Chapter 2
Linear DAEs with variable coefficients

In this chapter we provide a comprehensive analysis of linear DAEs
A(t)(D(0)x(t)) +B(t)x(t) = q(1), 1€,

with properly stated leading term, by taking up the ideas of the projector based
decoupling described for constant coefficient DAEs in Chapter 1. To handle the
time-varying case, we proceed pointwise on the given interval and generate admissi-
ble sequences of matrix functions G;(-) = G;_1(-) + B;—1(-)Qi—1(-) associated with
admissible projector functions Q;(-), instead of the former admissible matrix se-
quences and projectors. Thereby we incorporate into the matrix function B;(-) an
additional term that comprises the variations in time. This term is the crucial one of
the generalization. Without this term we would be back to the so-called local matrix
pencils which are known to be essentially inappropriate to characterize time-varying
DAE:s (e.g., [25, 96]). Aside from the higher technical content in the proofs, the pro-
jector based decoupling applies in precisely the same way as for constant coefficient
DAE:s, and fortunately, most results take the same or only slightly modified form.

In contrast to Chapter 1 which is restricted to square DAE systems, that means,
the number of unknowns equals the number of equations, the present chapter is
basically valid for systems of k equations and m unknowns. Following the arguments
e.g., in [130], so-called rectangular systems may play their role in optimization and
control. However, we emphasize that our main interest is directed to regular DAE:s,
with m = k by definition. Nonregular DAEs, possibly with m # k, are discussed in
more detail in Chapter 10.

We introduce in Section 2.1 the DAEs with properly stated leading term and
describe in Section 2.2 our main tools, the admissible matrix function sequences as-
sociated to admissible projector functions and characteristic values. Widely orthog-
onal projector functions in Subsection 2.2.3 form a practically important particular
case. The analysis of invariants in Section 2.3 serves as further justification of the
concept.

The main objective of this chapter is the comprehensive characterization of regular
DAEs, in particular, in their decoupling into an inherent regular explicit ODE and
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58 2 Linear DAEs

a subsystem which comprises the inherent differentiations. We consider the con-
structive existence proof of fine and complete decouplings (Theorem 2.42) to be the
most important special result which describes the DAE structure as the basis of our
further investigations. This leads to the intrinsic DAE theory in Section 2.6 offering
solvability results, flow properties, and the T-canonical form. The latter appears to
be an appropriate generalization of the WeierstraB—Kronecker form. Several specifi-
cations for regular standard form DAEs are recorded in Subsection 2.7. Section 2.9
reflects aspects of the critical point discussion and emphasizes the concept of regu-
larity intervals.

In Section 2.10 we explain by means of canonical forms and reduction steps how
the strangeness and the tractability index concepts are related to each other.

2.1 Properly stated leading terms
We consider the equation
A(Dx)' +Bx =g, (2.1
with continuous coefficients
AeC(Z,L(R",R"), DeC(Z,L(R",R"), BeC(Z,LR"R")),

and the excitation g € C(Z,R¥), where Z € R is an interval. A solution of this equa-
tion is a function belonging to the function space

CH(T,R™) := {x € C(Z,R™) : Dx € CY(Z,R")},

which satisfies the DAE in the classical sense, that is, pointwise on the given inter-
val.

The two coefficient functions A and D are to figure out precisely all those com-
ponents of the unknown function, the first derivatives of which are actually involved
in equation (2.1). For this, A and D are supposed to be well matched in the sense
of the following definition, which roughly speaking means that there is no gap and
no overlap of the factors within the product AD and the border between A and D is
smooth.

Definition 2.1. The leading term in equation (2.1) is said to be properly stated on
the interval Z, if the transversality condition

kerA(t) ®@imD(tr) =R", t € T, (2.2)
is valid and the projector valued function R : Z — L(IR") defined by
imR(¢) =imD(¢t), kerR(t) = kerA(t), t€Z,

is continuously differentiable.
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The projector function R € C'(Z,L(IR")) is named the border projector of the lead-
ing term of the DAE.

To shorten the phrase properly stated leading term, sometimes we speak of proper
leading terms.

We explicitly point out that, in a proper leading term, both involved matrix functions
A and D have necessarily constant rank. This is a consequence of the smoothness of
the border projector R (see Lemma A.14).

Applying the notion of C!-subspaces (Definition A.19, Appendix A), a proper
leading term is given, exactly if im D and kerA are transversal C'-subspaces. Equiv-
alently (see Lemma A.14), one has a proper leading term, if condition (2.2) is satis-
fied and there are basis functions ©%; € C'(Z,R"), i =1,...,n, such that

imD(t) = span {9 (¢),...,0:(¢)}, kerA(r) =span{O+1(¢),..., % (1)}, te.

Having those basis functions available, the border projector R can simply be repre-

sented as

1

R:= [191...19,,}{ 0} [O...8,] " (2.3)

~—
r

If A and D form a properly stated leading term, then the relations
imAD =imA, kerAD = kerD, rankA =rankAD =rankD =:r

are valid (cf. Lemma A.4), and A, AD and D have common constant rank r on L.

Besides the coefficients A, D and the projector R we use a pointwise generalized
inverse D~ € C(Z,L(R",R™)) of D satisfying the relations

DD D=D, D DD =D, DD” =R. (2.4)

Such a generalized inverse exists owing to the constant-rank property of D. Namely,
the orthogonal projector Pp onto ker D along kerD is continuous (Lemma A.15).
If we added the fourth condition D™D = Pp to (2.4), then the resulting D~ would
be uniquely determined and continuous (Proposition A.17), and this ensures the
existence of a continuous generalized inverses satisfying (2.4).

By fixing only the three conditions (2.4), we have in mind some more flexibility.
Here D™ D =: Py is always a continuous projector function such that ker Py =kerD =
kerAD. On the other hand, prescribing Py we fix, at the same time, D™ .

Example 2.2 (Different choices of Py and D™ ). Write the semi-explicit DAE

Xy 4+ Biixi +Biaxa = q1,
B1x1 +Bxx; = g2,

with m| + my = m equations in the form (2.1) with properly stated leading term as
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I By1 By
A= 5 D= IO 5 B= 9
[0] [ ] {321 Bzz]

such that kerA = {0}, imD = R™ and R = I. Any continuous projector function Py
along ker D and the corresponding generalized inverse D™ have the form

w=laol o =la]

with an arbitrary continuous block 2(. The choice 2l = 0 yields the symmetric pro-
jector F. O

2.2 Admissible matrix function sequences

2.2.1 Basics

Now we are ready to compose the basic sequence of matrix functions and subspaces
to work with. Put
G() :ZAD7 B() = B7 N() = kerGo (2.5)

and choose projector functions Py, Qo, ITy € C(Z,L(R™)) such that
Iy =Py =1—Qp, imQp = Ny.
For i > 0, as long as the expressions exist, we form

Giy1 =G+ B;0;, (2.6)
Nit1 =kerGiqy, 2.7

choose projector functions P4 1,Q;y1 such that Pyy =1 — 011, imQiy1 = Nit1,
and put

IT g = ILiPyy,
Bi+1 :=B;P,— G;11D™ (DII41D™ ) DIT,. (2.8)

We emphasize that B;; | contains the derivative of DII;, 1D, that is, this term com-
prises the variation in time. This term disappears in the constant coefficient case,
and then we are back at the formulas (1.10) in Chapter 1. The specific form of the
new term is motivated in Section 2.4.1 below, where we consider similar decoupling
rearrangements for the DAE (2.1) as in Chapter 1 for the constant coefficient case.
We are most interested in continuous matrix functions Gj;1,B;11; in particular we
have to take that DIT;, 1D~ is smooth enough.

Important characteristic values of the given DAE emerge from the rank functions

rj:=rankG;j, j > 0.



2.2 Admissible matrix function sequences 61

Example 2.3 (Matrix functions for Hessenberg size-1 and size-2 DAEs). Write the
semi-explicit DAE

Xy 4 Biixi +Biaxa = q1,
Br1x1 +Byxy = q2,

with m 4+ my = m equations in the form (2.1) as

| . __|Bn Bz - |
A_[o},D_[IO],B_[BZIsz,D _[o}'

Then we have a proper leading term and
10 100 _ | B2
GO_ |:OO:| I QO_ |:0[:| I Gl_ |:0322:| .
Case 1:

Let B, be nonsingular on the given interval. Then G is also nonsingular. It follows
that Q; = 0, thus G, = Gy and so on. The sequence becomes stationary. All rank
functions r; are constant, in particular ro = my, r; = m.

Case 2:

Let By; = 0, but the product BB, remains nonsingular. We denote by £ a pro-
jector function onto imBj, and by B}, a reflexive generalized inverse such that
B1pB}, = Q, B,B1» = I. The matrix function G; now has rank | = mj, and a
nontrivial nullspace. We choose the next projector functions Q; and the resulting
DIL1D™ as

Q0 _
Ql[_BIZO], DILD =1-Q.

This makes it clear that, for a continuously differentiable DIT; D™, we have to as-
sume the range of By to be a C'-subspace (cf. A.4). Then we form the matrix
functions

B — B]]O o 7.(2/0 G _ I+(BII+Q/)Q BIZ
! By 0 0 o0}’ 2 By Q2 0|’

and consider the nullspace of G».
G>z = 0 means
214 (Bl +2)Qzi + Bz =0, By Qz =0.

The second equation means By B12B|,z1 = 0, thus B},z; = 0, and hence Qz; = 0.
Now the first equation simplifies to z; + Bj2z; = 0. Multiplication by B}, gives
72 =0, and then z; = 0. Therefore, the matrix function G, is nonsingular, and again
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the sequence becomes stationary.

Up to now we have not completely fixed the projector function 2 onto imBj;. In
particular, we can take the orthoprojector function such that 2 = Q* and kerQ =
ker B}, = im B{,, which corresponds to B}, = B}, = (B},B12) 'B}, and

kerQ) = {z € R"*"2: Bj,z; = 0}.

O

Example 2.4 (Matrix functions for a transformed regular index-3 matrix pencil).
The constant coefficient DAE

010
001|xX(t)+x(t)=q(t), teR,
000

E

has WeierstraB—Kronecker canonical form, and its matrix pencil {E,I} is regular
with Kronecker index 3. By means of the simple factorization

010f 000
E=1001| [010| =:AD
000f (001

we rewrite the leading term properly as

A(Dx(t)) +x(t) =q(t), teR.

Then we transform %(z) = K(¢)x(¢) by means of the smooth matrix function K,

0
0| x(r) =¢q(t), teR. 2.9
1

B
=
=

&
=

Next we reformulate the DAE once again by deriving

000 000 / 000
(D(t)x(r)) = (D(r) [0 10 x(t))/f)(t)< 010 x(t)> +D'() [010]x(0),
001 001 001

which leads to the further equivalent DAE
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010 000 ! 100
0—t1 < 010 x(t)) +10 0 0| x(r)=q(t), teR. (2.10)
000 001 0—r1
——
A(r) D B(r)

Observe that the local matrix pencil {A(¢)D, B(t)} is singular for all # € R.

We construct a matrix function sequence for the DAE (2.10). The DAE is expected
to be regular with index 3, as its equivalent constant coefficient counterpart. A closer
look to the solutions strengthens this expectation. We have

010 000 100 010
At)=|0—t1|,D(#)=1|010|,B@)= {00 0|, Go(t)=|0—-z1],
000 001 0—11 000

and R(t) = D(t). Set D(t)~ = D(¢t) and ITy(t) = Po(r) = D(t). Next we compute
G1(t) = Go(t) + B(t)Qo(t) as well as a projector Q(¢) onto ker Gy (¢) = N;(¢):

110 0-10
Gi(t)=10—-1|, Oit)=1]010
0¢r O
This leads to
000 000 1 1 0
II(r)=10 0 0| ,Bi(t)=[{0 1 0|, Go(t)=1]01—1¢1
0—z1 0—r1 0 0 0

A suitable projector function Q, and the resulting B, and G35 are:

0 -t 1 000 1 10
Ox(t)=10 t —1 |, IL(t)=0,B2(t)= 10 0 0| ,G3(t)= |0 1—1¢1
0—t(1—t)1—1 0-11 0 —r 1

The matrix functions Gj, i = 0,1,2, are singular with constant ranks, and G3 is
the first matrix function that is nonsingular. Later on, this turns out to be typical for
regular index-3 DAEs (cf. Definition 10.2), and meets our expectation in comparison
with the constant coefficient case (cf. Theorem 1.31). At this place it should be
mentioned that here the term ByPyQ; vanishes identically, which corresponds to the
singular local matrix pencil. This fact makes the term G; D~ (DII 1D)’ DIIyQ, crucial
for G, to incorporate a nontrivial increment with respect to G.

Observe that the nullspaces and projectors fulfill the relations

No(t)NNi(t) = {0}, (No(z)+Ni(r)) NN2(2) = {0},
01(1)Qo(t) =0, Q2(1)Qo(t) =0, Q2(t)Q:(r) =0.

The matrix functions G; as well as the projector functions Q; are continuous and it
holds that imGy = im G| = im G, C im G3. O
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Any matrix function sequence (2.5)—(2.8) generates subspaces
imGo g g imGi g imGi+]

of nondecreasing dimensions.
To show several useful properties we introduce the additional projector functions
W; : T — L(R¥) and generalized inverses G, I— L(R*,R™) of G, such that

kerW; =imGj, 2.11)

GiG;Gj=Gj, G;G;G; =G, G;G;=P;, G;G; =1-W,.  (2.12)

Proposition 2.5. Let the DAE (2.1) have a properly stated leading term. Then, for
each matrix function sequence (2.5)—(2.8) the following relations are satisfied:

(1) kerIl; CkerBi,1,

2 WinBiv1 =WinBi=--- = Wip1Bo = Wi B,
Wir1Bir1 = Wir1Bo = Wiy 1Boll,

(3)  Git1 = (Gi+W;BQ;)F1 with Fiy 1 =1+ G; B;Q; and
imG;;| =imG; ®imW,BQ;,

(4)  N;NkerB; = N;NNi1 € Niy1NkerBiyy,

(5) Ni—-1NN; CN;NNiqy,

(6) imG;+imB; Cim[AD,B] = im[Gy,Bo].

Proof. (1) From (2.8) we successively derive an expression for Bjy:

Bij1 = (Biflpifl - GiDi(DITiDi)lDITz#OPi —Gi+1D™ (DI D™ )'DIT;
i+1
= B;_|P_1P,— Y G;D" (DII;D")'DII,
j=i
hence
i+1
Biy1 = BoIl;— Y G,D~(DII,D")'DII;, (2.13)
j=1
but this immediately verifies assertion (1).
(2) Because of imG; C im Gy for j <i+1, we have Wiy 1Bir1 = Wit 1Boll; due
to (2.13). Taking into account also the inclusion imB;Q; =imG;1Q; CimG;y; C
imGijy1, for j < i, we obtain from (2.8) that W, 1Bj+1 = Wi11BiP, = W;11B; —
Win1BiQi = Wiy 1Bi = WiiBi1Pi-1 = Wip1Bi—1 = - -+ = Wiy 1By, which proves
assertion (2).
(3) We rearrange G4 as

Giy1 = G+ G,G; BiQ;+ (I — G;G; )B;Q;i = Gi((I + G; BiQ;) + WiBi0;.

Because of Q;G;” = Q;P,G; = 0 the matrix function Fi;| := I + G; B;Q; remains
nonsingular (see Lemma A.3) and the factorization
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Giy1 = (Gi+WiBiQi)Fi11 = (Gi + W;BQ;)Fi11

holds true. This yields assertion (3).

