
Chapter 2
Power System Modelling and Analysis
Techniques

Various well documented tools are available to engineers for power system
modelling and analysis. This chapter will describe the fundamental techniques
required to complete studies on the stability of power systems including HVDC
systems. Within this chapter, models are presented for all of the main components
of electrical power systems, including synchronous generators, excitation systems,
power system stabilisers, power transformers, transmission lines, systems loads
and the electrical network. The modelling technique used to handle the time delays
associated with wide area signals is also given. Following this, the techniques used
to represent the HVDC system for power system stability analysis are presented,
including relevant control schemes and converter controllers. The methods of
modelling HVDC lines and multi-terminal HVDC grids are also provided.

In addition to the modelling techniques presented, tools for power system
stability analysis based on system linearisation are also described. Once this
framework has been established, the damping controller designs utilised within
this thesis are thoroughly discussed. Finally, a description of the various test
networks used whilst completing this research is presented.

Throughout this thesis, all modelling has been completed using the MATLAB/
Simulink environment (version 7.9.0, R2009b) with direct implementation of the
mathematical component descriptions outlined within this chapter.

2.1 Modelling Power System Components

Within this section, the models of all main power system components are pre-
sented. These models have been used throughout the research to provide the
simulation results presented later. The power system, and all included components,
are modelled using an orthogonal phase representation, under the assumption that
all three phases are balanced [1].
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2.1.1 Synchronous Generators

The synchronous generator is the fundamental source of energy within modern
electrical power networks, and can be modelled with varying levels of complexity.
Two different synchronous generator models are used within this thesis, a sixth
order model including leakage reactance, and a fifth order model neglecting
leakage reactance.

2.1.1.1 Sixth Order Model with Leakage Reactance

The first order differential equations for the sixth order synchronous generator
model including leakage reactance are given by (2.1–2.6) with notation consistent
with [2].
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The algebraic equations defining the stator voltages and generator electrical real
power are given by (2.7–2.10), assuming the generator armature resistance is
negligible.
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2.1.1.2 Fifth Order Model Neglecting Leakage Reactance

In the fifth order model it is assumed that E0d ¼ 0 and that X0q ¼ Xq. The leakage
reactance is also neglected, resulting in the use of (2.11–2.13) for the generator
voltage state equations and (2.5) and (2.6) representing the mechanical dynamics
of the generator [1].
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The algebraic equations describing the d- and q-axis stator voltages are given as
(2.14) and (2.15) with the generator stator terminal voltage and electrical power
output defined as (2.9) and (2.10) respectively.

Eq ¼ E00q � X00d Id ð2:14Þ

Eq ¼ E00q � X00d Id ð2:15Þ

2.1.2 Generator Excitation Systems

Generators are reliant on excitation systems to provide direct current to the syn-
chronous machine field winding [3]. Furthermore, through controlling the field
voltage Efd (and therefore the field current), the excitation system is able to con-
tribute towards maintaining power system stability. This control is provided by the
AVR, which manipulates the field voltage in order to reach the generator stator

terminal voltage reference set-point, Eref
t , and to ensure the first-swing stability of

the machine. A power system stabiliser may also be included in order to reduce
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rotor speed variations following disturbances. The functional relationship between
the synchronous generator, excitation system, and PSS (if included) is shown in
Fig. 2.1.

Various excitation systems are used in practice, with comprehensive details
found in [4]. Descriptions of the excitation systems used within this thesis are
provided in the following sections.

2.1.2.1 Manual Excitation

Manual excitation is the simplest excitation scheme, with the field voltage Efd

maintained at a constant value determined during the synchronous generator
parameter initialisation. No AVR is used and therefore the generator terminal
voltage may vary from the desired value if operating conditions change.

2.1.2.2 Static Excitation (IEEE Type ST1A)

Static excitation systems supply direct current to the generator field winding
through rectifiers which are fed by either transformers or auxiliary machine
windings [4]. A simplified version of the IEEE Type ST1A static exciter is shown
in Fig. 2.2, consisting of voltage transducer delay, exciter, and Transient Gain
Reduction (TGR). The signal EPSS is a stabilising signal from the PSS, if one is
used in conjunction with the exciter.
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Fig. 2.2 Simplified block diagram for the IEEE Type ST1A static exciter
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Two versions of this controller are used within this thesis, referred to as
ST1A_v1 and ST1A_v2.

• ST1A_v1 treats the transducer delay as negligible (TR = 0).
• ST1A_v2 has no time constant in the exciter block Tex

A ¼ 0
� �

, and no transient

gain reduction block TTGR
B ¼ TTGR

C ¼ 0
� �

.

2.1.2.3 DC Excitation (IEEE Type DC1A)

Excitation systems which use a DC current generator and commutator are referred
to as DC exciters and typically respond more slowly than static systems [4].
Figure 2.3 presents a simplified version of the IEEE Type DC1A DC excitation
system used within this thesis.

2.1.3 Power System Stabilisers

A power system stabiliser will act to add damping to generator rotor oscillations
through a supplementary control signal sent to the excitation system. The most
common [3] and logical signal to use to monitor generator rotor oscillations is the
rotor speed deviation Dxr and this is used within this thesis.

