
Chapter 2
A Decision-Theoretic Approach to Forecasting

Abstract Statistical forecasting is prediction of future states of a certain process
based on the available stochastic observations as well as the available prior
model assumptions made about this process. This chapter describes a general
(universal) approach to statistical forecasting based on mathematical decision
theory, including a brief discussion of discriminant analysis. The following fun-
damental notions are introduced: optimal and suboptimal forecasts, loss function,
risk functional, minimax, admissible, and Bayesian decision rules (BDRs), Bayesian
forecast density, decision rule randomization, plug-in principle.

2.1 The Mathematical Model of Decision Making

A generalized mathematical model of decision making has been formulated by
Abraham Wald [14] as a generalization of the models used for hypothesis testing and
parameter estimation to obtain an adequate description of settings that include
stochastic processes. The high degree of uncertainty present in most applied
forecasting problems makes the decision-making approach extremely relevant to
statistical forecasting.

A general decision-making model contains two abstract objects: the environment
(E) and the decision maker (DM), as well as the following six mathematical objects:

.‚;Y;X; w.�/; F .�/; D/:

Here ‚ � R
m is the parameter space containing all possible states � 2 ‚ of the

environment E, which includes a certain “actual state of E” denoted as �0 2 ‚ (this
actual state is assumed to be unknown to the DM at the moment when the decision
is made); Y � R

m is the decision space (each element Y 2 Y is a possible decision
of the DM); w.�/ is the loss function

w D w.�; Y /; � 2 ‚; Y 2 Y; w 2 R
1;
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Fig. 2.1 The process of decision making

where w is the loss taken by the DM for �0 D � and the decision Y ; the function
u D u.�; Y / D �w.�; Y / is usually called the utility function; X D B.RN / is the
sample space (a Borel �-algebra defined over an N -dimensional Euclidean space)
where statistical data is observed; the random N -vector of observations X 2 X is
defined over the probability space .˝;F;P/, and F.X I �0/ W X � ‚ ! Œ0; 1� is the
N -dimensional distribution function of X which depends on the parameter �0; D is
the decision rule space consisting of all Borel maps d.�/ W X ! Y:

D D fY D d.X/ W X 2 X; Y 2 Yg:

Decision making within this model is illustrated in Fig. 2.1. At the moment when
the decision Y 2 Y is being made, the DM doesn’t know the “actual state of E”
�0 2 ‚, and therefore the actual loss w.�0; Y / is also unknown. However, the DM
knows the possible loss w D w.�; Y / for every possible situation .�; Y / 2 ‚ � Y.
In order to reduce the uncertainty of �0, the DM collects statistical data in the form
of an observation X 2 X, which has the probability distribution defined by �0.
Based on the knowledge of the loss function w.�/, the distribution function F.�/,
and the collected statistical data X , the DM uses a certain performance criterion to
choose the optimal decision rule dopt.�/ 2 D and to make the best possible decision
OY D dopt.X/ by following this rule.

2.2 Minimax, Admissible, and Bayesian Families
of Decision Rules

Under a generalized decision-making model presented in Sect. 2.1, consider the
problem of constructing the optimal decision rule dopt.�/ 2 D. Let us define a
criterion of decision rule optimality [10].

Definition 2.1. The conditional risk of a decision rule d.�/ 2 D for �0 D � is
defined as the conditional expectation of the loss function:
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r D r.d.�/I �/ D E� fw.�; d.X//g D
Z

RN

w.�; d.X//dF.X I �/; � 2 ‚; r 2 R
1:

(2.1)

Smaller values of the functional (2.1) correspond to more effective decision rules.
It follows from the definition that the uncertainty of the value �0 complicates the
minimization of the risk functional.

Definition 2.2. A minimax decision rule Y D d �.X/ is defined as a decision rule
minimizing the supremum of the risk functional (2.1):

rC.d �.�// D inf
d.�/2D

rC.d.�//; rC.d.�// D sup
�2‚

r.d.�/I �/ (2.2)

where rC.d.�// is the guaranteed (upper) risk, i.e., the maximum possible value of
the risk functional for the decision rule d.�/.

The guaranteed risk corresponds to the least favorable state of the environment
E, and thus the minimax decision rule (2.2) is often called “pessimistic.”

Another popular approach to decision making is the Bayesian approach [10]
which is based on the assumption that there exists an a priori known m-dimensional
probability distribution function G.�/ of the random vector �0 2 ‚ defining the
state of the environment E.

Definition 2.3. Under the assumptions of the decision-making model defined
earlier, let �0 2 ‚ � Rm be a random m-vector characterized by a prior distribution
function G.�/. Then the Bayesian (unconditional) decision risk is defined as the
following functional:

r D r.d.�// D Efr.d.�/I �0/g D
Z

Rm

r.d.�/I �/dG.�/; d.�/ 2 D; r 2 R
1;

(2.3)

or equivalently

r D r.d.�// D Efw.�0; d.X//g D
Z

Rm

Z

RN

w.�; d.X//dF.X I �/dG.�/;

which follows from (2.1) and the total expectation formula.

