Chapter 2
Wide Output Dynamic Range Gaussian
Function Synthesizers

2.1 Introduction

The Gaussian function is intensively used in many domains of analog signal
processing: neural networks and algorithms, wavelet transform and pattern rec-
ognition, neuro-fuzzy and classification applications, on-chip unsupervised
learning, back-propagation neural networks. Similar requirements with exponen-
tial circuits can be considered also for the design of performance Gaussian
function synthesizer structures: improved accuracy, good frequency response, low-
power operation, reasonable complexity. Additionally, in order to increase the
domain of applications for the developed Gaussian computational structures, the
range of their input variable must be as large as possible. Convenient variable
changing can be used for improving the operation of Gaussian function synthe-
sizers. From this point of view, it is possible to reduce the order of approximation
as a consequence of the accuracy increasing that could be obtained by using
previously mentioned variable changing.

The complexity of CMOS implementations for Gaussian function synthesizer
circuits can be strongly reduced by developing the approximation functions in such
a way that they require relatively simple computational components. From this
perspective, the most convenient choice is represented by the utilization of current-
mode squaring or multiplier/divider circuits.

The chapter will analyze a multitude of possible realizations of Gaussian
function synthesizer circuits, based on particular superior-order approximation
functions: fourth-order, sixth-order, and eighth-order approximation functions. In
order to improve the area of operation of the developed Gaussian circuits, con-
venient variable changing will be considered for each analyzed approximation
function. Analytical and graphical analysis will be performed for determining the
performances of these superior-order approximation functions.

The Gaussian function can be expressed as follows:

f(x) = Aexp <_ ;;) (2.1)
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A and ¢ being constants that define the amplitude and the width of the Gaussian
function, respectively. The expansion in the Taylor series of the Gaussian function
has the following general expression:

x? x* x°

R + R —
202 8a0* 48¢°
In order to increase the output dynamic range of the circuits those generate the

Gaussian function, the reduction in the range of the input variable can be used,
implementing a variable changing expressed by

Fx)=1- (22)

X
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So, a Gaussian function synthesizer based on the previous variable changing

will exploit the following mathematical relation:

exp(—x?) = exp [— (2) 2} “2. (2.4)

In order to maintain the complexity of the Gaussian computational circuit at a
reasonable level, the usual value of « parameter is 2, resulting

exp(—x?) = exp {— @2]4 (2.5)

The method presented in this chapter for generating the Gaussian function is
based on the utilization of superior-order approximation functions. Because the
Gaussian function is an even-order function, the odd-order terms from its Taylor
series expansions will be zero.

2.2 Fourth-Order Approximation of Gaussian Function

In order to generate the Gaussian function with a reasonable complexity of the
function synthesizer circuit, a fourth-order approximation function can be used. It
is necessary to make a trade-off between the accuracy of the approximation and the
complexity of the Gaussian function synthesizer. From this point of view, the
fourth-order approximation represents a convenient choice.
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2.2.1 Approximation Function Without Variable Changing

2.2.1.1 Implementation of the Particular Gaussian Function

Based on the previous considerations, a possible fourth-order approximation
function [1] could be generally expressed as follows:

b
+—S bdvte, (2.6)

81a(¥) = l4+ax 14+x

a, b, ¢, d, and e being constant coefficients having the values imposed by the
condition that g,(x) approximation function should match, in a fourth-order
approximation, the Gaussian function.

The superior-order Taylor series of the approximation function has the fol-
lowing expression [1]:

g1a(x) =(b+c+e)+(d—c—ab)x+ (c+ab)x*

2.7
—(c+a@b)x’ + (c+a*b)x* — (c+ b)) + -+ 27)

Because f(x) is an even-order function, all the odd-order terms from its series
expansion are zero. The fourth-order identity between the previous functions is
equivalent with the necessity of simultaneously fulfilling the following five
mathematical relations [1]:

b+c+e=1, (2.8)
d—c—ab=0, (2.9)
fath— - (2.10)
ct+ab=—-—— .
262’
c+a’h =0, (2.11)
4 1

Solving this system, it results the following values for a = e coefficients from
the general expression of the proposed g1,(x) approximation function [1]:

1
3204
b= 1202 (2.14)
1
¢ (2.15)

- 262(462 — 1)’
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160* — 1
= 21
202(1 — 40?) (2.16)
and
— 64667_1 +1 (2.17)
6_202(40'2— 1 '

As a result, the gj,(x) function can be expressed replacing (2.13)-(2.17) in
(2.6).

The expression of g1,(x) function that fourth-order approximates the particular
f(x) = exp(—x?) Gaussian function can be obtained for A =1 and ¢ =1/V?2,
resulting [1]:

1
5 L as (2.18)

A e

As the fifth-order term of the Taylor series expansion is zero, the approximation
error is mainly given by the sixth-order term from the same expansion [1]:

Sglu(x) o 1 — 1 .
707 4805 exp(—5%)  6exp(—x2)

X
20°

(2.19)

A comparison between f(x) — exp(—x?) and gj,(x) approximation functions is
shown in Table 2.1.

