Chapter 2
Turnpike Properties of Optimal
Control Problems

2.1 Preliminaries

Denote by | - | the Euclidean norm in the k-dimensional Euclidean space R¥. Let
m, n be natural numbers.
In this chapter we study a control system described by a differential equation

2'(t) = G(t,z(t),u(t) a.e.t €L, (2.1)

where Z is either R* or [T1, 00) or [T1, Ts] (—o0 < Ty < Ty < o0),andx : T — R"
is an absolutely continuous (a. c.) function which satisfies

(t,x(t)) € Aforallt € Z, (2.2)

where A is a subset of R"*!. The control function u : Z — R™ is Lebesgue
measurable and satisfies the feedback control constraints

u(t) e U(t,xz(t)) a.e. t € T, (2.3)
where U : A — 27" is a point to set mapping with a graph
M=A{(t,z,u): (t,z) € A, ue U(t,x)}. 2.4)
We suppose that M is a Borel measurable subset of R"*"*! and that the function
G : M — R" is borelian.
For any t € R! set
Alt)={x € R": (t,x) € A}. (2.5)
We assume that the set A(t) # () for any t € R!.
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12 2 Turnpike Properties of Optimal Control Problems

The performance of the above control system is described by an integral
functional

T>
T, Toyzu) = [ f(t2(t),u(t))dt, (2.6)
T

where a borelian function f : M — R! belongs to a complete metric space of
functions 91 defined below.

An a. c. function x : T — R", where Z is either R or [T}, 00) or [Ty, T%]
(—o0 < T71 < Ty < 00), will be called a trajectory if there exists a Lebesgue
measurable function (referred to as a control) v : Z — R™ such that the pair
(x,u) satisfies (2.1)—(2.3) and the function ¢t — f(¢, x(t), u(t)) is locally Lebesgue
integrable on Z.

For any s € R! set s, = max{s,0}.

Let ap be a positive constant and let ¢ : [0,00) — [0,00) be an increasing
function such that

P(t) — oo ast — oo.
Denote by 90 the set of all borelian functions f : M — R! which satisfy the

following growth assumption:

A)

ft, @, u) = max{(|z]), P(lul),
PG =, w)| = aolel] )G 2, u)| — aolz(l+} = ao

for each (t,z,u) € M.

We equip the set 9t with the uniformity which is determined by the following base:

E(N,e,\) ={(f,g) e MxM: |f(t,z,u) —g(t,z,u)| <€
for each (¢, z,u) € M satisfying |z|, |u| < N}
N{(f.9) € Mx M+ (|f(t,,u)] + D(lglt, 2, w) +1)7" € AT A
for each (¢, z,u) € M satisfying |z| < N}, 2.7

where N > 0,¢ > 0and X\ > 1.
Clearly, the uniform space 9t is Hausdorff and has a countable base. Therefore
M is metrizable. It is not difficult to show that the uniform space 91 is complete.
We consider functionals of the form I/ (T, Ty, z,u) [see (2.6)], where f € 9,
—o00 <Th < Ty < candz : [Th,T2] - R™, uw: [T1,Tz] - R™isa
trajectory-control pair.
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For f € 9, a pair of numbers T} € R, Ty > Ty and (T1,9), (Ts, 2) € A set

UNTy, To,y, 2) = inf{IH(Ty, To, z,u) : 2 : [T1,To] = R", w: [Ty, To] — R™
is a trajectory-control pair satisfying z(71) = y, «(T2) = 2z}, (2.8)
ol (11, Ty, y) = inf{UY (T, Ty, y,h) : (Ta,h) € A}. (2.9)

Here we assume that the infimum over empty set is co.

2.2 The Main Results

Denote by 9,4 the set of all functions f € 9 which satisfy the following
assumption:

(B) There exist a trajectory-control pair
xf:R1—>R”, uf:Rl—>Rm
and a number by > 0 such that:
©)
UNTy, To, a5 (Th), w4 (T2)) = I (Th, Ta, ay, uy)

foreach T}, € R! and each T» > T;

(ii)
sup{I7(j,j + Lwg,up) : j = 0,+£1,£2,...} < o0;
(iii) For each S7 > 0 there exist Sy > 0 and an integer ¢ > 0 such that
(T, Ty, wp,up) < T (T, To, m,u) + S

for each Ty € R!, each T, > Tj + ¢, and each trajectory-control pair x :

[Tl,TQ] — Rn, u: [Tl,Tg] — R™ which satisfies |£L‘(T1)|, |$(T2)| < Sl;
(iv) For each e > 0 there exists ¢ > 0 such that for each (7, z) € A which satisfies

|z —ap(T)| <6

there are

T € (T,T—l—bf] and 1o € [T— bf,T),
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and trajectory-control pairs
x1:[T,71] — R", up : [T,71] = R™,
x9: [, T] = R", ug : [, T] = R™

which satisfy

wi(mi) = wy(m), 1= 1,2,

|z1(t) —xp(t)] < eforallt e [T, 7],
|2 (t) — f(8)] <
) <

Ij(T T1,21, U1

eforall t € [r2,T],
(T, 1, 2p,uf) + ¢,
I (10, T, 20, us) < I (12, T, xTp,up) + e
Note that assumption (B) means that the trajectory-control pair
zp: RY — R™ up: R' - R™

is a solution of the corresponding infinite horizon optimal control problem associ-
ated with the integrand f, and that certain controllability properties hold near this
trajectory-control pair.

In this chapter we will establish the following result.

Theorem 2.1.

1. Let f € M,cq and Sy > 0. Then there exists S > 0 such that for each pair of
real numbers T < Ty and each trajectory-control pair

x: [T, To] = R", w: [T1,Ta] = R™
which satisfies |x(T1)| < S the following inequality holds:
(T, T, xp,up) < TH(Ty, Toy 2,u) 4 S.
2. Let f € Mycy. Then for each s € R and each trajectory-control pair
x:[s,00) = R", u:[s,00) = R™
one of the following relations holds:
(a)
I (s, t,z,u) — If(s,t,xf,uf) —ooast — oo;
(b)

sup{|]f(s,t,xf,uf) - If(s,t,:zr,u)| cte(s,00)} < oo.
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Moreover, if the relation (b) holds, then
sup{|z(t)[ : ¢ € [s,00)} < o0.
For each f € 9,4 and each r > 0 we define a function f, € M by
fr(t,z,u) = f(t, x,u) + rmin{|x — z;(¢)], 1} forall (¢, z,u) € M.

It is easy to see that f,. € 9,4 for each f € M,.., and each r > 0.

Let 2 be a subset of M., such that f, € A for each f € A and each r € (0, 1).
Denote by 2 the closure of 2l in the uniform space 9t and consider the topological
subspace 21 C 91 with the relative topology.

In this chapter we will establish the existence of a set 7 C 2 which is a countable
intersection of open everywhere dense sets in 2 and such the following theorems
hold.

Theorem 2.2. For each f € F and each S > 0 there exist a neighborhood U of f
in M and positive numbers 6, Q) such that the following assertions hold:

inf{U9(Ty, T, y1,92) : (Ty,y:) € A, i =1,2} < oo

foreach g € U, each Ty € R" and each Ty > T};

for each g € U, each Ty € R, each Ty > Ty + 1 and each trajectory-control
pair

x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies
(T, Ta, x,u) < inf{U9(T1, T2, y1,y2) : (Ti,y:) € A, i=1,2}+ 8
and
(T, T, x,u) <UY(Ty, T, x2(Th),2(T2)) + &
the following inequality holds:
|z(t)] < Qforallt € [Ty, Ts).

Theorem 2.2 establishes uniform boundedness of approximate solutions of

optimal control problems.

The next theorem is our first turnpike result.

Theorem 2.3. Let f € F. Then there exists a bounded continuous function Xy :
R' — R" such that the following property holds.
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For each S,e > 0 there exist a neighborhood U of f in MM and real numbers
A > 0,6 € (0,€) such that for each g € U, each Ty € R, each Ty > Ty + 2A and
each trajectory-control pair

z: [Ty, Ts] = R", u: [I1,Ty] — R™
which satisfies
19T, To,z,u) < inf{UY(Th, T2, y1,y2) + (Ti,yi) € A, i=1,2}+ 8

and

19(Ty, To, v, u) < UY(Th, Ta, 2(Th), 2(T2)) + 0
the following inequality holds:

lz(t) — X¢(t)] < eforallt € [Ty + A, T, — Al
Moreover, if |x(Th) — Xy (Th)| < 6, then

|z(t) — X ()| < eforallt € [Ty, T> — A]

and if |z(T2) — X (T)| <6, then

|z(t) — X¢(t)| < eforallt € [Ty + A, Ty).

Corollary 2.4. Assume that f € F, S, A are positive numbers and that
z:R'—< R", u:R'— R™
is a trajectory-control pair such that
(T, Ty, x,u) = U (T, Ty, 2(Th), 2(Th))
foreach Ty € R and each Ty > Ty, and
IN(Ty, Ty, z,u) < inf{U(Ty, Ta,y1,y2) : (Tioys) € A, i =1,2}+ 8
foreach Ty € R and each Ty, > Ty + A. Then
x(t) = X;(t) forallt € R".

The next theorem is our second turnpike result.
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Theorem 2.5. Let f € F, let a bounded continuous function Xy : R* — R™ be
as guaranteed by Theorem 2.3. and let €, M be a pair of positive numbers. Then
there exist a neighborhood U of f in 9N, real numbers | > 0, L > 0 and a natural
number p such that for each g € U, each Ty € R, each Ty > Ty + L, and each
trajectory-control pair
X [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies
Ig(Tlu T27 x, ’LL) S inf{Ug(T17T27 y17y2) : (Tlu yz) S A7 1= 17 2} + M
there exist finite sequences
{aitioy, {biYi, C [T, T2,
where q < p is a natural number, such that
a; <b; <a;+1forallintegersi =1,...,q
and
|z(t) — X¢(t)| < eforallt € [Th,Ts] \ UL, [ai, bi].
This chapter is organized as follows. In Sect. 2.3 we study uniform boundedness

of trajectory-control pairs. Section 2.4 contains auxiliary results. Theorems 2.1-2.3
and 2.5 are proved in Sect. 2.5.

2.3 Uniform Boundedness of Trajectory-Control Pairs

Proposition 2.6. Let My, M1, 19 be positive numbers. Then there exists Mo > M,
such that for each f € M, each T\ € R', each Ty € (Th, Ty + 7o), and each
trajectory-control pair

T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™
which satisfies

inf{|z(t)| : t € [T1,T]} < My,
IN(Ty, Ty, z,u) < My (2.10)
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the following inequality holds:
|z(t)| < Mas forallt € [T1,T5). (2.11)
Proof. Fix
§ € (0, min{8 (1 +ayt), 167 7}) (2.12)
[recall ag in assumption (A)]. By assumption (A) there exist hg > M; + 1 such that

[t u) > 4(Mo + agro)d ™
for each (¢, z,u) € M satisfying |x| > ho (2.13)

and 9 > 0 such that

ft,z,u) > 8[|G(t, z,u)| — ag|x|]+ for each (¢t,x,u) € M
satisfying |G(t, z, u)| — aolz| > 0. (2.14)

Choose a number
My > 8(My + moa0 + Y00 + ho) + 8Mj. (2.15)
Let f € M, Ty € RY, Ty € (T1, Ty + 7o) and
x: [T, To] = R™, w: [Ty, T2] - R™

be a trajectory-control pair satisfying (2.10). We show that (2.11) holds.
Assume the contrary. Then there exists ¢ty € [T, T>] such that

|z(to)| > Mo. (2.16)

By the choice of hg, (2.10), (2.12), (2.13), and assumption (A), there exists t; €
[T, T5] such that

|x(t1)] < ho and |t; — to| < 6. 2.17)
There exists

to € [min{to, t1}, max{to,t1}]
such that

|z(t2)] > |z(¢)| for all t € [min{to, t1}, max{to,t1}]. (2.18)
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We define

F, = {t S [min{tl,tg}, max{tl,tg}] :
|G (&, (1), u(t)] = aolz(t)] + 0},
EQ = [min{tl, tQ}, max{tl, tz}] \ El. (219)

It follows from (2.1), (2.19), (2.17), (2.18), (2.14), (2.10), and assumption (A) that

o(12) ~ (1) =| | Gt (t), u(t)) ]
< | ()] + /E (Gt (), ()] — aola(t)]) dt

+ [ (G t0), )]~ aola 0
Es

< aglz(t2)|6 + Y00 + 871 : ft,x(t),u(t))dt
1
< aglz(t2)|8 + Y00 + 8 (Mo + Toa).
Together with (2.12), (2.18), (2.16), and (2.17) this implies that
(7/8)Mz — ho < (7/8)|x(t2)] — z(t1)| < 700 + 87" (Mo + Toao)-

This contradicts (2.15). The contradiction we have reached proves Proposition 2.6.
O

Proposition 2.6 and assumption (A) imply the following result.

