Chapter 2
Linear Operators on Banach Spaces

Let (27, ||-]|) and (%, || - ||1) be two Banach spaces over the same field F. A mapping
A:D(A) C Z — ¥ satisfying

A(ax+ By) = aAx+ BAy
forallx, y € D(A) and o, € IF, is called a linear operator or a linear transformation.

In this chapter we study various properties of bounded and unbounded linear
operators needed in the sequel.

2.1 Bounded Linear Operators

Definition 2.1. A linear operator A : 2~ — % satisfying the following property:
there exists K > 0 such that

1Ax]|1 < K]lx]|

forall x € 27, is called a bounded (or continuous) linear operator.
The collection of all bounded linear operators from 2" into ¢ will be denoted

by B(Z,%) with B(Z", Z") :== B(Z").

2.1.1 Examples of Bounded Linear Operators

Example 2.2. Let 2" =% = F" equipped with its natural norm given by
el = (23 4+ o) 12
for all x = (x,x2,...,x,) € F".

T. Diagana, Almost Automorphic Type and Almost Periodic Type Functions 43
in Abstract Spaces, DOI 10.1007/978-3-319-00849-3_2,
© Springer International Publishing Switzerland 2013



44 2 Linear Operators on Banach Spaces

Consider the canonical base for F", that is, e¢; = (1,0,0,...,0), ex =
(0,1,0,...,0), ..., e, = (0,0,...,1). Thus every x € F" can be written in the
orthonormal basis (ej)j=1,..n as follows

x= ijej forsome x; €F, j=1,2,...,n
j=1

In particular, there exists a;; € K for i, j = 1,2,...,n such that

Aej = Za,je,

We will show that every linear operator from F” into F” is necessarily bounded.
Indeed, let A : F" — F”" be a linear operator. Then, for all x,y € F” with

n n
x= ijej and y= Zyjej,
j=1 j=1
we have

n

[[Ax —Ay|| = Z —Yj)Ae;
< Cmax("xl _y1|7|x2_y2|7"'7|xn_yn|)
< C”'x_yHu

1/2
n n n
where C =) [|Aej|| = Y, (z |aij|2> < oo, Therefore, A is continuous.
j=1 j=1 \i=1

Example 2.3. Fix p,q > 1 such that p~' + ¢! = 1. Let 2 = L”(R") and
% = L'(R") be equipped with their natural topologies. Consider the so-called
multiplication operator defined by Af = Qf where Q € LY(R"). Using Holder’s
inequality (Proposition 1.81), it easily follows that ||Af|i < ||Qll4||f]|, for all
f € LP(R) and hence A € B(LP(R"), L' (R")).

Example 2.4. Fix a,b € R witha < b. Let " = % = Cla, D), that is, the collection
of all continuous functions from [a,b] into F, which we equip with the sup-norm,
that is, || - ||.. Consider the so-called Volterra operator defined by

1) = /atf(s)ds

forall ¢ € [a,b] and f € C[a,b]. It can be easily seen that ||Af || < (b —a)|| f||- for
all f € Cla,b], which yields A € B(Cla, ).



2.1 Bounded Linear Operators 45

Example 2.5. Let Q C RN be a bounded closed subset. Fix m € Z and let C"") (Q)
be the collection of all functions f :  — F such that D”f exists and belongs to
C(Q) for |o| < m. The space C"™) (Q) equipped with the norm

171

mee = Mmax sup [D% f(x)|
lo|<mxeQ

is a Banach space.

Now let 2 = C() be equipped with its corresponding sup-norm and let
@ =cm (Q) be equipped with its above-mentioned norm. Consider the differential
operator given by

Af: 2 aUCDaf(x)v

o[ <m

where the coefficients a, € [F are constants.
Obviously, A is a linear operator from C) () to C(£2). Moreover, it is not hard
to show that A is continuous.

2.1.2 Properties of Bounded Operators

The identity and zero operators of 2~ will be respectively denoted by I and O and
are defined by /(x) =x and O(x) =0 forallx € 2.

Now, if A : 2" — % is a bounded linear operator, then its kernel and range are
respectively defined by N(A) = {x € 2" : Ax=0} and R(A) = {Ax:x € Z'}.

Proposition 2.6. If A,B € B(Z ,%) and y € F, then the following properties
hold,

(a) A+BeB(2.,%).
(b) YA€ B(Z . %).
(c) IfA,B€ B(Z), then AB,BA € B(%).

Proof. (a) Using the linearity of both A and B it follows that
(A+B)(Ax+ uy) = A(Ax+ uy) + B(Ax+ uy)

= AAx+ UAy+ ABx+ uBy
= A(A+B)x+ p(A+B)y,
and hence A + B is linear.

Similarly, using the triangle inequality and the continuity of both A and B,
we obtain

[(A+B)x|| = [|Ax+ Bx|
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< l|Ax]| + || Bx]|
< K|lx[ + K|l
= (K+K)|x]l,
which yields A + B is continuous.
(b) The proof is obvious and hence is omitted.

(c) We will prove it for AB as the proof for BA is quite similar. Using the linearity
of both A and B and (b) it follows that

(AB)(Ax+ uy) = A[B(Ax+ uy)] = A[ABx+ uBy| = A(AB)x+ 1L (AB)y

and hence AB is linear. Similarly, using the continuity of both A and B, we obtain
that

1(AB)x|| = [|A(Bx)|| < K||Bx]| = (KK) ],

which yields AB is bounded.

In view of Proposition 2.6, B(.:2",%/) is a vector space. Moreover, if A €
B(Z,%/), then we define

[[Ax]]1
|A[l = sup
ozrez [l

which turns out to be a norm on B(Z", #') commonly called operator-norm. Further,
it can be shown that

Al 13
Al = sup
sz Tl

sup {[|Ax[|; : [lx] < 1}
xeZ

sup {|[Ax]ly « [|x] = 1}.
xeZ

By definition of the operator-norm, ||Ax||; < ||A]| - ||x|| for all x € Z". Moreover,
if A,B € B(Z), then

IAB]| < [lA][[IB]-

Theorem 2.7. The space B(Z ,%) is a Banach space when it is equipped with its
operator norm.

Proof. In view of Proposition 2.6 it follows that B(Z", %) is a normed vector space.
Now let (Ap)neny C B(Z,%) be a Cauchy sequence, that is, ||A, — Al — 0 as
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n,m — oo. To complete the proof we have to show that there exists A € B(Z", %)
such that ||A, — A|| — 0 as n — oo. Indeed, for all x € 27, we have,

1(An = Am)xllt < [|[An = Aul| - |lx]| = O

as n,m — oo and so (A,x),en is a Cauchy sequence in %. Since % is a Banach
space, it follows that there exists & € % such that ||A,x — &||; — 0 as n — 0. Thus

Ax=¢& :,}EE,A”X

defines a linear operator A : 2" — %/. It remains to show that A is bounded.
Using the fact that (A,),cn is a Cauchy sequence it follows that sup,,c [|An|| < ee.
Consequently,

[Ax[ly = lim [[Anx]|; < K][x]
n—yoo

forall x € 2, thatis, A € B(Z",%).

Theorem 2.8. IfA: 2 — % is alinear operator, then the following statements are
equivalent:

(a) A is continuous.
(b) A is continuous at 0.
(c) There exists a constant C > 0 such that ||Aul|; < C. ||u|| for eachu € Z .