Due to the phase characteristics of the excitation system through which the
stabilising signal EPSS must act, the PSS must include suitable phase compensation
blocks to ensure the introduced electrical damping torque component is in phase
with the rotor speed variation. This phase compensation is created by a number of
phase lead/lag blocks which are combined with a washout filter so that steady state
changes are ignored, and a gain KPSS in order to maximise damping. The PSS
block diagram is shown in Fig. 2.4. Limits on the supplementary control signal
EPSS are sometimes asymmetric to allow a large positive contribution during large
swings, but limiting the negative output to reduce the risk of an under-voltage unit
trip if the stabiliser fails [5]. The inclusion of a low-pass filter may be required to
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Fig. 2.3 Simplified block diagram for the IEEE Type DC1A DC exciter
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reduce the high-frequency output of the PSS in order to avoid potential interactions
with the torsional mechanical modes of large steam-turbines—which can be as low
as 7–8 Hz [3]. As these mechanical systems are not modelled within this work,
there is no requirement to include the low-pass filter.

2.1.4 Transmission Lines

Throughout the work presented within this thesis, transmission lines are modelled
using a lumped parameter model and the common p-representation [3]. The lines
are assumed to be short enough that this approach is applicable and that more
complex p-section or distributed parameter representation is not required [6].

2.1.5 Transformers

With orthogonal phase representation of the power system, an equivalent
p-representation of a two-winding transformer can be used, as shown in Fig. 2.5
[3]. In this representation, YTx

eq ¼ 1=ZTx
eq where ZTx

eq is the equivalent leakage
reactance of the transformer, and cTx = 1/ONR where ONR is the Off-Nominal
turns Ratio of the transformer.
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2.1.6 Loads

The way in which power system loads are modelled can have a significant effect
on the results obtained from simulations [7]. Electromechanical oscillations can
affect voltage magnitude and frequency across the network and loads which are
sensitive to these changes may require more detailed models to ensure accurate
results. Further examples of the effects of load modelling can be found in [8].
Within this thesis, a constant impedance load model is used, represented as a shunt
admittance Yload

i connected to the ith load bus as in (2.16). This model is con-
sidered adequate for stability studies [1], although further studies involving more
complex load models could be used in order to more accurately establish the
system dynamic response. The modelling of system loads is not critical for the
methodologies developed within this research and the use of a constant impedance
representation is fully adequate for all the studies which have been performed.

Yload
i ¼ Pload

i � jQload
i

Vi
ð2:16Þ

2.1.7 Network

The power system network is modelled simply as a combination of all transmis-
sion lines, transformers, and constant impedance loads. The nodal network
equation formed, shown in (2.17) for a network with N buses, describes the
relationship between system voltages V and points of current injection I [1].
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or I ¼ YV ð2:17Þ

In (2.17), subscripts i and j are bus numbers such that Yii is the self-admittance
of bus i, and Yii is the mutual- admittance between buses i and j.

Reduction of the network model is possible so that all zero-injection buses are
neglected and the nodal network equation has much smaller dimension [6]. This
lowers the computational burden during simulations and power system analysis.
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2.1.7.1 Network Reference Frames

The network is modelled in the common system reference frame (D-Q), however
each machine is modelled using its own individual machine reference frame (d-q).
Both of these orthogonal reference frames are rotating; the system reference frame
at synchronous speed xsyn, and each machine reference frame with the generator
rotor, at xr, offset by the rotor angle d. Transformations between reference frames
for voltages are completed using (2.18) and (2.19), with transformations applied
similarly for system current injections.
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Vd
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VQ
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2.1.7.2 Network Disturbances

With a single phase representation of the network, only balanced faults can be
simulated when assessing the non-linear transient response of the network. These
are readily simulated by adding a large shunt admittance (a value of 109 pu is used
within this thesis) to the self-admittance Yii of the faulted bus i in the nodal
admittance matrix.

2.1.8 Modelling of Signal Time Delays

As wide area signals are often used as controller inputs for oscillation damping, the
time delays associated with their transmission must be considered. The standard
Laplace domain representation of the time-based function f(t-s) subject to the
signal transmission delay s is given as F(s) = e-ss. This must be approximated by
a rational function for inclusion within a linearised power system model.

Padé approximations of time delays are commonly used with WAMS-based
damping controllers where they have been shown to provide good results [9–12].
Within this thesis a second order approximation P2(s) is used, given by (2.20) [13].

P2 sð Þ ¼ s2s2 � 6ssþ 12
s2s2 þ 6ssþ 12

ð2:20Þ
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2.2 Modelling HVDC Systems

The technique used within this work to model HVDC systems for stability studies
is injection modelling [14–17]. It is a flexible approach which can be used to
model both LCC-HVDC and VSC-HVDC with varying levels of detail.

2.2.1 HVDC Converters

An HVDC converter station is modelled as a voltage source with variable mag-
nitude Vconv and angle hconv connected to an AC bus across a reactance Xconv

eq , as
shown in Fig. 2.6. Practically, this reactance represents the equivalent reactance
between the converter station terminals and the point of common coupling with the
AC system and is dominated by the leakage reactance of the converter transformer.
By varying Vconv and hconv it is possible to produce the desired flow of active and
reactive power from the DC system to the AC network or vice versa.

