
Chapter 1

The joint time-space H∞-calculus

One of the most successful approaches in the theory of partial di�erential equa-
tions is based on the Fourier transform and the symbols of di�erential operators
and their inverses. The Fourier transform maps di�erentiation into multiplication
by the covariable and thus directly leads to a representation of the inverse (i.e.,
solution) operator. In particular in the case of boundary value problems, non-
polynomial symbols like

P (λ, z) := λ− (z2
1 + · · ·+ z2

n)
√
λ− z2

1 − · · · − z2
n (1.1)

appear. Here the related operator is, at least symbolically, given by P (∂t,∇x) =
∂t −∆

√
∂t −∆. The symbol (1.1) appears in the analysis of the Stefan problem

with Gibbs-Thomson correction as the determinant of the Lopatinskii matrix.
The aim of this chapter is to give a precise de�nition of operators like

P (∂t,∇x). For this, one can apply the joint H∞-calculus for sectorial and bi-
sectorial operators as developed, e.g., by G. Dore and A. Venni in [DV05]. Note
that P is a holomorphic function of λ and z = (z1, . . . , zn) for

| arg λ |+ 2 max
j=1,...,n

| arg(zj)− π
2 | < π.

As we will see below, the tuple (∂t,∇x) = (∂t, ∂1, . . . , ∂n) has a bounded joint
H∞-calculus. Here the operators ∂j = ∂xj act on the whole real line, have their
spectra on the imaginary axis and are bisectorial operators with bisectorial angle 0.
In contrast to this, the time derivative ∂t acts on the half-axis (0,∞). Therefore,
we include zero initial values in the domain of the corresponding operator, the
spectrum of which coincides with the complex half-plane {λ ∈ C : Reλ ≥ 0}. This
leads to a sectorial operator with sectorial angle π

2 .
The present chapter answers the following questions:

• How can one de�ne (holomorphic) functions of ∂t and ∇x (Section 1.1)?

DOI 10.1007/978-3-319-02000-6_2, © Springer International Publishing Switzerland 201
perator eoryTh : Advances and Applications 239,and Applications, O

11R.  and M , Denk . Kaip General Parabolic Mixed Order Systems in Lp

3



12 Chapter 1. The joint time-space H∞-calculus

• What are appropriate Sobolev-type spaces (Section 1.2)?

• What results follow for the joint H∞-calculus for the time-space operator
(∂t,∇x) (Section 1.3)?

1.1 The joint H∞-calculus for tuples of operators

Motivation. The aim of this section is to de�ne functions of operator tuples
where the operators are either sectorial or bisectorial and where the function
is holomorphic and bounded in corresponding sectors or bisectors. The main
result states that the resulting operator is well-de�ned and bounded. As the
proof is based on a Kalton-Weis type theorem, the concept of R-boundedness
will play a role. Therefore, we will include a short summary of R-bounded
operator families. For the proofs, we will mainly restrict ourselves to giving
some references.

Throughout this section, let X and Y be complex Banach spaces.

a) Sectorial and bisectorial operators, R-boundedness
For a linear operator T : X ⊇ D(T ) → X, the resolvent set ρ(T ) is given as
the set of all complex numbers λ for which λ − T : D(T ) → X is bijective and
(λ−T )−1 ∈ L(X), where L(X) stands for the space of all bounded linear operators
in X. Note that ρ(T ) 6= ∅ implies that T is closed. By R(T ) and kerT we denote
the range and the kernel of T , respectively.

De�nition 1.1. For θ ∈ (0, π) and δ ∈ (0, π2 ) we de�ne the sector Sθ and the
bisector Σδ by

Sθ := {r exp(iα) : r ∈ R+, α ∈ (−θ, θ)},
Σδ := {r exp(iα) : r ∈ R \ {0}, α ∈ (π/2− δ, π/2 + δ)}.

Here, R+ := (0,∞). Let Γϕ be the curve which is parametrized by γϕ : R \ {0} →
C, r 7→ |r| exp(−iϕ sgn(r)) for ϕ ∈ (0, π). The curve Γϕ is called admissible for Sθ
if 0 < θ < ϕ. An admissible curve for Σδ is a curve of the form Γϕ ∪ (−Γϕ) with
δ + π

2 < ϕ < π, see Figures 1.1 and 1.2.

De�nition 1.2. (i) An operator T : X ⊇ D(T )→ X is said to be sectorial if

(I) D(T ) and R(T ) are dense in X,

(II) there exists θ ∈ (0, π) such that ρ(T ) ⊇ C \ Sθ = −Sπ−θ and

sup
λ∈C\Sθ

‖λ(λ− T )−1‖L(X) <∞. (1.2)
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If T is sectorial, we de�ne the spectral angle ϕT as the in�mum of all angles
θ ∈ (0, π) such that (1.2) holds.

(ii) An operator T : X ⊇ D(T )→ X is said to be bisectorial if

(I) D(T ) and R(T ) are dense in X,

(II) there exists δ∈(0, π/2) such that ρ(T ) ⊇ C \ Σδ = (−Sπ/2−δ) ∪ Sπ/2−δ
and

sup
λ∈C\Σδ

‖λ(λ− T )−1‖L(X) <∞. (1.3)

If T is bisectorial, we de�ne the spectral angle ϕ
(bi)
T as the in�mum of all

angles δ ∈ (0, π2 ) such that (1.3) holds.

Example 1.3. (i) Let X = L2(Rn) and T := −∆ with domain D(T ) := H2(Rn)
⊆ L2(Rn). Then T is sectorial with spectral angle 0. This can easily be seen
from the fact that T is a selfadjoint operator with spectrum σ(T ) = [0,∞).

(ii) Let X = L2(R) and T := ∂x with domain D(T ) := H1(R). Then T is
skew-selfadjoint, i.e., T ∗ = −T , and the spectrum of T coincides with the
imaginary axis. From this we obtain that T is bisectorial with spectral angle
0.

(iii) The results from (i) and (ii) hold also in the case when L2 is replaced by Lp
with 1 < p <∞. This follows from an application of Michlin's theorem.

Remark 1.4. (i) Note that every bisectorial operator T is also sectorial with
π
2 − ϕ

(bi)
T ≤ ϕT ≤ π

2 + ϕ
(bi)
T .

(ii) In re�exive Banach spaces, the density of R(T ) follows from the injectivity
of T . This is an immediate consequence of the following result (see [KW04,
Proposition 15.2 c)]): Let T be a linear operator on a re�exive Banach space
X with domain D(T ) such that there exists θ ∈ (0, π) for which (1.2) holds.
Then we can decompose X into X = ker(T )⊕R(T ).

The following approximation property will be useful later.

Lemma 1.5 ([KW04, Proposition 15.2 a)]). Let A : X ⊇ D(A) → X be a linear
operator with (−∞, 0) ⊆ ρ(A) satisfying

sup
λ∈(−∞,0)

‖λ(λ−A)−1‖L(X) <∞. (1.4)

Then we have

R(A) = {x ∈ X : lim
n→∞

− 1
n (− 1

n −A)−1x = 0},

D(A) = {x ∈ X : lim
n→∞

−n(−n−A)−1x = x}.
(1.5)
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θ σ(T )

Γϕ

Figure 1.1: Spectrum, Sθ, and admissi-
ble curve Γϕ

δ
σ(T )

Γϕ −Γϕ

Figure 1.2: Spectrum, Σδ, and admiss-
able curve Γϕ ∪ (−Γϕ)

In the de�nition of a sectorial operator, the operator family {λ(λ − T )−1 :
λ ∈ C\Sθ} is bounded in the operator norm ‖·‖L(X). To show maximal regularity
in Lp-Sobolev spaces or the existence of a bounded H∞-calculus, the concept of
R-boundedness turns out to be more appropriate. In the following, we restrict
ourselves to the main de�nitions and results. For a more detailed discussion of
R-bounded operators, we refer to [DHP03] and [KW04].

In the following de�nition, L(X,Y ) denotes the space of all bounded linear
operators from X to Y , and Lp([0, 1], X) stands for the standard Bochner space
of X-valued Lp-functions.

De�nition 1.6 (R-boundedness). Let T ⊆ L(X,Y ) and p ∈ [1,∞). Then T is
said to be R-bounded if there exists a constant C > 0 such that for all m ∈ N,
(Tk)k=1,...,m ⊆ T , and all (xk)k=1,...,m ⊆ X we have

∥∥∥ m∑
k=1

rkTkxk

∥∥∥
Lp([0,1],Y )

≤ C
∥∥∥ m∑
k=1

rkxk

∥∥∥
Lp([0,1],X)

. (1.6)

In this case, Rp(T ) := inf{C > 0: (1.6) is satis�ed} is said to be the R-bound of
T . Here the Rademacher functions rk, k ∈ N, are given by rk : [0, 1]→ {−1, 1}, t 7→
sign(sin(2kπt)).

Remark 1.7. The proofs of the following results can be found in [DHP03] or
[KW04].
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(i) If T ⊆ L(X,Y ) is R-bounded for one p ∈ [1,∞), then (1.6) holds for all
p ∈ [1,∞) where the R-bounds ful�ll CR1(T ) ≤ Rp(T ) ≤ C ′R1(T ) for
some C,C ′ > 0.

(ii) If T ,S ⊆ L(X,Y ) are R-bounded, then T + S := {T + S : T ∈ T , S ∈ S} is
also R-bounded with Rp(T + S) ≤ Rp(T ) +Rp(S).

(iii) For two given R-bounded families T1 ⊆ L(Z, Y ) and T2 ⊆ L(X,Z) we obtain
the R-boundedness of T1T2 := {T1T2 : Tk ∈ Tk, k = 1, 2} ⊆ L(X,Y ) with
Rp(T1T2) ≤ Rp(T1) · Rp(T2).

(iv) If T ⊆ L(X,Y ) is R-bounded, then T is also uniformly bounded. The con-
verse is only true if X and Y are Hilbert spaces.

(v) Let T ⊆ L(X,Y ) be R-bounded. Then the closure in the strong operator
topology of the convex hull of T is also R-bounded with

Rp(co(T )
strong

) ≤ Rp(T ).

(vi) If T ⊆ L(X,Y ) is R-bounded and S ⊆ T , then S is also R-bounded. If
T ⊆ L(X,Y ) is �nite, then T is R-bounded.

To showR-boundedness of an operator family, the following results are conve-
nient and, in most cases, can be applied better than directly showing the conditions
of the de�nition.

Theorem 1.8 (Kahane's contraction principle, cf. [KW04, Proposition 2.5]). Let
p ∈ (1,∞) and (aj)j∈N, (bj)j∈N ⊆ C with |aj | ≤ |bj | for all j ∈ N. Then we have∥∥∥ n∑

k=1

rkakxk

∥∥∥
Lp([0,1],X)

≤ 2
∥∥∥ n∑
k=1

rkbkxk

∥∥∥
Lp([0,1],X)

for all n ∈ N and (xj)j∈N ⊆ X.

Theorem 1.9 (Square function estimate, see [DHP03, Remarks 3.2] or [KW04,
Remark 2.9]). Let (Ω,A, µ) be a σ-�nite measure space and

T ⊆ L(Lp(Ω, µ,C))

with 1 < p <∞. The family T is R-bounded if and only if there exists C > 0 such
that ∥∥∥( N∑

k=1

|Tkfk|2
)1/2∥∥∥

Lp(Ω,µ,C)
≤ C

∥∥∥( N∑
k=1

|fk|2
)1/2∥∥∥

Lp(Ω,µ,C)
(1.7)

for all N ∈ N, (fk)k ⊆ Lp(Ω, µ,C), and (Tk)k ⊆ T .

For the study of singular integral operators the following result is very helpful
because it transfers results on scalar-valued kernels to operator-valued kernels.
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Proposition 1.10 ([DHP03, Prop. 4.12], [KW04, Section 5.5]). Let 1 < p <∞, and
let I be an arbitrary index set. Let K = {ki : R+×R+ → L(X) | i ∈ I} be a family
of kernel functions such that for each i ∈ I the integral operator

(Kif)(xn) :=

∫ ∞
0

ki(xn, yn)f(yn)dyn, f ∈ C∞(R+, X) ∩ Lp(R+, X), xn > 0

extends to a bounded operator on Lp(R+, X). Suppose that there exists k0 : R+ ×
R+ → C such that

(i) (K0f)(xn) :=
∫∞

0
k0(xn, yn)f(yn)dyn (f ∈ C∞(R+) ∩ Lp(R+), xn > 0) ex-

tends to a bounded operator on Lp(R+),

(ii) for each xn, yn > 0, the operator family {ki(xn, yn) : i ∈ I} ⊆ L(X) is R-
bounded with

Rp({ki(xn, yn) : i ∈ I}) ≤ k0(xn, yn), xn, yn > 0.

Then {Ki : i ∈ I} ⊆ Lp(R+, X) is also R-bounded with Rp({Ki : i ∈ I}) ≤
‖K0‖L(Lp(R+)).

For the handling of operator-valued Lp-Fourier multipliers, several results
demand geometric properties of the underlying Banach space. We introduce two
main properties.

De�nition 1.11 (Banach space of class HT ). The Hilbert transform Hf of a func-
tion f ∈ S (R, X), the Schwartz space of rapidly decreasing X-valued functions,
is de�ned by

(Hf)(x) := 1
π

[
PV ( 1

x ) ∗ f
]
(x) := 1

π lim
ε↘0

∫
|x−y|≥ε

f(y)

x− y
dy, x ∈ R.

The Banach space X is called of class HT if there exists p ∈ (1,∞) such that
Hf ∈ Lp(R, X) for all f ∈ S (R, X) and

‖Hf‖Lp(R,X) ≤ C‖f‖Lp(R,X), f ∈ S (R, X).

In this case we can extend H to a bounded operator on Lp(R, X).

Remark 1.12. Banach spaces of class HT are also called UMD spaces. Here UMD
stands for the probabilistic property of `unconditional martingal di�erences'. A
Banach space is of class HT if and only if it is a UMD space. This equivalence
can be found in [Bur81] and [Bou83].

Remark 1.13. The following assertions can be found in [RdF86, Proposition 2]
and [Ama95, Theorem 4.5.2], for example.

(i) Banach spaces of class HT are re�exive.
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(ii) If X is of class HT and there exists T ∈ LIsom(X,Y ), then Y is also of class
HT .

(iii) If X is a Banach space of class HT and (Ω, µ) is a σ-�nite measure space,
then

Lp(Ω, µ,X), 1 < p <∞,

is also of class HT .

(iv) If X is of class HT , then we have ‖Hf‖Lp(R,X) ≤ Cp‖f‖Lp(R,X) for all f ∈
S (R, X) and p ∈ (1,∞).

(v) Every Hilbert space is of class HT .

De�nition 1.14 (Banach space with property (α)). The Banach space X has prop-
erty (α) if there exists a constant C > 0 such that for all n ∈ N, (αij)i,j=1,...,n ⊆ C,
|αij | ≤ 1, and all (xij)i,j=1,...,n ⊆ X we have∫ 1

0

∫ 1

0

∥∥∥ n∑
i,j=1

ri(u)rj(v)αijxij

∥∥∥
X
du dv

≤ C
∫ 1

0

∫ 1

0

∥∥∥ n∑
i,j=1

ri(u)rj(v)xij

∥∥∥
X
du dv.

Remark 1.15. (i) Let X and Y be Banach spaces. If X has property (α) and
there exists T ∈ LIsom(X,Y ), then Y also has property (α).

(ii) Let X be a Banach space with property (α), and let (Ω, µ) be a σ-�nite
measure space. Then

Lp(Ω, µ,X), 1 ≤ p <∞

also has property (α), cf. [KW04, Remark 4.10].

(iii) Every Hilbert space has property (α).

b) Joint H∞-calculus

For the analysis of the time-space derivative, it is essential to consider not a single
(sectorial or bisectorial) operator but tuples of operators and the jointH∞-calculus
for such tuples. The concept of H∞-calculus goes back to A. McIntosh, see for
example [McI86] and [CDMY96]. Another comprehensive and more recent work
on the H∞-calculus can be found in [Haa06]. Here we present the basic notation
and results by G. Dore and A. Venni [DV05] on the joint H∞-calculus for sectorial
and bisectorial operators.

In the following, X and Y are complex Banach spaces.

De�nition 1.16. Let Tk : X ⊇ D(Tk)→ X, k = 1, . . . , N , be linear operators. The
operator tuple T := (T1, . . . , TN ) is called admissible if
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(i) each of the operators Tk (k = 1, . . . , N) is sectorial or bisectorial,

(ii) for every j, k = 1, . . . , N the resolvents of Tj and Tk commute.

Note that (ii) means that (λ−Tj)−1(µ−Tk)−1 = (µ−Tk)−1(λ−Tj)−1 holds
for all λ ∈ ρ(Tj) and µ ∈ ρ(Tk). For this, it is su�cient that this equality holds
for one λ ∈ ρ(Tj) and one µ ∈ ρ(Tk) (see [Kat76, Theorem 6.5]).

Let us �x the situation for the remainder of this subsection. Let T = (T1, . . . ,
TN ) be an admissible operator tuple. If Tk is sectorial, we �x a sector Ωk := Sθk
with θk > ϕTk and a curve Γ(k) ⊆ Ωk of the form Γ(k) = Γϕk (see De�nition 1.1)
with ϕTk < ϕk < θk. Similarly, if Tk is bisectorial, we �x a bisector Σδk with

δk > ϕ
(bi)
Tk

and a curve Γ(k) ⊆ Σk of the form Γ(k) = Γϕk ∪ (−Γϕk) with ϕ(bi)
Tk

<

ϕk < δk. We set Ω :=
∏N
k=1 Ωk ⊆ CN and Γ :=

∏N
k=1 Γ(k). Further, let BT be

the commutator of {(λ − Tk)−1 : λ ∈ ρ(Tk), k ∈ {1, . . . , N}} ⊆ L(X), that is,
the closed subalgebra consisting of all bounded operators that commute with all
resolvents (λ− Tk)−1, λ ∈ ρ(Tk), k ∈ {1, . . . , N}.

De�nition 1.17. We de�ne the following spaces of holomorphic functions:

(i) H(Ω, Y ), the vector space of all Y -valued holomorphic functions on Ω,

(ii) H∞(Ω, Y ), the Banach space of all Y -valued bounded holomorphic functions
on Ω,

(iii) H∞R (Ω, L(X)) := {f ∈ H∞(Ω, L(X)) : f(Ω) ⊆ L(X) is R-bounded},

(iv) H∞0 (Ω, Y ) :=
{
f ∈ H(Ω, Y ) : ∃C, s > 0∀ z ∈ Ω:

‖f(z)‖Y ≤ C
∏N
k=1

(
min{|zk|, |zk|−1}

)s}
,

(v) HP (Ω, Y ) :=
{
f ∈ H(Ω, Y ) : ∃C, s > 0∀z ∈ Ω:

‖f(z)‖Y ≤ C
∏N
k=1

(
max{|zk|, |zk|−1}

)s }
.

