Contents

Part I Mathematical and Probabilistic Tools

1

Preliminaries.............oo i

1.1 Sobolev SPaces .......veurieiii e

1.2 Fourier Analysis ........ouuuuiiininiiiii i

1.2.1  Fourier Transform ..............cooiiiiiiiiiiii i

1.2.2  Shannon’s Sampling Theorem ........................

1.2.3  Fast Fourier Transform.......................ooooit

1.3 Special Functions ...

1.3.1  Bessel Functions ..o

1.3.2  Prolate Spheroidal Functions .........................

1.3.3  Airy Function ..o

1.4  The Moore-Penrose Generalized Inverse ......................

1.5 Singular Value Decomposition ................c.oooiiii ..

1.6 Compact OpPerators..........uueeunieinneiiineiin e,

1.7  Regularization of Ill-Posed Problems..........................

1.7.1 0 Stability «oovee

1.7.2  The Truncated SVD .......coooiiiiiiiiiiiiiiiii

1.7.3  Tikhonov-Phillips Regularization.....................

1.7.4  Regularization by Truncated Iterative Methods ....

1.8  Introduction to Probability Theory ..................oooo..t.

1.8.1 Random Variables ................oociiiiiii

1.8.2 Random Vectors ............cooiviiiiiiiiiiiiiniiia.

1.8.3  Gaussian Random Vectors ............................

1.8.4 Random Processes...............cooiiiiiiiiiiiii

1.8.5  Stationary Random Processes ........................

1.8.6  Stationary Gaussian Random Processes .............

1.9 Random Matrix Theory ........cooviiiiiiiiiiiiiii i,
1.9.1  Asymptotic Distribution of Eigenvalues

of the Invariant Ensembles............................

1.9.2  SVD of a Gaussian Random Matrix .................

~N L WwWw

10
15
16
17
17
19
20
20
22
22
24
26
26
27
30
32
33
37
38

38

xi



xii Contents

1.10 Kalman and Extended Kalman Filters........................ 45

1.10.1 Kalman Filter..........cooooiiiiiiiiiiiiiii . 45

1.10.2 Extended Kalman Filter .............................. 47

1.11 General Image Characteristics..............ccooviiiiiiiiion, 48

1.11.1 Spatial Resolution ..............cooiiiiiiiiii.... 48

1.11.2 Signal-To-Noise Ratio ............covviiiiiiiiii... 49

2 Layer Potential Techniques.......................ooooiii. 51

2.1 The Laplace Equation..............oooooiiiiiiiiiiiiii .. 52

2.1.1  Fundamental Solution ................c.cooiiiiiiiinn., 52

2.1.2  Layer Potentials ... 55

2.1.3  Invertibility of A\I =K}, ... 64

2.1.4  Symmetrization of K, ... 66

2.1.5  Neumann Function .......................oiiia... 68

2.1.6  Transmission Problem.............................l 72

2.2 Helmholtz Equation ..., 75

2.2.1  Fundamental Solution ..................ccooviiiiinn.. 76

2.2.2  Layer Potentials ... 78

2.2.3  Transmission Problem............................o... 80

2.24  RecCIprocCity ........coooiiiiiiiiii 86

2.2.5  The Helmholtz-Kirchhoff Theorem................... 87

2.2.6  Geometric Optics ....covvuiiiiiiiin i 89

2.3 Cluttered Meditm .......oovniiiiieiiin i 92

2.4 Wave Equation...........oooiiiiiiiiin i 93
Part IT Small Volume Expansions and Concept

of Generalized Polarization Tensors

3  Small Volume Expansions..............c..cooiiiiiiiiiiiiiin. 97

3.1  Conductivity Problem .............cooiiiii 98

3.1.1  Formal Derivations ...............ccooiiiiiiii . 99

3.1.2  Polarization Tensor............c..oooiiiiiiiiiiiinn.. 101

3.2  Polarization Tensor of Multiple Inclusions.................... 103

3.2. 1 Definition.......coouueiiiieiii i 103

3.2.2  Representation by Equivalent Ellipses ............... 105

3.3 Helmholtz Equation ... 106

3.3.1  Formal Derivations ..., 107

3.4 Asymptotic Formulas in the Time-Domain................... 109

3.5 Asymptotic Formulas for Dipole Sources in Free Space ..... 110

3.5.1  Conductivity Problem....................cooiiiiian. 110

3.5.2  Helmholtz Equation ....................oiiiaaL. 110

3.5.3 Wave Equation.............cooooiiiiiiiiiiiii 111



Contents

4

Generalized Polarization Tensors .............................
4.1  Definition and Basic Properties of the GPTs.................
4.2 Translation, Rotation, and Scaling Properties
of the GPTs ..o
421  Translation ...
422 Rotation.........coooiiiiiiiiiiiii
4.2.3  Scaling.....oooiiiiii
4.3  GPTs of Multiple Inclusions ..o,
4.4 Shape Derivative of the GPTs ...,
4.5  Stability and Resolution Analysis in the Linearized Case ...
4.5.1  Complex Contracted GPTs .........ccooooviiin.. ..
4.5.2  Resolution and Stability Analysis ....................
4.6 GPTs Matching Approach ...,
4.6.1  Minimization Algorithm ....................o..
4.6.2 Level-Set Framework ...................oooiilL.
4.7  Multipolar Asymptotic Expansions ...........................