When an HVDC line is connected in parallel with an existing AC transmission
line, the equivalent representation is therefore given by Fig. 2.7. The line shown
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Fig. 2.6 Injection model for one HVDC converter station connected to an AC network
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Fig. 2.7 Injection model for an HVDC transmission system in parallel with an existing AC line
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between buses i and j represents the pre-existing AC line. The voltage and angle at
the equivalent source buses can be varied to produce the desired converter power
injection into the AC network. The injections of active and reactive power are
dictated by (2.21) and (2.22) respectively.

Pconv ¼ VconvVsys sin hconv � hsysð Þ
Xconv

eq

ð2:21Þ

Qconv ¼ Vconv Vconv � Vsys cos hconv � hsysð Þ½ �
Xconv

eq

ð2:22Þ

Converter controls and DC line dynamics can be modelled to varying degrees
of complexity, and the model can be extended for use with multi-terminal HVDC
systems. This injection model can be easily integrated with existing AC network
models as the interface point is the equivalent source bus voltage.

2.2.2 LCC-HVDC Modelling

LCC-HVDC systems cannot provide independent control of active and reactive
power. They are controlled through variation of the converter firing angle a. From
this single controllable parameter, the HVDC converter voltage can be calculated
at the rectifier and inverter stations as in (2.33) and (2.24) respectively—assuming
a generalised six-pulse converter [18].
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In (2.33) and (2.24), b = 180� - a, n is the converter transformer ratio, Vsys is
the AC system voltage at the bus connected to the HVDC system, and XC is the
commutating reactance.

2.2.2.1 LCC-HVDC Converter Controls

Control of a is provided by Proportional-Integral (PI) controllers with clamped
anti-windup as shown in Fig. 2.8. The rectifier controller maintains constant
current with the current reference subjected to a standard Voltage Dependent
Current Order Limiter (VDCOL) [3]. At the inverter the primary control aim is to
maintain the DC system voltage. However current support is provided for situa-

tions when the DC current drops below a threshold equal to Iref
dc � Imarg (where

Imarg is the current margin). Furthermore, at the inverter there is an added
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constraint on a in that it cannot be set such that the extinction angle c as calculated
in (2.25) falls below cmin (required to ensure full extinction of valves and avoid
commutation failures) [18].

c ¼ cos�1 Vinv
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2.2.2.2 LCC-HVDC Line Modelling

For LCC-HVDC systems, a T-model is used to represent the DC system dynamics.
Figure 2.9 illustrates this model, with the DC capacitance voltage and line currents
described mathematically by (2.26–2.28) where Cdc, Ldc and Rdc are representative
of the capacitance, inductance and resistance of the HVDC line [3]. This allows for
simple calculation of the instantaneous power flow from the HVDC line to each
converter station as (2.29). The convention that power flow from the DC system to
the AC system is considered positive is maintained throughout this work.
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Pdc ¼ IdcVdc ð2:29Þ

All symbols used in (2.26–2.29) are in accordance with Fig. 2.9. If converter
stations are considered to be lossless then Pconv = Pdc, otherwise losses must be
accounted for when calculating Pconv.

2.2.2.3 Reactive Power Compensation

The reactive power consumed by the LCC-HVDC converter is then given by
(2.30), assuming reactive compensation is provided by a shunt susceptance Bcomp

[3].

Qconv ¼ �Pconv tan uþ Bcomp Vsysð Þ2 ð2:30Þ

In (2.30), u is given by (2.31) at the rectifier and by (2.32) at the inverter.
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uinv ¼ cos�1 cos bþ XCIinv
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The active and reactive power injections to the AC network (Pconv and Qconv)
for an LCC-HVDC line are fully defined.

2.2.3 VSC-HVDC Modelling

VSC-HVDC is capable of providing four-quadrant power control consisting of any
combination of positive or negative active and reactive power [19]. This is
achieved through control of the converter bus voltage magnitude and angle. For
point-to-point transmission systems a common and realistic control solution is
used with one converter station maintaining DC voltage and the other regulating
active power flow. Reactive power control is independent at each converter
station [19].
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Fig. 2.9 LCC-HVDC line model
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2.2.3.1 VSC-HVDC Converter Controls

Controllers are PI or integral regulators with clamped anti-windup as shown in

Fig. 2.10 [20]. Signals DPref
dc and DQref

dc are to be used for auxiliary stabilising
control action [15, 21].

2.2.3.2 VSC-HVDC Line Modelling

VSC-HVDC line dynamics are represented by a simple p-model within this
research, as in Fig. 2.11. The DC line voltages and current are described mathe-
matically by (2.33–2.35). As with the LCC-HVDC model, power flow from the
DC system to the AC system is considered positive.
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All symbols used in (2.33–2.35) are in accordance with Fig. 2.11. As with
LCC-HVDC lines, if converter stations are considered to be lossless then
Pconv = Pdc.

2.2.4 Interface with AC System

As electromechanical oscillations with a typical frequency in the range of
0.2–2.5 Hz are being investigated within this research, the fast time constants
associated with the switching operations of the power electronics can be neglected
[15, 21]. It is therefore assumed that the converters are able to instantaneously
reach the controller set-points Pconv and Qconv in Fig. 2.10. Interface with the AC
system requires setting the equivalent source voltage to ensure that these powers
are injected into the AC network using (2.36) and (2.37).