The graphical representations of f(x) = exp(—x?) and g;,(x) functions are
shown in Fig. 2.1, while the graphical representation of the approximation error,
&(x), defined as the difference between g;,(x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.2.

The current-mode squaring circuit used for implementing the Gauusian function
synthesizers is presented in Fig. 2.3 [2], and its symbolical representation is shown
in Fig. 2.4.

The expression of the output current is

Ii
Ig = ——. 2.20
Y 16lx (2:20)
Table 2.1 Comparison between f(x) — exp(—x?) and g;,(x) approximation functions
X ﬂx) gla(x) &
—-0.4 0.852 0.867 0.015
-0.2 0.961 0.961 0.000
0.0 1.000 1.000 0.000
0.2 0.961 0.961 0.000
0.4 0.852 0.848 —0.004
0.6 0.698 0.671 —0.027

0.8 0.527 0.441 —0.086
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Fig. 2.1 Graphical £,.(x), f(x)

representation of f(x) =

63

exp(—%) and g1 (x) 2
functions
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Fig. 2.2 Graphical S(X)
representation of the
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approximation error, &(x) Lo

The block diagram of the particular Gaussian function synthesizer circuit that
uses the gi,(x) approximation function and the implementation of the squaring

circuit from Fig. 2.3 is presented in Fig. 2.5.
The expressions of Ig, and Ig, currents are:

I 813
T o+
and
12
Iy 0

(2.21)

(2.22)
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Fig. 2.3 Implementation of the current-mode squaring circuit [2]

Ig

L=
b———

Ie

Is
SQ G——=—

I

Fig. 2.4 Symbolical representation of the squaring circuit (SQ)
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Fig. 2.5 Block diagram of the particular Gaussian function synthesizer circuit that uses the
g14(x) approximation function



2.2 Fourth-Order Approximation of Gaussian Function 65

resulting the following expression of oyt current:

Iout = Igb — Iga + 8lp — 3N, (2.23)
equivalent with
8 1 I
Iour = 1Io | - + -3 (IIN> +8]. (2.24)
) el

So, Ioyr current approximates the particular Gaussian function using g;,(x)

approximation function:
7\ 2
- (ﬂ) ] (2.25)
Io

2.2.1.2 Implementation of the General Gaussian Function

InYy
Iour = 10814 )= Ip exp
0

In order to implement the general Gaussian function f(x) = A exp(—x2 / 202), the

x — x/ 0+/2 variable changing can be used, resulting the block diagram of the
general Gaussian function synthesizer presented in Fig. 2.6.
The expressions of Ig, and I, currents are:

812
Igo = —9%— (2.26)
I, + I
o 20\/§
and
12
Tan = 07 (2.27)
o 2
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Fig. 2.6 Block diagram of the general Gaussian function synthesizer circuit that uses the g,(x)
approximation function
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resulting the following expression of Ioyr current

Iour = Igb — Iga + 81p — ——=, 2.28
ouT = {Gb — {Ga 0 o2 ( )
equivalent with
8 1 3 /1
Iour = 1o | — Nt WA (II—N> +38]. (2.29)
I _ [N A (iN o
1+2a\/§ (10> 1+a\/§ (lo> ©

So, Ioyr current approximates the general Gaussian function using gi,(x)
approximation function:

1 (In 1 (In)®
Iour = Ilogia|—=|— )| =1 -——{—) |- 2.30
OUT = 1081 L 2(10>] oexpl 252 (10) ( )

2.2.2 Approximation Function with Variable Changing

2.2.2.1 Implementation of the Particular Gaussian Function

A possible method for increasing the output dynamic range of the Gaussian
function synthesizer based on g,(x) approximation function uses the x — x/2
variable changing. The resulted approximation function, g1, (x), allows a relatively
facile CMOS implementation, using two additional current-mode squaring

circuits.
8 1 3x 4
=(-—— + -+ 8). 231
glh(x) ( 1+2_( 1+% ) ) ( )

A comparison between f(x) = exp(—x?) and g1, (x) approximation functions is
shown in Table 2.2.

The graphical representations of f(x) = exp(—x?) and g;,(x) functions are
shown in Fig. 2.7, while the graphical representation of the approximation error,
¢(x), defined as the difference between g;,(x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.8.

The block diagram of the particular Gaussian function synthesizer circuit that
uses the g1,(x) approximation function is presented in Fig. 2.9.