(4) z € N;NkerB;, ie., Giz=0, Biz=0, leads to z = Q;z and Gj;1z = B;Qiz =
Biz =0, thus z € N;N\N;;1. Conversely, z € N;N Ny yields z = Q;z, Biz= B;Qiz =
Gi+12=0,1i.e.,z € N;NkerB; and we are done with assertion (4).

(5) Fromz € N;_; NN;itfollows thatz = Q;_1zand Biz=B;Q;_1z=B;P,_10;—1z2=0
because of B; = B;P,_ (cf. (2.13)), hence z € N;NkerB; = N; N\ Nj11.

(6) follows from imGy + imBy = im[Gy,By] by induction. Namely, imG; +
imB; C im[Gy, By| implies imB;Q; C im [Gy, Bo|, hence im G+ C im [G;,BoQ;] C
im[Gy, By, and further imB; ;| C im[G;y1,B;] C im[Gy, By)- |

2.2.2 Admissible projector functions and characteristic values

In Chapter 1 on constant coefficient DAEs, useful decoupling properties are ob-
tained by restricting the variety of possible projectors Q; and somehow choosing
smart ones, so-called admissible ones. Here we take up this idea again, and we in-
corporate conditions concerning ranks and dimensions to ensure the continuity of
the matrix functions associated to the DAE. Possible rank changes will be treated as
critical points discussed later on in Section 2.9. The following definition generalizes
Definition 1.10.

Definition 2.6. Given the DAE (2.1) with properly stated leading term, Qg denotes
a continuous projector function onto ker D and Py = I — Qy. The generalized inverse
D™ isgivenby DD "D=D, D DD~ =D, DD™ =R, DD =P,.

For a given level k € N, we call the sequence Gy, ..., G, an admissible matrix func-
tion sequence associated to the DAE on the interval Z, if it is built by the rule

Set Gy :=AD, By := B,N; :=kerGy.
Fori>1:
Gi:=Gi_1+Bi-10i-1,
B;:=B;_P,_1 —G;D™ (DI,D")'DII;_,
Ni:=kerG;, Ni:= (No+---+Ni—1) NN,
fix a complement X; such that Ny +--- + N, = ﬁ,- e X,

choose a projector Q; such that imQ; = N; and X; C ker Q;,
set P :=1—Q;, IT, == IT,_ P,

and, additionally,
(a) Gjhasconstantrank ;onZ,i=0,...,K,

(b) the intersection N; has constant dimension u; := dim N; on Z,
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(c) the product function IT; is continuous on Z and DIL;D~ is there continuously
differentiable, i =0, ..., K.

The projector functions Qy,...,Q in an admissible matrix function sequence are
said to be admissible themselves.

An admissible matrix function sequence Gy, . .., Gy is said to be regular admissible,
if

Ni={0}, Vi=1,... k.

Then, also the projector functions Qy,...,Qy are called regular admissible.

Examples 2.3 and 2.4 already show regular admissible matrix function se-
quences.
The matrix functions Gy, ..., Gy in an admissible sequence are a priori continuous
on the given interval.
If Gy, ..., Gy are admissible, besides the nullspaces Ny, ..., N, and the intersection

spaces Ni,..., N also the sum spaces Ny +---+N;, i = 1,...,k, and the comple-
ments Xi,..., X, have constant dimension. Namely, the construction yields

No+-+No1 =Xi®N;, No+-+N=Xi®N;, i=1,...x,
and hence

dim Ny = m — ry,
dim(No + -+ +N;—1) = dimX; +u;,
dim(No—|—---+N,~):dimXi+m—ri, i=1,...,K.

It follows that

dim(No+---+N;) =dim(No+---+Ni—1) —u;+m—r;
——

dimX; dimN;
i1 i i1
=Y (m—rj—uj))+m—ri=Y (m—rj)= Y uj1.
j=0 j=0 j=0

We are most interested in the case of trivial intersections ﬁ i, yielding X; = No+-- -+
Ni_1, and u; = 0. In particular, all so-called regular DAEs in Section 2.6 belong to

this latter class. Due to the trivial intersection ﬁ; = {0}, the subspace Ny + - - - + N;
has dimension dim(Np + - - - + N;_1 ) + dim N, that is, its increase is maximal at each
level.

The next proposition collects benefits from admissible projector functions. Com-
paring with Proposition 1.13 we recognize a far-reaching conformity. The most im-
portant benefit seems to be the fact that I'l; being a product of projector functions is
again a projector function, and it projects along the sum space Ny + - - - + N; which
now appears to be a C-subspace.
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We stress once more that admissible projector functions are always cross-linked
with their generating admissible matrix function sequence. Nevertheless, for brevity,
we simply speak of admissible projector functions or admissible projectors, drop-
ping this natural background.

Proposition 2.7. Given a DAE (2.1) with properly stated leading term, and an inte-

gerk € N.

If Qo,...,Qx are admissible projector functions, then the following eight relations

become true fori=1,... K.

() kerIl; =No+---+N,

(2) the products Il; = Py---P; and II;_1Q; = Py--- P,_1Q;, as well as DI;D™ and
DII;_1Q;D™, are projector valued functions, too,

3) No+---+Ni1 Skerll; 1Q;,

4) Bi=BiIIL,

(5) N;CN;NNi1, and hence N; C N,

6) Gi+10;=B;0;,0< <],

(1) D(No+---+N;) =imDPy---P,_1Q; ®imDIT; 2Q; 1 ®---®imDPyQy,

(8)  the products Q;(I — IT;_y) and P,(I — II,_y) are projector functions onto ﬁ,-
and X;, respectively.

Additionally, the matrix functions G1,...,Gyg, and G11 are continuous.

If Qo,...,Qx are regular admissible then it holds fori=1,... K that

1(61"17,',1Q,':kel'Qi7 and Qin:O, j:O,...7i—l.

Proof. (1) See the proof of Proposition 1.13 (1).

(2) Due to assertion (1) it holds that ker I'l; = Ny + - - - + N;, which means IT;Q; =0,
j=0,...,i. With 0 = IT;Q; = IT;(I — P;), we obtain II; = I;P;, j =0,...,i, which
yields I';I1; = IT;. Derive further

(I5i-10i)* = (IT—y — IT) (IT;—y — IT;)
=1Ly — 1L IL; — ILIL; +1I1; = I1;_1 Q;,
—— =
=IT;_F; =IT;
(DILD™)? = DI, D DILD™ = DILD ™,
N~
=P,

(DI Q;D™)* = DIT;_1Q; D" DIT;_1Q;D~ = D(IT;_1Q;)*D~ = DIT,_ 1 O;D".

=P

(3) See the proof of Proposition 1.13 (3).

(4) The detailed structure of B; given in (2.13) and the projector property of IT;_;
(cf. (1)) proves the statement.

(5)z€ N;N(No+ -+ N;_1) means that z = Q,z, IT,_1z =0, hence

Git12= Giz+BiQiz=Biz=BiIl;_1z=0.
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(6) For 0 < j <, it follows with (4) from

Git1 =G +B;Q; = Go+BoQo+B101 + -+ B;Q;
=Go+BoQo+Bi1RO1+-+BiR--Fi-10;

that
Git10j = (Go+BoQo+---+BjPy---P;_10;)0; = (G;+B;0Q;)Q; = B;0,.
(7) From ker I'l; = Ny + - - - + N; it follows that

D(No+---+N;) = Dim(I = IT;) = Dim (Qo + Ry Q1 + -~ + 11,1 0;)
=D{imQy®imPyQ| & - BimIL_0;}
=imDPyQ; & --- ®imDIT;_Q;.

This proves assertion (7).
(8) We have (cf. (3))
Ol —IL1)Qi(I—ILi—1) = (Qi— Qi I Qi )({ — IT;—1) = Qi(I — IT;—y).

=0

Further, z = Q;(I — IT;_; )zimplies z € N;, IT;_1z=IT;_; Q;(I — II;_1 )z = 0, and hence
€ ﬁ,’.

Conversely, from z € ﬁ,- it follows that z = Q;z and z = (I — II;_y)z, thus
z=Q;(I — I1;_1)z. Similarly, we compute

Pl =TT )P~ T 1) = P~ i) =PI — i) Qi1 — TTi—1) = Bi(I —TT;-1).

From z = P,(I— IT;_ )z it follows that Q;z =0, IT;_z = IT;(I —II;_;)z = 0, therefore
z € X;.

Conversely, z € X; yields z = Pz, z= (I — IT;_1 )z, and hence z = P,(I — IT;_1 )z. This
verifies (8).

Next we verify the continuity of the matrix functions G;. Applying the representa-
tion (2.13) of the matrix function B; we express

i
Git1 =G;+BoIl;_1Q;— Y G;,D (DII;D”)'DIL;_, Q;,
i—1

J

which shows that, supposing that previous matrix functions Gy, ...,G; are continu-
ous, the continuity of Il;_;Q; = Il;_| — IT; implies Gj; is also continuous.

Finally, let Qop,...,Qx be regular admissible. IT;,_1Q;z = 0 implies
Qiz=(I—1II;_1)0iz € Ng+ -+ Ni_1, hence Q;z € ]V,-, therefore Q;z = 0. It re-
mains to apply (3). a
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As in the constant coefficient case, there is a great variety of admissible projector
functions, and the matrix functions G; clearly depend on the special choice of the
projector functions Q;, including the way complements X in the decomposition of
No +---+ N;_; are chosen. Fortunately, there are invariants, in particular, invariant
subspaces and subspace dimensions, as shown by the next assertion.

Theorem 2.8. Let the DAE (2.1) have a properly stated leading term. Then, for a
given x € N, if admissible projector functions up to level K do at all exist, then the
subspaces

imGj;, No+---+N;, Sj:=kerW;B, j=0,....,k+1,
as well as the numbers
rj:=rankG;, j=0,...,K, uj::dimﬁj,j:L...,K,

and the functions rcy1 0 Z — NU{0}, uxr1:Z — NU{0} are independent of the
special choice of admissible projector functions Qy, ..., Q.

Proof. These assertions are immediate consequences of Lemma 2.12 below at the
end of the present section. a

Definition 2.9. If the DAE (2.1) with properly stated leading term has an admissible
matrix functions sequence up to level k, then the integers

rj=rankG;, j=0,....k, w;j=dimN;, j=1,...,K,
are called characteristic values of the DAE.

The characteristic values prove to be invariant under regular transformations and
refactorizations (cf. Section 2.3, Theorems 2.18 and 2.21), which justifies this no-
tation. For constant regular matrix pairs, these characteristic values describe the
infinite eigenstructure (Corollary 1.32).

The associated subspace Sy = ker WpB has its special meaning. At given ¢t € Z,
the subspace

So(t) =kerWh(t)B(t) = {z € R" : B(t)z € imGy(r) = imA(r) }

contains all solution values x(z) of the solutions of the homogeneous equation
A(Dx)"+ Bx = 0. As we will see later, for so-called regular index-1 DAEs, the sub-
space So(¢) consists at all of those solution values, that means, for each element
of So(#) there exists a solution passing through it. For regular DAEs with a higher
index, the sets of corresponding solution values form proper subspaces of So(z).

In general, the associated subspaces satisfy the relations

Sit1 =8i+N;=8i+No+-+N; =8 +No+---+N;, i=0,...,K.
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Namely, because of imG; C imGjy, it holds that Wi 1 = Wi W,, hence
Si+1 = ker Wi 1B = ker W, 1 W;B 2 ker W;B = S;, and Proposition 2.5 (2) yields
Siv1 =kerWi1Biy1 DkerBiy1 D Ng+---+N;.

Summarizing, the following three sequences of subspaces are associated with
each admissible matrix function sequence:

imGy CimG; C --- CimG; C --- C im[AD B] C R, (2.14)
NoCNo+N; C---CNo+---+N; C--- CR", (2.15)

and
SoCSC---CS5C---CR™M (2.16)

All of these subspaces are independent of the special choice of the admissible pro-
jector functions. In all three cases, the dimension does not decrease if the index
increases. We are looking for criteria indicating that a certain Gy, already has the
maximal possible rank. For instance, if we meet an injective matrix Gy, as in Exam-
ples 2.3 and 2.4, then the sequence becomes stationary with @, = 0, Gy11 = Gy,
and so on. Therefore, the smallest index p such that the matrix function Gy, is in-
jective, indicates at the same time that im Gy, is maximal, but im Gy, is a proper
subspace, if i > 1. The general case is more subtle. It may happen that no injective
Gy, exists. Eventually one reaches

imGy =im[AD BJ; (2.17)
however, this is not necessarily the case, as the next example shows.

Example 2.10 (Admissible matrix sequence for a nonregular DAE). Set m =k =3,
n = 2, and consider the constant coefficient DAE

10 , T101
01 <[(1)(1)8]x> +l010|x=g, 2.18)
00 010

which is nonregular due to the singular matrix pencil. Here we have im [AD B] = R>.

Compute successively

[100] (000 [000]
Go=|010|, Qy=1000], Wo=[000],
1000 001 1001]
[101] (100 [000] 100
Gi=1|010|, Q;=|000[, W=1]000|, B =010},
1000 |-100 1001] 010
201 (000
G,=1010|, IL=1]010
1000 000
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We read off Ng = {z € R3:21 =20 =0}, Ny = {z € R3: 2, =0,z + 23 = 0} and
N, ={z¢€ R3:z = 0,2z; + z3 = 0}. The intersection Ng N N; is trivial, and the
condition QQg = 0 is fulfilled. We have further

No+Ny={z€ R3 t22=0}, (No+N)NN, = ﬁz =N, C Ny + Ny,
thus Ng + Ny = No+N; + Ny and Ngo+ Ny =N, B Np.

We can put X, = Ny, and compute

100 000
Q=10 00|, withX, CkerQy, By= [010
—200 010

The projectors Qyp, Q1, Q> are admissible. It holds that B,Q» =0, G3 = G,, N3 = N>,
and I, = II;, and further

So={zeR¥: =0}, Sp=8=5=S;.

We continue the matrix function sequence by Q3 := 05, B3 = By, B303 =0, G4 =
G3, and so on. It follows that no G; is injective, and

imGop=---=imG; = ---=R> x {0} Cim[AD B] =R,
So=-=8=-=Rx{0} xR,
No CNg+Ni =No+N +Ny=---=Rx {0} xR,

and the maximal range is already im Gy. A closer look at the DAE (2.18) gives

/
X1 +x1+x3 = q1,
/
X2+X2 =q2,
X2 = q3.

This model is somewhat dubious. It is in parts over- and underdetermined, and much
room for interpretations is left (cf. Chapter 10). O

Our next example is much nicer and more important with respect to applications. It
is a so-called Hessenberg form size-3 DAE and might be considered as the linear pro-
totype of the system describing constrained mechanical motion (see Example 3.41
and Section 3.5).

Example 2.11 (Admissible sequence for the Hessenberg size 3 DAE). Consider the
system

X By Bia Biz| | X1 g1
Y|+ [BaBn 0| x| =g (2.19)
0 0 B3y O X3 q3

with m = m; + my + m3 equations, m; > my > m3 > 1, k = m components, and a
nonsingular product B3;By1B13. Put n = my +my,
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10 100 10 By1 Biz B3
A=|01], D:[OIO}’ D =1|01|, B=|ByB»n 0|,
00 00 0 By 0

and write this DAE in the form (2.1).