Definition 2.4. A Bayesian decision rule (BDR) is a decision rule Y D d0.X/ that
minimizes the Bayesian risk (2.3):

r.d0.�// D inf
d.�/2D

r.d.�//: (2.4)
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Let us introduce the last type of decision rules that will be discussed in this
chapter—the admissible decision rules.

Definition 2.5. It is said that a decision rule d 0.�/ dominates a decision rule d 00.�/,
where d 0.�/, d 00.�/ 2 D, if

r.d 0.�/I �/ � r.d 00.�/I �/ 8� 2 ‚; (2.5)

and there exists a � 2 ‚ such that the inequality in (2.5) is strict. A decision rule
Qd.�/ is said to be admissible if no other decision rule d.�/ 2 D dominates Qd.�/.

Definition 2.6. Decision rules d1.�/; d2.�/ 2 D are said to be equivalent w.r.t. the
Bayesian decision risk if they have the same Bayesian risk values:

r.d1.�// D r.d2.�//:

Equivalence w.r.t. the guaranteed risk is defined similarly:

rC.d1.�// D rC.d2.�//:

Let us establish some properties of the above decision rules (see [1] for a more
systematic treatment).

Properties of Bayesian, Minimax, and Admissible
Decision Rules

Property 2.1. A BDR d0.�/ minimizes the posterior mean loss w.Y j X/:

OY D d0.X/ D arg min
Y 2Y w.Y j X/; (2.6)

where

w.Y j X/ D Efw.�0; Y / j Xg D
Z

Rm

w.�; Y /dG.� j X/; (2.7)

and G.� j X/ is the posterior probability distribution function of the random
parameter �0 given the observation X .

Proof. Using (2.3) and the total expectation formula, let us rewrite the Bayesian risk
as follows:

r.d.�// D Efw.�0; d.X//g D EfEfw.�0; d.X// j Xgg;
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where the outer expectation is computed w.r.t. the unconditional distribution of the
random vector X with a distribution function

F.X/ D
Z

Rm

F.X I �/dG.�/I

the inner conditional expectation defines the posterior loss (2.7). Thus,

r.d.�// D Efw.d.X/ j X/g D
Z

RN

w.d.X/ j X/dF.X/ � r0 WWD
Z

RN

min
Y 2Y w.Y j X/dF.X/;

and it is obvious that the lower bound r0 is attained for the decision rule defined by
(2.6), (2.7). From Definition 2.4, this decision rule is a BDR. ut
Property 2.2. If a BDR Y D d0.X/ is unique, it is also admissible.

Proof. The statement will be proved by contradiction. Suppose that the BDR d0.�/
is not admissible. Then, by Definition 2.5, there exists a decision rule d 0.�/ 2 D;

d 0.�/ ¤ d.�/, such that

r.d 0.�/I �/ � r.d0.�/I �/ 8� 2 ‚; 9� 0 2 ‚ W r.d 0.�/I � 0/ < r.d0.�/I �/:

Integrating the first inequality over the probability distribution G.�/ of � and
applying (2.3) yields the inequality

r.d 0.�// � r.d0.�//:

Strictness of this inequality would contradict the definition of a BDR given in (2.4).
However, an equality is also impossible, since in that case d 0.�/ would be a different
BDR, contradicting the uniqueness of the BDR. This contradiction concludes the
proof. ut
Property 2.3. Given that the parameter space is finite, ‚ D f�.1/; : : : ; � .K/g,
K < 1, and that the prior probability distribution of �0 2 ‚ is nonsingular,

pk D Pf�0 D �.k/g > 0; k D 1; : : : ; K;

the BDR Y D d0.X/ is admissible.

Proof. Assume the opposite: d0.�/ is not an admissible decision rule. Then (2.5)
implies that there exist a decision rule d.�/ 2 D and an index i� 2 f1; : : : ; Kg
such that

r.d.�/I �k/ � r.d0.�/I �k/; k ¤ i�I r.d.�/I �i�/ < r.d0.�/I �i�/:
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Multiplying both sides of these inequalities by pk > 0 and pi� > 0, respectively,
taking a sum, and applying the equality (2.3) yield

r.d.�// D
KX

kD1

pkr.d.�/I �.k// <

KX
kD1

pkr.d0.�/I �.k// D r.d0.�//:

This inequality contradicts the definition of the BDR (2.4). ut
Property 2.4. If the parameter space is finite, ‚ D f�.1/; : : : ; � .K/g, K < 1, and
d.�/ is an admissible decision rule, then there exists a prior distribution

pk D P f�.0/ D �.k/g; k D 1; : : : ; K;

such that the decision rule d.�/ is the BDR w.r.t. the prior distribution fpkg. In other
words, in this case the set of admissible decision rules is included in the set of BDRs.

Proof. The proof can be obtained by repeating the argument of the previous proof.
ut

Property 2.5. If a minimax decision rule d �.�/ is unique, then it is also admissible.

