Chapter 2
Analytical Treatment of Laser Forming
and Welding Processes

The analytical treatment of laser forming and welding is categorized into two
groups. In the first group, laser heating and melting is presented and in the second
group laser solid phase heating, melting, and phase change is included. Due to the
difficulties associated with the surface evaporation, stationary source consideration
will be incorporated in the second group. The study is extended to include the
analytical treatment of the thermal stress development in the laser irradiated
region.

2.1 Analytical Formulation of Heating and Stress Field
Involving Melting and Solid Heating

The analytical treatment of laser heating of sheet metal surfaces can extend to include
the moving heat source consideration. Since the heating problem involves with
melting and the heating time is much longer than the thermalization time of the
substrate material, the Fourier heating law can be used to formulate the heating
situation. The heating process is formulated below in line with the previous studies [1].

The transient heat transfer equation, which is appropriate to a line heat source
moving at a constant speed v along x-direction on a thin plate surface (Fig. 2.1),
can be written as:
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Fig. 2.1 Schematic view of y
laser heat source
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Consider the variable £ = x — vt and introducing into Eq. 2.1 results in:
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If a solid is of sufficient length temperature distribution around the heat source

becomes constant with time, i.e. - ~ 0. Equation 2.3, then, becomes:
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Let the solution of Eq. 2.4 is:

T=e ") F(&y,2) (2.5)

Substituting Eq. 2.5 into Eq. 2.4 results in:
V2F — (W)’F =0 (2.6)

Since the thickness of the plate is small and it is, therefore, acceptable to
consider no heat flow in the z-direction (i.e. temperature in the z-direction does not
alter), then:
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The relevant boundary conditions for Eq. (2.4) are as follows.
At infinitely long distance away from the laser source, no heat transfer takes
place, i.e. temperature gradient in both ¢ and y directions become zero, i.e.:
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and
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Now consider the cylindrical coordinates. The heat source with its radius 7 can
be written as:

oT
0= —k§2nr (2.10)

where Q is the rate of heat per unit length of source.
Moreover, r = \/& + y2, then Eq. 2.6 becomes:
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The solution of Eq. 2.11 satisfies the Bessel’s function of the second kind, zero
order i.e.:

(W)PF=0 (2.11)

T = Ae” ™9 . K, [ Avr] (2.12)

when r approaches to O then:
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Hence the solution with condition at Q = —k%—onr is satisfied for:
T= 2—%{{“@ K, [Jvr] (2.14)

where k is the thermal conductivity.

Equation 2.14 is the solution of the temperature distribution in an infinite solid
due to quantity of heat Q instantaneously generated at + = 0 at a point (X', y', Z).
However, Eq. 2.14 can be reduced to an instantaneous source of heat in a sub-
stance lying in the plane z = 0. In this case, in the absence of radiation heat loss
from the surface, Eq. 2.14 yields:

exp {—xz +y2] (2.15)
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where D is the melt depth, which is equal to the workpiece thickness.

When the substance lies in the x—y plane (z = 0) and moves with a velocity « in
the direction of x axis, then, the steady temperature at the point x—y due to heat flux
g per unit time at the region of origin can be written as:

_ 4 ux ur
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where r is the radial distance to the point being considered (satisfying
r* = x> + y%), k is the thermal conductivity, D is the thickness of the workpiece,
and K, is the modified Bessel function of second kind zero order. When laser

heating is considered, the heat flux per unit time becomes:
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q=(1—Ry)l, (2.17)

where Ry is the surface reflectivity and I, is the incident laser power .
As temperature reaches the melting temperature, melting isotherm develops at
the surface. The temperature of the melting isotherm can be expressed as:

(1 —Rp), (ux> {ur}
Ty =—7— — | K, | — 2.1
2nkD P2y 20 (2.18)
Introducing dimensionless coordinates as:
ux uy ur
=—; = =— 2.19
20’ 20 24 (2.19)
Equation 2.18 becomes:
(1 =Ry,
Ty=——"7— X)K,[R 2.20
o exp(X)K R (220)

To determine the maximum melt width, re-arrangement of Eq. 2.20 is neces-
sary, i.e. it yields:

2nkDT,, 1

or
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where R = /(X? + Y?).

Differentiating with respect to X gives:

dy -1/)2 2nkDT,,
_ 2 2 - 2 2 _ _srm _
K, [\/X +Y]<X+Y )(X +Y) = ( f)loexp( X) (2.23)

where dY/dX = O then:

XK\[R]  27kDT,
1[R] _ 2mkDT_ o x) (2.24)
R (-R)I,

where K;[R] is the modified Bessel function of second kind first order. Using
Eq. 2.24, it results:

XK, |R
1[R] _ K,[R] (2.25)
R
Therefore, for maximum Y:
RK,|R
x = RKoIR] (2.26)
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and

K,[R] = (2.27)

21kDT,, RK,[R]
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Solution of Eq. 2.27 gives the values of R for melt at the point of maximum a
width. Y can be found from:

Y =Rsing (2.28)

where

¢ =cos™! <§15§D (2.29)

A computer program was developed to compute the relevant melting
parameters.

The stress analysis associated with the laser forming process can be briskly
described in line with the previous study [2]. Laser bending angle can be for-
mulated for the plane sheet metal after considering the equivalent nodal forces and
the change of the momentum of the plate during the bending process due to laser
heating. Consider the plane sheet, which undergoes bending due to the thermal
load. In line with the previous study [2], the transverse bending moment per unit
length can be written as:

d—h/2

M, = / 0yzdz (2.30)
—h/2

where ¢, = E¢(z). The solution of Eq. 2.30 is straight forward and it yields:

My = E s (W’(x) - ‘“—’) (2.31)

8 3

The transverse shrinkage force per unit length is:

d—h/2
h= / oydz (2.32)
—h/2
The solution of Eq. 2.32 yields:
T E emax
A= ) d(x) (2.33)