Proof. Tt is not hard to see that (a) yields (b). Now if (b) holds, then there exists
N > 0 such that ||Ax||; < 1 whenever ||x|| < 1. Thus for each 0 # x € 2, we have

-
x|
Now
12HA(E) _ nliAaxl
[/ P

and hence ||Ax||; < n~'|x||, that is (c) holds.
Now if (c) holds, then

[[4x = Axo[l; = [[A(x = x0)[[1 < Cllx = xo]|-
Consequently, for each & > 0 one can find an 1 = eC~! such that [|Ax — Axo|; < &

whenever ||x — xg|| < 1. Therefore, A is continuous at xy, which yields A is
continuous on 2~ as xg is arbitrary.
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In the rest of this chapter, the spaces (J4, (-,-)1,]| - 1), (4%, (-,-)2,] - |l2), and
(A4, (-,)3,|| - ||3) stand for Hilbert spaces over the same field F.

2.1.2.1 Adjoint for Bounded Operators

Let A € B(s#,.5%). For each y € 74, the functional x — &, (x) := (Ax, ), is linear
and bounded. Therefore, from the Riesz representation theorem (Theorem 1.108),
there exists a unique y* € .74{ such that

<Ax7y>2 = éy(x) = <X,y*>1

forall x € J,y € F6.
The transformation A* : 7% — 74 defined by y — y* = A*y is called the adjoint
of the linear operator A. In view of the above,

(Ax,y)2 = (x,A"y)
forall x € J,y € F6.

Proposition 2.9. If A : 74 — 75 is a bounded linear operator, then A* €
B(,74). Furthermore, ||A|| = || A%

Proof. First of all, let us show that A* is a bounded linear operator. Indeed, given
v,w € 6 and a, B € TF, we have

(u, A" (av+ Pw))s = (Au,0v + Bw),

= 0(Au,v)2 + B(Au,w),
0, AV |+ Bu,A*w),
u, 0A*v) 1 + (u, BA™w)
u, 0A* v+ BA*w),

=
=
for all u € 5¢. Hence A* (v + Bw) = aA*v + BA*w, that is, A* is a linear operator
from .74 into J4.
Now
1A% ul|F = (A"u,A"u),
= (AA%u,u),
< [AA% ]2 - [Jul2
< Al llA ]y - [lull2
and hence [[A*ull; < [[A]|- [Jull2, that is, [A*[| < [lA]|. Similarly, [|(4*)*]| < [|4"].

Now using the fact (A*)* = A it follows that ||A]| < ||A*||. Combining, we obtain the
desired result.
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Proposition 2.10 ([18]). IfA : 54 — 5% is a bounded linear operator, then A*A €
B(J4) and AA* € B(5). Moreover, |AA*|| = |[A*A| = [|A*]|* = ||A]]*.

Proposition 2.11 ([18]). If A, B are bounded linear operators on ¢ and if A € C,
then,

(a) I"'=1.

(b) O* =0.

(c) (A+B)" =A"+B".

(d) (AA)* =L A~

(e) (AB)* =A* B*.

Definition 2.12. A bounded linear operator A : 7 — 7 is called self-adjoint or
symmetric if A = A*.

Proposition 2.13 ([70]). If A € B(J4,5%), then both AA* and A*A are self-
adjoint.

Proposition 2.14 ([18]). Let A : 57 — F be a bounded self-adjoint operator. Then
the following properties hold:

(a) (Ax,x) € R forallx € .

A
() A] = sup 4%
U

(¢) If B € B(S7) is also self-adjoint and if AB = BA, then AB is also self-adjoint.

Example 2.15. Let 54 = #5 = L?[a,b], which we equip with the L*-topology.
Consider the integral operator defined by

b
AnNo = [ K@.)f)ds

for all f € L*[a,b], where K € L*([a,b] x [a,b]).
It can be easily seen that A is a bounded linear operator on L*[a, b]. Moreover,
the adjoint of A is given by

w0 = [ KGss

for all f € L?[a,b]. In particular, A is self-adjoint if and only if

K(t,s) = K(s,1)

forall t,s € [a,b].
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2.1.2.2 The Inverse Operator

Definition 2.16. An operator A € B(:Z) is called invertible if there exists B €
B(Z") such that

AB=BA =1

In that event, the operator B is called the inverse operator of A and denoted by
B=A""

Theorem 2.17 ([18]). IfA € B(Z") and if ||A|| < 1, then the linear operator I — A
is invertible and its inverse is given by

k
(I-A)"'=Y A"
k=0
Proof. First of all, observe that (I —A)(I + A%+ - +A") = I — A""! and that

A1 < [|A||"! = 0 as n — oo as ||A|| < 1. Consequently,

lim (I —A)(I+A*+---+A") =1 in B(Z).

n—yoo

Again from ||A|| < 1 and the fact that B(.Z") is a Banach algebra, then the quantity

S:=Hm(I+A*+---+A")

frarest
does exist and (I — A)S = I. In fact, we have
(I-A)S=I1+(-A)[S—(I+A*+---+A")].
On other hand,
|U=A) [S— (1 +A2 -+ A7) | < 1=

S (T+AR AN

— 0 as n+> oo,

hence (I —A)S=1.
Thus (7 —A) is invertible and (I — A)~! = S, where

S=Y AF (A° being I).
k=0

Observe that if A, B € B(2") are invertible, so is AB with (AB) ™! = B~1A~1.



2.1 Bounded Linear Operators 51

Proposition 2.18 ([102]). IfA € B(Z") is invertible and if B € B(Z") is given such
that

1
A =Bl < 77>
A=l

then B is invertible and its inverse is given by
B'=YA"'A-B)A!
k=0
and
A" [lA - B]|
1= A=t la—B]

A" =B <

Proof. Tt suffices to write B = A[l — A~ (A — B)]. From ||[A"'(A—B)| < 1 and
Theorem 2.17 it follows that I — A~'(A — B) is invertible. Using the fact that A is
invertible it follows that A[I — A~! (A — B)] is invertible. Further, using Theorem 2.17
it follows that

=

B'=[1-A"'A-B) '"A'=Y A" Aa-B)a "

k=0

Moreover,
HA71 _Ble < HA71||2' HA_B” )
~1—[lATY]-[|[A-B]

2.1.2.3 Spectrum for Bounded Linear Operators

Definition 2.19. If A : 2" — 2 is a bounded linear operator, then its spectrum
o(A) is defined by

6(A) ={A € C: AI—A is not invertible}.

Similarly, the resolvent p(A) of A is defined by p(A) = C\o(A), that is, the
collection of all A € C such that the operator A — A1 is one-to-one (N(A — AI) = 0),
onto (R(A — AI) = 2), and bounded.

Example 2.20 ([18]). Let q : [a,B] — C be a continuous function. Define the
bounded linear operator M, on 2" = L*([at, B]) by

(My0)(s) = q(s)9(s), Vs € [a, B.
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It can be shown that A1 — M, is invertible on L?([ct, B]) if and only if
—q(s) #0, Vs € [a,B]. 2.1
The inverse (A —M,) ! of LI — M, is defined by

1) wls) = | = o)

with the following estimate:

-l 1
a7 =M~ < ma, [M q<>|]

The spectrum o(M,) of M, is given by

0(My) = {q(s) s € [0, B1}-

2.1.2.4 Compact Operators

Definition 2.21 ([102]). An operator A € B(J#],5%) is said to be compact if for
each sequence (x,)nen in 2 with ||x,||, = 1 for each n € N, the sequence (Ax)nen
has a subsequence which converges in 773.

The collection of all compact operators from J# to % is denoted by

Theorem 2.22 ([102]). IfK,L € B(J4,5%) are compact linear operators, then

(a) oL is compact.
(b) K+ L is compact.
(c) IfA € B(,501) and B € B(96,.943), then KA and BK are compact.