The expressions of Ig,, Igp, and I, currents are

812

Toa = : 232
¢ 10—&-1‘7” (232)
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Table 2.2 Comparison

X ) 81p(0) €
_ 2
between f(x) = exp(~x) Ty 0527 0.564 0.037
and gy,(x) approximation
functions ~0.6 0.698 0.706 0.008
—-04 0.852 0.853 0.001
—0.2 0.961 0.961 0.000
0.0 1.000 1.000 0.000
0.2 0.961 0.961 0.000
0.4 0.852 0.851 —0.001
0.6 0.698 0.694 —0.004
0.8 0.527 0.516 —0.011
1.0 0.368 0.345 —0.023
1.2 0.237 0.203 -0.034
Fig. 2.7 qraphlcal - glb(x)’ f(X)
representation of f(x) = e
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functions
—yé—ﬁus
4
f
s
.4
21
ft X
-1 05 0 0.5 1 15
Fig. 2.8 Graphical EX)
representation of the 85
approximation error, &(x) )
\ iRic;
\ iRing
\ linis
\ 61
i
L — X
——85—8.61-4 945\\\ K5
=862 N
03 \
=U.uJy \

14
“U.Us



68 2 Wide Output Dynamic Range Gaussian Function Synthesizers
CM
16lo 4l
—————E E ————
$Q B o SQb
a G G
2lo + In/2 Io + Inv/2
——=——F F
8Ip — 3In/2
Tour’
CM CM
s E Ie I Tour
out SQc¢ G Ge SQd G
—F —
Io/16 Io/16

Fig. 2.9 Block diagram of the particular Gaussian function synthesizer circuit that uses the
g1»(x) approximation function

and

resulting

IGc

:10

15
fon = -
2
I 7(10UT’)27(IGb_IGa_y%“v‘gIO)
Ge — - IO 9
S N
1+3(%) 1+4() 2\

Io

The Ioyr current can be expressed as follows:

2
IGc

Ioyr = > =

Io

Io|—

(2.33)

(2.34)

(2.35)

(2.36)
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So, Ioyr current approximates the particular Gaussian function using gj,(x)
approximation function:

I In)’
Tour = logis [+~ ) = Ioexp|—(— ] |. (2.37)
Io I

2.2.2.2 Implementation of the General Gaussian Function

Derived from the previous block diagram, presented for implementing the par-
ticular Gaussian function and using the previous variable changing, the block
diagram of the general Gaussian function synthesizer circuit that uses the g;,(x)
approximation function is presented in Fig. 2.10.

The expressions of Ig,, Igp, and Ig. currents are

812
I, = . Olm ; (2.38)
o 40\/2
[2
_ o
o 20V2
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Fig. 2.10 Block diagram of the particular Gaussian function synthesizer circuit that uses the
g1»(x) approximation function
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and
(lour) (IbeIGa 3y +810)2
le =0 = i 202 : (2.40)
resulting
2
Igc =1o | — 8 + ! _ 3 (II—N) +8] . (2.41)
) T Ve
The expression of Ipyr current will be
I2 8 1 3 I '
c IN
Iour :%:Io —1+M1_\/§<IIITT> +1+2m/_(lm) _ZUﬁ(Io) +8

(2.42)

Thus, Ioyr current approximates the particular Gaussian function using gy, (x)

approximation function:
1 (In)°
. 243
20 262 <I o) ) ( )

1 =1 {1 ([IN>] ~ Jpex
OUT—ongﬁ Io =loeXxp|—
2.3 Sixth-Order Approximation of Gaussian Function
Using Approximation Functions

In order to improve the accuracy of the Gaussian function synthesizer circuits, the
order of approximation can be increased. This paragraph will present sixth-order
Gaussian function synthesizer structures, developed in two cases: without or
including variable changing for improving the circuit performances.

2.3.1 Approximation Function Without Variable Changing

2.3.1.1 Implementation of the Particular Gaussian Function

Based on the previous considerations, a possible general form of a sixth-order
approximation function could be expressed as follows:

b
g3(x) = TTad 5+ ex’ +d, (2.44)
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:atble 2;( C)fompari(sonz) ; X %) 220() B
ctween X) — exXp(—Xx an
o) appmximatfon —12 0.237 0.261 0.024
e ons ~1.0 0368 0375 0.007
~08 0.527 0.529 0.002
—0.6 0.698 0.698 0.000
—0.4 0.852 0.852 0.000
—02 0.961 0.961 0.000
0.0 1.000 1.000 0.000
02 0.961 0.961 0.000
0.4 0.852 0.852 0.000
0.6 0.698 0.698 0.000
0.8 0.527 0.529 0.002
1.0 0368 0375 0.007
12 0.237 0.261 0.024

a, b, ¢, and d being constant coefficients having the values imposed by the
condition that g,,(x) approximation function should match, in a sixth-order
approximation, the Gaussian function:

9 1 x* 7

8u(X) =5—F+5 5 (2.45)
214272 2

A comparison between f(x) — exp(—x?) and g,(x) approximation functions is
shown in Table 2.3.

The graphical representations of f(x) = exp(—x?) and ga,(x) functions are
shown in Fig. 2.11, while the graphical representation of the approximation error,
&(x), defined as the difference between g,,(x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.12.