Proposition 2.7. Let M1 > 0 and 0 < 19 < 71. Then there exists Mo > 0 such
that for each f € M, each Ty € RY, each Ty € [Ty + 79,T1 + 71] and each
trajectory-control pair

x: [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies
IN(Ty, Ty, x,u) < My (2.20)

relation (2.11) holds.

Proposition 2.8. Let M1,e > 0 and 0 < 19 < T1. Then there exists 6 > 0 such
that for each f € M, each Ty € RY, each Ty € [Ty + 10,11 + 1), and each
trajectory-control pair

T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™
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which satisfies (2.20) and each t1,to € [T1, Tz satisfying |[t1—t2| < 6 the inequality
lz(t1) —z(t2)| < e

holds.

Proof. Let a number M > 0 be as guaranteed in Proposition 2.7. By assump-
tion (A) there exists hg > 0 such that

ft,z,u) > 4e H(My + aory + 8)(|G(t, x,u)| — aolz|)4
for each (¢, x,u) € M satisfying |G(t, z, u)| — ag|x| > ho. (2.21)

Fix a number
5 € (0,e(4agMy + 4ho +4)7h). (2.22)
Let fe M, Ty € R, Ty € [T} + 70, T1 + 71),
x: [T, Te] = R™, w: [Ty, Ta] - R™
be a trajectory-control pair satisfying (2.20) and let
t1, to € [T1, T3], 0 <ty —t1 <. (2.23)
Set

By = {t €t ta]: [G(t,a(t), u(®))] - aola(t)] > ho},
By = [, ta] \ Ei. (2.24)

It follows from the choice of Mo, (2.20), (2.11), (2.23), (2.24), (2.21), (2.22), and
(2.1) that

olt2) ~ a(t)] < ao [ [e(®lds + [ (161,20, u(®)] - aole(0)]) e

t1 tl

< ag8Mj + 5ho + / (IG(t, 2(t), u(t))| — aol(t) )t

Ey

< agdMy + Sho + e(4(M; + agmy +8)) 7 ft,z(t), u(t))dt
Eq

< agdMs + Sho + 47 e < e.

Proposition 2.8 is proved. O
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Proposition 2.9. Let f € MM, 0 < ¢1 < co, and D,e > 0. Then there exists
a neighborhood V of f in M such that for each g € V, each Ty € R', each
Ty € [Ty + ¢1, Ty + ¢2), and each trajectory-control pair
T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™
which satisfies
min{I/(Ty, Ty, z,u), I9(Ty, Tp,z,u)} < D
the inequality

|If(T1,T2,.’I],’U,) - Ig(T17T27:E7u)| S €

holds.

Proof. By Proposition 2.7 there exists S > 0 such that for each g € 9, each
T, € R',each T, € [T} + ¢1, Ty + co), and each trajectory-control pair

x: [T, To] = R™, w: [Ty, Ta] = R™
which satisfies
(T, T, z,u) <D +1
the following inequality holds:
|z(t)] < Sforallt € [Ty, Ty). (2.25)
There exist 6 € (0,1), N > S and I" > 1 such that

Y(N) > dag + 4, 6cy < 87 ¢,
(I' = 1)(D + apea + c2) < 87 e (2.26)

Define
V={geMm: (f,9) € E(N,61)}. (2.27)
Assume that g € V, each Ty € R, each Ty € [Ty + ¢1,T1 + ¢2] and
x: [T, To] = R™, w: [T1,Ta] = R™
is a trajectory-control pair which satisfies

min{I/ (Ty, Ty, z,v), I9(Ty, Ty, z,u)} < D. (2.28)
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Set
E = {t S [Tl,Tg] : |’U,(t)| < N}, FEy = [Tl,Tg] \ FEr. (2.29)

It follows from (2.28), (2.29), (2.27), and the definition of S that (2.25) holds
and that

|f(t, (), ut)) — g(t,z(t),u(t))| < forall t € Ej. (2.30)
Define
h(t) = min{f(tv ‘T(t)v u(t))v g(t,x(t),u(t))}

for all t € [Ty, Ts]. By (2.25), (2.27), (2.29), (2.26), and assumption (A), for each
t e Eg,

(f(t, x(t), u(t) + 1) (g(t, x(t),u(t)) + 1)~ € [T, T
and
Lt (), u(t) — g(t, 2(t),u(®))| < (I' = 1)(h(t) +1).

It follows from (2.29), (2.30), assumption (A), (2.28), (2.26) and the inequality
above that

|/ (T, Ty, z,u) — I9(Th, To, 2, u)| < deg + (I — 1)/ h(t)dt + (I' — 1)co
Es
<8co+ (I' = 1)es + (I' = 1)(D 4 apez) < e.

Proposition 2.9 is proved. O

2.4 Auxiliary Results

Consider the control system described by (2.1)—(2.5). Suppose that f € 2t and that
there exists a trajectory-control pair

zy: RY - R", uy : R* - R™
such that:
(@)

Uf(TlvTQa I*(Tl)a T (TQ)) = If(Tla T27x*a U*)
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for each 77 € R! and each Ty > Ty
(ii)

sup{I(j,j + 1,2, u) : j = 0,41, £2,...} < o0;
(iii) For each S7 > 0 there exist Sy > 0 and an integer ¢ > 0 such that
Ty, To, iy ui) < I (T4, T, 2, u) + Ss
for each 77 € R!, each T, > T} + c and each trajectory-control pair
x: [T, Ta] = R", w: [T1,Ta] = R™
which satisfies |z(T4)|, |x(T2)] < Si;
(iv) There exists b, > 0 such that for each € > 0 there exists § > 0 such that for
each (T, z) € A which satisfies
|2 — 2. (T)| < 6
there are
7 € (T, T+band mp € [T — by, T),
and trajectory-control pairs

x1:[T,71] = R", up : [T,71] = R™,

T [T2,T] — Rn, U [TQ,T] — R™
which satisfy

21(T) = 2o(T) = z,
xi(1i) = xu(13), 1= 1,2,
|1 (t) — . (2)
|2(t) — 2.(t)

If(T,Tl,:zrl,ul) < If(T,Tl,x*,u*) + e,
)< I

eforallt € [T, 7],

<
< eforallt € [, T,

Ty
Ty
If(TQaTv €2, U2 <

g, T, w0, uy) + €.

It follows from property (ii) and Proposition 2.7 that

sup{|z.(t)| : t € R'} < 0. (2.31)
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Note that properties (i)—(v) mean that the trajectory-control pair
zs : Rt - R"™, uy: R - R™

is a solution of the corresponding infinite horizon optimal control problem associ-
ated with the integrand f and that certain controllability properties hold near this
trajectory-control pair.

Lemma 2.10. Let Sy > 0. Then there exists S > 0 and an integer ¢ > 1 such that
foreach Ty € R, each Ty > Ty + c and each trajectory-control pair

T [Tl,TQ] — Rn, u: [Tl,TQ] — Rm,
satisfying |z (T1)| < Sy the inequality
Ty, Ty, e, uy) < IT(T1, To, 2z,u) + S (2.32)

holds.

Proof. Fix a number S which satisfies
Sa > So,
¥(S2) > ag +sup{|I7(j,j + 1,2, us)| - j=0,4£1,42,...}. (2.33)

By property (iii) there exists a number S; > 0 and an integer ¢ > 0 such that for
each T} € R', each Ty, > T} + ¢, and each trajectory-control pair

X [Tl,TQ] — Rn, U : [Tl,Tg] - R™
which satisfies |z(T4)|, |x(T2)| < Ss the inequality
(T, Ty, vy us) < (T4, Tow,u) + 51

holds.
Fix a number

S>Sl+2+2ao(2+0)
+e+ ) sup{|I7(j,j+ 1,2, u)| : j=0,41,4£2,...}. (2.34)
LetTy € Rl, T, > Ty + cand
X [Tl,TQ] — Rn, u: [Tl,TQ] — R™

be a trajectory-control pair satisfying |z (71 )| < Sp. We show that (2.32) holds. By
the choice of .S, 51, and ¢, we may assume that

|z(T2)| > Sa. (2.35)
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Set

T3 = sup{t € [T1,T] : |z(t)] < Sa}. (2.36)
It follows from the choice of S7, (2.36), (2.33), and assumption (A) that

If(T15T37x*7u*) - If(T15T3;I5u)

< 81+ 2a0(1+¢) + (4 2)sup{|T (4, j + 1, x4, us)| = j=0,%1,42,...}.

(2.37)
By assumption (A), (2.33) and (2.36),
(T, Ty, v, uy) — I (T3, To, 2, 1)
<(Ty = T+ 2)sup{ I/ (j,j + 1,2, ua)| : 5 =0,+1,+2,...}
+2a0 — (’lﬁ(Sg) — ao)(Tg — T3)
<2sup{|I7(j,j + 1, s, us)| : j = 0,41, £2,...}.
Together with (2.34) and (2.37) this implies (2.32). Lemma 2.10 is proved. O
Fix a number dy > 0 and define a continuous function ¢ : A — R! by
o(t,r) = min{|x — z.(t)|, do} foreach (¢,z) € A. (2.38)
For any r > 0 we define f,. € 91 by
fr(t,z,u) = f(t, z,u) + ro(t, z) for each (¢, z,u) € M. (2.39)

We have the following simple auxiliary result.

Lemma 2.11. Let V be a neighborhood of f in M. Then there exists ro > 0 such
that f, € V for everyr € (0,19).

Fix r € (0, 1] and set

Ao =sup{|I/ (4,5 + 1,24, u,)| : j=0,£1,£2,...},
Ay = sup{|z.(t)] : t € R'}. (2.40)

Lemma 2.12. Let by > 1 be an integer and let by, Q, S > 0. Then there exists
S1 > S such that

|x(t)] < 51 forallt € [Ty, T5] (2.41)
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foreach Ty € RY, each Ty > T} + 2by, and each trajectory-control pair
x: [T, Te] = R™, w: [Ty, Ta] - R™
which satisfies the following conditions:
(a)
[z(Th)], le(T2)| <8
and
I (Ty, Ty, m,u) < U Ty, Ty, 2(Th), 2(T2)) + Q;
(b) There exist
71 € (T, Ty + b1)and 12 € [Ty — by, T2)
such that
U (T, m, 2(Th), x4 (11)) < by,
Ul (12, Ty, 22 (12), 2(T3)) < bo. (2.42)

Proof. Choose a number Sy such that
So > S+1,
¥(So) > ao +sup{|I7 (j,j + 1, zs,us)| - 7 =0,%£1,%2,...} +4. (2.43)

By property (iii), there exist (J; > 0 and an integer ¢; > 1 such that for each
T, € R', each Ty > T} + ¢, and each trajectory-control pair

x: [T, Te] = R", w: [Ty, Ta] - R™
which satisfies
2(T3)| < So+1, i =1,2
the following inequality holds:
(T, Ty, ey uy) < TH(T, Toyz,u) + Q. (2.44)
Fix a number

S > 44 Q+2Q1 +2a9(by 4 ¢1 + 3) + 2by + 2

+ Ao[2(c1 +3) + 240 (c1 +3) +2a0(b1 + 1 + 3) +2b2 + 24+ Q +2Q1]. (2.45)
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By Proposition 2.6 there exists 51 > Sp+2 such that foreach g € 91, each T} € R,
each

Ty e (Th,Th + Q + 2by + 2 + 2a9(b1 + c1 + 3) + 2Q1 + 2(c1 + 3)Ap]
and each trajectory-control pair
x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies
inf{|z(¢)| : ¢ € [T1,T2]} < So,
I9(Ty, T, z,u) < S (2.46)
the following inequality holds:
|z(t)] < Sq forallt € [T, ). (2.47)
Assume that T} € R', Ty > T} + 2b; and that a trajectory-control pair
x: T, Te]) = R", u: [Ty, Ts] = R™

satisfies conditions (a) and (b). Let 7; and 75 be as guaranteed in condition (b). We
show that (2.41) holds.
Assume the contrary. Then there exists Ty € [T7, T»] such that

|(To)| > Si. (2.48)
By condition (b) there exists a trajectory-control pair
1 : [Tl,TQ] — Rn, Uup [Tl,TQ] — R™
such that
21(Tj) = z(Tj), z1(7;) = wi(75), j = 1,2,
z1(t) = x4 (t) and uy (t) = u.(t) forall t € [, T2,
Pr(Ty, 7, 20,u1) < bo +1,
I (12, Ty, w1, u1) < by + 1. (2.49)

It follows from (2.49) conditions (a) and (b), and assumption (A) that

IfT(T17T27:E7u) S Ifr(TluT27x17u1) + Q
<Q+ I (T, Ty, v, us) + 2a0by + 2by + 2. (2.50)
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Set

t1 = sup{t S [Tl,To] : |$(t)| < So},
to = inf{t S [TQ,TQ] : |$(t)| < So} (2.51)
It follows from the choice of 1 and c1, (2.44), (2.51), (2.40), condition (a), and
assumption (A) that
IfT(Tlvtlvx*vu*) - IfT(Tlvtlvxvu)
< Ql + ao(Cl + 2) + (Cl + 2)/10,
IfT(t25T27x*7u*) - Ifr(tQ;TQrIvu)
< Ql + ao(c1 + 2) + (Cl + 2)/10 (252)

By (2.39), (2.40), (2.51), (2.43), and assumption (A),

IfT(t17t27x*7u*) _Ifr(tlatQ;xau)
< (t2 =t +2) A0 + 2a0 — (t2 — t1)(¥(So) — ao) < 240 + 2a0 — 4(t2 — t1).