Proof. (a) This is straightforward.

(b) Let (u,) € 7] with ||x,||; = 1. Since K is compact, (Ku,),cn has a convergent
subsequence (Kuy, )ken. Similarly, (Lu,),eny has a convergent subsequence
(Lup, ) ken- Therefore, ((K + L)uy, )ren converges.

(c) Let (vy)nen C 48 with [|v,||; = 1 for each n € N. Thus (Av,),cn is bounded.
Now since K is compact, it is clear (KAv,),cn has a convergent subsequence
and hence KA is a compact operator.

Let (Wn)nen C J€ with [|wy,]||, = 1 for each n € N. Now since K is compact, then

(Kwn)nen has a convergent subsequence, say, (Kwp, )ren. Now by the continuity of

B it follows that (BKwy,, )ken converges and hence BK is a compact operator.
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Example 2.23. In # = L*[a, b, define the integral operator A by

Af)(t) = / "Vt 1) f(2)dt foreach f € 12a,b].

Assuming that V € L?([a,b] x [a,b]), it can be shown that A is compact.

Definition 2.24. A bounded linear operator is of finite rank if its image is a finite-
dimensional Banach space. The collection of all finite rank operators from 7] into
J is denoted F (I, 763).

Proposition 2.25 ([102]). Let A : 4] — 5 be an operator of finite rank n. Then

there exist vectors X1,X2,...,Xp in 6 and vectors y1,yz,...,yn in J such that
n
Ax = 2 <X,.Xk>yk.
k=1
The vectors y1,y2,...,yn can be chosen to be an orthonormal base for R(A).

Proposition 2.26. % (J#,56) C Jt (54,56).

Proposition 2.27 ([102]). An operator A € B(J41,.543) is compact if and only if its
adjoint A* is compact.

Proof. If A is compact, then AA* is compact. Thus for any (x,),eny C 5% with
[|Xall2 =1 there exists a subsequence (xp, )ken Of (X4)nen such that (AA* X, )ien
converges. Now using the fact

|A X, — A%Xy, || < 2||AA™ X, — AA Xy, ||

it follows that (A*x,, )ren is a Cauchy sequence, which converges as /7] is complete.
Therefore, A* is compact. Similarly, if A* is compact, then using the above proved
result, it follows that A = (A*)* is compact.

2.2 Unbounded Linear Operators

LetA:D(A) C 2 — % be alinear operator. If A is not continuous, then A is called
an unbounded operator. The collection of all unbounded linear operators from 2
into % will be denoted % (2", %) with % (2, Z") = % (Z). Because of the
domain involved, elements of % (:2") need to be manipulated with a great care.
For instance, if A,B € % (2" ,%/), then their (algebraic) sum A + B may or may be
trivial depending on D(A) N D(B). Note that the (algebraic) sum operator A + B is
defined by

D(A+B)=D(A)ND(B) and (A+ B)x=Ax+Bx

for all x € D(A) N D(B).
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Similarly, the product operator AB is defined by,
D(AB)={xe€ D(B):Bx€ D(A)} and ABx = A(Bx)

for all x € D(AB).
As for bounded linear operators, if A : D(A) C £+ % is an unbounded linear
operator, then we define its kernel N(A) and range R(A) as follows:

N(A) :={xe€D(A):Ax=0} and R(A) ={Ax:x € D(A)}.

It is clear that N(A) C £ while R(A) C #. The operator A is said to be one-to-
one if N(A) = 0. The operator A is said to be onto if R(A) = #'. Of course, a linear
operator A is bijective or invertible if it is one-to-one and onto. If A is invertible,
then its inverse will be denoted by A~!. If A is invertible, then D(A~!) = R(A) and
R(A™") = D(A).

2.2.1 Examples of Unbounded Operators

Example 2.28 ([136]). Let Z = % = L*(R) be equipped with its natural topology
and consider the one-dimensional Laplace operator defined by

D(A) = H*(R) and Au= —u"
forall u € H*(R).

Consider the sequence of functions defined by v, (1) = ¢ "I, n=1,2,....
Clearly, for eachn = 1,2, ..., y, € D(A) = H*(R). Furthermore,

T 1
lwlp= [ e Mar— -

o n
and
oo
AIES n'e t=n".
AW % 4 72n\t\d 3
[Ayall, L .
Therefore, Tl =n — oo as n goes to oo, that is, A is an unbounded linear
nll2
operator on L*(R).

Example 2.29 ([136]). Let 2" =% = L*(0,1) be equipped with its natural topol-
ogy and consider the derivative operator defined by

D(A)=C'(0,1) and Au=u'
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for all u € C'(0,1), where C'(0,1) is the collection of continuously differentiable
functions over (0, 1).

Consider the sequence of functions defined by ¢,(¢) =", n=1,2,.... Clearly,
foreachn=1,2,..., ¢, € C'(0,1). Furthermore,

! 1
0B = [ e = 5=

2n+1’
and
1 n?
A 2:/ 2,2 gy _
|| ¢Vl||2 0 n n—1
Here again,
[A¢nll, —n 2n+1 -
[[9nll2 Zn—1

as 1 goes to oo, that is, A is an unbounded linear operator on L?(R).

2.2.2 Closed Linear Operators

Equip 2" x % with its natural norm, that is, ||(x,y)|| = (|}x]|*> + [[y]|*)"/? for all
(x,y) e X' x%.

Definition 2.30. IfA:D(A) C 2" — % is alinear operator, then its graph is defined
by

G(A) = {(x,Ax) € 2’ x ¥ : x€ D(A)}.

Definition 2.31. If A, B belong to % (Z",%/), then A is said to be an extension of
B if D(B) C D(A) and Au = Bu for all u € D(B). We then denote this by B C A.
Moreover, B C A if and only if (B) C 4 (A).

Definition 2.32. A linear operator A : D(A) C £ — 2 is called closed if its graph
Y(A) C £ x 2 is closed. Namely, if u, € D(A) such that u, — u and Au, — v in
2 as n — oo, then u € D(A) and Ax = v. The collection of all closed operators on
2" will be denoted cl(2").

It is clear that an operator A : D(A) C 2" — ¢/ is closed if and only if 4(A) C
X x ¥ is closed.
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2.2.2.1 Examples of Closed Linear Operators

Example 2.33 ([70]). Every A € B(Z") is closed. Indeed, let (u,),en € D(A) such
that u, — u with Au,, — v in 2" as n — o. Now since A is bounded, therefore
D(A) = 2. Again, from the continuity of A it is clear that u € 2" and Au = v.

Example 2.34. IfA € cl(Z")and B€ B(Z), then A+ B € cl(Z"). Indeed, suppose
(tn)nen € D(A+B) = D(A) such that u, — u and (A+B)u, — vin 2 asn — oo.
Now since B is bounded it follows that Au,, — v — Bx in 2" as n — oo. Since A is
closed, then u € D(A) and Au = v — Bu.

Example 2.35. This is an illustration of Example 2.34. Let 2° = L*(R") and define
A and B by

D(A) = H*(R"), Au=—Au, Yue H*(R"),
and
D(B) = {uc L*(R") : y(x)u € L*(R")}, Bu=y(x)u, Yu € D(B),
where A is the n-dimensional Laplace operator defined by

n 82
A=Y 2
27

X

and that y € L”(R"). It is then clear that B € B(L*(R")) and hence —A +y €
cl(L*(R")) with D(—=A +y) = H*(R").