Vconv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
ð2:36Þ

hconv ¼ hsys þ tan�1 a=bð Þ ð2:37Þ

In (2.36) and (2.37), a = Vconv sin (hconv–hsys) and b = Vconv cos (hconv–hsys)
are calculated using (2.38) and (2.39).
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2.2.5 Multi-Terminal HVDC Grid Modelling

Extension of the point-to-point VSC-HVDC injection model to a multi-terminal
grid is easily performed. The converter controls and interface equations remain the
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Fig. 2.11 VSC-HVDC line model based on power injection
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same. However the DC line equations require modification in order to represent a
network, rather than a single line. As described fully in [16], the DC capacitance is
lumped at the converter station terminals, and the lines are represented as purely
resistive and inductive.

Using the generic MTDC converter node shown in Fig. 2.12, converter node
Eqs. (2.40) and (2.41) can be used to describe the DC voltages and currents within
the grid. The convention that power flow is positive when injected into the AC
system from the DC system is still maintained. For the purposes of the local
converter node equations, it is also assumed that all outgoing current flows from
the node are positive.

d

dt
Vdc;i ¼

1
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�Pdc;i

Vdc;i
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Xnconv;i

j6¼i

Idc;ij

 !
ð2:40Þ

d

dt
Idc;ij ¼

1
Ldc;ij

�Idc;ijRdc;ij þ Vdc;i � Vdc;j

� �
ð2:41Þ

In (2.40) and (2.41), nconv,i is the number of converters connected to the ith
converter through DC lines, and the subscript ij refers to the line connecting the ith
and jth converters.

Within this thesis a simple extension of the point-to-point control schemes is
used. One converter station within the MTDC grid will maintain the DC voltage—
referred to as the slack DC bus. The remaining converter stations regulate active
power flow with reactive power flow independently controlled at all converter
stations. The controls presented previously in Fig. 2.10 are used. Use of more
complex DC voltage droop characteristics are only of importance when studying
the effects of transient events and outages, such as the loss of a converter station
[22]. As these transient studies are not investigated as part of this research, the use
of a slack DC bus is a suitable simplification.
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Fig. 2.12 Generic MTDC converter node line model
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2.2.6 HVDC Model Summaries

The equations which constitute the complete HVDC models are repeated for
completeness in the following summary sections.

2.2.6.1 LCC-HVDC

A complete LCC-HVDC line is modelled as follows. The rectifier converter sta-
tion is modelled using (2.42) with control from Fig. 2.8a.

Vrect
dc ¼

3
ffiffiffi
2
p

p
nVsys cos a� 3XC

p
Irect
dc ð2:42Þ

The inverter converter station is modelled using (2.43–2.44) with control from
Fig. 2.8b.

Vinv
dc ¼

3
ffiffiffi
2
p

p
nVsys cos bþ 3XC

p
Iinv
dc ð2:43Þ

c ¼ cos�1 Vinv
dc þ

3XC

p
Iinv
dc

	 
�
3
ffiffiffi
2
p

p
nVsys

� �
ð2:44Þ

The LCC-HVDC line currents and respective power flows are found using
(2.45–2.48).

d

dt
Irect
dc ¼

1
Ldc

VC � Vrect
dc � RdcIrect

dc

� �
ð2:45Þ

d

dt
Iinv
dc ¼

1
Ldc

VC � Vinv
dc � RdcIinv

dc

� �
ð2:46Þ

d

dt
VC ¼

1
Cdc
�Irect

dc � Iinv
dc

� �
ð2:47Þ

Pdc ¼ IdcVdc ð2:48Þ

Pconv is determined from Pdc considering the losses of the converter stations,
with reactive power consumption calculated using (2.49) and (2.50) at the rectifier,
and (2.49) and (2.51) at the inverter.

Qconv ¼ �Pconv tan uþ Bcomp Vsysð Þ2 ð2:49Þ

urect ¼ cos�1 cos a� XCIrect
dcffiffiffi

2
p

nVsys

	 

ð2:50Þ
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uinv ¼ cos�1 cos bþ XCIinv
dcffiffiffi

2
p

nVsys

	 

ð2:51Þ

Finally, the equivalent source voltages to ensure the correct injections of Pconv

and Qconv at each converter station are calculated using (2.52–2.73).

Vconv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
ð2:52Þ

hconv ¼ hsys þ tan�1ða=bÞ ð2:53Þ

a ¼
Xconv

eq Pconv

Vsys
ð2:54Þ

b ¼ 1
2

Vsys þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vsysð Þ2�4
Xconv

eq Pconv
� �2

Vsysð Þ2
� Xconv

eq Qconv

0
B@

1
CA

vuuuut

2
664

3
775 ð2:55Þ

2.2.6.2 VSC-HVDC

The model requirements for a point-to-point VSC-HVDC line are presented within
this section. One converter operates with control schemes (a) and (c) from
Fig. 2.10, and the other with control schemes (b) and (c) from Fig. 2.10. The VSC-
HVDC system currents and voltages are determined by the line model which is
defined using (2.56–2.58).

d

dt
Vdc;i ¼

1
Cdc

�Pdc;i

Vdc;i
� Idc

	 

ð2:56Þ

d

dt
Vdc;j ¼

1
Cdc

�Pdc;j

Vdc;j
þ Idc

	 

ð2:57Þ

d

dt
Idc ¼

1
Ldc
�IdcRdc þ Vdc;i � Vdc;j

� �
ð2:58Þ

The converters are assumed to reach the power injection controller set-points
instantaneously [15, 21]. Therefore as with the LCC-HVDC line, the equivalent
source voltages to ensure the correct injections of Pconv and Qconv at each converter
station are calculated using (2.59–2.62).

