Chapter 1

The joint time-space H °“-calculus

One of the most successful approaches in the theory of partial differential equa-
tions is based on the Fourier transform and the symbols of differential operators
and their inverses. The Fourier transform maps differentiation into multiplication
by the covariable and thus directly leads to a representation of the inverse (i.e.,
solution) operator. In particular in the case of boundary value problems, non-
polynomial symbols like

P()\,z)::)\—(zf—l—---—f—zfl)\/)\—zlz—-~-—z,2L (1.1)

appear. Here the related operator is, at least symbolically, given by P(9;,V,) =
O — A0y — A. The symbol (1.1) appears in the analysis of the Stefan problem
with Gibbs-Thomson correction as the determinant of the Lopatinskii matrix.

The aim of this chapter is to give a precise definition of operators like
P(0;,V,). For this, one can apply the joint H>-calculus for sectorial and bi-
sectorial operators as developed, e.g., by G. Dore and A. Venni in [DV05]. Note
that P is a holomorphic function of A and z = (z1,...,2,) for

larg \|+2 max |arg(z;) — 5| <.
j=1,....,n

As we will see below, the tuple (0¢, V) = (04,01, ..., dy,) has a bounded joint
H*®°-calculus. Here the operators 9; = 9, act on the whole real line, have their
spectra on the imaginary axis and are bisectorial operators with bisectorial angle 0.
In contrast to this, the time derivative 9; acts on the half-axis (0, c0). Therefore,
we include zero initial values in the domain of the corresponding operator, the
spectrum of which coincides with the complex half-plane {\ € C : Re A > 0}. This
leads to a sectorial operator with sectorial angle 7.

The present chapter answers the following questions:

e How can one define (holomorphic) functions of 9; and V, (Section 1.1)?
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e What are appropriate Sobolev-type spaces (Section 1.2)7

e What results follow for the joint H°°-calculus for the time-space operator
(0¢, V) (Section 1.3)7

1.1 The joint H*°-calculus for tuples of operators

Motivation. The aim of this section is to define functions of operator tuples
where the operators are either sectorial or bisectorial and where the function
is holomorphic and bounded in corresponding sectors or bisectors. The main
result states that the resulting operator is well-defined and bounded. As the
proof is based on a Kalton-Weis type theorem, the concept of R-boundedness
will play a role. Therefore, we will include a short summary of R-bounded
operator families. For the proofs, we will mainly restrict ourselves to giving
some references.

Throughout this section, let X and Y be complex Banach spaces.

a) Sectorial and bisectorial operators, R-boundedness

For a linear operator T: X D D(T) — X, the resolvent set p(T) is given as
the set of all complex numbers A\ for which A — T': D(T) — X is bijective and
(A=T)~! € L(X), where L(X) stands for the space of all bounded linear operators
in X. Note that p(7T") # 0 implies that T is closed. By R(T) and ker T' we denote
the range and the kernel of T, respectively.

Definition 1.1. For § € (0,7) and 6 € (0,5) we define the sector Sp and the
bisector X5 by

Sp = {rexp(ia): r e Ry, aw € (—6,0)},

Ys = {rexp(ia): r e R\ {0}, a € (n/2 —d,7/2+ )}
Here, Ry := (0,00). Let 'y, be the curve which is parametrized by ~,: R\ {0} —
C, r— |r|exp(—ipsgn(r)) for ¢ € (0, 7). The curve I, is called admissible for Sy

if 0 < # < ¢. An admissible curve for ¥; is a curve of the form I', U (—I'y,) with
0+ % <@ <, see Figures 1.1 and 1.2.

Definition 1.2. (i) An operator T: X O D(T) — X is said to be sectorial if
(I) D(T) and R(T) are dense in X,
(IT) there exists 6 € (0,7) such that p(T) 2 C\ Sp = —S,_g and

sup  [|IAA = T) 7| 1(x) < o0 (1.2)
AEC\ S,
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If T is sectorial, we define the spectral angle o as the infimum of all angles
6 € (0,7) such that (1.2) holds.

(ii) An operator T: X O D(T) — X is said to be bisectorial if
(I) D(T) and R(T) are dense in X,
(I) there exists 6 € (0,7/2) such that p(T) 2 C\ X5 = (=Sx/2—5) U Sr/2—s

and

sup  [|AA — T) Hpx) < oo (1.3)
AEC\Ss

If T is bisectorial, we define the spectral angle 4,09) D as the infimum of all

angles ¢ € (0, ) such that (1.3) holds.

Example 1.3. (i) Let X = Ly(R") and T := —A with domain D(T) := H?(R")
C Ly(R™). Then T is sectorial with spectral angle 0. This can easily be seen
from the fact that T is a selfadjoint operator with spectrum o(7T") = [0, 00).

(ii) Let X = Ly(R) and T := 0, with domain D(T) := H'(R). Then T is

skew-selfadjoint, i.e., T* = —T, and the spectrum of T' coincides with the
imaginary axis. From this we obtain that 7" is bisectorial with spectral angle
0.

(iii) The results from (i) and (ii) hold also in the case when Lo is replaced by L,
with 1 < p < co. This follows from an application of Michlin’s theorem.

Remark 1.4. (i) Note that every bisectorial operator T is also sectorial with
T (p(bi) <or< T4 (p(bi)_

2 T = =2 T

(ii) In reflexive Banach spaces, the density of R(T) follows from the injectivity
of T. This is an immediate consequence of the following result (see [KWO04,
Proposition 15.2 ¢)]): Let T be a linear operator on a reflexive Banach space
X with domain D(T) such that there exists § € (0, 7) for which (1.2) holds.
Then we can decompose X into X = ker(T') & R(T).

The following approximation property will be useful later.

Lemma 1.5 ([KWO04, Proposition 15.2 a)]). Let A: X D D(A) — X be a linear
operator with (—o00,0) C p(A) satisfying

sup A= A) Y| px) < oo (1.4)
AE(—00,0)
Then we have
R(A)={z e X: lim —1(-1—-A)"'z =0},
D(A)={zr e X: lim —n(-—n—A) "'z =2}

n—oo
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Figure 1.1: Spectrum, Sy, and admissi- Figure 1.2: Spectrum, X5, and admiss-
ble curve T, able curve I', U (—I',)

In the definition of a sectorial operator, the operator family {A(A — 7)™ :
A € C\ Sy} is bounded in the operator norm ||-||(x). To show maximal regularity
in L,-Sobolev spaces or the existence of a bounded H*°-calculus, the concept of
R-boundedness turns out to be more appropriate. In the following, we restrict
ourselves to the main definitions and results. For a more detailed discussion of
R-bounded operators, we refer to [DHP03] and [KW04].

In the following definition, L(X,Y") denotes the space of all bounded linear
operators from X to Y, and L,([0, 1], X) stands for the standard Bochner space
of X-valued L,-functions.

Definition 1.6 (R-boundedness). Let 7 C L(X,Y) and p € [1,00). Then T is
said to be R-bounded if there exists a constant C' > 0 such that for all m € N,
(Tk)k=1,...m € T, and all (xx)g=1,....m C X we have

m
H Z Tkaxk‘
k=1

In this case, R,(7) := inf{C > 0: (1.6) is satisfied} is said to be the R-bound of
T . Here the Rademacher functions i, k € N, are given by r: [0,1] — {—1,1},t —
sign(sin(2F7t)).

. 1.6
Ly([0,1],X) (1.6)

<O X
Ly(0,11Y) ,;Tm

Remark 1.7. The proofs of the following results can be found in [DHPO03] or
[KW04].
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(i) If T C L(X,Y) is R-bounded for one p € [1,00), then (1.6) holds for all
p € [1,00) where the R-bounds fulfill CR1(T) < R,(T) < C'R1(T) for
some C,C’ > 0.

(i) f 7,8 C L(X,Y) are R-bounded, then 7+ S :={T+S: T €T,S5 € S} is
also R-bounded with R,(T +S) < Rp(T) + Rp(S).

(iii) For two given R-bounded families 71 C L(Z,Y) and 73 C L(X, Z) we obtain
the R-boundedness of 717z := {T1T2: T, € T,k = 1,2} C L(X,Y) with
Ry(TiTa) < Ry(T) - Ry(T2).

(iv) f T C L(X,Y) is R-bounded, then 7 is also uniformly bounded. The con-
verse is only true if X and Y are Hilbert spaces.

(v) Let T C L(X,Y) be R-bounded. Then the closure in the strong operator
topology of the convex hull of T is also R-bounded with

trong

Ryp(co(T) ") < Ryp(T)-
(vi) If T € L(X,Y) is R-bounded and S C T, then S is also R-bounded. If
T C L(X,Y) is finite, then 7 is R-bounded.

To show R-boundedness of an operator family, the following results are conve-
nient and, in most cases, can be applied better than directly showing the conditions
of the definition.

Theorem 1.8 (Kahane’s contraction principle, cf. [KWO04, Proposition 2.5]). Let
p € (1,00) and (a;)jen, (bj)jen C C with |a;| < |bj| for all j € N. Then we have

n
|3 e
=1

S
L,(01,X) ;T’“ S PRI

for alln € N and (z;)jen C X.

Theorem 1.9 (Square function estimate, see [DHP03, Remarks 3.2] or [KW04,
Remark 2.9]). Let (2, A, u) be a o-finite measure space and

T C L(Lp(, 1, C))

with 1 < p < co. The family T is R-bounded if and only if there exists C' > 0 such
that

(S mse) ], e <l (1),

k=1 k=1
for all N € N, (fi)r € Ly(Q,u,C), and (Tk)r € T.

For the study of singular integral operators the following result is very helpful
because it transfers results on scalar-valued kernels to operator-valued kernels.

1.7
p(QuUwC) ( )
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Proposition 1.10 ([DHPO03, Prop. 4.12], [KW04, Section 5.5]). Let 1 < p < oo, and
let I be an arbitrary indez set. Let K = {k;: Rx xRy — L(X)|i € I} be a family
of kernel functions such that for each i € I the integral operator

(Kif)(xn) = A kz(xnyyn)f(yn)dynv f € COO(R-HX) N LP(R"F?X)ﬂ Ty, >0

extends to a bounded operator on L,(R,, X). Suppose that there exists ko: Ry x
R4 — C such that

(i) (Kof)(zp) := fooo ko(@n, yn)f (yn)dyn (f € CF(R4) N LP(R+)7 x, > 0) ex-
tends to a bounded operator on L,(R,),

(i) for each xy,yn > 0, the operator family {k;(zn,yn): % € I} C L(X) is R-
bounded with

Rp({kz<xnayn) 1€ I}) < k0<xnayn)a Ty, Yn > 0.

Then {K;:i € I} C L,(Ry,X) is also R-bounded with R,({K;: i € I}) <
1 KollL(L,®y))-
For the handling of operator-valued L,-Fourier multipliers, several results

demand geometric properties of the underlying Banach space. We introduce two
main properties.

Definition 1.11 (Banach space of class H7). The Hilbert transform H f of a func-
tion f € (R, X), the Schwartz space of rapidly decreasing X-valued functions,
is defined by

x € R.

)

(Hf)(x) =L [PV(3)* fl(z):=1 lim/l Mcl

TN jpylze T Y

The Banach space X is called of class HT if there exists p € (1,00) such that
Hf e L,(R,X) for all f € (R, X) and

1Hfllz,ex) < ClfllL,®x), f€FR,X).

In this case we can extend H to a bounded operator on L, (R, X).

Remark 1.12. Banach spaces of class H7T are also called UMD spaces. Here UMD
stands for the probabilistic property of ‘unconditional martingal differences’. A
Banach space is of class HT if and only if it is a UMD space. This equivalence
can be found in [Bur81] and [Bou83].

Remark 1.13. The following assertions can be found in [RAF86, Proposition 2]
and [Ama95, Theorem 4.5.2], for example.

(i) Banach spaces of class HT are reflexive.
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(ii) If X is of class HT and there exists T' € Lisom (X, Y), then Y is also of class
HT.

(i) If X is a Banach space of class HT and (2, 4) is a o-finite measure space,
then
L,(,uX), 1<p<oo,

is also of class HT.

(iv) If X is of class HT, then we have ||H f||L & x) < Cpllfllz,® x) for all f €
(R, X) and p € (1, 00).

(v) Every Hilbert space is of class HT.

Definition 1.14 (Banach space with property («)). The Banach space X has prop-
erty () if there exists a constant C' > 0 such that for all n € N, ()i j=1,...n. € C,
|aij\ < 1, and all (Cbij)i’jzl)m’n - X we have

/01 /01 | ]2_31 ri(w)r; (v)ai;oi;
<o [ [ 35 monoms

Remark 1.15. (i) Let X and Y be Banach spaces. If X has property («) and
there exists T € Ligom (X, Y), then Y also has property («).

du dv
X

du dv.
X

(ii) Let X be a Banach space with property («), and let (2, u) be a o-finite
measure space. Then

LP(Q7MaX)7 1§p<00

also has property («), cf. [KW04, Remark 4.10].
(iii) Every Hilbert space has property ().

b) Joint H*°-calculus

For the analysis of the time-space derivative, it is essential to consider not a single
(sectorial or bisectorial) operator but tuples of operators and the joint H>-calculus
for such tuples. The concept of H-calculus goes back to A. Mclntosh, see for
example [McI86] and [CDMY96]. Another comprehensive and more recent work
on the H*-calculus can be found in [Haa06]. Here we present the basic notation
and results by G. Dore and A. Venni [DV05] on the joint H°-calculus for sectorial
and bisectorial operators.
In the following, X and Y are complex Banach spaces.

Definition 1.16. Let 7y: X O D(T;) — X, k=1,..., N, be linear operators. The
operator tuple T := (T1,...,Tn) is called admissible if
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(i) each of the operators Ty, (k =1,..., N) is sectorial or bisectorial,
(ii) for every j,k=1,..., N the resolvents of T; and T} commute.

Note that (ii) means that (A —7T;) " (u—Tk) "' = (u—Tx) "1 (A —T;) ! holds
for all A € p(T;) and p € p(T}). For this, it is sufficient that this equality holds
for one A € p(7}) and one p € p(Ty) (see [Kat76, Theorem 6.5]).

Let us fix the situation for the remainder of this subsection. Let T = (71, ...,
Tn) be an admissible operator tuple. If T}, is sectorial, we fix a sector € := Sp,
with 0 > o7, and a curve T'®) C Q. of the form T'F) = I',, (see Definition 1.1)
with ¢r, < ¢r < 0. Similarly, if T} is bisectorial, we ﬁx a bisector X5, with
O > <pg,1 and a curve I'®) C 3 of the form I'®) =T, U (-TI,,) with gogp )<
pr < 0. We set Q := Hk 1Qk CCNand T := Hg 1I‘(k) Further, let Bt be
the commutator of {(A — Ty)"': X € p(Ty), k € {1,...,N}} C L(X), that is,
the closed subalgebra consisting of all bounded operators that commute with all
resolvents (A — 1) ™!, XA € p(T), k € {1,...,N}.