Note that functions in H∞0 (Ω, Y ) show an additional decay at zero and at
in�nity while functions in HP (Ω, Y ) are polynomially bounded at zero and in�nity.

We will now de�ne f(T) for functions f ∈ H∞0 (Ω, Y ). In many cases, the
functions are scalar-valued, i.e., Y = C (in this case, we will omit Y in the nota-
tion). However, if one considers an iterative calculus, Y has to be more general,
and therefore we formulate the following de�nitions and results for closed subal-
gebras of BT. Of course, the scalar-valued setting �ts into this generalization via
the identi�cation z 7→ z idY .

De�nition 1.18 (Operator-valued H∞-calculus). Let A ⊆ BT be a closed subalge-
bra and f ∈ H∞0 (Ω,A). Then we set

f(T) :=
1

(2πi)N

∫
Γ

f(z)
N∏
k=1

(zk − Tk)−1dz ∈ A.
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Note that the integral converges in the operator norm ‖ · ‖L(X), and f(T) does
not depend on Γ by Cauchy's integral theorem.

Lemma 1.19 ([DV05, Lemma 2.7]). For n ∈ N the function

ψn,N : (C \ {−n,− 1
n})

N → C, z 7→
N∏
k=1

n2zk
(1 + nzk)(n+ zk)

has the following properties:

(i) We have ψn,N ∈ H∞0 (Ω).

(ii) For all f ∈ HP (Ω, Y ) there exists m ∈ N0 such that ψmn,Nf ∈ H∞0 (Ω, Y ) for
all n ∈ N.

(iii) The operator ψn,N (T) is injective.

De�nition 1.20 (HP -calculus). Let f ∈ HP (Ω,BT) and m ∈ N0 such that ψmf ∈
H∞0 (Ω,BT) where ψ := ψ1,N . Then we set

f(T)x := ψ(T)−m(ψmf)(T)x, x ∈ D(f(T))

with domain D(f(T)) := {x ∈ X : (ψmf)(T)x ∈ R(ψ(T)m)}.
Remark 1.21. (i) Every bisectorial operator A is also sectorial. Therefore, we

can de�ne f(A) by using the two di�erent curves Γs and Γbi but both inter-
pretations are equal, i.e., f(As) = f(Abi) for all f ∈ H∞(Sθ,BT). This can
be easily proved by Cauchy's integral theorem.

(ii) The de�nition of the domain in De�nition 1.20 is not constructive and it is
not easy to determine D(f(T)) in a concrete situation.

(iii) Let f ∈ H∞(Ω,BT) with f(T) ∈ L(X). Then we have ψn,Nf ∈ H∞0 (Ω,BT)
for all n ∈ N. For all x ∈ X we can represent f(T)x by

f(T)x = lim
n→∞

(ψn,Nf)(T)x.

This is the so-called convergence lemma, cf. [DV05, Theorem 4.7], [Haa06,
Proposition 5.1.4].

(iv) Setting f(λ) = idX , λ ∈ Ω, in (iii), we see that for all x ∈ X we have
ψn,N (T)x→ x, n→∞, in X.

De�nition 1.22. Let A be a closed subalgebra of BT. We say that the operator
tuple T = (T1, . . . , TN ) admits a bounded joint H∞(Ω,A)-calculus if there exists
C > 0 such that ‖f(T)‖L(X) ≤ C‖f‖∞ for all f ∈ H∞0 (Ω,A). The tuple T admits
an R-bounded joint H∞(Ω,A)-calculus if{

f(T) : f ∈ H∞0 (Ω,A), ‖f‖∞ ≤ 1
}
⊆ L(X)

is R-bounded. In the case A = C, we speak of an (R-)bounded joint H∞(Ω)-
calculus. In the case of one operator, i.e., for N = 1, we speak of an (R-)bounded
H∞(Ω,A)-calculus.
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Lemma 1.23. Let A be a closed subalgebra of BT. If T admits an R-bounded joint
H∞(Ω,A)-calculus, then{

f(T) : f ∈ H∞(Ω,A), ‖f‖∞ ≤ C
}
⊆ L(X)

is also R-bounded for all C > 0 and we have

Rp
(
{f(T) : f ∈ H∞(Ω,A), ‖f‖∞ ≤ C}

)
≤ C · Rp

(
{g(T) : g ∈ H∞0 (Ω,A), ‖g‖∞ ≤ 1}

)
.

Proof. We trivially have

M :=
{

(1/C · f)(T) : f ∈ H∞0 (Ω,A), ‖f‖∞ ≤ C
}

⊆
{
g(T) : g ∈ H∞0 (Ω,A), ‖g‖∞ ≤ 1

}
.

Hence M is also R-bounded with Rp(M) ≤ Rp({g(T) : g ∈ H∞0 (Ω,A), ‖g‖∞ ≤
1}). Remark 1.7 (iii) and (v) and Remark 1.21 (iii) then yield the claim. �

De�nition 1.24. Let T be a sectorial operator. Then the H∞-angle ϕ∞T is de�ned
as the in�mum of the set of all ϕ such that T admits a bounded H∞(Sϕ)-calculus
(if this set is non-empty). In the same way, the R-H∞-angle ϕR,∞T is de�ned as
the in�mum over all ϕ such that T admits an R-bounded H∞(Sϕ)-calculus.

Analogously, the angles ϕ∞,(bi)T and ϕ
R,∞,(bi)
T are de�ned for a bisectorial

operator T .

Remark 1.25. (i) In general we cannot de�ne an analog to the spectral angle or
H∞-angle in the case of more than one operator (i.e., N > 1), because the
angles of the sectors or bisectors can be correlated.

(ii) We have ϕT ≤ ϕ∞T ≤ ϕ
R,∞
T (respectively, ϕ(bi)

T ≤ ϕ∞,(bi)T ≤ ϕR,∞,(bi)T ).

In the following, the notation A ⊆ B for two operators stands for D(A) ⊆
D(B) and B|D(A) = A.

Theorem 1.26 ([DV05, Theorem 4.5]). Let f, g ∈ HP (Ω,BT). Then the following
assertions hold:

(i) f(T) is a closed operator with dense domain.

(ii) We have

f(T)g(T) ⊆ (fg)(T),

f(T) + g(T) ⊆ (f + g)(T)

where the domains are given by

D(f(T)g(T)) := {x ∈ D(g(T)) : g(T)x ∈ D(f(T))},
D(f(T) + g(T)) := D(f(T)) ∩D(g(T)).
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(iii) If g(T) ∈ L(X), then (fg)(T) = f(T)g(T) and (f + g)(T) = f(T) + g(T).

Theorem 1.27 ([DV05, Theorem 4.9]). Let A be a closed subalgebra of BT. Then
the following statements are equivalent:

(i) f(T) ∈ L(X) for all f ∈ H∞(Ω,A),

(ii) T has a bounded joint H∞(Ω,A)-calculus.

The following theorem is a generalization of a result of N.J. Kalton and
L. Weis [KW01, Theorem 4.4] to tuples of operators due to G. Dore and A. Venni
[DV05]. Kalton-Weis type results are one of the main ingredients for the functional
calculus and state that if an operator tuple admits a bounded scalar H∞-calculus,
then we have also a functional calculus for vector-valued functions provided that
the range of the functions are not only bounded in operator norm but R-bounded.

Theorem 1.28 ([DV05, Theorem 6.7]). Let Ω̃ be a set of the same type as Ω but

with smaller angles. If T admits a bounded scalar H∞(Ω̃)-calculus, then we have
g(T) ∈ L(X) for all g ∈ H∞R (Ω,BT). In particular, there exists C = C(T) > 0
with

‖g(T)‖L(X) ≤ C · R2(g(Ω)).

One motivation for the development of a joint H∞-calculus is given by the
possibility of an iteration. The following result shows some compatibility proper-
ties.

Lemma 1.29 (Iterative calculus). (i) For f ∈ H∞0 (Ω) de�ne g(z′) := f(T1, z
′)

for z′ ∈ Ω′ :=
∏N
k=2 Ωk. Then g ∈ H∞0 (Ω′,BT) and f(T) = g(T′) with

T′ := (T2, . . . , TN ).

(ii) Let J ∈ {1, . . . , N − 1}, Ω′ :=
∏J
k=1 Ωk, and f ∈ HP (Ω′,BT). For g : Ω →

BT, z 7→ f(z1, . . . , zJ) we have g ∈ HP (Ω,BT) and g(T) = f(T′) with
T′ := (T1, . . . , TJ).

Proof. (i) We obviously have f(·, z′) ∈ H∞0 (Ω1) for all z′ ∈ Ω′ and g(z′) :=
f(T1, z

′) ∈ BT due to De�nition 1.18. Then Morera's theorem and Fubini's
theorem yield the holomorphy of the function g and even

g ∈ H∞0 (Ω′,BT).

Hence g(T′) is meaningful. Due to the boundedness of the resolvents we
obtain

g(T′) =
1

(2πi)N−1

∫
Γ′
g(z′)

N∏
k=2

(zk − Tk)−1dz′

=
1

(2πi)N

∫
Γ′

(∫
Γ1

f(z)(z1 − T1)−1dz1

) N∏
k=2

(zk − Tk)−1dz′
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=
1

(2πi)N

∫
Γ′

∫
Γ1

f(z)(z1 − T1)−1
N∏
k=2

(zk − Tk)−1dz1dz
′ = f(T)

where all integrals converge with respect to ‖ · ‖L(X).

(ii) The easy proof for J = 1 can be found in [DV05, Theorem 4.12]. It is trivial
to extend this to get the result of (ii).

�

One disadvantage of the HP -calculus is the fact that in general no explicit
description of the domain of f(T) is available. The following two results show that
at least domains can be compared if estimates between the functions are known.

Lemma 1.30. Let T admit a bounded H∞(Ω)-calculus, and let f1, f2 ∈ HP (Ω).

(i) If there exists C > 0 with |f1(z)| ≤ C |f2(z)| 6= 0 for all z ∈ Ω, then we have
D(f2(T)) ⊆ D(f1(T)), R(f1(T)) ⊆ R(f2(T)), and

‖f1(T)x‖X ≤ C ′ ‖f2(T)x‖X , x ∈ D(f2(T))

for some C ′ > 0.

(ii) If there exist C1, C2 > 0 such that C1|f2(z)| ≤ |f1(z)| ≤ C2|f2(z)| and
f1(z), f2(z) 6= 0 for all z ∈ Ω, then we have D(f2(T)) = D(f1(T)), R(f1(T))
= R(f2(T)) and

C ′1 ‖f2(T)x‖X ≤ ‖f1(T)x‖X ≤ C ′2 ‖f2(T)x‖X , x ∈ D(f2(T))

for some C ′1, C
′
2 > 0.

Proof. (i) We have f1/f2 ∈ H∞(Ω) by assumption. Hence we get

f1(T) =

(
f1

f2
· f2

)
(T) ⊇

(
f1

f2

)
(T)f2(T)

(cf. Theorem 1.26 (ii)) and (f1/f2)(T) ∈ L(X). So we obtain the claimed
relation between the domains as well as the claimed estimate. On the other
hand we have

f1(T) =

(
f2 ·

f1

f2

)
(T) = f2(T)

(
f1

f2

)
(T)

(cf. Theorem 1.26 (iii)), which yields the claimed relation between the ranges.

(ii) This follows immediately from (i).
�

Lemma 1.31. Let g, h ∈ HP (Ω) with g(z), h(z) 6= 0 for all z ∈ Ω and g−1, h−1 ∈
H∞(Ω). If we de�ne f(z) := g(z) · h(z), z ∈ Ω, we can conclude

f(T) = g(T)h(T) = h(T)g(T),

which in particular yields D(f(T)) = D(g(T)h(T)) = D(h(T)g(T)).
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Proof. It su�ces to show f(T) = g(T)h(T). From Theorem 1.26 we already know

f(T) ⊇ g(T)h(T), f−1(T) = g−1(T)h−1(T) = h−1(T)g−1(T),

which yields D(g(T)h(T)) ⊆ D(f(T)) = R(f−1(T)) = R(g−1(T)h−1(T)) =
R(h−1(T)g−1(T)). One can easily show R(h−1(T)g−1(T)) ⊆ D(g(T)h(T)), which
�nishes the proof. �

At the end of this subsection on the joint H∞-calculus, we formulate some
results on the behaviour with respect to isomorphisms and with respect to shifted
operators which will be useful in the applications.

Proposition 1.32 (H∞-calculus and isomorphisms). Let X,Y be complex Banach
spaces such that there exists an isomorphism Φ ∈ LIsom(Y,X). For each k =
1, . . . , N let

Tk : X ⊇ D(Tk)→ X

be a linear operator. De�ne

Sk : Y ⊇ D(Sk)→ Y, y 7→ Φ−1TkΦy

where D(Sk) := Φ−1 (D(Tk)). De�ning T := (T1, . . . , TN ) and S := (S1, . . . , SN ),
we get the following assertions:

(i) If Tk is sectorial, then the operator Sk is also sectorial with ϕSk = ϕTk . In
particular, we have ρ(Sk) = ρ(Tk) and (λ− Sk)−1 = Φ−1(λ− Tk)−1Φ for all
λ ∈ ρ(Tk). The analog results hold in the case of Tk being bisectorial. If T is
admissible, then S is also admissible.

(ii) If T has a bounded joint H∞(Ω)-calculus, then S also has a bounded joint
H∞(Ω)-calculus and the representation

f(S) = Φ−1f(T)Φ

holds for all f ∈ HP (Ω).

(iii) If T has an R-bounded joint H∞(Ω)-calculus, then S also has an R-bounded
joint H∞(Ω)-calculus.

Proof. (i) Without loss of generality let Tk be a sectorial operator. Then we
obviously have ρ(Tk) = ρ(Sk) and (λ− Sk)−1 = Φ−1(λ− Tk)−1Φ for all λ ∈
ρ(Tk). From this we easily obtain for θ ∈ (0, π) with ρ(Tk) = ρ(Sk) ⊇ C \ Sθ

sup
λ∈Sθ′

‖λ(λ− Sk)−1‖L(Y ) ≤ C sup
λ∈Sθ′

‖λ(λ− Tk)−1‖L(X) <∞

for all θ′ ∈ (θ, π). The density of D(Sk) and R(Sk) is obvious. Therefore, Sk
is also sectorial with ϕTk = ϕSk . The claimed admissibility of S is obvious,
too.
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(ii) For f ∈ H∞0 (Ω) we directly derive from (i)

f(S)y =
1

(2πi)N

∫
Γ

f(z)
N∏
k=1

(zk − Sk)−1y dz

=
1

(2πi)N

∫
Γ

f(z)
N∏
k=1

Φ−1(λ− Tk)−1Φy dz

=
1

(2πi)N
Φ−1

[∫
Γ

f(z)
N∏
k=1

(λ− Tk)−1dz

]
Φy = Φ−1f(T)Φy

for all y ∈ Y . Hence we have ‖f(S)‖L(Y ) ≤ C‖f(T)‖L(X) ≤ C‖f‖∞ for all
f ∈ H∞0 (Ω). This proves that S admits a bounded joint H∞(Ω)-calculus.

Let f ∈ HP (Ω) and m ∈ N0 such that ψmf ∈ H∞0 (Ω). Then we have
ψ(S) = Φ−1ψ(T)Φ and (ψmf)(S) = Φ−1(ψmf)(T)Φ due to ψ ∈ H∞0 (Ω).
With this we obtain

f(S) = ψ(S)−m(ψmf)(S) = Φ−1ψ(T)−mΦΦ−1(ψmf)(T)Φ

= Φ−1f(T)Φ.

(iii) This easily follows from the representation in (ii) and Remark 1.7 (iii). �

Lemma 1.33 (H∞-calculus of a shifted operator). Let T : X ⊇ D(T ) → X be a
sectorial operator. Then for all σ ≥ 0 the operator S := σ + T is also sectorial
with ϕS ≤ ϕT . In this situation we also have

f(S) = [f(σ + ·)](T ) (1.8)

for all f ∈ HP (Sθ) with θ > ϕT . If T admits a bounded H∞-calculus, then S also
admits a bounded H∞-calculus with ϕ∞S ≤ ϕ∞T . If T even admits an R-bounded
H∞-calculus, then S also admits an R-bounded H∞-calculus with ϕR,∞S ≤ ϕR,∞T .

Proof. The sectoriality of S and ϕS ≤ ϕT are obvious. Let θ > ϕT and g(z) :=
σ + z for z ∈ Sθ. Then we have g(T ) = σ + T by Theorem 1.26 (iii). Now we
directly obtain (1.8) by [KW04, Proposition 15.11], where the authors prove the
transformation formula (f ◦g)(T ) = f(g(T )) for a more general situation. Trivially
S also admits a bounded H∞-calculus since

‖f(S)‖L(X) ≤ C‖f(σ + ·)‖∞ ≤ C‖f‖∞

for all f ∈ H∞0 (Sθ). The claimedR-boundedness is obvious by ‖f(σ+·)‖∞ ≤ ‖f‖∞
and Remark 1.7 (vi). �
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Lemma 1.34 (H∞-calculus for a shifted operator tuple). Let T be a tuple of op-
erators with a bounded H∞(Ω)-calculus and S := (σ + T1, T2, . . . , TN ) for σ > 0.
If T1 is a sectorial operator, then S also admits a bounded H∞(Ω)-calculus, and

f(S) = fσ(T), fσ(z) := f(σ + z1, z2, . . . , zN )

for all f ∈ HP (Ω).

Proof. (I) First, we prove the assertion for f ∈ H∞0 (Ω). For all z′ ∈ Ω′ :=∏N
k=2 Ωk we de�ne g(z′) := f(σ+T1, z

′). Then Lemma 1.33 and Lemma 1.29
yield g(z′) = fσ(T1, z

′) and

f(S) = g(T′) = fσ(T)

where T′ := (T2, . . . , TN ). Obviously, ‖f(S)‖L(X) ≤ C‖fσ‖∞ ≤ C‖f‖∞ for
all f ∈ H∞0 (Ω) and thus S also admits a bounded H∞(Ω)-calculus.