Vconv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
ð2:59Þ

hconv ¼ hsys þ tan�1ða=bÞ ð2:60Þ
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a ¼
Xconv

eq Pconv

Vsys
ð2:61Þ

b ¼ 1
2

Vsys þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Vsysð Þ2�4
Xconv

eq Pconv
� �2

Vsysð Þ2
� Xconv

eq Qconv

0
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vuuuut

2
664

3
775 ð2:62Þ

2.2.6.3 VSC-MTDC

A VSC-MTDC system is modelled as an extension of a point-to-point VSC-HVDC
line. One slack converter station uses control schemes (a) and (c) from Fig. 2.10
(to regulate voltage and reactive power). All other converter stations use control
schemes (b) and (c) from Fig. 2.10. An example is presented the VSC-MTDC grid
shown in Fig. 2.13, for which the mathematical model has been explicitly stated.

For clarity, Cdc, Ldc and Rdc have not been included in the diagram. At each
converter station i there exists a capacitance Cdc,i. Each line between the ith and jth
converter stations consists of a resistance Rdc,ij and an inductance Ldc,ij .

The voltages at converter stations 1–4 are defined by (2.63–2.66), with all line
currents calculated using (2.67–2.69) considering the identities (2.70–2.72).

d

dt
Vdc;1 ¼

1
Cdc;1

�Pdc;1

Vdc;1
� Idc;1�2

	 

ð2:63Þ

I
P

I

1

2
P

3

4

P

I

I

I

dc,1

dc,1−2 dc,2−1
dc,2−3

dc,2−4dc,2

dc,4−2

dc,3−2

dc,3

I

−

−

−

Pdc,4
−

Fig. 2.13 Example of a four-node VSC-MTDC grid
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d

dt
Vdc;2 ¼

1
Cdc;2

�Pdc;2

Vdc;2
� Idc;2�1 � Idc;2�3 � Idc;2�4

	 

ð2:64Þ

d

dt
Vdc;3 ¼

1
Cdc;3

�Pdc;3

Vdc;3
� Idc;3�2

	 

ð2:65Þ

d

dt
Vdc;4 ¼

1
Cdc;4

�Pdc;4

Vdc;4
� Idc;4�2

	 

ð2:66Þ

d

dt
Idc;1�2 ¼

1
Ldc;1�2

�Idc;1�2Rdc;1�2 þ Vdc;1 � Vdc;2
� �

ð2:67Þ

d

dt
Idc;2�3 ¼

1
Ldc;2�3

�Idc;2�3Rdc;2�3 þ Vdc;2 � Vdc;3
� �

ð2:68Þ

d

dt
Idc;2�4 ¼

1
Ldc;2�4

�Idc;2�4Rdc;2�4 þ Vdc;2 � Vdc;4
� �

ð2:69Þ

Idc;1�2 ¼ �Idc;2�1 ð2:70Þ

Idc;2�3 ¼ �Idc;3�2 ð2:71Þ

Idc;2�4 ¼ �Idc;4�2 ð2:72Þ

2.3 Power System Analysis Techniques

The various AC and DC components that make up the complete non-linear power
system model have been described according to their differential and algebraic
equations. This section will describe the further tools which are often used to
assess power system small-disturbance stability and which facilitate the design of
power system oscillation damping controllers.

2.3.1 Power System Linearisation

As described in Chap. 1, small-disturbance stability is the ability of a power
system to maintain synchronous operation when subjected to small disturbances
[3]. A disturbance is considered to be small if the power system equations can be
linearised for the purpose of the analysis.

The power system is described by the compact vector–matrix representation of
(2.73) and (2.74).
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_x ¼ f ðx; uÞ ð2:73Þ

y ¼ gðx; uÞ ð2:74Þ

In (2.73) and (2.74), x is a vector of n state variables, u is a vector of m system
inputs, y is a vector of p system outputs, and f and g are vectors of non-linear
equations.

An equilibrium point can be defined at which x = x0 and u = u0 such that
(2.73) is equal to zero. By making a small perturbation (D) from this point, (2.75)
can be established.

_x0 þ D _x ¼ fðx0 þ Dx; u0 þ DuÞ ð2:75Þ

As only small perturbations are considered, a first order Taylor’s series
expansion of (2.75) can be used as a suitable approximation [3]. This can be
similarly completed for (2.74) with respect to system outputs, and simplified, to
provide the linearised state space power system model consisting of (2.76) and
(2.77).

D _x ¼ ADxþ BDu ð2:76Þ

Dy ¼ CDxþ DDu ð2:77Þ

In (2.76) and (2.77), the following definitions are used:
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2.3.2 Modal Analysis

By Lyapunov’s first method, the small-disturbance stability of a system is given by
the roots of the characteristic equation of the system first order approximations
[23]. With respect to the linearised state space model of the power system, cal-
culation of the eigenvalues of the system matrix A is required.
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The eigenvalues of A are given by the values of the scalar k for which there are
non-trivial solutions to (2.78), where / is an n 9 1 vector and / 6¼ 0. There are
n solutions to (2.78), forming the set of n eigenvalues (or modes) k = k1, k2. . .kn .