Definition 1.17. We define the following spaces of holomorphic functions:
(i) H(Q,Y), the vector space of all Y-valued holomorphic functions on €,

(ii) H*(9,Y), the Banach space of all Y-valued bounded holomorphic functions
on €,

(ifl) HP(Q,L(X)) == {f € H®(Q,L(X)): f(Q) C L(X) is R-bounded},
(iv) Heo(Q,Y) = {f cH(Q,Y):3C, s> 0¥z € Q:

1£G)lly < CTLL, (minflzl, 21)"
(v) Hp(Q,Y) := {f € H(Q,Y):3C, 5> 0z € Q:

1£G)lly < OIS, (ma{lzl, 2271})" |-

Note that functions in H§°(Q2,Y) show an additional decay at zero and at
infinity while functions in Hp(Q,Y") are polynomially bounded at zero and infinity.

We will now define f(T) for functions f € HF®(2,Y). In many cases, the
functions are scalar-valued, i.e., Y = C (in this case, we will omit Y in the nota-
tion). However, if one considers an iterative calculus, Y has to be more general,
and therefore we formulate the following definitions and results for closed subal-
gebras of Br. Of course, the scalar-valued setting fits into this generalization via
the identification z — zidy.

Definition 1.18 (Operator-valued H*-calculus). Let A C Bt be a closed subalge-
bra and f € H5°(£, A). Then we set

1 N
A1) = Gy /F £(2) kl;[l(zk _ T ldz e A
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Note that the integral converges in the operator norm || - ||.(x), and f(T) does
not depend on I' by Cauchy’s integral theorem.

Lemma 1.19 ([DV05, Lemma 2.7]). For n € N the function

Ynn: (C\{-n,—L1Hh¥ 5C, 2z H " 2

(14 nzg)(n+ 2zx)

has the following properties:
(i) We have ¢, n € HG(Q).
(ii) For all f € Hp(Q,Y) there exists m € No such that ¢y f € H5(Q,Y) for
all n € N.
(iii) The operator 1, n(T) is injective.

Definition 1.20 (Hp-calculus). Let f € Hp(Q2, Br) and m € Ny such that ¢ f €
HG°(Q, Br) where ¢ := ¢; n. Then we set

f(M)z = (T)"" (@™ f)(T)z, e D(f(T))
with domain D(f(T)) :={z € X: (" f)(T)x € R(y(T)™)}.
Remark 1.21. (i) Every bisectorial operator A is also sectorial. Therefore, we
can define f(A) by using the two different curves I'y and I'y; but both inter-

pretations are equal, i.e., f(As) = f(Api) for all f € H*>(Sp, Br). This can
be easily proved by Cauchy’s integral theorem.

(ii) The definition of the domain in Definition 1.20 is not constructive and it is
not easy to determine D(f(T)) in a concrete situation.

(ifi) Let f € H®(Q, Br) with f(T) € L(X). Then we have ¢, xf € HZ (S, Br)
for all n € N. For all © € X we can represent f(T)z by

F(T)a = lim (Gon )T

This is the so-called convergence lemma, cf. [DV05, Theorem 4.7], [Haa06,
Proposition 5.1.4].

(iv) Setting f(\) = idx, A € Q, in (iii), we see that for all x € X we have
Y N(T)z — 2, n — 00, in X.

Definition 1.22. Let A be a closed subalgebra of Br. We say that the operator

tuple T = (T4, ...,Ty) admits a bounded joint H*(Q, A)-calculus if there exists

C > 0 such that || f(T)| (x) < C| fllo for all f € H5®(€2, .A). The tuple T admits

an R-bounded joint H>(Q, A)-calculus if

{£(D): f € HFZ(Q,A), [[fllee <1} € L(X)

is R-bounded. In the case A = C, we speak of an (R-)bounded joint H(Q)-
calculus. In the case of one operator, i.e., for N = 1, we speak of an (R-)bounded
H>(Q, A)-calculus.
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Lemma 1.23. Let A be a closed subalgebra of Br. If T admits an R-bounded joint
H>(Q, A)-calculus, then

{£(D): f e H®(QA), [[flle < C} S L(X)
is also R-bounded for all C > 0 and we have

Rp({(T): f € H®(Q,A), [ flee <C})
< C-Rp({9(T): g € H* (2, A), [lgllo < 1}).

Proof. We trivially have

M :={(1/C- f)(T): f € H(QA), ||flle < C}
- {g(T): g € Hg?(Q,A), [lgllc < 1}'

Hence M is also R-bounded with R,(M) < R,({9(T): g € HF (2 A), |9l <
1}). Remark 1.7 (iii) and (v) and Remark 1.21 (iii) then yield the claim. O

Definition 1.24. Let 7" be a sectorial operator. Then the H*-angle ©F° is defined
as the infimum of the set of all ¢ such that T" admits a bounded H>(S,,)-calculus
(if this set is non-empty). In the same way, the R-H>-angle Lp?’oo is defined as
the infimum over all ¢ such that 7" admits an R-bounded H*°(S,,)-calculus.

Analogously, the angles w;o’(bl) and go?’oo’(bl)
operator T'.

are defined for a bisectorial

Remark 1.25. (i) In general we cannot define an analog to the spectral angle or
H®-angle in the case of more than one operator (i.e., N > 1), because the
angles of the sectors or bisectors can be correlated.

(bi)

(ii) We have pr < pF < @?’OO (respectively, o < gp;o’(bi) 72’Oo’(bi)).

< or

In the following, the notation A C B for two operators stands for D(A) C
D(B) and BlD(A) = A.

Theorem 1.26 ([DV05, Theorem 4.5]). Let f,g € Hp(Q, Br). Then the following
assertions hold:

(i) f(T) is a closed operator with dense domain.
(ii) We have
f(T)g(T) € (f9)(T),
F(T) +9(T) € (f +9)(T)

where the domains are given by

D(f(T)g(T)) := {x € D(9(T)): g(T)x € D(f(T))},
D(f(T) +¢(T)) == D(f(T)) 0 D(g(T)).
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(iii) If g(T) € L(X), then (fg)(T) = f(T)g(T) and (f + g)(T) = f(T) + g(T).

Theorem 1.27 ([DV05, Theorem 4.9]). Let A be a closed subalgebra of Br. Then
the following statements are equivalent:

(i) f(T) € L(X) for all f € H*(£,A),
(ii) T has a bounded joint H*>(Q, A)-calculus.

The following theorem is a generalization of a result of N.J. Kalton and
L. Weis [KWO01, Theorem 4.4] to tuples of operators due to G. Dore and A. Venni
[DV05]. Kalton-Weis type results are one of the main ingredients for the functional
calculus and state that if an operator tuple admits a bounded scalar H°°-calculus,
then we have also a functional calculus for vector-valued functions provided that
the range of the functions are not only bounded in operator norm but R-bounded.

Theorem 1.28 ([DV05, Theorem 6.7]). Let Q be a set of the same type as Q but
with smaller angles. If T admits a bounded scalar H‘X’( )-calculus, then we have
g9(T) € L(X) for all g € HY(Q, Br). In particular, there exists C = C(T) > 0
with

19(T)l|Lx) < C - Ra(g(2)).

One motivation for the development of a joint H°°-calculus is given by the
possibility of an iteration. The following result shows some compatibility proper-
ties.

Lemma 1.29 (Iterative calculus). (i) For f € HG®(Q) define g(2') = f(T1,7)
for 2 e O = Hszsz. Then g € H(Y,Bt) and f(T) = g(T") with
= (TQ, Ce 7TN)

(ii) Let J € {1,...,N =1}, @ :=[[]_, Q, and f € Hp(Y,By). For g: Q —
Br, z — f(z1,...,25) we have g € Hp(Q,Bt) and g(T) = f(T') with
T = (Th,...,Ty).

Proof. (i) We obviously have f(-,z') € H§ () for all 2/ € Q' and g(2') =
f(T1,7') € Bt due to Definition 1.18. Then Morera’s theorem and Fubini’s
theorem yield the holomorphy of the function g and even

g € HSO(QI7BT)

Hence ¢(T') is meaningful. Due to the boundedness of the resolvents we
obtain

N
oT) = s [ o) [ -tz

_ ﬁ / ( B Tl)_ldzl) ]}i(zk — T
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N

= g [ | F@ G =107 [ =T e’ = f(T)

k=2
where all integrals converge with respect to || - [|1(x)

(ii) The easy proof for J = 1 can be found in [DV05, Theorem 4.12]. It is trivial
to extend this to get the result of (ii).
]

One disadvantage of the Hp-calculus is the fact that in general no explicit
description of the domain of f(T) is available. The following two results show that
at least domains can be compared if estimates between the functions are known.

Lemma 1.30. Let T admit a bounded H>(Q)-calculus, and let f1, fo € Hp(Q).
(i) If there exists C > 0 with | f1(2)| < C'|f2(2)| # 0 for all z € Q, then we have
D(f2(T)) € D(f1(T)), R(f1(T)) € R(f2(T)), and
If(T)zllx < || f2(T)zllx, =« € D(f(T))
for some C' > 0.

(i) If there exist C1,Cy > 0 such that Ci|f2(2)| < |fi1(2)] < Ca|f2(2)| and
f1(2), f2(2) # 0 for all z € Q, then we have D(f2(T)) = D(f1(T)), R(f1(T))
= R(f2(T)) and

Cillf2(Thzllx < [/1(T)z]x < Collfo(T)zllx, x € D(f2(T))
for some C7,C%5 > 0.
Proof. (i) We have f1/fs € H*(Q) by assumption. Hence we get
= (£0) @2 (2 @)

(cf. Theorem 1.26 (ii)) and (f1/f2)(T) € L(X). So we obtain the claimed
relation between the domains as well as the claimed estimate. On the other

hand we have
A = (R 1) ) = gy (1) (o)

(cf. Theorem 1.26 (iii)), which yields the claimed relation between the ranges.

(ii) This follows immediately from (i).
|

2),h(z) #0 for all z € Q and g7, A~ ! €
z

, 2 € Q, we can conclude

Lemma 1.31. Let g,h € Hp(Q2) with g(
H>(Q). If we define f(z) := g(2) - h(2)

f(T) = g(T)A(T) = h(T)g(T),
which in particular yields D(f(T)) = D(g(T)h(T)) = D(h(T)g(T)).
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Proof. 1t suffices to show f(T) = g(T)h(T). From Theorem 1.26 we already know
F(T) 2 g(T)(T), f7H(T) =g~ (T)h™'(T) = A~ (T)g~(T),

which yields D(g(T)h(T)) C D(f(T)) = R( (T)) = R(g"'(T)h~Y(T)) =
R(h=Y(T)g~(T)). One can easily show R(h~1(T)g~1(T)) C D(g9(T)h(T)), which
finishes the proof. O

At the end of this subsection on the joint H°°-calculus, we formulate some
results on the behaviour with respect to isomorphisms and with respect to shifted
operators which will be useful in the applications.

Proposition 1.32 (H°°-calculus and isomorphisms). Let X,Y be complex Banach
spaces such that there exists an isomorphism ® € Ligom(Y,X). For each k =
., N let

To: X 2D(Ty) - X
be a linear operator. Define
S: Y D D(S,) =Y, yr— & T 0y
where D(Sy) := ®~1 (D(T},)). Defining T := (Ty,...,Tn) and S := (S1,...,SN),
we get the following assertions:

(i) If Ty is sectorial, then the operator Sy is also sectorial with s, = @r,. In
particular, we have p(Sy) = p(Tx) and (A — S)™1 = @~ 1A = T})"1® for all
X € p(Ty). The analog results hold in the case of Ty, being bisectorial. If T is
admissible, then S is also admissible.

(ii) If T has a bounded joint H*(2)-calculus, then S also has a bounded joint
H>(Q)-calculus and the representation
f(S)=e7'f(T)®
holds for all f € Hp(2).

(iii) If T has an R-bounded joint H>(Q)-calculus, then S also has an R-bounded
joint H*>(Q)-calculus.

Proof. (i) Without loss of generality let T} be a sectorial operator. Then we
obviously have p(Ty) = p(Si) and (A — Sg) ™' = @' (A = T}) '@ for all A €
p(T). From this we easily obtain for 6 € (0,7) with p(T}) = p(Sk) 2 C\ S

sup AN = Sk) MLy < C sup [AA=Ti) Hlpx) < oo
)\GSQ/ )\659/

for all ' € (0, 7). The density of D(Sk) and R(S) is obvious. Therefore, Sk
is also sectorial with @7, = ¢g,. The claimed admissibility of S is obvious,
too.
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(ii) For f € H§°(Q) we directly derive from (i)
1 N
f(S)y(Qm,)N/Ff Uzkfsk Yy dz
N
G~ /f H YN =Tp) 'y dz

1 N
= G ot UFf 1;[ (A —Tp) tdz| @y = L f(T)Dy

for all y € Y. Hence we have ||f(S)||zv) < Clf(T)lzx) < C|lflloo for all
f € H§° (). This proves that S admits a bounded joint H°(£2)-calculus.

Let f € Hp(?) and m € Ny such that ™ f € H(2). Then we have

P(S) = @ 'Y(T)® and (" f)(S) = &' (™ f)(T)® due to ¢ € H(Q).
With this we obtain

£(8) = w(8) (7 )(8) = @ U(T) "B (™ (D)
0 (T)®

(iii) This easily follows from the representation in (ii) and Remark 1.7 (iii). O

Lemma 1.33 (H*-calculus of a shifted operator). Let T: X D D(T) — X be a
sectorial operator. Then for all o > 0 the operator S := o + T is also sectorial
with ps < or. In this situation we also have

f(S) = (o +)IT) (1.8)

for all f € Hp(Sp) with 0 > or. If T' admits a bounded H-calculus, then S also
admits a bounded H°-calculus with ¢ < 3. If T' even admits an R-bounded
H-calculus, then S also admits an R-bounded H> -calculus with gp?’oo < g07Tz’°°

Proof. The sectoriality of S and ¢s < r are obvious. Let § > ¢r and g(z) :=
o+ z for z € Sy. Then we have g(T') = o + T by Theorem 1.26 (iii). Now we
directly obtain (1.8) by [KWO04, Proposition 15.11], where the authors prove the
transformation formula (fog)(T") = f(g(T")) for a more general situation. Trivially
S also admits a bounded H°°-calculus since

1F)zex) < Cllf(o+)lleo < Cllflloo

forall f € H$(Sp). The claimed R-boundedness is obvious by || f(0+)|lec < ||f]lo

and Remark 1.7 (vi). O
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Lemma 1.34 (H°-calculus for a shifted operator tuple). Let T be a tuple of op-

erators with a bounded H*(Q)-calculus and S := (¢ +T1,T5,...,Tn) for o > 0.

If Ty is a sectorial operator, then S also admits a bounded H>°(Q)-calculus, and
f(S):fO'(T)’ fg—(Z) ::f(0'+21722a"'7ZN)

for all f € Hp(9).