Proof. Let us assume the opposite: there exists a different decision rule d.�/ 2 D,
d.�/ ¤ d �.�/, such that

r.d.�/I �/ � r.d �.�/I �/ 8� 2 ‚; 9� 0 2 ‚ W r.d.�/I � 0/ < r.d �.�/I � 0/:

From (2.2), this also yields the inequality

rC.d.�// � rC.d �.�//:

This contradicts the condition that d �.�/ is a unique minimax decision rule. ut
Property 2.6. Given that d.�/ is an admissible decision rule and that the
corresponding risk function (2.1) doesn’t depend on � 2 ‚, i.e., r.d.�/I �/ D const:,
the decision rule d.�/ is also a minimax decision rule.

Proof. Assume that the minimax condition isn’t satisfied for the decision rule d.�/
and that there exists a different minimax decision rule d 0.�/ ¤ d.�/:

rC.d 0.�// < rC.d.�//:

However, we have also assumed that rC.d.�// � rC.d.�/I �/, and thus

r.d 0.�/I �/ < r.d.�/I �/ 8� 2 ‚;

which contradicts the admissibility of d.�/. ut
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2.3 The Bayesian Forecast Density

Randomization of the decision rule is a commonly used decision-theoretic technique
of reducing the decision risk [1].

Definition 2.7. A randomized decision rule is a family of random variables

Y D d.X; !/ W X � ˝ ! Y;

lying in the basic probability space .˝;F;P/ and defined by a critical function
�.Y I X/. For a discrete decision space Y, the function �.Y I X/ is defined as

� D �.Y I X/ WWD Pfd.X; !/ D Y j Xg; Y 2 Y;

and we have

0 � �.Y I X/ � 1;
X
Y 2Y

�.Y I X/ � 1:

In the continuous case, where Y 	 R
M , and the Lebesgue measure mesM .Y/ is

positive, � D �.Y I X/ is defined as the M -dimensional probability density of the
random variable d.X; !/, and we have

�.Y I X/ � 0;

Z

RM

�.Y I X/dY D 1:

Let us consider applications of randomized decision rules in statistical
forecasting. Assume that a forecast is constructed for a random M -vector Y 2 Y

that describes an unknown future state of the process or the phenomenon that
is being investigated. Its probability density g.Y j �/ depends on a parameter
� 2 ‚ � R

m with an unknown true value �0 2 ‚. Following the Bayesian
paradigm, it is assumed that �0 is a random m-vector with a given prior probability
density q.�/. Let X 2 X � R

N be statistical data describing past and current states
of the process with a conditional probability density p.X j �/ given �0 D � . Thus,
the random parameter vector �0 is stochastically dependent not only on the past and
current states X but also on the future states Y . This allows forecasting of Y based
on the collected statistical data X under prior probabilistic uncertainty of �0.

The problem of constructing a forecast for Y based on X using the randomized
decision rule OY D d.X; !/ lies in finding the critical function �.Y I X/. Following
the Bayesian approach outlined above, one of the methods of constructing the
critical function is the use of the posterior probability density of Y given the
observation X :

�.Y I X/ D p.Y j X/; Y 2 Y: (2.8)
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Fig. 2.2 Stochastic
dependence between X , �0,
and Y

The conditional probability density (2.8) used in forecasting is called the Bayesian
forecast density.

Following the accepted stochastic model (Fig. 2.2) of the dependence between
X , �0, and Y , Bayes formulae, together with certain well-known properties of
multivariate probability densities, imply that

�.Y I X/ D
Z

Rm

g.Y j �/p.� j X/d�; (2.9)

where

p.� j X/ D p.X j �/q.�/

0
@
Z

Rm

p.X j � 0/q.� 0/d� 0
1
A

�1

(2.10)

is the posterior probability density of the random vector �0 given a fixed value of
the random vector X .

The Bayesian forecast density (2.9), (2.10) allows us not only to compute
the randomized forecast OY 2 Y as a result of simulating a random M -vector
with the probability density �.Y I X/, Y 2 Y but also to compute the traditional
(nonrandomized) point and interval forecasts. Numerical characteristics of the
Bayesian forecast density �.Y I X/ can be used as point forecasts of Y :

• Posterior expected forecast

OY0 D
Z

Rm

Y �.Y I X/dY I (2.11)

• Posterior mode forecast

OY1 D arg max
Y 2Y �.Y I X/I (2.12)

• Posterior median forecast (for M D 1): OY2 is defined as a root of the equation
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Fig. 2.3 Construction of
point and interval forecasts
from the Bayesian forecast
density

OY2Z

�1
�.Y I X/dY D

C1Z

OY2

�.Y I X/dY: (2.13)

Figure 2.3 above presents an example of using the Bayesian forecast density to
construct point and interval forecasts in the univariate case (M D 1).