Together with (2.50) and (2.52) this implies that

la —t1
< 2Ag + 2a¢ + Q + 2agb1 + 2b2 + 2 4+ 2Q1 + 20,0(01 + 2) + 2(01 + 2)/10
(2.53)

It follows from the choice of S1, (2.53), (2.46), (2.47), (2.48), and (2.51) that

Ifr(tl, to, T, u) > 5.
Together with (2.39), (2.50), (2.52), (2.40), and assumption (A) this implies that

—Q — 2a0by — 2bs — 2
< I (Th, Ty, ey ) — T (T, T, 2, w)
<2Q1 + 2ap(c1 +2) + 2(e1 +2)Ag
+ 17 (b1, o, muy un) — T (81, 9, 2, w)

S 2Q1 + 2&0(61 + 2) + 2(61 + 2)/10 + AQ(tQ — tl + 2) + 2&0 - S.
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By this relation and (2.53),

S <Q+42Q1 +2a0(by +c1 +3) +2(by + 1)
+Ap[2(c1 + 3) + 240(c1 + 3) + 2a0(by + ¢1 + 3) + 2bs + 2 + Q + 2Q4].

This contradicts (2.45). The contradiction we have reached proves Lemma2.12. O

Lemma 2.13. Let by > 1 be an integer and let by, Q, S > 0. Then there exists
So > 0 such that for each Ty, € R', each Ty > T| + 2by, and each trajectory-
control pair

T : [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies conditions (a) and (b) of Lemma 2.12 the following inequality holds:
I'"(T, T4 1,z,u) < Sy forany T € [Ty, Tp — 1]. (2.54)

Proof. Let S; > S be as guaranteed in Lemma 2.12. By property (iii), there exist
Q1 > 0 and an integer ¢; > 1 such that for each Ty € R*', each T, > T} + ¢, and
each trajectory-control pair

x: [T, To] = R™, w: [Ty, Ta] - R™
which satisfies
lo(T3)] < S1+1,i=1,2
the following inequality holds:
(T, Ty, e, uy) < IH(TY, To, z,u) + Q1. (2.55)
Fix a number

So>44+Q+2Q1+2(ba + 1) + 2a¢(by + 1 + 4) + 2(01 + 4)A0 (2.56)

[recall ag in assumption (A)].
Assume that T} € R', Ty > T + 2b; and that a trajectory-control pair

T : [Tl,TQ] — Rn, u: [Tl,TQ] — R™
satisfies conditions (a) and (b) of Lemma 2.12.
Let 7 and 75 be as guaranteed in conditions (a) and (b) of Lemma 2.12. We show
that (2.54) holds for any T' € [T1, T2 — 1].
Assume the contrary. Then there exists T € [T1,T> — 1] such that

I'(T, T+ 1,2,u) > Sp. (2.57)
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By condition (b) of Lemma 2.12, there exists a trajectory-control pair
1 : [Tl,TQ] — Rn, Uup [Tl,TQ] — R™

which satisfies (2.49). By (2.49), conditions (a) and (b) of Lemma 2.12 and
assumption (A), relation (2.50) is true. It follows from the choice of S; and
Lemma 2.12 that

|x(t)] < Sq forall ¢ € [Ty, Ty] (2.58)
In view of the choice of Q1, c1, (2.58), (2.40), and (2.39),

Ifr(TlaTv x*vu*) - IfT(Tl,T7$,’LL) < Ql + ao(Cl + 2) + (Cl + 2)/105

IfT(T + 1,T2,$*,’U,*) - IfT(T + 1,T2,$,U) <@+ ao(Cl + 2) + (Cl + 2)/10
(2.59)

It follows from (2.50), (2.59), (2.57), (2.40), and assumption (A) that

—Q — 2agby — 2by — 2
< (T4, Ty, ay ) — I (T, T, 0, 0)
<2Q1 + 2ap(c1 +2) + 2(e1 +2)Ag
+I7 (T, T + 1,20, u.) — (T, T+ 1,2,u)
<2Q1 + 2ap(cy +4) +2(cy +4)Ag — So.

This contradicts (2.56). The contradiction we have reached proves Lemma 2.13. O

Lemma 2.14. Let A > 0. Then there exists § € (0, A) such that for each Ty € R,
each Ty > T, and each trajectory-control pair

x: T, Ts]) = R", u: [Ty, Ts] = R™
which satisfies
|2(T3) — 2. (1) < 6, i =1,2 (2.60)
the following inequality holds:

Ty, Ty, z,u) > T (Ty, Ty, @, us) — A (2.61)

Proof. There exists § € (0, A) such that property (iv) holds with ¢ = 371 A (see
the definition of f).
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Assume that T} € RY, Ty > T and that a trajectory-control pair
x: [T, To] = R™, w: [Ty, Ta] - R™

satisfies (2.60). By (2.60), the choice of § and property (iv), there exist
71 € [Th — by, T1) and 7o € (To, T + b,

and trajectory-control pairs
x1:[m,Th) = R, uy : [, T1] — R™

and
x9 i [To, 2] = R", ug : [To, 2] = R™

such that

If(Tl,Tl,xl,ul) < If(Tl,Tl,x*,u*) +371A,
I (To, 72, 20, u2) < IT(To, T2, 2y us) + 37 LA, (2.62)
It follows from the choice of (1, u1), (22, u2) and property (i) that

I (m, Ty, ) + T (T, Ty, oy u) + I (Ta, 12, , 20, ug)

> I (11,72, 2y us).

Together with (2.62) this implies (2.61). Lemma 2.14 is proved. O

Lemma 2.15. Let € € (0,dp). Then there exist § € (0,¢€) and A > 0 such that for
eachTy, € RY, each Ty, > Ty + A, and each trajectory-control pair

X : [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies

|2(T;) — 2 (T3)| < 0, i =1,2,
' (Ty, Ty, x,u) < UM (Th, Ty 2(Th), 2(To)) + 0 (2.63)

the following inequality holds:

|z(t) — 2. (t)| < eforallt € [T1,T3]. (2.64)
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Proof. There exists 5o € (0,871) such that property (iv) holds with ¢ = 1 and
0 = dp. There exists an integer b; such that

b +1<b1 <bi+2 (2.65)

[recall b, in the definition of f, property (iv)].

Set
Q=1,
S = sup{|z.(t)|: t € R'} + 4,
by =2+ b + 2a0 + (bs +3) 4o (2.66)

Let Sy be as guaranteed in Lemma 2.13. By Proposition 2.8 there exists §; €
(0,871) such that for each g € 9, each T' € R!, each trajectory-control pair

x: [T, T+1] —R", u: [T, T+1] — R™
which satisfies
9T, T+ 1,z,u) < 1+ S+ 240 + 2a0 (2.67)
and each t1,ts € [T, T + 1] satisfying |t; — t2| < &; the inequality
|x(t1) — z(t2)| < 167 e

holds.
Choose a number

€1 € (0,min{871, 87 e, 127 erd, (4 + 4b,)7'}). (2.68)
There exists
5y € (0,47 €p) (2.69)

such that property (iv) (see the definition of f) holds with € = €1, § = §5. There
exists

6 € (0,62) (2.70)
such that Lemma 2.14 holds with A = 16~ 'ed; . Fix a number

A > 2b, + 2by + 4. 2.71)
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Assume that T} € R, Ty > T} + A and that a trajectory-control pair

x: [Tl,TQ] — Rn, u: [Tl,TQ] — R™

satisfies (2.63). We show that (2.64) holds.
Assume the contrary. Then there exists a number ¢; such that

t1 € [Tl,Tg],
|£L‘(t1) — ,T*(tl)l > €.

By (2.63), property (iv), and the choice of J, there exist
71 € (T1,T1 + bi] and 70 € [T — by, T3)
and trajectory-control pairs

xy: [T, 1] = R", uy : [T, 1] — R™,

o : [TQ,TQ] — Rn, ug [TQ,TQ] — R™

which satisfy

(T, en,u1) < (T, 1, 2, us) + €,
I )

~  ~—

If(TQ;T27x27u2 f(7'27T25I*;u* +€1-

Define a trajectory-control pair
x3: [T, To] = R™, ug : [Th,Te] — R™
by
z3(t) = x1(t), uz(t) = uy(¢) forall t € [Ty, 1],

x3(t) = 24 (t), uz(t) = us(t) forall t € (71, 2],
Ig(t) = IQ(t), U3(t) = UQ(t) forallt € (TQ,TQ].

33

(2.72)

(2.73)

(2.74)



34 2 Turnpike Properties of Optimal Control Problems

The relations above, (2.63) and (2.74) imply that
I (T, Ty, z,u) < T (Ty, T, w3, us) + 0. (2.75)
It follows from (2.75), (2.39), (2.74), (2.73), (2.65), and the definition of x5 that
I (Ty, Ty, w3, u3) — I (T1, Ts, 24, uy)

1
< otz (t))dt + I (Ty, 71, 1, u1)
T
T>
—If(Tl,Tl,:v*,u*) + ¢(f,$2(t>)dt

T2
+I'f(7’2,T2,I2,UQ) —If(TQ,TQ,{E*,u*)
S 261 + 2€1b1.

Together with (2.75) and (2.39) this implies that

IN(Ty, Ty, 4, us) 4 261 + 261by + 0 > T/ (T1, To, 2, 1)

T2
>IN, Ty, z,u) + 1 B(t, x(t))dt. (2.76)
T

By (2.74), (2.73), (2.39), and (2.68),
UM (Ty, 1, 2(Th), 2. (11)) < IH(T1, 70, 0, 1) + 1+ by,
Ul (12, Ta, 24 (12), 2(To)) < ¥ (12, To, ay i) + 1+ ba. (2.77)
There exists an interval
[dy,ds] C [Th, T3]
such that
dy —dy = 1,
t1 € [dy, ds]. (2.78)

It follows from (2.63), (2.68)—(2.70), (2.73), and (2.77) that the trajectory-control
pair

T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™

satisfies conditions (a) and (b) of Lemma 2.12 with b1, b, @, S defined by (2.65)
and (2.66). Therefore by the choice of Sy and Lemma 2.13,

I’ (dy, do,z,u) < Sp. (2.79)
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It is easy to see that
I (dy, do, 24, us) < 240 + 2a0. (2.80)
It follows from the choice of d1, (2.67), (2.78)—(2.80), and (2.72) that for every

te [dl,dQ] N [tl — 51,t1 +51]

we have
lz(t) — x(t)] < 167 1e,
|24 (1) — 2. (1) < 167 '€
and
|z(t) — z.(t)] = (3/4)e.
Therefore
T>
r o(t,x(t))dt > (3/4)erd;
T

and in view of (2.76) and (2.68)—(2.70),
IN(Ty, Ty, z,u) < I (T1, Ty, x4, uy) — 47 Lerdy.