Owing to the nonsingularity of the m3 x m3 matrix function product B3, B3B3, the
matrix functions B3 and B, B3 have full column rank m3 each, and B3, has full row
rank mj3. This yields im [AD B] = R™. Further, since B3 and B B3 have constant
rank, there are continuous reflexive generalized inverses Bj; and (B21B13)~ such
that (see Proposition A.17)

B3Bi3 =1, £):=B13B}; is a projector onto  im B3,
(321313)7321313 =1, :2321313(321313)7 is a projector onto imBj;Bj3.
Let the coefficient function B be smooth enough so that the derivatives used below

do exist. In particular, £2; and 2, are assumed to be continuously differentiable. We
start constructing the matrix function sequence by

100 000 Bi1 Bz Bi3 10 B3
Go=|010|, Qo=1]000|, By=|ByyBxn 0|, G =[0I 0
000 0017 0 By 0 00 0

It follows that
No={zeR":21=0,20=0}, Ny ={z€R":z1+Bi3z3=0, 20 =0},

Ny =NoNNy = {0}, X =Np,
No+Ni =Ny®N; ={z€R":2, =0,z €imBy3}.

The matrix functions Gy and G have constant rank, o = r; = n. Compute the pro-
jector functions

Q 00
0= 0 00|, DH1D=|:

11— 0]
-B;00

0o 1

such that imQ; = N; and Q1Qg = 0, that is kerQ; D X;. Q; is continuous, and
DI D™ is continuously differentiable. In consequence, Q, Q1 are admissible. Next
we form

Bi1+Q]{ B2 0 I+ (B11+£])Q; 0 B3
By = By BnO|, G= Bo1£2 10
0 B3 0 0 00
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71 +B1323
For z € Rmtmtms with z; € ker2; it holds that imG, = ) , since
0
im B3 = im ;. This proves the inclusion

imG, CR" x {0} = {Gyz: z € R™MT™H" 71 cker)} CimGy,

and we obtain imG, = R" x {0}, and r, = rank G, = m; + my = n. Then we inves-
tigate the nullspace of G,. If z € R™ satisfies Gz = 0, then

21+ (Bi1 +21)Q2121 +Bi3zz =0, (2.20)
Br1 Q121 +22 = 0. (2.21)

In turn, equation (2.20) decomposes into

(I—91)z1+ (I —Q21)(B1; —|—Q{)lel =0,
B(I+Bp3(Bii+ Q1)) Q2121 +23 = 0.

Similarly, considering that im By B13 = im By B13B; is valid, we derive from (2.21)
the relations
=2, Bz =—(BaBi3) 2.

Altogether this yields
N ={zeR": 0=, 71 =122, 23=E3 00}, ﬁz ={0}, Xo=No+Ny,
with

€1 = (1= (1= Q1) (Bu +2)Q0)B13(BuB13)”
=—(I—(I—)(B11 +21))B13(B21B13) ",
& 1= —By(I+ (B +£]))Bi13(B21B13) .

Notice that & = £10;, & = £3€2;. The projector functions

0&£ 0
0,=109,0|, DILD = I_O-Ql _(11:21)51 7
0 53 0 2

fulfill the required admissibility conditions, in particular, Q»Qp =0, 0201 =0, and
hence Qp, Q1, Q> are admissible. The resulting B, G3 have the form:

Bi1 Bi2 0 I+ (Bii+Q2))Q1 Bié& +Bi2Q Bz
By= By B»n 0|, G3= B 1824 I+B21E1+B2»& 0
0 B3 0 0 B3, 0

The detailed form of the entries B;; does not matter in this context. We show G3 to
be nonsingular. Namely, G3z = 0 implies B3;£2;z5 = 0, thus £2,7> = 0, and further
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B12,z1 +2z2 = 0. The latter equation yields (I — £2;)z; = 0 and B,12;z; =0, and
this gives Q171 = 0, zo = 0. Now, the first line of the system G3z = 0 simplifies to
z1+Bi3z3 = 0. Inturn, (I — Q;)z; = 0 follows, and hence z; =0, z3 = 0. The matrix
function G3 is nonsingular in fact, and we stop the construction.

In summary, our basic subspaces behaves as

imGyp =imG; =imG, C imG3 =im[AD B] =R"™,
No C Ng+Ny CNog+Ni+N, =Ny+Ni+N>+N3; CR™.

The additionally associated projector functions W; onto imG; and the subspaces
S; = ker W;B are here:

000
Wo=1(000(, Wo=W=W,, W3=0,
0017

and
SQZ{ZERm:B32Z2=O}, So=81=5 CS;=R".

The last relation is typical for the large class of DAEs named Hessenberg form
DAEs (cf. Section 3.5). While imG3 and S3 reach the maximal dimension m, the
dimension of the resulting maximal subspace Ny + N| + N, is less than m.

Notice that the relation WyBQy = 0 indicates that im Gy = im G holds true, and
we can recognize this fact before explicitly computing G (cf. Proposition 2.5(3)).
Similarly, Wi BQ; = 0 indicates that im G| = im G,. Furthermore, we know that
r3 = ry +rank (WLBQ») = n+ m3 = m before we compute G3. O

Now we come to an important auxiliary result which stands behind Theorem 2.8,
and which generalizes Lemma 1.18.

Lemma 2.12. Given the DAE (2.1) with properly stated leading term, if there are
two admissible projector function sequences Qy, . ..,Qx and Qy,...,Qx, both ad-
missible on L, then the associated matrix functions and subspaces are related by the
following properties:

@)) lierﬁj:N0+---+Nj:N0+---+Nj:kerHj, j=0,...,K
2 G;=Gz,

_ _ . J=1
Bj :Bj—GijD_(DHjD_)/DHj+Gj Z;OQIQ[j[, j=1,...,K

with nonsingular matrix functions Zy, . .., Zc+1 given by
Zo:=1,7Zi11:=Yi 117, i=0,...,K

Y1 := 1+ 00(00— Qo) =1+ Qo0oh,

i—1
Yigr =1+ QI 10 — I 1Q0) + Y 00, i=1,... K,
1=0

and certain continuous coefficients 2y that satisfy condition Uy = Ay IT;_y,
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3) Z_,'(Niﬂ(No—i—n'—%-Ni,l_))ZNiﬂ(_No-i—"'—i-Ni,l), i=1,...,K
4 GK-H?GK—HZ_K—Ha NO:""'+NK+1:NO+"'+NK+1,
Ziet1 (N1 N (No+ -+ 4+ Ni)) = Ne1 0 (No + - - + Ni).

Proof We have Go = AD = Gy, Bo = B = By, kerPy = Ny = Ny = kerPy, and
hence PO = P()P(), PO = P()PQ.

The generalized inverses D~ and D™~ of D satisfy the properties DD~ = DD~ =R,
D™D =P, DD = Py, and therefore D~ = D"DD~ = D"DD~ = P,D~,
D™ = P()D_.

Compare G = Gy + ByQp and

G1 = Go+ByQo = Go+By0Qo = Gy + By Q00
= (Go+BoQo)(Py+ Qo) = G1Zi,

where Z; :=Y; := Py + Qo = I +Q0QoPo = I + Qo(Qo — Qo). Z; is invertible; it has
the inverse Z; ' =1 — Q0QoP.
The nullspaces Ny and N are, due to G| = GZi, related by Ny = Zl_lNl C Ny+Nj.
This implies No + Ny = No + (Z; 'Ni) € No +Ny. From Ny = ZiN; C N+ Ny =
No + Ny, we obtain Ny +N; = Ny + Nj.

Since the projectors PyP; and PyP; have the common nullspace Ny +N; = Ny +
N1, we may now derive

=Rk R
. I O _ _
DPyP\D~ = DPyP, PhP, PhD™ = DPyPiP)PL.D™ = DPyPL D" DPyP,D",
DPyP\D~ = DPyP,D"DPyP\D~.

Taking into account the relation 0 = G101 = G101 + Gi(Z1 — I)Qy, thus
G101 = —G1(Z, —I)Q; we obtain (cf. Appendix B for details)

B =B, —-GZ,D~ (DP()P]Di)/D.

This gives the basis for proving our assertion by induction. The proof is carried out
in detail in Appendix B. A technically easier version for the time-invariant case is
given in Chapter 1, Lemma 1.18. a

2.2.3 Widely orthogonal projector functions

For each DAE with properly stated leading term, we can always start the matrix
function sequence by choosing Qg to be the orthogonal projector onto Ny = kerD,
that means, Qp = Q, Po = Fj. On the next level, applying the decomposition
R™ = (No N N;y)* @ (Ng N Ny) we determine X; in the decomposition Ny = X; &
(NoNN1) by X1 = NoN (NoNNy)*. This leads to No+ Ny = (X1 & (NgNNy)) + Ny =
X1 ®Nj and R™ = (Ng+N;1)* @ (No +Np) = (No+N1)+ @ X1 @ Ny. In this way QO
is uniquely determined as im Q = Ny, kerQ; = (No +Np)* @ Xi.
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On the next levels, if Qp,...,Q;—| are admissible, we first apply the decomposition
R™ = (IV,-)L @ N, and choose

—~

X;i=No+---+N_1)N(N)* . (2.22)

The resulting decompositions Ny + - - - + N; = X; & N;, and
R™ = (Ng+---+N)* @ (No+---+N;) = (No+--- +N;)- ©X; © N; allow for the
choice

imQ; =Nj, kerQ;i = (No+---+N) " @X,. (2.23)

Definition 2.13. Admissible projector functions Qy,...,Q are called widely or-
thogonal if Qy = Qf and both (2.22) and (2.23) are fulfilled fori = 1,..., k.

Example 2.14 (Widely orthogonal projectors). The admissible projector functions
Qo, 01 built for the Hessenberg size-2 DAE in Example 2.3 with Q2 = Q* are widely
orthogonal. In particular, it holds that

kerQ; = {z€ R™ ™2 : B},z; = 0} = (Ng® N )" @ No.

O

Widely orthogonal projector functions are uniquely fixed by construction. They
provide special symmetry properties. In fact, applying widely orthogonal projector
functions, the decompositions

x(t) = I (#)x(¢t) + Ty (1) Qi (#)x(t) + - - - + Mo (2) Q1 (¢)x(2) + Qo (#)x(2)

are orthogonal ones for all # owing to the following proposition.

Proposition 2.15. If Qy, ..., QO are widely orthogonal, then II;, i =0,...,k, and
II;_1Q;,i=1,...,K, are symmetric.

Proof. Let Qy,...,QOx be widely orthogonal. In particular, it holds that Iy = 11,
kerITy = Ny, imITy = Ny

Compute imIT; = imPyP; = Py imP; = Py((No +N1)* ©X1) = Py(No + Ny )+

= Py(Ny NNit) = Ny NN = (No+ Ny ).

To use induction, assume that imIT; = (No+---+N;)*, j<i—1.

Due to Proposition 2.7 (1) we know that kerIl; = Ny + --- + N; is true; further
IT;_;X; = 0. From (2.23) it follows that

imIT; = IT;_im P = IT;_ (No + -+ + N;) - & X))
=IL_{(No+-+N) " =TI (No+--+Ni_1)"NN;")
= (No+---+Niet) NN = (No+---+N)) "
Since IT; is a projector, and kerIT; = No + --- + N;, imIL; = (Ng + - - - —i—N,-)L, I1;

must be the orthoprojector.
Finally, derive (IT;_1Q;)* = (Il — I, F)* = Iy — IT;_1P; = IT; 1 Q;. g



2.2 Admissible matrix function sequences 77

Proposition 2.16. If, for the DAE (2.1) with properly stated leading term, there exist
any admissible projector functions Qy, . .., Qx, and if DD* € C' (I, L(R")), then also
widely orthogonal projector functions can be chosen (they do exist).

Proof. Let Qy,...,Q be admissible. Then, in particular the subspaces Ny +- - - +N;,
i =0,...,Kk are continuous. The subspaces im DIIyQ1,...,im DIT;_1Qx belong to
the class C', since the projectors DITyQD~,...,DII._1 QD do so. Taking Propo-
sition 2.7 into account we know the subspaces D(Ng+---+N;), i =1,...,k, to be
continuously differentiable.

Now we construct widely orthogonal projectors. Choose Qp = Q_o’ and form
Gi = Gy + ByQop. Due to Lemma 2.12 (d) it holds that G| = GiZ,
No+ Ny = No+ Ny, Zi(Ng N Ny) = No N Ny. Since Z; is nonsingular, G has con-
stant rank r, and the intersection NU/; = N| N Np has constant dimension u;. Put
X, = Non (N ONl) and fix the projector O by means of imQ; = Ny, kerQ; =
X @ (No +N1) 0, is continuous, but for the sequence 00,0, to be admis-
sible, DIT;D~ has to belong to the class C!. This projector has the nullspace
kerDIT;D~ = D(Ny + Ny) @ kerR = D(Ny + Ny ) @ kerR, which is already known
to belong to C L If DIT\D~ has a range that is a C 1 subspace, then DIT, D™ it-
self is continuously differentiable. Derive im DIT;D~ = im DIT, = D(Ny +Ny)* =
D(No+Ny)* = DD*(D(Ny + N1))*. Since D(Ny + Ny) belongs to the class C', s
does (D(No+Nyp))= . It turns out that DIT; D~ is in fact continuously dlfferentlable
and hence, Qg, 0, are admissible.

To use induction, assume that Qy,...,Q;_; are admissible and widely orthogonal.
Lemma 2.12 (d) yields G; = GiZ;, No+ --- + Ny = Ny + --- + N;_1,
No+--+Ni=No+---+Ni, Z(Ni N (No+---+Ni—1)) = N0 (No + - + Ni—1).
Since Z; is nonsingular, it follows that G, has constant rank r; and the intersection
NU; = Nin (No+--- —|—Ni_1) has constant dimension ;. The involved subspaces are
continuous. Put

Xi= (No+-++Niet) N (No+--+Nie1) NN

and choose Q; to be the projector onto N; along (No +--- +N;)* © X;.

Qo,...,0i1,0; would be admissible if DIT;D~ was continuously differentiable.
We know ker DIT,D™ = D(No+ -+ N;) @ kerR to be already continuously differ-
entiable. On the other hand, we have imDIT;D~ = D imIT; = D(Ng +--- + N;)* =
DD*(D(Np+---+N;))*, hence im DIT,D~ belongs to the class C'. O

The widely orthogonal projectors have the advantage that they are uniquely de-
termined. This proves its value in theoretical investigations, for instance in verifying
Theorem 3.33 on necessary and sufficient regularity conditions for nonlinear DAE's,
as well as for investigating critical points. Moreover, in practical calculations, in
general, there might be difficulties in ensuring the continuity of the projector func-
tions II;. Fortunately, owing to their uniqueness the widely orthogonal projector
functions are continuous a priori.

By Proposition 2.16, at least for all DAEs with properly stated leading term, and
with a continuously differentiable coefficient D, we may access widely orthogonal
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projector functions. However, if D is just continuous, and if DD* fails to be continu-
ously differentiable as required, then it may happen in fact that admissible projector
functions exist but the special widely orthogonal projector functions do not exist for
lack of smoothness. The following example shows this situation. At this point we
emphasize that most DAEs are given with a smooth D, and our example is rather
academic.

Example 2.17 (Lack of smoothness for widely orthogonal projectors). Given the

10 Laol 000
01 <{010}x) +(00—-1|x=gq,
00 010

with a continuous scalar function ¢, the DAE has the coefficients

10 00 0
A=01 7D:[(1)?8},B: 001 ,R:Ll)ﬂ.
00 01 0

First we construct an admissible matrix function sequence. Set and derive

l —o 1a0 000 laa O
D =0 11|, Go=|010|, Q=1000|, Gi=1|01—-1|, (224
00 000 001 00 O
and further
0—-a0 10 la 0
01=101 0|, 01Qp=0, DH]D_{OO],GZ_ 01 -1
010 01 0

The projector functions Qg, Q1 are admissible, and G, is nonsingular, such that 0, =
0. This sequence is admissible for each arbitrary continuous ¢¢; however it fails to
be widely orthogonal. Namely, the product IlyQ; is not symmetric.