Fig. 2.11 Graphical £,.(), f(x)

representation of f(x) =

2 12
exp(—x*) and ga4(x)
functions

f \glal

[~ - - T - - B - -
=T I - S bo\-
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Fig. 2.12 Graphical 8(3()
representation of the 805
approximation error, &(x) .
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The block diagram of the particular Gaussian function synthesizer circuit that
uses the g,,(x) approximation function is presented in Fig. 2.13.
The expressions of Ig, and Ig, currents are

2
— IIN

=_N 2.4
o (246)

IGa

Lo e 9 9 I (2.47)
Gb_1610UT/_21021+10_2%+10' ‘
o

The Ioyr current can be expressed as follows:

3 7
Ioutr = z1ga + Iy — z 1o, (2.48)
2 2
CM
4'IIN 6IO><21/2
- E IGa | — = E IGb
SQa G Ga SQb G
3l
—F F
In Tour’
3lga/2
IGa
M To/2 Tour
2:3

Fig. 2.13 Block diagram of the particular Gaussian function synthesizer circuit that uses the
824(x) approximation function
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resulting

9 1 1 /In\? 7
Tour = Io ——2+—(ﬁ) — . (2.49)
20 (i 2\ I, 2
1+1(4

o

So, Ioyr current approximates the particular Gaussian function using gp,(x)

approximation function:
7\ 2
- (E) ] (2.50)
Io

2.3.1.2 Implementation of the General Gaussian Function

InYy
Ioutr = 10824 )= Io exp
0

The block diagram of the general Gaussian function synthesizer circuit derived
from the general form of g,,(x) approximation function is presented in Fig. 2.14.
The Ig, and Igp currents can be expressed as follows:

12
Iga = —N 2.51
and
7212 9 I? 9 I
ouT Ga T 10 -+ Io
The expression of Ioyt current will be
3 7
Iout = EIGa + Igp, — EIO’ (2.53)
CM
/o2 6Ipx2""2
E IGa I E lGh
Al SQa G Ga SQb G1+——
0]
— "~ |F F
Io Iour’
31g./2
IGn
T1o/2 I
M ol ouT
2:3

Fig. 2.14 Block diagram of the general Gaussian function synthesizer circuit that uses the g, (x)
approximation function
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resulting

9 1 1 /In\> 7
Iovr=1Ip|2———— + — () _ 2|, 2.54
ouT —1015 L,I_N2+402(10) 2 (2.54)
1+602 1()

It results that oyt current approximates the general Gaussian function using
824(x) approximation function:

1 (In 1 (In\’
Iour = logoa|—=|— || =1 -—— =] | 2.55
ouT = 1082 L’\/E (10” oexpl 252 (10) ] ( )

2.3.2 Approximation Function with Variable Changing

2.3.2.1 Implementation of the Particular Gaussian Function

In order to improve the accuracy of the approximation and, in consequence, to
increase the output dynamic range of the Gaussian function synthesizer based on
824(x) approximation function, the x — x/2 variable changing can be used. The
resulted approximaton function, g,(x), permits a relatively facile CMOS imple-
mentation, using only two additional current-mode squaring circuits.

9 1 ¥ 7 !
g (x) = <§T% Tg 5) : (2.56)

A comparison between f(x) = exp(—x?) and g, (x) approximation functions is
shown in Table 2.4.

The graphical representations of f(x) = exp(—x?) and gy (x) functions are
shown in Fig. 2.15. The graphical representation of the approximation error, &(x),
defined as the difference between gs,(x) and f(x) = exp(—x?) functions, is pre-
sented in Fig. 2.16.

The block diagram of the particular Gaussian function synthesizer circuit that
uses the g,(x) approximation function is presented in Fig. 2.17.

The expressions of Ig, and Ig, currents are

12
Igy = N 2.57
Ga 1210 ( )
and
7213 9 I? 9 I
Igp = 0 -~ 0 __~- 0 (2.58)
16IOUT/ ZIGa + 10 2 IIN + 10

21,
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Table 2.4 Comparison
between f(x) = exp(—x?)
and gop(x) approximation
functions

Fig. 2.15 Graphical
representation of f(x) =
exp(—x?) and g2(x)
functions

Fig. 2.16 Graphical
representation of the
approximation error, &(x)

X fx) 825(%) e
24 0.003 0.005 0.002
2.0 0.018 0.020 0.002
~16 0.077 0.078 0.001
~12 0.237 0.237 0.000
~08 0.527 0.527 0.000
—0.4 0.852 0.852 0.000

0.0 1.000 1.000 0.000
0.4 0.852 0.852 0.000
0.8 0.527 0.527 0.000
12 0.237 0.237 0.000
16 0.077 0.078 0.001
20 0.018 0.020 0.002
24 0.003 0.005 0.002
£,,(x), f(x)
12
1
|\
7.1 X
/ 4 5
el I
i N &2
f X
-3 -2 -1 0 1 2 3
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25
1662
Hi1S /
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I P 1 ? 3
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Fig. 2.17 Block diagram of the particular Gaussian function synthesizer circuit that uses the
g2»(x) approximation function

The oyt current can be expressed as follows:

Iour = =1 Igp — =1p. 2.59
ouT 2 Ga T lcb 510 ( )
It results
9 1 1 /In\* 7
lour = Io 2T e 7ty ) 2| (2.60)
1
()
The expression of Ig. current is
2
(our)’ 9 1 1IN\ 7
Iq. = =l 4+ =] —= 2.61
Ge 0|5 + To 5| ( )
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resulting the following expression of the output current:
4
12 9 1 1 /> 7
Iour =3¢ =1 —7—&-—(— —= (2.62)
Io 21+L(11_N)2 8 \ o 2
12 \ Io

So, Ioyr current approximates the particular Gaussian function using go,(x)
approximation function:

In In\’
Ioutr = Iogaw T =Jlpexp|— T
0 )

2.3.2.2 Implementation of the General Gaussian Function

(2.63)

The block diagram of the general Gaussian function synthesizer circuit that uses
the go,(x) approximation function can be obtained from the previous block dia-

gram using the x — x/m/i variable changing (Fig. 2.18).

CM
2In/ox" 6Iox2"
—=———E I E I
a I Gb
SQa G Ga SQb G
— ~|F F
3lo Io Tour’
312
IGa
/2 Lour™
CM
2:3
CM CM
+‘ L E Ige P E Tour
Tour SQc¢ G Ge SQd G{———
F —_—— F
1o/16 Io/16

Fig. 2.18 Block diagram of the general Gaussian function synthesizer circuit that uses the g, (x)

approximation function
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The Ig, and Igp, currents have the following expressions:

2
IIN

Iy = 2.64
7 24621, (264)
and
I 9 I 9 I
lob = g = 3o de — 2 B (265)
ouTr' Ga + 1o s+ 1o
The Iyt current can be expressed as follows:
3 7
lour” = 7 1Ica + Ios — 5 1o, (2.66)
resulting
9 1 1 (I\" 7
Iy = Ip | = + — ] —=|. 2.67
P ) e <lo> 2 (267
2457 \ 1o
The expression of Ig. current is
2
(Tour)’ 9 1 1 (111\1)2 7
Ige = =1l |z + — ) —=1, 2.68
G IO 0 21+L(11_N>2 160'2 [0 2 ( )
2462 IU
while the output current of the circuit can be expressed as follows:
4
12 9 1 1 (In)> 7
Iour ==1p|= — -z 2.69
our == =1o |5 + ( T 5 (2.69)

2 162
e ()

In conclusion, Ioyr current approximates the particular Gaussian function using
g2»(x) approximation function:

1 (In 1 (In)®
I =1 —— )| = —— | . 2.70
OUT ogzb[m/z (10” oexpl 252 (10> ] ( )
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2.4 Sixth-Order Approximation of Gaussian Function
Using Limited Taylor Series

A possible implementation of a sixth-order approximation function for developing
an improved accuracy Gaussian function synthesizer circuit uses the sixth-order
Taylor series expansion of the Gaussian function. In order to additionally increase
the approximation accuracy, a proper variable changing can be used.

2.4.1 Approximation Function Without Variable Changing

2.4.1.1 Implementation of the Particular Gaussian Function

The sixth-order approximation function that uses the limited Taylor expansion of
the Gaussian function can be expressed as follows:

4

gSa(x) =1 7x2+x*7

5 (2.71)

o %

—~

A comparison between f(x) — exp(—x?) and g3,(x) approximation functions is
shown in Table 2.5.

The graphical representations of f(x) = exp(—x?) and gs,(x) functions are
shown in Fig. 2.19, while the graphical representation of the approximation error,
¢(x), defined as the difference between g3,(x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.20.

The block diagram of the particular Gaussian function synthesizer circuit that
uses the g3,(x) approximation function is presented in Fig. 2.21.

The Ig,, Igb, and Ig. currents’ expressions are

Iiy
Iga = —, (2.72)
Io
:;l\:::ei.jsf(x()jo—m:; rl(Si)zz) and al ) LEE) -
. oxp -1.0 0.368 0.333 —0.035
834(x) approximation
o tons ~038 0.527 0.521 ~0.006
—-0.6 0.698 0.697 —0.001
—04 0.852 0.852 0.000
—-0.2 0.961 0.961 0.000
0.0 1.000 1.000 0.000
0.2 0.961 0.961 0.000
0.4 0.852 0.852 0.000
0.6 0.698 0.697 —0.001
0.8 0.527 0.521 —0.006

1.0 0.368 0.333 —0.035
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Fig. 2.19 Graphical g (X) f(X)
representation of f(x) = 3a\/e
exp(—x?) and g3, (x) 2
functions

AN

Fig. 2.20 Graphical &)
representation of the 8065
approximation error, &(x) *
fr X
-I5 ! SiRilisam 85 \ HS
f SiRiis "
e \
J- 82
=1:825
ains
=8:835
-84
I, I
Igp = 8L = "IN 2.73
Gb 2 IO B Ig ( )
and
208, _ I
=226b _ 7IN 2.74
Gce 3 IGa 6 Ig ( )

The Ipyr current can be expressed as follows:

loutr = Igp — Iga — Ige + Io. (2.75)
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IOUT CM

Fig. 2.21 Block diagram of the particular Gaussian function synthesizer circuit that uses the
g34(x) approximation function

It results
I\ 1\ 1[I\
Iour=1Ip|1—|— —|l— —=(=) |- 2.76
ouT 0[ (10) +2<10> 6\ 7o ( )
So, Ioyr current approximates the particular Gaussian function using g3, (x)

approximation function:
(Y
Io '

2.4.1.2 Implementation of the General Gaussian Function

I
lout = 10834 <ﬂ) = Ip exp (2.77)

Io

The block diagram of the function synthesizer circuit that implements the general
Gaussian function based on g;,(x) approximation function is presented in

Fig. 2.22. The same variable changing was used, x — x/ V2.



