Chapter 2
The Standard ASW Method

Our survey of the ASW method starts with an outline of the standard scheme, which,
within the framework of density functional theory and the local density approx-
imation, allows for both fast and conceptually simple calculations of the ground
state properties of solids. The standard ASW method was originally developed by
Williams, Kiibler and Gelatt [78]. For excellent presentations of the method the
reader is referred to both the original work and a number of reviews, which also
shaped the form of the present chapter [23, 27, 32, 45, 53, 73]. A first impression of
selected applications can be gained from Refs. [23, 25-27, 45, 51, 65].

After defining the ASW basis set we will construct the elements of the secular
matrix. Via the variational principle the latter allows to numerically determine the
expansion coefficients of the ground state wave function as expanded in terms of
the basis functions. Knowledge of the wave function enables for calculation of the
electron density and the effective single-particle potential, the latter of which closes
the self-consistency cycle. Finally, we sketch the calculation of the total energy. The
standard ASW method forms the basis for the much more involved full-potential
methods to be described in Chaps. 4 and 5. For this reason the presentation will be
both simple and comprehensive.

2.1 Setup of Basis Functions

The goal of any first-principles method is to determine the single-particle wave func-
tion from Schrédinger’s equation

[~ A+ v, () — e]Yo (e,1) =0, 2.1.1)

where, as usual, — A, the negative of the Laplacian, designates the operator of the
kinetic energy. ¥ (&, r) is a spinor component of the wave function and o labels the
spin index. In addition, v, (r) denotes the spin-dependent, effective single-particle
potential. It may be provided by density functional theory, in which case (2.1.1) is
just the Kohn-Sham equation. As a matter of fact, solving Schrédinger’s equation
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Fig. 2.1 Muffin-tin

in the general form (2.1.1) is usually far from straightforward. However, within
density functional theory we are aiming at the ground state and may thus employ the
variational principle. Hence, we expand the wave function in a set of basis functions
and seek the stationary states by varying the expansion coefficients and possibly the
shape of the basis functions themselves. Since in practice we are forced to use a
finite and, hence, incomplete set of functions, the choice of basis functions is very
important as concerns both the quality of the final solution and the numerical effort
to find it. As already mentioned in the introduction, it is this selection of a basis set,
which distinguishes the different methods nowadays used for electronic structure
calculations. The ASW method belongs to the partial-wave methods and is based
on Slater’s muffin-tin approximation. In addition, it uses spherical waves as well as
Andersen’s linearization.

Obviously, the basis functions themselves should at best also fulfill Schrodinger’s
equation (2.1.1). Yet, this would again lead to the above mentioned difficulties and
concessions are thus necessary. A very popular one is based on Slater’s observation
that the crystal potential, while being dominated by the purely atomic and, hence,
spherical symmetric contributions near the nuclei, is rather flat in the regions far
away from the atomic centers [70]. Idealizing this situation, Slater proposed the
muffin-tin approximation (MTA), which adopts the geometry of a muffin-tin as vi-
sualized in Fig. 2.1. To be specific, the MTA replaces the full crystal potential by
its spherical symmetric average within the non-overlapping muffin-tin spheres and
a constant value, the so-called muffin-tin zero vyrz, in the remaining interstitial
region. The effective single-particle potential is thus modeled as

VM (v) = vyrz 01 + Z M (0,0,
i
=vyrz + Z M (). (2.1.2)
i

Here we have defined

r:=r—R,; and Ry, :=R,+7;, (2.1.3)
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where R, is a lattice vector and 7; the position of the nucleus labeled i in the unit
cell; o again denotes the spin index. The step functions ®@; and &,,; limit the range
of the functions, which are attached to them, to the interstitial region and the muffin-
tin sphere of radius s; centered at site R,,;, respectively. In the second line of (2.1.2)
we have added an alternative notation using the potential

ﬁng(rm) = [U%T(I‘Mi) — UMTZ](")p.i- 2.14)
It just represents a constant shift of all potentials inside the atomic spheres but may
be likewise interpreted as a splitting of the total potential into two parts, one of
which extends through all space and is rather flat (or constant, as in the present case).
Below, we will denote this contribution as the pseudo part, since inside the muffin-
tin spheres it has no meaning in itself. In contrast, the remaining local parts contain
all the intraatomic details of the potential but are confined to the respective muffin-
tin spheres. The total potential is then arrived at by adding, inside the spheres, the
local contributions to the pseudo part.

Within the MTA the choice of the sphere radii is restricted by the plausible re-
quirement that the spheres must not overlap. A somewhat different point of view
is taken by the atomic-sphere approximation (ASA) invented by Andersen [4, 5],
which requires the sum of the atomic sphere volumes to equal the cell volume,

& :=Z4§Slr L0 (2.1.5)
i i

Here 2; and £2. denote the volumes of the atomic sphere i and the unit cell, re-
spectively, while S; is the radius of the atomic sphere. In general, we will use a tilde
for quantities connected to the space-filling atomic spheres. As it stands, the ASA
leads to a formal elimination of the interstitial region. This serves the purpose of
minimizing the errors coming with the muffin-tin approximation as well as with the
linearization to be described below, which both are largest for the interstitial region.
Furthermore, it has been demonstrated that for moderate overlaps of the spheres the
ASA provides a better prescription of the potential in the bonding region between
the atoms and thus mimics the full potential in a better way than the MTA does [7].
In the following, we will opt for the ASA but still want to keep things on general
grounds as long as possible. Thus, we formally stay with the muffin-tin form (2.1.2)
of the potential without explicitly making use of the atomic-sphere approximation.

Having modeled the effective single-particle potential in the way just described
we will next construct the basis functions from the muffin-tin potential. This is done
by first solving Schrodinger’s equation separately in the atomic spheres as well as
in the interstitial region and then matching the resulting partial waves continuously
and differentiably at the sphere boundaries. This will lead to a single basis func-
tion, an augmented spherical wave. To be specific, the basis functions have to obey
Schrodinger’s equation (2.1.1) with the potential replaced by the muffin-tin potential
(2.1.2),

[~A+ v (1) — €)oo (e.1)
=[-A+ ¥ () — vyrz — k*]po (e, 1) =0, (2.1.6)
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separately in the interstitial region and the atomic spheres. Here, we have in the
second step referred the potential to the muffin-tin zero and defined

K2 =e — vyrz. (2.1.7)

By construction, the basis functions are only approximate solutions of the correct
Schrodinger equation (2.1.1), where the potential was still unrestricted. This is a
consistent approximation within the standard ASW method, which uses the atomic-
sphere approximation throughout. But even for a full-potential method use of the
ASA for the construction of the basis functions is justified by the fact that the basis
functions enter only as part of the wave function and inaccuracies of the former are
cured by the variational determination of the latter. Use of the MTA (or ASA) for
the construction of the basis functions may thus be regarded as an optimal balance
between effort and accuracy.

Starting the setup of the partial waves in the interstitial region we combine (2.1.2)
and (2.1.6) and arrive at Helmholtz’s equation

[-4 — k?]pos (k% 1) = 0. (2.1.8)

As well known, this differential equation is trivially solved by plane waves. How-
ever, we may likewise choose spherical waves, which are centered at the atomic
sites and consist of products of spherical harmonics and radial functions. The lat-
ter are solutions of the free-particle radial Schrodinger equation for energy «2 and,
hence, well known as spherical Bessel, Neumann or Hankel functions. Note that the
singularities of the latter two functions are located at the respective origins, i.e. at
the centers of the atomic spheres and thus do not spoil the analytic behavior of these
functions in the interstitial region.

The choice of spherical waves is common to the Korringa-Kohn-Rostoker (KKR)
[40, 43], linear muffin-tin orbitals (LMTO) [5], and ASW methods. In particular, the
KKR method opts for spherical Neumann functions for the radial part. The intersti-
tial part of the basis function reads as

N2 (0ui)®p := N}, (rui) i= N (x,) O, (2.1.9)
where
Npe(pi) i= =g Ger ) Yo (R i) (2.1.10)

Here, n;(«r,;) denotes the spherical Neumann function in the notation of Abramo-
witz and Stegun [1, Chap. 10]. The index L = (I, m) is a compose of the angular
momentum and the magnetic quantum numbers. Y7 (F,;) denotes a spherical har-
monic or rather a cubic harmonic in the form proposed in Sect. 7.2 and t,,; stands
for a unit vector. The prefactor /! serves the purpose of canceling the leading
k-dimension of the spherical Neumann function and making the radial part of the
function Ny, (r,;) areal function, hence, easy to deal with in computer implemen-
tations. In passing, we mention that, in the context of the ASW method, the latter
function is commonly also designated as the Neumann function.
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Of course, we could likewise opt for spherical Hankel functions as the radial part
of the basis functions. In this case the interstitial part of the basis function would
have assumed the form

HZI?O' (ru)Or = Hz,( (ryi) == Hp (ry;)O (2.1.11)
with
Hpe (vpi) = ik h D Geri) Yo (@), (2.1.12)

where hl(l)(/cr,u-) is the spherical Hankel function in the notation of Abramowitz
and Stegun and, as before, the function Hp, (r,;) is also named a Hankel function.
Again, the prefactor serves the purpose of canceling the leading x-dimension and
making the radial part a real function. Yet, the latter is true for negative energies
K2 only, where, however, the spherical Hankel functions offer the additional great
advantage of decaying exponentially in space. This is an appealing behavior espe-
cially if non-crystalline or finite systems are dealt with. Nevertheless, the fact that
the radial part in general is a complex function makes the Hankel functions rather
unsuitable for the KKR method.