On the other hand in view of the choice of  [see (2.70)], (2.63) and Lemma 2.14,
IN(Ty, Ty, z,u) > T (T, Ty, 2y us) — 167 Lerdy.

The contradiction we have reached proves Lemma 2.15. a

Lemma 2.16. Let € € (0, min{1,do}). Then there exist § € (0,¢) and Ay > 0
such that for each Ay > Ay there exists a neighborhood U of f, in I for which the
following property holds:

For each g € U, each Ty € RY, each Ty € [T1 + A1,T1 + As], and each
trajectory-control pair

X : [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies

|2(T;) — 2 (T3)| < 0, i =1,2,
Ig(Tl,Tg,,T,’u) < Ug(Tl,TQ,JJ(Tl),JJ(TQ)) +6 (2.81)
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the following inequality holds:
|z(t) — z.(t)| < €eforallt € [T1,T3]. (2.82)

Proof. There exists 6y € (0,871) such that property (iv) (see the definition of f)
holds with e = 1 and § = . By Lemma 2.15 there exist

61 € (0,min{47e,4716}),

Ay >2b, +2 (2.83)
such that for each Ty € R', each T> > T} + A, and each trajectory-control pair
x: [T, To] = R™, w: [Ty, Ta] - R™
which satisfies

[2(Ti) — 2o (T3)] < 61, i = 1,2,
I (Ty, Ty, m,u) < U (Ty, Ty, 2(Th), 2(T2)) + 61 (2.84)
relation (2.82) holds for all ¢ € [T, Ts]. Fix
§€(0,16714). (2.85)
Let Ay > A;. By Proposition 2.9 there exists a neighborhood i/ of f,. in 9t such
that for each g € U, each Ty € R!, each Ty € [T} + A1, Ty + Az, and each
trajectory-control pair
x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies
min{ I/ (T}, Ty, x,u), I9(Ty, To, z,u)} < 4+ 2a0 + Az + Ag(Ag +2) (2.86)
the inequality
\Ifr (1, Ty, ) — I9(Ty, To, 2, u)| < 6 (2.87)

holds.
Assume that

geu, Ty ERl, T € [T1+A1,T1+A2]
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and a trajectory-control pair
X [Tl,TQ] — Rn, U : [Tl,Tg] — R™

satisfies (2.81). We show that (2.82) holds.
By (2.81), (2.83), property (iv), and the choice of §y there exist

71 € (T1,T1 + bi] and 79 € [T — by, T3)
and trajectory-control pairs

Ty [Tl,Tl] — Rn, Uup [Tl,Tl] — Rm,
o : [TQ,TQ] — Rn, U [TQ,TQ] — R™

such that
Z(E) ( )7 1= 15 27
) x*(Tl) 121725
|z1(t) — 2 (¢)| < 1forallt € [Ty, ],
|zo(t) — x(t)| < 1forallt € [, T3],

zi (7

If(Tl,Tl,Il,ul) S If(Tl,Tl,{E*,’UJ*) + 1,

I (12, Ta, w9, us) < I (12, To, Ty us) + 1.
Define a trajectory-control pair
x3: [T1,To] = R", us : [Th,Ta] = R™
by

.Ig(t) =1 (t), U3(t) = ul(t) forallt € [Tl,’?'l],
,Tg(t) = ,T*(t), U3(t) = u*(t) forallt (Tl,Tg],
,Tg(t) = ,Tg(t), U3(t) = UQ(t) forallt € (TQ,TQ].
Relations (2.88), (2.89), (2.90), (2.39), and (2.40) imply that
U1y, To, 2(Th), 2(T)) < I (T1, Ta, w3, us)

Ts

S r ¢(f,$3(t))dt+I'f(T1,T2,£L'3,U3)
T

<2y + 24 I (T, Ty, 2, uy) < 20, + 24 Ag(Ag + 2) + 2a.

37

(2.88)

(2.89)

(2.90)

2.91)
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It follows from (2.91), (2.83), (2.81), and the choice of U/ [see (2.86), (2.87)] that
U1y, To, 2(Th), 2(T2)) — U(Ty, To, 2(Th), 2(T3))| < 6
and
|/ (T, Ty, u) — I9(Ty, To, 2, u)| < 6.
Together with (2.81) and (2.85) this implies that
I (Ty, Ty, z,u) < U (T, Ty, 2(Th), 2(Ts)) + 36
< UM (T, Ta,2(Th), 2(T2)) + 6.

Now (2.82) follows from the relation above, (2.81), (2.85) and the choice of §1, A4
[see (2.83), (2.84)]. This completes the proof of Lemma 2.16. O

Lemma 2.17. Let S > 0 and 6 € (0,min{1,do}). Then there exist A > 1 and
a neighborhood U of f,. in M such that for each g € U, each T) € R!, each
Ty > T + A and each trajectory-control pair

x: T, Ts]) = R", u: [Ty, Ts] = R™
which satisfies
|2(t) — 2. (t)| > 0 forallt € [Ty, Ty (2.92)
the following inequality holds:
(T, Ty, x,u) > 19Ty, T, Tuyus) + S. (2.93)
Proof. Fix a number

Dy > 16(Ao + ap + bs + S + 22). (2.94)

By Proposition 2.7 there exists Do > D; such that for each g € 91, each T; € R,
each T, € [T} + 81, T} + 8], and each trajectory-control pair

T : [Tl,TQ] — Rn, Uu: [Tl,Tg] — R™
which satisfies
(T, To,z,u) <2Dq +4 (2.95)

we have

|£L'(t)| < Dy forallt € [Tl,TQ].
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By Lemma 2.10 there exist D3 > Dy and an integer ¢; > 1 such that for each
T, € R', each T5 > T} + ¢1, and each trajectory-control pair

T [Tl,TQ] — Rn, u: [Tl,Tg] — R™
satisfying |z(T1)| < 2D3 + 1 the inequality
Ty, T,z uy) < TP (Th, T, z,u) + D3 (2.96)

holds.
Choose numbers

S1>8(D3+20+c1 +4(bs +4+c1)(Ao + ao) + S),
Dy > 851(2 + 4ag + 44y). 2.97)

By Proposition 2.9 there exists a neighborhood U/ of f, in 9 such that for each
g € U,each Ty € R, each Ty € [T} + 471, T} + 8], and each trajectory-control
pair
T [Tl,TQ] — Rn, u: [Tl,TQ] — R™
which satisfies
min{ I/ (T}, Ty, x,u), I9(Ty, To, z,u)} < 2Dy + 4 (2.98)
the inequality
|19(Ty, T, 2, u) — I (Ty, T, 2, u)| < 647170 (2.99)

holds.
Fix a number

A > 64(rd) 251 + (1 + 2)(ao + Ao)]. (2.100)
Assume thatg € U, T} € RY, Ty, > T, + A, and that a trajectory-control pair
X [Tl,TQ] — Rn, U : [Tl,Tg] - R™

satisfies (2.92). By assumption (A), (2.40), (2.97), and the choice of U/ [see (2.98),
(2.99)] for each t1, 5 € [T}, Ty satisfying to — t; € [271, 2]

I9(ty, to, T, ) < IT7 (1, to, Tu, Uy ) + 64726 < 349+ 209+ 1. (2.101)
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We show that (2.93) holds. There exists an integer p such that
p—1<Ty—-T) <p. (2.102)
Set
bo = Tl, bj = T1 +_], j = 1, ey P 2, bp,1 = TQ, T0 — Tl. (2103)
By induction we define a sequence {7;} C {b;}7—;.
Assume that an integer ¢ > 0, the sequence {7; g:o has been defined and that
Tq = bj(q)> Where 0 < j(q) <p— L. If

I9(bj(q)s bj(g)+1, T, u) > D1, (2.104)

then we set 7541 = bj(q)+1. If (2.104) does not hold and there exists an integer
ke {jlq)+1,...,p— 2} such that

Ig(bivb’i+17x7u) < D47 1= ](q)v .. '7k - 17
I9(bg, brt1, ,u) > Dy, (2.105)
then 7441 = by41. Otherwise 7441 = bp—1.

Evidently, the construction of the sequence {7;} is completed in a finite number
of steps. Let 7 be the last element of the sequence and let

ge{0,...,Q -1}, j(q) €{0,...,p— 2}, 74 = byg)- (2.106)
We estimate
I9(1q, Tq41, T, u) — I9(Tq, Tgq1, T, Us).
If (2.204) holds, then by (2.101) which holds with ¢; = 7,, t» = 7,41 and (2.94),
I9(1q, Tg41, T w) — I9(7q, Tgt1, T, us) > (3/4) Dy (2.107)

Assume that (2.104) does not hold and there exists k € {j(¢) +1,...,p— 2} which
satisfies (2.105). We show that

I9(7q, Tg1, yu) — I9(7q, Tqt1, Tuy Us) > (3/4)Dy. (2.108)
It follows from (2.105), the choice of 741, (2.101), and (2.97) that

Ig(Tququlvxvu) - Ig(Tq’TqulaI*vu*)

> Ig(bj(q),bk, x, u) - Ig(bj(q), bk,x*,u*) + (7/8)D4 (2.109)
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By the choice of U [see (2.98), (2.99)], (2.105), (2.101), and (2.97) for ¢ =
J(@),.... k=1,

19(bi, bit1, y,v) — 17 (b, biga, y,v)| < 6476,
(y,v) € {(z,u), (Ts,us)}. (2.110)
It follows from (2.38), (2.39), and (2.92) that
I (b, b, w) > I (bj(g), bi, 2, u) + 78(k — §(q)). (2.111)
Since (2.104) does not hold it follows from the definition of Dy [see (2.95)] that
|x(t)] < Do forallt € [bj(q),bj(q)Jrl]. (2.112)
There are two cases: (i) k — j(q) > S1; (i) k& — j(q) < S1.
Consider the case (i). By (2.112), the choice of D3, c; [see (2.96)] and the

inequality k — j(q) > 51,

I (bjq), b m,w) = I (bj(g), biy 4, ui) — Dy, (2.113)

Combining (2.109), (2.110), 2.111), (2.113), (2.97), and the inequality
k—j(q) > S

we obtain (2.108). If k£ — j(¢q) < S1, then (2.108) follows from (2.109), (2.101),
(2.97), and assumption (A).

Assume that (2.104) does not hold and there is no k € {j(q) +1,...,p — 2}
satisfying (2.105). Then

Tg+1 =bp—1, ¢=Q — 1,
Ig(bi,bi+1,x,u)<D4, izj(q),...,p—2. (2.114)
By the choice of I/ [see (2.98), (2.99)], (2.114), (2.101), and (2.97), relation (2.110)
holds for i = j(q), ..., p— 2. Relation (2.110), which holds for i = j(q),...,p—2,
(2.92) and (2.114) imply that
I9(7q, Tqv1, @, u) — I9(7q, Tq1, T, )

> 19(Ty, Ty 1, T 1) — 19Ty, Tyi1s Ty i) +17(8 — 32710)(Te — 7). (2.115)
Since (2.104) does not hold it follows from the choice of Dy [see (2.95)] that

()| < Do forall t € [rg, 7, + 1].
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By this relation, the choice of D3, c; [see (2.96)] and assumption (A),

If(Tq’T27x7u) - If(TQ7T27x*7u*)
> —D3 —agcr — /10(01 + 2) — 2ayg.

Together with (2.115) this implies that

Ig(TQa TQ,.I,’LL) - Ig(TQa TQ,.I*,’LL*)
> 27 §(Ty — 7,) — D3 — (ag + Ag)(c1 +2) (2.116)
(here g = Q — 1 [see (2.114)].

We showed that if (2.104) holds, then (2.107) is valid, if (2.104) does not hold and
thereis k € {j(q) +1,...,p — 2} satisfying (2.105), then (2.108) holds; otherwise
q = @ — 1 and (2.116) holds.

We show that (2.93) holds. For any integer ¢ € {0,...,Q} there is an integer

j(q) € {0,...,p — 1} such that 7, = bj(,). We may assume that for ¢ = Q — 1
(2.104) does not hold and there is not an integer

ke{jlQ-1)+1,...,p—2}

satisfying (2.105) with g = @ — 1. If Th, — 791 > 8~1A, then (2.93) follows
from (2.100), (2.116), which holds with ¢ = @ — 1, (2.107), (2.108), and (2.94).
Therefore we may assume that

Ty — 191 <8 LA
This implies that

(7/8)A <191 —Th. (2.117)
There are two cases:

(i) Relation (2.104) holds for each integer g € {0,...,Q — 2};
(ii) There is an integer g € {0, ..., Q — 2} which does not satisfy (2.104).