Proof. (I) First, we prove the assertion for f € H§°(Q2). For all 2/ € Q' =
]_[kN:2 Qy, we define g(2’) := f(0+1T1,%'). Then Lemma 1.33 and Lemma 1.29
yield g(2') = f,(T1,2') and

f(8) = g(T') = f5(T)
where T := (T%,...,Tn). Obviously, || f(S)|lzx) < Cllfsllec < C||fllso for
all f € H3°(2) and thus S also admits a bounded H*°(f2)-calculus.

(IT) Let f € Hp(f2). Then we get

F(8) =9(S)"" (W™ )(S) = ¢ (T)""(¢5" fo)(T)
2 Yo (T) "o (T)" fo(T) = fo(T)

due to Theorem 1.26 and the result of part (I). The converse inclusion can
be obtained in the same way by

Jo) = (0 ) = ((20) - ) ) (@
>y ( ) ) (@ ) (T)

=(T)” ( ) ) (@™ ) (

S (T) (T ™6 ™ (T) (™ f) (S)

=¥(8)” (W”f) ( ) = f(8). &
In the following, the notation Y < X means that Y is continuously embed-

ded into X, i.e., there exists a continuous and injective linear mapping from Y to
X.

Proposition 1.35 (Compatibility of the H°°-calculus on spaces of higher regular-
ity). Let X,Y be complex Banach spaces with Y — X. Let

Tk XDD(T]C)*)X,
Sk:Y 2D(Sp) =Y, k=1,...,N

(T1) (with

be sectorial or bisectorial opemtors (Of the same type) with D(S ) -
= . SN)
)

k
respect to Y <— X ) such that the tuples T := (T1,...,Tn) and S :

7D
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are admissible and Ty = Sy for all y € D(Sk) and k € {1,...,N}. Then we
obtain

f(8) € f(T)
for all f € Hp(Q) where Q is admissible for T and S.
Proof. (I) Let f € H§®(Q2) and y € Y. Then we have

2

Sk) 1dz]

:1

N
2m /f H 2p — Sp) "ty dz
k=1
/ N
H 2z —Tk)™ ydz
(271'2 Pt
N
L /f H 2, — Ti) tdz|y
k=1

because of (2 —T%) |y = (2 —Sk) ! for all 2, € p(T})Np(Sk) and Y — X.
(IT) Let f € Hp(Q2) and m € Ny with (¢p™f) € H§°(Q?). Using (I) we obtain
D(f(S)) ={yeY: (¥"f)(S)y € R(¥(S)™)}
={yeY: (W"f)(T)y € R(¥(S)™)}
ClyeY: @"f)(T)y e R(H(T)™)}
=Y ND(f(T)).

This yields

It is easy to prove that ¢(T) ™v = 1/)(8) ™y for all v € R(y(S)™). For
y € D(f(S)) we then get

f(T)y = (T)"" (@™ f)(T)y = (T)"™ ("™ f)(S)y = f(S)y
ER(Y(S)™)

by (I). So we have proved the assertion. O
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1.2 Vector-valued Sobolev spaces

Motivation. In this section, we will provide the main spaces for the right-
hand sides and the solutions of the general parabolic equations considered in
later chapters. In the theory of nonlinear parabolic differential equations, the
maximal regularity approach for the linearization turns out to be particularly
useful in the setting of L,-Sobolev spaces. On the other hand, following a stan-
dard approach, it is advantageous to consider functions in time and space as
vector-valued functions in time (where the values are in an appropriate func-
tion class with respect to the space variables). Therefore, we have to consider
vector-valued L,-Sobolev spaces. Here non-integer orders of differentiability
appear naturally in the context of boundary value problems and traces with
respect to the boundary and with respect to time.

In contrast to the Lo-setting, for p # 2 there are different types of L,-
Sobolev spaces, the main classes being Besov spaces, Bessel potential spaces,
and Triebel-Lizorkin spaces. In the present section we will consider Besov
and Bessel potential spaces while Triebel-Lizorkin spaces will be discussed in
Chapter 3.

Modern Sobolev space theory is based on two ingredients:

e interpolation theory for Banach spaces,
e and the concept of retractions and coretractions.

Interpolation theory allows us to define and analyze Sobolev spaces of non-
integer order, while the concept of retractions is a key method for the step
from R™ to domains. Therefore, this section starts with the discussion of
interpolations spaces in Subsection a) and of retractions and coretractions in
Subsection b) before we define the Sobolev spaces which will be relevant for
our purpose in Subsection c).

a) Interpolation of Banach spaces

We start with the main definitions and results on interpolation spaces, where we
refer the reader to the standard references [Tri78], [BL76] for details and proofs.
An interpolation couple { Xy, X7} consists of two complex Banach spaces X
and X7, both linearly and continuously embedded into the same linear complex
Hausdorff space. For an interpolation couple, the Banach spaces Xy + X7 (sum)
and Xy N X7 (intersection) are defined in a natural way.
In the following, for interpolation couples { Xy, X; } and {Yp, Y7 } we will write

L({X(),Xl}, {}/O;Yl}) = {T XO + X1 — Yb + Yl |T|Xk € L(Xk,,yk,)7 k= 07 1}

Roughly speaking, an interpolation functor F maps the interpolation couple {Xj,
X1} to an intermediate Banach space F({Xo, X1}) satisfying
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XO le — .F({Xo,Xl}) — X() +X1

A precise definition in the language of categories and (covariant) functors can be
found in [Tri78, Subsection 1.2.2].

We remark that in many situations one has X; — Xj. In this case, X; —
F({Xo,X1}) — Xo. A typical example is Xy = L,p(Q2) and X; = WZ’f(Q), the
L,-Sobolev space of order k. Here interpolation leads to Besov or Bessel potential
spaces as will be discussed below.

Definition 1.36 (Exact interpolation functor). An interpolation functor F is called
exact of type 6 € (0, 1) if for all interpolation couples {Xo, X1}, {Yo, Y1} we have

1-60 0
||T|]:({XO7X1})||L(]—'({XO,Xl}),J-'({Yo,YI})) < HT‘XUHL(XO,YO)HT‘Xl||L(X1,Y1)'

The most important interpolation functors are the real and the complex
interpolation functors. There are several equivalent definitions for them, but we
restrict ourselves to one variant. In the following, let { Xy, X7} be an interpolation
couple.

Definition 1.37 (Real interpolation functor). For 6 € (0,1) and p € (1,00) we
define

K(t,u) :=inf {|Juo||x, + tlluallx, s uo+w =u, u; € X;}, te€R;, ue Xo+ Xy

Then the real interpolation space (Xo,X1)g, is defined as the space of all u €
Xo + X satisfying
(£ K (t,u)) € Ly(Ry, 2).

¢
The norm in (X, X7)g,, is defined by

lullop == </00<> (t—9K(t,u))P%)1/p'

Definition 1.38 (Complex interpolation functor). Let 6 € (0,1), and set S :=
(0,1) + iR C C. Then F(Xj, X;) is defined as the set of all functions f: S
X + X satisfying

(i) fis (Xo + X1)-continuous in S,

(i) fis (Xo+ X1)-holomorphic in S,

(i) f(k+it) € X (t €R) and (¢t — f(k+1it)) € C(R, Xy) for k =0,1,
)

lim || f(k + )] x, = 0 for k = 0, 1.
[t]—o00

We endow F'(Xp, X1) with the norm

(iv

11y o= max {supll £ (i) x,. supllF(1+ i) |, .
teR teR
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Then the complex interpolation space [Xo, X1]p is defined as the set of all u €
Xo + X1 for which there exists f € F(Xo,X1) with f(6) = w. The norm on
[Xo, X1]o is given by

||u||[X0,X1]e := inf {”fHF(Xo,Xﬂ: f € F(X07X1)a f(e) = u}

Theorem 1.39 ([Tri78, Sections 1.3.3, 1.6.2, 1.9.3]). Let 6 € (0,1) and p € (1,00).
Then the real and the complex interpolation functors (-,-)o,, and [-,-]o are both
exact of type 0. We have

d

XoN Xy ‘—)(Xo,Xl)g,p — X + Xl,
d

XO n X1 ‘—)[Xo,Xl]g — XO =+ X1

d _ .
where — stands for dense continuous embedding.

Theorem 1.40 (Reiteration theorem, cf. [Tri78, Theorem 1.10.2]). Let 0 < 6y <
61 <1, A€ (0,1), and p € (1,00). Then for 6 := (1 — X\)fy + A0y we have

(X0, X1)00,ps (X07X1)91,p)/\7p = (X0, X1)0,p
([Xo0, X1, [X07X1]01)>\7p = (X0, X1)o,p

with equivalent norms. The same holds if [Xo, X1]g, is replaced by Xo (then 6 :
0) and if [Xo, X1]o, is replaced by X1 (then 6, :=1).

Theorem 1.41 (Interpolation of L,-spaces, cf. [Tri78, Theorem 1.18.4]). Let Q2 C
R™ be open and 1 < pg,p1 < co. Then we have

LP(Qa (X()v Xl)@,p),
LP(Qa [XO, X1]9)

(LPO (Qa X0)7 L;D1 (Qv Xl))e’p
[LP(J (Qv XO)v LP1 (Qv Xl)}e

where 1/p = (1—0)/po+0/p1 and § € (0,1).

Theorem 1.42 (Interpolation of /;-spaces, cf. [BL76, Theorem 5.6.3]). We define
for a Banach space X, p € [1,00), and s € R the weighted {,-space

6,0 = {(@oren, € X: 302 |lanflk < oo,
k=0

> 1/p
lnres oo = (302l )
k=0
Let {Xo, X1} be an interpolation couple. Then we have
(€50 (Xo), £33 (X1)]o = £,([Xo, X1]o)

for all sg,s1 € R, po,p1 € (1,00), 0 € (0,1) with 1/p = (1 —0)/po + 0/p1, and
s=(1—0)sg+ 0s;.



30 Chapter 1. The joint time-space H*°-calculus

Real and complex interpolation is compatible with the geometric properties
for Banach spaces as introduced above. More precisely, we have:

Lemma 1.43. Let 0 € (0,1) and p € (1,00).

(i) If Xo and Xy are Banach spaces of class HT , then (Xo, X1)pp and [Xo, X1]o
are also of class HT .

(il) If Xo and X1 are Banach spaces of class HT with property («), then the
spaces (Xo, X1)op and [Xo,X1]o are also Banach spaces of class HT with
property (a).

Proof. Part (i) can be found, e.g., in [Ama95, Theorem 4.5.2], part (ii) in [KS12,
Theorem 4.5]. O

Theorem 1.44 (R-boundedness and interpolation, cf. [KKWO06, Prop. 3.7], [KS12,
Cor. 3.19]). Let {Xo, X1} and {Yy,Y1} be interpolation couples of Banach spaces
of class HT. For a given family T C L({Xo,X1},{Yo,Y1}), p € (1,00), and
0 < 0 <1 we have:

If Tx, C L(Xy,Ys) is R-bounded for k = 0,1, then

Tl(x0,x1)0., € L((X0, X1)0.p, (Yo, Y1)0,p),
Tlixo,x116 € L([Xo, X1, [Yo, Yio)
are also R-bounded and
Ry (T(xo.x1000,,) < C - [Ry(Tlxo)]'  Rp(T 1)),
Ro(Tlixo.x10e) < O [Rp(Tlxo) ] IRp(Tx,))Y,
with constants C,C' > 0.

Finally, real and complex interpolation is also compatible with the joint H>°-
calculus:

Theorem 1.45 (H>°-calculus and interpolation). Let F € {(,-)op,[","lo}, 0 €
(0,1), p € (1,00), and

Tr: Xo 2 D(Tk) — Xo,

Sk: X1 D D(Sk) — Xl,

k=1,...,N, be linear operators satisfying the compatibility conditions Tyx = Six
for all x € D(T};) N D(Sk) and
A=Te) 'z == Sp) 'z, Nep(Tp)Np(Sk), =€ XoNX;. (1.9)

Moreover we define for k=1,..., N the interpolated operators
Ap: F({Xo, X1}) 2 D(Ak) = F({Xo, X1}), D(Ax) := F{D(Tx), D(Sk)})

with Az := Tgxo + Spx1 for x = xo + x1 € D(Ax) — D(Tx) + D(Sk) with
xo € D(T}), z1 € D(Sk). Note that we equip D(T}) and D(Sy) with the graph
norm. Then we have the following results:
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(i) Let k =1,...,N. If T, and Sk are both sectorial, then Ay is also sectorial
with 4, < max{er,,¢s,}. The analog result holds for bisectorial operators.
IfT:=(Th,...,Tn) and S := (S1,...,SN) are both admissible, then A :=
(A1,...,AN) is also admissible.

(i) If in the situation of (i) both T and S admit a bounded joint H* (Q)-calculus,
then the interpolated tuple A also admits a bounded joint H*(Q)-calculus,
and we have the representation

f(A)z = f(T)zo + f(S)z1, e F({Xo,X1}), z=x0+z1, z;€X;

for all f € H>(Q). For N =1 we even have % < max{pF,¢Z } (respec-
bi bi bi
tively, (pA 00,(bi) < max{cpTl( ),gasl( )})

(iii) Let T and S be the same operators as in (i) but with an R-bounded joint
H>(Q)-calculus. If Xy, X1 are of class HT, then A also has an R-bounded

joint H>®(Q)-calculus. In particular for N = 1 we obtain @7:1’00 < max{np%oo
wg’m} (respectively, @ R OO’(bl) R,00,(bi) <p51 ’(bi)}).

)

)

< max{pr,

Proof. (i) We have to cons1der the relation between the resolvents of Ty, Sy and
Ay. Without loss of generality we assume that T} and Sy are sectorial. Let
A€ =Sr_o C p(Tk) N p(Sk) with 0’ > max{yr,, ¢s, }- Then we define the
bounded operator

R™: X+ X, = D(Ty) + D(S),
xro+ 11 — ()\ — Tk)_lwo + ()\ — Sk)_lxl.

Note that R(Ak) is well defined by (1.9). Hence,
(B)|xo = (A —T) 7",
(B)x, = (A= S) 7,
(BRI #(1x0,5:1) € LIF({ X0, X1}), D(AR)).

With this we can easily show \ € p(Ay) and (A — Ag)~! = (Rf\k))|f({xo’xl}),
which already yields —S;_g C p(Ag). Thus, we derive

I = A0 Moo xS M= Te) "M s I =50 % x,)

for all A € —S;_g due to Theorem 1.39. We still have to show the density of
R(Ag) and D(Ay) in F({Xo, X1}). Here we use the characterizations

R(Ay) = {x € F({Xo, X1}): lim —J (=% — Ap) "o =0in F({Xo, X1},
D(Ay) = {z € F({Xo, X1}): 711320 —n(—n— Ap) 'z =z in F({Xo,X1})}
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given in Lemma 1.5. Let x € Xy N X, be arbitrary. Then we get

—Ak) —Tk)_lf,C: —%(—% —Sk)_1$7
*Ak)

3=
3 3=

-1, = 11
n n
lr=—n

(_
—n(— (—n —Ty) 'z = —n(—n — Si) .