82

2 Wide Output Dynamic Range Gaussian Function Synthesizers

Iap

CM
1:1: (3/32): 1
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IGa
IGC IGC F
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|
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Fig. 2.22 Block diagram of the general Gaussian function synthesizer circuit that uses the g3, (x)
approximation function

The expressions of Ig,, Igh, and Ige currents are

and

_ Iy
o 20210 ’

IGa

2 4
_la _ I

T — -
® 720, 8e*

_ & Iy
C 3lga  4805L)

IGC

The Ipyr current can be expressed as follows:

resulting

Iour = Igp — Iga — Ige + 1o,

I\, 1 (Y
Io Io

1
202

1

8a*

1
4800

(

Iour = 1o [1

I
Io

)]

(2.78)

(2.79)

(2.80)

(2.81)

(2.82)
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Thus, Ioyr current approximates the particular Gaussian function using g3,(x)

approximation function:
1 IIN 1 IIN :
Iour = lpgsa|—= =} — = |- 2.83
our =108 { ( )] 0P| 302 (IOH 259

GZE

2.4.2 Approximation Function with Variable Changing

2.4.2.1 Implementation of the Particular Gaussian Function

The increase in the Gaussian function synthesizer output dynamic range can be
obtained, considering the x — x/2 variable changing for developing the expression
of g3,(x) approximation function. Using the g3,(x) function and the previously
mentioned variable changing, the new approximation function can be expressed as
follows:

2 4 6

4
X X X
=(1-S4=—-=_). 2.84
g3v(x) ( 4+32 384) ( )

A comparison between f(x) = exp(—x?) and g3, (x) approximation functions is
shown in Table 2.6.

Table 2.6 Comparison

between f(x) = exp(—x? al A0 £ -
and g3 ()]:)( a)pproxirr)rgatiorz —1.8 0.039 0.034 —0.005
fancomns ~16 0.077 0.074 ~0.003
—14 0.141 0.139 —0.002
—1.2 0.237 0.236 —0.001
—-1.0 0.368 0.368 0.000
—0.8 0.527 0.527 0.000
—-0.6 0.698 0.698 0.000
-04 0.852 0.852 0.000
—-0.2 0.961 0.961 0.000
0.0 1.000 1.000 0.000
0.2 0.961 0.961 0.000
04 0.852 0.852 0.000
0.6 0.698 0.698 0.000
0.8 0.527 0.527 0.000
1.0 0.368 0.368 0.000
1.2 0.237 0.236 —0.001
1.4 0.141 0.139 —0.002
1.6 0.077 0.074 —0.003

1.8 0.039 0.034 —0.005
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The graphical representations of f(x) = exp(—x?) and gs,(x) functions are
shown in Fig. 2.23, while the graphical representation of the approximation error,
&(x), defined as the difference between g3,(x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.24.

The block diagram of the particular Gaussian function synthesizer circuit that
uses the g3,(x) approximation function is derived from the block diagram of the
circuit using g3,(x) approximation function, having two additional current-mode
squaring circuits. The output current of this Gaussian function synthesizer circuit
will approximate the particular Gaussian function using gs,(x) approximation

function:
In In\’
Iour = Ilogss| — | =2 loexp|—(— |- (2.85)
1o Io

Fig. 2.23 Graphical %), f(x
representation of f(x) = gsl:(,. )’ ( )
exp(—x*) and g3, (x)
functions

1.4

-2 1 0 1 2

Fig. 2.24 Graphical EX)
representation of the 8861
approximation error, &(x)

[ e |
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2.4.2.2 Implementation of the General Gaussian Function

Similar with the previous presented method, the x — x / /2 variable changing
allows to obtain an improved accuracy Gaussian function synthesizer circuit, based
on the general form of the g3, (x) approximation function. The output current of the
Gaussian function synthesizer structure, using the general form of gs;(x)
approximation function, will accurately approximate the general Gaussian

function:
I UT — I 1 ! >~ ] exXp ! ! (2 86)

2.5 Eighth-Order Approximation of Gaussian Function
Using Approximation Functions

For applications that require extremely accurate generation of the Gaussian
function, eighth-order approximation functions can be developed, taking into
account similar restrictions comparing with previously designed computational
structures.