Example 2.36. Let 2" = % = Cla,b] where a,b € R with a < b. Define C! (a,b] to
be the set of all f € C![a,b] with Supp(f) C (a,b] where

Supp(f) = {x € [a,b] : f(x) # O}

Setting Au = u’ with D(A) = C! (a, b] it can be easily shown that A ¢ cl(Cla,b]).

2.2.3 Spectral Theory for Linear Operators

2.2.3.1 Basic Definitions

Definition 2.37. If A € cl(:2Z), then p(A) the resolvent set of A is defined by
p(A)={A €C: M —A:D(A)— Z isbijective, and (Al —A) ' € B(2)},

and 6(A) the spectrum of A is the complement of the resolvent set p(A) in C.
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Note that if A € p(A), then the operator-valued function R(A,A) := (Al —A)~':
p(A) — B(Z") is called the resolvent of the operator A. It should be mentioned that
p(A) £0ifA € cl(Z).

Example 2.38. Let 2 = % = Cla,b] and let Au = o for all u € D(A) = {u €
C'[a,b] : u(b) = 0}. We want to compute p(A). For that, we have to find conditions
on A € C such that

(Al—Au=f (2.2)

where A € C, u € D(A), and f € C[a,b], can be solved.
This is equivalent to solving the differential equation u' = Au — f where u €
C'[a,b] and u(b) = 0, which is also equivalent to

u(t) = /tb =2 f(s)ds

forall ¢ € [a,b].

Thus for each A € C, Eq. (2.2) can be solved and its solution is given above. This
means that p(A) = C, which yields o(A) = 0. Let us also mention that the operator
(A1 —A)~! is then defined by

(AL —A)"(1) = R(A,A)v(1) = / be<f*8>%(s)ds

t

for each v € Cla, b].
Proposition 2.39 ([18]). LetA,B € cl(Z).
(a) If A, u € p(A), then R(A,A)—R(u,A) = (L —A)R(A,A) R(1L,A). Furthermore,
R(A,A) and R(i,A) commute.
(b) If D(A) C D(B), then forall A € p(A)Np(B) we have
R(A,A) —R(L,B) = R(A,A)(A — B)R(A,B).
(¢) If D(A) = D(B), then forall A € p(A) N p(B) we have
R(A,A)—R(A,B)=R(A,A)(A—B)R(A,B) = R(A,B)(A—B)R(A,A).
Proof. (a) Clearly

R(A,A) — R(1,4) = RO A) (1] — 4) — (A~ A)R(i1,A)
= (” - A’)R()LvA) R(uvA)'
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Similarly
ROLA) R(1A) = = R(2.A) = R(u.A)
1
= m[R(IJaA) _R()LvA)]
= R(u,A) R(1,A).
(b) We have

R(A,A)—R(A,B) = R(A,A)[(AI—B) — (AI—A)]R(A,B)
= R(A,A)(A—B)R(A,B).
(c) We have
R(A,A)—R(A,B) = R(L,A)[(Al—B) — (AI—A)|R(A,B)
=R(A,A)(A—B)R(A,B)
= R(A,B)(A—B)R(A,A).

2.2.3.2 Self-Adjoint Linear Operators

Definition 2.40 ([57]). IfA:D(A) C 54 — 4 is adensely defined linear operator,
then its adjoint denoted by A* is defined in a unique fashion by

D(A*)={ve b :us (Au,v), is JH4—continuous over D(A)},
and

(Au,v)2 = (u,A*v)1, Yue D(A), ve D(A").

Proposition 2.41 ([102]). If A : D(A) C S — 4 is a densely defined (D(A) =

) unbounded linear operator, then A* is closed.

Proposition 2.42 ([160]1). IfA,B € % (J7) are densely defined, then

(a) A*B* C (BA)*.
(b) If B€ B(J), then A*B* = (BA)*.
(¢) If A+ Bis densely defined, we have (A+ B)* D A* + B*.

Proof. (a) Let us show that the operators A*B* and BA are adjoint to each other.
Indeed, let u € D(A*B*) and v € D(BA). Clearly, u € D(B*) such that B*u €
D(A*). Similarly, v € D(A) such that Av € D(B). Using the definition of the
adjoint it follows

(A*B*u,v) = (B*u,Av) = (u,BAv).
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(b) Using (a) it is enough to show that D(BA)* C D(A*B*). Indeed, let u € D(BA)*.
Now since B* is bounded it follows that for all v € D(BA) = D(A), we obtain
((BA)*u,v) = (u, BAv) = (B*u,v), and hence B*u € D(A*), thatis, u € D(A*B*).

(¢) Letu € D(A*+ B*) = D(A*) N D(B*). Clearly, for all v € D(A+B) = D(A)N
D(B), we have

((A*+ B )u,v) = (A*u,v) + (B*u,v) = (u,Av) + (u,Bv) = (u, (A + B)v)

and hence u € D((A + B)*) and (A + B)*u = A*u+ B*u.
Definition 2.43. An operator A : D(A) C  — ¢ is called self-adjoint if A = A*.

Theorem 2.44 ([160]). Let A: D(A) C 5 +— J€ be a closed linear operator. Then
AA* and A*A are self-adjoint linear operators on €.

Definition 2.45. A linear operator A is said to have a compact resolvent if p(A) # 0
and R(A,A) = (AI —A)~! is a compact operator for all A € p(A). In particular, A is
said to have a compact inverse whether A~! is compact.

Theorem 2.46 ([102]). Suppose S is an infinite dimensional Hilbert space and
A:D(A) C H— J is self-adjoint and has a compact inverse. Then,

(a) There exists an orthonormal basis (fu)nen of H consisting of eigenvectors
of A. If the sequence (Uy)nen are the corresponding eigenvalues, then [, is a
real number and |1, — o as n — oo. The numbers of repetitions of U, in the
sequence (U )nen Is finite and equals the dimension of N(u,I — A).

(b) D(A) = {xe A |l [ )P < °°}
n=0

(¢) Ax =" tn(x, fu) fu for all x € D(A).

n=0
Example 2.47. Let A = (Ay)nen be a real-valued sequence. Define the diagonal
operator D; on [> by D(D; ) = {x = (x)ken € I* : (Aexi)ken € 1P}, Dax = (Axp)ken
for all x € D(D,). It can be easily shown that D, is a self-adjoint linear operator.

Moreover, for all 4 € p(Dy,), the linear operator (ul — D, )~ is compact if and only
i Timy o0 | An] = oo.

Example 2.48. In L*(a,b) consider the so-called Neumann Laplace operator de-
fined by

D(Ay) = {u e H*(a,b) : u'(a) = u'(b) = 0} and Ayu=u"

for all u € D(Ay).
It can be shown that the operator Ay is self-adjoint and has compact resolvent.
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2.2.4 Sectorial Linear Operators

2.2.4.1 Basic Definitions

Definition 2.49 ([137]). A linear operator A : D(A) C 2" — 2 (not necessarily
densely defined) is said to be sectorial if the following hold: there exist constants
¢ eR, 0 ¢ (5,m),and M > 0 such that

@ P(A) 2 Sogi= A €CiA L, Jarg(h~ ()] <6}, and
®) [IR(A,A)] < 7—5

I/1 4

Most of the unbounded linear operators encountered in the literature are sectorial.

Observe that if A is a sectorial operator, then A is necessarily closed as p(A) # 0.

