Corollary 2.5. The following asymptotic formula for Green’s function GéD) of the
boundary value problem (2.89)—(2.91) holds
G (x,y) = G(e™'x,67"y) — (x —eD(¢"'x)) - V. R(0,y)
— (y—¢eD(e'y)) - V, R(x,0) (2.139)
+ O(x* + |y]* + &%),
forx,y € 2,. (The term €* in the remainder can be omitted if the interior of F is
nonempty and contains the origin.)
Proof. Using the Taylor expansion of R(x,y) in a neighbourhood of the origin we
reduce the formula (2.125) to the form
G (x.y) = G('x.e7'y) = R(x.y) + R(0.0)
+ eD(e7'y) - V,R(x,0) 4+ eD(s~'x) - V,R(0,y) + O(&?)
=G(E""'x.¢7y) (2.140)
—x-V2R(0.y) =y V,R(x,0) + O(x” + |y]*)
+ eD(e7'y) - V,R(x,0) + eD(¢7'x) - V. R(0,y) + O(£?).

By rearranging the terms in the above formula, we arrive at (2.139). O

2.3 The Neumann Function for a Planar Domain
with a Small Hole or Crack

It is noted that in the previous sections, boundary conditions of the Dirichlet type
were set at a part of the boundary of £2,. Now, we consider the case when 952,
is subject to the Neumann boundary conditions. Here, the set F; is the same as in
Sect. 2.1.
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The Neumann function N,(x,y) for 2, C R? is defined as a solution of the
boundary value problem

AN (x,y) +8(x—y) =0, x,y € £2,, (2.141)
9
5 (Ns(x, y) + (27) 'log |x|) =0, X€9R2,y€ 2., (2.142)
Ny
N,

(x,y) =0, x€ dF,, y € £2.. (2.143)
on

In addition, we require the orthogonality condition, which provides the symmetry
of N:(x,y)

0
/ N¢(x,y)— log |x|dS, = 0. (2.144)
002 an

The regular part R.(X,y) of the Neumann function is defined by

1 _
Re(x,y) = 5—log|x —l ' Ne(x,y).

2.3.1 Special Solutions of Model Problems

As in the previous sections, we consider two limit domains independent of the small
parameter ¢: the domain £2 (with no hole), and the unbounded domain R? \ F that
represents the scaled exterior of the small hole. As always, the scaled coordinates
& = ¢ 'xand y = ¢~y will be used.

The Neumann function N(x, y) of §2 is defined by (2.92)—(2.94), and the regular
part R(x,y) of N(x,y) is the same as in (2.95).

We shall use the vector function D already defined in Sect. 2.1.

Another model field to be used is the Neumann function A/(§,7) in R? \ F, as
in (2.15), whose regular part /iy satisfies the problem (2.16)—(2.18).

2.3.2 Maximum Modulus Estimate for Solutions
to the Neumann Problem in 12,

First, we formulate and prove the auxiliary Lemma required for the forthcoming
estimate of the remainder term in the approximation of N,.
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Lemma 2.6. Let u be a solution of the Neumann boundary value problem

Au(x) =0, x € £2, (2.145)
@(X) =Y (x), x €082, (2.146)
on
%(X) = @:(X), X € 0F, (2.147)
on

where Y € C(052), ¢. € Loo(0F:), and
/ @.(x)ds =0 and / v(x)ds = 0. (2.148)
IF, a2

The solution u is sought in C(2,), and it is also assumed that Vu is square
integrable in a neighbourhood of 052,, and

d
[ w05 (1oglxl)ds| < Const (W leam + el lwirs} 2149)
a2
Then there exists a positive constant C, independent of ¢ and such that

lullc@,) = CUIVIcan) + ellel L or - (2.150)

Proof. (a) We use the operators 91 and 91, of model problems (2.60)—(2.62) and
(2.115)—(2.117) introduced in Sects. 2.1 and 2.2.
(b) We begin with the case of the homogeneous boundary condition on 942, i.e.

Aui(x) =0, x € £2,, (2.151)

M) =0 xeon. (2.152)

on

8u1

a_(x) = @S(X)v X € anv (2153)
n

where the right-hand side ¢, is such that

/ we(x)ds = 0.