Consider the case (i). By the choice of {7'1-}?:0, (2.116), which holds with ¢ =
Q —1,(2.117), (2.107), (2.100), and (2.94),
Q-1=71 -1,
(T, Ty, x,u) — I9(T1, Ta, Ty us)
> (3/4)(Q = 1)D1 — D3 — (c1 +2)(Ao + ao)
>27YAD; — D3 — (1 4+ 2)(Ag + ag) > 25

and (2.93) holds.
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Consider the case (ii). It is easy to see that (2.108) holds. Relation (2.93) follows
from (2.116), which holds with ¢ = @ — 1, (2.108), (2.107), and (2.97). This
completes the proof of Lemma 2.17. O

Lemma 2.18. There exists -y > 0 such that for each § € (0,v) and each S > 0
there exist A > 1 and a neighborhood U of f, in 9 such that for each g € U, each
Ty € RY, each Ty > Ty + A, and each trajectory-control pair

T [Tl,TQ] — Rn, u: [Tl,TQ] — R™

which satisfies

|2(T3) = 2 (Ti)| <, i = 1,2,
|z(t) — x4 (t)] > d forallt € [Th,T>] (2.118)

the inequality
Ig(Tl, T, x, u) > Ug(Tl, T, J,'(Tl), LL‘(TQ)) + S5

holds.

Proof. There exists
v € (0,min{8 ', dy})

such that property (iv) (see the definition of f) holds with e = 1 and § = ~.

Let 6 € (0,7) and S > 0. By Proposition 2.9 there exists a neighborhood U; of
fr in 90 such that for each g € Uy, each Ty € R, each Ty € [T1 +8 1, Ty +8(b. +
2)], and each trajectory-control pair

T [Tl,TQ] — Rn, u: [Tl,Tg] — R™

which satisfies

min{ I/ (Ty, Ty, z,u), I9(Ty, To,x,u)} < 16(Ag + ag +4)(2b, +6) (2.119)
the inequality

|[I9(Ty, Ta, x,u) — IfT‘(Tl,TQ,x,u)| <1 (2.120)

holds.
Fix a number

S1 > 28 +1+2[1+ Ag(4 4 b.) 4 dag + by + 1] + 2a0(1 +b,).  (2.121)
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By Lemma 2.17 there exist A; > 1 and a neighborhood U of f, in 9 such that
U C U, and for each g € U, each Ty € R!, each T, > Ty + A;, and each
trajectory-control pair

x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies
|x(t) — x4 ()| > 6 forall t € [Ty, Ts] (2.122)
the following inequality holds:
(T, Te,x,u) > 19(Ty, Ts, Tu, ux) + St (2.123)
Fix a number
A > Ay +4(4 + 4b,) + 16. (2.124)
Assume that g € U, T} € R',eachTy, >T; + Aanda trajectory-control pair
x: [T, Te] = R", w: [Ty, Ta] - R™
satisfies (2.118). We show that
(T, T, z,u) > U9(Ty, T, x(Th), x(T2)) + S. (2.125)
By (2.118), the choice of v and property (iv) there exist
71 € (T1, Ty + b, and 7o € [To — by, T2) (2.126)
and trajectory-control pairs

Ty [Tl,Tl] — Rn, Uup [Tl,Tl] — Rm,
o : [TQ,TQ] — Rn, U @ [7_2,T2] — R™

such that

zi(Ti) = 2(T3), i = 1,2,
xi(13) = zo(13), 1= 1,2,
|1 (t) — 2. (t)] < 1forallt € [Ty, 7],
|wo(t) — x(t)| < 1forallt € [, T3],
Ty, 1, z0,u) < TH(Ty, 1, e, u) + 1,
I (19, Ta, wo,up) < I (12, T, &y us) + 1. (2.127)
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Define a trajectory-control pair
T3 : [Tl,TQ] — Rn, us [Tl,TQ] — R™
by

.Ig(t) =1 (t), U3(t) = ul(t) forallt € [Tl,’?'l],
x3(t) = 24 (t), uz(t) = u.(t) forall t € (71, 2],
Ig(t) = IQ(t), Ug(t) = UQ(t) forallt € (7’2, TQ] (2128)

Relations (2.126)—(2.128) imply that
Ug(Tl, TQ, J,'(Tl), LL‘(TQ)) S Ig(Tl, Tg, s, U3). (2129)
By (2.124), (2.127), (2.128), (2.126), (2.38), and (2.39),

IfT(Tlle + 1 +b*ax37u3) S If(TlaTl + 1 —|—b*,$3,U3) +b*
<IN(Ty, Ty 4+ be + 1,20, u,) + be + 1

and

IfT(T2 -1- b*,TQ,iEg,’LL3) < If(TQ -1- b*,T2,$3,U3) + b*
S Ij(T2 -1- b*7T27$*7u*) +b* + 1.

By these relations, (2.40) and the choice of U [see (2.119), (2.120)]

maX{Ig(Tl,Tl + 1 + b*,Ig,U3), Ig(TQ —1- b*,TQ,.TEg,Ug)}
<14 Ag(4+b,) +4ag + by + 1. (2.130)

It follows from (2.118), (2.124), and the choice of U and A; [see (2.122), (2.123)]
that

Ig(Tl—l—l-‘rb*,Tg—l—b*,,T,’u,) >Ig(Tl-i-l—l—b*,Tg—1—b*,$*,u*)+51.

It follows from this relation, (2.128), (2.126), (2.130), (2.121), and assumption (A)
that

9T, Ty, ,u) — I9(T, T3, w3, us3)
> S1 —2[1+ Ag(4 + by) +4ag + bs + 1] — 2a0(1 + bs) > 25 + 1.

Together with (2.129) this implies (2.125). This completes the proof of Lemma 2.18.
O
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Lemma 2.19. Let ¢ € (0, min{1,do}). Then there exist 6 € (0,¢), A > 1 and
a neighborhood U of f,. in M such that for each g € U, each T) € R!, each
Ty > T + A, and each trajectory-control pair

X [Tl,TQ] — Rn, u: [Tl,Tg] — R™
which satisfies

|2(T;) — z.(T3)| <6, i = 1,2,
Ig(Tl,TQ,I,U) S Ug(Tl,TQ,x(Tl),x(Tg)) + 5 (2131)

the following inequality holds:

|z(t) — x4 (V)| < eforallt € [Ty, Ts).

Proof. There exist Ay > 1and dg € (0, €) such that Lemma 2.16 holds with § = do.
Let a number v > 0 be as guaranteed in Lemma 2.18. Choose a number

5 € (0,8 ' min{dy, v, 1}). (2.132)
By Lemma 2.18 there exist Ay > Ay + 1 and a neighborhood U of f;. in 9t such
that for each g € Uy, each T} € R', each Ty, > T + A, and each trajectory-control
pair
T : [Tl,TQ] — Rn, Uu: [Tl,Tg] — R™
which satisfies

|2(T3) — 2 (T3)] <, i= 1,2,
|z(t) — . (t)] > 0 forall ¢t € [Ty, T3] (2.133)
the inequality
Ig(Tl, TQ, Z, u) > Ug(Tl, TQ, I(Tl), I(Tg)) + 1 (2134)
holds.
Since Lemma 2.16 holds with § = &g and A; there exists a neighborhood I/ of

fr in 90T such that

ucu,
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and for each g € U, each T} € R!, each

Ty € [Ty + Ay, Th + 241 + 245 + 8]
and each trajectory-control pair

x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies

|$(Tl) — ,T*(Tl” S 60, = 1, 2,
Ig(TlaTQVIvu) < Ug(TlvTQaI(Tl)ax(TQ)) +60

the following inequality holds:

|z(t) — z4(t)| < eforallt € [T}, T5].
Choose a number

A>8Ay+8A;1 + 8.
Assume that
gEU TV eER, TH>T + A

and that a trajectory-control pair

x: T, Ts]) = R", u: [Ty, Ts] = R™
satisfies (2.131). Let

t1 € [Th, T — Ay — Ay — 1]

We show that there exists a number 5 such that

to € [t1 + A, t1 + Ay + Ay,
[£(t2) — 24(62)] <5

Assume the contrary and set

t1 = sup{t € [T1,t1 + A1] : |z(t) — 2.(t)] < 6},

t~2 = 1nf{t S [tl + Al,TQ] : |I(t> — I*(t” < 5}

47

(2.135)

(2.136)

(2.137)

(2.138)

(2.139)

(2.140)
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Then
t <ti4 A1, to >t + Ay + Ao,
lz(t;) — z. ()] =6, i = 1,2.
There exist
by € (t1,t1 + Ay)and by € (t; + Ay + Ag, 1o) (2.141)
such that
|z(b;) — 2. (b)) <7, i =1,2. (2.142)
It is easy to see that
|x(t) — x4 (t)| > d forall ¢ € [by, ba]. (2.143)
By (2.141)—(2.143) and the choice of U, As [see (2.133), (2.134)],
I9(by,ba, x,u) > U9 (by, ba, x(b1), x(b2)) + 1.

This contradicts (2.131). The contradiction we have reached proves that for each
number t; satisfying (2.138) there exists a number ¢5 which satisfies (2.139).
Therefore there exists a sequence of numbers {¢; }JiQ:l such that

t1 =T, tg =Tz,
tigr—t € [AL2A1 +2Ay+4), j=1,...,Q - 1,
[2(t;) —zu(t;)| <6, j=1,...,Q. (2.144)
In view of (2.131),
I9(t5,tj41,m,u) SUI (), tjqn, a(ts), (tj41)) + 26.

It follows from this inequality, (2.132), (2.144) and the choice of U [see (2.133),
(2.136)] thatforall j =1,...,Q — 1,

|2(t) — 2. ()] < e forall t € [t;, 1]

This completes the proof of Lemma 2.19. O

Lemma 2.20. Let S > 0 and ¢ € (0,1). Then there exist A > 1, § € (0,¢) and
a neighborhood U of f,. in M such that for each g € U, each T) € R!, each
Ty > Th + 24, and each trajectory-control pair

x: [Tl,TQ] — Rn, u: [Tl,TQ] — R™
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which satisfies

Ig(Tl,Tg,JJ,’U,) < inf{og(Tl,Tg,y) : (Tl,y) S A} + 5,
Ig(Tl,TQ,I,U) S Ug(Tl,TQ,x(Tl),x(Tg)) + 5 (2145)

the following inequality holds:
|x(t) — z.(t)| < eforallt € [Ty + A, Ty — A]. (2.146)
Moreover, if

|z(T1) — x.(T1)] <6,

then
|z(t) — z.(t)| < eforallt € [Th,To — A]
and if
|2(T2) =z (T2)] <6,
then

|z(t) — 24 (t)| < eforallt € [T} + A, T3].

Proof. By property (ii) (see the definition of f), assumption (A) and Proposition 2.9,
there exists a neighborhood U of f, in 9t such that for each g € Uy, each T} € R',
eachTh, > T, + 81,

inf{c?(T1,Ts,y) : (Th,y) € A} < cc. (2.147)

There exists 61 > 0 such that property (iv) (see the definition of f) holds with e = 1,
0 = 01. By Proposition 2.9 there exists a neighborhood U, of f, in 9% such that

u1 CZ/[O

and for each g € Uy, each Ty € R, each Ty € [T} + 47 1b,, T} + 4b.], and each
trajectory-control pair

T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™
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which satisfies

min{ I/ (T}, Ty, x,u), I9(Ty, To, 2z, u)}
< 4+ 4b, + 440(by + 1) + 4ag (2.148)

the inequality
|7 (Ty, Ty, u) — I9(Ty, To, z,u)| < 1 (2.149)

holds.
By Lemma 2.19 there exist

§ € (0,min{1, 2716y, do, €}), Ag > 1 (2.150)
and a neighborhood Us of f, in 21 such that
Z/[Q (@ u1

and foreach g € Uy, each T € R' each T, > T} + Ay and each trajectory-control
pair

x: [T, To] = R", w: [Ty, Ta] - R™
which satisfies
|2(T3) = z(T3)| <6, 1= 1,2,
(T, T, x,u) <UI(Ty, T, x2(Th),2(T2)) + & (2.151)
the following inequality holds:
|z(t) — 2. (t)| < eforallt € [Th, T3] (2.152)
By Lemma 2.17, there exist A; > 1 and a neighborhood U of f,. in 9t such that

U C Uy

and foreach g € U, each T} € R each T, > Ty + A4, and each trajectory-control
pair

X [Tl,TQ] — Rn, U : [Tl,Tg] - R™
which satisfies

|2(t) — 2. (t)] > 6 forall t € [T}, Ty] (2.153)
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the following inequality holds:

Ig(T17T27:E7u) > Ig(Tl,TQ,ZC*,’U,*)
+S5 + 10+ (bs +4)(4 + 440 + 4ao) + 4ap + 4.