The variables in Egs. 2.31-2.33 are d is the depth of heat affected zone (HAZ).
€max 1S the maximum plastic strain occurring at the heated surface
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(émax = %nTmax — 0y/E, where oy, is thermal expansion coefficient, Ti,y is the

maximum temperature increase, E is the elastic modules, and o, is the yield stress).
Since the bending angle varies along the x-axis, the bending curvature at a

location with h(x) thickness can be used to calculate the bending angle, i.e.:

1 M, 12(1—?)

e e SR 2.34
p D Eh(x)g y ( )
where the bending rigidity per unit length (D) is:
i 2 x)3
= 2.
l—v/ de= ]21—\)2) (2.35)
0

Therefore, the bending angle (o) of the plate subjected to a laser heating can be
written as [2]:

3dn 4d?
” ) (2.36)

oUp = b(l — V2)8max (W — F

where b is the width of laser scanned area at the workpiece surface, v is the
Poisson’s ratio, &n,y is the maximum plastic strain (¢max = o Tmax — 0/E, where
o, 1s the thermal expansion coefficient, Ty, is the maximum temperature, which
can be obtained from Eq. 2.16, ¢ is the yield stress, and E is the elastic modulus),
d is the depth of heat affected zone, # is the thickness of the plate. Equation 2.36
can be used to predict the bending angle.

2.2 Analytical Formulation of Heating and Stress Field
Involving Evaporation and Solidification

Laser deep penetration welding involves with surface evaporation. In this case,
material subjected to the laser irradiation evaporates at velocity equals to the vapor
front velocity. However, the melt surface recesses towards the solid bulk with a
recession velocity, which is much lower than the vapor front velocity. Since the
heating situation is complex, the analytical solution to evaporation process with a
moving heat source becomes difficult. Consequently, surface evaporation is treated
here after considering the stationary volumetric heat source in line with the
previous study [3].

The transient heat transfer equation pertinent to the evaporation at the surface
including the volumetric heat source term can be written as:

T oT oT
k— + pC,V —+ Ipoexp(—ox) = pC, — 3

= - (2.37)
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where V is the vapor front velocity and can be written as [4]:

keT,\'? L
= <2nm) exp( kBT> (2.38)

It can be observed that the transient heating problem is non-linear, since the
velocity is surface temperature (7,) dependent. Consequently, closed form solution
for Eq. 2.37 is extremely difficult; however, the quasi-steady solution can be
possible. Since the evaporation takes place at the surface, energy dissipated via
evaporation can be considered as the boundary condition at the surface. As the
depth below the surface increases, temperature is assumed to reduce the initial
temperature, which is 0. In addition, initially the substrate material is assumed to
be at uniform constant temperature. Therefore, the boundary and initial conditions
for Eq. 2.37 are:

orT
ka— =pVL;, T(co,t)=0 and T(x,0)=0. (2.39)
x=0
The solution of Eq. 2.37 with the appropriate boundary conditions can be obtain
using a Laplace transformation method. In this case, the Laplace transformation of
Eq. 2.37 yields:

d*T(x,p) VdT(x,p) p= 1y
P)  FATND) Py 1000025 2.40
dx2 + o dx o ('x7 p) kp exp( 'x) ( )

The Laplace transformation of boundary and initial conditions becomes:

dT (x, p)
dx

VL
=P T(c0,p) =0 (2.41)

T(x, 0) =0;
(‘x7 ) ’ —0 kp

where p is the Laplace transform variable.
The solution to Eq. 2.40 yields the result in the Laplace domain:

T(x, p) —AeXp{—— b— \/bz—} +Bexp[—\/%(b+\/W)

oo [ exp(—éx)
W (2w @)

where b =37, c =b— 0+/a and A and B are constants of integration. Using the
boundary condition (Eq. 2.41), it becomes:

A=0 (2.43)

The substitution of boundary condition into Eq. 2.42 results:

Va Tyad® pVL

b+ tp k(@ =P —p) kp

(2.44)
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Therefore, the complete solution to the transformed equation (Eq. 2.42)
becomes:

Tood® L
T(x, p) = 0 PV }

b+ \\/FZTT [kp(cz—bz—p) ko
X exp {— (b+ /D2 +p) } foda [%] (2.45)

The difficulty arises due to the first term in Eq. 2.45 during the inversion of the
solution in the transformed plane. However, the problem may be tacked after
writing the first term in the indefinite integral form, hence:

—b>—p)

[ Iyad® pVL X F—
flx, p) / [kp(cz W exp \/_ (b+ /b2 +p)|dx (2.46)
0
or

oo p) = — / " g(x, p)d (2.47)

The inverse transformation of f{x, p) function may be carried out in the fol-
lowing manner:

L, p)) = L7 [ | st p)dx] — [t 2a8)

where L~! is the inverse Laplace transformation. The result can be obtained
after introducing the method of expansion into partial fractions. Using the
relationship:

Lo+ a) = L7 folp) (249
it yields:
-1 \/& 1()0(52 ox _i
b+ /b2 + phkp(c> — b —p) p{ \/&(b+ \/52‘1;)}

—-on[- ()| [t ) e

where ¢> = p/a, b = V/(2y/2) and ¢ = b — 6,/
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This expression may be expanded into partial fractions using the residual
theorem:

on/o exp(—gx)  #*(5b° —*) exp(—gx)
)

I I YN R I e (q+b/xf>
R ol (P2, 2 -1 o exp(—qz) o exp(—gz)
o © p{ (& tﬂ " Twe )bV w0 - o) biva)
N o? exp(—gx) o* exp(—gx)
2e(b+c)(b* —?)(q *C/f) 2c(b—c)(b* = )(g +¢/V)
(2.51)
which gives on inversion and after much algebraic manipulations:
i X 30 + ¢
4tlerfc(2—\/a+b\ﬁ> +2b(b2 )erfc(z\/_—i—b\/)
1 2bx
lod\/a 2bexp( \/&> erfc(z\/_ b\/>
2pCp(d — V) 1 s o x
- Cexp[—(éx +b* — *)t] erfc <W+ C\/E)
~3 Jlr PR [\/, (b+c)+ (b* — c2)t} erfc (2\;&; - cﬁ)
(2.52)

The second part of the term in the transformed solution may be inverted in a
similar manner:

pVLy/a &P |—(&/ VA b+ v/p+ 1)
kp b+ \/p+b?