&

The operator 1, is defined as in (2.64), so that

(M) (x) = NP) (&),

where £ = e~ 'x and ¢, (x) = e lp(s7'x).
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The solution #; is sought in the form

0
= Mg = Na(5-(Megedia). (2.154)

where g, is an unknown function such that

[ e@as =0
aF
By Lemma 2.1, we have
Mg (&) < Cellgll Lo @r)- (2.155)
and

mﬁaxlsﬂsggl < CellgellLoo@r)- (2.156)

It follows from (2.154) that %ul (x) = 0 when x € 052, and on the boundary
J0F, we have
Qe = Ze + Sege, (2.157)

where

9 3
—(mg(a—n(mggs)m)) on 9F,. (2.158)

Sege = — n

Taking into account Lemma 2.1 and the definitions of 91 and 91, as in (2.114)
and (2.59), (2.64), we deduce that

max |V/(9.g.)| < Const &% | Lowior,-

and
ISegell Loo 37,y < Const &gl Lo ar)-
Owing to the smallness of the norm of the operator S, we can write
8ell oo,y < Const [[@e||Loo(oF)-
Following (2.118), (2.119), (2.154) and (2.156) we deduce (2.149) and

max |u;| < Const &||@; |1y oF.)- (2.159)

B
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(c) Next, we consider the problem (2.145)—(2.148) with the homogeneous data on
dw,. The corresponding solution u; is written in the form

Uy = No ¥ + v, (2.160)

where the harmonic function v satisfies zero boundary condition on 0952,
whereas the condition (2.153) is replaced by

a ad
S0 =~ (Na V) (X). x € IF.,

and by part (b)

max |v| < Const [|[¥[|c@e)-

&

The function v and hence u, satisfy (2.149).
Following (2.118), (2.119) and (2.160) we deduce

max [us| < Const [[¥]lc@a)- (2.161)

&

Combining estimates (2.159) and (2.161) we complete the proof. O

2.3.3 Asymptotic Approximation of N,

Now we state the theorem, which gives a uniform asymptotic formula for the
Neumann function N,.

Theorem 2.3. The Neumann function N.(X,y) of the domain $2. defined in
(2.141)—(2.144) satisfies

Ne(x,y) = N(x.y) —hy(e'x.67"y)
+&D(e7'x) - V. R(0,y)
+eD(e7'y) - V, R(x,0) + re(x,y), (2.162)
where
|re(x.,y)| < Const &® (2.163)

uniformly with respect to X,y € §2,.

Proof. We begin with a formal argument leading to the approximation (2.162).
Consider the first three terms in the right-hand side of (2.162) and let

riV(x,y) = Ne(x,y) — N(x,y) + hy (€, 9) —eD(E) - ViR(0,y).  (2.164)
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The function rél) is harmonic in §2;, and the direct substitution into the boundary

conditions (2.142) and (2.143) gives

3r§1)

ad
o (hn(e'x,e7y))

0Ny

3 1 »
(X,Y)——%(Zlogk—ﬂ ) +

+n-V,R(0,y) — saa D(e7'x) - V. R(0,y) + O(¢)

Ny
= 0(e), forx € dF,, y € £2,, (2.165)
and
or" 9 —1y -1 2
M(X,Y) = E(hN(s X, ¢ Y)) + 0(&%)
ad
=eD(e'y) - 5 —V,R(x,0) + O(?),
ny
forx € 082, y € £2,. (2.166)

Thus, rg( D can be approximated as

riV(x,y) = eD(s7'y) - V) R(x,0) + O(e?),
and together with the representation (2.164), this leads to the required formula
(2.162).

Finally, the direct substitution of (2.162) into (2.141)—(2.143) yields that the
remainder term r, (X, y) satisfies the problem (2.145)—(2.148), with

max | (x,y)| < Const &
X€082

and
max |¢.(¢7'x, e y)| < Const ¢
X€EIFy
for all y € §2.. Then the estimate (2.163) follows from Lemma 2.6. O

2.3.4 Simpler Asymptotic Representation of Neumann’s
Function N,

Two corollaries, formulated in this section, follow from Theorem 2.3. They include
asymptotic formulae for the Neumann’s function, which are efficient when either
both x and y are distant from F; or both x and y are sufficiently close to F;.
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Corollary 2.6. Let min{|x/|, |y|} > 2¢. Then

82 XT yT
N.(x.y) = N(x.y) — — —P-—
S(X y) (X y) 4]T2 |X|2 |y|2

2 T

£ X
—{—PV,R(O,
+ o \pEPVRON +

+20(Ix|72 + [y 7).

yT
2PV, R(x, 0)} (2.167)

where R is the regular part of Neumann’s function N in 2, and P is the dipole
matrix for F, as defined in (2.22).