Fix a number
A>128(be + 14+ Ag + Ay). (2.154)
Assume that
geU, Ty € R, T, > T, +2A
and that a trajectory-control pair
x: [T, Te] = R™, w: [Ty, Ta] - R™
satisfies (2.145).

By the definition of Ay, U [see (2.153)], (2.145) and (2.154) there exists t e
[T, T»] which satisfies

|2(f) — 2. ()] < 0.
Set
t1 =inf{t € [T1,T5] : |z(t) — z.(t)] < 4},
to = sup{t € [T1,T2] : |z(t) — z.(t)| < d}. (2.155)
It follows from (2.155), property (iv), and the choice of §; that there exist
To € (ta,ta + bi] and 71 € [t1 — by, t1), (2.156)

and trajectory-control pairs

T . [Tl,tl] — Rn, Uup [Tl,tl] — Rm,
9 : [t2,T2] — Rn, U @ [t2,T2] - R™
such that
I’L(T’L) = x*(Ti)a 1= 1725

|21 (t) — 24 (t)| < 1forall t € [y, t1],
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|£L‘2(t) — ,T*(t)| <l1forallt e [tQ,Tg],
If(ﬁ,h,l‘l,ul) < If(Tl,tl,l’*,U*) +1,

I (ty, 7o, ma, up) < I (to, To, T, uy) + 1. (2.157)
We may assume without loss of generality that
Ty =1ta + by, 1 =11 — bs. (2.158)
By (2.158), (2.157), (2.38), and (2.39),

I (i, ty, 2, u) < T (m by, 2, ) + by < TP (71t 2y ) + by + 1,

IfT(t277-27x27u2) < If(tQ,TQ,.IQ,UQ) + b* < If(tQ,TQ,.I*,’UJ*) + b* + 1.
(2.159)

By these relations, (2.158) and the choice of U/ [see (2.148), (2.149)],
|Ig(7—17t17ya 1)) - IfT(Tlvtlvya 1))| < 15 (y,v) € {(Ilvul)v (I*vu*)}5
|T9(ta, 2, y,v) — I (ta, 70, y,0)| < 1, (y,0) € {(w2,u2), (Z+,us)}.

Together with (2.159) these relations imply that

Ig(Tlatlaxlaul) S Ig(ﬁ,tl,x*,u*) +b* + 3,
Ig(tQ,TQ,IQ,UQ) S Ig(tQ,TQ,I*,U*) + b* + 3. (2160)

We show that

t1—Ty <87 'A
Assume the contrary. Then

t, — Ty > 8 LA, (2.161)
Define a trajectory-control pair

x3: [T1,Te] = R", ug : [Th,To] = R™
by
) = 2. (t), us(t) = u.(t) forall ¢t € [T, 7],

x3(t) = x1(t), us(t) = ui(t) forall t € (m,t1],
x3(t) = x(t), us(t) = u(t) forall t € (t1,Ts]. (2.162)
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Relations (2.161), (2.158), (2.154) and (2.155) imply that

1 _Tl 2 2A0+2A1+27
|2(t) — 2. (t)] > b forall t € [Ty, 7).

By these relations and the choice of i/ and A; [see (2.153)]
(T, i, xyu) > T9(Th, 71, Ty U )
+S5 + 10 + (bs +4)(4 + 440 + 4ao) + 4ap + 4.
It follows from this inequality, (2.162), (2.160), (2.158), and assumption (A) that
I9(Ty, Ty, z,u) — 19(T1, Ta, x3,u3) > S + 10.
This contradicts (2.145). The contradiction we have reached proves that
th—T) <8 A (2.163)
Analogously we can show that
Ty —ty < 8 LA, (2.164)

It follows from the choice of Uy and § [see (2.150)—(2.152)], (2.163), (2.164),
(2.154), (2.145), and (2.155) that

|2(t) — 2, ()] < e forall £ € [t1, ta].

This completes the proof of Lemma 2.20. a

Proposition 2.9, property (ii) (see the definition of f), and assumption (A) imply
the following result.

Lemma 2.21. There exists a neighborhoodU of f, in MM such that for each g € U,
eachTy € R, each Ty > T3,
inf{Ug(Tla T27 Y1, y?) : (Tlu yz) € A7 i=1, 2} < Ig(T17 T27 L u*) < 0.
(2.165)

Lemma 2.22. Let S > 0. Then there exist a neighborhood U of f, in 9 and
numbers 0,Q > 0 such that for each g € U, each Ty € R', each Ty > T} + 1
and each trajectory-control pair

T : [Tl,TQ] — Rn, u: [Tl,Tg] — R™
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which satisfies

Ig(T17T27:E7u) S inf{Ug(T17T27yluy2) . (Tluyz) S A7 1= 172} + 57
Ig(Tl,TQ,I,U) S Ug(Tl,TQ,x(Tl),x(Tg)) + 5 (2166)

the following inequality holds:
|z(t)] < Q forallt € [Ty, Ts]. (2.167)

Proof. By Lemma 2.21 there exists a neighborhood U of f,- in 9% such that (2.165)
holds for each g € Uy, each T} € R', and each T, > T . There exists a number

8o € (0,8 ' min{1,do}) (2.168)
such that property (iv) (see the definition of f) holds with e = 1, § = §p. Fix
S1>85+1. (2.169)
There exist
Ag > 16 + 8b., 61 € (0,d)
and a neighborhood U of f,. in M such that Lemma 2.20 holds with

S =451 +8, e =9y, A= Ay,
5= 61, U=1U. (2.170)

By Proposition 2.9 there exists a neighborhood U/ of f,- in 9t such that
U CU NUs
and foreach g € U, each T} € R, each
Ty € [Ty + 8 ' min{1,b,}, Ty + 240 + §]
and each trajectory-control pair
x: [T, Te] = R™, w: [Ty, Ta] - R™
which satisfies

min{lg(TlvT%xvu)a IfT(TlvTQaIau)}
< 4+ 4b, + (440 + 4 + dag) (300 + 4 + 4b,) 2.171)
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the inequality
|Ig(T1,T2,{I],’U,) - IfT(T17T27:I:7u)| S 1

holds.
By Proposition 2.7 there exists

Dy > 100 + sup{|z.(t)| : t € R'}
such that for each g € I, each 17 € R', each
Ty € [Ty +8 1T +100(A0 + 1)]
and each trajectory-control pair
x: [T, To] = R™, w: [Ty, Ta] - R™
which satisfies
(T, Ta, x,u) < S+ 2b. + (Ao +4) (840 + 8) + 4ag
the following relation holds:
|z(t)] < Dy forallt € [Th,Ty).
Choose numbers
§€(0,47161), Q > 4D +4.
Assume that
geU, Ty eR, Th >T +1
and that a trajectory-control pair
x: [T, To] = R™, w: [Ty, Ta] - R™
satisfies (2.166). We show that (2.167) holds. There are two cases:

(1) TQ —T1 Z 4A0 +4,
(2) T, — 1T < 4A0 + 4.

55

(2.172)

(2.173)

(2.174)

(2.175)

(2.176)

Consider the case (1). It follows from Lemma 2.20 and the definition of Ay > 1,

01 € (0,00) [see (2.170)], (2.166), (2.176), and (2.169) that

|I(t) — {E*(t)| < g forallt € [Tl + Ao,TQ — Ao]

(2.177)
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By property (iv) and the choice of dg there exist
T € [Tl + A — by, Th + AQ) and 5 € (TQ — Ao,Tg — Ao+ b*] (2.178)
and trajectory-control pairs

Ty [Tl,Tl —|—A0] — Rn, u . [Tl,Tl —|—A0] — Rm,
xT9 [TQ — Ao,TQ] — Rn, u9 . [TQ — Ao,TQ] — R™
such that
,Ti(Ti) = LL'*(Ti), 1= 1,2,
LL‘l(Tl + AQ) = ,T(Tl + AQ),
LL‘Q(TQ — AQ) = $(T2 — AQ),
(1, T+ Ao, zr,ur) < T (1, Ty + Aoy 2y ue) + 1,
Ij(TQ — Ao,TQ,IQ,’UQ) S If(TQ — Ao,TQ,x*,’UJ*) —|— 1,
|21 (t) — 2. (t)| < 1forallt € [r,Th + Ao],
|22(t) — 2. (t)| < 1forallt € [Ty — Ag, o). (2.179)
We may assume that
T =T+ Ag — by, 70 =T5 — Ag + bs. (2.180)

Define a trajectory-control pair

T3 : [Tl,TQ] — Rn, us : [Tl,TQ] — Rm

and
Tyq . [Tl,TQ] — Rn, Uyg - [Tl,TQ] — R™
by
,Tg(t) = T« (t), U3(t) = u*(t) forallt € [Tl, 7'1]7
x3(t) = z1(t), U3(t) = ul(t) forallt € (Tl,Tl + Ao],
Ig(t) = I(t), U3(t) = ’U,(t) forall t € (Tl + Ao, TQ],
I4(t> = I(t), U4(t) = u(t) forallt € [Tl, T — Ao],
I4(t> = IQ(t), U4(t) = UQ(t) forallt € (T2 — AQ,TQ],
Z4(t) = 24 (1), us(t) = us(t) forall t € (12, To]. (2.181)
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Relations (2.180), (2.179), and (2.181) imply that

I (Ty, Ty + Ao, 23, u3) < V(T Ty + Ao, 23, u3) + b
< (T, Ty + Ao, wayus) + be + 1,
IfT (T2 - AO,TQ,$4,U4) S Ij(TQ - AOv ) T27$4,U4) + b*
< (Ty — Ao, To, ey ue) + b + 1. (2.182)
By these relations, the choice of U [see (2.171), (2.172)], (2.180),
|17 (Ty, Ty + Ao,y 0) = I9(T0, T+ Ao,y v)| < 1,
(y,’U) € {(‘T?nu?))a (CE*,U*)},
|IfT(T2 - A05T27yav) - Ig(TQ - AOvTQayv’U” < 15
(y,v) € {(CE4,’U,4), (CE*,U*)}

Together with (2.182) this implies that

I9(T, Ty + Ao, w3,uz) < I (Ty, Ty + Ag, Ty ) + by + 3,
I9(Ty — Ao, Ty, w4, ug) < I (Ty — Ay, T, Ty, us) + by + 3. (2.183)
It follows from (2.166), (2.181) and (2.183) that
S > 19T, Tz, v, u) — I9(T1, T, w3, u3)

= Ig(T17T1 + Avavu) - Ig(TlaTl + Ao,iEg,Ug)
Z Ig(Tl,Tl + Ao,{E,U) - b* -3 - Ao(AO + 2) - 2&0

and

(T, Ty + Ao, z,u) < S+ be + 3+ Ag(Ao + 2) + 2a0. (2.184)
Analogously,

(T — Ag, T, x,u) < S+ b + 3+ Ag(Ao + 2) + 2a0. (2.185)

By (2.184), (2.185) and the choice of D; [see (2.173)—(2.175)]
|$(t)| < D forallt e [Tl,Tl + Ao] U [TQ — Ao,TQ].

Together with (2.177), (2.173), (2.168), and (2.176) this implies (2.167).
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Consider the case (2). By (2.166), the choice of U [see (2.171), (2.172)], and
assumption (A),

P, i+ 1, zeue) <Ag+1,i=0,1,...
and

Ig(TlvTQaIau) < Ig(TlvTQ;I*au*) +S
S S + 2a0 + (A() + 1)(4A0 + 6)

Relation (2.167) follows from the relation above, the choice of D, (2.175) and
(2.176). This completes the proof of Lemma 2.22. O

Lemma 2.23. Let €3, S > 0. Then there exist A > 0 and a neighborhood U of
fr in M such that for each g € U, each Ty € RY, each Ty > T\ + A, and each
trajectory-control pair
x: T, Te]) = R", u: [Ty, Ts] = R™
which satisfies
19(Ty, Ty, z,u) < inf{c?(Ty,To,y): (Th,y) € A} + S, (2.186)
eacht € [Th, Ty — 4],
min{|z(t) — z.(t)| : t € (7,7 + A)} < eo. (2.187)
Proof. We may assume without loss of generality that
€0 < 27 min{1,dy, b.}. (2.188)
We may also assume without loss of generality that property (iv) holds with € = 1,
6 = €p.