Due to R(Ty) = D(Ty) = Xo, R(Sg) = D(Sk) = X1, and Lemma 1.5 we
have

lim —1(-L_T)"'e=0in Xy, lim —i(-1-5) 'z =0in X,

n—oo n—oo M n
lim —n(—n—Ty) 'z =2 in Xo, lim —n(-n—Sy) 'z =2 in X,
n— oo n—oo
which yields 75(77 Ap)~lr — 2 in Xo N X; and, by Xo N X; —

F({Xo, X1}), also in F({Xo, X1}). Thus we have proved Xo N X; C R(Ay),
D(Ay). Therefore, XoN X, <, F({Xo,X1}) (cf. Theorem 1.39) yields

R(Ax) = D(Ax) = F({Xo, X1})-

Hence we have shown that Ay, is sectorial with ¢4, < max{¢r,, s, }-
The claimed admissibility of A can easily be shown with the representation

of the resolvents by Rf\k).
Let f € H3°(2) and define the operator

F: Xo+ X1 — Xo+ Xy,
To + 1 > f(T)xO—Ff(S)xl,

which is well-defined due to (1.9). For € F({Xo, X1}) we obtain
1 N
Ar=—-—= — Ap)7!
fA) = oo ( / S T = 40 dz)a

1 N .
(2mi)N /F f(2) kl;[l(zk — Ag) Tz dz.

Here the integral converges in F({Xo, X1}) and, due to F({Xo, X1}) —
Xo + X;, also in X + X;. In the same way we can show

(k)xdz r e Xg+ X,

(convergence of the integral in Xy + X7) due to X; — Xo+ X7 (i = 0,1).
So we derive F|r((x,,x,}) = f(A). Additionally, we have F|x, = f(T) and
F|x, = f(8S). Using Theorem 1.39, we deduce

17 () |z 10,11 < I DL R 1F ST (x0) < Cllf Nl
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for all f € H§°(92). So we have proved that A admits a bounded joint H*°(£2)-
calculus and that the claimed representation of f(A) holds.

Now we choose f € H*>(Q). According to Remark 1.21 (iii), we have
.F({Xo,Xl}) — X() + X1 and Xl — Xo + Xl, and we get
f(A)z = lim (Yo nf)(A)z = lim (n N f)(T)zo + lim (¢n,nf)(S)21
N 00 e ! n—roo n—oo
€HG®(R)
= f(T)xo + f(S)z1
for all x = g + 1 € F({Xo,X1}), z; € X;, i = 0,1. Note that here the
first limit holds in the topology of F({Xo, X1}), the second in Xy, and the
third in X;. This yields the asserted representation for f(A) for all functions
f e H®(Q).
For N =1 it is obvious that ¢ < max{p7, ¢S, }.
(iii) Part (ii) already yields that A admits a bounded joint H>°(Q)-calculus. By
assumption the families
T o= {h(T): h € HE(Q), [hlloe < 1} C L(Xo),
To = {h(S): h € HE(Q), Ml < 1} € L(X1)
are both R-bounded. Thus, the representation of f(A) in part (ii) and The-
orem 1.44 yield the R-boundedness of
{h(A): h e H2(Q), (bl < 1} € LF({Xo, X1}).
Therefore A admits an R-bounded joint H*°(2)-calculus.

Finally, the assertion on the angle in the case N =1 is obvious. O

Remark 1.46. This theorem about H°-calculus and interpolation is essential for
our purpose and therefore we want to make some remarks for the special case if
X1 embeds into Xj:

(i) The compatibility conditions for the resolvents in (1.9) are always fulfilled
in case of X; < Xj. This is due to the fact that we have (A — Si)~! =
(A = Ty) Y x, for all X € p(Ty) N p(Sk) in this case.

(ii) For X; — Xy the representation of f(A) in Theorem 1.45 (ii) is given by

F(A) = F(Dlruxe.xiy), [ eHT(Q).
This can be easily seen by (A — Ap)™!' = (A = Tk) Hrxo,x,p for A €
p(Tk) O p(Sk).

The full strength of Theorem 1.45 will become much clearer in Chapter 3. There
we develop a bounded H*-calculus of V. = (9, V) on Triebel-Lizorkin spaces.
Except for Chapter 3 we always have X; — X in every situation.
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b) Retractions and coretractions

To define function spaces on domains, the concept of retractions and coretractions
can be used. Here the main properties of the function spaces can easily be trans-
ferred from the whole space to domains. For our purpose, it is important that the
concept is compatible with the real and complex interpolation functors. We will
mainly consider the half-space R = {x € R" : z,, > 0}.

Definition 1.47 (Retraction and coretraction, cf. [Ama95, 1.2.3], [Ama09, p. 4]).
Let X and Y be locally convex spaces. A mapping r € L(X,Y) is called a retraction
if there exists e € L(Y, X) such that (re)y = y for all y € Y. The mapping e is
then called a corresponding coretraction.

Definition 1.48. Let X be a Banach space and let Y be a locally convex space. For
a mapping ¢ € L(X,Y) we endow the image space ¢ X := ¢(X) with the quotient
norm

ullox =if {[[fllx: fee ({u})}, uepX.

Remark 1.49. In the situation of Definition 1.48, (¢X, || - |l,x) is a Banach space
satisfying p X — Y.

Lemma 1.50. Let X and S be locally convex spaces, and let r € L(X,S) be a
retraction with coretraction e € L(S,X). Let X1 and Xo be Banach spaces with
X; C X. Assume that r|x, € L(X;,rX;) is a retraction with coretraction el|,x, €
L(rX;,X;), i =1,2. Then we have

’/’(Xl QXQ) = (TXl) n (’/‘Xg)

with equivalent norms.

Proof. We trivially have r(X; N X3) C (rX1) N (rXs3). For v € (rX1) N (rXs)
we write u = (re)u. As by assumption on e we have eu € X; N Xy, we see that
r(X; N X2) = (rXy) N (rXsz) as an equality of sets. Therefore, we only have to
show the equivalence of the norms. For u € r(X; N X3) we derive

HU||7-(XmX2) =inf{||fllx,nx,: f € XiNXy, rf =u}
=inf{[|flx, + [ fllx.: f € XN Xo, rf = u}
>inf{||fllx,: f € X1 N Xy, rf =u}l+inf{|lg]lx,: g € X1 N X3, rg =u}
> inf{|[fllx,: f € Xy, rf =u} +inf{|lgllx,: g € X2, rg = u}

= llullrx, + llullrx, = llullex)nex)-

Using the bounded inverse theorem and Remark 1.49 we conclude the claimed
equivalence of norms. O

Lemma 1.51 (Interpolation and retraction). Let Ay, A1, Zo, Z1 be Banach spaces
and i, € L(Ax, Zy), k=0, 1. If ri, is a retraction in L(Ag,riAy) for k = 0,1 with
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corresponding coretraction ey, € L(rpAg, Ar) and rox = rix for all x € AgN Ay,
then we have

r[Ag, A1]y = [roAo, A1)y, 6€(0,1),
(Ao, A1)g,, = (roAo,m141)y,, 0€(0,1), 1<p<oo
with equivalent norms where r: Ag+ A1 — roAg + 1141, ag-+ay — roag+riaq.

Proof. We only consider the complex interpolation functor as the proof for the
real method is essentially the same. We have

r € L([Ao, Ai]p, [roAo, 11 A1p),
which yields
r[Ao, A1ls = [roAo, m1 Ails (1.10)

according to Remark 1.49. Next, we apply [Tri78, Theorem 1.2.4] with By, := r Ay,
k =0,1. This gives
© 1= elp,,5], € Lisom ([Bo, Bily, (er ([Ao, Aulo) ., || ljap,a1))  (1.11)

and therefore e([By, B1],) = er([Ao, Ai1]p) as an equality of sets. Due to (1.10) and
(1.11) we also obtain [By, B1], = r([Ao, A1]e) as an equality of sets. The bounded
inverse theorem and (1.10) then yield the assertion. O

Lemma 1.52 (Interpolation and isomorphism). Let Ag, A1, By, and By be Banach
spaces. If there exist v, € Lisom(Ak, Bk), k = 0,1, with rox = rz for all x €
Ag N Ay, then we have By = rip Ay with equivalent norms and

r[Ag, A1]ly = [Bo, Bi1],, 0 € (0,1),
T(AO,AI)G,]) = (BOaBl)G,pv 0 € (07 1)a 1< p <o
with equivalent norms where r: Ag+ A1 — roAg+1r1A41, ag+ay — roag+ria;.

Proof. Again, we only consider the complex interpolation functor. Due to ry €
LIsonl (Ak7 Bk) we have

[llrya, = Iy M ulla < Cllul s,
This yields rp Ay = By. Lemma 1.51 then already shows
r[Ag, A1)y = [Bo, Bi],, 0 € (0,1). U

Lemma 1.53. Let X, Z be Banach spaces andr € L(X,Z). If Y 4 X for a Banach
space Y, then we also have
(ro)Y —=>rX

where the injection is given by the identity.
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Proof. 1t is trivial that (ro:)Y CrX. For u € Y we get

1o ull,x = int{lIfllx: £ € r {(rouh)} < llow)llx < Clully,

which yields r o+ € L(Y,rX). This directly implies (r o¢)Y < rX due to Remark
1.49. ]

Lemma 1.54. Let X, Yy, and Y7 be Banach spaces with retractions and correspond-
ing coretractions
ri: X =Y, e:Y, =X i=0,1

and let D C X be a dense subspace such that rof = r1f for all f € D. Then
Yy = Y7 with equivalence of norms.

Proof. The retractions g and r; are continuous and therefore we obtain rqu = riu
for all w € X. This yields the equality of the sets Yy and Y; because the mappings
ro and r; are onto. In particular, we get

rieglu = roeot = u, U € Yy
by rif =rof for f € X and egu € X. With this we obtain
ully, = [Irieoully; < Clleoullx < C'llully,, € Yo.

Using roe;u = u for v € Y7 we can show analogously |ully, < C|lully,. So the
equivalence of the norms || - ||y, and || - ||y, is proved. O

c¢) Definition of Sobolev spaces

To define Sobolev spaces, we start with the whole space R™. In the following, let
X be a complex Banach space of class HT with property («).

As usual, we denote by .#(R"™, X) the Schwartz space of smooth rapidly de-
creasing X-valued functions, equipped with the canonical locally convex topology
induced by the family of seminorms

Pack(p) = sup (1 + )20 p(@)|x, ¢ € S (R, X),
reR™

with a € Nj, & € Ny. The space of X-valued tempered distributions is defined
by '(R™, X) := L(<(R"), X). Again this is a locally convex space where the
topology is induced by the family of seminorms

po(f) = f()llx, feSR",X)

for all ¢ € .#(R™). As usual, we write .(R") and ./(R") for X = C. Note that
in this case the above topology on .#’/(R™) coincides with the weak-*-topology.
In the same way as in the scalar case, one sees that the Fourier transform

(ZNE) =@ | fla)e " dz, E€R", fe S RX),
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defines an isomorphism .% : .Z(R", X) — #(R", X). Here and in the following, we
write x€ for the standard scalar product of z and £ in R™. Therefore, the Fourier
transform can be extended by duality to an isomorphism of .#/(R", X), setting
(Z ) :=f(Fp) for fe. (R X) and p € .S (R™).

For the definition of Sobolev spaces, we will frequently use the symbol

An(z) = (1 - Z zz)r/Q, z€ ((C\R)yu{op"
k=1

for r € R. In general, for a scalar-valued symbol p(z) being defined at least on the
set (iR)™ C C", we define op[p] := F ~!p(i€).Z, i.e.,

n

(oplplf) (x) = (2m) /2 / SEp(i6) (FF)(E)dE,  f € SR X),

provided the integral exists for all f € #(R™, X) (this is the case, for instance, if
p is continuous and polynomially bounded on (iR)™). If £ — p(i€) is smooth and
polynomially bounded, op[p] is well-defined on ./ (R™, X) by duality. In particular,

we have
op[A,] = FHE"F  with (€) == /T + €2,
We start with Sobolev type spaces on R™.
Definition 1.55 (Sobolev spaces on R™). Let p,q € (1, 00).
(i) For k € Ny, the (classical) Sobolev space is defined as

WyR™, X) :={f € L,(R", X) : 0°f € L(R", X) for all || < k}

with norm

1/p
W llwge = (D0 10715 g x)) o f € WER™,X),

|| <K

(ii) For r € R, the Bessel potential space is defined as
H[T)(anX) ={f¢€ yI(RnaX) :op[A]f € Lp(anX)}
with norm

||fHH;(Rn,X) = ”Op[AT]f”LP(R",X)a fe H;(anX)

(iii) Let v € 2(R™) with ¢(x) € [0,1], z € R", ¢(z) = 1 if |[2| < A, and ¢(z) =0
if |x| > B for 0 < A < B < co. We define the smooth dyadic decomposition
of unity by

wo =1, ¢1(z):=po(x/2) —po(z), @;j(x):=p1(27 ), j>2
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For r € R, the Besov space B}, (R", X) is defined as the set of all u €
& (R™, X') with

[l

By, (R",X) = H(2TjHOp[SDj]u”LP(R"’X))jENoHg < 0.

Theorem 1.56 (Sobolev spaces and interpolation). Let p,q € (1,00).
(i) For k € Ny we have HF(R™, X) = WF(R™, X) with equivalent norms.
(ii) For all ro,m1 €R, 79 # 71 and 6 € (0,1) we have
[H°(R", X), Hy! (R", X)], = Hy(R", X)
with equivalent norms where r := (1 — 0)rg + 0ry.
(iii) For all ro,m1 € R, 19 # 11 and 6 € (0,1) we have
(H;” (R™, X), H} (R™, X))

b = BialE.X)

with equivalent norms where r := (1 — 0)rg + 0r;.
Proof. See, e.g., [Ama09, Theorem 3.7.1]. O

Remark 1.57. (i) The above statements describe only some properties of the
spaces which will be useful for our later purposes. A very detailed and com-
prehensive work about Banach space valued function spaces can be found in
[Ama09]. The author even considers the anisotropic case which is, however,
not necessary for our purposes.

(ii) We remark that Theorem 1.56 leads to an alternative but equivalent defi-
nition for H} and Bj,: Starting with the classical spaces W} (R", X) with
k € Ny, the Bessel potential spaces and Besov spaces of order r > 0 can
be defined by complex and real interpolation, respectively. The spaces with
negative order may then be defined by duality.

Lemma 1.58. Let p,q € (1,00).

(i) For every r € R we have

S(R", X) <% HI(R™, X),
S(R", X) <% Br (R", X).