A/ ¼ k/ ð2:78Þ

The column vector /i which satisfies (2.78) for the ith eigenvalue ki is referred
to as the right eigenvector of A associated with ki. Similarly there exists a left
eigenvector, a 1 9 n row vector w which satisfies (2.79) for ki.

wA ¼ wk ð2:79Þ

As both right and left eigenvectors are unit-less, it is common practice to
normalise them such that /iwi ¼ 1.

The modal matrices are often used to succinctly express the eigenproperties of a
system. These n 9 n matrices are defined by (2.80–2.82).

U ¼ /1 /2 . . ./n½ � ð2:80Þ

W ¼ w1 w2 . . . wT
n

� 
T ð2:81Þ

K ¼ diag k1 k2 . . .kn½ � ð2:82Þ

In (2.80–2.82), U is the matrix of right eigenvectors, W is the matrix of left
eigenvectors, and K is a diagonal matrix of system eigenvalues.

Within this thesis, the MATLAB/Simulink environment is used to provide
linearised system models and perform eigenvalue analysis.

2.3.2.1 Modal Stability

The time-based behaviour of a mode ki is given by ekit [1]. It can therefore be
easily established that purely real eigenvalues are non-oscillatory. Negative real
eigenvalues will result in a time response which decays, whereas positive real
eigenvalues will lead to an aperiodically increasing time response. If A is real,
complex eigenvalues occur only in conjugate pairs k ¼ r� jxð Þ. These oscillatory
modes are described by their damping r and frequency x. The damping factor f of
a mode is defined as in (2.83) and provides the rate of decay of the amplitudes of
oscillation associated with the mode. If a complex eigenvalue has positive real
part, these oscillations will grow and lead to system instability.

f ¼ �rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ x2
p ð2:83Þ

It can be concluded that if any single eigenvalue has a positive real part, the system
is unstable. Furthermore, in practical power system applications, it is desirable to
restore steady state operation as quickly as possible following disturbances. High
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damping factors for electromechanical modes are therefore desired, with a typical
threshold of f[ 5 % often implemented for control design purposes [24].

2.3.2.2 Modal System Representation

The state space power system model given by (2.76) and (2.77) can be rewritten in
the modal canonical form of (2.84) and (2.85) by means of a modal transformation
of the state variables Dx to the modal variables z as in (2.86).

_z ¼ Kzþ BMDu ð2:84Þ

Dy ¼ CMzþ DDu ð2:85Þ

z ¼ MDx ð2:86Þ

In (2.84–2.86), the modal transformation matrix M ¼ U�1, and the modal state
matrices are defined as K ¼ MAM�1, BM ¼ MB, and CM ¼ CM�1.

The n� m matrix BM is the mode controllability matrix and defines how
controllable a mode is through a given input. If the element BM i; jð Þ is equal to
zero, then the jth input will have no effect on the ith mode [3].

The p� n matrix CM is the modal observability matrix which defines how
observable a mode is in a given output. If the element CM k; ið Þ is equal to zero,
then the ith mode cannot be observed in the kth output [3].

Residue values contain information about both modal observability in a given
output, and controllability through a given input. The open loop residue of the
system transfer function between the jth input and kth output, with respect to the
ith mode, is given by (2.87). The complex entries in Ri also contain information
about the phase delay between system inputs and outputs which is useful for
control purposes [3].

Ri j; kð Þ ¼ CM k; ið ÞBM i; jð Þ ð2:87Þ

2.4 Damping Controller Design

It was shown in Chap. 1 that HVDC systems can be exploited for POD purposes.
This section will briefly present the POD controller designs that have been used
within this thesis. It should be noted that these are not the only POD controller
methodologies available, and many alternative schemes have been discussed
further in Sect. 1.3.1. The two controllers described below are the PSS structure,
and modal linear quadratic Gaussian control. These two controller forms offer
different advantages and vary significantly in complexity.
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2.4.1 PSS-Based POD Control

A simple supplementary POD controller design commonly used with HVDC systems
follows the conventional structure of a PSS incorporating washout, phase compen-
sation, gain, and limits as shown in Fig. 2.14. This design has been used numerous
times in previous studies, for example [25–28]. The control structure is simple,
effective, and easily tuned; it can however only be optimally tuned for a single mode.

Input to the controller is usually selected as a local input, although PSS designs
incorporating wide area signals also exist [29–31]. Throughout this thesis, signal
selection will be specified for each case study presented.

Controller parameters are specified using the residue-based tuning approach

[32–34]. Once the controller output DPref
dc

� �
and the controller input are known,

the open loop transfer function residues for each electromechanical mode requiring
additional damping can be determined using (2.87). POD controller tuning is
carried out for the mode with the greatest residue magnitude Rij j as it will be most
affected by the controller [32, 33].