(II) Let f ∈ HP (Ω). Then we get

f(S) = ψ(S)−m(ψmf)(S) = ψσ(T)−m(ψmσ fσ)(T)

⊇ ψσ(T)−mψσ(T)mfσ(T) = fσ(T)

due to Theorem 1.26 and the result of part (I). The converse inclusion can
be obtained in the same way by

fσ(T) = ψ(T)−m(ψmfσ)(T) = ψ(T)−m
((

ψm

ψmσ

)
· (ψmσ fσ)

)
(T)

⊇ ψ(T)−m
(
ψm

ψmσ

)
(T) (ψmσ fσ) (T)

= ψ(T)−m
(
ψm

ψmσ

)
(T) (ψmf) (S)

⊇ ψ(T)−mψ(T)mψ−mσ (T) (ψmf) (S)

= ψ(S)−m (ψmf) (S) = f(S). �

In the following, the notation Y ↪→ X means that Y is continuously embed-
ded into X, i.e., there exists a continuous and injective linear mapping from Y to
X.

Proposition 1.35 (Compatibility of the H∞-calculus on spaces of higher regular-
ity). Let X,Y be complex Banach spaces with Y ↪→ X. Let

Tk : X ⊇ D(Tk)→ X,

Sk : Y ⊇ D(Sk)→ Y, k = 1, . . . , N

be sectorial or bisectorial operators (of the same type) with D(Sk) ⊆ D(Tk) (with
respect to Y ↪→ X) such that the tuples T := (T1, . . . , TN ) and S := (S1, . . . , SN )
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are admissible and Tky = Sky for all y ∈ D(Sk) and k ∈ {1, . . . , N}. Then we
obtain

f(S) ⊆ f(T)

for all f ∈ HP (Ω) where Ω is admissible for T and S.

Proof. (I) Let f ∈ H∞0 (Ω) and y ∈ Y . Then we have

f(S)y =
1

(2πi)N

[ ∫
Γ

f(z)
N∏
k=1

(zk − Sk)−1dz
]
y

=
1

(2πi)N

∫
Γ

f(z)

N∏
k=1

(zk − Sk)−1y dz

=
1

(2πi)N

∫
Γ

f(z)

N∏
k=1

(zk − Tk)−1y dz

=
1

(2πi)N

[ ∫
Γ

f(z)

N∏
k=1

(zk − Tk)−1dz
]
y

= f(T)y

because of (zk−Tk)−1|Y = (zk−Sk)−1 for all zk ∈ ρ(Tk)∩ρ(Sk) and Y ↪→ X.

(II) Let f ∈ HP (Ω) and m ∈ N0 with (ψmf) ∈ H∞0 (Ω). Using (I) we obtain

D(f(S)) = {y ∈ Y : (ψmf)(S)y ∈ R(ψ(S)m)}
= {y ∈ Y : (ψmf)(T)y ∈ R(ψ(S)m)}
⊆ {y ∈ Y : (ψmf)(T)y ∈ R(ψ(T)m)}
= Y ∩D(f(T)).

This yields
D(f(S)) ⊆ D(f(T)).

It is easy to prove that ψ(T)−mv = ψ(S)−mv for all v ∈ R(ψ(S)m). For
y ∈ D(f(S)) we then get

f(T)y = ψ(T)−m(ψmf)(T)y = ψ(T)−m (ψmf)(S)y︸ ︷︷ ︸
∈R(ψ(S)m)

= f(S)y

by (I). So we have proved the assertion. �
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1.2 Vector-valued Sobolev spaces

Motivation. In this section, we will provide the main spaces for the right-
hand sides and the solutions of the general parabolic equations considered in
later chapters. In the theory of nonlinear parabolic di�erential equations, the
maximal regularity approach for the linearization turns out to be particularly
useful in the setting of Lp-Sobolev spaces. On the other hand, following a stan-
dard approach, it is advantageous to consider functions in time and space as
vector-valued functions in time (where the values are in an appropriate func-
tion class with respect to the space variables). Therefore, we have to consider
vector-valued Lp-Sobolev spaces. Here non-integer orders of di�erentiability
appear naturally in the context of boundary value problems and traces with
respect to the boundary and with respect to time.

In contrast to the L2-setting, for p 6= 2 there are di�erent types of Lp-
Sobolev spaces, the main classes being Besov spaces, Bessel potential spaces,
and Triebel-Lizorkin spaces. In the present section we will consider Besov
and Bessel potential spaces while Triebel-Lizorkin spaces will be discussed in
Chapter 3.

Modern Sobolev space theory is based on two ingredients:

• interpolation theory for Banach spaces,

• and the concept of retractions and coretractions.

Interpolation theory allows us to de�ne and analyze Sobolev spaces of non-
integer order, while the concept of retractions is a key method for the step
from Rn to domains. Therefore, this section starts with the discussion of
interpolations spaces in Subsection a) and of retractions and coretractions in
Subsection b) before we de�ne the Sobolev spaces which will be relevant for
our purpose in Subsection c).

a) Interpolation of Banach spaces

We start with the main de�nitions and results on interpolation spaces, where we
refer the reader to the standard references [Tri78], [BL76] for details and proofs.

An interpolation couple {X0, X1} consists of two complex Banach spaces X0

and X1, both linearly and continuously embedded into the same linear complex
Hausdor� space. For an interpolation couple, the Banach spaces X0 + X1 (sum)
and X0 ∩X1 (intersection) are de�ned in a natural way.

In the following, for interpolation couples {X0, X1} and {Y0, Y1} we will write

L({X0, X1}, {Y0, Y1}) := {T : X0 +X1 → Y0 + Y1

∣∣T |Xk ∈ L(Xk, Yk), k = 0, 1}.

Roughly speaking, an interpolation functor F maps the interpolation couple {X0,
X1} to an intermediate Banach space F({X0, X1}) satisfying
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X0 ∩X1 ↪→ F({X0, X1}) ↪→ X0 +X1.

A precise de�nition in the language of categories and (covariant) functors can be
found in [Tri78, Subsection 1.2.2].

We remark that in many situations one has X1 ↪→ X0. In this case, X1 ↪→
F({X0, X1}) ↪→ X0. A typical example is X0 = Lp(Ω) and X1 = W k

p (Ω), the
Lp-Sobolev space of order k. Here interpolation leads to Besov or Bessel potential
spaces as will be discussed below.

De�nition 1.36 (Exact interpolation functor). An interpolation functor F is called
exact of type θ ∈ (0, 1) if for all interpolation couples {X0, X1}, {Y0, Y1} we have∥∥T |F({X0,X1})

∥∥
L(F({X0,X1}),F({Y0,Y1}))

≤
∥∥T |X0

∥∥1−θ
L(X0,Y0)

∥∥T |X1

∥∥θ
L(X1,Y1)

.

The most important interpolation functors are the real and the complex
interpolation functors. There are several equivalent de�nitions for them, but we
restrict ourselves to one variant. In the following, let {X0, X1} be an interpolation
couple.

De�nition 1.37 (Real interpolation functor). For θ ∈ (0, 1) and p ∈ (1,∞) we
de�ne

K(t, u) := inf
{
‖u0‖X0

+ t‖u1‖X1
: u0 +u1 = u, ui ∈ Xi

}
, t ∈ R+, u ∈ X0 +X1.

Then the real interpolation space (X0, X1)θ,p is de�ned as the space of all u ∈
X0 +X1 satisfying

(t 7→ t−θK(t, u)) ∈ Lp(R+,
dt
t ).

The norm in (X0, X1)θ,p is de�ned by

‖u‖θ,p :=
(∫ ∞

0

(
t−θK(t, u)

)p dt
t

)1/p

.

De�nition 1.38 (Complex interpolation functor). Let θ ∈ (0, 1), and set S :=
(0, 1) + iR ⊆ C. Then F (X0, X1) is de�ned as the set of all functions f : S →
X0 +X1 satisfying

(i) f is (X0 +X1)-continuous in S,

(ii) f is (X0 +X1)-holomorphic in S,

(iii) f(k + it) ∈ Xk (t ∈ R) and (t 7→ f(k + it)) ∈ C(R, Xk) for k = 0, 1,

(iv) lim
|t|→∞

‖f(k + it)‖Xk = 0 for k = 0, 1.

We endow F (X0, X1) with the norm

‖f‖F (X0,X1) := max
{

sup
t∈R
‖f(it)‖X0 , sup

t∈R
‖f(1 + it)‖X1

}
.
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Then the complex interpolation space [X0, X1]θ is de�ned as the set of all u ∈
X0 + X1 for which there exists f ∈ F (X0, X1) with f(θ) = u. The norm on
[X0, X1]θ is given by

‖u‖[X0,X1]θ := inf
{
‖f‖F (X0,X1) : f ∈ F (X0, X1), f(θ) = u

}
.

Theorem 1.39 ([Tri78, Sections 1.3.3, 1.6.2, 1.9.3]). Let θ ∈ (0, 1) and p ∈ (1,∞).
Then the real and the complex interpolation functors (·, ·)θ,p and [·, ·]θ are both
exact of type θ. We have

X0 ∩X1
d
↪→(X0, X1)θ,p ↪→ X0 +X1,

X0 ∩X1
d
↪→[X0, X1]θ ↪→ X0 +X1

where
d
↪→ stands for dense continuous embedding.

Theorem 1.40 (Reiteration theorem, cf. [Tri78, Theorem 1.10.2]). Let 0 < θ0 <
θ1 < 1, λ ∈ (0, 1), and p ∈ (1,∞). Then for θ := (1− λ)θ0 + λθ1 we have(

(X0, X1)θ0,p, (X0, X1)θ1,p
)
λ,p

= (X0, X1)θ,p,(
[X0, X1]θ0 , [X0, X1]θ1

)
λ,p

= (X0, X1)θ,p

with equivalent norms. The same holds if [X0, X1]θ0 is replaced by X0 (then θ0 :=
0) and if [X0, X1]θ1 is replaced by X1 (then θ1 := 1).

Theorem 1.41 (Interpolation of Lp-spaces, cf. [Tri78, Theorem 1.18.4]). Let Ω ⊆
Rn be open and 1 < p0, p1 <∞. Then we have

(Lp0(Ω, X0), Lp1(Ω, X1))θ,p = Lp(Ω, (X0, X1)θ,p),

[Lp0(Ω, X0), Lp1(Ω, X1)]θ = Lp(Ω, [X0, X1]θ)

where 1/p = (1− θ)/p0 + θ/p1 and θ ∈ (0, 1).

Theorem 1.42 (Interpolation of `sp-spaces, cf. [BL76, Theorem 5.6.3]). We de�ne
for a Banach space X, p ∈ [1,∞), and s ∈ R the weighted `p-space

`sp(X) :=
{

(xk)k∈N0
⊆ X :

∞∑
k=0

2skp‖xk‖pX <∞
}
,

‖(xk)k∈N0‖`sp(X) :=
( ∞∑
k=0

2skp‖xk‖pX
)1/p

.

Let {X0, X1} be an interpolation couple. Then we have

[`s0p0(X0), `s1p1(X1)]θ = `sp([X0, X1]θ)

for all s0, s1 ∈ R, p0, p1 ∈ (1,∞), θ ∈ (0, 1) with 1/p = (1 − θ)/p0 + θ/p1, and
s = (1− θ)s0 + θs1.
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Real and complex interpolation is compatible with the geometric properties
for Banach spaces as introduced above. More precisely, we have:

Lemma 1.43. Let θ ∈ (0, 1) and p ∈ (1,∞).

(i) If X0 and X1 are Banach spaces of class HT , then (X0, X1)θ,p and [X0, X1]θ
are also of class HT .

(ii) If X0 and X1 are Banach spaces of class HT with property (α), then the
spaces (X0, X1)θ,p and [X0, X1]θ are also Banach spaces of class HT with
property (α).

Proof. Part (i) can be found, e.g., in [Ama95, Theorem 4.5.2], part (ii) in [KS12,
Theorem 4.5]. �

Theorem 1.44 (R-boundedness and interpolation, cf. [KKW06, Prop. 3.7], [KS12,
Cor. 3.19]). Let {X0, X1} and {Y0, Y1} be interpolation couples of Banach spaces
of class HT . For a given family T ⊆ L({X0, X1}, {Y0, Y1}), p ∈ (1,∞), and
0 < θ < 1 we have:
If T |Xk ⊆ L(Xk, Yk) is R-bounded for k = 0, 1, then

T |(X0,X1)θ,p ⊆ L((X0, X1)θ,p, (Y0, Y1)θ,p),

T |[X0,X1]θ ⊆ L([X0, X1]θ, [Y0, Y1]θ)

are also R-bounded and

Rp
(
T |(X0,X1)θ,p

)
≤ C · [Rp(T |X0

)]1−θ[Rp(T |X1
)]θ,

Rp(T |[X0,X1]θ ) ≤ C
′ · [Rp(T |X0

)]1−θ[Rp(T |X1
)]θ,

with constants C,C ′ > 0.

Finally, real and complex interpolation is also compatible with the joint H∞-
calculus:

Theorem 1.45 (H∞-calculus and interpolation). Let F ∈ {(·, ·)θ,p, [·, ·]θ}, θ ∈
(0, 1), p ∈ (1,∞), and

Tk : X0 ⊇ D(Tk)→ X0,

Sk : X1 ⊇ D(Sk)→ X1,

k = 1, . . . , N , be linear operators satisfying the compatibility conditions Tkx = Skx
for all x ∈ D(Tk) ∩D(Sk) and

(λ− Tk)−1x = (λ− Sk)−1x, λ ∈ ρ(Tk) ∩ ρ(Sk), x ∈ X0 ∩X1. (1.9)

Moreover we de�ne for k = 1, . . . , N the interpolated operators

Ak : F({X0, X1}) ⊇ D(Ak)→ F({X0, X1}), D(Ak) := F({D(Tk), D(Sk)})

with Akx := Tkx0 + Skx1 for x = x0 + x1 ∈ D(Ak) ↪→ D(Tk) + D(Sk) with
x0 ∈ D(Tk), x1 ∈ D(Sk). Note that we equip D(Tk) and D(Sk) with the graph
norm. Then we have the following results:
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(i) Let k = 1, . . . , N . If Tk and Sk are both sectorial, then Ak is also sectorial
with ϕAk ≤ max{ϕTk , ϕSk}. The analog result holds for bisectorial operators.
If T := (T1, . . . , TN ) and S := (S1, . . . , SN ) are both admissible, then A :=
(A1, . . . , AN ) is also admissible.

(ii) If in the situation of (i) both T and S admit a bounded joint H∞(Ω)-calculus,
then the interpolated tuple A also admits a bounded joint H∞(Ω)-calculus,
and we have the representation

f(A)x = f(T)x0 + f(S)x1, x ∈ F({X0, X1}), x = x0 + x1, xi ∈ Xi

for all f ∈ H∞(Ω). For N = 1 we even have ϕ∞A1
≤ max{ϕ∞T1

, ϕ∞S1
} (respec-

tively, ϕ
∞,(bi)
A1

≤ max{ϕ∞,(bi)T1
, ϕ
∞,(bi)
S1

}).

(iii) Let T and S be the same operators as in (ii) but with an R-bounded joint
H∞(Ω)-calculus. If X0, X1 are of class HT , then A also has an R-bounded
joint H∞(Ω)-calculus. In particular for N = 1 we obtain ϕR,∞A1

≤ max{ϕR,∞T1
,

ϕR,∞S1
} (respectively, ϕ

R,∞,(bi)
A1

≤ max{ϕR,∞,(bi)T1
, ϕ
R,∞,(bi)
S1

}).

Proof. (i) We have to consider the relation between the resolvents of Tk, Sk and
Ak. Without loss of generality we assume that Tk and Sk are sectorial. Let
λ ∈ −Sπ−θ′ ⊆ ρ(Tk) ∩ ρ(Sk) with θ′ > max{ϕTk , ϕSk}. Then we de�ne the
bounded operator

R
(k)
λ : X0 +X1 → D(Tk) +D(Sk),

x0 + x1 7→ (λ− Tk)−1x0 + (λ− Sk)−1x1.

Note that R(k)
λ is well de�ned by (1.9). Hence,

(R
(k)
λ )|X0 = (λ− Tk)−1,

(R
(k)
λ )|X1 = (λ− Sk)−1,

(R
(k)
λ )|F({X0,X1}) ∈ L(F({X0, X1}), D(Ak)).

With this we can easily show λ ∈ ρ(Ak) and (λ−Ak)−1 = (R
(k)
λ )|F({X0,X1}),

which already yields −Sπ−θ′ ⊆ ρ(Ak). Thus, we derive

‖(λ−Ak)−1‖L(F({X0,X1})) ≤ ‖(λ− Tk)−1‖1−θL(X0)‖(λ− Sk)−1‖θL(X1)

for all λ ∈ −Sπ−θ′ due to Theorem 1.39. We still have to show the density of
R(Ak) and D(Ak) in F({X0, X1}). Here we use the characterizations

R(Ak) =
{
x ∈ F({X0, X1}) : lim

n→∞
− 1
n (− 1

n −Ak)−1x = 0 in F({X0, X1})
}
,

D(Ak) =
{
x ∈ F({X0, X1}) : lim

n→∞
−n(−n−Ak)−1x = x in F({X0, X1})

}
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given in Lemma 1.5. Let x ∈ X0 ∩X1 be arbitrary. Then we get

− 1
n (− 1

n −Ak)−1x = − 1
n (− 1

n − Tk)−1x = − 1
n (− 1

n − Sk)−1x,

−n(−n−Ak)−1x = −n(−n− Tk)−1x = −n(−n− Sk)−1x.

Due to R(Tk) = D(Tk) = X0, R(Sk) = D(Sk) = X1, and Lemma 1.5 we
have

lim
n→∞

− 1
n (− 1

n − Tk)−1x = 0 in X0, lim
n→∞

− 1
n (− 1

n − Sk)−1x = 0 in X1,

lim
n→∞

−n(−n− Tk)−1x = x in X0, lim
n→∞

−n(−n− Sk)−1x = x in X1,

which yields − 1
n (− 1

n − Ak)−1x → x in X0 ∩ X1 and, by X0 ∩ X1 ↪→
F({X0, X1}), also in F({X0, X1}). Thus we have proved X0 ∩X1 ⊆ R(Ak),

D(Ak). Therefore, X0 ∩X1
d
↪→ F({X0, X1}) (cf. Theorem 1.39) yields

R(Ak) = D(Ak) = F({X0, X1}).