(ii) For every r,r’" € R we have
Op[AT”H;/+T(R”,X) € LIsom(H; +T(Rna X)7 H;; (Rna X))a
Op[AT] |B;‘/I+T(R”7X) € LISOm(B;quT (Rna X)7 B;q(Rna X))
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Proof. (i) See [Ama09, Theorem 2.3.2].

(ii) The first assertion easily follows from the definition of the Bessel potential
spaces. The second assertion is then obtained from Theorem 1.56. (]

Now we want to define the corresponding Sobolev spaces in the half-space
R . The analog of the Schwartz functions can be defined explicitly:

Definition 1.59. We define the Schwartz functions (R, X) on R’} as the space
of all f € C*(R",X) such that

sup (1 + |2*)*?]10° f(z) ]| x < o0
z€RY

for all k£ € Ny and o € Nj. Furthermore, we define
oS (B, X) = {] € S(RL,X): (0% f)lony =0, 0 € Ny}
All spaces are equipped with the canonical locally convex topology.

Lemma 1.60 ([Ama09, Lemma 4.1.1]). There ezists a function h € C>®(Ry,R)
with h(1/t) = —th(t), t > 0, and

/oot8|h(t)|dt <oo, (=1 /OO thh(t)dt = 1
0

0
foralls eR and k € Z.

Definition 1.61. (i) The eatension operator et: .7 (R, X) — ./ (R", X) is de-
fined by

et (u)](z) == u(@), e e R,
le” (w)](@) : {f;" h(t)u(a!, —tx)dt, ©=(',2n) € R

and the pointwise restriction operator r*: . (R", X) — (R, X) is defined
by rTu:=u

RT -
(ii) We define the trivial extension operator eg : 0. (R, X) — % (R", X) by

n u(z), x¢€ M,
eg (w)|(z) :=
e (w)(@) {07 S
and the operator rj : /' (R", X) — . (R, X), u+ r*(1 — e r~)u. Here
r~ and e~ denote the corresponding restriction and extension operators from
(i) with respect to R™.

Remark 1.62. The restriction operator r* € L(<(R", X),.”(R", X)) is a re-
traction with coretraction e € L(.7 (R}, X),(R", X)). In the same way, re €
L(S(R", X), o/ (R, X)) is a retraction with coretraction ej € L(o.” (R, X),
L (R™, X)) (see [Ama09, Lemma 4.1.2, Theorem 4.1.3], [Ama09, (4.1.11), Theorem
4.1.7)).
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Next, we define two classes of tempered distributions on half spaces, and by
+

duality we then extend the operators r*,e™, rg, and eg canonically.
Definition 1.63. We define
S (RY,X) :=L((RY), X) and o' (R}, X):=L(7(R}), X).

Then we lift the operators 7+, et rf, and ed by

et o (RY, X) = (R, X), et = (rg),
rt (R, X) = o (RY, X), = (eg),
e S (R, X) = 7' (R", X), eg = ("),
i SRYX) - SRYX), g = (et

where (-)’ stands for the adjoint operator, e.g., we have (etu)(p) := u(rg ¢) for
p € /(R") and u € o' (R, X).

Remark 1.64. (i) Note that this definition is consistent with Definition 1.61 (i)
and (ii) when we keep in mind the embeddings
S R", X) — S (R", X), S (RY, X) = o' (RY, X),
o (R}, X) = (R}, X).

(ii) We have

et e L(o' (R}, X), ' (R", X)), rTeL(S"R"X), 0 (R}, X)),
ed € L' (RY, X), 7' (R™, X)), rd € L(Z"(R", X), (R}, X))
and rar and 7+ are retractions with corresponding coretractions ea' and et

respectively. For this result and further details we refer to [Ama09, Theorem
4.2.2].

The following result shows that el and rj are connected with the support
of the distribution.

Lemma 1.65. For u € .'(R™, X) the equality

+ot,
eoroufu

holds if and only if suppu C @

Proof. Analogously to Definition 1.61 and Definition 1.63, we define the operators
r=, 1y, e ,and e; with respect to the half space R”. In [Ama09, p. 81] one can
find the decomposition

(R, X) = e ' (R", X) @ e 0. (R", X).
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Let u € .#/(R™, X). Then there exist u; € &/(R}, X) and uy € ¢./(R”, X) such
that v = egul + e~ ug. With this decomposition we obtain
r0+u =u; + rare_uQ, ru= r_egul + us.
It is elementary to show rare*uQ = 0 and r*earul = 0 (see [Ama09, Corollary
4.1.9]). Hence we have
u=elrgu+e ru. (1.12)

Now assume suppu C R'}. For all ¢ € 2(R™) we have supp(ey ¢) C R™ and
therefore (r~u)p = u(ey ¢) = 0 since supp uNsupp(eg ¢) = 0. From this we derive

e~r~u = 0. Then we obtain u = efrq u from (1.12).

On the other hand, assume efr{u = u. Then we have e"r~u = 0 according

to (1.12). So we have u(eyrg @) = 0 for all ¢ € Z(R™). For all ¢ € Z(R”) we
derive e; ry ¢ = ¢ and therefore suppu C R}. g

With the help of the retractions and coretractions above, we can define
the Sobolev spaces on R’. For simplicity, we do not consider negative orders
of differentiation, so all spaces will be subspaces of L,(R’",X). We remark that
H)(R?, X) = Ly(R%, X) but BY (R",X) # L,(R’}, X) in general, and therefore
we will not consider B, (R", X) in the following.

Definition 1.66 (Sobolev spaces on the half-space). Let p,q € (1,00) and s > 0,
and let F € {H,, B, }. Then we define
FRY, X) :=rTF(R", X),
oF (R}, X) := ra F(R™, X)
with the canonical norms
ull 7 x) = inf {[[ fll 7en x) : f € F(R™, X) with uw=r"f},
||’U,||0]:(]anx) = inf {”f”}'(Rn,X) : f S .F(Rn, X) with v = ’I’srf}
We also set H)(R", X) := L,(R", X).
Remark 1.67. (i) In the situation of Definition 1.66, we have
et € L(F(RY, X), F(R", X)), r* € L(FR", X), F(RY, X)),
eg € LoF (R}, X), F(R", X)), 7§ € L(F(R", X), 0 F(RY, X)).
Hence r+ and 77 are retractions on the spaces above with corresponding
coretractions et and ef, respectively (see [Ama09, Section 4.4]).

(ii) The results on interpolation of Sobolev spaces carry over to spaces on R’} .
More precisely, the statements of Theorem 1.56 hold for all rg,7; > 0 with
HJ(R", X) being replaced by H, (R}, X) and B}, (R", X) being replaced by
By, (R}, X). In the same way, we may replace H,(R", X) and B, (R", X)
by oH, (R}, X) and (B, (R, X), respectively.
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(iii) The spaces oB,,(Ry, X) and oH, (R4, X) can also be characterized by van-
ishing traces, i.e., we have

{ue Hi(Ry, X): u9(0)=0,j=0,...,k},

oM} (R, X) = s€(k+ L, k+1+1)keN,
Hp(Ry, X), s€0,3),
{ue B3Ry, X): ud)(0)=0,j=0,...,k},
0By, (R4, X) = s€(k+ L, k+1+1)keN,
By (R4, X), s €(0,3),

cf. [Ama09, Theorem 4.7.1].
(iv) Due to [Ama09, p. 100] we have

DRy, X) < o HE(Ry, X) for 5 > 0,

DRy, X) S (B2, (Ry, X) for s> 0,

(v) (Sobolev embedding theorem) Let s > k + % with k& € Ng. Then the embed-
dings
H;(R-HX) — C{f([0,00),X),
B;q(R+7X) — Cl]f([ovoo)vX)
hold. These vector-valued variants of the well-known embedding theorems
can be found in [Ama09, Theorem 3.9.1]. Therefore, the traces in (iii) are
classical.

For the application of L,-Fourier multiplier theorems we often need the Bessel
potential spaces and Besov spaces to be of class H7 and have property («). For
clarity we state these common facts in the next remark.

Remark 1.68. Let X be a Banach space of class H7,r € R, and 1 < p,q < oo.

(i) The spaces H)(R",X) and B}, (R", X) are also of class H7. Using Re-
mark 1.13 (iii), Lemma 1.43 (i), and Lemma 1.58 (ii), this can be easily
verified.

(ii) If X additionally has property (a), then HJ(R", X) and B} (R", X) also
have property (o). This can be seen by Lemma 1.58 (ii), Remark 1.15 (ii)
and Lemma 1.43 (ii). For the Besov spaces we can also use a retraction
argument instead of the interpolation result in Lemma 1.43 (ii).
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Proposition 1.69. Let {Xo, X1} be an interpolation couple of Banach spaces of
class HT. Then we have

[H;, (RY, Xo), Hy, (R}, X4)], = Hy(RY, [Xo, Xi]p),
loHy, (R, Xo),0Hy, (RY, X1)], = oHy (RY, [Xo, X1]y),
(Hp, (R, Xo), Hy (R, X1))op = Hp(RY, (Xo, X1)o,p),

(oHp, (R}, Xo),0Hp, (R, X1))o,p = oy (RY, (Xo, X1)o,p)

for all s >0, po,p1 € (1,), 0 € (0,1), and 1/p=(1—0)/po+ 0/p1.

Proof. For simplicity we only consider the first case, the other results can be
obtained by minor modifications. First, we show [Hgo (R™, Xo), Hy, (R”,Xl)}a =
Hy(R™, [Xo, X1]g). According to Lemma 1.58 we have the isomorphisms

To = (OpXo [Afs])‘Lpo(R",Xo) € LISOIU(LPO (Rn7XO>7H;0 (RH’X()))’
= (0D, Dl x4 € Lisom (L (B, X0), S, (R, X))

Lemma 1.52 then yields
7 [Lpy(R™, Xo), Ly, (R™, X1)], = [H;O(IR",XO),HZS71 (R",Xl)]e7 0 €(0,1).(1.13)
The interpolation result of Theorem 1.41 implies
[Lpo (R", Xo), Ly, (R™, X1)]g = Lp(R"™, [Xo, X1]y)- (1.14)
Due to
rf=rofot+rifi = Fx A sFx fo+ Fx A oFx, 1 = Fxl x, NsFxorx, |
we have

T|LZD(Rn1[X0’X1]9) = (Op[X07X1]9[Ais])|LP(R"1[X07X1]9)
E LISOm(Lp(Rny [X()) Xl]e)) H;(Rn7 [X07 Xl]@))

Using (1.13) and (1.14) we obtain
[H, (R, Xo), HS, (R", X1)], = HS(R", [Xo, X1]y)- (1.15)
Applying Lemma 1.51, Remark 1.67 (ii), and (1.15) we then obtain
[, (R Xo), H3, (R, X1)], = H3(RL, [Xo, Xi],). O

Remark 1.70 (Spaces with exponential weights). In many applications, the op-
erators are sectorial or R-sectorial only after a shift, i.e., if one replaces T by
T + p. Instead of shifting the operator, one can also consider the original operator
in spaces with exponential weight. The above properties of Sobolev spaces carry
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over to their exponentially weighted versions. Here we only give the definition and
some remarks on these spaces.
For p € R and u € L,(R4+, X), we define .#,u by

(Myu)(t) := e %u(t), teR,. (1.16)
For o > 0, the spaces with exponential weight are then defined by

OH;vQ(R+7X) = '%*Q (OH;(R+7X)) ’ S 2 07

OBZQ’Q(R+’X) = %*Q (OB;q(R+ﬂ X)) ) 5> Oa

with norms

||u||0H§19(R+,X) = HQ%Q’LLHOH;(R*_,X), u e OH;Q(RJF,X), s >0, (117)
1flloms, &y x) = [lAoflloBs, Ry, x), [ € 0Bpg (R4, X), s> 0. (1.18)

prq,e

It is easily seen that for 7 € {H3, By } we have
M| 7y, x) € Lisom (0F (R, X),0F (R, X))

(see [DSS08, Lemma 2.2]), and therefore the interpolation results above also hold
for weighted spaces.

In the following, we will frequently use Sobolev spaces in time and space
variables which belong to different types, e.g., 0B,,(R+, H,(R")). Therefore, we
introduce an abbreviation for these spaces.

Definition 1.71 (Spaces of mixed scales). Let 1 < pg, qo,p1,q1 < 00, s >0, o > 0,
and r € R. Let X be a Banach space of class HT with property (a). For F €
{Bpoqos Hpo} (with s > 0if F = B,,,) and for K € {B,,4,, Hp, } we define

().FS(ICT) = ()f; <R+7KT(Rn,X))7
0F*(K") := oF* (R4, K"(R", X)).

Note that we always include zero initial values at ¢ = 0 and that we do not indicate
the dependence on the space X which will be fixed in most situations.

Remark 1.72. In the definition above, for simplicity we always assume that X
is a Banach space of class HT with property («). This will be the case for all
applications. We use the abbreviations ¢F*(K") and o F; (K") for better readability
but one should keep in mind that we have X-valued spaces. In all cases, the proofs
of the results below for ¢ > 0 will follow from the case ¢ = 0 by the isomorphism of
Remark 1.70. Therefore, we will formulate most proofs without explicit reference
to the case ¢ > 0.
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1.3 The time-space derivative

Motivation. After introducing function spaces in the previous section, we are
now going to show that the time-space derivative (9;, V) = (0%, 0uyy - -+, 0x,)
admits a bounded joint H*°-calculus in these spaces. This means that we may
replace the symbols A, z1,..., 2z, by derivatives and obtain a well-defined and
(in case of a bounded holomorphic symbol) bounded operator.

The key step to show this is the application of a vector-valued Michlin-
type theorem. For this, the notion of a Fourier multiplier will be defined and
discussed in Subsection a). The operators 9; on one hand and 9., j = 1,...,n,
on the other hand, have a different meaning: while V, is considered in the
whole space R™, the time derivative acts on functions defined for ¢ € Ry,
and therefore we include zero initial conditions at ¢ = 0 in the domain of the
related operator. This implies a change in the spectrum; and in fact, 9; is
sectorial with angle § while 9., is bisectorial with angle 0.

The properties of these operators are discussed in Subsection b), while
in Subsection ¢) we will show that (0, V,) has a bounded joint H>°-calculus
in all types of Sobolev spaces.

Throughout this section, let X and Y be complex Banach spaces of class HT with
property («). We remark that some results below also hold in more general cases.

a) Fourier multipliers

The notion of an Ly-Fourier multiplier is usually connected with operators of the
form .~ m(£).Z with m € Lo (R", L(X,Y)). As we are considering holomorphic
symbols, we will replace £ by £ in our definition.

Definition 1.73 (L,-Fourier multiplier). Let (iR)* CQ C C", 1 < p < o0, and let
m: Q — L(X,Y) be a function satisfying (£ — m(i€)) € Loo(R™, L(X,Y")). Then
we define

op[m]: Z(R", X) = Loo(R™,Y), f+— F 'm(i)Ff.