The following two techniques can be proposed for set (interval) forecasting.
Let the domain of � -maximal Bayesian forecast density be a subset of the possible
forecasts defined as

Y� D fY 2 Y W �.Y I X/ � ��maxg; (2.14)

where �max D max
Y 2Y �.Y I X/ and the parameter � 2 .0:5; 1/ defines the size of

the domain Y� , i.e., its M -dimensional volume mesM .Y� /. Following the theory of
statistical interval estimation, let us define the posterior � -confidence region Y� as
the solution of the following conditional minimization problem:

mesM .Y� / ! min;

Z

Y�

�.Y I X/dY D �: (2.15)

In order to simplify the computations, it is often advisable to consider a parametric
family of possible confidence regions.

It should be noted that computation of Bayesian density forecasts (2.9), (2.10)
is often complicated by the necessity of multiple integration over � 2 ‚ � R

m. If
analytic computation of the integrals in (2.9) and (2.10) appears to be unfeasible,
Monte Carlo numeric integration may be used:

�.Y I X/ 
 1

K

KX
iD1

g.Y j �.i//:
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Here �.1/; : : : ; � .K/ 2 ‚ is a sample of K independent random vectors with the
probability density function p.� j X/, which can be simulated by using standard
algorithms. As the number of Monte Carlo trials K increases to infinity, the mean
square error of this approximation decreases as K�1.

To illustrate the notions and methods of this section, let us consider a problem of
forecasting a financial company’s income.

Assume that the income Y over the next business day is a random variable
depending on the average increment �0 2 R

1 of a certain currency exchange rate
over the previous day:

Y D �0 C k �0 C ";

where �0 2 R1 is the (known) guaranteed mean income that doesn’t depend on the
currency exchange market, k �0 is the income depending on �0 (here k > 0 is a
known proportionality coefficient); " is a random variation of the income modeled
by a normally distributed random variable,

Lf"g D N.0; �2/;

with a known variance �2. The parameter �0 is unknown, but statistical data
x1; : : : ; xN representing the 1-day exchange rate increments over the previous day
(offered by N commercial banks) has been collected, where X D .xi / 2 R

N

is assumed to be a random sample of size N taken from a normal probability
distribution, Lfxi g D N.0; �2/, with a known variance �2.

We would like to make point and interval forecasts of the income Y based on
statistical data X , the above model assumptions, and a prior assumption that �0 is
uniformly distributed over a given interval Œa; b� (for example, we can assume that
the minimum and maximum exchange rates a and b have been set by a central bank).

Model assumptions yield the following expressions:

g.Y j �/ D 1p
2��

exp

�
� 1

2�2
.Y � �0 � k�/2

�
;

p.X j �/ D.2��2/�N=2 exp

 
� 1

2�2

NX
iD1

.xi � �/2

!
;

q.�/ D 1

b � a
1Œa;b�.�/;

where 1A.�/ D f1; � 2 AI 0; � 62 Ag is the indicator function of the set A. Applying
(2.10) results in the Bayesian forecast density

p.� j X/ D exp
��N.2�2/�1.� � x/2

�
p

2� �p
N

�
˚
�p

N b�x
�

�
� ˚

�p
N a�x

�

��1Œa;b�.�/;
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which is the normal probability density function N.x; �2=N / constrained to Œa; b�,

where x D N �1
NP

iD1

xi is the sample mean. This, together with (2.9), leads to the

equation

�.Y I X/ D
�

2�
��p

N

�
˚

�p
N

b � x

�

�
� ˚

�p
N

a � x

�

����1

�

�
bZ

a

exp

�
�1

2

�
N

�2
.� � x/2 C 1

�2
.k� C �0 � Y /2

��
d�;

where the right-hand side integral can be rewritten using the standard normal
distribution function ˚.�/ by performing a substitution of the variables. Applying
this equation to (2.11)–(2.15) yields the desired forecasts.

2.4 Forecasting Discrete States by Discriminant Analysis

2.4.1 The Mathematical Model

In applications, the underlying process can often be described by a discrete
stochastic model [2, 5–8, 11]:

	 2 S D f1; 2; : : : ; Lg;

where 	 is the future unknown state of the system and 2 � L < C1 is the number
of possible values of 	 (i.e., the number of possible forecasts). Let us consider some
examples.

Example 2.1. A bank scores a prospective client (a certain company) applying for
a loan. The financial circumstances of the client are characterized by N business
indicators X D .xi / 2 R

N (for instance, x1 is the total annual income, x2 is the
demand for the products made by the company, and x3 characterizes the dynamics
of the company’s bank accounts). Based on statistical data X , the bank makes a
forecast O	 D d.X/, where O	 D 1 stands for a “reliable client” bringing a profit to
the bank and O	 D 2 —an “unreliable client” failing to repay the loan and causing a
loss (in this example, L D 2).

Example 2.2. Let O	 D d.X/ be a success forecast for a certain clinical treatment
based on a patient’s medical test results X 2 R

N ; O	 D 0 means that the patient’s
health will remain unchanged, O	 D 1 corresponds to a health improvement, and
O	 D 2 —a health deterioration (in this example, L D 3).
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The statistical classification model or, to be precise, the discriminant analysis
model [3, 9, 11] can be used to solve this type of applied problems. Discriminant
analysis is a branch of statistical data analysis devoted to models and methods of
identifying the observed data as belonging to one of the given populations (classes,
patterns, etc.), i.e., classification of statistical observations.