Hence we have shown that Ak is sectorial with ϕAk ≤ max{ϕTk , ϕSk}.
The claimed admissibility of A can easily be shown with the representation
of the resolvents by R(k)

λ .

(ii) Let f ∈ H∞0 (Ω) and de�ne the operator

F : X0 +X1 → X0 +X1,

x0 + x1 7→ f(T)x0 + f(S)x1,

which is well-de�ned due to (1.9). For x ∈ F({X0, X1}) we obtain

f(A)x =
1

(2πi)N

(∫
Γ

f(z)
N∏
k=1

(zk −Ak)−1dz
)
x

=
1

(2πi)N

∫
Γ

f(z)
N∏
k=1

(zk −Ak)−1x dz.

Here the integral converges in F({X0, X1}) and, due to F({X0, X1}) ↪→
X0 +X1, also in X0 +X1. In the same way we can show

Fx =
1

(2πi)N

∫
Γ

f(z)
N∏
k=1

R(k)
zk
x dz, x ∈ X0 +X1

(convergence of the integral in X0 + X1) due to Xi ↪→ X0 + X1 (i = 0, 1).
So we derive F |F({X0,X1}) = f(A). Additionally, we have F |X0

= f(T) and
F |X1

= f(S). Using Theorem 1.39, we deduce

‖f(A)‖L(F({X0,X1})) ≤ ‖f(T)‖1−θL(X0)‖f(S)‖θL(X1) ≤ C‖f‖∞
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for all f ∈ H∞0 (Ω). So we have proved thatA admits a bounded jointH∞(Ω)-
calculus and that the claimed representation of f(A) holds.

Now we choose f ∈ H∞(Ω). According to Remark 1.21 (iii), we have
F({X0, X1}) ↪→ X0 +X1 and Xi ↪→ X0 +X1, and we get

f(A)x = lim
n→∞

(ψn,Nf)︸ ︷︷ ︸
∈H∞0 (Ω)

(A)x = lim
n→∞

(ψn,Nf)(T)x0 + lim
n→∞

(ψn,Nf)(S)x1

= f(T)x0 + f(S)x1

for all x = x0 + x1 ∈ F({X0, X1}), xi ∈ Xi, i = 0, 1. Note that here the
�rst limit holds in the topology of F({X0, X1}), the second in X0, and the
third in X1. This yields the asserted representation for f(A) for all functions
f ∈ H∞(Ω).

For N = 1 it is obvious that ϕ∞A1
≤ max{ϕ∞T1

, ϕ∞S1
}.

(iii) Part (ii) already yields that A admits a bounded joint H∞(Ω)-calculus. By
assumption the families

T1 := {h(T) : h ∈ H∞0 (Ω), ‖h‖∞ ≤ 1} ⊆ L(X0),

T2 := {h(S) : h ∈ H∞0 (Ω), ‖h‖∞ ≤ 1} ⊆ L(X1)

are both R-bounded. Thus, the representation of f(A) in part (ii) and The-
orem 1.44 yield the R-boundedness of

{h(A) : h ∈ H∞0 (Ω), ‖h‖∞ ≤ 1} ⊆ L(F({X0, X1})).

Therefore A admits an R-bounded joint H∞(Ω)-calculus.

Finally, the assertion on the angle in the case N = 1 is obvious. �

Remark 1.46. This theorem about H∞-calculus and interpolation is essential for
our purpose and therefore we want to make some remarks for the special case if
X1 embeds into X0:

(i) The compatibility conditions for the resolvents in (1.9) are always ful�lled
in case of X1 ↪→ X0. This is due to the fact that we have (λ − Sk)−1 =
(λ− Tk)−1|X1

for all λ ∈ ρ(Tk) ∩ ρ(Sk) in this case.

(ii) For X1 ↪→ X0 the representation of f(A) in Theorem 1.45 (ii) is given by

f(A) = f(T)|F({X0,X1}), f ∈ H∞(Ω).

This can be easily seen by (λ − Ak)−1 = (λ − Tk)−1|F({X0,X1}) for λ ∈
ρ(Tk) ∩ ρ(Sk).

The full strength of Theorem 1.45 will become much clearer in Chapter 3. There
we develop a bounded H∞-calculus of ∇+ = (∂t,∇) on Triebel-Lizorkin spaces.
Except for Chapter 3 we always have X1 ↪→ X0 in every situation.
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b) Retractions and coretractions

To de�ne function spaces on domains, the concept of retractions and coretractions
can be used. Here the main properties of the function spaces can easily be trans-
ferred from the whole space to domains. For our purpose, it is important that the
concept is compatible with the real and complex interpolation functors. We will
mainly consider the half-space Rn+ = {x ∈ Rn : xn > 0}.

De�nition 1.47 (Retraction and coretraction, cf. [Ama95, I.2.3], [Ama09, p. 4]).
LetX and Y be locally convex spaces. A mapping r ∈ L(X,Y ) is called a retraction
if there exists e ∈ L(Y,X) such that (re)y = y for all y ∈ Y . The mapping e is
then called a corresponding coretraction.

De�nition 1.48. Let X be a Banach space and let Y be a locally convex space. For
a mapping ϕ ∈ L(X,Y ) we endow the image space ϕX := ϕ(X) with the quotient
norm

‖u‖ϕX := inf
{
‖f‖X : f ∈ ϕ−1({u})

}
, u ∈ ϕX.

Remark 1.49. In the situation of De�nition 1.48, (ϕX, ‖ · ‖ϕX) is a Banach space
satisfying ϕX ↪→ Y .

Lemma 1.50. Let X and S be locally convex spaces, and let r ∈ L(X,S) be a
retraction with coretraction e ∈ L(S,X). Let X1 and X2 be Banach spaces with
Xi ⊆ X. Assume that r|Xi ∈ L(Xi, rXi) is a retraction with coretraction e|rXi ∈
L(rXi, Xi), i = 1, 2. Then we have

r(X1 ∩X2) = (rX1) ∩ (rX2)

with equivalent norms.

Proof. We trivially have r(X1 ∩ X2) ⊆ (rX1) ∩ (rX2). For u ∈ (rX1) ∩ (rX2)
we write u = (re)u. As by assumption on e we have eu ∈ X1 ∩ X2, we see that
r(X1 ∩ X2) = (rX1) ∩ (rX2) as an equality of sets. Therefore, we only have to
show the equivalence of the norms. For u ∈ r(X1 ∩X2) we derive

‖u‖r(X1∩X2) = inf{‖f‖X1∩X2
: f ∈ X1 ∩X2, rf = u}

= inf{‖f‖X1
+ ‖f‖X2

: f ∈ X1 ∩X2, rf = u}
≥ inf{‖f‖X1

: f ∈ X1 ∩X2, rf = u}+ inf{‖g‖X2
: g ∈ X1 ∩X2, rg = u}

≥ inf{‖f‖X1
: f ∈ X1, rf = u}+ inf{‖g‖X2

: g ∈ X2, rg = u}
= ‖u‖rX1

+ ‖u‖rX2
= ‖u‖(rX1)∩(rX2).

Using the bounded inverse theorem and Remark 1.49 we conclude the claimed
equivalence of norms. �

Lemma 1.51 (Interpolation and retraction). Let A0, A1, Z0, Z1 be Banach spaces
and rk ∈ L(Ak, Zk), k = 0, 1. If rk is a retraction in L(Ak, rkAk) for k = 0, 1 with
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corresponding coretraction ek ∈ L(rkAk, Ak) and r0x = r1x for all x ∈ A0 ∩ A1,
then we have

r [A0, A1]θ = [r0A0, r1A1]θ , θ ∈ (0, 1),

r (A0, A1)θ,p = (r0A0, r1A1)θ,p , θ ∈ (0, 1), 1 < p <∞

with equivalent norms where r : A0 +A1 → r0A0 + r1A1, a0 + a1 7→ r0a0 + r1a1.

Proof. We only consider the complex interpolation functor as the proof for the
real method is essentially the same. We have

r ∈ L([A0, A1]θ, [r0A0, r1A1]θ),

which yields

r[A0, A1]θ ↪→ [r0A0, r1A1]θ (1.10)

according to Remark 1.49. Next, we apply [Tri78, Theorem 1.2.4] with Bk := rkAk,
k = 0, 1. This gives

Φ := e|[B0,B1]θ
∈ LIsom

(
[B0, B1]θ ,

(
er ([A0, A1]θ) , ‖ · ‖[A0,A1]θ

))
(1.11)

and therefore e([B0, B1]θ) = er([A0, A1]θ) as an equality of sets. Due to (1.10) and
(1.11) we also obtain [B0, B1]θ = r([A0, A1]θ) as an equality of sets. The bounded
inverse theorem and (1.10) then yield the assertion. �

Lemma 1.52 (Interpolation and isomorphism). Let A0, A1, B0, and B1 be Banach
spaces. If there exist rk ∈ LIsom(Ak, Bk), k = 0, 1, with r0x = r1x for all x ∈
A0 ∩A1, then we have Bk = rkAk with equivalent norms and

r [A0, A1]θ = [B0, B1]θ , θ ∈ (0, 1),

r (A0, A1)θ,p = (B0, B1)θ,p , θ ∈ (0, 1), 1 < p <∞

with equivalent norms where r : A0 +A1 → r0A0 + r1A1, a0 + a1 7→ r0a0 + r1a1.

Proof. Again, we only consider the complex interpolation functor. Due to rk ∈
LIsom(Ak, Bk) we have

‖u‖rkAk = ‖r−1
k u‖Ak ≤ C‖u‖Bk .

This yields rkAk = Bk. Lemma 1.51 then already shows

r [A0, A1]θ = [B0, B1]θ , θ ∈ (0, 1). �

Lemma 1.53. Let X,Z be Banach spaces and r ∈ L(X,Z). If Y
ι
↪→ X for a Banach

space Y , then we also have
(r ◦ ι)Y ↪→ rX

where the injection is given by the identity.
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Proof. It is trivial that (r ◦ ι)Y ⊆ rX. For u ∈ Y we get

‖(r ◦ ι)u‖rX = inf{‖f‖X : f ∈ r−1({(r ◦ ι)u})} ≤ ‖ι(u)‖X ≤ C‖u‖Y ,

which yields r ◦ ι ∈ L(Y, rX). This directly implies (r ◦ ι)Y ↪→ rX due to Remark
1.49. �

Lemma 1.54. Let X, Y0, and Y1 be Banach spaces with retractions and correspond-
ing coretractions

ri : X → Yi, ei : Yi → X, i = 0, 1

and let D ⊆ X be a dense subspace such that r0f = r1f for all f ∈ D. Then
Y0 = Y1 with equivalence of norms.

Proof. The retractions r0 and r1 are continuous and therefore we obtain r0u = r1u
for all u ∈ X. This yields the equality of the sets Y0 and Y1 because the mappings
r0 and r1 are onto. In particular, we get

r1e0u = r0e0u = u, u ∈ Y0

by r1f = r0f for f ∈ X and e0u ∈ X. With this we obtain

‖u‖Y1
= ‖r1e0u‖Y1

≤ C‖e0u‖X ≤ C ′‖u‖Y0
, u ∈ Y0.

Using r0e1u = u for u ∈ Y1 we can show analogously ‖u‖Y0 ≤ C‖u‖Y1 . So the
equivalence of the norms ‖ · ‖Y0

and ‖ · ‖Y1
is proved. �

c) De�nition of Sobolev spaces

To de�ne Sobolev spaces, we start with the whole space Rn. In the following, let
X be a complex Banach space of class HT with property (α).

As usual, we denote by S (Rn, X) the Schwartz space of smooth rapidly de-
creasing X-valued functions, equipped with the canonical locally convex topology
induced by the family of seminorms

pα,k(ϕ) := sup
x∈Rn

(1 + |x|2)k/2‖∂αϕ(x)‖X , ϕ ∈ S (Rn, X),

with α ∈ Nn0 , k ∈ N0. The space of X-valued tempered distributions is de�ned
by S ′(Rn, X) := L(S (Rn), X). Again this is a locally convex space where the
topology is induced by the family of seminorms

pϕ(f) := ‖f(ϕ)‖X , f ∈ S ′(Rn, X)

for all ϕ ∈ S (Rn). As usual, we write S (Rn) and S ′(Rn) for X = C. Note that
in this case the above topology on S ′(Rn) coincides with the weak-∗-topology.

In the same way as in the scalar case, one sees that the Fourier transform

(Ff)(ξ) := (2π)−n/2
∫
Rn
f(x)e−ixξdx, ξ ∈ Rn, f ∈ S (Rn, X),
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de�nes an isomorphism F : S (Rn, X)→ S (Rn, X). Here and in the following, we
write xξ for the standard scalar product of x and ξ in Rn. Therefore, the Fourier
transform can be extended by duality to an isomorphism of S ′(Rn, X), setting
(Ff)(ϕ) := f(Fϕ) for f ∈ S ′(Rn, X) and ϕ ∈ S (Rn).

For the de�nition of Sobolev spaces, we will frequently use the symbol

Λr(z) :=
(

1−
n∑
k=1

z2
k

)r/2
, z ∈ ((C \ R) ∪ {0})n

for r ∈ R. In general, for a scalar-valued symbol p(z) being de�ned at least on the
set (iR)n ⊆ Cn, we de�ne op[p] := F−1p(iξ)F , i.e.,

(op[p]f)(x) := (2π)−n/2
∫
Rn
eixξp(iξ)(Ff)(ξ)dξ, f ∈ S (Rn, X),

provided the integral exists for all f ∈ S (Rn, X) (this is the case, for instance, if
p is continuous and polynomially bounded on (iR)n). If ξ 7→ p(iξ) is smooth and
polynomially bounded, op[p] is well-de�ned on S ′(Rn, X) by duality. In particular,
we have

op[Λr] = F−1〈ξ〉rF with 〈ξ〉 :=
√

1 + |ξ|2.

We start with Sobolev type spaces on Rn.

De�nition 1.55 (Sobolev spaces on Rn). Let p, q ∈ (1,∞).

(i) For k ∈ N0, the (classical) Sobolev space is de�ned as

W k
p (Rn, X) := {f ∈ Lp(Rn, X) : ∂αf ∈ Lp(Rn, X) for all |α| ≤ k}

with norm

‖f‖Wk
p (Rn,X) :=

( ∑
|α|≤k

‖∂αf‖pLp(Rn,X)

)1/p

, f ∈W k
p (Rn, X).

(ii) For r ∈ R, the Bessel potential space is de�ned as

Hr
p(Rn, X) := {f ∈ S ′(Rn, X) : op[Λr]f ∈ Lp(Rn, X)}

with norm

‖f‖Hrp(Rn,X) := ‖op[Λr]f‖Lp(Rn,X), f ∈ Hr
p(Rn, X).

(iii) Let ψ ∈ D(Rn) with ψ(x) ∈ [0, 1], x ∈ Rn, ψ(x) = 1 if |x| ≤ A, and ψ(x) = 0
if |x| > B for 0 < A < B < ∞. We de�ne the smooth dyadic decomposition
of unity by

ϕ0 := ψ, ϕ1(x) := ϕ0(x/2)− ϕ0(x), ϕj(x) := ϕ1(2−j+1x), j ≥ 2.
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For r ∈ R, the Besov space Brpq(Rn, X) is de�ned as the set of all u ∈
S ′(Rn, X) with

‖u‖Brpq(Rn,X) :=
∥∥∥(2rj‖op[ϕj ]u‖Lp(Rn,X)

)
j∈N0

∥∥∥
`q
<∞.

Theorem 1.56 (Sobolev spaces and interpolation). Let p, q ∈ (1,∞).

(i) For k ∈ N0 we have Hk
p (Rn, X) = W k

p (Rn, X) with equivalent norms.

(ii) For all r0, r1 ∈ R, r0 6= r1 and θ ∈ (0, 1) we have[
Hr0
p (Rn, X), Hr1

p (Rn, X)
]
θ

= Hr
p(Rn, X)

with equivalent norms where r := (1− θ)r0 + θr1.

(iii) For all r0, r1 ∈ R, r0 6= r1 and θ ∈ (0, 1) we have(
Hr0
p (Rn, X), Hr1

p (Rn, X)
)
θ,q

= Brpq(Rn, X)

with equivalent norms where r := (1− θ)r0 + θr1.

Proof. See, e.g., [Ama09, Theorem 3.7.1]. �

Remark 1.57. (i) The above statements describe only some properties of the
spaces which will be useful for our later purposes. A very detailed and com-
prehensive work about Banach space valued function spaces can be found in
[Ama09]. The author even considers the anisotropic case which is, however,
not necessary for our purposes.

(ii) We remark that Theorem 1.56 leads to an alternative but equivalent de�-
nition for Hr

p and Brpq: Starting with the classical spaces W k
p (Rn, X) with

k ∈ N0, the Bessel potential spaces and Besov spaces of order r > 0 can
be de�ned by complex and real interpolation, respectively. The spaces with
negative order may then be de�ned by duality.

Lemma 1.58. Let p, q ∈ (1,∞).

(i) For every r ∈ R we have

S (Rn, X)
d
↪→ Hr

p(Rn, X),

S (Rn, X)
d
↪→ Brpq(Rn, X).

(ii) For every r, r′ ∈ R we have

op[Λr]|Hr′+rp (Rn,X)
∈ LIsom(Hr′+r

p (Rn, X), Hr′

p (Rn, X)),

op[Λr]|Br′+rpq (Rn,X)
∈ LIsom(Br

′+r
pq (Rn, X), Br

′

pq(Rn, X)).
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Proof. (i) See [Ama09, Theorem 2.3.2].

(ii) The �rst assertion easily follows from the de�nition of the Bessel potential
spaces. The second assertion is then obtained from Theorem 1.56. �

Now we want to de�ne the corresponding Sobolev spaces in the half-space
Rn+. The analog of the Schwartz functions can be de�ned explicitly:

De�nition 1.59. We de�ne the Schwartz functions S (Rn+, X) on Rn+ as the space
of all f ∈ C∞(Rn+, X) such that

sup
x∈Rn+

(1 + |x|2)k/2‖∂αf(x)‖X <∞

for all k ∈ N0 and α ∈ Nn0 . Furthermore, we de�ne

0S (Rn+, X) := {f ∈ S (Rn+, X) : (∂αf)|∂Rn+ = 0, α ∈ Nn0}.

All spaces are equipped with the canonical locally convex topology.

Lemma 1.60 ([Ama09, Lemma 4.1.1]). There exists a function h ∈ C∞(R+,R)
with h(1/t) = −th(t), t > 0, and∫ ∞

0

ts|h(t)|dt <∞, (−1)k
∫ ∞

0

tkh(t)dt = 1

for all s ∈ R and k ∈ Z.