As was first pointed out by Andersen at the beginning of the 1970’s the energy
(x-) dependence of the final basis function turns out to be rather weak. This obser-
vation led Andersen to argue that it is sufficient to retain only the first two terms
of the corresponding Taylor series [3, 69]. Formally suppressing the interstitial re-
gion by introducing the atomic-sphere approximation, Andersen was able to remove
even the linear term for the interstitial functions and to arrive at energy-independent
functions with a fixed value of «2 for the radial part. Of course, this value was ex-
pected to be in the region of interest, i.e. between —1 Ryd and +1 Ryd. With energy-
independent basis functions at hand it was possible to replace the time consuming
root tracing needed in the KKR method for calculating the single-particle energies
by a simple eigenvalue problem. This meant a tremendous cut down of computing
times since the eigenvalue problem is by at least an order of magnitude faster to
solve. Andersen’s work thus marked the starting point for a number of new, the so-
called linear methods among them the linear muffin-tin orbitals (LMTO) method,
the linear augmented plane wave (LAPW) method, and the ASW method, which
in the sense just mentioned are superior to the classical schemes such as the aug-
mented plane wave (APW) method and the Korringa-Kohn-Rostoker (KKR) method
[5, 6, 8,45, 69]. The albeit small limitations due to the energy linearization could be
cured by employing so-called multiple-« sets, which use basis functions with two or
three different values of the interstitial energy 2. However, for the standard LMTO
and ASW methods, which use the atomic-sphere approximation, the effect is almost
negligible and multiple-x sets are thus not used. Yet, they will be needed in those
full-potential methods, which use the muffin-tin approximation, hence, a finite in-
terstitial region. In order to prepare for later developments we include the energy
parameter « already in the present notation.

With the energy parameter « fixed, a greater flexibility for the choice of basis
functions is obtained since there is no longer the need to use a single type of func-
tion for the whole energy range. In contrast, we are by now able to opt for that type
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of function, which offers the best properties and then fix the energy parameter 2 to
a suitable value within the above proposed range of —1 Ryd and +1 Ryd. To be spe-
cific, in the ASW method we set x> = —0.015 Ryd and opt for the Hankel function
Hp? (ry;), which for this energy offers the above mentioned advantages of being
real and decaying exponentially. Nevertheless, we could have likewise chosen a pos-
itive energy parameter, in which case the ASW method uses the Neumann function
N (ryi) as the interstitial part of the basis function. In passing, we mention that
the LMTO method uses x> = 0 Ryd, in which case both types of functions are iden-
tical and assume a particularly simple form as will be discussed in Chap. 3 [5].

While staying with the negative energy case and, hence, using the Hankel func-
tion (2.1.11) as the interstitial part of the basis function we will not utilize the sim-
plifications offered by the asymptotic decay of the spherical Hankel functions for
negative energies but rather stay with a more general derivation. This will save us
an extra discussion for the Neumann functions. In practice, this means that all the
derivations formulated below with Hankel functions will also hold for Neumann
functions. Note that, in contrast to previous definitions of the ASW basis functions
[78], the functions (2.1.10) and (2.1.12) do not contain an extra i’ -factor this mak-
ing them (as well as the real-space structure constants to be defined later on) real
quantities in the respective energy range. In addition, our new choice leads to consid-
erable numerical simplifications for the full-potential ASW methods to be derived
in Chaps. 4 and 5.

Having discussed the interstitial basis functions we next turn to the regions inside
the atomic spheres. Here, the potential shows all the intraatomic details and, hence,
solving Schrodinger’s equation is more complicated. However, within the muffin-tin
approximation the full crystal potential is reduced to its spherical symmetric average
inside the atomic spheres this allowing for a separation of Schrédinger’s equation
into angular and radial parts. While the former again leads to spherical harmonics
the latter can be determined numerically subject to the conditions of continuous
and differentiable matching to the interstitial basis function. As a consequence, in
addition to being used in the interstitial region only, the interstitial basis functions
serve the purpose of providing boundary conditions for the solution of Schrédinger’s
equation inside the spheres. In the atomic-sphere approximation, due to the formal
elimination of the interstitial region, it is the second aspect alone, which survives.
For this reason, the interstitial basis functions are also called envelope functions. We
will discuss especially the mathematical aspects of the envelope functions in more
detail in Chap. 3.

Turning to the region inside the spheres, we first concentrate on that single atomic
sphere where the spherical wave is centered. In this so-called on-center sphere spher-
ical symmetry is obvious and we readily arrive at the intraatomic basis function,
which is called the augmented Hankel function,

HLO,?U (rp,i)@ui = I:ILKO’ (rp,i) = HZKU (r;u')YL (fﬂi)@ui~ (2.1.13)

Its radial part obeys the radial Schrodinger equation
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1 92 I(I+1) ~
[—ra—zrm +t—t U%T(rm) — UMTZ — E,(,f’,-'(),]hzm(rm)
i rlu- rm
1 92 +1 . 3
= I:_r_ 9,2 rui + 2 + v%T(rui) - E[(,gc), thO'(r/,l,i) =0.
wi O

ui (2.1.14)

The numerical solution of this equation as well as the determination of the Hankel
(H)
lkio
radial function A, (r,;) atits origin and the continuous and differentiable matching
at the sphere boundary,

energy E are subject to three boundary conditions, namely, the regularity of the

n
[(af ) (Rto (rui) — ix”‘hl‘”(wm))] =0, n=0,1. (2.115)
i Tui=Ssi

Still, in order to solve (2.1.14) numerically, we have to specify the principal quantum
numbers and the angular momenta / of all states to be taken into account. For the
angular momenta we include all / values ranging from 0 to some maximum value
l1ow- Usually, the latter is set to 2 or 3 depending on the respective atom. While for
main group elements we include s and p states, we account also for d and possibly
f orbitals in case of transition metal and rare earth atoms. All these states form the
ASW basis set, which, following Andersen, we call the set of lower waves.

The principal quantum number of each partial wave, which corresponds to the
number of nodes once the angular momentum of a lower wave has been fixed, is
selected in accordance with the outer electrons of each atom. To be specific, we first
divide all states of an atom into core and valence states. The former are character-
ized by vanishing value and slope at the sphere boundary and, hence, confined to
the inner region of the atomic sphere. As a consequence, while contributing to the
electron density the core states are not included in the ASW basis set, which com-
prises only the valence states. We will come back to the core states at the end of this
section. In general, only the outermost state for each atom and / < j,,, is chosen as
a valence state and included in the basis set. This is done implicitly and the respec-
tive principal quantum number thus suppressed from the notation. Of course, there
might be situations, where, in addition to the outermost valence states, high lying
core states should also be included in the ASW basis set. However, in order to take
the notation simple, we will not deal with such cases in the present context.

By now we have augmented the spherical wave centered at R;;; inside its on-
center sphere. In all other atomic spheres of the crystal, which are centered at
sites R,; # Ry, and referred to as the off-center spheres, augmentation is not as
straightforward. This is due to the fact that the envelope function centered at Ry,;
lacks spherical symmetry relative to the centers R,; of the off-center spheres. Yet,
the problem can be resolved by applying the expansion theorem for the envelope
functions, which allows to expand the Hankel function centered at R,; as defined
by (2.1.12) in Bessel functions centered at R, ;,

Hp,e (i) =Y Jpe () BueRyj — Ry). (2.1.16)
L/
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The expansion theorem is valid for all vectors r, which fulfill the condition |r,;| <
IRy — Ry;l, thus for all r lying within a sphere of radius equal to the distance
between the two centers and centered at R, ;. However, we point out that the L’-sum
in (2.1.16) in general does not converge and thus needs special care. We will come
back to this issue later on. The Bessel function

T (o) =k jrGery) YL () (2.1.17)

like the Hankel function given by (2.1.12), arises from solving Helmholtz’ equa-
tion (2.1.8). jy(kr,;) denotes a spherical Bessel function. The prefactor again was
introduced to cancel the leading x-dimension and to make the radial part a real
quantity for any value of «2.

The expansion coefficients entering (2.1.16) are the structure constants known
from the KKR method [33, 66]. Their calculation as well as the proof of the expan-
sion theorem will be given in full detail in Sects. 3.6 and 3.7. Here we present the
result

By —Ryi) =47 Y it e o Hye Ry = Ry), (2.1.18)
L//

which is valid for R,; # R,,; and where

i = / PRV B Y)Y E) (2.1.19)

denotes a (real) Gaunt coefficient.

With the expansion theorem (2.1.16) at hand we are ready to augment the spher-
ical wave in any of the off-center spheres. This is due to the fact that the Bessel
functions given by (2.1.17) are centered at the center of this sphere and thus reflect
the spherical symmetry relative to the respective atomic site. As a consequence, the
basis function in the off-center sphere centered at R,; can be expressed in terms of
augmented Bessel functions

T (00)) 3= Jireo (ro)) Y1 (B,)) O (2.1.20)
Their radial parts obey the radial Schrodinger equation
1 92 'd’+1) 0 1-
[_;j@w + T + Vg (i) —vmrz = Ep iy Jiico (7o)
192 rae+1 -
Z[—ryruj-F 2 MT( Uj) Kjai|]l’f<c7(rvj)=0-
vj OF2. ‘
Y g (2.1.21)

As for the augmented Hankel function, the numerical solution of this differential

equation as well as the determination of the Bessel energy E l(,?l.a are subject to the

conditions of continuous and differentiable matching at the sphere boundary,

3 \" . .
|:<8V > (]l’Ka(rvj)_K l]l’(Krvj))i| =0, n=0,1, (2.1.22)
vj

ruj=5j
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as well as the regularity of the radial function jj.,(ry;) at the origin. Note that
the radial equations (2.1.14) and (2.1.21) are identical and, hence, the difference
between the augmented functions fllm and jj., as well as the energies E 1(:11(); and
. results alone from the different boundary conditions (2.1.15) and (2.1.22).

With the radial part at hand we arrive at the following expression for the basis

function centered at R;; inside the off-center sphere centered at R, ;

HY o (0u) O =Y Jco (00 BurzeRyj — Ryuo). (2.1.23)
L/

Note that, due to the identity of Hy, and H 1co aswell as Jy, and J, Lco atthe sphere
boundary, the expansion coefficients in (2.1.16) and (2.1.23) are the same. In pass-
ing, we mention that (2.1.16) and (2.1.23) are also called the one-center expansion
of the Hankel envelope function and the basis function in terms of Bessel envelope
functions and augmented Bessel functions, respectively. To be more detailed, they
constitute the one-center expansions in the off-center spheres. In contrast, the one-
center expansion of a Hankel envelope function and an augmented Hankel function,
respectively, in their on-center sphere are just these functions themselves.

As for the augmented Hankel functions we still need to specify the maximum
angular momentum as well as the principal quantum numbers to be used for solving
(2.1.21). As already mentioned, the one-center expansion in the off-center spheres,
i.e. the expression of the Hankel function in terms of an angular momentum series
over Bessel functions via the expansions (2.1.16) and (2.1.23) does not converge.
For that reason, we would in principle have to include infinitely many Bessel func-
tions. However, as we will see in the subsequent section, we will be able, by com-
bining two such series expansions, to end up with only few terms in the series. We
denote the corresponding angular momentum cutoff as /;,;, which is usually cho-
sen as liyy = ljpw + 1. Again following Andersen, we call the partial waves with
liow < | < lin; intermediate waves. In contrast, partial waves with [ > [;;;; are named
higher waves. The principal quantum number required for solving (2.1.21) is chosen
in accordance with the valence states for the corresponding atom just in the same
manner as for the augmented Hankel function above.