Let us interpret a classification problem as a forecasting problem defined earlier.
Assume that a random observation x D .xk/ 2 R

N belongs to one of the L � 2

classes ˝1; : : : ; ˝L, and let the possible forecasts be the indices of these classes:
a forecast 	 D i corresponds to the class ˝i and vice versa. Let an observation
belonging to the class ˝i be a random N -vector Xi 2 R

N with a conditional
probability density p0

i .x/, i 2 S . We are going to assume the knowledge of prior
class probabilities �1; : : : ; �L:

�i D Pf	 D ig > 0;
X
i2S

�i D 1:

We also assume prior knowledge of the .L � L/ forecasting (classification) loss
matrix W D .wi l /, where wi l � 0 is the loss taken if an observation belonging to
the class ˝i is classified as belonging to the class ˝l , i.e., if 	 D i , but O	 D l . For
example, a (0–1) loss matrix W is defined as follows:

wil D 1 � ıil; i; l 2 S; (2.16)

where ıil is the Kronecker delta.
Under this model, optimal forecasting, as defined in Sects. 2.1 and 2.3, is

equivalent to constructing a BDR

O	 D d0.x/ W RN ! S; (2.17)

that minimizes the mean loss resulting from the forecast. This problem is
solved differently depending on the available prior knowledge of probabilistic
characteristics of the classes f�i ; p0

i .�/g.

2.4.2 Complete Prior Knowledge of f�i ; p0
i
.�/g

Let us introduce the following notation:

fj .xI fp0
i .�/g/ D

X
i2S

�i p
0
i .x/wijI p.x/ D

X
i2S

�i p
0
i .x/: (2.18)

Here p.x/ is the unconditional probability density function of the random
observation X 2 R

N determined by the stochastic model of the investigated process.
From the Bayes formula,
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Pf	 D j j X D xg D �j p0
j .x/

p.x/
; (2.19)

and thus (2.18) can be rewritten as

fj .xI fp0
i .�/g/

p.x/
D
X
i2S

Pf	 D i j X D xgwij D Efw	j j X D xg: (2.20)

The relation (2.20) means that, to a multiplier p.x/ not depending on j , the function
fj in (2.18) defines the posterior mean forecast loss O	 D j given the observation
vector X D x.

Theorem 2.1. Under prior knowledge of the probability distributions f�i ; p0
i .�/g,

assume that for all i; k; l 2 S , k ¤ l , the condition

P�0
i
ffk.X I fp0

j .�/g/ � fi .X I fp0
j .�/g/ D 0g D 0 (2.21)

is satisfied. Then the BDR (2.17) is unique and, up to a set of Lebesgue measure
zero, has the form

O	 D d D d0.x/ D arg min
j 2S

fj .xI fp0
i .�/g/; x 2 R

N ; d 2 S: (2.22)

This BDR minimizes the mean loss of forecasting (the Bayesian risk):

r0 D
Z

RN

min
j 2S

fj .xI fp0
i .�/g/dx: (2.23)

Proof. Taking into account (2.3) and (2.18), the Bayesian risk functional can be
rewritten as

r D r.d.�/I fp0
i .�/g/ D

X
i2S

�i

Z

RN

p0
i .x/wid.x/ D

Z

RN

fd.x/.xI fp0
i .�/g/dx; d.�/ 2 D:

(2.24)

Looking at the form of the functional (2.24), it is easy to find the lower bound of
the Bayesian risk over all possible decision rules d.�/ 2 D:

r.d.�/I fp0
i .�/g/ � min

d.�/2D

Z

RN

fd.x/.xI fp0
i .�/g/dx �

Z

RN

min
j 2S

fj .xI fp0
i .�/g/dx D r0:

Therefore, the above inequality becomes an equality after substituting the decision
rule (2.22). ut
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Observe that, as in Sect. 2.2 (see Property 2.1), the obtained BDR (2.22)
minimizes the posterior mean loss.

Corollary 2.1. For a (0–1) loss matrix (2.16), the Bayesian risk can be interpreted
as the probability of making an incorrect forecast

r0 D inf
d.�/2D

Pf O	 ¤ 	g D 1 �
Z

RN

max
i2S

.�i p
0
i .x//dx;

and the expression for the BDR can be written in a simplified form:

O	 D d D d0.x/ D arg max
i2S

.�i p
0
i .x//; x 2 R

N ; d 2 S: (2.25)

Proof. Let us substitute (2.16) into (2.18), (2.22), and (2.24). Taking normalization
into account, we obtain

fj .xI fp0
i .�/g/ D p.x/ � �j p0

j .x/;

r.d.�/I fp0
i .�/g/ D 1 �

Z

RN

�d.x/p
0
d.x/.x/dx;

and (2.25) follows immediately. ut
Corollary 2.2. Under the assumptions of Corollary 2.1, let the observations be
described by an N -dimensional normal (Gaussian) model:

p0
i .x/ D nN .x j �i;˙i / D .2�/� N

2 j˙i j� 1
2 exp

�
�1

2
.x � �i /

0˙�1
i .x � �i /

�
;