De�nition 1.61. (i) The extension operator e+ : S (Rn+, X) → S (Rn, X) is de-
�ned by

[e+(u)](x) :=

{
u(x), x ∈ Rn+,∫∞

0
h(t)u(x′,−txn)dt, x = (x′, xn) ∈ Rn−

and the pointwise restriction operator r+ : S (Rn, X)→ S (Rn+, X) is de�ned
by r+u := u|Rn+ .

(ii) We de�ne the trivial extension operator e+
0 : 0S (Rn+, X)→ S (Rn, X) by

[e+
0 (u)](x) :=

{
u(x), x ∈ Rn+,
0, x ∈ Rn−

and the operator r+
0 : S (Rn, X) → 0S (Rn+, X), u 7→ r+(1 − e−r−)u. Here

r− and e− denote the corresponding restriction and extension operators from
(i) with respect to Rn−.

Remark 1.62. The restriction operator r+ ∈ L(S (Rn, X),S (Rn+, X)) is a re-
traction with coretraction e+ ∈ L(S (Rn+, X),S (Rn, X)). In the same way, r+

0 ∈
L(S (Rn, X), 0S (Rn+, X)) is a retraction with coretraction e+

0 ∈ L(0S (Rn+, X),
S (Rn, X)) (see [Ama09, Lemma 4.1.2, Theorem 4.1.3], [Ama09, (4.1.11), Theorem
4.1.7]).
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Next, we de�ne two classes of tempered distributions on half spaces, and by
duality we then extend the operators r+, e+, r+

0 , and e
+
0 canonically.

De�nition 1.63. We de�ne

S ′(Rn+, X) := L(S (Rn+), X) and 0S
′(Rn+, X) := L(0S (Rn+), X).

Then we lift the operators r+, e+, r+
0 , and e

+
0 by

e+ : 0S
′(Rn+, X)→ S ′(Rn, X), e+ := (r+

0 )′,

r+ : S ′(Rn, X)→ 0S
′(Rn+, X), r+ := (e+

0 )′,

e+
0 : S ′(Rn+, X)→ S ′(Rn, X), e+

0 := (r+)′,

r+
0 : S ′(Rn, X)→ S ′(Rn+, X), r+

0 := (e+)′,

where (·)′ stands for the adjoint operator, e.g., we have (e+u)(ϕ) := u(r+
0 ϕ) for

ϕ ∈ S (Rn) and u ∈ 0S ′(Rn+, X).

Remark 1.64. (i) Note that this de�nition is consistent with De�nition 1.61 (i)
and (ii) when we keep in mind the embeddings

S (Rn, X) ↪→ S ′(Rn, X), S (Rn+, X) ↪→ 0S
′(Rn+, X),

0S (Rn+, X) ↪→ S ′(Rn+, X).

(ii) We have

e+ ∈ L(0S
′(Rn+, X),S ′(Rn, X)), r+ ∈ L(S ′(Rn, X), 0S

′(Rn+, X)),

e+
0 ∈ L(S ′(Rn+, X),S ′(Rn, X)), r+

0 ∈ L(S ′(Rn, X),S ′(Rn+, X))

and r+
0 and r+ are retractions with corresponding coretractions e+

0 and e+,
respectively. For this result and further details we refer to [Ama09, Theorem
4.2.2].

The following result shows that e+
0 and r+

0 are connected with the support
of the distribution.

Lemma 1.65. For u ∈ S ′(Rn, X) the equality

e+
0 r

+
0 u = u

holds if and only if suppu ⊆ Rn+.

Proof. Analogously to De�nition 1.61 and De�nition 1.63, we de�ne the operators
r−, r−0 , e

−, and e−0 with respect to the half space Rn−. In [Ama09, p. 81] one can
�nd the decomposition

S ′(Rn, X) = e+
0 S ′(Rn+, X)⊕ e−0S

′(Rn−, X).
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Let u ∈ S ′(Rn, X). Then there exist u1 ∈ S ′(Rn+, X) and u2 ∈ 0S ′(Rn−, X) such
that u = e+

0 u1 + e−u2. With this decomposition we obtain

r+
0 u = u1 + r+

0 e
−u2, r−u = r−e+

0 u1 + u2.

It is elementary to show r+
0 e
−u2 = 0 and r−e+

0 u1 = 0 (see [Ama09, Corollary
4.1.9]). Hence we have

u = e+
0 r

+
0 u+ e−r−u. (1.12)

Now assume suppu ⊆ Rn+. For all ϕ ∈ D(Rn−) we have supp(e−0 ϕ) ⊆ Rn− and
therefore (r−u)ϕ = u(e−0 ϕ) = 0 since suppu∩supp(e−0 ϕ) = ∅. From this we derive
e−r−u = 0. Then we obtain u = e+

0 r
+
0 u from (1.12).

On the other hand, assume e+
0 r

+
0 u = u. Then we have e−r−u = 0 according

to (1.12). So we have u(e−0 r
−
0 ϕ) = 0 for all ϕ ∈ D(Rn−). For all ϕ ∈ D(Rn−) we

derive e−0 r
−
0 ϕ = ϕ and therefore suppu ⊆ Rn+. �

With the help of the retractions and coretractions above, we can de�ne
the Sobolev spaces on Rn+. For simplicity, we do not consider negative orders
of di�erentiation, so all spaces will be subspaces of Lp(Rn+, X). We remark that
H0
p (Rn+, X) = Lp(Rn+, X) but B0

pp(Rn, X) 6= Lp(Rn+, X) in general, and therefore
we will not consider B0

pp(Rn+, X) in the following.

De�nition 1.66 (Sobolev spaces on the half-space). Let p, q ∈ (1,∞) and s > 0,
and let F ∈ {Hs

p , B
s
pq}. Then we de�ne

F(Rn+, X) := r+F(Rn, X),

0F(Rn+, X) := r+
0 F(Rn, X)

with the canonical norms

‖u‖F(Rn+,X) := inf
{
‖f‖F(Rn,X) : f ∈ F(Rn, X) with u = r+f

}
,

‖u‖
0F(Rn+,X) := inf

{
‖f‖F(Rn,X) : f ∈ F(Rn, X) with u = r+

0 f
}
.

We also set H0
p (Rn+, X) := Lp(Rn, X).

Remark 1.67. (i) In the situation of De�nition 1.66, we have

e+ ∈ L(F(Rn+, X),F(Rn, X)), r+ ∈ L(F(Rn, X),F(Rn+, X)),

e+
0 ∈ L(0F(Rn+, X),F(Rn, X)), r+

0 ∈ L(F(Rn, X), 0F(Rn+, X)).

Hence r+ and r+
0 are retractions on the spaces above with corresponding

coretractions e+ and e+
0 , respectively (see [Ama09, Section 4.4]).

(ii) The results on interpolation of Sobolev spaces carry over to spaces on Rn+.
More precisely, the statements of Theorem 1.56 hold for all r0, r1 ≥ 0 with
Hr
p(Rn, X) being replaced by Hr

p(Rn+, X) and Brpq(Rn, X) being replaced by
Brpq(Rn+, X). In the same way, we may replace Hr

p(Rn, X) and Brpq(Rn, X)
by 0H

r
p(Rn+, X) and 0B

r
pq(Rn+, X), respectively.
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(iii) The spaces 0B
s
pq(R+, X) and 0H

s
p(R+, X) can also be characterized by van-

ishing traces, i.e., we have

0H
s
p(R+, X) =


{u ∈ Hs

p(R+, X) : u(j)(0) = 0, j = 0, . . . , k},
s ∈ (k + 1

p , k + 1 + 1
p ), k ∈ N0,

Hs
p(R+, X), s ∈ [0, 1

p ),

0B
s
pq(R+, X) =


{u ∈ Bspq(R+, X) : u(j)(0) = 0, j = 0, . . . , k},

s ∈ (k + 1
p , k + 1 + 1

p ), k ∈ N0,

Bspq(R+, X), s ∈ (0, 1
p ),

cf. [Ama09, Theorem 4.7.1].

(iv) Due to [Ama09, p. 100] we have

D(R+, X)
d
↪→ 0H

s
p(R+, X) for s ≥ 0,

D(R+, X)
d
↪→ 0B

s
pq(R+, X) for s > 0.

(v) (Sobolev embedding theorem) Let s > k + 1
p with k ∈ N0. Then the embed-

dings

Hs
p(R+, X) ↪→ Ckb ([0,∞), X),

Bspq(R+, X) ↪→ Ckb ([0,∞), X)

hold. These vector-valued variants of the well-known embedding theorems
can be found in [Ama09, Theorem 3.9.1]. Therefore, the traces in (iii) are
classical.

For the application of Lp-Fourier multiplier theorems we often need the Bessel
potential spaces and Besov spaces to be of class HT and have property (α). For
clarity we state these common facts in the next remark.

Remark 1.68. Let X be a Banach space of class HT , r ∈ R, and 1 < p, q <∞.

(i) The spaces Hr
p(Rn, X) and Brpq(Rn, X) are also of class HT . Using Re-

mark 1.13 (iii), Lemma 1.43 (i), and Lemma 1.58 (ii), this can be easily
veri�ed.

(ii) If X additionally has property (α), then Hr
p(Rn, X) and Brpq(Rn, X) also

have property (α). This can be seen by Lemma 1.58 (ii), Remark 1.15 (ii)
and Lemma 1.43 (ii). For the Besov spaces we can also use a retraction
argument instead of the interpolation result in Lemma 1.43 (ii).
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Proposition 1.69. Let {X0, X1} be an interpolation couple of Banach spaces of
class HT . Then we have[

Hs
p0(Rn+, X0), Hs

p1(Rn+, X1)
]
θ

= Hs
p(Rn+, [X0, X1]θ),[

0H
s
p0(Rn+, X0), 0H

s
p1(Rn+, X1)

]
θ

= 0H
s
p(Rn+, [X0, X1]θ),

(Hs
p0(Rn+, X0), Hs

p1(Rn+, X1))θ,p = Hs
p(Rn+, (X0, X1)θ,p),

(0H
s
p0(Rn+, X0), 0H

s
p1(Rn+, X1))θ,p = 0H

s
p(Rn+, (X0, X1)θ,p)

for all s ≥ 0, p0, p1 ∈ (1,∞), θ ∈ (0, 1), and 1/p = (1− θ)/p0 + θ/p1.

Proof. For simplicity we only consider the �rst case, the other results can be
obtained by minor modi�cations. First, we show

[
Hs
p0(Rn, X0), Hs

p1(Rn, X1)
]
θ

=
Hs
p(Rn, [X0, X1]θ). According to Lemma 1.58 we have the isomorphisms

r0 := (opX0
[Λ−s])|Lp0 (Rn,X0) ∈ LIsom(Lp0(Rn, X0), Hs

p0(Rn, X0)),

r1 := (opX1
[Λ−s])|Lp1 (Rn,X1) ∈ LIsom(Lp1(Rn, X1), Hs

p1(Rn, X1)).

Lemma 1.52 then yields

r [Lp0(Rn, X0), Lp1(Rn, X1)]θ =
[
Hs
p0(Rn, X0), Hs

p1(Rn, X1)
]
θ
, θ ∈ (0, 1). (1.13)

The interpolation result of Theorem 1.41 implies

[Lp0(Rn, X0), Lp1(Rn, X1)]θ = Lp(Rn, [X0, X1]θ). (1.14)

Due to

rf = r0f0 + r1f1 = F−1
X0

Λ−sFX0f0 + F−1
X1

Λ−sFX1f1 = F−1
X0+X1

Λ−sFX0+X1f

we have

r|Lp(Rn,[X0,X1]θ) = (op[X0,X1]θ
[Λ−s])|Lp(Rn,[X0,X1]θ)

∈ LIsom(Lp(Rn, [X0, X1]θ), H
s
p(Rn, [X0, X1]θ)).

Using (1.13) and (1.14) we obtain[
Hs
p0(Rn, X0), Hs

p1(Rn, X1)
]
θ

= Hs
p(Rn, [X0, X1]θ). (1.15)

Applying Lemma 1.51, Remark 1.67 (ii), and (1.15) we then obtain[
Hs
p0(Rn+, X0), Hs

p1(Rn+, X1)
]
θ

= Hs
p(Rn+, [X0, X1]θ). �

Remark 1.70 (Spaces with exponential weights). In many applications, the op-
erators are sectorial or R-sectorial only after a shift, i.e., if one replaces T by
T + %. Instead of shifting the operator, one can also consider the original operator
in spaces with exponential weight. The above properties of Sobolev spaces carry
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over to their exponentially weighted versions. Here we only give the de�nition and
some remarks on these spaces.

For % ∈ R and u ∈ Lp(R+, X), we de�ne M%u by

(M%u)(t) := e−%tu(t), t ∈ R+. (1.16)

For % ≥ 0, the spaces with exponential weight are then de�ned by

0H
s
p,%(R+, X) := M−%

(
0H

s
p(R+, X)

)
, s ≥ 0,

0B
s
pq,%(R+, X) := M−%

(
0B

s
pq(R+, X)

)
, s > 0,

with norms

‖u‖
0Hsp,%(R+,X) := ‖M%u‖0Hsp(R+,X), u ∈ 0H

s
p,%(R+, X), s ≥ 0, (1.17)

‖f‖
0Bspq,%(R+,X) := ‖M%f‖0Bspq(R+,X), f ∈ 0B

s
pq,%(R+, X), s > 0. (1.18)

It is easily seen that for F ∈ {Hs
p , B

s
pq} we have

M%|F%(R+,X) ∈ LIsom (0F%(R+, X), 0F(R+, X))

(see [DSS08, Lemma 2.2]), and therefore the interpolation results above also hold
for weighted spaces.

In the following, we will frequently use Sobolev spaces in time and space
variables which belong to di�erent types, e.g., 0B

s
pp(R+, H

r
p(Rn)). Therefore, we

introduce an abbreviation for these spaces.

De�nition 1.71 (Spaces of mixed scales). Let 1 < p0, q0, p1, q1 <∞, s ≥ 0, % ≥ 0,
and r ∈ R. Let X be a Banach space of class HT with property (α). For F ∈
{Bp0q0 , Hp0} (with s > 0 if F = Bp0q0) and for K ∈ {Bp1q1 , Hp1} we de�ne

0Fs%(Kr) := 0Fs%
(
R+,Kr(Rn, X)

)
,

0Fs(Kr) := 0Fs
(
R+,Kr(Rn, X)

)
.

Note that we always include zero initial values at t = 0 and that we do not indicate
the dependence on the space X which will be �xed in most situations.

Remark 1.72. In the de�nition above, for simplicity we always assume that X
is a Banach space of class HT with property (α). This will be the case for all
applications. We use the abbreviations 0Fs(Kr) and 0Fs%(Kr) for better readability
but one should keep in mind that we have X-valued spaces. In all cases, the proofs
of the results below for % > 0 will follow from the case % = 0 by the isomorphism of
Remark 1.70. Therefore, we will formulate most proofs without explicit reference
to the case % > 0.
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1.3 The time-space derivative

Motivation. After introducing function spaces in the previous section, we are
now going to show that the time-space derivative (∂t,∇x) = (∂t, ∂x1 , . . . , ∂xn)
admits a bounded joint H∞-calculus in these spaces. This means that we may
replace the symbols λ, z1, . . . , zn by derivatives and obtain a well-de�ned and
(in case of a bounded holomorphic symbol) bounded operator.

The key step to show this is the application of a vector-valued Michlin-
type theorem. For this, the notion of a Fourier multiplier will be de�ned and
discussed in Subsection a). The operators ∂t on one hand and ∂xj , j = 1, . . . , n,
on the other hand, have a di�erent meaning: while ∇x is considered in the
whole space Rn, the time derivative acts on functions de�ned for t ∈ R+,
and therefore we include zero initial conditions at t = 0 in the domain of the
related operator. This implies a change in the spectrum; and in fact, ∂t is
sectorial with angle π

2 while ∂xj is bisectorial with angle 0.
The properties of these operators are discussed in Subsection b), while

in Subsection c) we will show that (∂t,∇x) has a bounded joint H∞-calculus
in all types of Sobolev spaces.

Throughout this section, let X and Y be complex Banach spaces of class HT with
property (α). We remark that some results below also hold in more general cases.

a) Fourier multipliers

The notion of an Lp-Fourier multiplier is usually connected with operators of the
form F−1m(ξ)F with m ∈ L∞(Rn, L(X,Y )). As we are considering holomorphic
symbols, we will replace ξ by iξ in our de�nition.

De�nition 1.73 (Lp-Fourier multiplier). Let (iR)n ⊆ Ω ⊆ Cn, 1 < p <∞, and let
m : Ω→ L(X,Y ) be a function satisfying (ξ 7→ m(iξ)) ∈ L∞(Rn, L(X,Y )). Then
we de�ne

op[m] : S (Rn, X)→ L∞(Rn, Y ), f 7→ F−1m(iξ)Ff.

The function m is called an Lp-Fourier multiplier if there exists Cp > 0 such that

(i) op[m]f ∈ Lp(Rn, Y ) for all f ∈ S (Rn, X),

(ii) ‖op[m]f‖Lp(Rn,Y ) ≤ Cp‖f‖Lp(Rn,X) for all f ∈ S (Rn, X).

In this case we have a unique continuous extension of op[m] to an operator in
L(Lp(Rn, X), Lp(Rn, Y )) which will also be denoted by op[m].

The following theorem is the key result to prove that a given symbol is a
Fourier multiplier. In the scalar case X = Y = C, the well-known Michlin theorem
(see, e.g., [Tri78, Section 2.2]) gives conditions on m to be a Fourier multiplier. In
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the vector-valued case, the essential condition is not the norm-boundedness of the
symbols and their derivatives but the R-boundedness. The following result due to
Weis is the vector-valued analog of Michlin's theorem.

Theorem 1.74 (Theorem of Weis, see [KW04, 5.2 b)]). Let 1 < p < ∞ and let
{mj : j ∈ I} be a family of functions mj : (iR)n \ {0} → L(X,Y ) satisfying

ξ 7→ mj(iξ) ∈ Cn
(
Rn \ {0}, L(X,Y )

)
, j ∈ I.

If the set
T :=

{
ξα∂αmj(iξ) : ξ ∈ Rn \ {0}, α ∈ {0, 1}n, j ∈ I

}
is R-bounded, then each mj is a Fourier multiplier, and{

op[mj ] : j ∈ I} ⊆ L(Lp(Rn, X), Lp(Rn, Y ))

is also R-bounded with Rp-bound not greater than C(p, n,X, Y )Rp(T ) for some
constant C(p, n,X, Y ) > 0.