Finally, combining (2.1.11), (2.1.13), and (2.1.23), we construct the full basis
function, the augmented spherical wave

H2 o (vp) = HY (tpi) + Hpeo ()

+ 30 = 881 1o (0o BureRyj — Ry, (2.1.24)
L'vj

which is completely specified by its center, R,;, the composite angular momentum
index L = (I, m), and the spin index o; note that the energy «2 is kept only as a
parameter. In addition, the augmented spherical wave is continuous and differen-
tiable in all space. This is illustrated in Fig. 2.2, where we display two augmented
spherical waves centered at two different sites. We can easily identify the envelope
functions by the singularity at their respective origins. Inside the on-center spheres
(labeled “A” and “B” in the upper and lower curve, respectively) as well as the



14 2 The Standard ASW Method

Fig. 2.2 Augmented T |
spherical waves centered at ;

different sites, labeled “A” envelope functions
and “B” augmented spherical waves

off-center spheres (labeled “B” and “A” in the upper and lower curve, respectively)
these envelope functions are replaced by the augmented functions. This construction
then gives rise to the augmented spherical waves, which have the above mentioned
properties.

Since the ASW basis functions arise from solutions of Schrodinger’s equation
in the respective portions of space, each of these functions is quite well adapted to
the actual problem and only a relatively small number of basis functions is needed
for the expansion of the final wave function; as already mentioned above, typically
9 states (s, p, d) per atom are sufficient and for atoms with f electrons we end up
with 16 states. Such a compact basis set is usually called a minimal basis set. As
an additional bonus, the ASW basis functions, being closely related to atomic-like
functions, allow for a natural interpretation of the calculated results.

In a final step, we take into account crystal translational symmetry and use Bloch
sums of the basis functions defined as

Dy, (ri. k) =Y ™R HP? (ryi), (2.1.25)
"
where
r=r—1, (2.1.26)

and the symbol D is convention. Note that we will refer to both the functions
(2.1.24) and (2.1.25) as basis functions but the actual meaning will be always clear
from the context.

In order to prepare for forthcoming sections we define, in addition, the Bloch
sum of the envelope function (2.1.11) by

D (ri, K) := Z(l — 8,08(r;)) e R Hp e (r0). (2.1.27)
"
In complete analogy to (2.1.11) its interstitial part reads as

Dy, (ri. k) =Y ™R H] (ry) = Dpe(ri, k)6 (2.1.28)
w
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Moreover, we define the Bloch-summed structure constants as

Bupe(tj =ik =Y (18,8 Brp,(t; —1i —R,)
2

= 4m Zil_l/_l//KH_l/_l//CLL’L”DL”K (rj—7i. k),
t (2.1.29)
where we have used the identities (2.1.18) and (2.1.27) in the second step. Hence,
we get for the Bloch-summed basis function the result

D0 (r;,K) = DI, (r;, K) + Hpyo (1)

+ > Jie ®)Brre(Tj — 11, K). (2.1.30)
L'j
Finally, combining the previous identities we write the wave function entering the
variational procedure as a linear combination of the just defined Bloch sums

Vo (1) =Y CLrioc W) DFY, (i, K)

Lki

= cLeio W) DL, (1. K)

Lki

+ Z ClLkio (k)I:ILKo (r;)
Lki

+ ZaL’Kja(k)jL’KJ(rj)s (2.1.31)
L'kj

where, in the second step, we have used the representation (2.1.30) as well as the
abbreviation

arcjo ) =) cLiio K BL e (T — Ti, K). (2.1.32)
Li

Note that the variational procedure is of the Rayleigh-Ritz type with the basis func-
tions being fixed and the stationary states arrived at by varying the coefficients
cLrio (K) [28]. A more detailed description will be given in the following section.
In closing this section, we turn to the determination of the core states. One way
to do so is the so-called frozen-core approximation, which uses core states as aris-
ing from an atomic calculation without allowing them to respond to the changes of
the valence states coming with the formation of chemical bonds between the atoms
during the iteration towards self-consistency. This offers the advantage that the large
core state energies are fixed, which makes the evaluation of small total energy differ-
ences as they arise, e.g., in frozen-phonon calculations, much easier. Nevertheless,
in the ASW method we opt for the correct approach and evaluate the core states
from the same radial Schrodinger equation as used for the valence states, i.e. from
(2.1.14) or (2.1.21). Since these equations contain the actual intraatomic potential
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the core states feel any changes of the potential due to the valence states and rear-
range their shape during the iterations towards self-consistency. The ASW method
thus belongs to the so-called all-electron methods.

Denoting the radial part of the core states as @piio (Enjio, 7ui), Where n is the
principal quantum number, we write down the radial Schrodinger equation

1 92 I+ 1)
[—— —Tuit———+ VT (rui) — vtz — Entio |@ntio (Entio s i)
Fui ors. .
i i
1 92 i+1 .
= [_——rui +—F v%T(r/u') — Enlic |@niioc (Entio » r/u') =0.
P 2
Vi 8I‘lu» T

(2.1.33)

As already mentioned above, the major difference to the valence states is due to the
boundary conditions for the core states, which are also subject to the regularity of
the radial function at the origin. Yet, in contrast to the valence states, both value and
slope at the sphere boundary must vanish since the core states do not take part in the
chemical bonding and thus are confined to their respective atomic sphere.

Methods using augmentation for the construction of basis functions offer the
special advantage that by construction the valence states are orthogonal to the core
states and thus an explicit orthogonalization is not necessary. This traces back to the
fact that the radial parts of the basis functions, i.e. of the augmented Hankel and
Bessel functions, obey the same radial Schrodinger equation as the radial parts of
the core states. As a consequence, the radial overlap integral is just the Wronskian
of the two functions involved [52, 55] (see also (3.3.14)). We thus obtain, e.g., for
the augmented Hankel function

si
H -
(EZ(K,'(), - Enlia) / dryi r,zu‘hlmr (rui)Pntic (Entio s i)
0

= W{rﬂi};lkd (r;u')s Fui@nlio (Entio » r;u')r;u' } \8 . (2.1.34)

The Wronskian in turn is defined by
W{rltiﬁlkd (rﬂi)a YuiPnlic (Enlio s r/ti)rpti}

~ 0 0 -~
= riihlka (r;u')ar—ﬁonlio (Entio» r;u') - rii(pnlia(Enlio" r;u')r—hlka (rui)-

H H (2.1.35)

Combining (2.1.34) and (2.1.35) we find that the contribution to the integral from
the origin vanishes due to the regularity of all the functions involved. In contrast,
at the sphere boundary r,; = s; the core states do not contribute because of their
values and slopes being zero. Since the Hankel energy E l(gi is always higher than
any of the core state energies we arrive at the conclusion that the integral in (2.1.34)
vanishes. The same holds for the augmented Bessel function and thus the core states
are orthogonal to the valence states. Note that this has been achieved just by aug-

mentation without any explicit orthogonalization procedure.
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With the basis functions at hand we proceed to determining the coefficients entering
the expansion (2.1.31) of the ground state wave function in terms of the Bloch-
summed basis functions (2.1.30). Eventually, these coefficients grow out of the
Rayleigh-Ritz variational procedure built on the minimization of the total energy
with respect to the many-body wave function. Within the Hartree- and Hartree-Fock
schemes the many-body wave function is expressed in terms of the single-particle
wave functions and, hence, the variational procedure leads directly to single-particle
equations. This is different in density functional theory, where the variational princi-
ple is initially formulated in terms of the density. However, by reintroducing single-
particle states and by formally identifying the density of the interacting many-body
system with that of a fictitious non-interacting system built on these single-particle
states, Kohn and Sham were able to derive a set of single-particle Schrodinger-like
equations,

[Ho — ekol|Vko) =0, 2.2.1)
with the effective single-particle Hamiltonian
Hy = —A 4 v5(x) — vyrz (2.2.2)

already known from (2.1.1). Here, we have explicitly referred the potential to the
muffin-tin zero and implied Bloch symmetry by attaching the k-label to the single-
particle energies and states. Within the variational principle the single-particle ener-
gies eky are just Lagrange multipliers, which guarantee normalization of the single-
particle wave function k.. We thus arrive at the Euler-Lagrange variational equa-
tion

8[ (Yo | Ho l¥ko) — eko (Vo [ VKo )] = 0. (2.2.3)

In writing this expression we have implicitly assumed that the Hamiltonian is diago-
nal in spin. In particular, this implies the neglect of spin-orbit coupling. In addition,
the decoupling of the spin states is based on the assumption that the system pos-
sesses a global spin quantization axis. As a consequence, we exclude those cases,
which show a more general spin arrangement and which are covered by the so-called
“non-collinear” ASW method [46, 47, 72].

Next, defining a bra-ket notation via

|Lki)*® := D (r;, k) (2.2.4)

for the Bloch-summed basis functions and using the expansion (2.1.31) of the wave
function in terms of basis functions we rewrite (2.2.3) as

8[2 D Chrnio WLy jo [ (Lkii| Hy | L2 )

Lk1i L'ky j

— ko °(Lk1i |L’x2j)f°]} =0. (22.5)
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Here, the matrix elements are real-space integrals and the index c¢ indicates integra-
tion over the unit cell. Since within a linear method the energy corresponding to the
state (2.1.31) can be minimized only by variation of the expansion coefficients we
differentiate (2.2.5) with respect to ¢y, jo (K) or else with respect to cz,q i (K) and
arrive at the linear equation system

Y L jo [ (Lkii|Hy |L'ic2 )Y — oo ™(Lkii|L'k2j)° ] =0.  (2.2.6)

L'k j
It allows to determine the band energies ek, from the condition that the coefficient
determinant has to vanish for (2.2.6) to have a nontrivial solution. Here n labels
the N different solutions, where N is the number of basis functions included in
the expansion (2.1.31) and, hence, the rank of the coefficient matrix. In addition,
the solution of (2.2.6) yields the wave function Y,, in terms of the expansion
coefficients ¢y, ;s (k) of the respective band. The generalized eigenvalue problem
posed by (2.2.6) can be easily transformed into a standard eigenvalue problem with
the help of the Cholesky decomposition, which is equivalent to a Gram-Schmidt
orthogonalization. Obviously, it can be written as

(H—e5)C=0, (2.2.7)

where H and S denote the Hamiltonian and overlap matrix, respectively. The latter
is not necessarily the unit matrix since the basis functions usually are not orthonor-
malized. However, since the overlap matrix is positive definite, it can be decom-
posed into the product of an upper and a lower triangular matrices [63],

S=uUtu, (2.2.8)

where U is an upper triangular matrix. Inserting this into (2.2.7) we arrive at the
standard eigenvalue problem

[(Ut) ' Hae) ™" —egluc=o, (22.9)

where £ is the unit matrix. This standard eigenvalue problem can be routinely solved
by mathematical-library routines but needs a backtransformation of the eigenvectors
to those of the original generalized eigenvalue problem. Nowadays, there exist even
library routines for the latter problem and we do not have to care about the details
of the Cholesky decomposition.