(2.26)

where �i D .�ij/ 2 R
N is the mean vector and ˙i D .�ijk/ 2 R

N �N is the
nonsingular covariance matrix of the random vector Xi 2 R

N . Then the BDR is
quadratic:

O	 D d D d0.x/ D arg min
i2S

�
.x � �i /

0˙�1
i .x � �i / C ln.j˙i j=�2

i /
�

: (2.27)

Proof. Substitute (2.26) into (2.25) and perform the obvious transformations. ut
Corollary 2.3. Under the assumptions of Corollary 2.1, take Fisher’s model [3]:

˙1 D ˙2 D � � � D ˙L D ˙ (2.28)



2.4 Forecasting Discrete States by Discriminant Analysis 21

with two classes (L D 2). In that case the BDR is linear:

O	 D d D d0.x/ D 1 .l.x// C 1; x 2 RN ;

l.x/ D b0x C ˇ;

b D ˙�1.�2 � �1/;

ˇ D .�0
1˙

�1�1 � �0
2˙�1�2/=2 C ln.�2=�1/;

r0 D 1 �
�

�1˚

�
�

2
C 1

�
ln

�1

�2

�
C �2˚

�
�

2
� 1

�
ln

�1

�2

��
;

(2.29)

where ˚.�/ is the standard normal N.0; 1/ distribution function and

� D
p

.�2 � �1/0˙�1.�2 � �1/ � 0

is the so-called Mahalanobis distance between classes [3].

Proof. Rewriting the BDR as (2.27) for L D 2 and taking into account the notation
(2.28), (2.29) yields

O	 D d D d0.x/ D arg min
i2S

�
��0

i ˙
�1x C 1

2
�0

i˙
�1�i � ln �i

�
� 1.l.x// C 1; x 2 R

N ;

which is the first expression of (2.29).
Now let us compute the Bayesian risk (i.e., the unconditional probability of a

forecast error) for the BDR (2.29):

r0 D �1P1 C �2P2; (2.30)

where

Pi D Pf O	 ¤ i j 	 D ig; i 2 S;

is the conditional probability of a forecast error given that the true number of the
class equals 	 D i . Due to (2.29), we have

P1 D Pf O	 D 2 j 	 D 1g D Pfl.X1/ � 0g D 1 � Fl1.0/; (2.31)

where li D l.Xi/ D b0Xi C ˇ is a random variable and Fli .z/, z 2 R
1, is the

distribution function of the random variable li , i 2 S . From the condition (2.26),
the probability distribution of Xi can be written as

LfXig D NN .�i ; ˙i /;
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and the linear transformation theorem for normal random vectors [3] yields

Lfli g D N1.mi ; 
i /;

mi D b0�i C ˇ D .�1/i�2=2 C ln
�2

�1

;


i D b0˙ b D .�2 � �1/
0˙�1.�2 � �1/ D �2;

where the variance 
i D �2 doesn’t depend on i 2 S . Therefore,

Fli .z/ D ˚
� z � mi

�

�
; i 2 S:

Substituting this equality into (2.31) results in the expression

P1 D 1 � ˚

�
�

2
C 1

�
ln

�1

�2

�
:

Similarly, we have

P2 D 1 � ˚

�
�

2
� 1

�
ln

�1

�2

�
:

Substituting P1, P2 into (2.30) yields (2.29). ut
Definition 2.8. Fisher’s linear discriminant function is defined as l.x/ D b0x C ˇ

(as implied by (2.29), its sign determines the forecast). The set

�0 D fx W b0x C ˇ D 0g 	 R
N

is called Fisher’s discriminant hyperplane.

Figure 2.4 illustrates Fisher’s linear decision rule for N D 2.
To conclude this subsection, let us observe that, as in Sect. 2.3, it is possible to

construct a randomized decision rule O	 D Qd.x; !/ which is going to be described by
a Bayesian forecast distribution (2.9), (2.10) defined on the set of possible forecasts
A D S D f1; 2; : : : ; Lg:

�.i I x/ D Pf O	 D i j X D xg D �i p
0
i .x/

p.x/
; i 2 S:

The nonrandomized forecast (2.25) is, in fact, equal to the posterior mode (2.12).
Some applications require interval forecasts H� � S defined by (2.15). In the

discrete case, this definition can be rewritten as

X
i2H�

�.i; x/ � �; jH� j ! min : (2.32)
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Fig. 2.4 Fisher’s linear
decision rule

Interval forecasts defined by (2.32) become very useful in the rather common case,
where the number of classes is large (L >> 1).

2.4.3 Prior Uncertainty

Consider a setting with a priori unknown conditional probability densities of the
observations fp0

i .�/g. To overcome this prior uncertainty, we can use a so-called
classified training sample Z 	 R

N of total size n D n1 C � � � C nL, which consists
of L independent subsamples:

Z D [
i2S

Zi ; Zi \ Zj D ;; j ¤ i:

Here

Zi D fzij 2 R
N W j D 1; : : : ; ni g

is a random subsample of size ni taken from the class ˝i (i.e., a subset of statistical
data corresponding to the forecast value 	 D i ).