Frequency Dependent Generalized Polarization
TOIISOTS ...ttt e

5.1 Definition......oooeiiii
5.2 Multipolar Asymptotic Expansions .......................o.
5.3  Scattering Coefficients.............ccooviiiiiiiii i,
5.3.1  Definition......ccoooiiiiiiiiiiii

5.3.2  Translation and Rotation Properties
of the Scattering Coefficients .........................
5.3.3  Shape Derivative of Scattering Coeflicients..........

Part IIT Multistatic Configuration

6

Multistatic Response Matrix: Statistical Structure.........

6.1 Hadamard Technique.............coo i,

6.2  SVD of Multistatic Response Matrices........................

6.2.1  Point Reflectors...........oooooiiiiiiiiiii i,

6.2.2  Inclusions.........cooooiiiiiiiiiiiiiii

6.3 Two Useful Lemmas ..o,

MSR Matrices Using Multipolar Expansions ................

7.1  Conductivity Problem ...
7.1.1  Expansion for MSR using Real

Contracted GPTs.....cooooiiiiiii i

7.2 Helmholtz Equation ...

7.3 Continuum Approximation ................cceeiieeiiiiiniaaan.



xiv Contents

Part IV Localization and Detection Algorithms

8 Direct Imaging Functionals for Inclusions

in the Continuum Approximation .............................. 173
8.1  Direct Imaging for the Conductivity Problem................ 174
8.1.1  Detection of a Single Inclusion:
A Projection-Type Algorithm ........................ 174
8.1.2  Detection of Multiple Inclusions:
A MUSIC-Type Algorithm ..............oooooiin 175
8.1.3  Detection of Multiple Inclusions:
A Topological Derivative Based Algorithm.......... 176
8.2  Direct Imaging Algorithms for the Helmholtz
Equation at a Fixed Frequency .............ooviiiiiiiiiin. 177
8.2.1 MUSIC-Type Algorithm ..............ooiii. 178
8.2.2  Backpropagation-Type Algorithms................... 179
8.2.3  Topological Derivative Based Imaging
Functional ... 182
8.3  Direct Imaging for the Helmholtz Equation at
Multiple Frequencies ............oooiiiiiiiiiiiiiiiiniinninnn.. 185
9 Detection and Imaging from MSR Measurements.......... 189
9.1  Point Reflectors ... 189
9.1.1 Linearized Inversion ...............coooiiiiiiiiia.. 190
9.1.2  Point Reflectors: Kirchhoff Migration................ 190
9.1.3  Detection Test ......ccoveiiiiiiiiiiiiii i, 193
9.1.4  Localization and Reconstruction ..................... 197
9.2 InCIUSIONS ..ot 199

Part V Dictionary Matching and Tracking

Algorithms

10 Reconstruction of GPTs from MSR Measurements ........ 205
10.1 Least-Squares Formulation...................cooviiiiiiin.. 205
10.2 Analytical Formula in the Circular Setting................... 206
10.3 Measurement Noise and Stability Analysis ................... 207
11 Target Identification and Tracking.............................. 211
11.1 Complex CGPTs Under Rigid Motions and Scaling ......... 211
11.1.1 Some Properties of the Complex CGPTs............ 215
11.2  Shape Identification by the CGPTs ................cooooi..t. 216
11.2.1 CGPTs Matching.........ccooooiiiiiiiii i 217
11.2.2 Transform Invariant Shape Descriptors.............. 219
11.3 Target Tracking .........c.ooviiiiiiiiiiiiii i 220

11.3.1 Location and Orientation Tracking of a
Mobile Target .......oveniiniii i 221

11.3.2 Tracking by the Extended Kalman Filter............ 223



Contents XV

Part VI Imaging of Extended Targets

12 Time-Reversal and Diffraction Tomography

for Inverse Source Problems ..........................L 229
12.1 Time-Reversal Techniques ..............coooiiiiiiiiiii., 229
12.1.1 Ideal Time-Reversal Imaging Technique ............. 230
12.1.2 A Modified Time-Reversal Imaging Technique...... 233
12.2 Diffraction Tomography Within the Born
AppProximation ...........ooueii i 235
12.2.1 Born Approximation ..............cccooiieiiiiiiiiai.. 235
12.2.2 Diffraction Tomography Algorithm .................. 236
13 Imaging Small Shape Deformations
of an Extended Target from MSR Measurements .......... 239
13.1 Asymptotic Expansion of the MSR Matrix................... 239
13.2  Direct Reconstructions ............coooiiiiiiiiiiiiinin .. 241
13.3 The Born Approximation ............ccooveiiiiineinneeennnen.. 244
13.3.1 Asymptotic Formulation of the Response Matrix ... 244
13.3.2 The Unperturbed Domain .....................ooo. 0 246
13.3.3 The Perturbed Domain ...................coooiit 246
13.4 Resolution and Stability Analysis of the Imaging
Functionals ... 247
13.4.1 First Reconstruction Formula ..................... .. 248
13.4.2 The Second Reconstruction Formula................. 250
13.4.3 The Third Reconstruction Functional ............... 251
14 Nonlinear Optimization Algorithms............................ 253
14.1 Optimal Control .........cooiuiiiiii i 253
14.2 Resolution Analysis in the High-Frequency Regime ......... 254
14.2.1 The Unperturbed Domain ................cooooe 255
14.2.2 The Perturbed Domain ...................coooiit 256
14.3 Construction of an Initial Guess.......................oooioe. 258
14.3.1 Measurements at a Single Frequency ................ 258
14.3.2  Optimality .......oviiriiiii i 259
14.3.3 Measurements at Multiple Frequencies .............. 263
14.4 A General Remark on Least-Squares Imaging
and Bayesian Approach ... 264