Having sketched the general procedure for setting up and diagonalizing the secu-
lar matrix entering (2.2.6) we will, on the remaining pages of this section, derive the
explicit form of the elements of both the Hamiltonian and overlap matrix. To this
end, we complement (2.2.4) by the definition of a bra-ket notation for the Bloch-
summed envelope function

|Lki):= Dr,(r;, K). (2.2.10)
We may then write the general element of the Hamiltonian matrix as
*(Lk1i|Ho |L' k2 )
= (Li1i| = A|L'k2j),
+ Z["O(L/qi|HU|L/K2j)ZO(m) — (Lkyi| — A|L/K2j>A(m)], (2.2.11)
m
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where the integrals containing — A are to be taken with the non-augmented envelope
functions and the index A(m) denotes integration over the atomic sphere centered
at t,,. However, (2.2.11) is still valid for any other choice of sphere radii.

As it stands, (2.2.11) seems to be an ad hoc approach to the Hamiltonian matrix
elements. Obviously, it is a first step beyond a formulation solely based on the ASA,
which would only include the first term in square brackets without taking the inte-
grals with the Laplacian operator into account. Insofar, (2.2.11) is well grounded.
The terms adding to the pure ASA matrix elements considerably increase the accu-
racy of the method. In the LMTO method these terms are explicitly distinguished
from the ASA terms and are referred to as the “combined correction”. This is differ-
ent in the ASW method, where they are built in from the very beginning. However,
while a formal justification of (2.2.11) is still missing, we will make up for this in
Sect. 4.2. For the time being, we note the similarity to the alternative representation
of the effective single-particle potential as given in the second line of (2.1.2). There
we separated the potential into a so-called pseudo part, which displayed, if at all,
only small spatial variations and extended over all space, and additional local parts,
which were confined to the atomic spheres and contained the intraatomic strong
variations of the potential. Equation (2.2.11) is in the same spirit with the first term
being the pseudo contribution and the square brackets covering the local add-ons.

In order to evaluate the integral (2.2.11) we use the fact that in the respective
regions of integration the functions entering are eigenfunctions of either the full
Hamiltonian H,; or else the free-electron Hamiltonian —A. We may therefore re-
duce the integrals with these operators to overlap integrals times the respective
eigenenergies and note, e.g., for the Laplacian operator

(Lk1i| — A|L'k2j), = k3(Lk1i|L'k2 j) (2.2.12)

We are now able to evaluate the integrals extending over the atomic spheres to be
built with the full Hamiltonian. Using (2.1.30) for the Bloch-summed basis function
we write

*(Lk1i|Hy |L'k2 )

e
=8im Ejpr ) (Hiro | HLr o) A SL.L S

J - -
+ Sim El(”x>2ma <HLK1(7 |JL’/)<2(I>A(m)8LL” BL”L//Q (Tm —-Tj, k)
H - -
+ Bz”qu (Tm — Tis k)El(/Kz)mUSL”L’<JL”K|U | HL'icy0) A(m)Omj
J - -
+ Y N B T = T RER)  Tireo | s am
L// L///

"

o
A(m)

X8 B (tm — 17, K)
=dim El(g;(, (Hiiio|HLioo) Ao SLL S
+8imEL o (HLiio | T Liso) Amy BLL, (T — T7.K)
+ B} T — T KVESD (o | His) Ao dnj
+ Y Biope Tn =T RES) (1ol Lras) A
n
X BLr1ey (T — T, K). (2.2.13)
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Here we have taken into account the Schrédinger equations (2.1.14) and (2.1.21)
as well as the orthogonality of the spherical harmonics, which leaves us with
the Kronecker-§’s with respect to angular momenta and reduces the intraatomic
integrals to only their radial contributions. Of the radial integrals those, which

contain only one type of function for K12 = K22, are calculated numerically.

These integrals are defined in (6.1.1) and (6.1.2) as s — (ﬁLKglﬁLKg)A(i)

lkio
and Sl(KJi)U = (fLKGIfLKU) A¢) and designated as the Hankel and Bessel integrals,
respectively. The mixed integrals (ﬁL/qa |I-IL,<2(,)A(m), (I:ILKI,, |J~LK20)A(m) and
(j Lijo |f Lisa ) AGm) are then expressed in terms of the Hankel and Bessel energies
and integrals with the help of the identities derived in Sect. 6.1.

In (2.2.13) we distinguish three different types of integrals. They are called one-,
two-, and three-center integrals depending on the number of sites involved, where
counting includes the site of the atomic sphere, over which the integration extends.
One-center integrals contain only augmented Hankel functions, two-center integrals
both a Hankel and a Bessel function and, finally, three-center integrals contain only
augmented Bessel functions. Note that due to the orthogonality of the spherical
harmonics the limitation to the low-/ Bessel functions is exact for the two-center
integrals. In contrast, the three-center integrals still contain an in principle infinite
summation over L”. However, in this respect the formulation (2.2.11) of the general
matrix element offers a distinct advantage. Due to this formulation, three-center
integrals enter only in the square bracket term on the right-hand side of (2.2.11)
and they always enter in combination with the corresponding integrals built with
the envelope functions. Since for high angular momenta the muffin-tin potential in
the Hamiltonian H, is dominated by the centrifugal term the augmented functions
become identical to the envelope functions. As a consequence, the difference of the
two terms in square brackets vanishes and it is well justified to omit the difference of
three-center terms already for quite low angular momenta. This is why the angular
momentum cutoff for the intermediate waves, /;;,;, can be fixed to a rather low value,
which, in practice, is /iy + 1.

The second term in the square bracket on the right-hand side of (2.2.11), i.e. the
integral over the atomic spheres, which contains envelope rather than augmented
functions, simply results from (2.2.13) by replacing the Hankel and Bessel energies
by /c22 and the augmented functions by the envelope functions. We thus note

(Liyi| — A‘L/K2j>A(m)

= 81’n1K22(HL/<1c7 |HLiyo) Am)OLL Omj
+ 8imk3 HLiyo | I Liro) Aamy BLL iy (T — T, K)
+ B}, (Tm — T, K63 (Tiiyo 1 He i) AGn) O
+ Y Bl (Tn = T 0K U ineo | Lme0) aem) B Ly (Tm — T, K),
L (2.2.14)

where again we have used the orthogonality of the spherical harmonics. The radial
integrals are calculated using the identities given in Sect. 3.8.
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Obviously, difficulties may arise from the first, second, and third term on the
right-hand side of (2.2.14) due to the singularity of the Hankel envelope functions
at their respective origins. While the product of a Hankel envelope function and
a Bessel envelope function can still be integrated, the difficulty remains in the first
term. However, as we will see in the next paragraph, this integral is only formally in-
cluded here in order to compensate part of the first term of (2.2.11), which holds the
integral over the product of two Hankel envelope functions extending over all space.
In particular, if both basis functions are centered at the same site, the integration over
the product of the two Hankel envelope functions centered at this site extends only
over the region outside their on-center sphere and the singularities do not enter.

Next, we turn to the first term in (2.2.11), which, according to (2.2.12), can again
be reduced to an overlap integral. Calculation of the latter is likewise the subject
of Sect. 3.8. In particular, (3.8.39) gives the overlap integral of two Bloch-summed
envelope functions extending over the interstitial region, which is identical to the
difference of the first term and the second term in square brackets on the right-hand
side of (2.2.11). Using these results and combining (2.2.11) to (2.2.13) as well as
(3.8.39) we are eventually able to write down the general matrix element of the
Hamiltonian as

*(Lkyi|Hy |L'k2j)>

o
=B\ (ALiio | Hiyo) A + %3 L | HLe )y ) J108ij

K2

t 5 2K2[BLL/K2(ti—rj,k)—Bz,LKl(rj—ti,k)](l—ﬁ(lclz—/czz))
271

+ 13 Bri (ti — 7, K8 (ki — «3)
N~ _
+ [E,(,(z),-t7 (Hiiyo | I Liro ) Ay — k3 CHL, L) AG) | BLLs (Ti — T, K)

P .
+ Bl (Tj—Tis k)[El(/,Q)jU(JLUqcrlHL/Kzrr>A(j) — 3 (e | He ) A ]

+D N Bl (T — 1K)

m LV

J ~ ~
X [El(”l()zm(r (JL//KI(7 |‘]L//K2(T>A(m) — K22(JL//K1 |JL//I(2>A(m)]
X BL//L/IQ (Tm - ij k) (2215)

In particular, we point to the two terms in the first square bracket, which comprise
the integral over the product of two augmented Hankel functions extending over
their on-center sphere and the integral over the product of two Hankel envelope
functions extending over all space outside the on-center sphere, as indicated by
the prime. Thus, as mentioned in connection with (2.2.14), the singularities of the
Hankel envelope functions do not enter.
It is useful to define the following abbreviations for the one-, two-, and three-
center contributions
X i = Eten Hreio | Hio ) aG) + 3 (e | HooV gy (2.2.16)