From this we easily obtain:

Proposition 1.75. Let m ∈ H∞(Ω) with Ω :=
∏n
k=1 Σδk . Then m = m idX is an

Lp(Rn, X)-Fourier multiplier for all p ∈ (1,∞).

Proof. According to [DV02b, Lemma 6.29] we have

|ξα∂αm(iξ)| ≤ α!

n∏
k=1

(sin(δk))−αk‖m‖∞, ξ ∈ Rn \ {0}, α ∈ Nn0 . (1.19)

With Kahane's contraction principle (Theorem 1.8) and (1.19) we obtain the R-
boundedness of

T := {ξα∂αm(iξ) idX : ξ ∈ Rn \ {0}, α ∈ {0, 1}n} ⊆ L(X).

The assertion is then obtained by Theorem 1.74. �

Lemma 1.76. Let 1 < p <∞, and let m ∈ H∞(Ω) with Ω :=
∏n
k=1 Σδk . Then the

following assertions hold.

(i) The mapping op[m] : S (Rn, X) → L∞(Rn, X) extends to an operator in
L(Hr

p(Rn, X)) for every r ∈ R. Denoting by op(r,p)[m] and op(0,p)[m] the
extension of op[m] to Hr

p(Rn, X) and Lp(Rn, X), respectively, we get

op[Λ−r]op
(0,p)[m]op[Λr]f = op(r,p)[m]f, f ∈ Hr

p(Rn, X). (1.20)

(ii) Let s, r ∈ R and p, q ∈ (1,∞) with p = q or s = r. Then the compatibility

op(r,p)[m]f = op(s,q)[m]f, f ∈ Hr
p(Rn, X) ∩Hs

q (Rn, X) (1.21)

holds.
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Proof. (i) Let f ∈ S (Rn, X). Then we have op[m]f ∈ Lp(Rn, X) according to
De�nition 1.73 (i) and Proposition 1.75. Due to the holomorphy of Λ−|r| we
have that Λ−|r|m is also a Fourier multiplier. This enables us to prove

op[Λ−r]op[m]op[Λr]f = op[m]f, f ∈ S (Rn, X). (1.22)

In particular, we deduce op[m]f ∈ Hr
p(Rn, X) for all f ∈ S (Rn, X). So we

obtain

‖op[m]f‖Hrp(Rn,X) = ‖op[Λr]op[m]f‖Lp(Rn,X) = ‖op[m]op[Λr]f‖Lp(Rn,X)

≤ C‖op[Λr]f‖Lp(Rn,X) = C‖f‖Hrp(Rn,X)

due to op[Λr]f ∈ S (Rn, X) and De�nition 1.73 (ii). According to Remark
1.67 (iv) we can now extend op[m] to a bounded operator in L(Hr

p(Rn, X)).
The representation in (1.20) then follows from (1.22).

(ii) First, we consider the case r = s. Let f ∈ Hr
p(Rn, X)∩Hr

q (Rn, X) and de�ne
the function h := op[Λr]f ∈ Lp(Rn, X) ∩ Lq(Rn, X). Let ψn ∈ D(Rn, X)
be a Dirac sequence. With this we get ϕn := ψn ∗ h ∈ D(Rn, X) and
ϕn → h in Lu(Rn, X) for all 1 < u < ∞. Hence op[Λ−r]ϕn → f in
Hr
p(Rn, X) ∩ Hr

q (Rn, X) due to Lemma 1.58 (ii). It is easy to see that
op[Λ−r]ϕn ∈ S (Rn, X) and therefore

op(r,p)[m]f = lim
n→∞

op(r,p)[m]op[Λ−r]ϕn = lim
n→∞

op(r,q)[m]op[Λ−r]ϕn

= op(r,q)[m]f.

Next, we consider the case p = q. Without loss of generality, we assume
r < s, which implies Hs

p(Rn, X) ↪→ Hr
p(Rn, X). Let f ∈ Hs

p(Rn, X) and
(fn)n∈N ⊆ S (Rn, X) with fn → f in Hs

p(Rn, X) (cf. Remark 1.67 (iv)).
Then we obtain fn → f in Hr

p(Rn, X) and therefore

op(r,p)[m]f = lim
n→∞

op(r,p)[m]fn = lim
n→∞

op(s,p)[m]fn = op(s,p)[m]f. �

Remark 1.77. For 1 < p < ∞ we set H−∞p (Rn, X) :=
⋃
r∈RH

r
p(Rn, X). Let

m ∈ H∞(Ω) with Ω :=
∏n
k=1 Σδk . Then Lemma 1.76 (ii) shows that

op[m] : H−∞p (Rn, X)→ H−∞p (Rn, X),

f 7→ op(r,p)[m]f, f ∈ Hr
p(Rn, X),

is well-de�ned. By Lemma 1.76 (i) we have

op[m]|Hrp(Rn,X) ∈ L(Hr
p(Rn, X)), r ∈ R,

and by real interpolation (Theorem 1.56 (iii)) we obtain

op[m]|Brpq(Rn,X) ∈ L(Brpq(Rn, X)), r ∈ R.
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The proof of the next result includes ideas from [Tri78, p. 232] and [GGHR06,
p. 174]. It shows that the existence of a holomorphic extension of a symbol m to
a complex half-space is connected with the fact that the support of a function is
preserved by op[m]. In the case of functions of time, this can be interpreted as
causality of the operator. In the context of pseudodi�erential operators, operators
with this property are also called Volterra operators, see, e.g., [Kra04], [DS11].

Proposition 1.78 (Holomorphic Fourier multiplier and support). Let m ∈ H∞(Sθ)
with θ > π

2 , and let 1 < p, q <∞, F ∈ {Bpq, Hp}, s ≥ 0 (s > 0 if F = Bpq). Then
m is a Fourier multiplier on Lp(R, X) and(

r+
0 op[m]e+

0

)∣∣
0Fs(R+,X)

∈ L(0Fs(R+, X)) (1.23)

is a well-de�ned bounded operator. In particular, we have

supp
(
op[m]e+

0 f
)
⊆ [0,∞)

and therefore e+
0 r

+
0 op[m]e+

0 f = op[m]e+
0 f for all f ∈ 0Fs(R+, X).

Proof. The assertion in (1.23) is obvious due to Remark 1.67 (i) and Remark 1.77.
Next, we prove the claimed position of the support. Let ϕ ∈ D(R+, X).

Then there exists r > 0 such that suppϕ ⊆ (0, r). For simplicity we do not
distinguish between ϕ and e+

0 ϕ in the following. It is obvious that Fϕ ∈ S (R, X)
and therefore m(i·)(Fϕ) ∈ L1(R, X). Hence, we can use the explicit formula[

F−1(m(i·)(Fϕ))
]
(t) = (2π)−1/2

∫ ∞
−∞

m(iλ)(Fϕ)(λ)eitλdλ

for the inverse Fourier transform for all t ∈ R. The function Fϕ can be canonically
extended to C by

(Fϕ)(z) := (2π)−1/2

∫ ∞
−∞

ϕ(t)e−itzdt, z ∈ C.

The complex function Fϕ is an entire function, and the vector-valued Paley-
Wiener Theorem (see [Jef04, Proposition 2.1], for instance) yields the estimate

‖(Fϕ)(z)‖X ≤ C(1 + |z|)−1 exp(r| Im z|), z ∈ C. (1.24)

Using Cauchy's integral theorem we will show[
F−1(m(i·)(Fϕ))

]
(t) = (2π)−1/2

∫ ∞
−∞

m(iλ+ γ)(Fϕ)(λ− iγ)eit(λ−iγ)dλ (1.25)

for all γ > 1 and t ∈ R. In order to do this we de�ne the closed curve

Γ(ε,R) := (−R,−ε) ∪ {εei(θ+π) : θ ∈ [0, π]} ∪ (ε,R)

∪ {R− iη : η ∈ (0, γ)}
∪ {−η − iγ : η ∈ [−R,R]}
∪ {−R− i(γ − η) : η ∈ (0, γ)} ⊆ C
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R−R ε−ε

−iγ

Γ(ε,R)

Figure 1.3: Path of integration Γ(ε,R)

for 0 < ε < 1 and large 1 < R <∞ (cf. Figure 1.3).
Due to the holomorphy of all involved functions and Cauchy's integral theo-

rem we obtain ∫
Γ(ε,R)

m(iz)(Fϕ)(z)eitzdz = 0. (1.26)

(I) For the parametrization γε(θ) := εei(θ+π), θ ∈ [0, π], we have∥∥∥∫
{εei(θ+π) : θ∈[0,π]}

m(iz)(Fϕ)(z)eitzdz
∥∥∥
X

=

∥∥∥∥∫ π

0

m(iγε(θ))(Fϕ)(γε(θ))e
itγε(θ)γ′ε(θ)dθ

∥∥∥∥
X

≤ ε
∫ π

0

|m(iγε(θ))| · ‖(Fϕ)(γε(θ))‖X |eitγε(θ)|dθ

≤ ε‖m‖∞C(t)

due to m ∈ H∞(Sθ) and the boundedness of

(θ, ε) 7→ ‖(Fϕ)(γε(θ))‖X |eitγε(θ)|.

We get

lim
ε→0

∫
{εei(θ+π) : θ∈[0,π]}

m(iz)(Fϕ)(z)eitzdz = 0.

(II) Concerning the parametrization γR(η) := R− iη, η ∈ [0, γ], we have∥∥∥∫
{R−iη : η∈(0,γ)}

m(iz)(Fϕ)(z)eitzdz
∥∥∥
X
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=

∥∥∥∥∫ γ

0

m(iγR(η))(Fϕ)(γR(η))eitγR(η)dη

∥∥∥∥
X

≤ ‖m‖∞
∫ γ

0

‖(Fϕ)(γR(η))‖Xetηdη

≤ C‖m‖∞(1 +R)−1

∫ γ

0

e(r+t)ηdη,

where we have used (1.24). With this we obtain

lim
R→∞

∫
{R−iη : η∈(0,γ)}

m(iz)(Fϕ)(z)eitzdz = 0.

The same arguments also yield

lim
R→∞

∫
{−R−i(γ−η) : η∈(0,γ)}

m(iz)(Fϕ)(z)eitzdz = 0.

With (I), (II) and (1.26) we obtain

0 = lim
R→∞

lim
ε→0

∫
Γ(ε,R)

m(iz)(Fϕ)(z)eitzdz

=

∫ ∞
−∞

m(iλ)(Fϕ)(λ)eitλdλ−
∫ ∞
−∞

m(iλ+ γ)(Fϕ)(λ− iγ)eit(λ−iγ)dλ,

which proves (1.25) for all γ > 0. For t < 0 and all γ > 1 we obtain∥∥[F−1(m(i·)(Fϕ))](t)
∥∥
X
≤ (2π)−1/2‖m‖∞etγ

∫ ∞
−∞
‖(Fϕ)(λ− iγ)‖Xdλ.

Using integration by parts and γ > 1 it is easy to see that

‖(Fϕ)(λ− iγ)‖X = (2π)−1/2

∥∥∥∥∫ ∞
0

ϕ(x)∂2
x(e−ix(λ−iγ))dx

∥∥∥∥
X

· |λ− iγ|−2

≤ (2π)−1/2

∥∥∥∥∫ ∞
0

ϕ′′(x)e−ix(λ−iγ)dx

∥∥∥∥
X

· (λ2 + 1)−1

≤ (2π)−1/2‖ϕ′′‖∞
∫ ∞

0

|e−ix(λ−iγ)|dx · (λ2 + 1)−1

≤ (2π)−1/2‖ϕ′′‖∞ · (λ2 + 1)−1

and therefore we derive∥∥[F−1(m(i·)(Fϕ))](t)
∥∥
X
≤ 1

2
‖ϕ′′‖∞‖m‖∞ lim

γ→∞
etγ = 0, t < 0,

which yields

supp(op[m]ϕ) ⊆ [0,∞).
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Let f ∈ 0Fs(R+, X). By Remark 1.67 (iv) there exists (ϕk)k∈N ⊆ D(R+, X)
with

f = lim
k→∞

ϕk in 0Fs(R+, X).

Lemma 1.65, Remark 1.67 (i), and Remark 1.77 (ii) yield

op[m]e+
0 f = lim

k→∞
op[m]e+

0 ϕk = lim
k→∞

e+
0 r

+
0 op[m]e+

0 ϕk = e+
0 r

+
0 op[m]e+

0 f

where the limits hold in Fs(R, X). We �nally derive supp(op[m]f) ⊆ [0,∞) with
Lemma 1.65. �

The Fourier multipliers considered above worked in the whole space Rn. With
respect to the time variable, however, we will consider the half-line R+, including
vanishing trace condition at t = 0. We can easily de�ne Fourier multipliers in R+

by using the extension and restriction operators e+
0 and r+

0 . Note that we want to
stay in the spaces with zero trace at t = 0. For this, the property of the support
discussed in Proposition 1.78 will be essential.

For s ∈ R and λ ∈ C \ (−∞, 0), we de�ne the symbol

Ψs(λ) := (1 + λ)s.

Symbolically, we want to replace λ by ∂t. But we have to take into account the
initial condition at t = 0. Therefore, we de�ne

op+[Ψs] := r+
0 op[Ψs]e

+
0 = r+

0 F−1Ψs(i·)Fe+
0

on Lp(R+, X).

Proposition 1.79 (Properties of op+[Ψs]). For 1 < p, q <∞ and s ≥ 0 we have

op+[Ψs]|
0H

s′+s
p (R+,X)

∈ LIsom(0H
s′+s
p (R+, X), 0H

s′

p (R+, X)), s′ ≥ 0,

op+[Ψs]|
0B

s′+s
p,q (R+,X)

∈ LIsom(0B
s′+s
p,q (R+, X), 0B

s′

p,q(R+, X)), s′ > 0.

Proof. Similar to the argumentation for Λr we obtain

op[Ψr]|Hr′+rp (R,X)
∈ LIsom(Hr′+r

p (R, X), Hr′

p (R, X)), r′, r ∈ R. (1.27)

From (1.27) and Remark 1.67 (i) we get

op+[Ψs]|
0H

s′+s
p (R+,X)

∈ L(0H
s′+s
p (R+, X), 0H

s′

p (R+, X)),

op+[Ψ−s]|
0H

s′+s
p (R+,X)

∈ L(0H
s′

p (R+, X), 0H
s′+s
p (R+, X))

for s, s′ ≥ 0. For all f ∈ 0H
s′

p (R+, X) we then conclude

op+[Ψs]op+[Ψ−s]f = r+
0 op[Ψs]e

+
0 r

+
0 op[Ψ−s]e

+
0 f = r+

0 op[Ψs]op[Ψ−s]e
+
0 f

= r+
0 e

+
0 f = f
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due to Proposition 1.78. For all g ∈ 0H
s′+s
p (R+, X) we get

op+[Ψ−s]op+[Ψs]g = r+
0 op[Ψ−s]e

+
0 r

+
0 op[Ψs]e

+
0 g.

In the same way as in the proof of Proposition 1.78, we get supp(op[Ψs]e
+
0 g) ⊆

[0,∞). The polynomial boundedness of the symbol Ψs can be handled by stronger
Paley-Wiener estimates of the form

‖(Fϕ)(z)‖X ≤ C(1 + |z|)dse+1 exp(r| Im z|), z ∈ C.

Hence, we also obtain op+[Ψ−s]op+[Ψs]g = g. This yields the assertion for the
Bessel potential spaces. The remaining assertion follows by interpolation. �

Remark 1.80. The above results hold analogously in exponentially weighted spaces.
For % ≥ 0, we de�ne

op(%)
+ [Ψs] := M−1

% op+[Ψs(·+ %)]M%

in Lp,%(R+, X). Then the statements in Proposition 1.79 hold for op(%)
+ [Ψs] if we

replace all spaces by their exponentially weighted versions.

b) Vector-valued space and time derivatives

Now we are going to study realizations of the space derivatives ∂j = ∂xj , j =
1, . . . , n, in Rn and of the time derivative ∂t in R+. We will show that the corre-
sponding operators have good mapping properties in all scales of Sobolev spaces
considered above. To simplify the notation, we will �x r ∈ R, p, q ∈ (1,∞), and
K ∈ {Bpq, Hp}. As before, X is assumed to be a Banach space of class HT with
property (α). The Kr(Rn, X)-realization of ∂j is de�ned as the operator Dj given
by

Dj : Kr(Rn, X) ⊇ D(Dj)→ Kr(Rn, X), (1.28)

u 7→ ∂ju

where D(Dj) := {u ∈ Kr(Rn, X) : ∂ju ∈ Kr(Rn, X)}.
We are interested in a bounded jointH∞-calculus for the tupleD := (D1, . . . ,

Dn). Note that for better readability, we do not indicate the ground space, in this
case Kr(Rn, X), in the notation D. Sometimes, we will also use the more precise
notation DN for the N -realization of ∇x = (∂1, . . . , ∂n).

The following result is a slight generalization of [DV02b, Theorem 7.1, Re-
mark 7.5].

Theorem 1.81 (Joint R-bounded H∞-calculus for D). Let δj ∈ (0, π2 ) for j =
1, . . . , n and Ωx :=

∏n
j=1 Σδj .
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(i) The vector-valued partial derivative operator Dj is bisectorial on Kr(Rn, X)

with ϕ
(bi)
Dj = 0 for all j = 1, . . . , n. The resolvents are given by

(λ−Dj)−1 = op[Rλ,j ]|Kr(Rn,X), λ ∈ C \ (iR) (1.29)

with Rλ,j(z) := (λ− zj)−1, z ∈ iRn. In particular, the tuple D is admissible.

(ii) The operator tuple D has an R-bounded joint H∞(Ωx)-calculus. Moreover,
we obtain the representation

f(D) = op[f ]|Kr(Rn,X) ∈ L(Kr(Rn, X)) (1.30)

for all f ∈ H∞(Ωx).

Proof. (i) (I) Let j ∈ {1, . . . , n} be arbitrary. The case r = 0 and K = Hp (i.e.,
the Lp(Rn, X)-realization) can be found in detail in [DV02b, Theorem
7.1, Remark 7.5]. The asserted representation of the resolvent can be
obtained easily by standard arguments. The resolvents commute due
to the representation as Fourier multipliers (cf. [DV02b, Theorem 7.2]).
Therefore, the tuple D is admissible in the sense of De�nition 1.16.