Having established the mode to be damped, the residue angle \Ri is deter-
mined. The phase compensation required within the PSS-based POD controller is
then calculated as 180� � \Ri. This will move the target eigenvalue further into
the left half of the complex plane with no change in frequency [33, 34]. Parameters
for the lead-lag blocks are determined according to the required phase compen-
sation. Phase compensation is limited to approximately 60� per block to reduce
sensitivity to noise at high frequencies as well as due to the physical limitations of
RLC circuits [35, 36]. Following this, controller gain KPOD is increased until a
sufficient amount of damping is achieved for the target mode, taking care to avoid
causing detrimental effects to the other system eigenvalues and ensuring a suitable
PSS gain margin [35, 36]. Final controller parameters will be presented for each
case study throughout this thesis.

2.4.2 Modal Linear Quadratic Gaussian Control

A control approach capable of using multiple wide area signals to improve the
damping of a number of targeted modes has also been studied. This controller
structure can also be extended to a multiple-output configuration. This is necessary
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Fig. 2.14 PSS-based POD controller structure
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when coordinated damping using more than one VSC-HVDC line or an MTDC
grid is considered.

The linear quadratic Gaussian control design is a cornerstone of modern opti-
mal control theory and its advantages have led to widespread research into its use
in power system damping [10, 37–40]. However, the design approach is rarely
straightforward, especially within large power systems where many generators
participate in the critical modes which require additional damping. In these situ-
ations, the controller tuning process can become prohibitively complex.

Participation factor analysis is required in order to identify the electrome-
chanical states involved in critical system modes [3]. Weightings can then be
assigned to these states. However, if these states are involved in other targeted
modes or modes that do not require altering, the damping of these modes will also
be affected, sometimes adversely. This results in a complex and time consuming
tuning process in which it is often not possible to obtain exact target damping
factors. These complexities and problems can be overcome through the novel use
of a modal representation of the control design problem. The formulation of this
control structure and extensive studies are presented in [12]. A brief description is
presented below.

The power system model is linearised to (2.88) and (2.89), where w and v are
assumed to be uncorrelated zero-mean Gaussian stochastic noise processes with
constant power spectral density matrices W and V respectively [41]. Note that
D from (2.85) is neglected as it is typically equal to zero for all power system
applications.

_x ¼ Axþ Buþ Cw ð2:88Þ

y ¼ Cxþ v ð2:89Þ

The standard LQG feedback control law can be written simply as (2.90).

u tð Þ ¼ �Kx̂ðtÞ ð2:90Þ

The Linear Quadratic Regulator (LQR) gain K is determined by solving the
associated Algebraic Riccati Equation (ARE) to minimise the cost function (2.91).
In this modal formulation, the real matrix M is the modal transformation matrix
described previously in Sect. 2.3.2.2, obtained using real Schur decomposition
[42]. This transformation to the modal variables, as in (2.86), allows targeted
damping on specific system modes through appropriate, commonly diagonal,
setting of the weighting matrices QM and R.

JK ¼ lim
T!1

E

ZT

0

xT MTQMM
� �

xþ uT Ru
� �

dt

8<
:

9=
; ð2:91Þ

Values of R are set in order to penalise the corresponding controller’s outputs
from high actions. Values of QM are set in order to effect a higher effort by
the controller to stabilise the corresponding modal variables zi, and hence eki t
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Non-zero weights are given only to modes of interest in QM , thus targeting the
control effort of the LQR while keeping the locations of other modes unaltered.

With respect to (2.90) x̂ is an estimate of the states x obtained using a Kalman
filter as described by (2.92).

_̂x tð Þ ¼ Ax̂þ Buþ L y� Cx̂ð Þ þ Lv ð2:92Þ

The optimal choice of the constant estimation error feedback matrix L mini-
mises E x� x̂½ �T x� x̂½ �

� �
. It is calculated by solving the ARE associated with the

cost function (2.93). The weighting matrices W and V are calculated as in (2.94)
and (2.95) and tuned according to the Loop Transfer Recovery (LTR) procedure at
plant input [41].

JL ¼ lim
T!1

E

ZT

0

xT Wxþ uT Vu
� �

dt

8<
:

9=
; ð2:93Þ

W ¼ CWoC
T þ qBHBT ð2:94Þ

V ¼ Vo ð2:95Þ

In (2.94) and (2.95), Wo and Vo are estimates of the nominal model noise, and
H is any positive definite matrix.

Full recovery of robustness is achieved as q!1. Care should be taken
though, as full recovery would lead to excessively high gains and the nominal
performance of the controller with respect to the true noise problem would
therefore deteriorate. For non-minimum phase systems, which is commonly the
case in power systems, only partial recovery can be achieved [41].

The MLQG controller has the structure shown in Fig. 2.15. The closed-loop
dynamics of the LQG controller are described by (2.96). The transfer function for
the complete LQG controller from y to u is given by (2.97).

d

dt
x
x̂

� �
¼ A �BK

LC A� LC � BK

� �
x
x̂

� �
þ Cw

Lv

� �
ð2:96Þ

KLQG sð Þ ¼ AC BC

CC DC

� �
¼ A� BK � LC L

�K 0

� �
ð2:97Þ

Input signal selection is very important in order to capture as much information
as possible regarding the critical modes that require improved damping. The
methods used for signal selection and details of any signal delays will be discussed
when specific case studies are presented throughout the thesis.
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2.4.2.1 Model Reduction

As can be seen from (2.97), the final MLQG controller is of the same order as the
plant model on which it is designed. It is often desirable to obtain a lower order
controller in order to ensure that it is not too complex for practical implementation
[41]. The possibility exists to reduce the order of the final controller at various
stages of the design process. This reduction can occur:

• On the plant model prior to commencing the design procedure. When designing
LQG controllers, it is sometimes necessary to perform initial model order
reduction to avoid ill conditioning when solving high order matrix Riccati
equations [39]. Following this reduction, signal delays are introduced where
appropriate on inputs and outputs. The reduced plant model including delays is
then used during the control design process.