Lkkyio lkyio
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H2 D5 ~
Xi)q/()ziﬂ = El(Kz)iO <HLKIU|JLK20>A(i) - K22(HLK1 |JLK2>A(i)
2
K
+ 52— (1= 8(k{ —&3)). (2.2.17)
Ky — K
H,3 D5 =
X;‘K]K)zio = El(Kz)io' <‘ILK10|JLK20)A(i) - K22(JLK1 |JLK2>A(i)~ (2.2.18)
Furthermore, combining (2.2.17), (3.3.37), and (6.1.9) we derive the identity
2
H) ;5 ~ K
Efpr o Uaio | Lo a) = 5 (i | His) aw) — e = pe (1—8(kf —«3))
2 K
(H,2) 2 2
= XLKzK]iO’ + 8(K1 —K )’ (2.2.19)

which complements (2.2.17). The Hamiltonian matrix element then assumes the
form
*(Lk1i|Hy |L'k2 )

H,1 .
= X rio®LL8ij + K3 BLu (v = T, 008 (] — 13)

H)?2
+ X2 Brpg (i —1;.K)

+ Bl (T — T R (X2 4 8(kd - k3))

L'krky jo
H,3
+ Z Z Bz”qu (Tm — T, k)Xi”quczmo BL”L//Q (Tm -7, k)

"o (2.2.20)
Here we have, in addition, used the identity (6.1.8). Finally, working with cubic
rather than spherical harmonics and, using the identity (3.7.18), we get for the
Hamiltonian matrix element the final result

*(Lk1i|Hy |L'ic2 )

H,1 ;
= X idL18ij + KT BLi (Ti — T, K)8 (k] — i3)

H2
+x {2 B, (ti —1;,K)

Lkkpio
H.2 2_ 2
+Brye (ti— 7, k)(X(L/Kzlzljﬂ + 8(’(1 - K2))
H,3
+ Z Z B;i”LKl (Tm — i, k)X(L“lq?(zmo Bripi,(Tm — 7j,K).
m L

(2.2.21)

With the Hamiltonian matrix element at hand evaluation of the elements of the

overlap matrix turns out to be quite easy. In accordance with (2.2.11) these matrix
elements are defined as

*(Liri|L'k2j)
=(Lk1i|L'k2j),

+ Z[OO<LK1i |L'ic2 j)j"(m) — (L1i|Lic2 ) A(m)]. (2.2.22)
m
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Since all the functions entering this expression are eigenfunctions of either the full
Hamiltonian H, or else the free-electron Hamiltonian —A we may fall back on the
just derived results for the Hamiltonian matrix. To be specific, we start from (2.2.15)
and replace all energies, which appear in a numerator, by unity. We thus obtain as
an intermediate result for the general matrix element of the overlap matrix

*(Lk1i|L'k2j)>°
= [(HL/q(r |HL/<2<7)A(j) + (HLK1 |HLK2>/A(j)]8LL/8ij
1
+ W[BLL/,Q(Q —7;,K) = B} (T — i, K] (1 = 8(x{ —K3))
2 7K
+ B (Ti — 7, K8 (kF — «3)
+ [(Heo 1 L0 ) aG) — (Hie 1L AG) | BLre, (Ti — T, K)
+ B (T = T O [(Jrao Hugo) A — U 1Huig) ac ]
+ Z Z Bz//L,(l (Tm — i, k)[(-iL”/qa |jL“K2<r>A(m) - (JL”/q |JL”K2>A(m)]

m LV

X Bripie, (Tm — T, K). (2.2.23)

As before we abbreviate the one-, two-, and three-center contributions to the ele-
ments of the overlap matrix by

(S,1)

XLKlei(T = (I:ILIQ[T'I:ILK2U>A(1’) + (HLK| |HLK2)TA(I')’ (2224)
S.,2 ~ ~
X(Lxugzia = (Hryo | Liyo ) AG) — (HLiy [ Liy) AG)
1 2 2
+ 55— (1= 8(k{ —K3)). (2.2.25)
Ky — Ky
3 ~ ~
X omio = o Lo a6 — (e i) aw)- (2.2.26)

Combining (2.2.23) to (2.2.26) we note the result
*(Liyi|L'k2 )"
S,1 ;
= X{r ) idLL8ij + BLie (Ti — T, K8 (k] — K3)

S.,2 S.,2
—i—X(LKllzzioBLL/KZ(T,' -7,k + Bz’L;q (tj— T,‘,k)X( )

L'y jo
S.,3
+ Z Z Bz”LKI (Tm — T, k)X;‘”lq)szo BL”L’/Q (Tm -7, k),
"ok (2.2.27)
which for cubic harmonics reads as
*(Liyi|L'k2j);°
S.1 :
= X{r ) idLL8ij + BLie (Ti — T, K8 (k] — K3)
(S,2) (S,2)

+ XLK]KziO' BLL’/Q (Ti —Tj, k) + BLL/Kl (Ti -7, k)XL’Kzqua

S.,3
+ ZZ Bz//LKI (Tm - T, k)Xé”Kl)szo'BL//L/KZ (Tm - Tj’ k)
"ok (2.2.28)
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By now, we have arrived at a formulation for the elements of the secular matrix,
which offers several advantages. First off all, we have separated structural infor-
mation from intraatomic information by writing each term as a structure constant
times intraatomic radial integrals. The latter need to be calculated only once in an
iteration before the time consuming loop over K-points starts. Moreover, as can be
read off from the definitions (2.2.16) to (2.2.18), (2.2.24) to (2.2.26) and (6.1.8), the
intraatomic contributions depend exclusively on integrals over envelope functions,
which can be performed analytically, as well as on the Hankel and Bessel energies
E 1(537 and E Z(KJi)o and on the Hankel and Bessel integrals Sl(gi and S l(KJi)U. Hence, ex-
cept for the crystal structure information, the secular matrix is completely specified
by four numbers per basis state, which contain all information about the shape of
the crystal potential. Second, the present formulation of the secular matrix allows
for a very efficient computation. In practice, (2.2.21) and (2.2.28) enable for both a
high degree of vectorization and low memory costs and thus contribute a lot to the
high computational efficiency of the ASW method.

2.3 Electron Density

Having described the setup of ASW basis functions as well as of the secular ma-
trix we next turn to the calculation of the spin-dependent electron density, which
comprises contributions from both the valence and core electrons.

Within the framework of density functional theory, the spin-dependent valence
electron density is given by

Prata @) = [Vino OO (Er — ercno)- 2.3.1)
kn

Here we have implied zero-temperature Fermi statistics by summing over the occu-
pied states up to the Fermi energy E r. Note that, according to the definition (2.2.2),
the band energies €k;,, as well as the Fermi energy are referred to the muffin-tin
zero, vyrz. The wave function is that defined by (2.1.31) with the coefficients de-
termined by the solution of the generalized eigenvalue problem (2.2.7); n labels the
different eigenstates. The spin-dependent electron density is then arrived at by com-
bining (2.3.1) and (2.1.31) with the expression (2.1.30) for the ASW basis function.
However, within the standard ASW method it is possible to follow a different route,
which is based on the density of states and which will be used in the present context.
To this end, we first recall the fact that we started out from a muffin-tin potential

in Sect. 2.1. For this reason, due to the self-consistency condition growing out of
density functional theory the potential to be eventually extracted from the electron
density also must be a muffin-tin potential. Hence, we may already reduce the elec-
tron density to a muffin-tin form. Within this so-called shape approximation it is
sufficient to calculate only the spherical symmetric contributions inside the atomic
spheres. However, the spherical symmetric valence electron density may be equally
well extracted from the electronic density of states. It has been argued that this of-
fers the additional advantage of an increased accuracy because the Rayleigh-Ritz
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variational procedure gives higher accuracy to the eigenenergies than to the eigen-
functions [5, 6, 78].

Following the previous arguments, we concentrate from now on the spherical
symmetric spin-dependent electron density within the atomic spheres. In addition,
we strictly enforce the ASA, i.e. we ignore the interstitial region completely and
treat the atomic spheres as non-overlapping. Note that at this point we lay ground
for the systematic error of the total energy expression of the standard ASW method.
This will be explicited in Sect. 2.4.

To be specific, we rewrite the wave function as given by (2.1.30) and (2.1.31) for
the situation that the vector r lies within an atomic sphere as

Vio (1) = Y [cLio ) Hiico (0) + aLicio (K) Lo (1)), 23.2)
Lki

where we have used the abbreviation (2.1.32) in the form

arcio () =Y _ crjo W BLie(ti — 7.K). (2.3.3)
L'j

Inserting this into (2.3.1) we get for the spin-dependent valence electron density
Pral,o (®) =Y puat.ic (i) (2.3.4)
i
with the spherical symmetric part given by

Pval,io (ri)

1
= ds? Pval,ic (r;)
47

1
= H/d.@ Xk:@(EF — ko)
> (cLiio ) Hreo (6) + aLio () T1co (1))

X
L K
1 Er
:E/d:z /_OodE Xk:(S(E—eka)
x>
L

Here we have formally absorbed the band index n into the k-point label. Note that
the sum over § functions is just the electronic density of states

pa(E) =) 8(E — exy). (2.3.6)
k

2

2
Z(CLKiU (k) I:ILKO' (r;)) + apkio (K) jLKO' (r; ))

K

(2.3.5)

The valence electron density as given by (2.3.5) thus arises as a sum over weighted
or partial densities of states. This representation is based on the orthonormality of
the spherical harmonics as well as the fact that within the ASA the overlap of the
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atomic spheres is ignored. As a consequence, the valence electron density is diago-
nal in both the atomic sphere and the angular momentum index and can be written
as a single sum over these indices.

Nevertheless, due to the energy linearization it is not straightforward to perform
the energy integration on the right-hand side of (2.3.5). Instead of the augmented
Hankel and Bessel functions, which inside their respective spheres are solutions of
Schrddinger’s equation for two particular energies (the Hankel and Bessel energies),
we would seemingly need the full energy dependence of the wave function. Actu-
ally, as we will see below, the energy linearization leads a way out of this problem.
Nevertheless, it pays to check what the valence electron density would look like
if the full energy dependence were taken into account. For this reason, we take a
sideglance at the KKR method [40, 43, 45, 50], where the wave function reads as

Vo E(X) = ZﬁLia(k)Rla(E’ ri)YL(E). (2.3.7)
Li

The functions R;, (E, r;) are normalized regular solutions of the radial Schrodinger
equation (2.1.14) for energy E. Hence, they embrace the set of augmented Hankel
and Bessel functions, which are solutions of the same radial equation albeit for
only the Hankel and Bessel energies. The coefficients 81 ;, (K) are equivalent to the
expansion coefficients cr,;s (K) entering (2.1.31). Using the KKR wave function
(2.3.7) we readily arrive at the following expression for the radial part of the valence
electron density

1
Pval,io (ri) =— /d,Q Pval,ic (r;)
4

1
= = 2 B W RE (B, 0. 1) O/ — i)
k L

1 [Er
— | dE DS S ko) > | Bimio 0P RE, (E. 1),
Ik m

- 47 J_o
(2.3.8)

In contrast to (2.3.5) this expression preserves the full energy dependence of the
radial function and thus the energy integration can be easily performed. Using the
decomposition of the norm of the wave functions into contributions from atomic
spheres and angular momenta,

/ﬂ Pr Yo @) = |Bmie W] = 1, (2.3.9)

Imi

we can define partial densities of states by

prio(E) =Y 8(E — tko) Y| Bimic ®)|* (2.3.10)
k m

and obtain for the KKR valence electron density
1 [Er
putiot) == [ dE IOL TR
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This result will be useful in setting up the valence electron density with a linear
basis set.