_pVL exp[ (bzwb_x)}Ll{exp(—qx) _exp(—gx)  2b exp(—qx) }

L71

T 4kp? Vo q—b/Ve q+b/Vr Voa(g+b//a)
(2.53)
which after transformation gives:
X
4b\/&?ierfc(—+b\ﬁ> —f( +b\/)
VL 2V 2V (2.54)
4bk '

+ Vaexp <— %) erfc (ﬁ% - b\/i)
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Finally the term:
-] Lwd exp(=0x) | ooV exp[—(dx 4 (> — *)1)]  exp(—dx)
k p(p+b*—c2)|  pCy(ad—V) b—c b—c
(2.55)

where b — ¢ = 5+/o..

Substitution of all the terms above into Eq. 2.45 gives the analytic solution to
the heating problem associated with the evaporation at the surface. Therefore, the
solution becomes:

dierfe (3 + bV7) + 55t erfe (337 + bVi)
—bvi )
_% T g exp[-[ox + (07 — )] erfe[~ (52+ i)
Xp [7 (b+c)+ (b* — cz)t} erfc (2%
xp(—6x)
VL 4b\/716rfc( ) \/_erfc(\/——i-b\f)
abk | 4 /a exp( 27) erfc( b\ﬁ)

+5 exp(— 2—’”) erfc(

o

T(x, 1)

)

%‘

(2.56)

Setting x = 0 in Eq. 2.56 results in the surface temperature, i.e.:

4/t ierfe(b\/1) + ZS(bz L) erfc(bv/r) +;

70, 1) = zpclo(ixé/__ ) +W erfe(—cv/7)

exp|—(b*—c
fw erfe(—cv/t) — 5%

— % [4b\/_t 1erfc( \/E) — o erfc (b\/f) +Va (2 — erfc (b\/f))] (2.57)

After rearrangement it becomes:
RN 4/t ierfe(bV/1) + bb +‘C erfe(bv/1)
20Cy(26 — V) + 225 exp[—(b? — 2)i] erfe(—c/1) —

Z‘b/]l(l [2b\/_t 1erfc( \/Z) + o erfc (b\/f)]
(2.58)

T(0,1) =

Equations 2.56 and 2.58 give the complete quasi-steady solution of the heat
transfer equation. However, Eqs. 2.56 and 2.58 can be used to acquire a more
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accurate solution which can be obtained by an iterative procedure. In this case, the
values for the velocity and the surface temperature can be obtained by stepping
forward in time using time steps which are small enough so that the change in the
surface velocity between steps is small and therefore the velocity derived in the
previous step can be used directly in Eqgs. 2.56 and 2.58. With this new value of
the surface temperature, an improved estimate of the surface velocity (V) can be
obtained and the iteration repeated to give a convergent solution.

Equation 2.58 can be simplified assuming od > V, which is true for high
power intensities, it may be further assumed that # >> I/(«5°), which in practice for
metals means well in excess of 1 ps, then Eq. 2.58 reduces to:

7(0,1) = IokaL [\/ﬂierfc (g \/§> + %erfc (g \/gﬂ (2.59)

After re-arranging Eqgs. 2.58 and 2.59, it results in:

0.0 vy |1

= 2x ierfc(x) + erf(x) (2.60)
T(0,00) V(o) [1 7¥}
¢ Jt=00
where
V |t
=—4/- 2.61
x=24/5 (2.61)

Introducing of the fraction, r, of the steady temperature which has been reached,
allows Eq. 2.60 to be written as:

2/3
2x iefc(x) + erf(x) = s exp(q) -
L+ g (1= T2 (00)] 2 =23 [} — 1r2(00)] "~ exp(g)

(2.62)

where

=T -7 —|5-17 2.
1= %1, Tr(c0) [1 = 7r(e0)] Lz r (OO>] (2.63)
and

Tr(t) = T(;)’ 2 (2.64)

Equation 2.64 can be used to estimate the times for the surface to reach 90 %
(r = 0.90) of its steady state temperature.

The thermal stress analysis for the heating situation associated with the evap-
oration surface can be reduced to the stress analysis in the solid phase. This is
because of the fact that thermal stress developed in the liquid phase is almost zero.
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Since the liquid layer thickness is small, the hydrostatic pressure generated in the
liquid phase is negligibly small. Moreover, the surface evaporation results in
convection boundary at the surface. In this case, the analytic solution for the heat
transfer equation in the solid phase needs to be obtained after incorporating the
convective boundary at the surface. The resulting equation is, then, used to
determine the stress filed due to laser heating and surface evaporation situation.
The thermal stress analysis is given below in the line of the previous study [5].
Since the solution of the thermal stress equation requires the temperature dis-
tribution in the solid, the solution of the Fourier heat transfer equation is provided
below briskly for a laser pulse intensity decaying exponentially with time. The
governing equation of heat transfer can be written as:
2 N
27{4-%@@(—[%) exp(—odx) = éaa—f (2.65)

where:
11 = (1 — rf)Io (266)

The substrate material is considered as a semi-infinite body and heated by a
laser beam on the surface. The convective boundary condition is assumed be on
the substrate surface. In addition, as the depth is considered to extend to infinity
and the temperature to go down to zero. Heating occurs in the surface region
during the laser pulse. Therefore, the corresponding boundary conditions are:

Atx=0= & =5(7(0,1) - Tp)

Atx =00 = T(c0,t) =0 (267)

Initially substrate material is assumed to be at uniform temperature. Therefore,
the initial condition is:
Atr=0 = T(x,00=0 (2.68)
The Laplace transformation of Eq. (2.65) with respect to ¢, results in:

2T exp(—ox =

Introducing the initial condition and rearranging the Eq. 2.69 yields:

T,
w81 =

_ Lidexp(—dx)
k (s+p)

where g> = s/a and s is the Laplace transform variable. Equation 2.70 has the
solution:

(2.70)

- _ Lidexp(—dx)

T(x,s) = A; exp(gx) + Az exp(—gx) o1 P — ) (2.71)
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where A; and A, are constants. Introducing the boundary conditions will enable
calculation of the constants A; and A,, i.e.:

Ay =0 and A, = ’159’ + 0k) hTo (2.72)
k(s + B)(0" — g)(h+ kg) ~ s(h +kg)
After substituting the values of A; and A, in Eq. 2.71, it yields:
< —gx —gx —ox
T(x, S) _ Ilb(h;- 5k)e + hToe B . 1156 (273)
k(s + B)(0" — g2)(h+kg)  s(h+kg) k(5" —g*)(s+ )

which gives the solution for the temperature distribution in the Laplace domain.