Thus the space (D(A), || - ||a), where ||x||4 = ||x|| + ||Ax|| for all x € D(A), is a Banach
space. The norm ||-|| , is called the graph norm of A.

foreach 4 € Sg ¢

Proposition 2.50 ([137]). Let A be a linear operator on " such that p (A) contains
the half-plane {A € C: ReAd > {}, and |AR(A,A)|| < M for Red > § with { € R
and M > 0. Then A is sectorial.

2.2.4.2 Examples of Sectorial Operators

Example 2.51. Let Q C R" be a bounded open subset with C? boundary 0Q. Let
2 = L*(Q) and define the second-order differential operator

Au=Au forall u€ D(A) = W2P(Q) W P(Q).

It can be shown that the linear operator A is sectorial.

Example 2.52 ([18]). Let  C RN be a bounded open subset whose boundary 9
is of class C2. Let n(x) denote the outer normal to € for each x € dQ. Consider the
differential operator defined by

814
Aou(x a;j( + > bi(x +c(x)u(x),
° ”21 i aax, § ox T eu)

where the coefficients a;; and b; and c are real, bounded, and continuous on Q.
Moreover, we suppose that for each x € Q, the matrix (a;;(x)); j—1,... v is symmetric
and strictly positive definite, that is,

2 az/ &l&/ > (})|§|2

i,j=1

forallx € Q and & € RV,
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Theorem 2.53 ([137]). Let p > 1.

(a) Let Ap: WHP(RN) s LP(RN) be the linear operator defined by Apu = Aou.
Then the operator A, is sectorial in LP(RN) and the domain D(A),) is dense in
LP(RM).

(b) Let Ag be defined as above and let A, be the linear operator defined by

D(A,) =WP(Q)NW, P (Q) and Apu = Agu

forallu € D(Ap). Then the linear operator A, is sectorial in LP(Q). Moreover,
D(A)) is dense in LP(£2).
(c) Let Ay be defined as above and let A, be the linear operator defined by

D(Ap) ={u € W*?(Q):Buj,, =0}, Apu=Aou, ucD(Ap)

where

N u
Bu(x) = bou(x) + ;bi(x)(?_xi

with the coefficients b; (i=1,...,N) are in C'(Q) and the condition
N
Y bi(x)ni(x) #0 x € 9Q
i=1

holds. Then A, is sectorial in LP(2) and D(A},) is dense in LP ().

2.2.5 Semigroups of Linear Operators

Definition 2.54. A family of bounded linear operators (7' (¢)),cp+ : & — & is said
to be a semigroup if the following hold,

(a) T(0)=1;and
(b) T(t+s)=T@)T(s) forall s,r > 0.
If in addition,
(©) t]{l& |IT(t) —I]| =0, then the semigroup T (¢) is said to be uniformly continuous.

Definition 2.55. A semigroup of bounded linear operators (7' (¢));cp+ : Z +— Z
is said to be a cop-semigroup (or strongly continuous semigroup of bounded linear

operators) if

li T(t)x—x|| =
fim [t} =0

foreachx € 2.
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Observe that if (T'(¢));eg+ : 2 — £ is a semigroup of bounded linear operators,
one can associate with it an operator (D(A),A) called its infinitesimal generator
defined by

T —
D(A) = {u eZ: 1imM exists}, (2.3)
N0 t
and
Au i fim L= 2.4)
JAN(] t

forevery u € D(A).

Remark 2.56. Note that an operator A is the infinitesimal generator of a uniformly
continuous semigroup of bounded linear operators (7 ()),cp+ if and only if A is
bounded. In that event, it can be shown that

Example 2.57 ([18]). Suppose that 2" = (BUC(R), ||-||..) is the Banach space of
bounded uniformly continuous functions on the real number line equipped with the
sup norm. Define

(S(t)p) (o) =9(t+0)

for all @ € BUC(R). Then, (S());cr is a co-semigroup with ||S(z)|| < 1 for each
t € [0,0). Moreover, its infinitesimal generator A is defined by

D(A)=H'(R) and Ap = ¢’

forall ¢ € H'(R).

Example 2.58 ([18]). Let1 < p < e andlet 2" = LP(R) equipped with its natural
norm || - || p. Define (S(0))u(x) = u(x) for all x € R, and

(S())ulx) = & [ uay, 150, xer

Then S(r) is a co-semigroup satisfying ||S(¢)u||, < ||u||, and whose infinitesimal
generator A, is defined by

D(A,) =W*P(R) and Apu=u"

forall u € D(A,).
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Example 2.59 ([18]). This is a generalization of Example 2.58. Let 1 < p < e and
let 2" = LP(R") (or BC(RY,C) equipped with the sup norm) equipped with its
natural norm || - || ,. Define (S(0))u(x) = u(x) for all x € RV, and

(SO() = G [T 150, xR

Then S(r) is a co-semigroup satisfying ||S(r)ul|, < ||u||, whose infinitesimal
generator A, is defined by

D(A,) = W>P(RV) and A,u = Au

forall u € D(A,).

2.2.5.1 Basic Properties of Semigroups

Theorem 2.60 ([148]). Let (T(t));cr+ : Z — Z be a semigroup of bounded
linear operators, then

(a) there are constants C,{ such that |T(1)|| < C %', 1 € R*;

(b) the infinitesimal generator A of the semigroup T(t) is a densely defined closed
operator;

(c) the map t — T (t)x which goes from R into 2 is continuous for everyx € Z’;

(d) the differential equation given by

d
ST(Ox=AT()x =T (1)Ax,

holds for every x € D(A);
(e) foreveryxe€ 2, then T (t)x = li\n(l)(exp(tAs))x, with
s

where the above convergence is uniform on every compact subset of R*; and
(f) if A € C with ReA > {, then the integral

RO A)x:= (AT —A) 'x= /w e T(t)x dr,
0

defines a bounded linear operator R(A,A) on X whose range is D(A) and

(Al —A) R(A,A) = R(A,A) (AL —A) =1.
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If { =0 in (a) above, then the corresponding semigroup is uniformly bounded.
Moreover, if C = 1, then (T'(¢)),cp+ is said to be a cp-semigroup of contractions.

Theorem 2.61 (Hille-Yosida [148]). Let A : D(A) — 2 be an unbounded linear
operator in a Banach space Z . Then A is the infinitesimal generator of a cp-
semigroup of contractions (T (t));cp+ if and only if:

(a) A is a densely defined closed operator; and
(b) the resolvent p(A) of A contains R and

|(A1=A4)7Y| < -, vA>o0. (2.5)

> =

Definition 2.62. Let 2  be a Banach space. The family of bounded operators
(T(t))er : & — Z is said to be a co-group if the following statements hold:

(@) T(0)=1.
(b) T(t+s)=T(t)T(s) forevery s, € R.
(©) liné IT(*)x—x||=0forxe 2.

t—

Theorem 2.63 ([148]). Let A : D(A) — 2 be a linear operator on X . Then A
is the infinitesimal generator of a cy-group of bounded linear operators (T (t));cr
satisfying ||T (1)|| < C eV if and only if:

(a) A is a densely defined closed operator; and
(b) every A € R such that |A| > § is in p(A) and that for such a A, the following
holds:

L c

Proposition 2.64 ([137]). Let A be a sectorial operator and let T (t) be the analytic
semigroup associated with it. Then the following hold:

(a) T(t)u € D(AX) forallt >0,u € %, neN. If D(A"), then
AT u=T)A"u, t >0;
(b) there exist constants My, M, ... such that
T (t)|| < Moe®, t>0, and
[£"(A = CI)"T(1)|| < Mye®', t>0; and
(c) the mappingt — T (t) belongs to C=((0,00),B(Z")) and

d}’l
d7T(t) =A"T(t), t>0,VneN.
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Proposition 2.65 ([137]). Let (T (t));=0 be a family of bounded linear operators on
K such that t — T (t) is differentiable, and

(a) T(t+s)=T)T(s) forallt,s >0;
(b) there exist { € R, My, My > 0 such that

IT(0)|| < Moe®, ||iT'(1)]] < My, Vi > 0;

(c) either (a) there exists t > 0 such that T (t) is one-to-one, or (b) for everyx € Z’,
s— lir%T(t)x =x
-

Then t — T(t) is analytic in (0,c0) with values in B(Z"), and there exists a unique

sectorial operator A : D(A) C 2" — Z such that (T(t));>0 is the semigroup
associated with A.