With the just derived representation of the KKR valence electron density in mind
we turn back to the ASW method and aim at the definition of partial densities of
states via the decomposition of the norm. The latter is obtained from the expansion
(2.1.31) of the wave functions in terms of the basis functions as

/Q d3l‘|lﬁkg(r)|2 = Z Z G rerio WLy jo 1) (Licii|L'ir ). (2.3.12)
¢ Liyi L'iaj

Inserting into this expression (2.2.23) for the overlap matrix and using the definition
(2.3.3) we get

/ & [ (O
2.

=y [czw(k)cmm(m[(ﬁmg|HLK20>,- + (Hrey | HLi)i]

Likpi

1
+ o ®) Y Ly jo () ———
L'j Ky — Ky

* [Brire (ti = 7, K) = By (7 — 7, 0] (1= 8(k — 13))
+ o) Y Ly jo ) BLine (Ti — 7. K8 (kf — 13)
L'j
+ €} ic ®aLiioc ®[(Hio 1 Lire )i — (Hii |1 |
+af 10 M Liioc ® [(Toeo 1 Heiro )i — (i | HLiy)i |

+af 110 Lo [ (TLio | TLce)i = (Tik, |JLK2>,~]}. (2.3.13)

As already mentioned in the previous sections, the Hankel and Bessel functions are
included up to /j,,, and l;,;;, respectively. Note that (2.3.13) is the exact representation
of the norm. However, it does not allow for a straightforward decomposition into
partial densities of states due to the double sum in the second and third term on
the right-hand side. These terms originate from the so-called “combined correction”
terms, i.e. from the difference of the first term and the second term in square brackets
on the right-hand side of (2.2.11). Since we already opted for the ASA in the present
context we replace the exact expression by the following ASA expression for the
norm

/Q Pr e ®’ = Y [¢hi0 ®eLesio W (ALeo | Hro)i

Liikoi

+ ¢} rio Lo K (Hii o | Ly )i

+ 4} 10 ) CLiic ®) (TLcio | Heiyo )i

+ 4} 10 ) aLisio ) (Lo | TLio i ] + Ag (K)
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=Y qiic (k)
li

= 1. (2.3.14)

Here we have added a small quantity A, (k), which accounts for the difference
between the expressions (2.3.13) and (2.3.14). Thus, it can in principle be calculated
exactly. Yet, since this quantity makes only a small contribution to the norm it is
omitted in practice and the resulting deviation of the norm from unity is cured by a
renormalization of the remaining terms in (2.3.14).

As indicated in the second but last line of (2.3.14) we then arrive at the desired
unique decomposition of the norm, which still allows to define k-dependent partial
occupation numbers. Moreover, we now have a simple recipe for the calculation of
partial densities of states at hand, which read as

plio (E) = ZS(E — &ko)qlio (K). (2.3.15)
k

Still, we are not able to perform the energy integration needed for the calculation
of the spin-dependent valence electron density. In order to do so we would need the
full energy dependence of the radial function, which in case of the KKR method is
contained in the solution R;; (E, r;) of the radial Schrodinger equation. However,
we point out that the full energy dependence is not really omitted in a linear method
but is just replaced by a linear function [5, 69, 78]. Under the assumption of a per-
fectly linear dependence the partial density of states would be completely specified
by its first three moments, which are defined by

Er
M®P = / dE E¥pin(E), k=0,1,2. (2.3.16)
—0Q

Even if small deviations from the linear behavior are included it will be sufficient
to take additionally the fourth moment into account. This allows to define a new
expression for the density of states

Piio (E) —28 (E-E2) o5 (2.3.17)

llU lza’

where the two energies E and the particle numbers Q lic ) are subject to the con-
dition that they yield the same first four moments as the true density of states does,
ie.

2 Ep
!
Z(Ez(fff) Qz(?ﬁi/ dE EXpiig(E), k=0,1,2,3.  (2.3.18)
—00

a=1

The calculation of the moments of the partial densities of states as well as the details
of the moment analysis (2.3.18) are the subject of Sects. 6.2 and 6.4, respectively.
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Finally, with the true density of states replaced by (2.3.17) we arrive at the rep-
resentation of the spin-dependent valence electron density as

Prat,io (i) = ZZ QiR (Ef). 1) mez o (). (23.19)
I a=1

It does not require the full energy dependence of the solution of the radial
Schrodinger equation. Instead, we have to solve this equation for two energies only.
Nevertheless, the first four moments of the true density of states are fully repro-

duced.
The previous results reveal an additional “symmetry” of the standard ASW
method. Obviously, the intraatomic valence electron density by now is completely

specified by only two energies E l(l U) and particle numbers Ql(a) In return, as out-
lined at the end of Sect. 2.2, specification of the secular matrix likewise required
four quantities per orbital, namely, the Hankel and Bessel energies and integrals. As
a consequence, the iteration process can be cut into two parts. While the band calcu-
lation starts from the Hankel and Bessel energies and integrals and returns the above
energies E“ lio ) and particle numbers Q things are reversed for the intraatomic cal-
culations. Eventually, this bouncing back and forth of different quantities allows for
an additional speedup of the method, which will be outlined in more detail in the
following section.

Having performed the calculation of the valence electron density we turn to the
core electrons. Their density arises from a sum over all core states, which have wave
functions ¢pjie (Enjic, ri) and energies E,j;, resulting from the radial Schrédinger
equation (2.1.33) subject to the conditions of vanishing value and slope at the sphere
boundary. Hence, we get for the spin-dependent core electron density

Pcore,o (r)= Z Pcore, o(ri) = Z (pnlm(Enlws rl)|YL (I‘,)|

i nlmi

21+ 1
= Z gorzllm(Enlto9rt)

nli

=D Peore (). (2.3.20)

Finally, combining (2.3.19) and (2.3.20) we arrive at the following result for the
spin-dependent electron density

Pet.o (®) =D (Pvat.o (1) + Peore.o X)) =2 Y _ pero ). (23.21)

i

2.4 The Effective Potential

In order to close the self-consistency cycle we still have to calculate the effective
single-particle potential. Again, we rely on density functional theory and the local
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density approximation, which in an approximate manner cast the full many-body
problem into a single-particle self-consistent field problem. The potential is then
represented as the sum of the external, Hartree and exchange-correlation poten-
tial [10, 11, 36, 41, 45]. The external potential is the Coulomb potential originat-
ing from the nuclei and possibly from external electromagnetic fields. In contrast,
the Hartree potential comprises the classical contribution to the electron-electron
Coulomb interaction. Finally, the non-classical contributions are covered by the
exchange-correlation potential.

For practical calculations it is useful to first combine the electron density of the
electrons as calculated in the previous section with the density of the nuclei, which
is given by

Pruct(t) == 8(ri)Zi. 24.1)

The classical potential due to the resulting total density then contains both the ex-
ternal and the Hartree potential. It can be written as

)Oel(r/) Z;
=2 [ & -2y ——
Ves(T) f r r—r| %: Ir—R

p,i|

zzzf v M—zzi. (2.4.2)

wi _ .
L l‘ ;| o il

The prefactor 2 entering here is due to our choice of atomic units, where it is iden-
tical to 2. It reflects the fact that so far we have calculated electron and nuclear
densities rather than charge densities. Since the Coulomb potential requires a charge
density an extra factor e has to be added.

Next we assume the position r to lie in the atomic sphere centered at the site R,;.
Using the identity [37, (3.70)]

I’l

|l'—l'/| _221+1 1+1 YL(r)YL( ) 2.4.3)

which follows from (3.6.8) for « — 0, we transform (2.4.2) into the following ex-
pression

1 i ro12 / Sj o7 /
Ves (1) |jr,;1<5; _87r— dry,; rvj,og[(rui)+8n dry,; rvjpel(rvj)
rui Jo ] ] . ]
Z.
wdij)———. (2.4.4)

IzI

Itis based on the shape approximation, i.e. on the assumption of spherical symmetric
electron densities confined to atomic spheres, which we used already in Sect. 2.3 for
the electron density. In (2.4.4), we have furthermore separated all charges contained
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in the sphere centered at the site R,; from those falling outside this sphere. In doing
so, we have used the definition of point charges

Si
Q;:= 471/0 dr;“- rﬁpd(r;ﬂ) (2.4.5)

as resulting from integrating all the electronic charge within an atomic sphere. This
is motivated by the fact that, if viewed from outside a sphere, a spherical symmet-
ric charge density within a sphere acts like a point charge located at its center. If
combined with the nuclear charges these “electronic point charges” generate the
Madelung potential, which is represented by the last term in (2.4.4). However, it
is important to note that this treatment neglects the overlap of the atomic spheres,
which is substantial especially in the atomic-sphere approximation. This leads to
an error in the potential and, in particular, in the total energy to be calculated in
Sect. 2.5. The error is rather small in closed packed solids, where the overlap can
be minimized [30, 53, 67]. Yet, it is large enough to spoil the calculation of phonon
frequencies and forces. It is the aim of a full-potential ASW method to overcome
the shape approximation and to provide higher accuracy for the total energy and the
potential.

Still, we can substantially simplify the Madelung term in (2.4.4) by consequently
using the muffin-tin shape of the potential. Due to the spherical symmetry of the po-
tential within the atomic spheres, which suppresses the angular degrees of freedom,
the Madelung potential, e.g., in the sphere at site R,;, can in no way depend on the
position r,; within that sphere. For that reason, the Madelung potential reduces to

Qi —Z;

=2 (1 = 8,8) ——————,
UMad, j Z( O l])|Tj_Ti_Rp,|

i

(2.4.6)

which is just a constant shift of the potential within each atomic sphere.