• On the final controller design after completion of the design process. This will
lessen the online computational burden of the controller whilst still maintaining
the improved critical mode damping.

• Both on the plant model and the final controller design in order to minimise
the final controller size.

Throughout this research, the Schur Balanced Truncation Method [43] has been
used to perform model reduction – implemented within MATLAB. The rigorous
comparison of the frequency response of the singular values of the full and reduced
order systems is used to ensure that only system states having little effect on the
input–output behaviour of the system are discarded [44].
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Fig. 2.15 Standard LQG controller structure
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In order to ensure clarity, the model reduction details for individual case studies
within this thesis will be explicitly stated.

The research methods and results presented throughout this thesis are not
dependent on the controller designs or tuning methods employed and further
techniques, such as those previously discussed in Sect. 1.3.1, could also be used.

2.5 Test Networks

Throughout this thesis two standard test networks are used. The standard AC
networks are presented in the following sections. When HVDC modifications are
made for the various studies conducted (such as the addition of point-to-point lines
or an MTDC grid) they will be detailed on a case-by-case basis to avoid ambiguity.

All system details including line parameters, standard loading, and dynamic
machine data is included in Appendix A. In all cases, initial load flows are per-
formed using modified MATPOWER functions [45].

2.5.1 Two Area Network

A small four-machine, two-area network is introduced in [3] for use with small-
disturbance stability studies. The network diagram is shown in Fig. 2.16. This
system requires significant transmission of power from bus 7 to bus 9 through a
long transmission corridor, with the left and right areas of the network prone to
post-disturbance inter-area oscillations. All generators are modelled as fifth order
neglecting leakage reactance, and controlled by type ST1A_v1 static exciters with
PSSs installed. All power system loads are modelled as constant impedance.

The power system exhibits three electromechanical oscillatory modes. At the
nominal operating point given in Appendix A, these modes have the properties
which are given in Table 2.1.
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Fig. 2.16 Kundur two-area test network diagram
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2.5.2 New England Test System and New York Power System

A larger 16-machine, 68-bus, five-area network is also utilised throughout this
thesis to investigate oscillatory behaviour. The network is shown in Fig. 2.17 and
was introduced in [24] and used extensively in [44] for damping controller design
studies. The network represents a reduced order equivalent model of the New
England Test System (NETS) and the New York Power System (NYPS). Five
separate areas are present: NETS consisting of G1-G9, NYPS consisting of
G10-G13, and three further infeeds from neighbouring areas are represented
separately by G14, G15 and G16. Flows of active power across inter-area ties are
shown in Fig. 2.17, demonstrating the heavy import of power into the NYPS area,
due to a generation shortfall of roughly 2.7 GW.

All generators are represented by full sixth order models. Generators G1-G8 use
the slow DC1A exciter, whilst G9 is equipped with a fast acting ST1A_v2 static
exciter and PSS. The remaining generators (G10-G16) are under constant manual
excitation. Power system loads are modelled as constant impedance.
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Fig. 2.17 NETS-NYPS five-area test network diagram

Table 2.1 Electromechanical mode properties for the two area test system at the nominal
operating point

Mode Description Eigenvalue,
k ¼ rþ jx (pu)

Frequency,
f (Hz)

Damping factor,
f (%)

Mode 1 Local mode between
G1 and G2

-0.332 ± j6.022 0.958 5.50

Mode 2 Local mode between
G3 and G4

-0.349 ± j6.232 0.992 5.58

Mode 3 Inter-area mode between
all generators

-0.137 ± j3.472 0.553 3.94
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The network exhibits four inter-area modes with a frequency of less than 1 Hz
and poor damping factors of less than 5 %. The remaining eleven local modes
have frequencies between 1–1.6 Hz and damping factors between 5.6–16.0 % and
are all suitably damped.

2.6 Summary

This chapter has presented the fundamental modelling and analysis techniques
which will be used throughout this thesis.

The chapter began by presenting the mathematical models of the components
that form power systems. These included traditional AC apparatus including
synchronous generators and their associated controls, transformers, transmission
lines and loads, as well as describing the modelling of VSC-HVDC systems.

The way in which non-linear power system models can be linearised in order to
conduct small-disturbance stability analysis was then discussed. The modal anal-
ysis techniques introduced then formed the basis of the linear POD controller
designs. The two controller structures described in this chapter will be used
throughout the thesis and their impact on system stability and performance in the
presence of uncertainties will be assessed. Finally, the test networks used
throughout this research have been introduced.

The following chapters will utilise these models, controller designs, and anal-
ysis techniques to perform a thorough investigation into the effects of HVDC on
system stability.
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