2.2.6 Intermediate Spaces

2.2.6.1 Fractional Powers of Sectorial Operators

Let A be a sectorial linear operator on .2~ whose associated analytic semigroup 7 (7)
satisfies the following: for all # > 0,

|T(2)|| < Moe™®", [[tAT(t)]| < Mye™*,

where My, M, > 0.
For each or > 0 one defines the fractional powers of —A implicitly by

(—A) % = —/(:mt“*lr(t)dt, (2.7)

where I is defined by

for each x > 0.
Lemma 2.66 ([18]). For all or, 3 > 0, then the following properties hold:

(@) (~A)(-A) P = A
(b) lin%)(—A)70‘ = I in the strong operator topology.
o—
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Proof. (a) We have,

A=A = W[%WWW1T(¢)T<s)dtds
- m/(>+wtal/t+w(r—f)ﬁ1T(r)drdt

—F(a)ll"(ﬁ) /(:w ./Orto‘*l(r—t)ﬁfldtT(r)dr
1

— —r(a)lr(ﬁ) /0 Ta71(1 - ‘L')ﬁfld‘c/owrwrﬁ*lT(r)dr
1 teo o

= —F(a—l—ﬁ)/o ro BT (R ar

— (—ay e,

(b) Since (—A)~“ is one-to-one, if v € D(A), there exists u € 2~ such that v =
(—A)~%u. Thus (—A) % —v=(—-A)"""%u— (=A)"'u = 0 as & — 0 by the
fact that (—A) ™% is continuous with respect to uniform operator norm.

Remark 2.67 ([18]).

(a) Leta € (0,1). Using the fact that

(AT—A)"! :/Oweflfr(t)dz,

then Eq. (2.7) can be rewritten as

(—A) % — @ /Oert’o‘(tI—A)’ldt. 2.8)

(b) The operator (—A)~% is one-to-one, and hence has an inverse, which obviously
is (—A)*. The operator (—A)% is closed with domain D((—A)%) = R((—A)™%).
The operators (—A)? are called fractional powers of —A.

(¢) If a > B, then D((—A)*) C D((—A)P).

(d) D((—A)%) is endowed with the norm |u||, = ||(—A)%u|| for each u €
D((—4)%).

(e) (—A)” commutes with 7'(¢) on D(—A)?%) with

HT(I)HB(D(fA)a)) < Mpe ™, t>0.
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2.2.6.2 The Spaces D4 (), Ds(ct,), and Dy (o +n,p)

Let A be a sectorial and let (T'(¢));>0 be the analytic semigroup associated with fit.
Clearly, (T (t));>0 maps (0,0) into B(:Z") and there exist Moy, M; > 0 [137] with

IT@)| < Moe®, >0, (2.9)
[t(A— )T (1)]] < Mye®™, 1>0. (2.10)
Definition 2.68. Let o € (0,1). A Banach space (Zq,|| - ||«) is said to be an

intermediate space between D(A) and 2", or a space of class _Zy, if D(A) C Zy C
& and there is a constant ¢ > 0 such that

Ixllo < Cllall ' *[lxllF,  x € D(A), 2.11)

where || - ||4 is the graph norm of A.

Concrete examples of the intermediate spaces 2y, include D(A%) for o € (0, 1),
the domains of the fractional powers of A, the real interpolation spaces Dy (o, o),
o € (0,1), defined as follows:

Dy(0,00) := {xeX: o = sup [|t!"*(A - )e T (1)x]| < 00}
0<r<1

[1xlloc =[xl + ¥,

[I-lle

and the abstract Holder spaces Dy (o) := m

One should point out that D(ot,0) is characterized by the behavior of the
quantity ¢ — ||t! AT (t)u| near t = 0. Moreover, all the spaces Dy (a,) are
subspaces of D(A). Namely, the following embedding hold with equivalent norms:

D(A) C Da(B,e0) C Da(et,00) C D(A

~—

forall0 <o < f <1.
If o € (0, 1), it is not very hard to see that D4 (o, °) can be characterized as being
the subspace of all u € 2~ such that

([u]]lo = sup ¢ T (1)u—ul| <o
1€(0,1]

Furthermore, the norm defined by u — ||u|| + [[u]]¢ is equivalent to the natural norm
of Dy (06, 00) .

More generally, if o € (0,1) and p € [1,e0], we define the real interpolation space
Dy(a, p) as follows:
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Da(,p) i={x € X 1t 0(r) = 6% P AT (1)x]| € L7 (0, n}

[xllet.p = lIx[l + [Vl 2r0,1)
and forn € N,
Da(a+n,p) ={x€D(A") : A"x € Da(a,p)}, [[xllatnp = [IX[| + [[A"x]|o,p-

Proposition 2.69 ([137]). For o € (0,1) and 1 < p < o and for (at,p) = (1,0),
then

Da(a,p) = (2,D(A))ap
with equivalent norms. Moreover, for 0 < o < 1, then
Dy(a) = (Z',D(A))q-
Proposition 2.70 ([137]). For o € (0,1), then
Da(,1) € D((=A)) € (2 ,D(4))ap.

Proof. First of all, note that D((—A)%) belongs to the class Ji,. Notice that for each
u € D(A), (—A)%u = (—A)~1=*)(—Au) and hence for each A > 0,

1 ro e
A% = ——— /+/ >taAetAudt
Il = g |+
1 Mo e My
< Aul A=+ ).
< i (T A=+ S )
P L
Letting A = it follows that
|| Aul]

1(=A)ull < el|Aul |l .

It remains to prove that D(—A)“ is continuously embedded in Dy (¢, ). For that
letu € D((—A)”) and let v = (—A)%u. So for 0 < & < 1, we have

16" “Ae> ull = [|§1 A ()|

5170{ ~ 14 ,(E+1)A
< A d
S M@ /0 t e vdt
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Mlglfa wéafl
= I'(a) /o E+1

M, o g1
< = ds||(—A)*
< Fay b T Al

dr||v]

and hence u € Dg (@, ).

Lemma 2.71 (Diagana and Nelson [75]). Suppose A is sectorial. If n < m, then,
DA(a+m7p) — DA(a+n7p)

Proof. Indeed, x € Dp(0 4+ m, p) yields x € D(A™) C D(A") and A™x € D4(ct, p).
Now using the facts that A is invertible and n —m < 0 it follows that

[ AT (A || = /"% P AT (1) A" A"
1
< A" e TP AT (1)A7 ] € LP(0,1)
and hence A"x € D4 (o, p), that is, x € Da(a +n, p).

In this book, the bound of the injection Dy (a +m, p) < Ds(o 4+ n,p) will be
denoted by C'.