The function m is called an L,-Fourier multiplier if there exists C}, > 0 such that
(i) op[m]f € L,(R™,Y) for all f e #(R", X),
(ii) flop[m]fllz,@nv) < CpllfllL,@n x) for all f €7 (R", X).

In this case we have a unique continuous extension of op[m] to an operator in
L(L,(R™, X),L,(R",Y)) which will also be denoted by op[m].

The following theorem is the key result to prove that a given symbol is a
Fourier multiplier. In the scalar case X =Y = C, the well-known Michlin theorem
(see, e.g., [Tri78, Section 2.2]) gives conditions on m to be a Fourier multiplier. In
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the vector-valued case, the essential condition is not the norm-boundedness of the
symbols and their derivatives but the R-boundedness. The following result due to
Weis is the vector-valued analog of Michlin’s theorem.

Theorem 1.74 (Theorem of Weis, see [KWO04, 5.2 b)]). Let 1 < p < oo and let
{m; : j € I} be a family of functions m;: (iR)™ \ {0} — L(X,Y) satisfying

& m;(i€) € C*(R™\ {0}, L(X,Y)), jel
If the set

T = {€*0%m;(i€) : £ e R" \ {0}, a € {0,1}", j € I}
is R-bounded, then each m; is a Fourier multiplier, and
{op[m;] :j € I} C L(L,(R", X), L,(R™,Y))
is also R-bounded with R,-bound not greater than C(p,n,X,Y)R,(T) for some
constant C(p,n, X,Y) > 0.
From this we easily obtain:

Proposition 1.75. Let m € H>®(Q) with Q := [[}_; Zs,. Then m = midx is an
L,(R", X)-Fourier multiplier for all p € (1,00).

Proof. According to [DV02b, Lemma 6.29] we have
£29%m H (sin(0)) " mlloe, € €R™\ {0}, € NZ.  (1.19)

With Kahane’s contraction principle (Theorem 1.8) and (1.19) we obtain the R-
boundedness of

T :={£0“m(if)idx: £ e R"\ {0}, a € {0,1}"} C L(X).
The assertion is then obtained by Theorem 1.74. ]

Lemma 1.76. Let 1 < p < 0o, and let m € H*®(Q) with Q :=[[;_, Zs,. Then the
following assertions hold.

(i) The mapping op[m]: Z(R", X) — Loo(R™, X) extends to an operator in
L(H,(R", X)) for every r € R. Denoting by op"P) [m] and op®P)[m] the
extension of oplm] to Hy(R", X) and L,(R", X), respectively, we get

op[A_Jop P [mlop[A,]f = op"Pm]f, f € H(R"X).  (120)
(ii) Let s,r € R and p,q € (1,00) with p = q or s = r. Then the compatibility
op"P[m]f = op*V[mlf, feHyR",X)NH;R",X)  (1.21)

holds.
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Proof. (i) Let f € #(R™, X). Then we have op[m]f € L,(R", X) according to

Definition 1.73 (i) and Proposition 1.75. Due to the holomorphy of A_,| we
have that A_j,ym is also a Fourier multiplier. This enables us to prove

op[A_,]Jop[m]op[A.]f = op[m]f, [ €L (R" X). (1.22)

In particular, we deduce op[m]f € H,(R", X) for all f € #(R", X). So we
obtain

lop[m]f || rrz&n,x) = llop[Ar]op[m] fl|L, &~ x) = llop[m]op[Ar] fllL, &~ x)
< Cllop[Ar] fllL, ®n,x) = Cllf [ Hp e x)

due to op[A,]f € S (R™, X) and Definition 1.73 (ii). According to Remark
1.67 (iv) we can now extend op[m] to a bounded operator in L(H(R", X)).
The representation in (1.20) then follows from (1.22).

First, we consider the case 7 = s. Let f € Hy(R", X)N H(R", X') and define
the function h := op[A,]f € Ly(R", X) N Ly(R"™, X). Let ¢, € 2(R", X)
be a Dirac sequence. With this we get ¢, = ¥, * h € 2(R", X) and
vn — hin L,(R™ X) for all 1 < u < oo. Hence op[A_;]p, — f in
Hy(R", X) N Hj(R", X) due to Lemma 1.58 (ii). It is easy to see that
op[A_,]on € L (R™, X) and therefore

op"Pm]f = lim op"P[mlop[A_, ], = lim op"®[m]op[A_, |,

n—roo n—oo

= op"?[m]f.

Next, we consider the case p = ¢. Without loss of generality, we assume
r < s, which implies Hj(R", X) — HJ(R",X). Let f € H;(R", X) and
(fn)neny © L (R™, X) with f, — f in Hj(R", X) (cf. Remark 1.67 (iv)).
Then we obtain f, — f in H,(R", X) and therefore

op™P[m]f = lim op™Pm]f, = lim op*Pm]f, = op®P[m]f. O

Remark 1.77. For 1 < p < oo we set H,*(R", X) := |, H,(R", X). Let
m € H>(Q) with Q := [[;_, Es,. Then Lemma 1.76 (ii) shows that

op[m]: H, *(R",X) — H,*(R", X),
fop™Pmlf,  feHI(R", X),

is well-defined. By Lemma 1.76 (i) we have

Op[mHH;(R”,X) € L(H]Z(RnaX))? S Ra

and by real interpolation (Theorem 1.56 (iii)) we obtain

0p[m]|B;q(Rn,X) € L(ng(]R",X)), r e R.
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The proof of the next result includes ideas from [Tri78, p. 232] and [GGHRO6,
p. 174]. It shows that the existence of a holomorphic extension of a symbol m to
a complex half-space is connected with the fact that the support of a function is
preserved by op[m]. In the case of functions of time, this can be interpreted as
causality of the operator. In the context of pseudodifferential operators, operators
with this property are also called Volterra operators, see, e.g., [Kra04], [DS11].

Proposition 1.78 (Holomorphic Fourier multiplier and support). Let m € H™(Sy)
with @ > %, and let 1 < p,q < oo, F € {Bpq, Hp}, s >0 (s >0 if F = Byg). Then

27
m is a Fourier multiplier on L,(R, X) and

(rfoplmled)|, g, x) € LOF* (R4, X)) (1.23)
is a well-defined bounded operator. In particular, we have
supp (op[m]eg f) € [0,00)
and therefore el rg op[mlel f = op[mleg f for all f € ¢F*(Ry, X).

Proof. The assertion in (1.23) is obvious due to Remark 1.67 (i) and Remark 1.77.
Next, we prove the claimed position of the support. Let ¢ € Z(Ry, X).
Then there exists r > 0 such that suppy C (0,r). For simplicity we do not
distinguish between ¢ and ef ¢ in the following. It is obvious that F¢ € (R, X)
and therefore m(i-)(-F ) € L1(R, X). Hence, we can use the explicit formula

oo

(7 mEFEN)® = 20) 2 [ m)(F o) e

— 00

for the inverse Fourier transform for all ¢ € R. The function .# ¢ can be canonically
extended to C by

(Fo)(z) := (2m)~1/? /00 o(t)e " dt, zecC.

— 00

The complex function F¢ is an entire function, and the vector-valued Paley-
Wiener Theorem (see [Jef04, Proposition 2.1], for instance) yields the estimate

I(Z@)(2)lx < C(A+ o))"  exp(r|Im2]), =z €C. (1.24)
Using Cauchy’s integral theorem we will show
[7 1 (m(i)(F )] (t) = (2m) /2 / m(iA + ) (F) (A —iy)e" = dA (1.25)

for all v > 1 and ¢t € R. In order to do this we define the closed curve
[(e,R) := (R, —¢) U{ee’®*™ . 9 € [0,7]} U (¢, R)
U{R—in:n € (0,7)}
U{-n—iy:n€[-R R[]}
U{-R—ily=n):ne0y)}cC
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Figure 1.3: Path of integration I'(e, R)

for 0 <e <1 and large 1 < R < oo (cf. Figure 1.3).

49

Due to the holomorphy of all involved functions and Cauchy’s integral theo-

rem we obtain

/ m(iz)(Fp)(z)e"dz = 0. (1.26)
I'(e,R)

(I) For the parametrization 7. (6) := ee?®*™ 6 € [0, 7], we have

| sy,

[ o) o). 0 Oz

X
<e [ Im @) 1(Z9)(:0)) | xle" O] ds
< eg|lmllC(¥)
due to m € H*(Sp) and the boundedness of

(0,6) = [(F) (3=(0)) | |e ).
We get

lim m(iz)(Fp)(2)e"*dz = 0,
€20 Jeceito+m) : gefo,x]}

(IT) Concerning the parametrization yr(n) := R —in, n € [0,7], we have

H /{R_m: ne(oﬁ)}m(iz)(ﬁg@)(z)eitzdzHX
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/ 7m(ivR(n))(%@(73(0))6””“”%”

X

¥
<lmll [ 1Rt xedn

¥
Scllmlloo(1+R)_1/ e('r+t)77dn7

0

where we have used (1.24). With this we obtain

lim m(iz)(F ) (z)edz = 0.
R=o0 J{R—in: ne(0m)}
The same arguments also yield

lim m(iz)(F)(z)edz = 0.
R=00 J{—R—i(v—n): n€(0,7)}

With (I), (II) and (1.26) we obtain

— 1. 1. . ltZ
0 Jimlim F(E,R)m(zz)(ﬁg@)(z)e dz

= / m(iA)(Fp)(A)e' d\ — / m(iA+ ) (F ) (A — in)e A= d,
which proves (1.25) for all v > 0. For ¢ < 0 and all v > 1 we obtain
177 @ F O] < @0 lmloe™ [~ 1F RO~ )l

Using integration by parts and « > 1 it is easy to see that

FO = inllx = @n) 72| [ ple)ode =0 da| - |a— i 2
0 X
< (27‘_)—1/2 /O (p//(x)e—ix(/\—z"y)dx . ()\2 + 1)—1
X

R N
< 2m) V29" oo - A2+ D)7
and therefore we derive
17 n (N F @ < 51 el Tim e =0, <0,
which yields

supp(op[m]p) C [0, 00).
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Let f € oF*(R4+, X). By Remark 1.67 (iv) there exists (¢x)ren € Z(R4, X)
with
f= lim ¢ in o(F*(Ry4, X).
k—o0

Lemma 1.65, Remark 1.67 (i), and Remark 1.77 (ii) yield

op[mleg f = lim op[mleg oy = lim efrioplmlef i, = efrgoplmleg f

where the limits hold in F*(R, X). We finally derive supp(op[m]f) C [0, 00) with
Lemma 1.65. g

The Fourier multipliers considered above worked in the whole space R™. With
respect to the time variable, however, we will consider the half-line R, including
vanishing trace condition at ¢ = 0. We can easily define Fourier multipliers in R
by using the extension and restriction operators e(')" and 1"3' . Note that we want to
stay in the spaces with zero trace at ¢ = 0. For this, the property of the support
discussed in Proposition 1.78 will be essential.

For s € R and A € C\ (—00,0), we define the symbol

T,(\) = (14 N)°.

Symbolically, we want to replace A by d;. But we have to take into account the
initial condition at t = 0. Therefore, we define

op (V] :=rf op[Usled = ri F W (i-) Fef
on Ly(Ry, X).
Proposition 1.79 (Properties of op , [V,]). For 1 < p,q < 0o and s > 0 we have
OP (Wl e r, ) € Lisom(0Hy T*(Re, X), 0 Hy (R4, X)), ' 20,
0Py [Vl porsom, x) € Lisom (084 * (R4, X), 0B ,(Ry, X)), 5" > 0.
Proof. Similar to the argumentation for A, we obtain
oDyt ) € Lisom (HI (R, X), HY (R, X)), /.7 €R. (1.27)
From (1.27) and Remark 1.67 (i) we get
P+ [Wsll prer+em, x) € L(oHy ™ (Ry, X),0Hy (R, X)),
0P [Y ]|, e m, x) € LloHy (Re, X),0Hy (R, X))

for s,s' > 0. For all f € OH;' (R4, X) we then conclude

op, [WJop, [W_,]f = rgop[Ws]ef rg op[¥_]eg f = ri op[¥]op[¥_,Jeg f

:rgegf:f
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due to Proposition 1.78. For all g € 0H5'+5(R+,X) we get

0p+[\1’—s}0p+[\1}«9]9 = T(—)FOP[\IJ—S]‘ES_TS_OP[\PSEJQ
In the same way as in the proof of Proposition 1.78, we get supp(op[¥slegg) C
[0, 00). The polynomial boundedness of the symbol ¥, can be handled by stronger
Paley-Wiener estimates of the form

I(Z)()lx < CA+ |2 exp(r|Im2]), zeC.

Hence, we also obtain op [¥_,Jop, [¥,]g = g. This yields the assertion for the
Bessel potential spaces. The remaining assertion follows by interpolation. O

Remark 1.80. The above results hold analogously in exponentially weighted spaces.
For ¢ > 0, we define

opl?[W.] = A op [ W (- + o)),

in L, ,(R4+,X). Then the statements in Proposition 1.79 hold for opg_g) [W] if we
replace all spaces by their exponentially weighted versions.

b) Vector-valued space and time derivatives

Now we are going to study realizations of the space derivatives 0; = 0,,, j =
1,...,n, in R™ and of the time derivative 9; in R;. We will show that the corre-
sponding operators have good mapping properties in all scales of Sobolev spaces
considered above. To simplify the notation, we will fix r € R, p,¢ € (1,0), and
K € {By,g, Hp}. As before, X is assumed to be a Banach space of class H7 with
property (a). The K"(R™, X)-realization of 0; is defined as the operator D; given
by

D;: K"R", X) 2 D(D;) - K"(R", X), (1.28)
u — 0ju

where D(D;) :={u € K"(R", X): 9;u € K"(R", X)}.

We are interested in a bounded joint H*°-calculus for the tuple D := (D, ...,
D,.)- Note that for better readability, we do not indicate the ground space, in this
case K" (R™, X), in the notation D. Sometimes, we will also use the more precise
notation DV for the N -realization of Vie=(01,...,0n).

The following result is a slight generalization of [DV02b, Theorem 7.1, Re-
mark 7.5].

Theorem 1.81 (Joint R-bounded H°-calculus for D). Let §; € (0,%) for j =
1,...,n and Q, := H;'L:1 s, -
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(i) The vector-valued partial derivative operator D; is bisectorial on K™(R™, X)

with w%;;) =0 forall j=1,...,n. The resolvents are given by

(A=D;)"" = op[Rx]lcr®n.x), A EC\ (iR) (1.29)

with Ry j(z) == (A —z;)7', 2 € iR". In particular, the tuple D is admissible.