Next we construct widely orthogonal projector functions. We start with the same
matrix functions Qg, D™ and G (see (2.24)). Compute further

0 —o 1
No®MN; :span{ o, |1 }, (No @Nl)L =span | o
1 1 0
The required projector function onto Ny along No & (No & Ny)™ is
! a* —a0 1 0
Or=-—>5|—o 1 0], anditfollows that DIL D™ = [ o 0} .
1 +o —a 10 1+a?
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We recognize that, in the given setting, DII} D~ is just continuous. If we addition-
ally assume that oo € C 1(I ,R), then Qp, Q) appear to be admissible. Notice that in

2
this case DD* = [1 taa is continuously differentiable, which confirms Propo-

1
sition 2.16 once more.

Let us stress that this special DAE is solvable for arbitrary continuous . From this
point of view there is no need to assume « to be C'. Namely, the detailed equations
are

(x14+ax) = qi,
Xh—x3 = qo,
X2 = (g3,
with the solutions

t

21 () + o) xa(t) = x1(0) + (02 (0) + / g3(s)ds,
0

q3(t)

x2(1) = q3(t),
q5(1) — qa(1).

X3(t)

It turns out that widely orthogonal projectors need some specific slightly higher
smoothness which is not justified by solvability. a

2.3 Invariants under transformations and refactorizations

Given the DAE (2.1) with continuous coefficients and properly stated leading term,
we premultiply this equation by a nonsingular matrix function
L € C(Z,L(R¥)) and transform the unknown x = K% by means of a nonsingular
matrix function K € C(Z,L(R™)) such that the DAE

A(Dx) +Bx=gq (2.25)
results, where g := Lq, and
A:=1A, D:=DK, B:=LBK. (2.26)

These transformed coefficients are continuous as are the original ones. Moreover,
A and D inherit from A and D the constant ranks, and the leading term of (2.25) is
properly stated (cf. Definition 2.1) with the same border projector R = R as kerA =
kerA, imD = imD.

Suppose that the original DAE (2.1) has admissible projectors Qy, . .., Q. We form
a corresponding matrix function sequence for the transformed DAE (2.25) starting
with
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Gy = AD=ILADK = LGyK, By=B=LByK,
Qo:=K'0)k, D" =K'D™, Py=K 'PBK,
such that DD~ = DD~ =R, D~ D = By, and
Gl = G() +BOQO _ L(G() +B()Q())K = LG K.
This yields No = K~'No, Ny = K~!N;, Non' Ny = K~'(No N N;). Choose
0: := K~10,K which corresponds to X := K 1Xx,. Proceeding in this way at each

level,i=1,...,k, with
0i:=K '0iK

it follows that I_T, = K’]H,-K, Dﬁ,’Di =DII,D—, Xi = KﬁlX,', Wi =K! ﬁ,’, and
Giy1 =LGiy1K, Biy) =LBiy K.

This shows that Qy, ..., are admissible for (2.25), and the following assertion
becomes evident.

Theorem 2.18. If the DAE (2.1) has an admissible matrix function sequence up

to level x € N, with characteristic values r;, u;, i = 1,...,K, then the transformed
equation (2.25) also has an admissible matrix function sequence up to level K, with
the same characteristic values, i.e., /i =r;, l; =u;, i=1,...,K.

By Theorem 2.18 the characteristic values are invariant under transformations of
the unknown function as well as under premultiplications of the DAE. This fea-
ture seems to be rather trivial. The invariance with respect to refactorizations of the
leading term, which we verify next, is more subtle.

First we explain what refactorization means. For the given DAE (2.1) with prop-
erly stated leading term, we consider the product AD to represent a factorization
of the leading term and we ask whether we can turn to a different factorization
AD = AD such that kerA and im D are again transversal C'-subspaces. For instance,
in Example 2.4, equation (2.10) results from equation (2.9) by taking a different
factorization.

In general, we describe the change to a different factorization as follows:
Let H € CY(Z,L(R*,R") be given together with a generalized inverse
H~ €CY(Z,L(R",R*)) such that

H HH =H , HH H=H, RHH R=R. (2.27)

H has constant rank greater than or equal to the rank of the border projector R.
In particular, one can use any nonsingular H € C'(Z,L(RR")). However, we do not
restrict ourselves to square nonsingular matrix functions H.

Due to AR = ARHH ™ R we may write

A(Dx)' = ARHH ™ R(Dx)' = ARH(H RDx)' —ARH(H R)'Dx
=AH(H Dx)' —AH(H R)'Dx.
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This leads to the new DAE
A(Dx) +Bx=gq (2.28)
with the continuous coefficients
A:=AH, D:=H D, B ::B—ARH(H*R)’D. (2.29)

Because of AD = AD we call this procedure that changes (2.1) to (2.28) a refactor-
ization of the leading term. It holds that

kerA =kerAH =kerRH, imD =imH D =imH R;

further (H RH)> = H RHH RH = H RH. Tt becomes clear that
H™RH € C'(Z,L(R?)) is actually the border projector corresponding to the new
DAE (2.28), and (2.28) has a properly stated leading term.

We emphasize that the old border space R” and the new one R® may actually have
different dimensions, and this is accompanied by different sizes of the involved
matrix functions. Here, the only restriction is n,s > r := rank D.

Example 2.19 (A simple refactorization changing the border space dimension). The
semi-explicit DAE
x| +Biixi +Biaxo = qi,
Byix1 + Baxy = qo,

comprising m and m;, equations can be written with proper leading term in different
ways, for instance as

10],[10] ., [BiiBn]
{O O] ({O 0} x) + [le sz x=gq (2.30)
as well as
I r, |Bui Bia| .
[O} ([10]x)+ {le 322] x=gq. (2.31)

The border projector R of the DAE (2.30) as well as H and H ™,

R:{(I)g}, H:[(IJ, H =]10],

satisfy condition (2.27). The DAE (2.31) results from the DAE (2.30) by refactor-
ization of the leading term by means of H. The border projector of the DAE (2.31) is
simply R = H~RH = I. The dimension of the border space is reduced from m +
in (2.30) to my in (2.31). a

Example 2.20 (Nontrivial refactorization). The following two DAEs are given in
Example 2.4,
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010 000 ! 100
001 ( 010x(t)>+ 01 0|x(r)=q@k), teR
000 0—r1 0—r1
——— —— ——
A D(1) B(1)
and
010 000 ! 100
0-r1 ( 010 x(t)) +10 0 0| x(t)=4q(), teR
000 001 0—r1
—_——— ——— ——
A(r) D B(t)

The border projector of the last DAE is simply R = D. The nonsingular matrix func-
tion

100 1

H(it)=1010|, H@) =H@r)'=|0

0r1 0

0
1

fulfills condition (2.27). Comparing the coefficients, one proves that the first DAE
results from the refactorization of the second DAE with H. Conversely, one obtains
the second DAE by refactorization of the first one with H~!.
Observe that the matrix pencil {AD(¢),B(t)} is regular with Kronecker index 3,
while {A(¢)D,B(t)} is a singular pencil. This confirms once more the well-known
fact that local matrix pencils are inapplicable to characterize time-varying DAEs.

O

Theorem 2.21. Let the DAE (2.1) have a properly stated leading term and an admis-
sible matrix function sequence up to level ¥ € N and characteristic values ry, . .., ry,
Uly...,Ug.

Let the matrix functions H € C'(Z,L(R*,R") and H~ € C'(Z,L(R",R®) satisfy con-
dition (2.27).

(a) Then the refactorized DAE (2.28) also has a properly stated leading term and
an admissible matrix function sequence up to level k. Its characteristic values
coincide with that of (2.1).

(b) The subspaces imGj, No+---+N;, i =0,..., K, are invariant.

Proof. Put F1 :=1.
We use induction to show that the following relations are valid:

G, =GiF;-- -1, (2.32)
0i:=(F-R)'QF F, I_0;=I_0;, II=I (2.33)
i1
Bi=B;—G,D"H(H R)DIL;+G; Y Q;Z;IT; 1, (2.34)
=0

with nonsingular
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i—2
Fi=1+Po1 ), QiZiajlli20i1, i=1,....k
Jj=0

The coefficients Z;; are continuous matrix functions whose special form does not
matter at all.

Since Gg = AD = AD = Gy we may choose D~ = D™ H, Qg = Qp. It follows
that I_T() = I, B() =B=8B —ARH(HiR)/D and B()Q_() = BQy = BpQy, hence
G1 = Go+BoQy = Gy +BoQo = G| = G1Fy. Choose Q1 = Q1 = F; ' 0 such that
IT, =11y, I1)Q, = I1)Q,, DII;D~ = H~ DII, D~ H, and further

B

ByoPy— G\D~ (DIT,D™)'DITy
BoPy—ARH(H R)'D—G\D H(H DIT,D H)'H DIl
= ByPy— G| D™ (DHlDi)/DH() +G\ D™ (DHlDi)/DH()
—ARH(H R)'D—G\D”H(H RDII;D RH)'H™ DIl
= B, +GD~ (DIL,D")'DIly—ARH(H R)'D— GD”H{(H R)'DIT,D”RH
+H R(DIT,D™)'RH +H RDIT,D~ (RH)'}H D
=By —ARH(H R)D—GD"H(H R)'DIT, — G\I1,D~ (RH)'H™ RD
=B, —G/D H(H R)DII; —ARH(H R)'D+G\II;D"RH(H R)'D.

In the last expression we have used that
D (RHH RYD=D RD=0.
Compute G| IT}D"RH(H R))D—ARH(H R)D=G,(Iy - I)D"RH(H R)'D and

Gi(ITy 1) = G (I = Qo)(I — Q1) —I) = G1(—Qo — Q1 + QoQ1)
= G1(—Qo+ Q001) = —G1QoP:.
This yields the required expression
B] =B — G]DiH(HiR)/DH] + G1QoZ1p11y

with Zj := —Q0P1D7RH(H7R)/D.
Next, supposing the relations (2.32)—(2.34) to be given up to i, we show their validity
for i+ 1. Derive

Giy1 = Gi+Bi0i = {Gi+Bi(F-- - FI) "' Qi}F - Fy
={Gi+Bill1(F- Fy) "' Qi} -+ F,

and, because of H,-,lFfl .- 'Flfl = II;_, we obtain further
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i1
Giy1 = {Gi +B;iQ; — G;D”H(H R)'DIL;0; + G; Z QjZini—lQi}Fi <Py
=0

i1
~{Gin+G Y 0,210 }F -
j=0
i-1
= Git1 {H—Pi Y QjZini—lQi}Fi -k
Jj=0
= Gi1Fin b,
with nonsingular matrix functions
i—1 i—1
Fir=1+P Y, Q;Zijlli1Qi, Fii=1-PY Q;ZIli1Q:.
j=0 j=0

Put Qiy1 := (Fir1 -+ F1) "' Qip1Firr -+ Fi, and compute

M:0;41 = ;01 = ILF,! "'F,-liQiHE'H 2l
=150 1 Fiy1 - B = 1L,Qi (| ILF - - Fy = I1L;Q; 1 11; = IL;Q; 1,

iy =I5, = I5:Qiy = I — I,Q; 1 = Iy
It remains to verify the expression for B; | 1. We derive

Biy1 = B;P,— G;1D™ (DIL;+ 1D~ ) DII;
= Bill;— G 1Fy1---FAD”H(H DII;; \D”H)'H™ DIT,

and
_ i—1
B = {Bi — G,‘D_H(H_R)/DIL' + G Z QjZ,‘jH,;l }1_[,
=0

~Git1(Fiy1-+-Fi—1)D"H(H DII,;1D”H)'H DIT;
~Gi1D"H{(H R)RDII;.\D RH +H R(DII,.\D")RH
+H RDII;\D~ (RH)'}H ™ DIT,,

and

i—1
Bit1 = BiP,— GiD"H(H R)'DIL;+G; Y. Q;Z;I];
j=0

—Gi\D"H(H R)'DIL;+y — G\ D~ (DI D~ ) DIT;
~Gi1I11D™ (RH)'H ™ RDII;
~Giy1(Fy1---FL —1)D"H(H DIT; D~ H)'H™ DIT;,
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and

Bi\y = Biy1 —Gi\D"H(H R)'DIT;y, — G, \PDH(H R)'DII;
i—1
+Gip1 T \D”H(H R)'DIL; + G P Y Q;ZiIT;
j=0
~Giy1(Fp1 -+ F,—1)D”H(H DIL;;1D~H)'H ™ DITI;.

Finally, decomposing
i-1 i-1 i-1
PY 0,ZIT =Y Q;ZiI;—0; Y Q,Z;IT,
j=0 j=0 Jj=0

and expressing
i
Fp-F—1=Y Qi1
Jj=0

and taking into account that

i
Givi{Iliy1 — YD H(H R)'DII; = Gi11 Y Qi%Biy1,;D” H(H R)'DIJ;
j=0

we obtain

i
Biy1 =Bit1 — G\ D"H(H R)'DIT1 + Y Q;Zit1 ;DIT;.
j=0

O

By Theorem 2.21, the characteristic values and the tractability index are invariant
under refactorizations of the leading term. In this way, the size of A and D may
change or not (cf. Examples 2.4 and 2.19).

It is worth mentioning that also the associated function space accommodating the

solutions of the DAE remains invariant under refactorizations as the next proposition
shows.

Proposition 2.22. Given the matrix function D € C(Z,L(R™,R")) and the projec-
tor function R € C'(Z,L(R")) onto imD, let H € C'(Z,L(R*,R")) be given to-
gether with a generalized inverse H~ € C'(T,L(R",R*)) such that H-HH™ = H™,
HH H =H, and RHH R = R. Then, for D = H™ D, it holds that

CH(Z,R™) =CpH(Z,R™).

Proof. For any x € Ch(Z,R™) we find Dx = H Dx € C'(Z,R®), and hence
x € C}(Z,R™). Conversely, for x € Cf(Z,R™), we find Dx = RDx = RHH ™ Dx =
RHDx € C'(Z,R®), and hence x € C},(Z,R™). O
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2.4 Decoupling regular DAEs

The main objective of this section is the characterization of regular DAEs by means
of admissible matrix function sequences and the projector based structural decou-
pling of each regular DAE (2.1) into an inherent regular ODE

' — (DI, D™ )u+DI,_G,'B,D u=DIT,_1G,'q

and a triangular subsystem of several equations including differentiations

0Not -+ Nop—1 0
0 . . (Dvl)/
 Nuaun :
(Dvu-1)'
I Mo Mop—1 ] 1 Ho Lo
I . Vi Hi B L
+ T . | Du= . |a
.. MIJ*Z,IJ*I . . .
I Vu—1 Hufl ['[,Lfl

This structural decoupling is associated with the decomposition (see Theorem 2.30)

x=D u+tvotvi+--+vy 1.

2.4.1 Preliminary decoupling rearrangements

We apply admissible projector functions Qy,...,Q to rearrange terms within the
DAE (2.1) in a similar way as done in Chapter 1 on constant coefficient DAEs
for obtaining decoupled systems. The objective of the rearrangements is to place a
matrix function G in front of the derivative component (DITx)’, the rank of which
is as large as possible, and at the same time to separate terms living in Ny + - - - + Ni.
We emphasize that we do not change the given DAE at all, and we do not transform
the variables. We work just with the given DAE and its unknown. What we do are
rearrangements of terms and separations or decouplings of solution components
by means of projector functions. We proceed stepwise. Within this procedure, the
special form of the matrix functions B; appears to make good sense.

This part is valid for general DAEs with proper leading term, possibly with less or
more variables than equations (m # k). The rearranged DAE versions serve then as
the basis for further decouplings and solutions in the present chapter and also in
Chapter 10.