By property (ii) and assumption (A) there is A > 0 such that

INT, T +b,2,,u,) < Aforall T € R!
and all b € [27 ! min{b,, 1}, 2b, + 2]. (2.189)

By Proposition 2.9 there exists a neighborhood U; of f,. in 9 such that for each
g € Uy, each pair of numbers

Sy € RY, Sy €[Sy + 2 ' min{b., 1}, Sy + 2b, + 2]
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and each trajectory-control pair
T [51,52] — Rn, u: [51,52] — R™
which satisfies

min{I9(S1, Sy, z,u), I (S1, Sz, x,u)}
<2A 42+ 2b, (2.190)
the inequality
|T9(S1, So, 2, u) — I'7 (S, So,z,u)| < 1 (2.191)
holds.
By (2.188) and Lemma 2.17 there exist A; > 1 and a neighborhood U/ of f, in
N such that
ucu,

and for each g € U, each S; € R', each Sy > S; + Ay, and each trajectory-control
pair

Y [51,52] — Rn, (O [51,52] — R™
which satisfies
ly(t) — z.(t)| > € forall ¢t € [Sy, Ss) (2.192)

the following inequality holds:

Ig(Slas2uy7U) > Ig(Slu SQ,.’IJ*,U*)

+5 + 24 + 8 + 2b.(1 + ap). (2.193)
Choose a number
A> Ay +2b, + 2. (2.194)
Assume that
geU, TIER, b >Th + A, 7€ [T, Ty — 4], (2.195)

a trajectory-control pair

x: [Tl,TQ] — Rn, u: [Tl,TQ] — R™
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satisfies (2.186) and
T E [Tl,Tg — A]
By (2.195), the choice of U; and (2.189),

Ig(Tl,TQ,.I,U) < 0Q.

In order to complete the proof of the lemma it is sufficient to show that (2.187)

holds.
Assume the contrary. Then

|x(t) — 24 ()| > o forall t € (1,7 4+ A).

It is not difficult to see that there exist real numbers 71, > such that
Ty <71 <71 < Ty,
[r,7+ A] C [11, 2],
|x(t) — 24 (t)] > €o forall ¢ € [, 73]
and one of the following cases holds:
|2(7:) — 24 (73)| = €0, 1 =1,2;
|2(71) — 24 (T1)| = €0, T2 = T;
|z(72) — 24 (T2)| = €0, 71 = T1;
=T, 1=12.
Define £;1,&2 € R™ as follows:

if (2.199) holds, then & = x(r;), 1,2;
if (2.200) holds, then & = 2(71), & = 2., (Th);
if (2.201) holds, then & = 2(72), & = 2. (T1);

if (2.202) holds, then &; = (%), i = 1

We will define a trajectory-control pair

y:lm, =] = R, v:[m,m] — R™

(2.196)

(2.197)
(2.198)

(2.199)
(2.200)
(2.201)
(2.202)

(2.203)
(2.204)
(2.205)
(2.206)

Since property (iv) holds with € = 1 and § = ¢ it follows from (2.199)—(2.205) that

there exist trajectory-control pairs

y1:[m, 71 +b — R, vy :[m, 71 +b — R™
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and
Yot [TQ —b*,Tz] — Rn, Vo . [TQ —b*,TQ] — R™
such that
yl(Tl) :glv
yl(Tl + b*) = I*(Tl + b*),
ly1(t) — x«(t)] < 1forallt € [1y, 71 + by,
I (r, 1+ by, yr,v1) < T (1,10 4 by ey us) + 1,
yQ(TQ — b*) = I*(TQ — b*),

y2(72) = &2,
ly2(t) — 24 ()] < 1forallt € [13 — by, T2],

I (19 — by, T2, y2,v2) < I (19 — by, 7o, T4y us) + 1.
By (2.208), (2.38), (2.39), (2.209), (2.211), and (2.212)
IfT(Tl,Tl + by, y1,v1) < If(7'1,7’1 + by, y1,v1) + b
< I (11,71 + ba, o, us) + 1+ b,
and
I (72 = bay 72,52, v2) < T (72 — by T2, 2, v2) + ba
< If(7'2 — by, To, Ty Us ) + 1+ D
By (2.197), (2.207), and (2.210) there exists a trajectory-control pair
y:[m,m] = R v:[m,m] > R™

such that

y(t) = y1(t), v(t) = vi(t) forall ¢ € [, 71 + ba],

y(t) = 2. (1), v(t) = u.(t) forall ¢t € (11 + b, 72 — bs),

y(t) = yg(t), ’U(t) = ’l}g(t) forallt € [Tg — b*,Tg].

By (2.215), (2.189), (2.195), and the choice of U/; [see (2.190), (2.191)],

I9(71 + by, 72 — by, y,v)

is finite.
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(2.207)
(2.208)
(2.209)
(2.210)

(2.211)
(2.212)

(2.213)

(2.214)

(2.215)
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By (2.215), (2.213), (2.214), and (2.189),

I (i, 10 4 by, y,0) < I (71,70 4 bey iy uy) + 1+ by < A+140,,

Ifr(7-2 - b*77-2a yvv) S If(TQ - b*77-27$*7u*) + 1 + b* S /i’ + 1 + b*
Together with (2.215) and the choice of U [see (2.190), (2.191)] this implies that

(i, 11+ by, y,v) < A+2+0,,
I9(13 — by, T2, y,0) < A+ 2 + b, (2.216)

By the construction of (y, v) [see (2.215)], (2.207) and (2.210),
y(r) =&, y(n) = &. (2.217)
By (2.186), (2.217) and the choice of &1, &5 [see (2.199)—(2.206)],
S > (i, m,x,u) — I9(11,T2,y,0). (2.218)
In view of (2.218), (2.215), (2.216), and (A),

S > T9(11 + ba, T2 — bu,myu) — T9(T1 + bi, To — b, Tue, Us)
+I9(m1, 71 + b,z u) + I9(12 — by, T2, 2, 1)
—I9(711, 71 4 by, y,v) — I9(72 — by, T2, Y, v)

> 19(11 + b, T2 — ba, z,u) — T9(T1 + bi, T — ba, T, U )

—2agb, — 24 — 4 — 2b,
and

Ig(Tl + by, o —b*,x,u) —Ig(Tl + by, 0 — b*,x*,u*)
< 8 +2b,(1+ag) + 4+ 24. (2.219)

On the other hand it follows from (2.195), (2.194), (2.197), (2.198) and the choice
of U [see (2.192), (2.193)] that

Ig(Tl + by, 0 — b*,;v,u) > Ig(Tl + by, 7o —b*,;v*,u*)

+8 + 2b.(1 + ag) + 8 + 2A.
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This contradicts (2.219). The contradiction we have reached completes the proof of
Lemma 2.23. O

We suppose that the sum over empty set is zero.

Lemma 2.24. Let S,c > 0. Then there exist real numbers | > 0, A > 0, a natural
number Q, and a neighborhood U of f, in MM such that for each g € U, each
Ty € RY, each Ty > Ty + A, and each trajectory-control pair
x: [T, Te] = R™, w: [Ty, Ta] - R™

which satisfies

(T, Tr,z,u) < inf{c?(T1,Ta,y) : (T1,y) € A} + S (2.220)
there exist finite sequences

{aiti_y, {bitioy C [T1, T3],
where q < @ is a natural number, such that
a; <b; <a;+1forallintegersi =1,...,q

and

{t € [T1,To] : |x(t) — z«(t)] > €}
C U:?:l[ai,bi].

Proof. We may assume without loss of generality that
e < min{1,dp}. (2.221)
By Lemma 2.19, there exist
do € (0,¢) and Ay > 1,

and a neighborhood U, of f, in 1 such that for each g € U, each T} € R', each
T, > T1 + A4, and each trajectory-control pair

X [Tl,TQ] — Rn, U : [Tl,Tg] - R™
which satisfies

|2(Ti) — 2.(T3)| < b0, i = 1,2, (2.222)
Ig(Tl, TQ, Z, u) S Ug(Tl, TQ, I(Tl), I(Tg)) + 50 (2223)
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the following inequality holds:
|z(t) — 2. (t)| < eforallt € [Th, T3] (2.224)

By Lemma 2.23, there exist Ay > 0 and a neighborhood Us of f,. in 9t such that
for each g € U, each pair of real numbers

Ty € RY, To > T\ + Ay,
each trajectory-control pair
T [Tl,TQ] — Rn, u: [Tl,Tg] — R™

which satisfies (2.220) and each

T € [T, Ta — Asl,
we have
min{|z(t) — z.(t)| : t € (1,7 + A2)} < do. (2.225)
Set
U = U NUa, (2.226)
1 =2A9+24, (2.227)
and choose
A>8A; + 84, (2.228)
and a natural number
Q>6+25"8S. (2.229)
Assume that
geU T eR, Tb>T + A (2.230)

and that a trajectory-control pair

X [Tl,TQ] — Rn, U : [Tl,Tg] — R™
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satisfies (2.220). By (2.230), (2.226), (2.228), (2.220), and the choice of U [see
(2.225)], there exists a strictly increasing sequence of real numbers {¢;}}_,, where
p is a natural number, such that

{t:}i—1 C 11, 1],
|z(t;) — @i (t:)] < b0, i=1,...,p, (2.231)
ty € [T1,T1 + A,
Ay <ty —t; <24,
for each integer ¢ satisfying 1 <17 < p,
t, > To —2A,. (2.232)
Set
S1 =t1. (2.233)
By induction we construct finite strictly increasing sequences of numbers
{r)}iz c {1,....p},
(S} c{tii=1,....,p}
such that
Si=trwy, i=1,...,k, (2.234)
r(k) =pand Sy =t, (2.235)
such that the following two properties hold:
(C1) For each integer ¢ satisfying 1 <1i < k — 1,
I9(S;, Siv1, x,u) > U9(S;, Siv1, 2(S:), (Sit1)) + do; (2.236)
(C2) If an integer 7 satisfies 1 <14 < k — 1, (2.236) holds and
r(i+1) > r(i) + 1,
then
I9(Si, tr(is1)—1, @, u) < UY(Si, triy1)—1,2(Si), 2(tr(ig1)—1))+d0. (2.237)

Assume that an integer 7 > 1 and we have already defined strictly increasing
sequences of numbers

{r()¥= c {1,....p},
{Si}gzl c{ti:i=1,...,p}
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such that

Si:t'r(i)a i = 17"'7j7

Sj < tp,

for each integer ¢ satisfying 1 < ¢ < j relation (2.236) holds, and if an integer i
satisfies 1 <4 < j and

r(i+1)>r@)+1,

then (2.237) is true. (Clearly, for 7 = 1 our assumption holds.)
Let us define

r(j+1)e{l,...,p}and Sj11 = ty(j41)-
If
19(Sj, tp, x,u) < UY(S), tp, 2(S5), (tp)) + o,
then we set
r(j+1)=p, Sj1 =tp,

complete our construction and it is easy to see that properties (C1) and (C2) hold.
Assume that

I9(Sj, tp, x,u) > UI(S;,tp, (S;), z(tp)) + do. (2.238)
Set

r(j+1) =min{i € {r(j) +1,...,p}:
Ig(Sj,ti,x,u) > Ug(Sj,ti,l'(Sj),,T(ti)) + 50} (2.239)

If r(j + 1) = p, then we set k = j + 1, complete our construction and it is easy to
see that properties (C1) and (C2) hold.

If 7(j + 1) < p, then we set Sjy1 = t,.;11) and it is easy to see that the
assumption made for j also holds for j+1. Clearly, our construction of the sequences
is completed after a finite number of steps. Let r(k) and Sy, be their last elements
respectively. It follows from our construction that (k) = p, Sy = t, and that (C1
and (C2) hold.