The inverse Laplace Transform of Eq. 2.73 provides the temperature distribu-
tion within the substrate material in space (x) and time (f). The mathematical
arrangements of the Laplace inversion of Eq. 2.73 are given in the previous study
[6]. Therefore, the equation after the Laplace inversion is given below as:

p(10%1=0v) Erfe (z&?ﬁ 5 \/@)
2(B+ad”) (%@6\/&)
e(“éz”""‘)Erfc (2\;};7(5\/&)
2(pra0) (216 7)
e PV </f/“)'”'Erfc (Z%Jr\/b‘ti)
2(pa”) (AE—\/Bi)
ef/neﬂ/qf/z).nErfC( x —\/Ei)

I] 59(3/2(]’1 =+ ké)
e

T(x,1)

2Vai
2(p+a”) (B /Bi)
eh.r/ke<h2/k2)wE,fC (ﬁjL%\/;t)
() ()

ke— (e—auizt —eH)

Vo ft-0d*) (h+kd)

X\ kg [ X R
Erfc(zﬁ) e'te Erfc (2\/—&—]{\/@)] (2.74)

where Erfc is the complementary error function. Equation 2.74 is the closed form
solution for temperature distribution. The temperature distribution can be
expressed in a non-dimensional form by introducing dimensionless quantities and
substituting in Eq. 2.74. The dimensionless quantities are:

S

hy/o
+k

+ Ty

Tko h
X =x0; =oadt T"= T; n= Sk B =Pt (2.75)
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The dimensionless temperature distribution for a full pulse is then:

o

e’*Ke'*E)fc (2\/’7—\/17> e e’*Erfc <%—\/I‘*)
20 +1)(h"+1) - 20 +1)(h—1)

o g JF) g /)
) * 25 +1) (+4/Fi)

hxeh*y*e(/ﬁ)Zy*E’fc (%fh\/z‘*) el _ei/mx)

e (E
+ 2 - 2 - Pk *
2( () +47) (()* =1 (B*+1)(h*+1)
)= +1)d L (O +p7) (G =1) |
e~ " Erfc <%— \/r—*) e " Erfc (%—\/r—*)
T 2N T T 2 D)
_ e NI (2';/77 \/,‘Tz) eV VI iEfe (Mr\/,‘r‘z)
R R B A e Vi)
h*e,IKX*EL,Ix)ZI*EIfC (25’77]’*\/17) o (ot ot
_+ () ()P -1 DD

(2.76)

In order to solve for the stress distribution within the substrate it is possible to
consider the equation governing the momentum in a one-dimensional solid for the
linear elastic case, i.e.:

D0, o’T

g, 1
T (2.77)

where c; is the wave speed in the solid ¢; = y/E/p and

140
CHy =
2T 1

par (2.78)

where v is Poisson’s ratio, p is the density of the solid and oy is the thermal
expansion coefficient of the solid.

In order to solve the momentum equation (Eq. 2.76), it is necessary to establish
the initial conditions for stress and temperature fields. In this case, the substrate
material is assumed to be free from stresses initially (at time = 0) and as the time
extends to infinity, the stress-free state must apply in the substrate. The same initial
condition for the temperature is applied as in Eq. 2.77, provided that as time
approaches infinity, the temperature in the substrate material reduces to zero. This
is due to the fact that the laser pulse decays exponentially with time; therefore, as
time approaches infinity, the laser pulse intensity becomes zero. Therefore, the
initial and boundary conditions for the stress field are:
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Atr=0 = o,=0
Att=o0 = 0a,=0
Atx=0 = o0,=0 (2.79)
Atx=00 = 0,=0

Taking the Laplace Transformation of Eq. 2.76 with respect to time yields:

2_
aaxffz)c —Clz [5G(x, 5) — s0:(x,0) — 0x(x,0)] = c2 [SZT()C, s) — sT(x,0) — T(x,0)
i

(2.80)

where ,(x,s) and T(x,s) are the Laplace transforms of thermal stress and tem-
perature respectively in the x and s domains.
By substituting the initial conditions, Eq. 2.80 reduces to:
627 2 _
Wﬂzx - z—%c_fx(x, 5) = c28°T(x, 5) (2.81)
Considering the temperature distribution in a Laplace domain for an expo-
nentially decaying pulse with time, Eq. 2.73, and substituting it into Eq. 2.81, and
solving for the stress field, yields:

3o 5 (r.5) = ot [ POt dkjemst | Wt I6e~
o2 T k(s )07 — @)t ke)  s(htke) k(5 g)(s+ )
(2.82)
Now let M; and M, be defined as:
1,6(h + 6k)cas? T,
M, = 19( = oo™ | _hToeas (2.83)
k(s + B)(0" — g*)(h + kg) (7 +kg)
and
I15¢y5*
My=— O (2.84)
k(0" —g*)(s + B)
Then Eq. 2.82 becomes:
azﬁx §2 ox ox
= ou(ns) = M e 289

The complementary and the particular solutions of Eq. 2.85 are:

(6:)4= Aze’t + Age™ (2.86)
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20
While the particular solution has two parts, the first part is:

(6x),,= Gre V¥ (2.87)
Substituting Eq. 2.87 in Eq. 2.85 yields:
M
G =3 (2.88)
€5
The second part of the particular solution is
(61),,= Gae™ (2.89)
Substituting Eq. 2.89 in Eq. 2.85 yields:
M,
G, = s (2.90)
a
So, the general solution for the stress field becomes:
(2.91)

(6_x)g: ASeﬁ +A4€;—SIX + Gie ¥ + Gzeiéx

From the boundary condition (x = co = g, = 0), this yields A3 = 0.
Then, Eq. 2.91 reduces to:

()= Ase™ + Ge V3 + Gye ™™ (2.92)
Consider the boundary condition of the stress field at the surface, where at

x =0= 0a, =0, the constant in Eq. 2.92 becomes:

Ay = _%‘ Nicl(s) + 5cz(s)] (2.93)

Therefore, Eq. 2.92 becomes:

e S 0 -

Fe(x,5) = Gi(s)e VE = Gy(s)—me™ + Ga(s)e ™ — Ga(s) L2en  (2.94)
\/sa

Finding the solution for ¢, in the x and ¢t domain, one should take the inverse
Laplace Transform for each term in Eq. 2.94. To do this, the following terms are

introduced:
(@)1= Gi(s)e V' (8),= —Gi(s) e
(0:)5= Ga(s)e™  (:)y= —Gals) Len
Consequently, the solution for the stress distribution is the summation of the

(2.95)

inverse Laplace Transforms of the above terms.
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Therefore, the Laplace inversion of Terms (6y),, (Gx),, (Gx)3, (0x), can be
stated as follows.
(Gx), is composed of the terms:

(0x)1= (0x)111(0x) 12 (2.96)
where
_ L6(h + k)cy se VE
(Gx)11= k 2 > (2.97)
(07 = s/a)(s + B)(h + ky/s/a) (1 /o — s /i)
and
(@2)10= hT, e V" (2.98)
Ox)1,= hToc .
R (RN OBV
Let
C10 :[15(h+5k)C2 (299)
k
and
C20 = hT()Cz (2100)
Then, the inverse Laplace transformation of (&,), can be written as:
L [(53:)1] = (0x)11+(0x) 1 (2.101)

where

(0)11= (0x)11171(02)112+(02) 113H(00) 114 (0x) 115+ (02) 16+ (00) 117+ (00) 118
(2.102)

These terms are:

h 29y hy/ot

2130 —\/&ehk_ZJTErfc (— \/oc_+_x )

Clh k7o \/&CIO k k 2\/&?

21 = R I+ B~ 8 | v e (hm x )
k

(00)i1=—

Erfc +

RN
(2.103)
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and
p=v/ DBt (f t+i)
(02)11= — ctho\/BCio VEe v 2V
x) 112~ 2
2 M) (h2a + K2)(3 j
(B + ad®) (W + K2B)(c} + ap) +ﬁeﬂﬁﬁt&fo(m+i)
2\/at
(2.104)
Cl L_ﬁ t X
=« Brfc| — \/' )
(04)113= — cihot\/aCyg \/& ( : 2Vt
T 2(“2]12 7C%k2)(c‘%+(xﬁ)(52a2 7C%) +C_] é aErfc(c \/' o )
Vi Vo 2y
(2.105)
and
C%hdz\/&éclo ﬁéelézt&XErfC< 5\/_+2\/—>
(0)114= 2V(5242 — 2\ (]2 252
2(B+O€5 )(5 o —Cl)(h — k20 ) +\/&5€o¢5‘t+(5xErfC<5\/a+ _>
2\t
(2.106)
and
- 2 _xz T
i P\ dar
27213,2
- Gk /5 W s ( hor | x )
(0x)115= 2(a2h? — k2 (h2o + K2 ) (h? *k262) + k Erfc A Jrz\/a
h\/& n2 4/+h_( h\/@ X )
*Erf
C( K avar
(2.107)
and
2ko\/apC \/_e p(““’\)/
. CTRU™y/PL o fr—xr/ % X
)= + “Brfc| —/ft +
(0' )116 2(c%+aﬁ)(h2d+kzﬁ)(ﬁ+a52) \/Be rc( \/B_ 2\/96)

—\/ﬁeﬁ’”\@ErfC (x/ﬁ + ﬁ)
(2.108)
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and
Fe()
27,3 &
ClkOC \/&CIO ar
B +Lev 5 Erfe(—cy /L4 =2
(O- )117 2(a2h2—C%kz)(c%-l-aﬁ)@zﬁ@—c%) \/5 ., ( 1/ 2\/“)
— e ot Erfc(cl\/r-l-zf)
(2.109)
2 2
Jrexo(35)
2122 /=2
ctka’ /00" Cig 240 x_
)118= ++/ade™ T Erfc| —0/ ot +
(0' )118 2(ﬂ—|—o€52)(52062 _ C%)(k252 _ hz) \/_ e ( 2@)

ad*t+0x X
Vb et (5ot + 3352)

(2.110)
Also (o), consists of the terms:
(0:)12= (03)1211(0%) 1207 (02) 123+ (01) 124 (2.111)
These terms are:
h\/& sz_/% h\/&vt X ]
hkon/ZC PR G W
(6y) gy = =V 20 (2.112)
BUU20(a2h? — AR | hya 2w hat — x
: +—"e¢2 T*Erfc +
k k2t
and
C ifﬂErfc \/;—F x )]
e(l o _C — P
clhocz\/&Cm \/& : 04 2\/@
(00)12= =57 37 3.2, , (2.113)
2(a2h? — c1k?) +cl l/*'ﬂErfc \/?_1_ x
e&( o c —_ _—
Vo "Wo 2va)
and
2 —x*
, \/— ﬁexp Tl
crko OCCz() h W hx %
(0x)123= _2(—032h2 T + ‘/—ek2 kErfC( h‘]{%—l— 2\;@) (2.114)

h‘/_ ehﬂmf ©Erfc (
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and
—x?
%exp(m)
ctkon/aCy o G ax .
(o—x)uﬁz(al%z—_c%m et Ve (—ery /4 53 (2.115)
2
L

Le +TErfc (cl\/_—i—z\/—)

The Laplace transform of (&,), can be written as:

L7[(3),) = (6:)21+(0:) (2.116)

where (0y),, consists of:

(0)21= (0x)21171(02)212H(02)213H(0x) 214 (1) 215 (1) 216+ (0x) 217+ (0x) 18

(2.117)
Now let:
Lio(h + ok
C30:_% (2.118)
and
hT, hT,
Cy = —43/6&%“ Cyp = —7?/6561 (2.119)
then
L+
(6 ) o C%hk()xQC}o /(. ,\/q) U<171>
x)an= K2(3k? — h202) (R2o + K2 B) (h2 — k26°) . Erf<h\/_ m) ci
(2.120)
and
1
(6:)212= i S i
(B+ ad)(W2o+ k2B)(c} + oB) | /—Pe “PEef (/=B — x/cy))

o)

(2.121)
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and
—L
(G ) _ C%hO(SC30 n(t;x/cl)
TR =)+ ) (0702 = ) | it (2 /= e )
(=2)
Ult——
1
(2.122)
and
1
(0‘ ) _ C%hOCZCy) n(t—x/cy) +
YT (B 4 08%) (802 — 2) (2 — k257 ﬁée“éZ’Erf(\/&éw /i — x/q)
. U(t — 1)
C1
(2.123)
and
275.2 2., o
(ax)215: Clk " C30 5 |:D (t — i) +h_2aeh5f(fx/cl):|
(02h? — k%) (Mo + K2 B) (h* — k257) ci k
Ult— i
c
(2.124)
and
(6 ) _ C%ko{z\/&CSO |:D <t . i) _ Beﬁ(tx/cl>:|
RO (@ ap) (o + BB+ ) ¢
: U(r - ﬁ) (2.125)
Cl
and
ctkot\/aCso X c ﬁ(tfx/c])
(0)7= ~ (02h? — 3k2) (2 + af) (0%a2 — ¢}) P\ l T
1 1 1

'U(l‘—i
C1
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and
2k
(x)215= 2 Cé 2yl 2 {D <t - i) + aézemz(IX/cl)]
(B + 28%)(8%02 — ¢3)(k26” — h?2) el
' U<t - i) (2.127)
C1

Also (o),, consists of the terms:

(02)22= (0x)221+(0x) 222 (0x) 223 (0x) 224 (0x) 225+ () 226 (2.128)

These terms are:

()
Ox)yyy—=—F——Ult —— 2.129
( )221 h\/m 1 ( )
and
272
(0x)200= ik ocC4;) ! +h\/&e%Erf<h\/& t—x>
h(O(zhz — Clkz) TC(I —x/cl) k k C1
: U(t - i) (2.130)
Cl
and
ho? Cag 1 4, (c1 x)
Ox = — + —e+'E — [t ——
(03 (212 — 3k2) |/t —x/c1) vV d Vo ci
: U<t 1) (2.131)
i
and
k\/&C40 X X
=- D(t——]- - — 2.132
(0:) 204 2 (f Cl) U(l C1> (2.132)
and

21,3 2
cik \/&Cz;() X h~a 2ax/c)) X
o= rrap ey P o) E v (=) @)

and

ko \/aCyo X ct 4 X
Vo= — V0Dt — =) 4 Lexl¥e) | yr—= 2.134
()26 (c3k* — h2a?) ¢l + o ¢ ( )



2.2 Analytical Formulation of Heating and Stress 27

Further
i 2 ,—0x
@)= —1— | = - (2.135)
(6% = s/o)(s + B) (6" — s*/c)
and
C%aeclétféx c?aef(cléﬂréx)
EvENS _ —Iiées 2(B+c10)(c1 — ad)  2(c16 — B)(cy + od)
(UX)3_ (O'x)3_ k - c%ocﬁ e—(ﬁr+6x) C%OC352€“62[_5X
(B =38 (B+020%)  (228” — })(B + ad”)
(2.136)
also
I 52 —(s/c1)x
(62)g= 2 | > . (2.137)
ko [(0% = s/o)(s + ) (0" — $2/cT)
and
/ 52 C%M“ld('ﬂ/ﬂ) C%M*l‘lt"('ﬂ/fl)
1, 107C2C1 | 20(B+c10)(ci—ad) ' 20(c10—P)(c1+0d) X
L 1(ax)4: (O'x)4: Tk 2afe b/ 2oR e 1x/e1) U (f - a)
(TP (Ba) (=) (f+ad)
(2.138)

where U(f — x/c;) is a unit step function, Erf(y) is the error function of the
variable y and D(¢ — x/cy) is the Dirac delta function. The unit step function has
the values of 0 for # <x/c; and 1 for ¢ > x/c;.

The closed form solution of the stress distribution can be written as:

ox(x,1) = (1), +(0x),+(02)3+(0x)4 (2.139)

Some additional dimensionless quantities are defined to present the stress dis-
tribution in the dimensionless form, these are:

._ €1, o — ko,
! 065’ * 1150C2C2

. and U® = <t' x—) (2.140)
¢

where U*® is the dimensionless unit step function.
Therefore, for the dimensionless stress distribution, the followings are resulted:

(03),= (%), + (%), (2.141)
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where
(0;)11: (a;)111+(0;)112+<‘7;)113+(G;)114+(0;)115+(0;)116+(6;)117+(‘7:c)118
(2.142)
and each of these terms are given as:
he h'zt'*h.X.Ef _n . x* )
(o) = (h* + 1)h*2cs? ‘ rc( \/t_JrNt_' "
X llli_zh-Z_l h-2_ o2 h-2+ ‘t- e e .
L e (e
(2.143)
and
I (— L )
(02)11= (1 + Ve ‘ SR
)x1127_2 .t'+l h02+‘to .2+.t' ) 7 . .
B/ ) B/e) (et + B /1) +eﬁ+\@xErfC(\/ﬁ+ x )
2V
(2.144)
and
2 %21 —ctx® o /re x*
" [ )
o = o
T TR0 = I PN T | et Bt (e )
(2.145)
and
K 1 A%c? e’o""oErfc<—\/t_'+ x..)+
(h* + 1)h*c] 2F) T (2.146)

(™ 30T T e F T | o e+ 553)

and

Fren(3F)

Rt Brfo <kt /i + )

e o (e Vi 4 5
(2.147)