Proof. The proof is similar to that of Corollary 2.2, and it uses formula (2.53) for
the regular part 2y of the Neumann function in R?\ F, together with the asymptotic
representation (2.22) of the dipole fields D; in R? \ F. O

Next, we state a proposition similar to Corollaries 2.3 and 2.5 formulated earlier
for Green’s functions GéD) and GS(N) .

Corollary 2.7. Neumann’s function N, defined by (2.141)—(2.144), satisfies the
asymptotic formula

Ne(x,y) = 2r) 'log|x —y|™" — R(0,0) — hy(e7'x,&7y) (2.168)
- (x — e’D(s_lx)) -V,R(0,y) — (y — s’D(e_ly)) -V, R(x,0)
+ O(x* + [y + &%),
forx,y € Q.. (As in Corollaries 2.3 and 2.5, € in the remainder can be omitted if

the interior of F is nonempty and contains the origin.)

Proof. The proof is similar to that of Corollary 2.3, and it employs the linear
approximation of the regular part R of Neumann’s function in a neighbourhood
of the origin. O

Although, the formulation of Corollary 2.7 is valid for all x,y € $2,, the
asymptotic formula (2.168) becomes effective when both x and y are sufficiently
close to F;.

2.4 Asymptotic Approximations of Green’s Kernels for
Mixed and Neumann’s Problems in Three Dimensions

This section includes asymptotic formulae for Green’s kernels GS(D), GS(N) and N,
in £2. C R?. The special solutions of model problems differ from the corresponding
solutions used for the two-dimensional case. The uniform asymptotic formulae of
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Green’s kernels are accompanied by simpler representations, which are efficient
when certain constraints are imposed on the independent variables.

2.4.1 Special Solutions of Model Problems in Limit Domains

Here, we describe the functions G, G, N, N/, defined in the limit domains and used
for the approximation of Green’s kernels.

1. The notation G is used for Green’s function of the Dirichlet problem in £2 C R3:
G(x,y) = (4n|x—y|) ' — H(x,y). (2.169)

Here H is the regular part of G, and it is a unique solution of the Dirichlet
problem

AcH(x,y) =0, x,y € £2, (2.170)
H(x,y) = (@r|x—y|)7!, x€d, ye 2. (2.171)

2. Green'’s function G for the Dirichlet problem in R* \ F is defined as a unique
solution of the problem

AeGE M) +8(E—n) =0, & neR\F, (2.172)
GE.m) =0, EcdF, neR’\ F, (2.173)
G(E.n) > 0 as || > coand y € R*\ F. (2.174)

Here F is a contractible compact set of positive harmonic capacity.
The regular part # of Green’s function G is

h(E.n) = (4r|E — )" — G(&. n). (2.175)

3. The components of the vector field D(§) = (D(£), D»(£). D3(§))” (compare
with (2.100)—(2.102)), for § € R3 \ F, satisfy the problem

AD;(§) =0, £ eR*\ F, (2.176)
D;(§) =&, & €0F, (2.177)
D;(£) -0, as |&] — oo. (2.178)

We shall use the matrix 7 = (Tjk); w= of coefficients in the asymptotic
representation of D; at infinity

1 Tk _
Di(§)=— / 0] 3. 2.179
/(&) 4n; g O (2.179)
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The symmetry of 7T is verified by applying Green’s formula in Bg \ F to
£, — D; (&) and Dy (&) and taking the limit R — co. We have

[ d€=sen P - e (i - ) as
+/8F Dk($)<aDz;;1(§) _”f)dS =0, (2.180)

where d/0n is the normal derivative in the direction of the interior normal with
respectto F'. As R — oo, the firstintegral Z(dBp) in the left-hand side of (2.180)
gives

. . OD; (§) 7
dm 2080 = Jim | T~ Drerg s
3 3
- /33 S TogkifidS =~ 2.181)

1 q=l
The second integral Z(dF') in the left-hand side of (2.180) becomes

0D,®)
on

Z(dF) = —/BF Eknde—}-/aF Dy (%)
= Jjk meaS3(F)+/\ VDi(§)-VD;(§)dE,  (2.182)
R3\F

where meas; (F) is the three-dimensional Lebesgue measure of F. Using (2.181)
and (2.182) we deduce

Ty = b meass(F) + [ |, VDE)- VD, 61, 2.183)

which implies that T is symmetric and positive definite.