Lemma 2.72 (Diagana and Nelson [75]). Fix o € (0,1) and 1 < p < eo. Let
A:D(A) C Z — Z be a sectorial linear operator. Suppose that the analytic
semigroup (T (t))r>0 associated with A is exponentially stable, that is, there exists
M, ® > 0 such that

IT(t)|| <Me™®  fort>0. (2.12)

Then for allm € N, the functiont — ||A™T (1) || p(p, (a-tm—1,p), 27) belongs to L'(0,e),
that is, there exists a measurable function H : (0,00) — (0, o) with

6o ::/ H(t)dt < oo
0
such that

A" T ()| By (0sm—1,p),27) < H(t), t>0.

Proof. Letx € Da(o.+m—1,p) for a € (0,1), p € [1,°0], and n € N. From [137,
Corollary 2.2.3] one obtains that D4 (¢, p) < Da(0t,o°). Now using the definition
of D4(ct,e0) it follows that

AT (£)x]| = [|£*'e' AT (1) A" x|
< 1"l om0
< Ktaﬂ”xHochmep

fora.e.r € (0,1).
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Since o € (0,1) it follows that ¢ — AT (¢) € L' ((0,1),B(Da(c+m—1,p), Z°)).
Now using the exponential stability of 7'(¢), it follows that there exists C,, > 0
such that for all x € Ds(a+m — 1, p) we have

AT (1) < Gt ™" x| < Kyt ™" |l ovmr1,p5 1> 0.

In particular,
AT ()| < Kt~ el ocsm—1.,p < Kpe™ ¥ lellocsm—1,p0 121

and hence ¢ — AT (t) € L' ([1,00), B(Da(ct +m—1,p), Z)).

2.2.6.3 Hyperbolic Semigroups
Definition 2.73 ([15]). Let A be a sectorial operator on 2" and let (T'(¢));>0 be
the analytic semigroup associated with it. The semigroup (7' (¢));>0 is said to be
hyperbolic if there exist a projection P and constants M, § > 0 such that each T (¢)
commutes with P, N(P) is invariant with respect to 7'(¢), T(¢) : R(Q) — R(Q) is
invertible, and
|T(1)Px|| < Me™®|x|| fort >0, (2.13)
IT(1)0x|| < Me®|x||  for <0, (2.14)

where Q :=1—Pand T(t) := (T (—t))~ fort < 0.
Recall that an analytic semigroup (7'(¢)),>¢ is hyperbolic if and only if (see [90])

c(A)NiR = 0. (2.15)
For the hyperbolic analytic semigroup 7 (¢), we can easily check that estimations
similar to Egs. (2.13) and (2.14) hold also with norms || - || . In fact, as the part of A
in R(Q) is bounded, it follows from the inequality Eq. (2.14) that
JAT())0x|| < e |lx]|  fort <0.
In view of the above, there exists a constant ¢(co¢) > 0 such that
IT(6)Qxl < c(a)e™||x]|  fort <0. (2.16)
Similarly,
1T ()Pl < I T(V)lla(s 2 |IT(t = 1P| fore =1,

and then from Eq. (2.13), we obtain
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I7()Px]lq < M'e ¥ |, 121,

where M’ depends on «.
Clearly,

I ()Pl oc < M"t~||x],
and hence there exist constants M(a) > 0 and y > 0 such that
T ()Px||o <M(a)t™ % "|x|]] forz>0. (2.17)

We need the next lemma, which will be very crucial for our computations.

Lemma 2.74 (Diagana [57]). Let 0 < o, < 1. Then

AT (1) Ox|| o < ce‘S‘HxH[; fort <0, (2.18)

AT (t)Px||o < ctP=2=1e 7 ||x||g  fort > 0. (2.19)
Proof. As for Eq. (2.16), the fact that the part of A in R(Q) is bounded yields
AT (1) Qx| < ce® |Ix||g, [|A>T(1)Qx|| < ce®||x|p forr<0, (2.20)

since 2 — 2. Hence, from Eq. (2.11) there is a constant c¢(a) > 0 such that

|AT (1) Qx| < c(e)e® ||x||g  fort < 0. (2.21)

Furthermore,
|AT (1)Px|[oc < [|AT (1)||p(2, 20 IT (£ — 1) Px]| (2.22)
<ce V|x|lp  forr>1. (2.23)

Now forz € (0,1], by Eq. (2.11), one has
IAT (1)Pxlor < et~ ",
and
IAT (1) Px|| o < ct™*|Ax]],

for each x € D(A). Thus, by the Reiteration Theorem (see [137]), it follows that

IAT (1) P < 1P~ |x]
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for every x € %ﬁ and 0 < B < 1, and hence, there exist constants M(c) > 0 and
Y > 0 such that

IT(t)Px|| o < M(0)P~* e ||x||g  fort > 0.

2.3 Evolution Families

2.3.1 Evolution Families and Their Estimates

In this section we study time-dependent linear operators of the form (A(¢), D(A(t) );er
as well as their associated evolution families. For more on evolution families and
related topics, we refer to [137].

Definition 2.75. A family of bounded linear operators {U (z,s) : ,s € R, ¢ > s} on
Z is called an evolution family whether the following hold:

(a) U(t,8)U(s,r) =U(t,r) fort,s,r € Rsuchthats >s>r;
(b) U(t,t)=1fort € R; and
(c) foreachx e 2, the function (¢,s) — U (¢, s)x is continuous for ¢ > s.

9 <

Evolution families (also called “evolution systems,” “evolution operators,” “evo-
lution processes,” “propagators,” or “fundamental solutions”) play a crucial role
especially when it comes to studying some partial differential equations.

Classical examples of evolution families include U defined by U(z,s) =T (¢t — )
for all t,s € R with t > s, where (T'(¢)),>0 is a strongly continuous semigroup.

Another example of an evolution family consists of U(t,s) = f(t) £~ (s) for all

t,s € R withr > s, where f : R — R is a function satisfying, f(z) # 0 forall r € R.
Definition 2.76. An evolution family {U (z,s) : ,s € R, ¢ > s} on 2 is said to be
exponentially bounded if there exist M, ® > 0 such that

(U@, s)|| < Me®'9), t,seR, t>s. (2.24)

It can be easily seen that the evolution equation U (¢,s) = T'(t —s) forallt,s € R
with r > s, where (T (¢));>0 is a strongly continuous semigroup, is an example of an
exponentially bounded evolution family.

Definition 2.77. An evolution family {U(z,s) : t,s € R, > s} on 2  is said to be
exponentially stable if there exists M, @ > 0 such that

|U(,5)]| <Me @) 1,seR, t>s. (2.25)
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It can be easily seen that the evolution equation U (¢,s) = T(t —s) forall 7,5 € R
with ¢t > s, where (T(¢));>0 is an exponentially stable Cy-semigroup, is an example
of an exponentially stable evolution family.

2.3.2 Acquistapace-Terreni Conditions

Definition 2.78. A family of linear operators (A(f));cr is said to satisfy the
Acquistapace-Terreni conditions whether there exist 49 > 0 and the constants
¢ c(5,m),L,K>0,and u,v € (0,1] with  +v > 1 such that

5 U{0} € p(A() —20) 3 A, IR(LA() —Ao)]| < (2.26)

1+

and
[[(A(r) — A0)R(A0, A(t) — Ao) [R(A0,A(t)) — R(A0, A(s))] | < L[t —s|* A7 (2.27)

fort,s e R, A € Xy :={A €C\{0}:|argA| < ¢}.