2.5.1 Approximation Function Without Variable Changing

2.5.1.1 Implementation of the Particular Gaussian Function

The general form of a possible eighth-order approximation function could be
expressed as follows:

b
8aq(X) = Toad +oxt +d +e, (2.87)
a, b, ¢, d, and e being constant coefficients having the values imposed by the
condition that g4,(x) approximation function should match, in a sixth-order
approximation, the Gaussian function:

32 1 X 5% 29
84a(x) ==+t % (2.88)
31 +% 6 3 3

A comparison between f(x) — exp(—x?) and g4, (x) approximation functions is
shown in Table 2.7.
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Table 2.7 Comparison

Sflx) 84a(X) &

between f(x) — exp(—x2) and

o) apfp(ro)ximat?o(n ) 12 0.237 0.231 ~0.006

Functions 1.0 0.368 0.367 ~0.001
~0.8 0.527 0.527 0.000
—0.6 0.698 0.698 0.000
—04 0.852 0.852 0.000
02 0.961 0.961 0.000
0.0 1.000 1.000 0.000
0.2 0.961 0.961 0.000
0.4 0.852 0.852 0.000
0.6 0.698 0.698 0.000
0.8 0.527 0.527 0.000
1.0 0.368 0.367 —0.001
12 0.237 0.231 —0.006

The graphical representations of f(x) = exp(—x?) and g4,(x) functions are
shown in Fig. 2.25, while the graphical representation of the approximation error,
&(x), defined as the difference between g4,(x) and f(x) = exp(—x?) functions, is

presented in Fig. 2.26.

The block diagram of the particular Gaussian function synthesizer circuit that

uses the g4,(x) approximation function is presented in Fig. 2.27.

The expressions of Ig,, Igh, and Ig. currents are

3212

Iy

Fig. 2.25 Graphical
representation of f(x) =

exp(—x*) and gaa(x)
functions

-1.5

Iy
oo =N 2.
41, (289)
2 2 2 I3
_ 2 L 2 b (2.90)
3lour 3leatlo 3 L
£4,(%), 1(x)
4 tH4 \i
e I
8 '
1 05 05 1 15
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Fig. 2.26 Graphical representation of the approximation error, &(x)
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Fig. 2.27 Block diagram of the particular Gaussian function synthesizer circuit that uses the

844(x) approximation function

and

The Ioyr current expression will be

81(23:1 I?N
Ige=5"=—7%.
31, 6l
20 29
Iour = Igp + ?IGa —Ige — ?107

(2.91)

(2.92)
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resulting

32 1 5/Iw\> 1 /In\* 29
Iour =Ip | = —— (N} 2 (V) 27 2.
out © 3] 1 (In 2+3(10) 6<10 3 ( 93)

+Z(E)

So, Ioyr current approximates the particular Gaussian function using g4, (x)

approximation function:
1\ 2
- (ﬂ> ] (2.94)
Io

2.5.1.2 Implementation of the General Gaussian Function

Iny
Iour = 1084a )= Ip exp
0

Using the previous function synthesizer circuit, developed for implementing the
particular form of the g4,(x) approximation function, it is possible to design
another Gaussian function synthesizer for implementing the general form of the
same g4,(x) approximation function (Fig. 2.28).

The expressions of Ig,, Igh, and Ig. currents are

I
[ — 2.95
Ga 802 IO ) ( )
CM
v 000000000000
2 n/oX2 - 161p%(2/3)"? :
TG, — Ian
SQa G Iea SQb G
Io Io Tour’
201g./3
IGa IG;\
E
IGc IOUT
SQe¢ G ™M
3I/128 Q 3:20
—_— F
CM
4 ‘ Le 2914/3

Fig. 2.28 Block diagram of the general Gaussian function synthesizer circuit that uses the g4,(x)
approximation function
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NG 32 B 32 B

Iy = == == (2.96)
3lovr 3lcat+lo 3 8;'TN10 +1
and
8 I I}
Igo =2 =1, 2.97
731, 246°T (2:97)
So, the Ioyr current will have the following expression:
20 29
Iout = Igp + ?[Ga —Ige — ?107 (2.98)
resulting
32 1 5 (IN\* 1 [In\" 29
Iovr=l|——=+—(—| ——(— ) —=|. 2.99
our o T n: Tea (10) 246* (10) 3 (2.99)
1+ 82 \ 1oy

Thus, Ioyr current approximates the particular Gaussian function using g,(x)
approximation function:

Tour =1 LNV o gy ex (Y’ (2.100)
ouT = 1084a ov2 \ 1o = loexp 202 \ 1, . .

2.5.2 Approximation Function with Variable Changing

2.5.2.1 Implementation of the Particular Gaussian Function

In order to obtain extremely accurate generation of the Gaussian function, addition-
ally to the eighth-order of approximation, the classical x — x/2 variable changing
can be used. The increase in complexity for the resulted approximation function,
g4p(x), is represented by only two additional current-mode squaring circuits:

4

32 1 x5 29

g4b(x) = <——2——+—_—> . (2101)
3142 9 12 3

A comparison between f(x) = exp(—x?) and g4;(x) approximation functions is
shown in Table 2.8.