(ii) The operator tuple D has an R-bounded joint H(Qy)-calculus. Moreover,
we obtain the representation

f(D) = op[f]lcr@n,x) € LIK"(R", X)) (1.30)

for all f € H*(Q,).
Proof. (i) (I) Let j € {1,...,n} be arbitrary. The case r = 0 and K = H), (i.e.,

(IT)

(111)

the L,(R™, X)-realization) can be found in detail in [DV02b, Theorem
7.1, Remark 7.5]. The asserted representation of the resolvent can be
obtained easily by standard arguments. The resolvents commute due
to the representation as Fourier multipliers (cf. [DV02b, Theorem 7.2]).
Therefore, the tuple D is admissible in the sense of Definition 1.16.

Now let K = H,. We will make use of the operator ® := op[A,]| €
L(H}(R", X), Ly(R™, X)). In the following, we will write D;,. for the
HJ(R", X)-realization of 0;. In order to apply Proposition 1.32 (i) we
have to show D(Djjr) = q)—l (D(D]70)) and Dj,Tu = <I>_1Dj70<1>u for all
u € HI(R", X).

For u € D(D;,) € H,(R",X) we have ®u € L,(R", X) and 9;®u
®0;u € Lp(R™, X) according to Lemma 1.58 (ii). This implies u =
1Py € @71 (D(Dyp)).

Let f € D(Djo) € Ly(R", X). We have @' f € H}(R", X) and there-
fore ;01 f = &9, f € HJ(R", X). This yields &' f € D(D;,,).
Hence we obtain D(D;,) = &' (D(D,,)). It is obvious that D, ,u =
®~1D; o Pu for all u € HJ(R™, X), and therefore Proposition 1.32 (i) and
(I) yield the assertion for this case. The representation of the resolvent
follows from Proposition 1.32 (i) in combination with Remark 1.77 (i).

Now consider K = By, i.e., let D; be the B}, (R", X)-realization of 0;.
Theorem 1.56 (iii) yields that Besov spaces can be obtained as real inter-
polation spaces of Bessel potential spaces. The bisectoriality on Besov
spaces By (R", X) can then be derived by Theorem 1.45 (i) (respec-
tively, Remark 1.46) and (II) as soon as

(D(Dj,—m), D(Dj,m))o,q = D(Dj)

has been shown, with m := min{k € N: |r| < k} and 6 := (r+m)/(2m).
In this case we also have

B;q(RnaX) = (prm(anX)’H;n(Rn7X))91q
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According to 1 € p(Dj,—m) N p(Djm) and the representation of the
resolvents in (II) we get

(1=Dj—m)”" € L(H,™(R", X), D(Dj,—m)),
(1 =Dj—m) Hup@n.x) = (1 = Djm) ™" € LIH (R, X), D(Djm)),
which yield
A=(1- Dj,—m)_1|B;q(Rn,x)
€ L(Bpy(R", X),(D(Dj.~m), D(Dj.m))o.q)-
We have 9; € L(D(D;n), HI*(R™, X)) N L(D(D;, ), H, ™(R", X))
and therefore
9; € L((D(Dj,~m), D(Djm))o.q> Bpg (R, X)).
The definition of D(D;) then implies (D(D;,—m), D(Djm))o,q € D(D;).
Furthermore, we derive
A(l —Dj)u ~Dj ) (1 =Dj)u
D;,

= (
=(1=Dj-m)" (1= Dj-m)u

=u
for all w € D(D;) € D(Dj,—p)- So we get
D(Dj) < R(A) € (D(Dj,~m), D(Dj.m)).q-
Altogether we have shown
D(D;) = (D(Dj,—m), D(Dj;m))o,q-

Remark 1.46 (ii) then yields the asserted representation of the resol-
vents.

If r =0 and K = H,, (i.e., in the case of the L,(R", X)-realization), the
existence of a bounded H*-calculus is a direct consequence of [DV02b,
Theorem 7.3, Remark 7.5]. The representation of f(D) (f € H° (%))
by Fourier-multipliers can be found there, too. Due to the representation
of f(D) as a Fourier multiplier we can prove the R-boundedness of the
family
{f(D): f € HF* (), [ flloc <1} € Lp(R™, X)

by Theorem 1.74, (1.19), and Theorem 1.8.

Let f € H*(,). Then Theorem 1.27 implies f(DP) € L(L,(R"™, X)).
Using Remark 1.21 (iii), Lemma 1.19 (i), and Proposition 1.75 we obtain

f(D)u= jligo(wj,nf)(D)u = lim op[¢jn flu
= jlgrgo op[¥jn]op[flu = jhi?o Vjn(D)op[flu = op[flu
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for all v € L,(R™, X). So we have proved the claimed representation
(1.30) for all f € H*®(£y).

(IT) Proposition 1.32 (iii) with ® := A and the same arguments as in part
(i) show that D admits an R-bounded H*°(£2,)-calculus on H(R", X)
for all r € R.

(IIT) Repeating the arguments from part (i), Theorem 1.45 (iii), Remark 1.46,
and (II) we can show that D admits an R-bounded H>°(f,)-calculus
on By (R", X) for all r € R, and

f(D) = [f(’Dlﬁma s vtDnﬁm)]

By, &, x) = oP[f]|Br, (R, x)

for all f € H®(£y). O

Similarly to the space derivatives d;, j = 1,...,n, considered above, we will
now analyze the realization of the time derivative 0;. For this, we fix s > 0,
p,q € (1,00) and F € {B,,, H,} where we assume s > 0 if ¥ = B,,. Then the
0F* (R4, X)-realization of 9 is defined as the operator D; given by

Dtl O.FS(R+,X) 2 .D(Dt) — OJ_'.S(R+,X), (131)
u — Opu

where D(D;) := o F*F1(R,, X). Again we also use the more precise notation DV
for the N-realization of 9;. Note that for u € D(D;) we have du € (F*(R4, X)
by Proposition 1.78.
We will also consider the time-derivative operator on the whole space defined
by
D,: F*(R,X) 2 D(D;) — F*(R, X), uws Opu

where D(D;) := F*+1(R, X).
In the following we are interested in the spectral properties of D;.

Lemma 1.82. For all f € ¢F*(Ry, X) we have ef D,f = ﬁegf.

Proof. Due to Remark 1.67 (i) we have
A:=e}D; — Dief € L(oFHH (R4, X), F*(R, X))

and Ap = 0 for all ¢ € 2(R,). The assertion then follows from the density of
P(Ry) in o F5TH(R,, X), cf. Remark 1.67 (iv). O

In the following theorem, we use the notation o, o,, and o, for the resid-
ual spectrum, the point spectrum, and the continuous spectrum of an operator,
respectively.
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Theorem 1.83 (Spectrum of the time derivative). For the ¢ F° (R, X)-realization
Dy of 0y we have

p(D:) = {z € C: Re(z) < 0},
or(Dy) = {z € C: Re(z) > 0},
op(De) =10,
0.(Dy) = iR.

In particular, Dy is a sectorial operator with op, = 5 and
A=D) lu=ri(A=Dy) lefu, ue F(Ry,X),

for all X with Re(\) < 0.

Proof. Let uw € D(D;) and A € C with (A — Dy)u = 0. According to Sobolev’s em-
bedding theorem (cf. Remark 1.67 (v)) we have o F*TH (R4, X) < o F (R4, X) <
Cy([0,00), X). Due to the characterization in Remark 1.67 (iii) and (v) we have
the classical vanishing trace u(0) = 0. In fact, we even have u € C}([0,00), X)
since dyu = Au € Cp([0,00), X). For arbitrary 2’ € X’ (the dual space of X) we
define the complex-valued function @ := 2’ ou € C} ([0, 00)). The function @ solves
the scalar ordinary differential equation

At — 9 =0, u(0)=0.

With the classical theory of ordinary differential equation we trivially obtain u = 0
and therefore also u = 0. Hence (A — D;) is one-to-one for all A € C, which yields
op(Dy) = 0.

Let Re A < 0. Then we can use the results about the space-derivative given
above. From (1.29) we obtain

A =D;) ' = op[Rallzem, x)»  Ra(z):=(A—2)"1, zeiR.

The function Ry has a holomorphic extension to a bisector, i.e., Ry € H>(3y) for
small 6 > 0. Therefore we can apply Proposition 1.78 for op[R,]. It can be easily
seen by Lemma 1.82 and Remark 1.67 (i) that
(A= Do) (A= D) et f
=r5es (A= Di)rg (A =Dy)leg
=15 (A =Dy)egry (A —Dy) eg
=g A =D)A=Dy) eg f = f

for all f € ¢F°(R4, X). In the same way we obtain

rEA=D)lef A =D)f =f, [e€oF (R, X)
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by Lemma 1.82. Altogether we obtain {z € C: Re(z) < 0} C p(D;) and
(A=D)~ =rf(A=Di)"ef

for all A with Re A < 0. With this representation of the resolvents and Remark
1.67 (i) we derive, for every ¢’ € (w/2,7),

sup XA = Do)l re @y . x)
AEC\Sy/ (1 32)
<Csup  [IAX=Dy) o @ x)) < 0

AEC\Sy/

from the bisectoriality of D;.

For A with Re(A\) > 0 we have to determine the range of A — D;. For this,
we consider the adjoint operator (A — D;)". Due to the embedding (F* (R4, X) <
L,(R, X) and Holder’s inequality we can define a functional in (oF*(Ry, X))’ by

F/\: ofS(R+,X) — (C,

f — /Ooo<f(t),€_)\t$/>x><xldt

for 2’ € X'. We easily obtain [~ e M/ (t)dt = [ Ae Mop(t)dt for all ¢ €
Z(Ry, X). The density of the test functions and ¢ F**! (R, X) < oHp(Ry, X)
show that this is even true for all ¢ € D(D;) = ¢F*(Ry, X). Thus, we can
conclude

(A= D)) f) = 2/ (/OOO AN F()dt — /OO e—Mf’(t)dt) —0

0

for all f € D(D;). Hence we obtain F)\ € D((A — D;)’) and
0# Fy € ker((A — D;)") = R(A —Dy)*. (1.33)

Here ,
RA =Dyt = {F € (¢F*(Ry, X)) : Flr(r-p,) = 0}

denotes the annihilator of R(A—D;) and the equality in (1.33) follows from [Kat76,
p. 168]. Consequently, R(A — D;) cannot be dense in ¢F*(R;, X) and we conclude
{z € C: Re(z) > 0} C 0,-(Dy). As the spectrum is closed, this implies iR C o(D,).

Due to 0, (D;) = 0 the operator pi — D; is injective for all p € R. According
to (1.32) and |A| < Cg/|\ + iu|, A € C\ Sy, the operator D; — iu satisfies the
resolvent estimates in Lemma 1.4. Therefore we obtain the density of R(D; —iu) in
0F* (R4, X) by reflexivity of X (cf. Remark 1.13 (i)). Hence we have iR C o.(Dy).

Altogether we have {z € C: Re(z) < 0} C p(Dy), 0,(Dy) = 0, {z €
C: Re(z) > 0} C 0,.(Dy), and iR C 0.(D;). Thus we have obtained the full
characterization of the spectrum. O
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Thanks to our previous results we easily obtain the existence of an R-bounded
H*-calculus of D;. This was already stated in [DSS08, Proposition 2.7] but our
approach is slightly different.

Theorem 1.84. The vector-valued time-derivative operator Dy has an R-bounded
H>-caleulus in oF°(Ry., X) with o> = . For all f € H®(Sy) with 0 € (%, )
we can represent f(Dy) by

F(Dy) = (rd F(D)ed ) lyrezs x) = (rg oplfled ) lor s x)- (1.34)
Proof. Due to Theorem 1.83 the resolvent of D; can be written as
A=Dy) lu=ri(A=D;) ‘efu, ueoF(Ry,X), Rel<O.
Using Remark 1.21 (iii) and Definition 1.18 we infer
F(Du=rd f(Defu, ueoF* (Ry,X)

for all f € H5®(Sp) € H*>(Xp—_r/2) and 0 € (5, 7). So we derive the representation
(1.34) for all f € H§(Sp) by (1.30). As in part (I) of the proof of Theorem 1.81
(ii) we can also verify this representation for all f € H>(Sy).

According to Theorem 1.81 (ii) we have the R-boundedness of

{f(De): f € HE(So), I fllse <1} € L(F(R, X)).

The boundedness of all involved operators and Remark 1.7 (iii) then yield the
‘R-boundedness of

{F(Dy): f € H5(S0), [[flloo <1} S L(0F* (R4, X))

for all 0 € (3, 7). Thus, we even get <p§;°° =7Z. O

c¢) Joint space-time H>°-calculus

Now we are going to show that the tuple (9, V,) admits a bounded joint H°-
calculus. We will consider the operators in the space ¢F°(Ry, K"(R", X)) where
F,K € {Byq, Hy} as before. As K"(R™, X) is a Banach space of class HT with
property (a), too, the results from Subsection b) can be applied directly to D.
For the space derivatives D = (Ds,...,D,), we know the existence of an R-
bounded joint H*-calculus in the space K" (R"™, X). We now have to consider the
natural extension to ¢F° (R4, K"(R", X)), i.e., now the space derivatives act on
functions of time and space. Note that we identify a function v = u(¢, ) with the
vector-valued function ¢ — u(t,-), and therefore the natural extension of D; can
be written as ¢t — (D, o u)(t,-).

In the following, we fix po,p1,qo,q1 € (1,00), F € {Bpygos Hpo }» K € {Bp1gr>
Hy },s>0(s>0if F=Bpyg), and r € R.

We start with a definition of the natural extension of an operator.
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Definition and Lemma 1.85 (Natural extension). Let X and Y be Banach spaces
of class HT . For a densely defined closed linear operator A: X O D(A) — Y the
natural extension of A to oF*(R;, X) given by

AT oF*(Ry, X) D D(A*) = o F (R, Y),
ur— Aou

is a well-defined operator with dense domain D(A") := (F*(Ry, D(A)).

Proof. First, we consider the case s € Ny and F = H,,. We have 0F (A ou) =
Ao (0fu) for all k < s and all u € D(AY) = oHj (R4, D(A)). Thus, we obtain

Ofu € oHy F(Ry, D(A)), k<s

for u € D(AT). We have lim;_,o Fu(t) = 0 in D(A) for all k < s — 1, which leads
to

ok T k _ _

tlgi(l)at (Aow)(t) = th_r}(l)A(at u(t)) =0, k<s-—1.