. The Neumann function N(x,y) in 2 C R? and its regular part are defined as

follows

ANKX,y) +8(x—y) =0, x,ye 2 CR’, (2.184)

)
; (N(x, y) — (4n)_l|x|_l) =0, x€dR, ye 2, (2.185)
nx

and

/ N(x,y) ? x| ~'dsy =0, (2.186)
a0 ony
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where the last condition (2.186) implies the symmetry of N(x,y). The regular
part of the Neumann function in three dimensions is defined by

R(x,y) = (4n) "' x—y|™" = N(x,y). (2.187)

5. In this section, the notation A/(&, ) will be used for the Neumann function in
R3 \ F, where F is the compact closure of a domain with a smooth boundary,
and V is defined by

NE ) = @m) 7 E =™ —hy(E ), (2.188)
where hy is the regular part of A/ subject to

Achy(E.m) =0, E.peR\F,  (2.189)

E)hN

(’é n) = 4——(|§—77| ), E€OF, neR’\F, (2.190)
T on

hy(E.p) =0, as|&| > o0, n e R*\ F.  (2.191)

The smoothness assumption on 0F here and in the sequel is introduced for the
simplicity of proofs and can be considerably weakened. In particular, the case of
a piece-wise smooth planar crack can be included.

We note that the Neumann function A just defined is symmetric, i.e.
NE.n) = N(». ).

6. The definition of the dipole vector field D(&) = (D; (&), D»(§), D3(£))7 is sim-
ilar to (2.19)—(2.21), with § € R3 \ F. The components of the three-dimensional
dipole matrix P = (P jk);! «— appear in the asymptotic representation of D; (§)
at infinity

3

;&) = — 3 D5 L og). (2.192)
4m = 8]
k=1

Similar to Sect. 2.1.2, it can be proved the the dipole matrix P for the hole F is
symmetric and negative definite.

2.4.2 Approximations of Green’s Kernels

The following assertions hold for uniform asymptotic approximations in three-
dimensional domains with small holes (or cracks) or inclusions.

Theorem 2.4. Green’s function GS(N)(X, y) for the mixed problem with the Neu-
mann data on 0F; and the Dirichlet data on 052, has the asymptotic representation
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GM(x,y) = Gx,y) + e 'N(e ' x,e7y) — (4m) x —y| ™

+ eD(e7'x) - VL H(0,y) + eD(e'y) - V, H(x, 0) + re(X, y), (2.193)
where D is the three-dimensional dipole vector function in R3 \ F, and N is the
Neumann function in R® \ F, vanishing at infinity. Here

|re(x,y)| < Const &* (2.194)

uniformly with respect to X,y € §2..

The proof follows the same algorithm as in Theorem 2.1.

Now we give the analogues of Corollaries 2.2 and 2.3 formulated earlier in
Sect. 2.1.7.

Corollary 2.8. Let min{|x|,|y|} > 2¢. Then the asymptotic formula (2.193) is
simplified to the form

GM(x,y) = G(x,y)

3 T T
+ :—n{;jpvxmo,y) + |f‘nyvaH(x, 0}
83 XT y
T @) xP yP
+ 0 + &*(x| + [yDIx| Iyl 7). (2.195)

where H is the regular part of Green’s function G in §2, and P is the dipole matrix
for F, as defined in (2.192).

The next assertion is similar to Corollary 2.3 of Sect. 2.1.7.

Corollary 2.9. The following asymptotic formula for Green’s function G;N) holds

GM(x.y) = e 'W (e 'x.e7"y) — H(0.0)
— (x—eD(s7'x)) - ViH(0,y) — (y — ¢D(”'y)) - V, H(x, 0)
+ 0@ + x> + |yP). (2.196)
forx,y € .. (As in Corollary 2.3, &2 in the remainder can be omitted if the interior
of F is nonempty and contains the origin.)