First rewrite (2.1) as
GoD~ (Dx)' +Box = q, (2.35)
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and then as
GoD™ (Dx)"+ By(Qox + Pox) =

and rearrange this in order to increase the rank of the leading coefficient to

(Go+BoQo) (D~ (Dx)' + Qox) + BoPox = q,

or
G\D™ (Dx)/—I-B()Pox-l-GlQ()x =q. (2.36)
Compute
P.D™ (Dx)' = PyP\D~ (Dx)' + QoP,D~ (Dx)’
= D DRPD" (Dx)' +QoP\D™ (Dx)’
= D™ (DPyP,x)' — D~ (DPyP\D~ ) Dx+ QoP, D™ (Dx)’
=D (DP()Plx)/ — D™ (DP()PlD )'Dx — (I P())QlD ( )
= D™ (DIL)x)' — D™ (DIT,D™)'Dx — (I — ITy) 01 D~ (DITyx)',
and hence

G\D~ (Dx)' = G\D~ (DIT;x)' — G\D~ (DIT;D~)' DPyx — G, (I — Iy) Q1 D~ (DITyx)'.
Inserting this into (2.36) yields
G\D~ (DITyx) + (BoPy— G\D~ (DIT;D~)'DPy)x
+ G1{Qox— (I - IH) 01D~ (Dx)'} = g,
and, regarding the definition of the matrix function By,
G\D™ (DITyx)' + Bix+G{Qox— (I — IT)) ;D™ (Dx)'} = q. (2.37)

Note that, if No NNy = 0, then the derivative (DITjx)’ is no longer involved in the
term

oD~ (Dx)/ = 01D DPyQ1D™ (Dx)/ =Q0i1D" (DPlex)/ — 01D (DPleDf)/Dx

In the next step we move a part of the term Bx in (2.37) to the leading term, and so
on. Proposition 2.23 describes the result of these systematic rearrangements.

Proposition 2.23. Let the DAE (2.1) with properly stated leading term have the ad-
missible projectors Qy, ..., Qx, where k € NU{0}.

(1) Then this DAE can be rewritten in the form

K—1

GD™ (DIkx)' + Biex+ Gy Y {Qix+ (I = 1) (P — Qi1 P)D™ (DITx)'} = g.
=0
(2.38)
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(2) If, additionally, all intersections ﬁ[, i=1,...,K, are trivial, then the DAE (2.1)
can be rewritten as
GxD~ (DIT¢x)' + Byx

k-1 (2.39)
+Gx Y {Qix— (I =) Q1 D™ (DI, Q1 1x)' +ViDIix} = g,
1=0

with coefficients
Vi=(I—IL){AD~(DILD") = QD™ (DI, 11D~ ) }DILD™, 1 =0,...,k— 1.

Comparing with the rearranged DAE obtained in the constant coefficient case (cf.
(1.35)), now we observe the extra terms V; caused by time-dependent movements of
certain subspaces. They disappear in the time-invariant case.

Proof (of Proposition 2.23). (1) In the case of Kk = 0, equation (2.35) is just a trivial
reformulation of (2.1). For ¥ = 1 we are done by considering (2.37). For applying
induction, we suppose for i+ 1 < x, that (2.1) can be rewritten as

i—1
GiD™ (DITix)' +Bix+G; Y {Qux+ (I—IL) (P — Qi+1P)D~ (DITx)'} = q. (2.40)
=0

Represent Bix = B;Pix+ B;Q;x = B;P,x + Gi4+1Q;x and derive

G:D™ (DITx)' = Giy 1Py 1 B;D™ (DITx)’
= Giy1{Ili\PD™ (DIIix)' + (I — IT;)Pi1\ D™ (DITx)'}
= Gy 1({D"DIT;;\D™ (DITx)' + (I — IT;)Piy 1 D™ (DITix)'}
= Giy1D ™ (DII;11x) — Gy 1D~ (DIT; D~ ) DIT;x
+Gip1(I = IT) (P, — Qi1 P,)D™ (DITix)").

Taking into account that (I — IT;)) = QoPi-- P, + --- + Qi P + Q; and
GiQ;=Gi110;,1=0,...,i— 1, we realize that (2.40) can be reformulated to

Giy1D™ (D1 1x)' + (BiP,— Giy1 D™ (DI D™ ) DIT;)x

i-1
+Giy1Qix+Gis1 ) {Qix+ (I IT) (P — Q141 P)D™ (DITx)'}
=0

+Gis1(I = IL) (P — Qi1 P)D™ (DITx) = q.

We obtain in fact

i
Git1D™ (DI 1x)' + Biy1x+Gip1 Y_{Qix+ (I—IL) (P, — Qi1 P)D™ (DITx)'} = ¢
=0

as we tried for.
(2) Finally assuming N; = {0},i=1,..., k, and taking into account Proposition 2.7,
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we compute the part in question as

k—1 k=1

F:=Y (I-1)(P— Qi \P)D™ (DIx)' = Y (I = 1) (P — Qy11)D ™ (DITx)’
=0 =0
k—1
= Y (1~ m){PD™ (D) — Q11D DILQ; D (DI }.
[=0
Applying the relations

(DILix)' = (DILD™ ) (DITx) + DILD™ (DITx)’,
(I—-IL)RD-DILD™ = (I-II)RILD™ =0,
DIT,Q;1D™ (DITx)' = (DIT,Qy11x) — (DIN, Q11D )'DITx,

Q1+1(DINQi1D™)'DIT; = Qy41(DIL,D ™)' DIT; — Q111 (DI D™ ) DI,
= —Qu1(DIT\D™)'DIT;,

we obtain, with the coefficients V; described by the assertion,

k—1
F =Y (1-1m){RD™(DI,D™Y DITix+ Q11 D™ (DIT Q141 D”) DITx
=0

k=1

- Qz+1D_(DHlQ1+1X)'} =Y {VIDHIX* (I—11)Q141D™ (DH1Q1+1X)/},
=0

and this completes the proof. a

How can one make use of the rearranged version of the DAE (2.1) and the structural
information included in this version? We discuss this question in the next subsection
for the case of regular DAEs, that is, if m = k and a nonsingular G,; exists. We study
nonregular cases in Chapter 10.

For the moment, to gain a first impression, we cast a glance at the simplest sit-
uation, if Gg already has maximal rank. Later on we assign the tractability index 0
to each DAE whose matrix functions Gy already have maximal rank. Then the DAE
(2.35) splits into the two parts

GoD™ (Dx)/ + GoGaBox = G()Gaq, WoBox = Woq. 241

Since imGy is maximal, it holds that imByQp C imG; = imGy, hence
WoBoy = WoBoRy. Further, since DG, Gy = D, we find the DAE (2.35) to be equiv-
alent to the system

(Dx)' — R'Dx+ DGy BoD ™~ Dx+ DG, BoQox = DGy q, WoBoD™ Dx = Woq,
(2.42)
the solution of which decomposes as x = D™ Dx + Qopx. It becomes clear that this
DAE comprises an explicit ODE for Dx, that has an undetermined part Qpx to be
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chosen arbitrarily. The ODE for Dx is accompanied by a consistency condition ap-
plied to Dx and g. If Gy is surjective, the consistency condition disappears. If Gy is
injective, then the undetermined component Qox disappears. If Gy is nonsingular,
which happens just for m = k, then the DAE is nothing other than a regular implicit
ODE with respect to Dx.

Example 2.24 (Nonregular DAE). The DAE
i |-
HEGEECIE A FORG
leads to
—t 12 0 1 —
G =210 an=[oi]. Bo=lp5] e-a

Compute further

I S R |
DG, BoD™ =0, ByQy=0, DG, =1[01].
For the second equation in formula (2.42) we obtain
WoBox = Woq & —x1 +1xa =q1 —1q2
and the inherent explicit ODE in formula (2.42) reads
(—x1+1x0) = qo.
In this way the consistency condition (q; —1q2)" = g follows. The solution is
x(t) =D (—x1 +1x2) + Qox

PRl

with an arbitrary continuous function x;. ad

Of course, if the tractability index is greater than O, things become much more sub-
tle.

2.4.2 Regularity and basic decoupling of regular DAEs

We define regularity for DAESs after the model of classical ODE theory. The system
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A()X (1) +B(t)x(t) =q(t), t €T, (2.43)

with continuous coefficients, is named a regular implicit ODE or an ODE having
solely regular line-elements, if the matrix A(¢) € L(R™) remains nonsingular on the
given interval. Then the homogeneous version of this ODE has a solution space of
dimension m and the inhomogeneous ODE is solvable for each continuous excita-
tion g. No question, these properties are maintained, if one turns to a subinterval. On
the other hand, a point at which the full-rank condition of the matrix A(¢) becomes
defective is a critical point, and different kinds of singularities are known to arise
(e.g. [123]).

Roughly speaking, in our view, a regular DAE should have similar properties. It
should be such that the homogeneous version has a finite-dimensional solution space
and no consistency conditions related to the excitations ¢ arise for inhomogeneous
equations, which rules out DAEs with more or less unknowns than equations. Ad-
ditionally, each restriction of a DAE to a subinterval should also inherit all charac-
teristic values.

In the case of constant coefficients, regularity of DAEs is bound to regular pairs
of square matrices. In turn, regularity of matrix pairs can be characterized by means
of admissible matrix sequences and the associated characteristic values, as described
in Section 1.2. A pair of m x m matrices is regular, if and only if an admissible ma-
trix sequence shows a nonsingular matrix G, and the characteristic value ry, = m.
Then the Kronecker index of the given matrix pair results as the smallest such index
u. The same idea applies now to DAEs with time-varying coefficients, too. How-
ever, we are now facing continuous matrix functions in distinction to the constant
matrices in Chapter 1. While, in the case of constant coefficients, admissible pro-
jectors do always exist, their existence is now tied to several rank conditions. These
rank conditions are indeed relevant to the problem. A point at which these rank
conditions are defective is considered as a critical point.

We turn back to the DAE (2.1), i.e.,
A(t)(D(t)x(t)) +B(t)x(t) = q(t), t € T. (2.44)

We are looking for solutions in the function space C},(Z,R™). Recall that the ranks
r; = rank G; in admissible matrix function sequences (see Definitions 2.6, 2.9, The-
orem 2.8) give the meaning of characteristics of the DAE on the given interval. The
following regularity notion proves to meet the above expectations.

Definition 2.25. The DAE (2.44) with properly stated leading term and m = k is
said to be, on the given interval,

(1)  regular with tractability index 0, if ry = m,

(2)  regular with tractability index 1 € N, if there is an admissible matrix function
sequence with characteristic values ry | <ry =m,

(3) regular, if the DAE is regular with any tractability index u (i.e., case (1) or
(2) apply).
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This regularity notion is well-defined in the sense that it is independent of the special
choice of the admissible projector functions, which is guaranteed by Theorem 2.8.

Since for a regular DAE the matrix function G, is nonsingular, all intersections

JV i =N;N(Np+---+N;_p) are trivial, as a consequence of Proposition 2.7. Then it
holds that

Xi=(No+-+N_1)©N;=No++Ni_| =No&---BN,_; C kerQ;,
i=1,...,u—1,thus Q;(I —II;_;) = 0, and, equivalently,
00;=0, 0<j<i—-1,i=1,...,u—1 (2.45)
Additionally, Proposition 2.7 (4) yields G, Q; = B;Q, thus

Q;=G,'BjIl; 1Q;, j=1,...,u—1. (2.46)

While, in the general Definition 2.6, only the part II; Q; = II; 1 — II; of an ad-
missible projector function Q; is required to be continues, for a regular DAE, the
admissible projector functions are continuous in all their components, as follows
from the representation (2.46).

We emphasize once again that, for regular DAESs, the admissible projector functions
are always regular admissible, and they are continuous in all components. At this
place, we draw the readers attention to the fact that, in papers dealing exclusively

with regular DAESs, the requirements for trivial intersections N, ; and the continuity of
Q; are usually already incorporated into the admissibility notion (e.g., [170]) or into
the regularity notion (e.g., [167], [137]). Then, the relations (2.46) are constituent
parts of the definitions (see also the recent monograph [194]).

Here is a further special quality of regular DAEs: The associated subspaces (cf.
Theorem 2.8)

S;=kerW,B={z€R":Biz€imG;} =S;_1 +N_;

are now C-subspaces, too. They have the constant dimensions ;. This can be imme-
diately checked. By Lemma A.9, the nonsingularity of G, implies the
decomposition Ny_1 &Sy = R™, thus dimS;,_; = ;. Regarding the relation
ker (Gy—2+Wy—2Bu—20u—2) = Ny_>NSy_>, we conclude by Proposition 2.5 (3)
that Ny > NSy, > has the same dimension as Ny 1 has. This means
dimNy > NSy 2 =m—ry 1. Next, the representation Sy, | =Sy 2+ Ny > leads
to ry—y =dimSy_»+ (m—ry_2) — (m—ry_y), therefore dimS,_» = r,_2, and so
on.

We decouple the regular DAE (2.44) into its characteristic components, in a
similar way as we did with constant coefficient DAEs in Subsection 1.2.2. Since
Gy is nonsingular, by introducing Q, = 0, P, = I, I, = II,_1, the sequence
Qo,...,Qu—1,0u is admissible, and we can apply Proposition 2.23. The DAE (2.44)
can be rewritten as
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GuD ™ (DIIy_1x)' + Byux (2.47)

n—1
+ Gy Z {Qix— (I—11,)Qy+\ D™ (DI Q4 1x)' + ViDITx} = q.
=0

If the coefficients were constant, we would have D~ (DII,_x)' = (D~ DII,_x)' =
(ITy—1x)', further D~ (DIT;Q;41x) = (IT;Q;+1x)’, and V; = 0. This means that for-
mula (2.47) precisely generalizes formula (1.35) obtained for constant coefficients.
The new formula (2.47) contains the extra terms V; which arise from subspaces
moving with time. They disappear in the time-invariant case.

In Subsection 1.2.2, the decoupled version of the DAE is generated by the scaling
with Gljl, and then by the splitting by means of the projectors I, 1 and I —IT; .
Here we go a slightly different way and use DII,,_; instead of I1,_. Since II,
can be recovered from DIT,,_ due to I,y = D™ DII, 1, no information gets lost.
Equation (2.47) scaled by Gﬁl reads

D™ (DI, _1x)'+ G, 'Bux (2.48)
n—1
+ Y {0 — (- )@ 1D (DIQy11%) + ViDITx} = G 'g.
=0

The detailed expression for V; (Proposition 2.23) is
Vi = ([~ I){PD™ (DIL,D")' — Q111D (DI1;11 D™ ) }DILD™ .

This yields DII, _1V; =0, 1=0,...,u—1, and multiplying (2.48) by DII,,_; results
in the equation

DII, D™ (DI, _x)' + DITy_1G,'Byx = DI, G, (2.49)

Applying the C'-property of the projector DII, 1D~, and recognizing that
By =BylIl, 1 = ByD™DII,, 1, we get

(DI 1x)' — (DIT, D~ )' DI, _x+DII,_G,'ByD™DII, _1x=DII, G, 'q.

(2.50)

Equation (2.50) is an explicit ODE with respect to the component DII;, |x. A sim-

ilar ODE is described by formula (1.37) for the time-invariant case. Our new ODE

(2.50) generalizes the ODE (1.37) in the sense that, due to D™ DII, | = II,_y,
equation (2.50) multiplied by D~ coincides with (1.37) for constant coefficients.