For a given family of closed linear operators {A(¢) : t € R} on 2, the existence
of an evolution family associated with it is not always guaranteed. However, if the
family A(¢) satisfies Acquistapace-Terreni conditions, then the family of linear op-
erators A () has an evolution family associated with it such that U (¢,5) 2" C D(A(t))
forall¢,s € R. Moreover, the following hold: for ¢ > s, the mapping (¢,s) — U (¢, s) €
B(Z") is continuously differentiable in t with J,U (¢,s) = A(¢)U(¢,s). Furthermore,
there exists a constant C' > 0 which depends on constants in Egs. (2.26) and (2.27)
such that

A (U (t,5)]| < C'(2—s5)7* (2.28)

forO<tr—s<landk=0,1.

Remark 2.79. (a) In the particular case of a constant domain D(A(r)), one can
replace Eq.(2.27) (see for instance [148]) with the following: there exist
constants L and 0 < u < 1 such that

[[(A() — A(s)) R(Ao,A(r))|| < L|t —s|*, s,t,r € R. (2.29)

(b) The Acquistapace—Terreni conditions were introduced in the literature by
Acquistapace and Terreni in [1,2] for Ay = 0.

Definition 2.80. An evolution family {U(z,s) : # > s with t,s € R} C B(Z') is
said to have an exponential dichotomy (or is hyperbolic) if there are projections
P(t) (t € R) that are uniformly bounded and strongly continuous in ¢ (and we then
let O(t) =1— P(t)) and constants 0 > 0 and N > 1 such that
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(a) ) U(z,s)P(s) =P()U(t,s) forall r > s;

(b) the restriction Up(t,s) : Q(s) 2" — Q(t) 2" of U(t,s) is invertible for all r > s
(and we then set Up(s,t) := Up(t,s)~!); and

©) |U(t,s)P(s)|| < Ne =) and |Ug(s,1)Q(z)|| < Ne %~ fort > sandt,s € R.

2.3.2.1 Estimates for the Evolution Family U (7, s)

This subsection is devoted to the study of some estimates related to U (¢, s). For that,
we introduce the corresponding interpolation spaces for A(¢). We refer the reader to
[90, 137] for proofs and further information on these spaces.

Let A be a sectorial operator on 2" and let & € (0, 1). Define the real interpolation
space

Zg = {x€ 2 t|lxllg 1= supoIr*(A = OR(rA — O)x|| < e},

which, by the way, is a Banach space when endowed with the norm || - ||4. For
convenience we further write

26t =2, Il = llxll, 27" :=D(A), and |lxll{ == [|({ —A)x].

We will need the space ZA = D(A). In particular, we will frequently be using the
following continuous embedding:

DA) = 25 < D({-A)*) = 24 > L4 c 2, (2.30)

forall 0 < o < B < 1, where the fractional powers are defined in the usual way.
In general, D(A) is not dense in the spaces 2 and 2. However, we have the
following continuous injection:

2o byl 2.31)

for0<a<f<l.
Given the operators A(r) for r € R, satisfying Acquistapace—Terreni conditions,
we set

2y = 200 gt gD

for 0 < o <1 and ¢ € R, with the corresponding norms. Then the embedding in
Eq. (2.30) holds with constants independent of # € R. These interpolation spaces are
of class _#, and hence there is a constant /() such that

Iylle < 2()llyI'=*lIA@I*, ¥ € DA)). (2.32)

We will need the following estimates to establish some of the results of this book.
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Proposition 2.81 (Baroun et al. [15]). Forxe 2, 0<a <1, and allt > s, the
following hold:

(a) There is a constant c¢(o), such that
U, 5)P(s)xl < eloje 20 (1 =)~ (2.33)

(b) There is a constant m(a.), such that
|To(s,1)Q(1)x][5, < m(ar)e™ 2 |Jx]. (2.34)

Proof. (a) Using Eq. (2.32) we obtain

1U(2,5)P(s)xlle < 1)U (1,5)P(s)x]| '~ [|A()U (z,5)P(s)ac]|*
< WU (e, 5)P(s)xl| "™ [ANU (1,1 = 1)Ut = 1,5)P(s)x]*
< W)U ,5)P(s)all AU (1,0 = DU (1 = 1,5)P(s)x]|*
<1 (OC)N’eia(t s)(l—a) —S(t s— locHx”
< (@)1 —5) e (1 )% 30 x|

fort—s>1landxe 2 .
o)
Since (t —5)%e~2(=%) — 0 as t — oo it easily follows that

U (1, 5)P(s)x]l < 1 (@)t —s) % 3.
If0<t—s5<1, wehave
U (1,5)P(s)x]ly, < 1) |U(2,5)P(s)x]]' AU (1,5)P(s)x]*

< 1@ U )P a0 (15 Ju (52 P

< l(a)lU(nS)P(S)XIII“IA(t)U(t,T

N
+
t
N——
_R
d
N
-~
|+
\.U}
NI~
~
—~
R
=
)

< l(a)Nefﬁtfs)(lfa)za(t _ s)faef‘%“(tfs) ”xH
I(0)Ne~ 3=s)(1-0)ga(y _ g)=ap=F (-9 |

ca(a)e 307 (1 — )~ ]

IN

IN

and hence

U, 5)P(s)x][', < c(a)(t —s)~ % 20)||x|| for r > s.
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(i) We have,

1To(s,0)Q(1)x]l3, < 1(e)[[TUo(s,1)Q(0)x]|'~*||A(s)Up (s, 1) Q(1)x[|*
< 1(a)||Tg(s,1)Q(1)x]|'~*||A(s)Q(5) T (5,1)Q(1)x]|*
< 1(a)|Tg(s,1)Q()x]|' | A(s)Q(s)]|* [ Tg(s,1)Q(1)x]|*
< U(a)Ne =D |4 (5)0(s) || *e 0% x|

< m(a)e” 0 |lx|.

In the last inequality we made use of the fact that ||A(s)Q(s)|| < ¢ for some
constant ¢ > 0 (see [153, Proposition 3.18]).

Remark 2.82. Tt should be mentioned that if U(z,s) is exponentially stable, then
P(r)=1Iand Q(t) =1—P(tr) =0 forall t € R. In that case, Eq. (2.33) still holds and
can be rewritten as follows: for all x € 2,

1T (1, 8)x[1%, < cle)e 30 (¢ —s)~*Jx]|. (2.35)

We will need the following technical lemma later on.

Lemma 2.83 (Diagana [76]). Ler o € (0,1). Suppose that the evolution family
(U(t,s))r=s not only satisfies Acquistapace-Terreni conditions but also is exponen-
tially stable. Then, there exists a function Hy, 5 : (0,00) — (0,00) with Hy 5 € L' (0,0)
such that

[AU (1, 5)x]| < Ho5(t = 5)||xl]a; 1> s (2.36)
forall x € Zy.
Proof. First of all, note that there exists a constant C > 0 such that
AU (¢,5) || 5 270,27) < Clt =) (2.37)

forall t,s € Rsuchthat 0 <t —s <1 (see [152]).
Now for t —s > 1, using Eq. (2.28) in the case when k = 1, we obtain that

[A@U(t,5)x]| = AU (1,6 = 1)U (1 — 1,5)x]|
< AUt = 1)) U (£ = 1,5)x]|
< U@ — 1)
< C'NePe 209 |Ix||
< M'C'Ne®e 0079 x| o

for all x € 24, where M’ is the bound of the continuous injection 2y — 2.
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Choosing the function Hy, 5 : (0,0) > (0,0) as

Ct* ! if t € (0,1]
Hoc,é(t) =
N'e™d if 1 € (1,00)

where N’ = M'C'Ne®, one can easily check that H, 5 € L' (0, ) and that
AU (1, 5)x]| < He (1 = 5)Ixlla; 1> s

forall x € 2.
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