In turn, for the case when the Neumann and Dirichlet boundary conditions are
set on 052 and dF, respectively, the modified version of formula (2.125) is given by

Theorem 2.5. The Green’s function G» (x,y) for the mixed problem with the
Dirichlet data on 0F; and the Neumann data on 052, admits the asymptotic
representation
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GP(x,y) =7 'G(e7'x, e7'y) + N(x,y) — (47) ' Ix —y|™" + R(0,0)

+ eD(e7'y) - Vy R(x,0) + eD(e7'x) - VL R(0,y) + r:(x,y), (2.197)

where
|rs(x,y)| < Const &,

which is uniform with respect to X,y € §2,.

The proof is similar to that of Theorem 2.2. We note that unlike the two-
dimensional case, in three dimensions no orthogonality condition is required to
ensure the decay of the solution of the exterior Dirichlet problem in R \ F.

The analogues of Corollaries 2.4 and 2.5 are formulated as follows.

Corollary 2.10. Let min{|x|, |y|} > 2¢. Then the asymptotic formula (2.197) is
simplified to the form

GP)(x,y) = N(x,y) + R(0,0)
3 T

4+ {| STVRO.) + |y| TV, R(x,0)|

3 T

A ¢ y
(4m)? x> |yP
+ 0% + &' (x| + yDIxI Iyl ™), (2.198)

where R is the regular part of Neumann’s function N in 2, and T is the matrix of
coefficients in (2.179).

The next assertion is similar to Corollary 2.5 of Sect. 2.2.5.

Corollary 2.11. The following asymptotic formula for Green’s function GE(D) holds

GV (x.y) =G xe7ly)
— (x—D(e7'%) - ViR(0.y) — (v — eD(¢7'y)) - V, R(x,0)
+ 0@ + x> + |yP). (2.199)
forx,y € 2,. (The term &* in the remainder can be omitted if the interior of F is
nonempty and contains the origin.)

Finally, we consider the Neumann function N.(x,y) for 2, C R3. Here, 2, =
2\ F, and F; is the small hole with a smooth boundary. We define N, as a solution
of the following boundary value problem
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AN (x,y) +8(x—y) =0, x,y € £, (2.200)
ad
5 (Ns(x, y) — (4Jr)_1|x|_1) =0, x€9R2,y € 2, (2.201)
Ny
N,
g (x,y) =0, x€ dF,, y € £2,. (2.202)
nx

In addition, we require the orthogonality condition, which provides the symmetry
of N:(x,y)

0
/ Ne(x,y)—|x|"'dS, = 0. (2.203)
R a}’l

The asymptotic approximation of N is given by
Theorem 2.6. The Neumann function N.(X,y) for the domain §2., defined in
(2.200)—(2.203) satisfies the asymptotic formula
Ne(x,y) = N(x.y) =& 'hy(e'x,.e7"y) + eD(e'%) - ViR(0,Y)
+eD(e”"y) - VyR(x,0) + re(x.y), (2.204)

where

|re(x,y)| < Const & (2.205)

uniformly with respect to X,y € §2,. Here D is the three-dimensional dipole vector
function in R*\ F, and hy is the regular part of the Neumann function N in R3\ F,
vanishing at infinity. The Neumann function N in §2 and its regular part R are the
same as in (2.184)—(2.187).

The proof follows the same algorithm as in Theorem 2.3.
At last, we formulate the analogues of Corollaries 2.6 and 2.7 for the Neumann
problem in £2,.

Corollary 2.12. Let min{|x|, |y|} > 2¢&. Then N¢(X,y) is approximated in the form

83 XT yT
Ne(x,y) = N(X,y) — —— —P~—
S(X y) (X y) (47_[)2 |X|3 |y|3
83 XT yT
—i—=PV,R(O, ~—PV,R(x,0 2.206
i NPV ROY) + PV REO) (2206

+ 0 + (x| + [yDIx| |y ),

where R is the regular part of Neumann’s function in §2, and P is the dipole matrix
for F, as defined in (2.192).
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When both x and y are sufficiently close to F; the asymptotic approximation of
N is given in the next assertion.

Corollary 2.13. Neumann’s function N, satisfies the asymptotic formula
No(x,y) = ¢ 'N(e"'x, 7 ly) — R(0,0)
— (x—D(e7'%)) - VxR(0,y) — (y — D(7"y)) - V, R(x,0)

+ 02 + x> + |y, (2.207)

for X,y € Q.. The term & in the remainder can be omitted if the interior of F is
nonempty and contains the origin.
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