Let us start by considering the case of parametric prior uncertainty, where the
densities fp0

i .�/g, i 2 S , belong to a given family of probability distributions, but
the distribution parameters remain unknown:

p0
i .x/ D q.xI �0

i /; x 2 R
N ; �0

i 2 ‚;

where

Q D fq.xI �/; x 2 R
N W � 2 ‚ � R

mg
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is some given m-parametric family of N -dimensional probability densities. Fore-
casting under parametric uncertainty is usually based on one of the two approaches
described below. Recall that we are constructing a forecast O	 2 S based on the
collected statistical data Z and the recorded observation x 2 R

N .

A. Construction of plug-in decision rules (PDRs).

Definition 2.9. A PDR is defined as the decision rule obtained from a BDR (2.22)
by substituting consistent statistical estimators f O�ig for the unknown true values of
the parameters f�0

i g based on the training sample Z:

Q	 D d1.xI Z/ D arg min
j 2S

fj .xI fq.xI O�i /g/; x 2 R
N ; Q	 2 S; (2.33)

where functions ffj .�/g are defined by (2.18).

The estimators f O�ig are usually the maximum likelihood estimators (MLEs):

O�i D arg max
�2‚

1

ni

niX
j D1

ln q.zijI �/; i 2 S: (2.34)

Theorem 2.2. If the parametric family Q of probability densities satisfies the
classical regularity conditions [4], then the forecast Q	 defined by the PDR (2.33),
(2.34), converges in probability to the forecast O	 defined by the BDR (2.22):

d1.xI Z/
P! d0.x/; x 2 R

N ; (2.35)

for

n0 D min
i2S

ni ! 1:

Proof. Regularity conditions together with certain well-known asymptotic proper-
ties of MLEs [4] imply that

O�i

P! �0
i ; i 2 S:

Notation (2.18) and well-known results on functional transformations of convergent
sequences [4, 13] yield the relations

q.xI O�i /
P! q.xI �0

i /;

fj .xI fq.xI O�i /g/ P! fj .xI fq.xI �0
i /g/; i; j 2 S; x 2 R

N :

Since S is a finite set, the convergence of the objective functions

fj .�/; j 2 S;
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implies that the minimum points also converge:

arg min
j 2S

fj .xI fq.xI O�i /g/ P! arg min
j 2S

fj .xI fq.xI �0
i /g/; x 2 R

N :

This, together with (2.33) and (2.22), proves the convergence in (2.35). ut
Let us define the unconditional Bayesian risk of a PDR d1.�/ similarly to (2.24):

r.d1.�// D E

� Z

RN

fd1.xIZ/.xI fp0
i .x/g/dx

	
; (2.36)

where the expectation Ef�g is computed w.r.t. the probability distribution of the
random sample Z. Known asymptotic expansions of the deviations f O�i � �0

i g [9,13]
lead to the following asymptotic expansion for the unconditional risk (2.36):

r.d1.�// D r0 C
LX

iD1

%i

ni

C O
�
n

�3=2
0

�
; (2.37)

where the coefficients f%i g above satisfy the condition

%i D %i

�
N; f�ig; fq.�I �0

i /g; fwijg
� � 0:

It is easy to see from (2.37) that for n0 ! 1 the PDR risk (2.33) converges to the
minimal Bayesian risk (2.23):

r.d1/ ! r0; (2.38)

and therefore in practice (2.33) is often called the suboptimal decision rule.
In practical applications, it is important to choose sufficiently large training

sample sizes n1; n2; : : : ; nL that guarantee a minor relative increase in the forecast
risk due to the uncertainty of f�0

i g. The relation (2.37) can be used to evaluate this
increment:

r.d1/ � r0

r0



LX

iD1

%i

ni r0

� ı: (2.39)

B. Using the Bayesian forecast distribution.

Define an Lm-dimensional composite column vector of parameters for the
probability distributions

p0
i D q.xI �0

i /; x 2 R
N ; �0

i 2 ‚ � R
m;
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Fig. 2.5 Stochastic dependence between model components

where i 2 S , as

�0 D �
�00

1

... �00
2

... : : :
... �00

L

�0 2 R
Lm;

and assume that �0 is a random vector with an a priori given probability density
function q.�/, � 2 R

Lm.
To define a Bayesian forecast distribution and construct a randomized decision

rule

Q	 D d2.xI Z; !/;

we are going to use the diagram of the stochastic dependence between 	, X , �0, and
Z presented in Fig. 2.5.