The lattice sum entering (2.4.6) is closely related to the k = 0-Bloch-summed
Hankel function discussed in Sect. 3.5. Using the asymptotic form of the barred
Hankel function (3.1.45) and the relation (3.1.17) we write

kr—0 1

" er) (2.4.7)

and
1 1

Var ltj—ti — Ryl

Comparing this to the definition (3.5.2) of the Bloch-summed Hankel envelope func-
tion we obtain for the Madelung potential (2.4.6) the result

Hpe(tj— 1 —Ry)|i=0,k»0 = (2.4.8)

UMad,j =2 ) (1 = 80u8i))V4m Hp,e (T — Ti = Ru)(Qi = Zi)l1=0, -0
)

=2) VarDrc(r; — 71, 00(Qi — Z)li=0, k0. (2.4.9)
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Note that those parts of the Bloch-summed Hankel function Dyp,, which do not
depend on the vector T ; — 7;, cancel out due to charge neutrality of the unit cell,

> Qi -z =0. (2.4.10)

This holds especially for the term with K,, = 0 in the reciprocal lattice sum of the
function D(LIK) , which is defined by (3.5.19). Since this term does not depend on the
index j for k = 0 the sum over all charges vanishes and the singular behavior for
K, =0 is avoided [22].

Having calculated the classical parts of the single-particle potential we turn to the
exchange-correlation potential. As already mentioned, we use the local density ap-
proximation, which returns the exchange-correlation potential as a spin-dependent
local function of the spin-dependent electronic densities [10, 11, 41, 42, 45, 77], and
write

Uxe,o (r)= Uxe,o [pel,a (r), Pel,—o (I‘)]

= Z vxc,ia[pel,a(ri)’ Pel,—o (l‘,‘)]
= Vreiio (7). (2.4.11)

In the past, several parametrizations for the density dependence of the exchange-
correlation potential have been derived from different treatments of the homoge-
neous electron gas among them those proposed by Hedin and Lundqvist, von Barth
and Hedin, Moruzzi, Williams and Janak, Vosko, Wilk and Nusair, and Perdew
and Zunger [10, 12, 28, 34, 45, 54, 62, 75]. A complete overview of all these
parametrizations was given by MacLaren et al. [49]. Alternatively, we may employ
the generalized gradient approximation, for which parametrizations were given by
Perdew and coworkers, Engel and Vosko, and Zhang and Yang [20, 48, 57-61, 79].

Combining (2.4.4), (2.4.9), and (2.4.11) we arrive at the following result for the
effective single-particle potential

Vg () = Ves () + Vye, 6 ()

= Z[Ues,i(ri) + VUxc,io (r) + UMad,i]

=Y vo(ri). (2.4.12)

Here
) — 1 i ’ 12 / & ,o / Zi
Ves,i (0) = 8w — | dr]r{*pe(r]) + 87 driripe(r) —2— (2.4.13)
ri Jo ri Ir;]
is the electrostatic potential generated by all charges within the same sphere, which
deviates from the expression (2.4.13) by the Madelung term representing the poten-
tial generated by all charges outside the respective sphere. Due to this separation of
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intraatomic contributions from the outside charges the calculations are significantly
simplified. In a last step, we have to specify the muffin-tin zero, which is usually set
to the average of the potentials at the surfaces of the atomic spheres.

By now, we have closed the self-consistency cycle since the just derived poten-
tial can be inserted into Schrédinger’s equations (2.1.14) and (2.1.21) this allowing
for the calculation of new augmented Hankel and Bessel functions. Nevertheless,
there is an additional bonus due to the previous separation of the Madelung po-
tential, which induces only a constant potential shift in each atomic sphere. As a
consequence, all the intraatomic problems are completely decoupled, and we are
able to calculate the intraatomic potential according to (2.4.12) without taking the
Madelung term into account. Having finished this step we do not directly pass the
potential to the following band calculation but instead insert it into Schrédinger’s
equation to calculate new radial functions and a new electron density. This estab-
lishes an intraatomic self-consistency cycle, which allows for a self-consistently cal-
culated potential within each atom before all these atomic potentials are combined
for the following step of the band iteration. This might save a lot of computation
time.

To be specific, we describe the sequence of intraatomic calculations in more de-
tail. Following the flow diagram given in Fig. 2.3 we start out from the energies E l(f;)
and electron numbers Ql(f;) as resulting from the momentum analysis of the partial
densities of states. The energies are then transformed to the local energy scale by
setting

Ef = E® + vyrz — vMad.i- (2.4.14)

After this we solve the radial Schrodinger equation

1 92 II+1) -
[_:mri t— Ves,i (1) + Vscuio (1)) — vuarz — Eff) |Rio (Ef) . 17)
i 0r; i

1 92 I(+1) -
= [———ri + 3 + Ves,i (i) + Vxc,io (¥i) — UMad,i — El(fg)

Ti 8ri2 :
X Rig (EN2,ri) =0, (2.4.15)
where R (E l(f;), r;) is a real and regular function normalized to
Si
o 2
/ drir}|Ris (Ej0 1) | = 052 (2.4.16)
0

From the solution of the radial equation (2.4.15) we then get the logarithmic deriva-
tives at the sphere boundary

lic \lio lio> "1

_ d =
D(a) (E(a)) = ;(ln Ris (E(a) r'))r,-:Si
i

_ 1 0 _
= [Rie (E, $))] IWRZ(,(EI(;?J[-) L 4a7)

lio>
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This way we arrive at a set of four new quantities per basis state, namely, the loga-
rithmic derivatives D(a) and the electron numbers Ql( ®) As experience has shown,

the logarithmic derivatives are superior to the energies E as they allow for a more
stable acceleration of the iteration process. In the course of the latter the logarith-
mic derivatives and the electron numbers of the actual iteration as well as previous
ones are used to make a good guess for the following iteration. There exist many
different methods for the acceleration of iteration processes in electronic structure
calculations and a large number of original papers dealing with the issue [2, 9, 13—
18, 29, 38, 39, 44, 64, 68, 71, 74]. For a recent overview see Ref. [24].

In addition to this rather numerical advantage of the logarithmic derivatives they
allow for a better illustration of the interplay between intraatomic and band cal-
culations. This has been used already in the concept of “renormalized atoms”. It
corresponds to atomic calculations subject to boundary conditions, which reflect
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the influence of the surrounding atoms [31, 35, 76, 78]. It is this concept, which,
according to Williams, Kiibler, and Gelatt, initiated the development of the ASW
method [78].

Finally, with the logarithmic derivatives at hand we enter the intraatomic iter-
ation cycle as sketched in Fig. 2.3. After self-consistency has been achieved, the
muffin-tin potential is used in an additional step with the radial Schrédinger equa-
tions (2.1.14) and (2.1.21) as well as the boundary conditions (2.1.15) and (2.1.22)

to evaluate the Hankel and Bessel energies E ) and E (J)” as well as the Hankel

lkio
S(J)

and Bessel integrals Sl(,ff()y and S;,; ., which enter the subsequent band calculation.

2.5 Total Energy

In the previous sections we have learned about the major steps of the ASW method.
This included the calculation of partial densities of states and partial occupation
numbers, which already give a lot of information about the materials properties.
However, in many cases the total energy is also of great interest. We just mention
binding energies, bulk moduli, elastic constants or the stability of different magnetic
structures. While some of these quantities are beyond the scope of the ASA and
need a more accurate treatment as provided by a full-potential scheme, we will,
nevertheless, in this last section of the present chapter sketch the evaluation of the
total energy.

Within density functional theory, the total energy is given as the sum of the ki-
netic energy, the electrostatic energy arising from the classical part of the electron-
electron interaction, and the exchange-correlation energy [10, 11, 19, 21, 28, 45, 56].
An additional contribution stems from the external potential, which, in the simplest
case, is just the electrostatic potential generated by the nuclei. Finally, we have to
add the energy due to the electrostatic interaction between the nuclei. We thus note

E7 = E7[pe14 (), pet, (r)]

= T[/Oel,T(I‘), pel,l(r)] + Z / d3l‘ Uext(r)pel,cr(r)

N // drd’r pel(r)pelﬁr) + Exc[pel,T(r)y ,Oel,i(r)]

+ — (1 — 8,08 ) —— )
ZZ e |Rv] _R/u|

= T[pel,T(r)v pel,i(r)] + Ees[pel(r)] + Exc[pel,T(r)v Pel,¢(l')]a (2.5.1)

where all integrations extend over the whole crystal unless otherwise indicated and
N denotes the number of unit cells. In addition, we have used atomic units as defined
in Sect. 1.2, i.e. ¢* = 2. Furthermore, we have in the last step combined all the
contributions arising from the classical part of the Coulomb interaction into the
total electrostatic energy. The three terms on the right-hand side are now subject to
further inspection.
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An expression for the kinetic energy grows out of the Kohn-Sham equations by
multiplying them with the complex conjugate of the respective wave function, sum-
ming over all eigenstates and integrating over all space [19, 21, 28, 56]. From this
we obtain

T[pe1. (), pet, (0] =Y Eo (KO (Er — Eo (k) + Y Enlic + vmrz Z Qi

ko nlmio

-3 / ¥ U (1) ot (1), (252)

Here, the third term takes care of the fact that the single-particle energies were
referred to the muffin-tin zero whereas the potential is not. The latter is given by

V5 (1) = 0 (1) + Vye o (1) + Venr (1), (2.5.3)
where
J
v () = f gy L) (25.4)
Ir—1'|

is the electrostatic potential generated by the electronic density. As well known,
(2.5.2) can be used to write the total energy as the sum of all single-particle ener-
gies (valence and core) minus the so-called “double counting” terms. Eventually, we
will also arrive at an expression of this kind. However, we point out that the effec-
tive potential entering the kinetic energy is the potential making the single-particle
energies and, hence, the electron density, whereas the potential entering the electro-
static energy is the potential made by the density. These two potentials should be
distinguished as long as full self-consistency has not yet been reached. Neverthe-
less, according to (2.5.3) the potential entering the kinetic energy also contains the
external potential, which does not change during the iterations and thus cancels the
corresponding term in (2.5.1) exactly. Combining (2.5.1) to (2.5.3) we thus note

Er=Y E;MO(Er — E;(K)+ Y Enio + vmrz Z Qi

ko nlmio

— Z f d3 (el) (1) + Ve, 0 (1) + Uext(r)]pel o (1)

+ Z / d3l‘ Uexz(r),oel,a (r)

N / / Pra’r’ e’(r)p e’ﬁr) + Exe[petr (), ety (0]

+ = ;;a a,wa,anw -
=Y E;KO(Er — E;(K) + Y Eniic + vmrz Z Qi

ko nlmio

- Z / d31‘ (EZ in) () + v, d(r)]pel o (1)

;u|
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1
+ 5 Z f dr vl (0)pot,o (1) + Exc[pel, 4 (0). per,y (1)]

+— ZZ(I 8pundif) o |R

wi vj vj — R;u|
=Y E;(KO(Er — E(K) + Y Eniio + vyrz Z Qi
ko nlmm
1 3 (el) Z;Z;
-5 Z d’r v (1) pero (1) + — ZZ(I aﬂva,nm
+ Exc[pel,T(r)v Pel,¢(r)] - Z / d31' Uxe,o () et o (T), (2.5.5)
o

where we have omitted the integrals over the external potential in the second step.
While at that stage we still have distinguished the potentials vgl’ in) (r) making the
electronic density and 8" (1) made from the electronic density, these potentials
were combined in the third step leading to the representation of the total energy as
the sum of single-particle energies minus the double counting terms.