(II) Now let K = Hp. We will make use of the operator Φ := op[Λr] ∈
L(Hr

p(Rn, X), Lp(Rn, X)). In the following, we will write Dj,r for the
Hr
p(Rn, X)-realization of ∂j . In order to apply Proposition 1.32 (i) we

have to show D(Dj,r) = Φ−1 (D(Dj,0)) and Dj,ru = Φ−1Dj,0Φu for all
u ∈ Hr

p(Rn, X).
For u ∈ D(Dj,r) ⊆ Hr

p(Rn, X) we have Φu ∈ Lp(Rn, X) and ∂jΦu =
Φ∂ju ∈ Lp(Rn, X) according to Lemma 1.58 (ii). This implies u =
Φ−1Φu ∈ Φ−1 (D(Dj,0)).
Let f ∈ D(Dj,0) ⊆ Lp(Rn, X). We have Φ−1f ∈ Hr

p(Rn, X) and there-
fore ∂jΦ−1f = Φ−1∂jf ∈ Hr

p(Rn, X). This yields Φ−1f ∈ D(Dj,r).
Hence we obtain D(Dj,r) = Φ−1 (D(Dj,0)). It is obvious that Dj,ru =
Φ−1Dj,0Φu for all u ∈ Hr

p(Rn, X), and therefore Proposition 1.32 (i) and
(I) yield the assertion for this case. The representation of the resolvent
follows from Proposition 1.32 (i) in combination with Remark 1.77 (i).

(III) Now consider K = Bpq, i.e., let Dj be the Brpq(Rn, X)-realization of ∂j .
Theorem 1.56 (iii) yields that Besov spaces can be obtained as real inter-
polation spaces of Bessel potential spaces. The bisectoriality on Besov
spaces Brpq(Rn, X) can then be derived by Theorem 1.45 (i) (respec-
tively, Remark 1.46) and (II) as soon as

(D(Dj,−m), D(Dj,m))θ,q = D(Dj)

has been shown, withm := min{k ∈ N : |r| < k} and θ := (r+m)/(2m).
In this case we also have

Brpq(Rn, X) = (H−mp (Rn, X), Hm
p (Rn, X))θ,q.
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According to 1 ∈ ρ(Dj,−m) ∩ ρ(Dj,m) and the representation of the
resolvents in (II) we get

(1−Dj,−m)−1 ∈ L(H−mp (Rn, X), D(Dj,−m)),

(1−Dj,−m)−1|Hmp (Rn,X) = (1−Dj,m)−1 ∈ L(Hm
p (Rn, X), D(Dj,m)),

which yield

A := (1−Dj,−m)−1|Brpq(Rn,X)

∈ L(Brpq(Rn, X), (D(Dj,−m), D(Dj,m))θ,q).

We have ∂j ∈ L(D(Dj,m), Hm
p (Rn, X)) ∩ L(D(Dj,−m), H−mp (Rn, X))

and therefore

∂j ∈ L((D(Dj,−m), D(Dj,m))θ,q, B
r
pq(Rn, X)).

The de�nition of D(Dj) then implies (D(Dj,−m), D(Dj,m))θ,q ⊆ D(Dj).
Furthermore, we derive

A(1−Dj)u = (1−Dj,−m)−1(1−Dj)u
= (1−Dj,−m)−1(1−Dj,−m)u

= u

for all u ∈ D(Dj) ⊆ D(Dj,−m). So we get

D(Dj) ⊆ R(A) ⊆ (D(Dj,−m), D(Dj,m))θ,q.

Altogether we have shown

D(Dj) = (D(Dj,−m), D(Dj,m))θ,q.

Remark 1.46 (ii) then yields the asserted representation of the resol-
vents.

(ii) (I) If r = 0 and K = Hp (i.e., in the case of the Lp(Rn, X)-realization), the
existence of a bounded H∞-calculus is a direct consequence of [DV02b,
Theorem 7.3, Remark 7.5]. The representation of f(D) (f ∈ H∞0 (Ωx))
by Fourier-multipliers can be found there, too. Due to the representation
of f(D) as a Fourier multiplier we can prove the R-boundedness of the
family

{f(D) : f ∈ H∞0 (Ωx), ‖f‖∞ ≤ 1} ⊆ Lp(Rn, X)

by Theorem 1.74, (1.19), and Theorem 1.8.
Let f ∈ H∞(Ωx). Then Theorem 1.27 implies f(D) ∈ L(Lp(Rn, X)).
Using Remark 1.21 (iii), Lemma 1.19 (i), and Proposition 1.75 we obtain

f(D)u = lim
j→∞

(ψj,nf)(D)u = lim
j→∞

op[ψj,nf ]u

= lim
j→∞

op[ψj,n]op[f ]u = lim
j→∞

ψj,n(D)op[f ]u = op[f ]u
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for all u ∈ Lp(Rn, X). So we have proved the claimed representation
(1.30) for all f ∈ H∞(Ωx).

(II) Proposition 1.32 (iii) with Φ := Λk and the same arguments as in part
(i) show that D admits an R-bounded H∞(Ωx)-calculus on Hr

p(Rn, X)
for all r ∈ R.

(III) Repeating the arguments from part (i), Theorem 1.45 (iii), Remark 1.46,
and (II) we can show that D admits an R-bounded H∞(Ωx)-calculus
on Brpq(Rn, X) for all r ∈ R, and

f(D) = [f(D1,−m, . . . ,Dn,−m)] |Brpq(Rn,X) = op[f ]|Brpq(Rn,X)

for all f ∈ H∞(Ωx). �

Similarly to the space derivatives ∂j , j = 1, . . . , n, considered above, we will
now analyze the realization of the time derivative ∂t. For this, we �x s ≥ 0,
p, q ∈ (1,∞) and F ∈ {Bpq, Hp} where we assume s > 0 if F = Bpq. Then the
0Fs(R+, X)-realization of ∂t is de�ned as the operator Dt given by

Dt : 0Fs(R+, X) ⊇ D(Dt)→ 0Fs(R+, X), (1.31)

u 7→ ∂tu

where D(Dt) := 0Fs+1(R+, X). Again we also use the more precise notation DNt
for the N -realization of ∂t. Note that for u ∈ D(Dt) we have ∂tu ∈ 0Fs(R+, X)
by Proposition 1.78.

We will also consider the time-derivative operator on the whole space de�ned
by

D̃t : Fs(R, X) ⊇ D(D̃t)→ Fs(R, X), u 7→ ∂tu

where D(D̃t) := Fs+1(R, X).
In the following we are interested in the spectral properties of Dt.

Lemma 1.82. For all f ∈ 0Fs(R+, X) we have e+
0 Dtf = D̃te+

0 f .

Proof. Due to Remark 1.67 (i) we have

A := e+
0 Dt − D̃te

+
0 ∈ L(0Fs+1(R+, X),Fs(R, X))

and Aϕ = 0 for all ϕ ∈ D(R+). The assertion then follows from the density of
D(R+) in 0Fs+1(R+, X), cf. Remark 1.67 (iv). �

In the following theorem, we use the notation σr, σp, and σc for the resid-
ual spectrum, the point spectrum, and the continuous spectrum of an operator,
respectively.



56 Chapter 1. The joint time-space H∞-calculus

Theorem 1.83 (Spectrum of the time derivative). For the 0Fs(R+, X)-realization
Dt of ∂t we have

ρ(Dt) = {z ∈ C : Re(z) < 0},
σr(Dt) = {z ∈ C : Re(z) > 0},
σp(Dt) = ∅,
σc(Dt) = iR.

In particular, Dt is a sectorial operator with ϕDt = π
2 and

(λ−Dt)−1u = r+
0 (λ− D̃t)−1e+

0 u, u ∈ 0Fs(R+, X),

for all λ with Re(λ) < 0.

Proof. Let u ∈ D(Dt) and λ ∈ C with (λ−Dt)u = 0. According to Sobolev's em-
bedding theorem (cf. Remark 1.67 (v)) we have 0Fs+1(R+, X) ↪→ 0F1(R+, X) ↪→
Cb([0,∞), X). Due to the characterization in Remark 1.67 (iii) and (v) we have
the classical vanishing trace u(0) = 0. In fact, we even have u ∈ C1

b ([0,∞), X)
since ∂tu = λu ∈ Cb([0,∞), X). For arbitrary x′ ∈ X ′ (the dual space of X) we
de�ne the complex-valued function ũ := x′ ◦u ∈ C1

b ([0,∞)). The function ũ solves
the scalar ordinary di�erential equation

λũ− ∂tũ = 0, ũ(0) = 0.

With the classical theory of ordinary di�erential equation we trivially obtain ũ = 0
and therefore also u = 0. Hence (λ−Dt) is one-to-one for all λ ∈ C, which yields
σp(Dt) = ∅.

Let Reλ < 0. Then we can use the results about the space-derivative given
above. From (1.29) we obtain

(λ− D̃t)−1 = op[Rλ]|Fs(R+,X), Rλ(z) := (λ− z)−1, z ∈ iR.

The function Rλ has a holomorphic extension to a bisector, i.e., Rλ ∈ H∞(Σδ) for
small δ > 0. Therefore we can apply Proposition 1.78 for op[Rλ]. It can be easily
seen by Lemma 1.82 and Remark 1.67 (i) that

(λ−Dt)r+
0 (λ− D̃t)−1e+

0 f

= r+
0 e

+
0 (λ−Dt)r+

0 (λ− D̃t)−1e+
0 f

= r+
0 (λ− D̃t)e+

0 r
+
0 (λ− D̃t)−1e+

0 f

= r+
0 (λ− D̃t)(λ− D̃t)−1e+

0 f = f

for all f ∈ 0Fs(R+, X). In the same way we obtain

r+
0 (λ− D̃t)−1e+

0 (λ−Dt)f = f, f ∈ 0Fs+1(R+, X)
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by Lemma 1.82. Altogether we obtain {z ∈ C : Re(z) < 0} ⊆ ρ(Dt) and

(λ−Dt)−1 = r+
0 (λ− D̃t)−1e+

0

for all λ with Reλ < 0. With this representation of the resolvents and Remark
1.67 (i) we derive, for every θ′ ∈ (π/2, π),

sup
λ∈C\Sθ′

‖λ(λ−Dt)−1‖L(0Fs(R+,X))

≤ C sup
λ∈C\Sθ′

‖λ(λ− D̃t)−1‖L(Fs(R,X)) <∞
(1.32)

from the bisectoriality of D̃t.
For λ with Re(λ) > 0 we have to determine the range of λ − Dt. For this,

we consider the adjoint operator (λ−Dt)′. Due to the embedding 0Fs(R+, X) ↪→
Lp(R+, X) and Hölder's inequality we can de�ne a functional in (0Fs(R+, X))

′ by

Fλ : 0Fs(R+, X)→ C,

f 7→
∫ ∞

0

〈f(t), e−λtx′〉X×X′dt

for x′ ∈ X ′. We easily obtain
∫∞

0
e−λtϕ′(t)dt =

∫∞
0
λe−λtϕ(t)dt for all ϕ ∈

D(R+, X). The density of the test functions and 0Fs+1(R+, X) ↪→ 0H
1
p (R+, X)

show that this is even true for all ϕ ∈ D(Dt) = 0Fs+1(R+, X). Thus, we can
conclude

Fλ((λ−Dt)f) = x′
(∫ ∞

0

λe−λtf(t)dt−
∫ ∞

0

e−λtf ′(t)dt

)
= 0

for all f ∈ D(Dt). Hence we obtain Fλ ∈ D((λ−Dt)′) and

0 6= Fλ ∈ ker((λ−Dt)′) = R(λ−Dt)⊥. (1.33)

Here
R(λ−Dt)⊥ :=

{
F ∈

(
0Fs(R+, X)

)′
: F|R(λ−Dt) = 0

}
denotes the annihilator of R(λ−Dt) and the equality in (1.33) follows from [Kat76,
p. 168]. Consequently, R(λ−Dt) cannot be dense in 0Fs(R+, X) and we conclude
{z ∈ C : Re(z) > 0} ⊆ σr(Dt). As the spectrum is closed, this implies iR ⊆ σ(Dt).

Due to σp(Dt) = ∅ the operator µi−Dt is injective for all µ ∈ R. According
to (1.32) and |λ| ≤ Cθ′ |λ + iµ|, λ ∈ C \ Sθ′ , the operator Dt − iµ satis�es the
resolvent estimates in Lemma 1.4. Therefore we obtain the density of R(Dt−iµ) in
0Fs(R+, X) by re�exivity of X (cf. Remark 1.13 (i)). Hence we have iR ⊆ σc(Dt).

Altogether we have {z ∈ C : Re(z) < 0} ⊆ ρ(Dt), σp(Dt) = ∅, {z ∈
C : Re(z) > 0} ⊆ σr(Dt), and iR ⊆ σc(Dt). Thus we have obtained the full
characterization of the spectrum. �
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Thanks to our previous results we easily obtain the existence of anR-bounded
H∞-calculus of Dt. This was already stated in [DSS08, Proposition 2.7] but our
approach is slightly di�erent.

Theorem 1.84. The vector-valued time-derivative operator Dt has an R-bounded
H∞-calculus in 0Fs(R+, X) with ϕR,∞Dt = π

2 . For all f ∈ H
∞(Sθ) with θ ∈ (π2 , π)

we can represent f(Dt) by

f(Dt) =
(
r+
0 f(D̃t)e+

0

)
|
0Fs(R+,X) =

(
r+
0 op[f ]e+

0

)
|
0Fs(R+,X). (1.34)

Proof. Due to Theorem 1.83 the resolvent of Dt can be written as

(λ−Dt)−1u = r+
0 (λ− D̃t)−1e+

0 u, u ∈ 0Fs(R+, X), Reλ < 0.

Using Remark 1.21 (iii) and De�nition 1.18 we infer

f(Dt)u = r+
0 f(D̃t)e+

0 u, u ∈ 0Fs(R+, X)

for all f ∈ H∞0 (Sθ) ⊆ H∞(Σθ−π/2) and θ ∈ (π2 , π). So we derive the representation
(1.34) for all f ∈ H∞0 (Sθ) by (1.30). As in part (I) of the proof of Theorem 1.81
(ii) we can also verify this representation for all f ∈ H∞(Sθ).

According to Theorem 1.81 (ii) we have the R-boundedness of

{f(D̃t) : f ∈ H∞0 (Sθ), ‖f‖∞ ≤ 1} ⊆ L(Fs(R, X)).

The boundedness of all involved operators and Remark 1.7 (iii) then yield the
R-boundedness of

{f(Dt) : f ∈ H∞0 (Sθ), ‖f‖∞ ≤ 1} ⊆ L(0Fs(R+, X))

for all θ ∈ (π2 , π). Thus, we even get ϕR,∞Dt = π
2 . �

c) Joint space-time H∞-calculus

Now we are going to show that the tuple (∂t,∇x) admits a bounded joint H∞-
calculus. We will consider the operators in the space 0Fs(R+,Kr(Rn, X)) where
F ,K ∈ {Bpq, Hp} as before. As Kr(Rn, X) is a Banach space of class HT with
property (α), too, the results from Subsection b) can be applied directly to Dt.
For the space derivatives D = (D1, . . . ,Dn), we know the existence of an R-
bounded joint H∞-calculus in the space Kr(Rn, X). We now have to consider the
natural extension to 0Fs(R+,Kr(Rn, X)), i.e., now the space derivatives act on
functions of time and space. Note that we identify a function u = u(t, x) with the
vector-valued function t 7→ u(t, ·), and therefore the natural extension of Dj can
be written as t 7→ (Dj ◦ u)(t, ·).

In the following, we �x p0, p1, q0, q1 ∈ (1,∞), F ∈ {Bp0q0 , Hp0}, K ∈ {Bp1q1 ,
Hp1}, s ≥ 0 (s > 0 if F = Bp0q0), and r ∈ R.

We start with a de�nition of the natural extension of an operator.
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De�nition and Lemma 1.85 (Natural extension). Let X and Y be Banach spaces
of class HT . For a densely de�ned closed linear operator A : X ⊇ D(A)→ Y the
natural extension of A to 0Fs(R+, X) given by

A+ : 0Fs(R+, X) ⊇ D(A+)→ 0Fs(R+, Y ),

u 7→ A ◦ u

is a well-de�ned operator with dense domain D(A+) := 0Fs(R+, D(A)).

Proof. First, we consider the case s ∈ N0 and F = Hp0 . We have ∂kt (A ◦ u) =
A ◦ (∂kt u) for all k ≤ s and all u ∈ D(A+) = 0H

s
p0(R+, D(A)). Thus, we obtain

∂kt u ∈ 0H
s−k
p0 (R+, D(A)), k ≤ s

for u ∈ D(A+). We have limt→0 ∂
k
t u(t) = 0 in D(A) for all k ≤ s− 1, which leads

to
lim
t→0

∂kt (A ◦ u)(t) = lim
t→0

A(∂kt u(t)) = 0, k ≤ s− 1.

So we have proved A ◦ u ∈ 0H
s
p0(R+, Y ) for u ∈ 0H

s
p0(R+, D(A)) and

A+ ∈ L(0H
s
p0(R+, D(A)), 0H

s
p0(R+, Y )) (1.35)

with ‖A+‖L(0Hsp0 (R+,D(A)),0Hsp0 (R+,Y )) ≤ 1. Note that D(A) is equipped with the
graph norm.

Next, we consider the case s ≥ 0 and F as in De�nition 1.71. We directly get

A+ ∈ L(0Fs(R+, D(A)), 0Fs(R+, Y )) (1.36)

by an interpolation argument, (1.35), and Theorem 1.56. The real and complex
interpolation methods are exact (cf. Theorem 1.39) and therefore we also have

‖A+‖L(0Fs(R+,D(A)),0Fs(R+,Y )) ≤ 1. (1.37)

Altogether we conclude that A+ is a well-de�ned operator.
We have to prove the density of the domain. For this we need the concept of

tensor products. For a Banach space Z we de�ne

D(R+)⊗ Z := span{ϕ · z : ϕ ∈ D(R+), z ∈ Z} ⊆ D(R+, Z)

endowed with the subspace topology of the locally convex space D(R+, Z). One
can easily show

D(R+)⊗D(A)
d
↪→ D(R+)⊗X, (1.38)

and in [Ama03, Theorem 1.3.6 (i)] one can �nd the dense embedding

D(R+)⊗X d
↪→ D(R+, X). (1.39)
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Altogether we obtain D(R+) ⊗ D(A)
d
↪→ 0Fs(R+, X) due to (1.38), (1.39), and

Remark 1.67 (iv). So we have proved

D(R+)⊗D(A)
d
↪→ 0Fs(R+, X),

which yields the density of 0Fs(R+, D(A)) in 0Fs(R+, X) because of D(R+) ⊗
D(A) ⊆ 0Fs(R+, D(A)). �

Lemma 1.86. (i) In the same situation as in De�nition and Lemma 1.85 we have

A+ ∈ L(0Fs(R+, X), 0Fs(R+, Y ))

if A ∈ L(X,Y ). In particular, we have

A+ ∈ LIsom(0Fs(R+, X), 0Fs(R+, Y ))

if and only if A ∈ LIsom(X,Y ). In both cases we also have

‖A+‖L(0Fs(R+,X),0Fs(R+,Y )) ≤ ‖A‖L(X,Y ).