The graphical representations of f(x) = exp(—x?) and g4 (x) functions are
shown in Fig. 2.29, while the graphical representation of the approximation error,
¢(x), defined as the difference between gy, (x) and f(x) = exp(—x?) functions, is
presented in Fig. 2.30.
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Table 2.8 Comparison
between f(x) = exp(—x?)
and g4p,(x) approximation
functions

Fig. 2.29 Graphical
representation of f(x) =
exp(—x?) and gap(x)
functions

Fig. 2.30 Graphical
representation of the
approximation error, &(x)
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Sx) 84p(X)
—2.8 0.0004 0.0002 0.0002
—24 0.003 0.003 0.000
—-2.0 0.018 0.018 0.000
—-1.6 0.077 0.077 0.000
—1.2 0.237 0.237 0.000
—0.8 0.527 0.527 0.000
—0.4 0.852 0.852 0.000
0.0 1.000 1.000 0.000
0.4 0.852 0.852 0.000
0.8 0.527 0.527 0.000
1.2 0.237 0.237 0.000
1.6 0.077 0.077 0.000
2.0 0.018 0.018 0.000
2.4 0.003 0.003 0.000
2.8 0.0004 0.0002 —0.0002
84,(X), f(x)
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The block diagram of the particular Gaussian function synthesizer circuit that
uses the g45(x) approximation function is presented in Fig. 2.31.

The expressions of Ig,, Igh, and Ig. currents are

12
1o, = N 2.102
% 6l (2.102)
I 20, 32 I 32 I 5103
ab = 3lour o ?101 + 1o 3 I Ji ( ’ )
Tolo + o0
and
815, _ I
=-Gl- N 2.104
T30 96 (2.104)
CM
1:16:1:1
I E 1615x(2/3)""?
Ig, T Ig
I SQ a E—— Ia SQ b G b
—|F F
Io Tour’
201:./3
161G,
E s
Ige Iour
SQec G M
6lo 3:20
— ~ 1r
CM
‘ Ige 291/3
CM CM
+‘ L E L E I
Tour™ Tour” SQd G leq Iga SQe G ,—O:L
——F - F
Io/16 Io/16

Fig. 2.31 Block diagram of the particular Gaussian function synthesizer circuit that uses the
gap(x) approximation function
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The Ipyr» current can be expressed as follows:

20 29
Iour = Igp +?1Ga —lge — ?10, (2.105)
resulting
toor = 1o |25 ()L (' 29 (2.106)
our’ = lo | > I TAVA 3| .

2
1+%(,;7N> 12

o

The Ig4 and Ipyt currents have the following expressions:

Ty )?
T = four)” (2.107)
Iop
and
Iéd (IOUT”)4
Iour = -84 = 00~ (2.108)
Io I

Thus, the output current of the circuit can be expressed as follows:

4

21 5 (hn\® 1 (Iw)' 29
Tour = 1o |72 2 (N LNy S 2.109
A P 1,,N2+12<10> 96(10) 3 (2.109)
+E(E)

In conclusion, Ioyr current approximates the Gaussian function using gu,(x)

approximation function:
7\ 2
- (ﬂ> ] (2.110)
Io

2.5.2.2 Implementation of the General Gaussian Function

Iny
Iout = loga» )= Ip exp
0

The block diagram of the Gaussian function synthesizer circuit that is able to

implement the general form of g4,(x) approximation function is derived of the

previous block diagram, realizing the x — x / o+/2 variable changing (Fig. 2.32).
The expressions of Ig,, Iy, and Ige currents are

2
IIN

== 2.111
320’2107 ( )

IGa

32012 32 I? 32 I
fov =3; 0,:?1 il R ° (2.112)
ouT Gl o 2o+ Ip
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Fig. 2.32 Block diagram of the general Gaussian function synthesizer circuit that uses the ga;(x)
approximation function

and
812 I3,
oo =54 =B 2.113
“T31,  3840°D (2.113)
The Ioyr current can be expressed as follows:
2 29
lour = Iap + = loa — Ioe — = lo, (2.114)
resulting
Tour = Io |22 1 P 5 ()1 ()2 (2.115)
TN () 42 \Do)  34ct\L) 3|0 T
T\l
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The Igq and Ipyr currents have the following expressions:

Iour )’
T = Tour)” (2.116)
Iop
and
1, (our)*

Toyr = -84 = 2972 2.117
ouT ]O Ig ( )

Thus, the output current of the circuit can be expressed as follows:

4

32 1 5 ()" 1 [(Ix\* 29

Iour = 1o | = — ) - — | —=1 . (2.118
ouT 1013 * <10> 8404 \1p) 3 (2.118)

2 24 2
1 (] a
2z ()
In conclusion, Ioyr current approximates the Gaussian function using gap(x)
approximation function:

1 (In 1 (Ix)’
Iour =1 — | &I -——|—) |- 2.119
out = 1o84p [a NG ( 10)} 0 €Xp 202 ( Io) ( )
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