Definition 2.26. For the regular DAE (2.44) with tractability index u, and admissi-
ble projector functions Qy, ..., Qy—1, the resulting explicit regular ODE

' — (DI, D™ )u+DII,_G,'B,D u=DII,_1G,'q (2.51)

is called an inherent explicit regular ODE (IERODE) of the DAE.
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It should be pointed out that there is a great variety of admissible projector func-
tions. In consequence, there are various projector functions IT, 1, and the IERODE
(2.51) is not unique, except for the index-1 case. So far, we know the nullspace
No +---+ Ny of the projector function IT,_; to be independent of the choice
of the admissible projector functions Qy,...,Qu—1, which means the subspace
No+ -+ + Ny is unique; it is determined by the DAE coefficients only (Theo-
rem 2.8). Later on we introduce advanced fine decouplings which make the corre-
sponding IERODE unique.

Lemma 2.27. If the DAE (2.44) is regular with index u, and Qy,...,Qu—1 are ad-
missible, then the subspace imDII, 1 is an invariant subspace for the IERODE
(2.51), that is, the following assertion is valid for the solutions u € C'(Z,R") of the
ODE (2.51):

u(ty) € im(DITy—1)(t.), with a certaint, € T < u(t) €im (DI, _1)(t)Vt € L.

Proof. Let i@ € C'Y(Z,R") denote a solution of (2.51) with
i(t) = (DITy_ D™ )(t,)i(t,). We multiply the identity

i — (DI, \D™)'ia+DIl, G,'D ia=DI, ,G,'q
by I —DII,_;D~, and introduce the function v := (I — DIT,_ D~ )i € C'(Z,R").
This gives
(I-DIly_D™ )i’ — (I—DII, D~ )(DII,_1D™ )i =0,
further,
vV —(—DI,_\D”)ia—(I—DIMy_D”)(DI,_D”) i=0,
and
v —(I-DII,_\D”)'v=0.

Because of ¥(z,) = 0, ¥ must vanish identically, and hence # = DII, D~ ii holds
true. (]

We leave the IERODE for a while, and turn back to the scaled version (2.48) of
the DAE (2.44). Now we consider the other part of this equation, which results from
multiplication by the projector function I — IT,, ;. First we express

(I=II,_1)D™ (DITy_1x) + (I — I, _1)G, ' Bux
=(I-I,_1)G,"{GuD™ (DIy_1x)' +By_1Py_1x
—GyuD™ (DI, D™ )'DII,_x}
(I =My 1)G, ' {By_1Py_1x+G,D DI, D~ (DI, 1x)'}
= (I - Hufl)G;llB”,IHuflx,
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and then obtain the equation

u—1

(1=, 1)G,'By I, x+ Y {Qix+V;DITx} (2.52)
=0
n—=2
- Y (I—I1)Q; D™ (DI Qu41x) = (I-IT,1)G, g,
=0

which is the precise counterpart of equation (1.38). Again, the extra terms V; com-
prise the time variation. By means of the decompositions

DH[)C = DH[(Hufl +1— Hﬂ,l)x = DH“71X+DH[(I—PZ+1 i ~Pu,1)x
= DIl 1x+DIL(Qp+1 +Py1Qri2+ -+ Py Py 20y 1)x
= DH,uflx“‘Dr[l(QHl + e —|—DHH,2QH,1)X,

we rearrange the terms in (2.52) once more as
n—1 u-2 u-2
Y 0x— Y (I-11)Qi\D” (DI, Qy11x) + Y, M1 DITQ; 1 x (2.53)
I= =0 =0
+’CHH71X = (IfHH,l)G;qu,

with the continuous coefficients

u—1
K:=(I—Iy )G, 'By 1Ty 1+ Y ViDIT, (2.54)
1=0

u—1
— (I =y )Gy By Ty + Y (1 - HZ){PZD’ (DILD")
[=0

— Q11D (DHH—ID_)/}DH/J,fl

u—1
= (I_Hyfl)G;LlBuflnufl + Z (I_Hl—l)(Pl - QI)D_(DHID_)/DH/VHI
=1

and

!
My =) V;DIL QD™ (2.55)
Jj=0

!
Z (I = I;){P;D” (DI;D")' = Q1D (DI1; 1D~ )"} DI Q11 D™,
j:

[=0,... ,u—2.

The coefficients M, vanish together with the V; in the constant coefficient case.
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Next we provide a further splitting of the subsystem (2.53) according to the de-
composition

I—1II, 1 =QoP - Py 1+ +0u 2P 1+0u

into p parts. Notice that the products Q;P;;1---Py—1 are also continuous projec-
tors. To prepare the further decoupling we provide some useful properties of our
projectors and coefficients.

Lemma 2.28. For the regular DAE (2.44) with tractability index W, and admissible

projector functions Qy, ...,Qy 1, the following relations become true:
(1) QiP1-- Py (I-1T;) = 0, 1=0,...,i—1,
i=1,...,u—-2,
Qu_1(I-11;) =0, 1=0,...,u—2,
(2) QiPiy1-- Py (I -1II;) = Q;, i=0,...,u—2,
Ou—1(I—ITy- 1)=Qu 1
(3) QiPiy1--- Py 1(I = Iiys) = QiPiv1 - Pigs, s=1,...,0—1—1i
i=0,...,u—-2,
(4) QiP1- Py i My =0, 1=0,...,i—1,
i=0,...,u—-2,
Qu-1Miy1 =0, [=0,...,u—2,
(5) QiPir1- Pu—10s =0if s # 1, s=0,...,u—1,
QiPiy1---Pu10i = Qi, i=0,...,u—2,
(6) M; = Zl (I—1II,_y)(P—Q;)D™ (DII; 1 Q;D~)'DII; 1Q;D",
B j=1,...,u—1,
(7) H”_lGﬁlBu = Hu_lGﬁlBOHﬂ_l, and hence

DIl G,'ByD™ =DII, G,'BD".

Proof. (1) The first part of the assertion results from the relation
QiPiy1-+-Py—1 = QiPiy1---Py_1ITi_y, and the inclusion im (7 —IT;) C kerIT;_,
I <i—1.The second part is a consequence of the inclusion im (I —IT;) C kerQy, 1,
I<pu-2.

(2) This is a consequence of the relations Py---Py_1(I —II;) = (I — IT;) and
0i(I-1I1;) = Q;.

(3) We have

QiPiy1---Py Iy =0, thus QiPyy---Py 1(I-Tly 1) =QiPiy1---Py_1.

Taking into account that Q;(I — IT;ys) = 0 for j > i+ s, we find
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QiPry - Py (I —Iivg) = QiPiy1 - PipsPrysy1 - Py (I — Iigy)
- Qz i+1° z+th+s+1 "'Pufl(I_I—IiJrs)
- Ql i+1° z+5(1 ITZ+S) Ql i+1° z+s

(4) This is a consequence of (1).
(5) This is evident.
(6) We derive

j—1
M;=Y (I-1L)AD " (DILD")'DII; Q;D~
=1

j—2
— Y (I—-1)Q\D™ (DI 11D )'DII; 1 Q;D~
=0
-1
=Y (1—m)PD {(DH.FIQjD_)/_DHZD—(DHFIQJ’D_)/}DHFIQJD_
=

—_

Jj—2

- Y (I—11)Q1\ D™ { (DI, Q;D™)'
i=0

- DHH]D*(DHj—leDi)/}DHj—lQJDi

~.
|
—_

=Y (I-1I)PD (DI;—,Q;D")'DII;_1Q,D~
1

Il
-

Jj—2

- Z (I—1I1)Qi\D~ (DII;_1Q;D)'DII;_1Q;D~
=0

j7
=Y (I—1,_)PD (DI, ,Q;D")'DII;_1Q;D~
=

—_

j—1
- Y (I—I1,_,)Q,D (DII; 1Q;D")'DII; 1Q;D~
=1
(7) Owing to P, =1, it holds that
By =By_1Py_1 —GuD™ (DIT,D™)' DI,
=By 1Pu—1—GuD™ (DII,_1D~)'DII, ;.
We compute
1, G, 'By =y 1G,'{By_1Py_1 — GuD" (DII,_,D")'DIT,_}
= HM_IG;'B#_lIIM_l — Hu_1D7 (DH“_IDi)/DHﬂ_I .

=0

The next step is
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I, Gy 'By Iy =y Gy {By 2Py — Gy D™ (DITy D™ )'DII, »}I,
= Hu—lcﬁlBu—ZHu—l — Iy 1Py 1D~ (DITy D™ )' DIy,

=0
and so on. O

As announced before we split the subsystem (2.53) into p parts. Multiplying by
the projector functions QiPy1-+-Py1,i=0,...,u —2, and Qy 1, and regarding
Lemma 2.28 one attains the system

n—=2
Qix—QiQi 1D~ (DITQi1x) — Y, QiPii---PQi1D™ (DILQyy1x)  (2.56)
1=+
u-2
+ Z QiPi1- Py y My DILQpy 1 x
]

=i

=—QiPy1- Py Ky 1x+QiPryy Py 1Gylq,  i=0,...,u—2,

as well as
Qu-1x=—0u 1 KITy_1x+ 0, 1G,'q. (2.57)

Equation (2.57) determines Qy_1x in terms of ¢ and II,_ix. The i-th equa-
tion in (2.56) determines Q;x in terms of g, Il 1x, Oy _1x,...,0i41x, and so
on, that is, the system (2.56), (2.57) successively determines all components of
I—1I, | = Qo+ IIpQy + -+ 11, 20y 1 in a unique way. Comparing with the
constant coefficient case, we recognize that, the system (2.56), (2.57) generalizes
the system (1.40), (1.41).

So far, the regular DAE (2.44) decouples into the IERODE (2.51) and the subsystem
(2.56), (2.57) by means of each arbitrary admissible matrix function sequence. The
solutions of the DAE can be expressed as

x=Il_x+ (I —Iy_1x) =D u+ (I —IIy_1)x,

whereby (I — IT,—i)x is determined by the subsystem (2.56), (2.57), and
u = DII, D" u is a solution of the IERODE, which belongs to its invariant sub-
space.
The property
kerQ;=kerIl;_1Q;, i=1,...,u—1, (2.58)
is valid, since we may represent Q; = (I + (I — I;_1)Q;)II;—; Q; with the nonsin-
gular factor I+ (I —IT;_1)Q;, i = 1,...,u — 1. This allows us to compute Q;x from

IT;_ Q;ix and vice versa. We take advantage of this in the following rather cosmetic
changes.

Denote (cf. (1.45))

vo:=Qox, vi:=IL_ 0, i=1,....,u—1, (2.59)
u:= DII,; _yx, (2.60)
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such that we have the solution expression

x=vot+vi+--+vy1+D u (2.61)

Multiply equation (2.57) by I, _», and, if i > 1, the i-th equation in (2.56) by

IT;_;. This yields the following system which determines the functions v, _1,...,vp
in terms of ¢ and u:

0N -+ N07H_1 Yo ’

. Vi

0 ' Dl (2.62)
. N#*Z#*l :

Vu-1
I Mo Mo pu-1 Yo Ho Lo
7 : vy My B Ly
+ + . D u= q
. Mu—z u—1 :
I Vu-1 Hu-1 Ly

The matrix function D := (D; J)l” j;lo has as entries the blocks D;; = DIT;,_Q;,
i=1,...,u—1, Dy =0, and D;; = 0, if i # j. This matrix function is block-
diagonal if n = m. The further coefficients in (2.62) are also continuous, and their
detailed form is

Not :=—0001D",

Noj :=—QoP;---Pi1Q;D", j=2,...,u—1,
Niiy1 = —IIi_10;Qi1D ™,

Nij:=—IL1QiPiy1---P;i1Q;D™, j=it2, . u—lLi=1,...,0-2,
Moj = QoP1---Py_1M;DII;_1Q;, j=1,...,u—1,

Miji= I QiPiry Pyt MDIT; 1 Qj, j=i+1,...,u—1,i=1,...,u—2,
Lo:= Q0P Py_1Gy',
Li=T0_1QiPy1- Py 1Gy', i=1,...,0—2,

Lyy =T, 20, 1G,",

Ho := QoP1--- Py 1 KIIy 1,
Hl'::Hi—lQiPi+1"'P}L—1KH[J—17 i:17"'7.u_25
Hufl = H‘LL72Q/.L71KH}L713

with K and M ; defined by formulas (2.54), (2.55). Introducing the matrix functions
N, M, H, L of appropriate sizes according to (2.62), we write this subsystem as
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N(Dv) + Mv+HD u= Ly, (2.63)

whereby the vector function v contains the entries vy, ..., vy_1.

Again, we draw the reader’s attention to the great consistency with (1.46). The
difficulties caused by the time-variations are now hidden in the coefficients M;;
which disappear for constant coefficients.

We emphasize that the system (2.62) is nothing other than a more transparent re-
formulation of the former subsystem (2.56), (2.57). The next proposition records
important properties.

Proposition 2.29. Let the DAE (2.44) be regular with tractability index U, and let
Qo,...,Qu—1 be admissible projector functions. Then the coefficient functions in
(2.62) have the further properties:

(1) Mj = MjDijleDi and MjD = ./\/;'J'Dijle, for j=1,....u0—1,
i=0,....,u—-2.

(2) rank\Nj ;1 =rank N D=m—riy, fori=0,...,u—2.

(3)  kerNiiy1 =kerDIL;Q; 1D, and kerN; ;1D = kerIT;Q; 1, for
i=0,....u—2.

(4)  The subsystem (2.62) is a DAE with properly stated leading term.

(5)  The square matrix function N'D is pointwise nilpotent with index L, more
precisely, (ND)* = 0 and rank (ND)* ™! =m—r,_1 > 0.

(6) M,',,'.H:O, i=07...,u—2.

Proof. (1) This is given by the construction.

(2) Because of N; ;i1 = N;;1DD~, the matrix functions N; ;i and N; ;41D have
equal rank. To show that this is precisely m — r;+; we apply the same arguments as
for Lemma 1.27. First we validate the relation

imQ;0;11 =N;NS;.

Namely, z € N; NS; implies z = Qiz and B;z = G;w, therefore,
(Gi + BiQi)(Pw + Qiz) = 0, further (Pw + Q;z) = Qip1(Pw + Qiz) = Qix1w,
Qiz= Q;0iy1w, and hence z = Q;z = Q; Qi 1w.

Conversely, z € imQ;Q;+1 yields z = Q;z, z = Q;Q;i+1w. Then the identity (G; +
B;iQi)Qi+1 = 0leads to Biz = B;QiQj11w = —G;Qjy1w, thus z € N;NS;.

The intersection N; NS; has the same dimension as N;.j, so that we attain
dimim Q;Qi+1 =dimN 1 =m—riq1.

(3) From (1) we derive the inclusions

ker DIT;Q;i 1D~ CkerNjip1, kerIT;Qir C kerNi;y(D.

Because of IT;Q; 11 = D~ (DIT;Q;+1D~)D, and ker I;Q;1 = ker Q;1, the assertion
becomes true for reasons of dimensions.
(4) We provide the subspaces
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20
kerN:{z: : eR"“:ziekerHi,]Qi,i:1,...,u—1}
[Zpu—1]
and -~ _
20
impz{zz : eR"“:z,»eimn,»_lg,»,i:l,...,u—l}
[Zp—1]

which obviously fulfill the condition ker A/ ¢ im D = R" . The border projector is
R = diag (0,DIT)Q1D~,...,DIT, >Q, 1D ), and it is continuously differentiable.
(5) The matrix function N'D is by nature strictly block upper triangular, and its main
entries (N'D); 41 =N i+1D have constant rank m — riy, fori =0,..., 10 —2.

The matrix function (A"D)? has zero-entries on the block positions (i,i -+ 1), and the
dominating entries are

((ND))iiv2 = Niis1DNis1 12D = Ii-10iQi4 1 I1:Qi+1Qi42 = IT;-10i0i11 042,

which have rank m — r;1», and so on.