(ii) Let T ⊆ L(X,Y ) be R-bounded. Then the family of extended operators

T + := {T+ : T ∈ T } ⊆ L(0Fs(R+, X), 0Fs(R+, Y ))

is also R-bounded.

Proof. (i) The boundedness of A+ follows from (1.37) and the equivalence of
the norms ‖ · ‖D(A) and ‖ · ‖X . The estimate can be obtained by the same
arguments as in the proof of De�nition and Lemma 1.85.

If A is bijective, it is obvious that (A−1)+ is the inverse of A+ and
therefore A+ is also bijective. Let A+ be bijective and let x ∈ X with Ax = 0.
For ϕ ∈ D(R+) \ {0} we then derive A+(ϕ · x) = 0, which yields ϕ · x = 0.
Thus we get x = 0. Let y ∈ Y and ϕ ∈ D(R+) \ {0}. Then there exists
f ∈ 0Fs(R+, X) with A+f = ϕ · y. For t0 ∈ R+ with ϕ(t0) 6= 0 we then
derive A(f(t0)/ϕ(t0)) = y. Hence A is also bijective.

(ii) First, we consider the case s ∈ N0 and F = Hp0 . Let m ∈ N, (Tk)k=1,...,m ⊆
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T , and (fk)k=1,...,m ⊆ 0H
s
p0(R+, X). Then we have

∥∥∥ m∑
k=1

rkT
+
k fk

∥∥∥
Lp0 ([0,1],0Hsp0 (R+,Y ))

=
(∫ 1

0

s∑
j=1

∥∥∥ m∑
k=1

rk(ω)T+
k

(( d
dt

)j
fk

)∥∥∥p0
Lp0 (R+,Y )

dω
)1/p0

=
( s∑
j=1

∫
R+

∫ 1

0

∥∥∥ m∑
k=1

rk(ω)Tk

[(( d
dt

)j
fk

)
(t)
]∥∥∥p0
Y
dωdt

)1/p0

≤ Rp0(T )
( s∑
j=1

∫
R+

∫ 1

0

∥∥∥ m∑
k=1

rk(ω)
(( d

dt

)j
fk

)
(t)
∥∥∥p0
X
dωdt

)1/p0

=
∥∥∥ m∑
k=1

rkfk

∥∥∥
Lp0 ([0,1],0Hsp0 (R+,X))

by Fubini's theorem and theR-boundedness of T . An interpolation argument
based on Theorem 1.44 and Remark 1.67 (ii) then yields the assertion for the
whole fractional Bessel potential and Besov scale. �

The following result shows that the natural extension is compatible with the
H∞-calculus.

Lemma 1.87. Let X be a Banach space of class HT and let T = (T1, . . . , TN )
be an admissible tuple on X with Tk : X ⊇ D(Tk) → X, k = 1, . . . , N , and let
Ω ⊆ Cn be chosen in accordance to T as in the text after De�nition 1.16. The
following permanence properties for the natural extension T+ := (T+

1 , . . . , T
+
N ) on

0Fs(R+, X) hold.

(i) If Tk is sectorial, then T+
k is also sectorial with ϕT+

k
= ϕTk and

(λ− T+
k )−1 =

[
(λ− Tk)−1

]+
for all λ ∈ ρ(Tk). The analog result holds for bisectorial operators.

(ii) The natural extension T+ is an admissible tuple on 0Fs(R+, X).

(iii) We have
f(T+) = f(T)+

for all f ∈ H∞0 (Ω).

(iv) If T admits a bounded H∞(Ω)-calculus, then T+ also admits a bounded
H∞(Ω)-calculus with

f(T+) = f(T)+

for all f ∈ H∞(Ω).
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(v) If T admits an R-bounded H∞(Ω)-calculus, then T+ also admits an R-
bounded H∞(Ω)-calculus.

Proof. (i) Let Tk be sectorial or bisectorial. Then T+
k is also a densely de-

�ned operator by Lemma and De�nition 1.85. Lemma 1.86 directly yields
ρ(Tk) = ρ(T+

k ) and (λ− T+
k )−1 =

[
(λ− Tk)−1

]+
for λ ∈ ρ(Tk). Now Lemma

1.86 yields the resolvent estimate for T+
k and thus ϕT+

k
= ϕTk (respectively,

ϕ
(bi)

T+
k

= ϕ
(bi)
Tk

).

The operator Tk is injective according to Remark 1.4 (ii) and therefore
it is obvious that T+

k is also injective. Hence R(T+
k ) is dense in 0Fs(R+, X)

due to Remark 1.4 (ii) again.

(ii) All T+
k are sectorial or bisectorial so we only have to prove that the resolvents

commute. Using (i) we obtain

(λ− T+
k )−1(µ− T+

j )−1 = [(λ− Tk)−1]+[(µ− Tj)−1]+

= [(λ− Tk)−1(µ− Tj)−1]+ = [(µ− Tj)−1(λ− Tk)−1]+

= (µ− T+
j )−1(λ− T+

k )−1

for all λ ∈ ρ(Tk), µ ∈ ρ(Tj) and j, k = 1, . . . , N .

(iii) Let f ∈ H∞0 (Ω). By approximating the integrand by step functions, it is
easy to see that the following equalities hold (see also [Kai12, Lemma 2.44]
for details):

(f(T+)u)(t) = (2πi)−N
([ ∫

Γ

f(z)
N∏
k=1

[(zk − Tk)−1]+dz
]
u
)

(t)

= (2πi)−N
(∫

Γ

f(z)
N∏
k=1

[(zk − Tk)−1]+u dz
)

(t)

= (2πi)−N
∫

Γ

f(z)
N∏
k=1

(zk − Tk)−1u(t) dz

= (2πi)−N
∫

Γ

f(z)
N∏
k=1

(zk − Tk)−1dz u(t) = (f(T)+u)(t)

for u ∈ 0Fs(R+, X) and almost all t ∈ R+. Hence, we obtain f(T+)u =
f(T)+u.

(iv) Lemma 1.86 and (iii) directly yield that T+ admits a bounded H∞(Ω)-
calculus. Remark 1.21 (iii) and Theorem 1.27 imply f(T+) = f(T)+ for
all f ∈ H∞(Ω).

(v) This easily follows from (iii) and Lemma 1.86 (ii). �



1.3. The time-space derivative 63

For the remainder of this subsection, let X be a Banach space of class HT
with property (α).

Corollary 1.88. Let Dt be the 0Fs(R+,Kr(Rn, X))-realization of ∂t and D+ be the
natural extension of the Kr(Rn, X)-realization D to 0Fs(R+,Kr(Rn, X)). Then
we have the following results:

(i) The sectorial operator Dt admits an R-bounded H∞(Sθ)-calculus for all θ ∈
(π/2, π).

(ii) The operator tuple D+ admits a bounded joint H∞(Ωx)-calculus where Ωx :=∏n
j=1 Σδj and δj ∈ (0, π/2), j = 1, . . . , n.

(iii) The tuple (Dt,D+) is admissible.

Proof. In parts these results have already been stated in Theorem 1.84 and Theo-
rem 1.81 (ii). Using Lemma 1.87, the assertions in (i) and (ii) follow. The resolvents
commute due to the representation as Fourier multipliers, thus the admissibility
follows. �

For simplicity of notation, we will from now on again write D instead of D+,
so all operators will be de�ned on 0Fs(R+,Kr(Rn, X)). The resulting tuple will
be denoted by

D+ := (Dt,D) = (Dt,D1, . . . ,Dn).

This is the 0Fs(R+,Kr(Rn, X))-realization of

∇+ := (∂t,∇x).

Again we will also use the more precise notation DN+ for the N -realization of ∇+.
One of the main results of this chapter states that D+ admits a bounded

joint H∞-calculus:

Theorem 1.89 (Joint time-space H∞-calculus). The tuple D+ admits a bounded
joint H∞(Ω)-calculus on 0Fs(R+,Kr(Rn, X)) where Ω := Sθ ×

∏n
k=1 Σδk with

θ ∈ (π/2, π), δk ∈ (0, π/2), k = 1, . . . , n.

Proof. Let Ωt := Sθ, Ωx :=
∏n
j=1 Σδj , and let h ∈ H∞0 (Ω). Then we de�ne

g : Ωx → L
(

0Fs(R+,Kr(Rn, X))
)
,

z 7→ ‖h‖−1
∞ · h(Dt, z),

which is meaningful because of h(·, z) ∈ H∞0 (Ωt), z ∈ Ωx. Due to Lemma 1.29 we
have g ∈ H∞0 (Ωx,BD+

) and

‖h‖−1
∞ · ‖h(·, z)‖∞ ≤ 1, z ∈ Ωx.

Hence, Corollary 1.88 (i) yields the R-boundedness of g(Ωx) and therefore g ∈
H∞R (Ωx,BD+

). Note that R2(g(Ωx)) can be estimated from above by a constant
which is independent of h.
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From Corollary 1.88 (ii) we get that D has a bounded joint H∞(Ω′x)-calculus
for Ω′x :=

∏n
j=1 Σδ′j with δ

′
j ∈ (0, δj), j = 1, . . . , n. Therefore, we can conclude with

Theorem 1.28 that

‖g(D)‖L(0Fs(R+,Kr(Rn,X))) ≤ C1 · R2(g(Ωx)) ≤ C2 (1.40)

with C1 = C1(D) > 0, C2 = C2(D) > 0. Due to Lemma 1.29 we obtain

g(D) = ‖h‖−1
∞ · h(D+).

So we get

‖h(D+)‖L(0Fs(R+,Kr(Rn,X)) ≤ C2 · ‖h‖∞, h ∈ H∞0 (Ω)

by (1.40). �

Remark 1.90. Let p0, p1 ∈ (1,∞). Similarly to Proposition 1.35, for f ∈ HP (Ω)
we can de�ne the maximal realization

f(D+) :
⋃
s∈R

D(f(D(s)
+ ))→

⋃
s∈R

Lp0(R+, H
s
p1(Rn, X))

where f(D(s)
+ ) is de�ned by the joint H∞-calculus of the Lp0(R+, H

s
p1(Rn, X))-

realization of ∇+. In fact, for u ∈ D(f(D(s)
+ )) the assignment

f(D+)u := f(D(s)
+ )u

is well-de�ned since
f(D(s)

+ )u = f(D(t)
+ )u

holds for all s ≤ t and u ∈ D(f(D(t)
+ )).

Remark 1.91. It is easily seen that the analog of Theorem 1.89 also holds in the
more general situation where we include a shift in the operator and exponen-
tial weights in the spaces. To include a shift in the operator (see Lemma 1.34),
we replace Dt by σ + Dt with σ ≥ 0. Finally, we can consider exponentially
weighted spaces as in Remark 1.70. With the help of the isomorphism M% de-
�ned in (1.16), we can easily extend the results of Theorem 1.89 to the spaces
0Fs%(R+,Kr(Rn, X)).

These straightforward generalizations yield that for every % ≥ 0 and σ ≥ 0,
the 0Fs%(R+,Kr(Rn, X))-realization D(%)

+,σ of (σ + ∂t,∇x) admits a bounded joint
H∞-calculus in 0Fs%(R+,Kr(Rn, X)). For f ∈ HP (Ω), we also have

f(D(%)
+,σ) = fσ(D(%)

+,0)

with fσ being de�ned in Lemma 1.34. Similarly, the equality

f(D(%)
+,0)u = M−1

% f(D(0)
+,%)M%u

holds for all u ∈ 0Fs(R+,Kr(Rn, X)). For details, we refer to [Kai12].



1.3. The time-space derivative 65

Having established the joint H∞-calculus for D+ = (Dt,D1, . . . ,Dn), we can
now replace f(λ, z) by f(Dt,D1, . . . ,Dn) for suitable functions f to obtain well-
de�ned operators in all scales of Sobolev spaces considered above. In particular, the

symbols Λr(z) =
(
1 −

∑n
k=1 z

2
k

)1/2
and Ψs(λ) = (1 + λ)s belong to HP (Ω). The

following proposition states that the resulting operators are even isomorphisms
in the corresponding spaces. This fact which is based on the representation as
Fourier multipliers in Theorem 1.81 and Theorem 1.84 will be a basis for the
Newton polygon approach in Chapter 2.

Proposition 1.92. For arbitrary r′ ∈ R, s′ > 0, and s, r ≥ 0, the symbols

Λr(z) :=
(

1−
n∑
k=1

z2
k

)r/2
, z ∈ Σnδ , δ > 0,

Ψs(λ) := (1 + λ)s, λ ∈ Sθ, θ > π/2

give rise to isomorphisms

Λr(D+) = op[Λr]
∣∣
0Fs′ (R+,Kr′+r(Rn,X))

∈ LIsom

(
0Fs

′
(R+,Kr

′+r(Rn, X)), 0Fs
′
(R+,Kr

′
(Rn, X))

)
,

Ψs(D+) = op+[Ψs]
∣∣
0Fs+s′ (R+,Kr′ (Rn,X))

∈ LIsom

(
0Fs+s

′
(R+,Kr

′
(Rn, X)), 0Fs

′
(R+,Kr

′
(Rn, X))

)
where the domains are given by

D(Λr(D+)) = 0Fs
′
(R+,Kr

′+r(Rn, X)),

D(Ψs(D+)) = 0Fs+s
′
(R+,Kr

′
(Rn, X)).

We also have

(Λr(D+))−1 = (Λ−1
r )(D+), (Ψs(D))−1 = (Ψ−1

s )(D).

Proof. (i) We will use the abbreviation 0Fs
′
(Kr′) := 0Fs

′
(R+,Kr

′
(Rn, X)) from

De�nition 1.71. It is obvious that Λ−1
r ∈ H∞(Σnδ ) and Λr ∈ HP (Σnδ ). From

Lemma 1.29, Lemma 1.87 (iv), and (1.30) we see that Λ−1
r (D+) is the natural

extension of Λ−1
r (D) and therefore

Λ−1
r (D+) = op[Λ−1

r ]|
0Fs′ (Kr′ ) ∈ L

(
0Fs

′
(Kr

′
)
)
.

We even get

(Λ−1
r )(D+) ∈ LIsom

(
0Fs

′
(Kr

′
), 0Fs

′
(Kr+r

′
)
)

by Lemma 1.58 and Lemma 1.86. Theorem 1.26 implies that Λr(D+) ∈
L(0Fs

′
(Kr′)) is invertible with [Λr(D+)]−1 = (Λ−1

r )(D+) and therefore

D(Λr(D+)) = R(Λ−1
r (D+)) = 0Fs

′
(Kr+r

′
)

and Λr(D+) = op[Λr]|0Fs′ (Kr+r′ ) ∈ LIsom

(
0Fs

′
(Kr+r′), 0Fs

′
(Kr′)

)
.
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(ii) We have Ψs ∈ HP (Sθ) and Ψ−1
s ∈ H∞(Sθ). In the same way as in part (i) we

get

Ψ−1
s (D+) = r+

0 op[Ψ−1
s ]e+

0

∣∣
0Fs′ (Kr′ )

= op+[Ψ−1
s ] = (op+[Ψs])

−1 ∈ L
(

0Fs
′
(Kr

′
)
)

by Lemma 1.29 and Theorem 1.84. From Proposition 1.79 we get

Ψ−1
s (D+) ∈ LIsom

(
0Fs

′
(Kr

′
), 0Fs+s

′
(Kr

′
)
)
.

We conclude [Ψs(D+)]−1 = Ψ−1
s (D+) and

D(Ψs(D+)) = R(Ψ−1
s (D+)) = 0Fs+s

′
(Kr

′
)

as in part (i). �

Example 1.93 (Laplace operator). Let r ∈ R and s > 0. Consider the symbol
λ(z) :=

∑n
j=1 z

2
j for z ∈ Σnδ . Then λ ∈ HP (Σnδ ), and the 0Fs(R+,Kr(Rn, X))-

realization of λ(D+) coincides with the realization of the Laplacian ∆ in this space
which is given as

∆: 0Fs(R+,Kr(Rn, X)) ⊇ D(∆)→ 0Fs(R+,Kr(Rn, X)),

u 7→ ∆xu

where D(∆) := 0Fs(R+,Kr+2(Rn, X)).

Proof. Note that we have λ(z) = 1−Λ2(z) for z ∈ Ωx. Theorem 1.26 (iii) directly
yields

λ(D+) = 1− Λ2(D+)

and therefore D(λ(D+)) = D(Λ2(D+)) = Fs(Kr+2) due to Proposition 1.92. In
particular, we see that

−λ(D+)u = Λ2(D+)u− u = op[Λ2] ◦ u− u = (1−∆) ◦ u− u
= −∆ ◦ u = −∆xu

for all u ∈ Fs(Kr+2). �

Example 1.94 (Hilbert transform). The function

f : Σδ → C, z 7→ z√
−z2

is an element of H∞(Σδ). Note that we have f(z) = i ·sign (Im z) for z ∈ Σδ due to
the de�nition of the square root

√
ζ =

√
|ζ| exp(i(arg ζ)/2) with arg ζ ∈ (−π, π].

For the Lp(R, X)-realization of f(D) we obtain

f(D) = op[f ]|Lp(R,X) = F−1mF ∈ L(Lp(R, X)),

m(ξ) := iξ/|ξ| = i · sign ξ, ξ ∈ R \ {0}
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due to the representation (1.30). It is shown in [Ama95, Section 4.3] that F−1mF
coincides with the Hilbert transform which was de�ned in De�nition 1.11. This
implies that f(D) is the Hilbert transform on Lp(R, X). Note that we generally
assumed that X is of class HT .

Remark 1.95. Analog representations hold for Riesz transforms and the Helmholtz
projection in the whole space. For the de�nition and further results on Riesz
transforms we refer to De�nition 4.36 and [Ste70, Ch. III].



http://www.springer.com/978-3-319-01999-4
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