N (h* + 1)h*2cy?
(%)115* 2(h*2 — 1)(h*2 — c}z)(h’z +8°/1%)
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and
e ()
o (h* +1)c° - /B c
(G.x)lls_ 2t‘(ﬁ'/t‘+1)(h'2+[)"1/t‘)(072+/3'/t‘) + /rL'eﬁ \/‘ Erfc<f\/ﬁ_+2w—.>
RN (4 45)
(2.148)
and

o (h* + 1)ct?
(Jx)117_ 2(h*2 — 612)(1 _ CI2)(CIZ + p°/t*)

qet e Brfo (—e VI + 55)
— e T Erfi (c} Vit + 2)6—\/t_>
(2.149)

and

Zewn(57)
e e~V + 25) | (2150)
e " Erfc (\/t_; + 2)\(/.17)

o (h* + 1)ct?
= 3w (1= ) (1= )

(o;)u in dimensionless form is:

(@%) 1= (62) 1217 (03) 10+ (03) 12+ (02) 104 (2.151)

where

e | BT ERf (—h‘\/t' o )
(02)121= 2(;02h—cl 2 2\/? (2.152)
e —c o Bl iyt . X
+h Erfc| h*vt* +
‘ ( 2\/7-)

and

.0 o0 x*
e T T Brfe | —etVi* + )
1 ( 1 N

20 | o e x*
+cte T Y Brc (c'\/t_' + —)
1 1 2\/17;

T3hc;

() 122= T = o) (2.153)
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and

i [en() e ()
x/J1237 2(}1’2 — ) | _pe ot Brfe (h’ = 2):/.‘)
m

(2.154)

and

() T3ct2h® \/i—exp( ) + St Erfc( Vet + 2"—\/7)
0%) 1= 5 )
124 2(h*2 — c12) CIeCI 21 +eix Brfe (CI\/I‘_‘ + Zf/t_>

(2.155)
(03), in dimensionless form is:
(‘7;)2: (‘7;)21+(‘7;)22 (2.156)
where
(0;)21: (6;)211+(G;)Zl2+(o-;)213+(U;)214+(0;)215+(O—;)216+(O-;)217+(6;)218
(2.157)
and
. (h* + D)hecp? 1 Y Y
P e ey [ ey e <h ! c;> v
(2.158)
and
“ o (h* +1)cPh® _Ee P EA T
(o= = (g T D+ ) 1 ) {\/ﬁ " Erf( K +L,z> v
(2.159)
and
() _ (h. + I)CTSh. 1 . c?zf . o x_. 77
(O-X)2137 (2 — ) (1= ) (e + B /1) T —x /) +cle T Erf | ¢y [t o U
(2.160)
and
. (h* + Vet ! . - .
- Ef( e~ )| U
(Gx)214 (1 _ h'z)(l _ CTz)(l + ﬁ./f') TE(l' —X'/CI) te ! CI
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and

o (h* + 1)t R WP o
(Gx)ms_ B (h*2 — 1) (h*2 — c}z)(lh‘z +B°/1) [D<t c}) + 4 } v
(2.162)

and

. (1 + et C N B ]
Do g Fe e P8 e

(2.163)
and
* _ (h.-i-l)CI% ._x_‘ CQZECTZI'fch' 77
e w71 G R |0
(2.164)
and
. _ (h.+1)c.3 o_x_. et._% 7
=~ — e P ) e v eas

Also (6;)22 is:

(‘7;)22: (‘7;)221 + (0;)222+(0;)223+(‘7;)224+ (J;)225+(0;)226 (2.166)

where
T. (]
(03) = ———20L . * (2.167)
m(1* —x*/c3)
and
(63) =~ Tyt ! I e W e N B
Xx/222 (h.z _ CIZ) TC(t' — x‘/c{) C;
(2.168)
and
T(;c;h'2 1 o bad
6%) .= + eV Erf| ¢ty —— || - U*
( X)223 (hoz _ CT2) TC(t. —x./CI) 1 1 CI

(2.169)
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and
. I5cl (o X .
(ax)224:7D<t _C_I> U (2.170)
and
. T(;CI3 . x* o2 h.zt.fh.-z'x. .
=————1|D - — ‘ . 2.171
(Gx)225 n*(h*2 — c32) [ (t CT) +h*e ! U (2.171)
and
. Tycsh® . X° o2 (2 _ooye R
(O-x)226: 77(//1.2 — CIZ) |:D(t — E) +C1 el i 1 U
Further

(0.) _ CI3t‘ecT’._". N CISIOe—c}t‘—x‘ CTQt.ﬁ.ze_ﬂ-_x.
R T B R Ty S [ RN s [y
CI frelt X
(B +1)(1 —ct?)

(2.172)
and
(o). Bt . et c73t'2ﬁ'e7ﬁ'+% ¢ e -5 ”
VE(2B i) (er = 1) 2kt = Bt 1) (B ) (22— ) (B ) (e 1)
(2.173)

Consequently, the dimensionless form of the stress equation is:
oy = (07),+(07),+(07) 5+ (7)), (2.174)

The dimensionless temperature (Eq. 2.76) and stress distributions (Eq. 2.174)
are computed during the heating pulse.

2.3 Findings and Discussions

The findings of the analytical treatment of laser heating process in relation to
forming and welding are given in line with the previous studies [7, 8]. In the
analytical treatment of the laser heating process, one-dimensional semi-infinite
substrate material is assumed. This assumption can be justified after considering
the size of the absorption depth with the thickness of the workpiece. In this case,
the absorption depth is much smaller than the thickness of the workpiece.
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2.3.1 Stationary Source Consideration

The findings of the closed form solution for temperature and stress distributions
due to time exponentially decaying laser pulse and the convective boundary
condition at the surface due to phase change are considered. Steel is employed to
simulate the temperature and stress fields in line with the previous study [7].