Part VII Invisibility

15 GPT- and S-Vanishing Structures for Near-Cloaking...... 269
15.1 Near-Cloaking for the Conductivity Equation................ 271

15.2 Near-Cloaking for the Helmholtz Equation................... 274
15.2.1 Scattering Coefficients................coooviiiiii.... 274

15.2.2 S-Vanishing Structures ...............ccooviiiiiiin.... 277

15.2.3 Enhancement of Near-Cloaking ...................... 283



xvi Contents

16 Anomalous Resonance Cloaking................................. 287
16.1 Layer Potential Formulation .........................ool. 289
16.2 Anomalous Resonance in an Annulus ......................... 291

Part VIII Numerical Implementations and Results

17 Numerical Implementations .......................oooiiiiit 303
17.1 Implementation of Kp........oooo 303
17.2 MSR MatriCes . ...ovveiii e 304

17.2.1 Calculation of the MSR Matrix
for Conductivity Problem............................. 304
17.2.2 SVD of the MSR for the Helmholtz Equation....... 305
17.3 GRS o 306
17.3.1 Computation of the GPTs .....................oo.. . 306
17.3.2 Reconstruction from CGPTs ..................... ... 307
17.3.3 Reconstruction of GPTs from MSR Data ........... 309
17.3.4 Target Identification Using GPTs.................... 311
17.3.5 Tracking Using GPTs ..o 312
17.4 Implementation of the Imaging Functionals
for Point Reflectors ... 314
17.4.1 Reverse-Time Migration Imaging Functional........ 314
17.4.2 Kirchhoff Migration Imaging Functional............. 315
17.4.3 MUSIC Imaging Functional........................... 316
17.5 Implementation of the Imaging Functionals
for Inclusions . ..... ..o 316
17.5.1 MUSIC Algorithm ... 317
17.5.2 Kirchhoff Migration ................ccooiiiiiiiin.... 318
17.5.3 Backpropagation.............coviiiiiiiiiiiiiiii 319
17.5.4 Topological Derivative .............coviviiiiiiinn... 319
17.5.5 Simulation of Gaussian Random Field............... 320
17.5.6 Numerical Experiments of Imaging Functionals..... 321
17.6 Implementation of Time-Reversal ............................. 323
17.6.1 Solving the Wave Equation ........................... 323
17.6.2 Time Reversal of Wave Equation..................... 324
17.6.3 Numerical Experiment ...................coooiiit 325
17.7 Implementation of Optimal Control Algorithms
for Imaging Shape Deformations .....................o..oo. .. 326
17.8 Implementation of GPT-Vanishing Structures ............... 329

18 Numerical Results..............o i 331

18.1 Structure of the MSR Matrix...........coooviiiiiiii i, 331
18.1.1 Conductivity Equation ..................coooiiiii 331
18.1.2 Helmholtz Equation ...............cooiiiiiiiii... 331

18.2 Matching GPTs Algorithm ...t 332

18.3 Detection and Imaging ............cooeiiiiiiiiiiiin ... 335



Contents xvii
18.3.1 Realization of a Cluttered Noise ..................... 335

18.3.2 Comparison Between the Imaging
Functions in the Continuum Approximation ........ 335
18.4 Time-Reversal Imaging..............coooooiiiiiiii ... 336
18.5 Target Identification and Tracking ...................ooooo. .. 338
18.5.1 Dictionary Matching Algorithm ...................... 338
18.5.2 Target Location and Orientation Tracking .......... 339
18.6 Imaging of Extended Targets ...............oooiiiiiiiiiii. o, 341
18.6.1 Perturbations of a Disk ...................oi 341
18.6.2 Nonlinear Optimization Problem..................... 343
18.7 Invisibility ....oovvniee 343
18.7.1 GPT-Vanishing Structures.......................oooe 343
18.7.2 Scattering Coefficient Vanishing Structures ......... 346
References..... ... 351
IndeX ..o 359



2 Springer
http://www.springer.com/978-3-319-02584-1

Mathematical and Statistical Methods for Multistatic
Imaging

Ammari, H.; Garnier, J.; Jing, W.; Kang, H.; Lim, M.; Solna,
kK. Wang, H.

2013, XV, 361 p. 61 illus., 47 illus. in color., Softcover
[SBM: 878-3-319-02584-1