So we have proved Aou € oH, (Ry,Y) for u € oH, (R4, D(A)) and
AT € L(oH; (R4, D(A)),0Hy (R4, Y)) (1.35)

with ||A+||L(0H§O (R+,D(A))7OH§O (Ry,Y)) < 1. Note that D(A) is equipped with the
graph norm.
Next, we consider the case s > 0 and F as in Definition 1.71. We directly get

AT € L(oF* (R4, D(A)),0F* (R4, Y)) (1.36)

by an interpolation argument, (1.35), and Theorem 1.56. The real and complex
interpolation methods are exact (cf. Theorem 1.39) and therefore we also have

AT Lors Ry, D(AY) 07 (R4, ¥)) < 1. (1.37)

Altogether we conclude that AT is a well-defined operator.
We have to prove the density of the domain. For this we need the concept of
tensor products. For a Banach space Z we define

P2R4)@ Z :=span{p-z: p € I(Ry), 2 € Z} C PRy, Z)

endowed with the subspace topology of the locally convex space Z(R,,Z). One
can easily show

2(R,) ® D(A) % 2(R,) ® X, (1.38)

and in [Ama03, Theorem 1.3.6 (i)] one can find the dense embedding

IR © X L DR, X). (1.39)
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Altogether we obtain 2(R,) ® D(A) SN oF*(Ry, X) due to (1.38), (1.39), and
Remark 1.67 (iv). So we have proved

P(R.) ® D(A) 5 o F*(Ry, X),

which yields the density of ¢F*(Ry, D(A)) in ¢F*(R4, X) because of Z2(R;) ®
D(A) C oF*(Ry, D(A)). O

Lemma 1.86. (i) In the same situation as in Definition and Lemma 1.85 we have
AT € L(oF5(Ry, X), o F5 (R, Y))
if A€ L(X,Y). In particular, we have
AT € Ligom (0 F°(Ry, X), 0 F° (R, Y))
if and only if A € Lisom(X,Y). In both cases we also have

A LoFs Ry, x) 07 Ry YY) < IAllLx,y)-

(il) Let T C L(X,Y) be R-bounded. Then the family of extended operators
TH={TT.TeT}CL(OFR:, X),0F(Ry,Y))
is also R-bounded.

Proof. (i) The boundedness of AT follows from (1.37) and the equivalence of
the norms || - [[pa) and || - [ x. The estimate can be obtained by the same
arguments as in the proof of Definition and Lemma 1.85.

If A is bijective, it is obvious that (A~!)* is the inverse of A" and
therefore A7 is also bijective. Let AT be bijective and let x € X with Az = 0.
For ¢ € 2(Ry) \ {0} we then derive AT (p - x) = 0, which yields ¢ - 2 = 0.
Thus we get © = 0. Let y € Y and ¢ € 2(Ry) \ {0}. Then there exists
f € oF* (R, X) with ATf = ¢ -y. For tg € Ry with ((tg) # 0 we then
derive A(f(to)/¥(to)) = y. Hence A is also bijective.

(ii) First, we consider the case s € Ny and F = Hp,. Let m € N, (T)k=1,....m C
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m € oHp (R4, X). Then we have

,,,,,

T ’
szlrk kfk Lpo ([0,1],0 Hy (R4,Y))
1 s m )
d\J Po 1/po
([ SIEem (@ W0
0 j=1 k=1 Lpg (Ry,Y)

Po 1/po
dwdt)

. j

(2] Inen]((@) sell;

<R3 [ [ IS ne((§) s

= Hzrkfk‘
k=1

by Fubini’s theorem and the R-boundedness of 7. An interpolation argument
based on Theorem 1.44 and Remark 1.67 (ii) then yields the assertion for the
whole fractional Bessel potential and Besov scale. O

Po 1/po
dwdt)
X

Lpg ([0,1),0Hy (R4, X))

The following result shows that the natural extension is compatible with the
H*°-calculus.

Lemma 1.87. Let X be a Banach space of class HT and let T = (T1,...,Tn)
be an admissible tuple on X with Ty,: X O D(Ty) — X, k= 1,...,N, and let
Q C C™ be chosen in accordance to T as in the text after Definition 1.16. The
following permanence properties for the natural extension T+ := (T, . .. ,T]‘V") on
O.FS(R+7X) hold.

(1) If Ty is sectorial, then T} is also sectorial with Prr = P and

A-TH) = [n-T)]"

for all X € p(Ty). The analog result holds for bisectorial operators.
(ii) The natural extension TT is an admissible tuple on oJF* (R, X).
(iii) We have
J(TH) = f(T)"
for all f € HG®(Q).

(iv) If T admits a bounded H>(Q)-calculus, then T also admits a bounded
H>(Q)-calculus with
AT = f(T)"
for all f € H>®(Q).
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If T admits an R-bounded H™(Q)-calculus, then T also admits an R-
bounded H*>(Q)-calculus.

Proof. (i) Let T} be sectorial or bisectorial. Then T,j is also a densely de-

(iii)

(iv)

(v)

fined operator by Lemma and Definition 1.85. Lemma 1.86 directly yields

p(Ty) = p(T;F) and A —T;7)~ ' = [(A — Tk)*l]Jr for X € p(Tk). Now Lemma

1.86 yields the resolvent estimate for T,j and thus Prr = #m (respectively,
(bi) _ (bi)

‘PT+ o, )-

The operator Ty, is injective according to Remark 1.4 (ii) and therefore
it is obvious that T} is also injective. Hence R(T}") is dense in oF*(R,, X)
due to Remark 1.4 (ii) again.

All T,j are sectorial or bisectorial so we only have to prove that the resolvents
commute. Using (i) we obtain

A=T) e =T) " =[(A=T) T [ —T)7'T"
= =T) Hu=T) " =[(u—T) (A= Te)']*
=(u-T) "' -1H™"
for all A € p(T%), pp € p(T;) and j,k=1,...,N.

Let f € H§°(Q)). By approximating the integrand by step functions, it is
easy to see that the following equalities hold (see also [Kail2, Lemma 2.44]
for details):

N
(o = @x) ([ [ £6) [l ~ T~ T7a]u) 0

k=1

N

(2mi)~ f(z (21 — Tr) ' Tudz)(t)
([ VRS )
N
— (2mi)~N /F f(z)kl;[l(zk — )t d

N
= (27fi)*N/Ff(Z) [T =T dzu(t) = (F(T) u)(t)
k=1

for u € ¢ F*(Ry,X) and almost all ¢ € R,. Hence, we obtain f(T)u =
7(T)*u

Lemma 1.86 and (iii) directly yield that T admits a bounded H*(Q)-
calculus. Remark 1.21 (iii) and Theorem 1.27 imply f(T*) = f(T)" for
all f € H®(Q).

This easily follows from (iii) and Lemma 1.86 (ii). O
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For the remainder of this subsection, let X be a Banach space of class HT
with property ().
Corollary 1.88. Let D; be the o F* (R, K" (R", X))-realization of 9; and D™ be the

natural extension of the K™(R™, X)-realization D to ¢F°(Ry,K"(R", X)). Then
we have the following results:

(i) The sectorial operator D, admits an R-bounded H> (Sy)-calculus for all 6 €
(m/2,7).

(ii) The operator tuple D' admits a bounded joint H>(Q,)-calculus where Q, :=
H?Zl ¥s, and 0; € (0,7/2), j=1,...,n.

(iii) The tuple (D;, D") is admissible.

Proof. In parts these results have already been stated in Theorem 1.84 and Theo-
rem 1.81 (ii). Using Lemma 1.87, the assertions in (i) and (ii) follow. The resolvents
commute due to the representation as Fourier multipliers, thus the admissibility
follows. |

For simplicity of notation, we will from now on again write D instead of DT,
so all operators will be defined on (F*(Ry, K" (R™, X)). The resulting tuple will
be denoted by

D, = (D, D) = (D;,Ds,...,Dy).

This is the o F*(R4, L"(R™, X))-realization of
V+ = (at,VL)

Again we will also use the more precise notation Dﬁ\rf for the A-realization of V.
One of the main results of this chapter states that D, admits a bounded
joint H*°-calculus:

Theorem 1.89 (Joint time-space H-calculus). The tuple Dy admits a bounded
joint H*®(Q)-caleulus on (F*(Ry, K" (R™, X)) where Q := Sp x [[}_, X5, with
0e€(n/2,m), 0 €(0,7/2), k=1,...,n.

Proof. Let Q; := Sy, Q, := H?zl ¥s;, and let h € H§®(€2). Then we define

g: Qp — L(OFS(RJMICT(R”?X)))a
Z = ||h’H<;Ol ' h(Dtvz)a

which is meaningful because of h(-,z) € H§® (), z € Q. Due to Lemma 1.29 we
have g € H3*(Qy, Bp, ) and

RIS - IR C, 2)lle < 1, 2 € Q.

Hence, Corollary 1.88 (i) yields the R-boundedness of ¢(2,) and therefore g €
HZ (9, Bp, ). Note that R(g(€2;)) can be estimated from above by a constant
which is independent of h.
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From Corollary 1.88 (ii) we get that D has a bounded joint H(£2,,)-calculus
for Q =[]/, Bs with &’ € (0,6;),j = 1,...,n. Therefore, we can conclude with
z Jj=179; J J
Theorem 1.28 that

9P (o7& r@®n,x))) < C1-Ra(9(Q)) < Co (1.40)
with Cy = C1(D) > 0, Cy = C2(D) > 0. Due to Lemma 1.29 we obtain
D) = [hI-h(D>).
So we get
IR(DP)LoFs®y kr@n,x)) < C2 - [|hllos, h € Hg()
by (1.40). O

Remark 1.90. Let pg,p1 € (1,00). Similarly to Proposition 1.35, for f € Hp(2)
we can define the maximal realization

f@4): UDHD)) = U Ly (R H, (R, X))
seR seR
where f(’DSf)) is defined by the joint H>°-calculus of the L,, (R, H, (R", X))-
realization of V. In fact, for u € D(f(’DSf))) the assignment

F(Dy)u = (D)

is well-defined since .
FOP)u = f(DP)u

holds for all s <t and u € D(f(’DS:))).

Remark 1.91. It is easily seen that the analog of Theorem 1.89 also holds in the
more general situation where we include a shift in the operator and exponen-
tial weights in the spaces. To include a shift in the operator (see Lemma 1.34),
we replace D; by o + D, with ¢ > 0. Finally, we can consider exponentially
weighted spaces as in Remark 1.70. With the help of the isomorphism .#, de-
fined in (1.16), we can easily extend the results of Theorem 1.89 to the spaces
oFy (R4, KM(R™, X)).

These straightforward generalizations yield that for every ¢ > 0 and o > 0,
the o Fj (R, L"(R", X))-realization ’DS,Q’)U of (o0 + 0, V) admits a bounded joint
H*-calculus in ¢F,; (R, K" (R", X)). For f € Hp(f2), we also have

[(DE,) = 1,(D%)
with f, being defined in Lemma 1.34. Similarly, the equality
FDEu = M F(DY),) M pu
holds for all u € ¢ F*(R4, K" (R™, X)). For details, we refer to [Kail2].
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Having established the joint H*°-calculus for D4 = (Dy, D4, ...,D,), we can
now replace f(\,z) by f(D¢,D1,...,Dy,) for suitable functions f to obtain well-
defined operators in all scales of Sobolev spaces considered above. In particular, the
symbols An(z) = (1 -7, z,%)l/2 and W, (A\) = (14 )\)® belong to Hp(2). The
following proposition states that the resulting operators are even isomorphisms
in the corresponding spaces. This fact which is based on the representation as
Fourier multipliers in Theorem 1.81 and Theorem 1.84 will be a basis for the
Newton polygon approach in Chapter 2.

Proposition 1.92. For arbitrary v’ € R, s’ > 0, and s, > 0, the symbols

n /2
Ar(z)::(1—22i> , z€Xy, >0,

k=1
Us(A):=(14+N)?° AeSy, 0>m/2
give rise to isomorphisms
Ar(D4) = D[] por sy
€ Lisom (0" (R, K777 (R", X)), o F* (R4, K7 (R", X)),
V(D) = 0p+[\1’s]}0;s+s/(R+7,cw (R", X))
€ Lisom (07 (R4, K™ (R™, X)), 0 F* (R4, K™ (R, X)))
where the domains are given by
D(Ar(Dy)) = oF* (Ry, K77 (R", X)),
D(Wy(D)) = oF*H (R, K" (R, X)).
We also have
Ar(D) ™ = (AT)(D4), (I(D))~" = (¥71)(D).

Proof. (i) We will use the abbreviation o F* (K"") := o F* (R, K" (R, X)) from
Definition 1.71. It is obvious that A;' € H*(X?) and A, € Hp(X}). From
Lemma 1.29, Lemma 1.87 (iv), and (1.30) we see that A!(D_ ) is the natural
extension of A !(D) and therefore

AN(Dy) = op[A Y] For ey € L(oF (K7)).
We even get
(A1) € Lisom (07 ()07 (K77))

by Lemma 1.58 and Lemma 1.86. Theorem 1.26 implies that A,.(Dy) €
L(oF* (K™)) is invertible with [A,.(D)]~! = (A71)(D,) and therefore

D(A(D4)) = RIATHDL)) = o F* (KH)
and A,(Dy) = op[A]| £ ety € Lisom (0F* (K™, 0F* (K™)).
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(ii) We have W, € Hp(Sy) and W1 € H*(Sp). In the same way as in part (i) we
get

WD) = rfopl s Yed | s ey = 004 [851] = (0p, [B]) 7 € L(oF¥ (K7))
by Lemma 1.29 and Theorem 1.84. From Proposition 1.79 we get
V(D) € Lisom (o (K1), 07 (K)).
We conclude [¥4 (D, )]~ = ¥;1(D,) and
D(U(Dy)) = R(U; (D4)) = o F*H (K)

as in part (i). O

Example 1.93 (Laplace operator). Let » € R and s > 0. Consider the symbol
Az) = Z?:l zj2 for z € ¥3. Then A € Hp (X}), and the o F° (R4, K"(R", X))-
realization of A(D) coincides with the realization of the Laplacian A in this space
which is given as

Az oF* (R, K7 (R, X)) 2 D(A) = oF* (R, K7 (R", X)),
u— Agu
where D(A) := ¢ F* (R, K"2(R", X)).

Proof. Note that we have A(z) =1 — As(2) for z € Q,. Theorem 1.26 (iii) directly
yields
AMD;) =1-A(Dy)

and therefore D(A(D4)) = D(A2(D4)) = F*(K"2) due to Proposition 1.92. In
particular, we see that

“ADi)u=A(Dy)u—u=op[As]ou—u=(1—-A)ou—u
=—-Aou=-Au
for all u € F5(K"+2). O
Example 1.94 (Hilbert transform). The function

z
Y5 —>C, 2z —
[ %5 —
is an element of H*°(Xs). Note that we have f(z) = i-sign (Im z) for z € X5 due to
the definition of the square root /¢ = +/|¢|exp(i(arg()/2) with arg( € (—m, 7).
For the L, (R, X)-realization of f(D) we obtain
F(D) = op[fllL,x) = F 'mZ € L(Ly(R, X)),

m(£) = i¢/|¢] = i-sign¢, £ e R\{0}
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due to the representation (1.30). It is shown in [Ama95, Section 4.3] that . ~'m.%
coincides with the Hilbert transform which was defined in Definition 1.11. This
implies that f(D) is the Hilbert transform on L,(R, X). Note that we generally
assumed that X is of class HT.

Remark 1.95. Analog representations hold for Riesz transforms and the Helmholtz
projection in the whole space. For the definition and further results on Riesz
transforms we refer to Definition 4.36 and [Ste70, Ch. III].
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