In further evaluating the total energy we aim at a formulation, which allows for
both a simple calculation and interpretation of the results. Such a formulation is
indeed possible and consists of a sum of atomic contributions plus the Madelung
energy, which includes a sum over pairs of atomic sites,

Er =7 Eri+ Epu. (2.5.6)
i
In order to derive this representation we start from the band energy contribution
to the total energy, which is the first term on the right-hand side of (2.5.5). It may
be simplified a lot with the help of the definition (2.3.15) of the partial densities

of states as well as the alternative representation (2.3.17) arising from the moment
analysis. We thus note

ZE KO (EF — E;(K)) Z/ dE ZE K)$(E — E;(K))
ko

=Zf dE Ep, (E)
=) / dE Epii (E)

lio

2
=YY ED 0. (2.5.7)
lic a=1
Using (2.4.14) we can still split off the local Madelung potential. Defining an anal-
ogous energy shift for the core states by

Enlia ‘= Enlig + YMT1Z — VMad,i (2.5.8)
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we obtain

Z Es (k)@(EF —Es (k) Z Enlic + UMTZZ 0;

ko nlmio

_Z[ZE;;’Q ;7;+(21+1)2En1io:|
lic La=1 n

—Z[ZE;;: ;7g+<zz+1>zzz~m}

lioc La=1

+ ) Ubadi [Z Y o) +2 Z(zl + 1)} (2.5.9)

lo a=1

The last square-bracket term on the right-hand s1de is the total electron number
inside the atomic sphere at site 7;, which we defined as Q; in (2.4.5). In addition,
we have from (2.3.19) and (2.3.20)

2 s,
Z Z Ql(iz =d4m Z/(; Pvalio (i) (2.5.10)

lo a=l1

and

22(21 +1)=4n Z/ Peore.s (Ii)- (2.5.11)

Combining (2.5.7) to (2.5.9) we arrive at the following expression for the sum of
the single-particle energies

Y Ec(O(Er — Ec(K) + Y Euio + vurz Z Qi

ko nlmio

=3 [ YEDOR+ @+ Enug} + ) UMaai Qi (2.5.12)
lio n i

Next we turn to the electronic contribution to the electrostatic energy. Due to
our previous choice of the ASA and the resulting neglect of the interstitial region
the integrals over the whole crystal turn into sums of integrals over atomic spheres.
However, as for the construction of the Hartree potential, the latter integrals can
be replaced by point charges located at the sphere centers whenever the twofold
integral extends over different spheres. We thus note

1
5 [ v @paaw

//d3 rd3v pel(r)pel(r)
r—r/l

Pel,i (i) et j (X';)
- __22/ / Prddy, LT
J — 1),

nv oij |rW
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—_Z/ / Pr dg ,pelz(rt)/)ell(r)
| —I'i|
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_ N Z Z(l — 8HU8ij)—|RW' — lj{vﬂ

wy o ij
1 _
=3 [ aniwpa
i i
1 0iQ;
- (1= 8,08 1) —1 2 (2.5.13)
N;ZJ: " R — Ry

where 55,?13 (r;) denotes the electrostatic potential in the atomic sphere centered at
T; and arising only from the electron density inside this sphere. In contrast, all
intersphere interactions have been replaced by the electrostatic interaction of point
charges located at the atomic sites. Of course, as already discussed in Sect. 2.4,
this treatment means a severe approximation as soon as the atomic spheres overlap,
which they do in the ASA. As a consequence of this and due to the complete neglect
of the interstitial region, highly accurate total energies are beyond the ASA and can
only be evaluated within a full-potential method.
Note that the electrostatic potential introduced in the last step of (2.5.13) is re-
ferred to the local potential zero. Defining the potential
0D () = 00 ) + vatad. (2.5.14)

we may thus rewrite (2.5.13) as

1
32 f e v (0ot 0 ()
o
1 -
=52 / dx; U5 () et (67)
i U
- Z/ dSrt 25 3(1'1)/0611(1'1) + ZvMad’i / d3rl» pEI,i(ri)
: : o
__ZZ(I 8/11}81]) RQlQlj{
nyoij | T2 w|
1 -
=3 Z/Q dr; Uéjf?(ri),oel,i(ri)
i i
- / &1 0 () peri (61) + Y Untad,i O
i i

0i0Q;
— _ZZ(I MV l] m (2515)

nvoij
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Here we have divided the intraatomic contributions into two integrals, where the
potential is referred either to the local Madelung potential or else to the global po-
tential zero. Combining (2.5.15) with the term comprising the interaction between
the nuclei we arrive at the result

1 ZiZ;
_5; / v (1) pero (1) + 22(1 S

wi vj Ui |

1
:EZ/ d3l‘, x[?(rl)pell(rl Z/ d31‘, éill)(rl)pell(rz)

QiQ;
- — 1—46,.,5; ad,i Qi
E E( n ’)|R —Rw|+§,- UMad,i Q

nvoij
ZiZ;
+N§Z(l “”5”)|Ri (2.5.16)

vj _R;u|

The last three terms can be combined into the Madelung energy, which, using
(2.4.6), we rewrite as

1 0i0;
Emad ==Y Y (1= 8,,8;)) ——2—+ Z UMad.i Qi
N I IR, _Rv1|
by b
Wi vj |Rv1 - R;u |

= ZZU — 8,08i) [2iZ; — QiQ; + Qi(Q; —Zj) + Q;(Qi — Z)]

|Tj_ri_RM|

Z; Z;
—ZZU—%O%) Q| Q5= 7))

—T;— u|
=3 Z Mad,i (Qi — Zi)- (25.17)

As a consequence, we obtain for the sum of all electrostatic contributions the result

1 Zi7Z;
=3 f d*r ol (0)pero (v) + — ZZ(I Bundif)
24 - IRy — Ry
1 _
=32 f dPr; 0 () per,i (x) — ) f d®r; v (00 pet,i (v1) + Entad
— J — J 2
1 1
1 _
=3 X [ nspai) = Y i 00+ Evva (2.5.18)
— JQ; -
1 1

Finally, the exchange-correlation energy is evaluated using the local density ap-
proximation [19, 21, 28, 56]

1
Exc,a [:Oel,ar (I‘), Pel,—o (l’)] = N / d3l' Exc,o [:Oel,or (I‘), Pel,—o (r)]pel,a (I’), (25 19)
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according to which the function &y,  is a local function of the spin-dependent den-
sities. In complete analogy to (2.4.11) we write

Exc,o (r)= Exc,o [pel,o (r), Pel,—o (I')]
= Z Exc,io [pel‘o (), Pel,—c (I‘,‘)]
i
= Z &xc,io (i) (2.5.20)
i
again using one of the parametrizations mentioned in Sect. 2.4. With the local den-

sity approximation at hand the terms in the respective last lines of (2.5.5) can be
written as

1
Exc,a [,Oel,o (r), Pel,—o (I’)] - ﬁ / dSr Uxe,o (r)pel,a (r)

= Z‘/_;Z d3ri [gxc,ia (ri) — Uxc,io (ri)]pel,io (r;). (2.5.21)

Inserting the intermediate results (2.5.12), (2.5.18), and (2.5.21) into the initial
formula (2.5.5) we arrive at two alternative final expressions for the total energy

2
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n

lioc La=1

1 (el
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—~ Jo
1
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= Z[ZEI(I? 0l + 21 +1) ZEnzia} +ourz Y Qi
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lic La=1

1 (el y
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Ry [l

+ Z/ d3ri [Exc,izr (r;) — Uxe,io (ri)]pel,ia (r;)
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lic La=1
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- 2

1 _(el
+ 5 Z/ d3ri Ui;} (i) Pel,ic (r;) + Z/ d3ri &xc,io (i) Pel,ic (Ti)
X 2; . 2;
io io

+ EMad, (2.5.22)
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where, in the last step, we have explicitly noted the double counting terms. From
(2.5.22) the separation into a single and a double sum over atomic sites as already
outlined in (2.5.6) is obvious. The atomic contributions are explicitly given by

2

Eri=Y | Y ED0 + Q@+ 1) Enio
n

lo La=1

1
_5/ dsrt ;3(1'1),0611(1‘!)

i

+ ZL d3ri [gxc,ia (ri) — Uxc,io (ri)]pel,icr (r;)

=> ZE},"Q O+ QL+ 1) Enio |+ vmrz Qi
lo La=1 n

1 (el
45 | nampane - [ @ woaim
2 £2;

+ Z/Q dsri [Exc,icr (r;) — Uxc,io (ri)]pel,ia (r;)
= Z Z E;Y 010 + (2 +1) Z Enlio | +vmrz Qi
n
- Zf d3rl éilz (i) + vxe, m(rz)]Pel,ia (r;)

+ 5 ;[ d3rl és Z(rz)pel,ia (ri) + ; /.;2; d3ri Exc,io (Xi) Pelio (Ti)

(2.5.23)

and the Madelung energy follows from (2.5.17).
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