Figure 2.2 shows the dimensionless temperature distribution within the sub-
strate material for various dimensionless heating periods. The influence of the heat
transfer coefficient on the temperature distribution becomes significant when the
dimensionless heat transfer coefficient reaches h® >2.02 x 1072(~ 10 W/m?K).
In this case, the temperature and its gradient in the surface region are reduced. The
temperature gradient in the surface region is reduced to its minimum. At the point
of minimum temperature gradient, the internal energy gain by the substrate from
the irradiated area is balanced by the diffusional energy transport from the sub-
strate to the solid bulk. In this case, the depth beyond the point of minimum
temperature gradient diffusional energy transport dominates over the internal
energy gain of the substrate material due to absorption of irradiated field. The point
of minimum temperature gradient changes with the heat transfer coefficient, which
is more pronounced for the heating period of 0.021. Moreover, the sharp decay in
the temperature gradient in the surface region (x* <0.1)is because of: (i) the
absorption process, i.e. the absorbed energy decreases exponentially with
increasing depth (Lambert’s law), and (ii) the internal energy gain in the surface
region is high and diffusional energy transport due to the temperature gradient
from this region to the solid bulk is low, i.e. the increase in temperature due to
diffusional energy transport in the neighbouring region is low; therefore, the
temperature profile is governed by the internal energy gain in this region.

Figure 2.3 shows the dimensionless stress distribution within the substrate
material for different dimensionless heat transfer coefficients and times. The
thermal stress is zero at the surface as a result of the surface boundary condition
used in the analysis and it increases sharply close to the surface. The thermal stress
is tensile in this region due to expansion of the surface. As the depth increases
(x* > 0.06), the stress becomes compressive, as a result of the thermal strain
developed in this region, i.e., at this depth and beyond the material contracts
resulting in a compressive thermal stress field. The influence of the heat transfer
coefficient on the stress development is considerable, as illustrated by
h* = 0.0202(10° W/m?K). In this case, the stress developed is compressive and
with a high magnitude in the vicinity of the surface and decays sharply as the depth
increases. However, the compressive stress wave is developed at some point below
the surface. The magnitude of the stress wave is lower at this point as time
progresses. In addition, the magnitude of the thermal stress levels, corresponding
to a heat transfer coefficient other than 4°* = 0.0202, increases with an increase in
time, provided that this increase is less than 10 %.
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Fig. 2.2 Dimensionless temperature distributions within the substrate material
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2.3.2 Moving Source Consideration

Temperature field due to laser heating of sheet metal is formulated and thermal
stress field is computed using FEM in line with the previous study [9]. Laser beam
is considered as a line source scanning the workpiece surface with a constant speed
(v = constant). The laser beam diameter is taken as 1 mm.

Figure 2.4 shows temperature contours in the workpiece for two laser beam
scanning velocities. Temperature profile in the front region of the laser beam is
higher than that corresponding to the back region. This is because of the internal
energy gain of the substrate material, which is higher in the front region due to the
direction of the motion. Temperature reaches maximum when 7/R is low and angular
location (0) is zero. This is the location corresponding to the front of the moving
source. Increasing r/R represents the locations departing away from the heat source,
i.e. /R is the radial location from centre of the heat source. As the scanning velocity
increases, the magnitude of temperature reduces which is more pronounced in the
region close to the heat source front. In this case, increasing scanning velocity
reduces the internal energy gain of the substrate material, particularly in the region
close to the heat source.

Figure 2.5 shows radial stress contours for two laser scanning speed. Radial
stress component is compressive in the region close to the heat source. This is
because of the temperature distribution in this region. Radial stress component
becomes tensile as the radial distance increases further away from the heat source.
The stress behaviour in the substrate material is because of the thermal strain

Fig. 2.4 Temperature contours (°C) in the workpiece for two laser beam scanning velocities.
a-v=1cm/s.b —v=>5cm/s

Fig. 2.5 Radial stress contours (MPa) for two laser scanning speed.a—v=1 cm/s.b —v=5 cm/s
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Fig. 2.6 Tangential stress contours (MPa) for two laser scanning speeds.a—v=1cm/s.b — v =
5 cm/s

developed due to temperature field. The magnitude of radial stress component
increases slightly for low scanning speed and the compressive stress behaviour is
extended further away from the heat source as scanning speed increases to 5 cm/sec.
The compressive and tensile behaviour of the radial stress is because of the radial
temperature gradient.

Figure 2.6 shows tangential stress contours for two laser scanning speeds.
Tangential stress component is compressive in the region close to the heat source,
which is particularly true for high scanning speed. In this case, increasing scanning
speed results in extended compressive stress component in front of the heat source
while the stress component is tensile behind the heat source. Moreover, stress
distribution varies considerably when scanning speed changes. In this case, the
locations of zero stress line changes. It should be noted that similar behaviour is
observed for the radial stress component (Fig. 2.5), provided that the location of
zero stress line differs. Consequently, radial and tangential temperature distribu-
tion depends highly on the laser scanning speed, which in turn results in variation
in stress distribution.

2.4 Concluding Remarks

The findings from the closed form solution for temperature and stress fields reveal
that the influence of the heat transfer coefficient on temperature profiles is sig-
nificant as the dimensionless heat transfer coefficient at the surface increases. The
temperature gradient is reduced to its minimum at some point below the surface.
At a depth beyond the point of minimum temperature gradient the diffusional
energy transport dominates over the gain in internal energy of the substrate from
the irradiated area. The point of minimum temperature gradient changes for high
heat transfer coefficient. The thermal stress developed in the vicinity of the surface
is tensile and as the depth increases it becomes compressive. This is because the
thermal strain developed in the vicinity of the surface, which is positive, and at
some point below the surface, it becomes negative due to the compressive effect of
the substrate. The thermal stress wave is generated within the substrate material
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and the magnitude of stress wave is reduced as the depth increases from the
surface towards the bulk solid.

The analytical solution for the moving source consideration shows that laser
scanning speed influences the temperature distribution, which in turn modifies the
stress field in the substrate material. Temperature distribution in front of the laser
heat source attains high values than that corresponding to behind the source. This
is because of the internal energy gain of the substrate material, which is high in the
region in front of the laser source. Moreover, as the scanning speed increases, the
magnitude of temperature away from the laser-heating source reduces. Radial
stress component is compressive in the region close to the heat source and
as distance increases away from the source, it becomes tensile. This is more
pronounced when scanning speed increases. This occurs because of the radial
distribution of the temperature gradient. Increasing scanning speed results in
extension of compressive stress field in front of the heat source. The similar
situation is observed from the tangential stress component.
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