In (ND)*~! there remains exactly one nontrivial block in the upper right corner,
((ND)”il)ouu,I = (—1)”71Q0Q1 . 'QH*I’ and it has rank m — Tu—1-

(6) This property is a direct consequence of the representation of M, in Lem-
ma 2.28 (6) and Lemma 2.28 (1). O

By this proposition, the subsystem (2.62) is in turn a regular DAE with tractabil-
ity index u and transparent structure. Property (6) slightly eases the structure of
(2.62). We emphasize that the DAE (2.62) lives in R™*. The solutions belong to the
function space CID (Z,R™"). Owing to the special form of the matrix function £ on
the right-hand side, each solution of (2.62) satisfies the conditions vy = Qgvy and
Vi:ITl',lQiVi,fOI‘i: 1,...,[.1,—1.

We now formulate the main result concerning the basic decoupling:

Theorem 2.30. Let the DAE (2.44) be regular with tractability index U, and let
Qo,...,0u—1 be admissible projector functions. Then the DAE is equivalent via
(2.59)—(2.61) to the system consisting of the IERODE (2.51) related to its invariant
subspace im DI, 1, and the subsystem (2.62).

Proof. If x € C,(Z,R™) is a solution of the DAE, then the component u :=
DII, xeC 1(Z,R™) satisfies the IERODE (2.51) and belongs to the invariant sub-
space im IT, ;. The functions vy := Qox € C(Z,R™), v; :=IT;_1Qix € Ch(Z,R™),
i=1,...,u — 1, form the unique solution of the system (2.62) corresponding
to u. Thereby, we recognize that DII,, x = DII;, 1D~ Dx, Dv; := DII;_Qix =
DII;_1Q;D Dx, i=1,...,u—1, are continuously differentiable functions since Dx
and the used projectors are so.

Conversely, let u = DII,_1x denote a solution of the IERODE, and let vy,...,vy_1
form a solution of the subsystem (2.62). Then, it holds that v; = II;_{Q;v;, for
i=1,...,u—1,and vo = Qgvo. The functions u and Dv; = DIT;_1Q;v;, i =1,...,
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u — 1, are continuously differentiable. The composed function x := D~ u+vo+v; +
-++=+vy 1 is continuous and has a continuous part Dx. It remains to insert x into the
DAE, and to recognize that x fulfills the DAE. O

The coefficients of the IERODE and the system (2.62) are determined in terms
of the DAE coefficients and the admissible matrix function sequence resulting
from these coefficients. We can make use of these equations unless we suppose
that there is a solution of the DAE. Considering the IERODE (2.51) and the sys-
tem (2.62) as equations with unknown functions u € C'(Z,R"), vo € C(Z,R™),
v € C}) (Z,R™), i=1,...,u — 1, we may solve these equations and construct con-
tinuous functions x := D~ u+vo+vy+---+vy 1 with Dx = DD"u+ Dvy + -+ +
Dvy, | being continuously differentiable, such that x satisfies the DAE. In this way
we restrict our interest to those solutions u of the IERODE that have the property
u = DII,_ 1D u. In this way one can prove the existence of DAE solutions, suppos-
ing the excitation and the coefficients to be sufficiently smooth.

The following additional description of the coupling coefficients Hy,...,Hy—1
in the subsystem (2.62), which tie the solution u of the IERODE into this subsys-
tem, supports the idea of an advanced decoupling. We draw the reader’s attention to
the consistency with Theorem 1.22 which provides the easier time-invariant coun-
terpart of a complete decoupling. This lemma plays its role when constructing fine
decouplings. Further, we make use of the given special representation of the coef-
ficient Ho when describing the canonical projector function associated to the space
of consistent values for the homogeneous DAE in the next subsection.

Lemma 2.31. Let the DAE (2.44) be regular with tractability index W. Let
Qo,...,Qu—1 be admissible projector functions, and

Qo+ := QoPy -+ Py_1G, ' {By+GoD™ (DI, 1D~ )'D},

Oks := OkPey1 - Pu1Gy {Be+GD™ (DITy \D™)'DI 1}, k=1,...,u—2,
Ou—14:= QuflG,,_LlBufl-

(1)  Then the coupling coefficients of the subsystem (2.62) have the representations

Ho = QosIly—1,
Hi = I 1Qpedly 1, k=1,...,u—2,
Hy1 =Ty 20y 111 1.
(2) The Qo,...,Qu-1+ are also continuous projector functions onto the sub-
spaces Ny, ... ,Ny_1, and it holds that Q. = Qpdli_1 fork=1,...,u—1.
Proof. (1)Fork=0,...,u—2, we express

Ak = QkPry1 -+~ Pu—1 KTy (cf. (2.54) for K and Prop. 2.23 for V)

u—1
= QuPis1 - Puo1Gy ' Bu Il + QuPis1 -+ Py Y, VDI, .
=0
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Regarding the identity IT;D~ (DIT;D~ ) DIT; = 0 we derive first

u—1 n—1
Iy Y VDI =T, Y V,DIT,
=0 I=k
u—1

=IL 1 Y {({-IL)P,D~(DILD™)' DIy
N———

1=k
F—II;

— (I =1I1;) Q11D (DI 1 D™ )' DIy 1 }

u—1

=1L, Y {PD (DIL,D") — (I —I1;)Q; 11D~ (DII;1 1D~ )' DI, D~ }DI,
=k
u—1

=IL Y {PD(DILD™) — (I —I1)Qi D™ (DIl D~ )'DI1, 1D~ }DIT, ;.
1=k

Then, taking into account that Q;, = 0, as well as the properties

OiPiv1 Pu1=0kbir1 - PuIl1, OrPiyr - Pu1Pe=QkPeyr Py 111,
OrPe1 Pu—101 =0, if I > k+1,

we compute

n—1
OPir1--Py1 Y, ViDII,
=0

u—1
= QPi1+--Pyy Y, D (DILD ™)' DI,
I=k+1
n—1
+ OrPry1--Pu-i Z 11,0, D~ (DI, D™ )'DIT,
I=k
—_————
IL—I1,
n—1
= OPrt1 Pu—1 Z D~ (DHlDi)/DH,u_l
I=k+1

+ QPet1 -+ Pu1P(DIly D™ )'DITy .

This leads to

-1
Ak:QkPk+1“'Pu1Gﬁ1{BkH,,¢1— ) G,-D_(DH]-D_)’DHHI}
Jj=k+1
p—1
+QrPesi Pyt Y, D™ (DILD™)'DII,
I=k+1
+ QiPet1 -+ Pu—1 P(DITy_1D™)'DIT, ;.
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Due to QyPy1 - ~Py,1G;1Gj = OrPis1--- Py, for j > k+1, it follows that

u—1
Ak = OrPreyi "‘P/.hlG;lBkHufl —QPey1-+-Py1 Y, D (DIL;D™)'DIT,
Jj=k+1
n—1
+QrPesi--Py1 Y, D™ (DILD™)' DI,
I=kt1

+ QtPey1 -+ Py—1P(DITy D7) DI,
= QiPii1-+ Py 1Gy ' Billy 1+ QiPeyy -+ Py 1 PD™ (DIT, 1D )' DI,
= Or:d1y 1,
which proves the relations Ho = QoP---Py_1KIly_1 = Qo.II, 1, and
Hi = I 1 QkPryr - Py Ky = I (Al = Qredly—1, k= 1,...,
1 — 2. Moreover, it holds that Hy | = ITy 2Qu 1K = Qu 1Gy'By 11T,
=1y 2Qu 1511y 1.

(2) Derive

O Ok = OrPrit1 - 'PuflGﬁl {Bx+ G D™ (DIIy_ 1D~ )' DI } O
= QP 'PuflGﬁlBka + OPiy1 -+ Pu—1PD ™ (DIT, D~ )'DIL;_; Oy
= QkPes1+ - Pu—10k — QkPey1 - Pu—1BD™ (DI D™ )(DII_ QD™ )'D.

=0k =0

Then, O« O« = Ok« follows. The remaining part is evident. a

2.4.3 Fine and complete decouplings

Now we advance the decoupling of the subsystem (2.62) of the regular DAE (2.44).
As benefits of such a refined decoupling we get further natural information on the
DAE being independent of the choice of projectors in the given context. In particu-
lar, we fix a unique natural [IERODE.

2.4.3.1 Index-1 case

Take a closer look at the special case of regular index-1 DAEs. Let the DAE (2.44)
be regular with tractability index 1. The matrix function Gg = AD is singular with
constant rank. We take an arbitrary continuous projector function Q. The resulting
matrix function G = Go + BQy is nonsingular. It follows that Q1 =0, I} = Iy and
Vo = 0 (cf. Proposition 2.23), further By = BPy — GD~ (DITyD~)'DIIy = BPy. The
DAE scaled by G;l is (cf. (2.48)) now
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D™ (DITyx)' + Gy 'BPyx+ Qox = Gy .
Multiplication by DITy = D and I — ITy = Qg leads to the system

(Dx)' — R'Dx+DG{'BD™Dx = DGy 'q, (2.64)
Qox+ QoG 'BD Dx = Q)G 'q, (2.65)
and the solution expression x = D™ Dx + Qpx. Equation (2.65) stands for the subsys-

tem (2.62), i.e., for
Qox+ HoD™ Dx = Lygq,

with Ho = QoK ITy = QoG; ' BIly = QoG 'BPy, Lo = QoG .

The nonsingularity of G| implies the decomposition Sy & Ny = R (cf. Lemma A.9),
and the matrix function QOGle is a representation of the projector function onto
Ny along Sp.

We can choose Qg to be the special projector function onto Ny along Sy from the
beginning. The benefit of this choice consists in the property Ho = QoGl_lBPo =0,
that is, the subsystems (2.65) uncouples from (2.64).

Example 2.32 (Decoupling of a semi-explicit index-1 DAE). We reconsider the semi-
explicit DAE from Example 2.3

I r, |Bu Biz|
[0] ([10]x)+ [321 322} x=gq
with nonsingular B;;. Here we have the subspaces
No={zeR™" :7; =0} and Sp={z€R™ "™ :Byz;+Bpnz =0},

and the projector function onto Ny along Sy is given by
0 O
&= {3221321 1} '

This projector is reasonable owing to the property Hy = 0, although it is far from
being orthogonal. It yields

- I 1+ B12B,) By 312} —1 { I —B1nBy,
D = B ,G1= 22 G = N - 22 ,
[—3221321} ! { By Byn|' ! —By, Byy (I+ By, By1Bi2)

and the IERODE
x|+ (B —3123521321)x1 =q1— B1zBEZlQ2.

Notice that in Example 2.3, Qy is chosen to be the orthoprojector, but precisely the
same IERODE results for this choice. O

The last observation reflects a general property of regular index-1 DAEs as the fol-
lowing proposition states.
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Proposition 2.33. Let the DAE (2.44) be regular with index 1. Then its IERODE

W' —Ru+DG;'BD u=DG|'q
is actually independent of the special choice of the continuous projector function

Qo.

Proof. We compare the IERODEs built for two different projector functions
Qo and Q. It holds that G| = Go +BQo = Go + BQoQo = G (P + Qo)
= G1(I + QoQoPy) and D~ = D™DD~ = D"R = D"DD~ = BD™, therefore
DG;' = DG;', DG['BD~ = DG{'B(I — Qo)D~ = DG;'B(I — 0yQ0)D~ =
DG 'BD~. O
Regular index-1 DAEs are transparent and simple, and the coefficients of their

IERODE:s are always independent of the projector choice. However, higher index
DAE:s are different.

2.4.3.2 Index-2 case

We take a closer look at the simplest class among regular higher index DAEs, the
DAEs with tractability index p = 2.

Let the DAE (2.44) be regular with tractability index u = 2. Then the IERODE
(2.51) and the subsystem (2.62) reduce to

W' — (DILD™)'u+DII|G,'BiD"u=DII,| G, 'q,

and

0-000:D (0 0 T[]\, [v], [Ho] ~~ _ [0QoPG;"
0 287 ([oomal [n]) + ] # [ o= g

with

Ho = QoPIKIT; = QoPiG, 'BiIT; + Qo(P1 — Q1)D™ (DIT,D™)'DITy
= QoP\G, 'BoIT; + QoP D™ (DIT; D) DIT,
Hi = QKT = I[1,0,G, ' B IT.

Owing to the nonsingularity of G», the decomposition (cf. Lemma A.9)
N ®S; =R"

is given, and the expression 01G, B appearing in H; reminds us of the represen-
tation of the special projector function onto N; along S; (cf. Lemma A.10) which is
uniquely determined. In fact, 01G, IB| is this projector function. The subspaces N;
and S are given before one has to choose the projector function Q1, and hence
one can settle on the projector function Q; onto N; along S; at the beginning.
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Thereby, the necessary admissibility condition Ny C kerQ; is fulfilled because of
No C S1 =kerQ;. It follows that

01G,'B|IT; = 01G,'B\Pi = 0\P =0, H,=I1Q:G,'BiII, =0.

Example 2.34 (Advanced decoupling of Hessenberg size-2 DAEs). Consider once
again the so-called Hessenberg size-2 DAE

I , [B. B
M ([10]x) + {B; ﬂx:q, (2.66)

with the nonsingular product B,;Bj,. Suppose the subspaces im B, and kerB,; to
be C!-subspaces. In Example 2.3, admissible matrix functions are built. This DAE
is regular with index 2, and the projector functions

00 Q 0 -
QO = |:O ]:| I Ql = |:_Bl_2 0:| ’ 'Q = B12B12) (267)

are admissible, for each arbitrary reflexive inverse B}, such that €2 is continuously
differentiable. We have further DIT;D™ =1 — Q and

So =581 ={zeR™*"™ : By;z; = 0}.
In contrast to Example 2.3, where widely orthogonal projectors are chosen and
kerQ; = {z€ R™ ™™ : B},z; =0} = (Ng® Ny )" & Ny,

now we set By, 1= (B21B12)"'By; such that  projects R™ onto imBj, along
kerB;;, and Q; projects R™ onto N along

kerQ1 = {Z < le+m2 . lezl = O} = S].

Except for the very special case, if ker B, = ker B»1, a nonsymmetric projector func-
tion DIT)D~ =1 —Q =1—B1>(B3B12) ' By results. However, as we already know,
this choice has the advantage of a vanishing coupling coefficient H;.

In contrast to the admissible projector functions (2.67), the projector functions

0 0 Q0 _
QO = Bl_z(Bll —Ql)([—Q) [:| ) Ql = |:_B1—2 0:| ) Q -:3123127 (268)

form a further pair of admissible projector functions again yielding DII})D™ =1 —
Q. With B}, := (B21B12) ' By, this choice forces both coefficients 1 and H to

disappear, and the subsystem (2.62) uncouples from the IERODE. One can check
that the resulting IERODE coincides with that from (2.67). a

As mentioned before, the index-2 case has the simplest higher index structure.
The higher the index, the greater the variety of admissible projector functions. We
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recall Example 1.26 which shows several completely decoupling projectors for a
time-invariant regular matrix pair with Kronecker index 2.

2.4.3.3 General benefits from fine decouplings
Definition 2.35. Let the DAE (2.44) be regular with tractability index p, and let
Qo ...,Qu—1 be admissible projector functions.

(1) If the coupling coefficients Hy,...,H, 1 of the subsystem (2.62) vanish, then
we speak of fine decoupling projector functions Qy,...,Qu—1, and of a fine

decoupling.
(2) If all the coupling coefficients Ho,...,Hy | of the subsystem (2.62) vanish,
then we speak of complete decoupling projector functions Qo,...,Qu—1, and

of a complete decoupling.

Special fine and complete decoupling projector functions Qp, Q are built in Exam-
ples 2.34 and (2.32).