The Bayesian forecast distribution is defined on the decision space S in the
following way:

�.i I x; Z/ D Pf	 D i j X D x; Zg D
Z

RLm

�i q.xI �i /P
j 2S

�j q.xI �j /
p.� j Z/d�;

p.� j Z/ D
q.�/

LQ
iD1

niQ
j D1

q.zijI �i /

R
RLm

q.�
0

/
LQ

iD1

niQ
j D1

q.zijI �
0

i /d�
0

:

(2.40)

As in Sect. 2.3, (2.40) can be used to construct point and interval forecasts of 	.
To conclude the section, let us briefly discuss the case of models with nonpara-

metric prior uncertainty, where the N -dimensional probability densities lie in a
distribution family P which doesn’t allow for a finite parameterization:

p0
1.�/; p0

2.�/; : : : ; p0
L.�/ 2 P:
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In this setting, the approach A is still valid, requiring only a modified construction
of admissible estimators f Opi.�/g for fp0

i .�/g.
Two types of nonparametric estimators f Opi .�/g are the most relevant to applica-

tions: the Rosenblatt–Parzen estimators and the k-Nearest-Neighbor estimators.
A nonparametric (kernel) Rosenblatt–Parzen estimator [12] of the density p0

i .�/
based on the sample Zi is defined as the statistic

Opi .x/ D 1

ni jHi j
niX

j D1

K.H �1
i .x � zij //; x D .xl / 2 R

N : (2.41)

In this definition,

K.x/ D
NY

lD1

Kl.xl /

is an N -dimensional kernel, and each Kl.y/, y 2 R
1, is a one-dimensional

kernel—a nonnegative bounded differentiable even function such that Kl.jyj/ is
nonincreasing in jyj, the conditions

C1Z

0

ymKl.y/dy < C1 .m > 0/;

C1Z

�1
y2Kl.y/dy D 1I

are satisfied, and Hi D diagfhilg is a diagonal .N � N /-matrix. Diagonal elements
of Hi are known as smoothing coefficients; they are strictly positive, hil > 0. Given
the convergence

hil D hil.ni / ! 0; ni jHi j ! 1

as ni ! 1, the estimator (2.41) is consistent [12].
It has been proved [9] that if P is a family of thrice differentiable densities, the

sizes of training samples fni g are comparable:

n0 D min
i2S

ni ! 1; ni D ci n0; 1 � ci < C1;

where fci g are certain constants, and the smoothing coefficients can be written
asymptotically as

hil D biln
� 1

N C4

i ; l D 1; : : : ; N;
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then the unconditional Bayesian risk (2.36) satisfies an asymptotic expansion similar
to (2.37):

r.d1.�// D r0 C q

n
4=.N C4/
0

C o
�
n

�4=.N C4/
0

�
; (2.42)

where q D q.N; f�ig; fp0
i .�/g; fwijg/ is a known coefficient of the asymptotic

formula. The asymptotic expansion (2.42) implies that a PDR d1.�/ constructed
from Rosenblatt–Parzen estimators satisfies (2.38) and is, therefore, suboptimal.
Similarly to the parametric case (2.39), the asymptotic expansion (2.42) yields the
following explicit relation between n0 and ı:

n0 �
�

q

r0ı

�N
4 C1

: (2.43)

A generalized nonparametric k-Nearest-Neighbor (k-NN ) estimator of the
density p0

i .�/ based on the sample Zi is defined as the following statistic [9]:

Opi.x/ D 1

ni %
N
i

niX
j D1

Li

�
x � zij

%i

�
; x 2 R

N ; i 2 S; (2.44)

where %i D %i .xI Zi / > 0 is the Euclidean distance between a point x 2 R
N

and the ki th nearest neighbor of the point x in Zi ; each number of neighbors ki ,
2 � ki � ni , is a positive integer parameter of the estimator; the function Li .u/,
u D .uk/ 2 R

N , is a bounded integrable weight function such that

Z

RN

Li .u/du D 1;

Z

RN

juj3Li .u/du < 1;

Z

RN

ukLi .u/du D 0; k D 1; : : : ; N:

In applications, a uniform weight function is used most frequently:

Li .u/ D .2�N=2/�1N� .N=2/1Œ0;1�.juj/;

where � .�/ is the gamma function. Assuming the convergences ki D ki .ni / ! 1,
ki .ni /=ni ! 0 as ni ! 1, the estimator (2.44) is consistent.

It is known [9] that if P is a family of thrice differentiable densities, then a PDR
based on k-NN estimators (2.44) with the coefficients ki defined as

ki D Œbi n
4=.N C4/
i �; i D 1; : : : ; N;

where fbi g are some constants, is suboptimal. The unconditional Bayesian risk
of this PDR satisfies the asymptotic formula (2.42) with a different value of the
coefficient q.
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The above analysis shows that parametric prior uncertainty leads to a risk
increment that can be estimated as O.n�1

0 /, and nonparametric uncertainty results

in a much larger increment—O
�
n

�4=.N C4/
0

�
. The difference between risks of

nonparametric and parametric forecasting becomes higher as N (the number of
dimensions of the observation space, or, equivalently, the number of quantities
characterizing the investigated process) increases.

To conclude the chapter, let us note that an even higher level of prior uncertainty
may be considered, where the training sample Z is assumed to be unclassified. In
that case, a forecasting algorithm can be constructed by applying methods of cluster
analysis [9].
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