2.4 Auxiliary Results 67

By (2.220) and (C1),
S 2 Ig(T17T27x7u) - inf{ag(T17T27y) : (Tlay) € A}

> {I9(Si, Sivr, w,u) = UT (S, Sipr, 2(85), 2(Si41)) -

tisanintegersuchthat 1 <i <k —1} > (k —2)dg

and
k<240;8. (2.240)
Set
A={ie{l,....,k}:i<kand
Sit1 — Si > 2400 + 241} (2.241)
Let
i€ A. (2.242)

By (2.234), (2.242), and (2.241),
boien) — by = Sipn — Si > 209 + 24, (2.243)
By (2.243) and (2.232),
r(i+1) >r(@) + 1. (2.244)
By (2.242), (2.241), (2.244), (C1) and (C2),
Ity tr(ipr)—1, T, u) < U9ty trign)—1, (i), ©(trig1)—1)) + do-
(2.245)
By (2.244), (2.232), and (2.243),
t(ian)—1 — trii) = togisn) — 209 — by > 241 (2.246)

By (2.246), (2.245), (2.231), and (2.230), (2.226) and the choice of 141, do, A; [see
(2.222)-(2.224)],

|$(t) — Tx (t)| <e forallt € [t’l‘(l)) t’r(i-‘rl)—l]' (2247)
In view of (2.247), (2.234), and (2.232),

|$(f) — $*(t)| < eforallt € [Si, Si—i—l — 2A2] (2.248)
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forall i € A. By (2.248),

{t € [T1,To] : |z(t) — z.(t)] > €}
C (U{[817Sz+1] ) S {1, ey k — 1} \ A}) U {U[Si+1 — 2A2, SfL'Jrl] Tl S A}
U[Tl,tl] @] [tp,Tg]. (2.249)

The right-hand side of (2.249) is a finite union of closed intervals. By (2.240) and
(2.229) their number does not exceed

2k +2<6+25,'S<Q
and in view of (2.241), ( 2.232), and (2.227) their maximal length does not exceed
205 + 24, = 1.

Lemma 2.24 is proved. O

2.5 Proofs of Theorems 2.1-2.3 and 2.5

Proof of Theorem 2.1. The validity of assertion 1 follows from Lemma 2.10 and
assumptions (A) and (B).
We will prove assertion 2. Let f € M4, 5 € R! and

x:[s,00) = R", u:[s,00) = R™

be a trajectory-control pair. Assume that there exists a sequence of numbers {tx }72 ,
such that

tp — ooas k — oo, (2.250)
I (s, ty, z,u) — If(s,tk,xf,uf) — o0 as k — oo. (2.251)

We will show that relation (a) holds. It follows from assumption (A) and (B) that
there exists a number Sy > 0 such that

So > 2|$(S)| + 8,

¥(So —4) —ag — 8 > 8sup{|I7(j,j + L,zp,uyp)| : §j=0,£1,42,...}.
(2.252)

Let a number S > 0 be as guaranteed in assertion 1. By assumption (A) and (2.252)
we may assume without loss of generality that

liminf |2(¢)] < Sp — 1. (2.253)
t—o0
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For each integer k > 1 we set
7o = inf{t € [tp,00) 1 |z(t)] < So}. (2.254)

Let £ > 1 be an integer and ¢t > 7. It follows from (2.254), (2.251), (2.252), the
choice of 9, assertion 1, and assumption (A) that

I (s,t,z,u) — If(s,t,:zrf,uf)
> If(s,tk,:v,u) — If(s,tk,xf,uf)
+If(tk,7'k,:17,u) — If(tk,Tk,xf,uf) -8
> I (s,ty, ,u) — If(s,tk,xf,uf) — S —4ag
—2sup{|I7(j,j + L,z uyp)|: §=0,4£1,42,...} = ccas k — o0.

Therefore relation (a) holds. Together with assertion 1 and Proposition 2.7 this
implies the validity of assertion 2. a

Construction of the set F:

Let 2 be a subset of M., such that f, € A for each f € A each r € (0,1).
Denote by 2 the closure of 2l in the space .

It is easy to see that for each f € 2 and each r € (0, 1) Lemmas 2.12-2.24 hold
with

Ty =Ty, Usx = Uf, by = by, dog = 1.
Relation (2.31) implies that
sup{|z;(t)| : t € R'} < oo foreach f € 2. (2.255)

Set
E={f.: fedA re(0,1)}.

It follows from Lemma 2.11 that E is an everywhere dense subset of 2.
For each f € 2, each r € (0,1), and each integer £ > 1 there exist an open
neighborhood V'(f, r, k) of f, and numbers

5(f,r k) €(0,(2k)™1),
v(f,r k) € (0,0(f, 7 k)),
A(f,r, k), Q(f,r k) =1,

I(f,r k) >0, L(f,r, k) >0

and a natural number p(f, r, k) such that:
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(a) Lemma 2.20 holds for f and r with

S=k, e= 2k U=V (frk),
A= A(f,r k), 6 =25(f,rk),

Tx =Tf, Ux = UFf;

(b) Lemma 2.21 holds for f and r withif = V (f,r, k);
(c) Lemma 2.22 holds for f and r with

S=k, U=V(frk),
6=0(f,rk), Q=0Q(f,r k)
(d) Lemma 2.20 holds for f and r with

S:ka 6:6(f,7‘,k), u:V(f,’f‘,k),
A:A(f,r,k)7 6:7(f7r7k)7

Tx =Tf, Ux = UFf;
(e) Lemma 2.24 holds for f and r with

S =4k, e = (4k)1, U =V (f, 1 k),
l:l(fvrvk)v AZL(f,T‘,k), sz(f,r,k),

Tw =Tf, Usx = Uy.
We define
F=AN[N2, U{V(f,rk): feA re(0,1)}]. (2.256)
Clearly, F is a countable intersection of open everywhere dense sets in .

Theorem 2.2 now follows from the definition of F, properties (b), (c) and
Lemmas 2.21 and 2.22.

Proof of Theorem 2.3. Let f € F. For each integer k > 1 there exist
fk e€Aandry € (0, 1)
such that

f eV (fe,mk, k). (2.257)
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Let p, ¢ be natural numbers. We show that
lzg, (t) =5, (1) < O(fp,7p,p) + 0(fg,7q,q) forall t € R
Let N be a natural number. Set

T2 - 4N+ 4 + 4A(fpaT;D7p) + 4A(fan(I7Q)a
Ty = —Ts.

It follows from Theorem 2.2 that
inf{U/ (T, To, y1,92) : (Ti,y) € A, i =1,2} < 0.
Therefore there exists a trajectory-control pair
x: [T, To] = R™, w: [Ty, T2] - R™

such that

If(T17T27:E7u) < inf{Uf(TlaT27y17y2) : (Tluyz) € A7 i=1,

A8~ min{y(fp, 7. 2)s V(far 70, )}
By property (d), for each integer £ > 1, Lemma 2.20 holds with
f=fe,r=rr, S=k,
€=0(fu,r, k), U =V (fi,rr, k),
A= A(frs i, k), 6 =7(fr e, k),

Ty = ,Tfk, Uy = ufk.
Together with (2.260), (2.261), (2.259), and (2.257) this implies that
|‘T(t) — Xy, (t)| < 5(fpvrp7p)7 te [_N7 N]?
|CC(t) - Ifq(t>| S 6(fqa Tq» Q)a te [_N7 N]
and

4, () =25, (O] < 0(fps7p,0) + (S, 795 9)s € [N, NJ.

71

(2.258)

(2.259)

(2.260)

2}
(2.261)

Since this relation holds for any integer N > 1 we conclude that (2.258) holds.
It follows from (2.258) and (2.255) that there exists a bounded continuous function

X : R* — R™ which satisfies

| Xr(t) — ay, (t)| < 0(fp,rp,p) forall t € R' and all integers p > 1.

(2.262)
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Let S, e > 0. Fix an integer
p>4+45+8!

and set

U= V(fpaT;Dvp)a
A= A(fp,rp;p)s 6 = (fp,7p,p)-

Assume that
geU, Ty € R, T, > T, +2A
and a trajectory-control pair
x: [T, Te] = R™, w: [Ty, Ta] - R™

such that

(2.263)

(2.264)

(2.265)

Ig(T17T27:E7u) S inf{Ug(T17T27yluy2) . (Tluyz) S A7 1= 172} + S7

Ig(Tl, TQ,LL‘,U) < Ug(Tl,Tg,JJ(Tl), ,T(Tg)) + 4.

(2.266)

It follows from (2.264), (2.265), (2.266), (2.263), and Lemma 4.20 which holds with

[ =fpr=1p S=p,
€= (2p)71, U= V(fvap7p>a
A = A(fpaT;Dvp)a 5 = 25(fp7Tpap)7

Tu = T,y Un = U,
that
lo(t) —ap, (t)| <p™ ', te [Ty + AT — Al
Moreover, if [(T1) — x,(T1)| < J, then
ja(t) — zp, () < p7' t € [0, To = A]
and if |z(T3) — xy, (T5)| < 4, then

|2(t) = zp, (Ol <p7', t € [T+ AT

Together with (2.262) and (2.263) this implies the validity of Theorem 2.3.
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Proof of Theorem 2.5. Choose a natural number k& such that
k>4+4M+ 8L, (2.267)
By (2.256) there exist
e, r, € (0,1)
such that
f eV (fe,rk, k). (2.268)
Set

U=1(fu,m%,k), L =L(fi,r,k), p=p(f,7,k),
U=V (fr,k, k). (2.269)
Assume that

geU, T eR, T >T + L (2.270)

and a trajectory-control pair

x: T, Te]) = R", u: [Ty, Ts] = R™
satisfies

(T, To, x,u) < inf{U(T1, T2, y1,y2) : (Ti,y:) € A, i =1,2}+ M. (2.271)

By (2.270), (2.271), (2.269), (2.267), condition (e), and Lemma 2.24 which holds
with

€= (4k)71, S = 4k,
f=fe, r=rr,
U=V (fr,k, k),

Ty = Zka, Ux = ’u.fk,

I= l(fkvrka k)? A= L(fkvrkvk)a Q = p(fkvrkvk)

that there exist finite sequences of numbers

{aitisy, {bi}io, C [Th, T,
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where ¢ is a natural number, such that

q < p(fre.7r: k) = p, (2.272)
a; <b; <a;+forallintegersi =1,...,q (2.273)

and

{t e[ Te] : |a(t) — 25 (1) > (4k) 71}
C UL, [, by). (2.274)

By Theorem 2.3 there exist
do € (0,1), 70 >0
such that for each 7 > 7y and each trajectory-control pair
y:|-r,7] = R", v:[-7,7] = R™
satisfying
(=7, 7y,0) <inf{U/ (-7,7,&,&) : (-7,6), (1,&) € A} +60  (2.275)
we have
ly(t) — Xp(t) < (8k)~Y, t € [~ + 70, T — 7o) (2.276)
Let
T > 10+ A(fu, 7x, k) (2.277)
and a trajectory-control pair
y:[-T7,T)— R", v: [-T,T] - R™
satisfy

Ij(_Tv T,y,’U) < lnf{Uf(_Ta Tv 51552) : (_Ta gl)a (Ta 52) € A}
+min{do, 8(fx, i, k)}- (2.278)

By (2.277), (2.278) and the choice of dg, 19 [see (2.275), (2.276)],

ly(t) — X;(t)| < (8k)™Y, t € [T + 79, T — 7o) (2.279)
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By (2.277), (2.278), (2.268), condition (a), Lemma 2.20 which holds for f; and r
with

S =k e=2k)"' U=V(fx, i k),
A= A(fvakvk)a 0= 25(fkaTk7k)a

Ty = Xfy, Usx = Uf,
we have
ly(t) — zp, ()| < (2k) "' forall t € [T + A(fx,rx, k), T — A(fr,7x, k)]
Together with (2.279) this implies that

| X7 () = ap, (6)] < (8k) ™1+ (2k) 7
forall t € [—T + 70+ A(fr, 7k, k), T — A(fk,T;g, k) — 7'0].

Since T is any natural number satisfying (2.277) we conclude that
| X (t) — zy, ()] < (8k)~" + (2k) ! forall t € R'.
Together with (2.274) and (2.267) this implies that for all

t e [Tl,Tg] \ ngl[ai, bi],
l2(t) = X (@) < [2(t) — 2, (O] + [wp, (1) — Xf (2]
<@AkR)P BT ) T <k <

Theorem 2.5 is proved. a
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