Owing to the linearity of the DAE (2.44) its homogeneous version
A(t)(D(t)x(t)) +B(t)x(t) =0, t€J, (2.69)
plays its role, and in particular the subspace
Sean(t) := {z € R™: Ix € C)(Z,R™), A(Dx)' +Bx =0, x(t) =z}, 1 € T.

The subspace Scq,(#) represents the geometric locus of all solution values of the
homogeneous DAE (2.69) at time ¢. In other words, S.q,(¢) is the linear space of
consistent initial values at time t for the homogeneous DAE.

For implicit regular ODEs (2.43), S¢an(t) = R™ is simply the entire time-invariant
state space R™. In contrast, for intrinsic DAEs, the proper inclusion

Scan (t) g SO (t)

is valid. While Sy (7) represents the so-called obvious constraint associated with the
DAE (2.69), the subspace S.4,(2) serves, so to say, as the complete final constraint
which also incorporates all hidden constraints.

In particular, for the semi-explicit DAE in Example 2.3, we find the obvious
constraint

So(t) = {Z € RMmtm 10 = —Bgz(t)ilBgl (Z‘)Zl}, dimSy(t) = my,
and further

Sean(t) ={z € R™MT™ : 25 = =By (1) "' Bai ()21} = So(0),
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supposing By, () remains nonsingular. However, if By (¢) = 0, but By (t)B12(t) re-
mains nonsingular, then

Sean(t) = {z € R™M ™™ :B5, ()71 = 0,
2 = —[(B21B21) ' By (Bi1 — (B12((B21B21) ' B21))(1)z1}

is merely a proper subspace of the obvious constraint
So(t) ={z¢€ R™+ma By (t)z1 =0}.

Example 2.4 confronts us even with a zero-dimensional subspace S¢q, () = {0}.

Except for those simpler cases, the canonical subspace S.4, is not easy to ac-
cess. It coincides with the finite eigenspace of the matrix pencil for regular linear
time-invariant DAEs. Theorem 2.39 below provides a description by means of fine
decoupling projector functions.

Definition 2.36. For the regular DAE (2.44) the time-varying subspaces Scqn(?),
t € Z, and Negu(t) := No(t) +---+Ny—1(t), t € Z, are said to be the canonical
subspaces of the DAE.

By Theorem 2.8, N4, is known to be independent of the special choice of admissible
projectors, which justifies the notion. The canonical subspaces of the linear DAE
generalize the finite and infinite eigenspaces of matrix pencils.

Applying fine decoupling projector functions Qy,...,Qy 1, the subsystem (2.62)
corresponding to the homogeneous DAE simplifies to

0MNot -+ Nou—1 Vo [T Mop -+ Moy Vo

. V1 . V1

0 : D . " 1 : .

e Nuape ' e Mo

0 V-1 1 Vu-1
[ Ho 0
0 0

| Apwu=||. (2.70)

0 0

For given u, its solution components are determined successively as
Vu—1 =0, ...,vi=0,vg=—-HoD u,

and hence each solution x € C}(Z,R™) of the homogeneous DAE possesses the
representation

x=D u+vo=(I—-Ho)D u= (]—QO*Hufl)D_DHule_MZ (I— Qo*)Hﬂle_u,

whereby u = DII, D™ u is a solution of the homogeneous IERODE
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u' — (DI, D) u+ DIl G, 'BD u=0,

and Q. is defined in Lemma 2.31. Owing to the relations PyQo. = 0, the continuous
matrix function (I — Qo.)IT,—; is also a projector function, and the nullspace is
easily checked to be

ker (1 - QO*)H/J—I = Nean-

Since each solution of the homogeneous DAE can be represented in this way, the
inclusion
Scan C im (1 - QO*)H/.lfl

is valid. On the other hand, through each element of im (( — Qo (¢))I1,1(¢)), at
time 7, there passes a DAE solution, and we obtain

im (I - QO*)HlJfl = Scan~

In fact, fixing an arbitrary pair xo € im ((/ — Qo+ (t0))I1y—1(t0)), to € Z, we determine
the unique solution u of the standard IVP

u — (DHulei)/u —|—DHu,1GEIBD7u =0, u(n)= D(to)H,J,l (t0)xo,

and then the DAE solution x := (I — Qo«)II,—1D"u. It follows that
x(to) = (I — Qo«(to) ) I1y—1(t9)xo = Xo. In consequence, the DAE solution passes
through X0 € im((l — Qox (t()))H#,1 (l())).

Owing to the projector properties, the decomposition

Nean(t) D Sean(t) =R™, t€I, (2.71)

becomes valid. Moreover, now we see that S.,, is a C-subspace of dimension
_ pu—1
d=m—-Y;_, (m—r).

Definition 2.37. For a regular DAE (2.44) with tractability index y, which has a fine
decoupling, the projector function I, € C(Z,L(R™)) being uniquely determined
by

imIleq, = Scan; ker Iean = Nean

is named the canonical projector function of the DAE.

We emphasize that both canonical subspaces S.4, and N4, and the canonical pro-
jector function I1.,,, depend on the index . Sometimes it is reasonable to indicate
this by writing Sean ys Nean p and Iegp .

The canonical projector plays the same role as the spectral projector does in the
time-invariant case.

Remark 2.38. In earlier papers also the subspaces S; (e.g., [159]) and the single
projector functions Qy,...,Q, | forming a fine decoupling (e.g., [157], [164]) are
named canonical. This applies, in particular, to the projector function Q, | onto
Ny along Sy,_1. We do not use this notation. We know the canonical projector
function Il.,, in Definition 2.37 to be unique, however, for higher index cases, the
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single factors P; in the given representation by means of fine decoupling projectors
are not uniquely determined as is demonstrated by Example 1.26.

Now we are in a position to gather the fruit of the construction.

Theorem 2.39. Let the regular index-LL DAE (2.44) have a fine decoupling.

(1)  Then the canonical subspaces S.q, and Ngq, are C-subspaces of dimensions
d :mf):fl:_ol(mfr,-) and m —d.
(2)  The decomposition (2.71) is valid, and the canonical projector function has
the representation
Ieqn = (I_ QO*)H,u—la

with fine decoupling projector functions Qo, ...,Qu—1.
(3) The coefficients of the IERODE (2.51) are independent of the special choice
of the fine decoupling projector functions.

Proof. Tt remains to verify (3). Let two sequences of fine decoupling projector func-
tions Qo,...,Qy—1 and 0o, ..., Q_u_l be given. Then the canonical projector func-
tion has the representations IT.q; = (I — Qo: ) ITy—1 and g, = (I — Qo) [Ty 1. Tak-
ing into account that D~ = ByD~ we derive

DHIu_1D7 =DII.,,D™ = Dﬁ#_1D7 = Dﬁu_l[)i.
Then, with the help of Lemma 2.12 yielding the relation G# = GyZy, we arrive at
pr, G,' =pM,_ D DZ,'G,' =DII,_,G,",

pr,_,G,'BD” =DII,_,G,'BD” =DII,_,G,'B(I-00)D™ =DII,_,G,'BD",
and this proves the assertion. a

For regular index-1 DAEs, each continuous projector function Qg already generates
a fine decoupling. Therefore, Proposition 2.33 is now a special case of Theorem 2.39
3).

DAEs with fine decouplings, later on named fine DAEs, allow an intrinsic DAE
theory in Section 2.6 addressing solvability, qualitative flow behavior and the char-
acterization of admissible excitations.

2.4.3.4 Existence of fine and complete decouplings

For regular index-2 DAEs, the admissible pair Qg,Q; provides a fine decoupling,
if Q1 is chosen such that ker Q1 = ;. This is accompanied by the requirement that
imDIT)D~ = DS is a C'-subspace. We point out that, for fine decouplings, we need
some additional smoothness with respect to the regularity notion. While regularity
with index 2 comprises the existence of an arbitrary C! decomposition (i.e., the
existence of a continuously differentiable projector function DII; D ™)
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imDITiD~ &imDIIyQ1 D~ @ kerA = R",
e

=DN,
one needs for fine decouplings that the special decomposition
DS1 & DN ® kerA =R",

consists of C!-subspaces. For instance, the semi-explicit DAE in Example 2.34 pos-
sesses fine decoupling projector functions, if both subspaces im B, and kerB,; are
continuously differentiable. However, for regularity, it is enough if imBy; is a C'-
subspace, as demonstrated in Example 2.3.

Assuming the coefficients A, D, B to be C', and choosing a continuously differ-
entiable projector function Qy, the resulting DN; and DS are always C'-subspaces.
However, we do not feel comfortable with such a generous sufficient smoothness
assumption, though it is less demanding than that in derivative array approaches,
where one naturally has to require A, D, B € C? for the treatment of an index-2 prob-
lem.

We emphasize that only certain continuous subspaces are additionally assumed to
belong to the class C!. Since the precise description of these subspaces is somewhat
cumbersome, we use instead the wording the coefficients of the DAE are sufficiently
smooth just to indicate the smoothness problem.

In essence, the additional smoothness requirements are related to the coupling coef-
ficients H1,...,Hy 1 in the subsystem (2.62), and in particular to the special pro-
jectors introduced in Lemma 2.31. It turns out that, for a fine decoupling of a regular
index-u DAE, certain parts of the coefficients A, D, B have to be continuously dif-
ferentiable up to degree p — 1. This meets the common understanding of index u
DAE:s, and it is closely related to solvability conditions. We present an example for
more clarity.

Example 2.40 (Smoothness for a fine decoupling). Consider the DAE

1000] [1000] ., [0 0 0 0
0100| (|o100 00 0 —1
oo1o|\oo10/*) Tlo—10 o]*=%
0000| ‘{0000 @0 —10

A D B

on the interval Z = [0, 1]. According to the basic continuity assumption, B is con-
tinuous, that is, o € C([0,1]). Taking a look at the solution satisfying the initial
condition x; (0) = 1, that is

X () =1, x3(1) = (t), xa(t) = x53(t) = &' (1), xa(r) = x3(r) = (1)

we recognize that we must more reasonably assume o € C2([0, 1]). We demonstrate
by constructing a fine decoupling sequence that this is precisely the smoothness
needed.
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The first elements of the matrix function sequence can be chosen, respectively, com-
puted as

0000 100 0 0000 1000
0000 010—1 0100 010-1
Q=10000["%"=loo1 0| 2= o000/ 2= |o-11 0
0001 000 0 0100 0000
We could continue with
0000 10 0 0
0010 01 0 —1
2=10010["%={o-11 o
0010 00 —10

which shows the DAE to be regular with tractability index 3, and Qp,Q1,0> to be
admissible, if oo € C([0, 1]). However, we dismiss this choice of 0, and compute it
instead corresponding to the decomposition

MeS={zeR:z1=0,n=3=u}®{zeR 1 az; =z} =R*".

This leads to
0000 1 000
a010 N 0 000
QD= lgo10| PR =Ih=|_o 540l
a010 0 010

and hence, for these Qp, 01, 0> to be admissible, the function ¢ is required to be
continuously differentiable. The coupling coefficients related to the present projec-

tor functions are
0000

o' 000
0000}’
0000

H = Hr =0.

If o does not vanish identically, we have not yet reached a fine decoupling. In the
next round we set Oy = Qy such that G; = G, but then we put

0000
a'100
0000}
o100

01 := Q1. := 1G5 ' {B; + G|D~ (DILD ™)' DIly} =

in accordance with Lemma 2.31 (see also Lemma 2.41 below). It follows that
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1 000 1 000

- —'000| = 0 1 0-1
DIWD™=Ih=1 o (ool 92=|_o/—11 0 |

0 010 0 000

and we see that, to ensure that DIT{D~ becomes continuously differentiable, and
0o,0; admissible, we need a two times continuously differentiable function .
Then we have N» = N,, which allows for the choice Q> = Q>. The resulting
00,01, 0, are fine decoupling projector functions. 0

In general, if the DAE (2.44) is regular with tractability index u, and Qy,...,Qy 1
are admissible projector functions, then the decomposition

N,ufl @S‘ufl — Rm

holds true (cf. Lemma A.9). If the last projector function Q1 is chosen such
that the associated subspace S, 1 2 No® -+ @ Ny_» becomes its nullspace, that
is kerQy | = Sy—1, imQy 1 = Ny, then it follows (cf. Lemma A.10) that
Ou-1= Q,HG,;l \Bu—1, and hence (cf. (2.54))

H[,lfl = H;L72Q/J71KH/471 = 1—11.172Q;L7]IC
=y Qu-1(I = My—1) Gy ' Bu—111u1
—_— —————

:Qu—l
n—1
+ Y My 20y 1(I—-1IT)(P,— Q;)(DILD™)'DII,
0 %/_/

=
=0

=11, 20y 1G,'By 1y =TIy 50y I,y =0.

So far one can prevail on the coefficients H,_| to vanish by determining
kerQy 1 = Sy—1. This confirms the existence of complete decoupling projector
functions for regular index-1 DAESs, and the existence of fine decoupling projec-
tor functions for regular index-2 DAEs.

Remember that, for regular constant coefficient DAEs with arbitrary index, com-
plete decoupling projectors are provided by Theorem 1.22. We follow the lines of
[169] to prove a similar result for general regular DAEs (2.44).

Having Lemma 2.31 we are well prepared to construct fine decoupling projector
functions for the general regular DAE (2.44). As in Example 2.40, we successively
improve the decoupling with the help of Lemma 2.31 in several rounds. We begin
by forming arbitrary admissible projector functions Qy,...,Qu—> and Gy_1. Then
we determine Q| by kerQy 1 = 8,1 and imQy | = N,_1. This yields G, =
Gu-1+Bu 10,1 aswellas

Qu-1=0u 1G;'By 1=0Qu 1., and
7'[”71 = HkaQ,ufl*Hufl = Huszuflnufl =0.
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If 4 = 2 we already have a fine decoupling. If u > 3, we assume DII, 30, 2D,
which is a priori continuous, to be even continuously differentiable, and compose a
new sequence from the previous one. We set

Q_O = Q07 .. '7Q_[J73 = Q[J737 and Q_[.L72 = Q[.L72*'

DI=I”,2D’ =DII, 3D~ — DI, 30, ».D" is continuously differentiable, and the
projector functions Qy, .. .,Q“,z are admissible. Further, some technical calcula-
tions yield

Gu1 =Gy {I+Qu-aPur+(I—I,u_3)Qu2D (DI, _»D")'DITy 30, >}

Zy1

The matrix function Z;, | remains nonsingular; it has the pointwise inverse
1 = _ B _
Z#*I =1- Q,u—2Pu—2 - (1_ Hp—3)Qu—ZD (DHM—ZD )/DHH—3Qﬂ—2-
We complete the current sequence by
Ou-1 ::ZﬁllQuleufl = ZﬁllQp—L

It follows that Q1 Q2 = z;l, Ou-10u—2+=0and Qy_10; = z,;l, 0u-10:i=0
for i =0,...,u — 3. Applying several basic properties (e.g., IT,—» = IT, »I1, »)
we find the representation DIT,_1D~ = (DII,_,D~)(DII,_1D~) which shows the
continuous differentiability of DIT,_D~. Our new sequence Qy,...,Qy—1 is ad-
missible. We have further imG,_; =imG,,_i, thus

S‘qul = 5#71 = keI’W/Jle = kerWlJleZufl = Z/Illsll*l‘

This makes it clear that, Qu— 1= Z;ll Qp—1 projects onto N#_l = Z;llN#_ 1 along
S’#,l = Z;llS#,l, and therefore the new coupling coefficient satisfies 7-_[#,1 = 0.

Additionally, making further technical efforts one attains 7-_{,,1,2 =0.
If u = 3, a fine decoupling is reached. If u > 4, we build the next sequence analo-
gously as

QO = Q_07 .- 'aQ[J74 = Q_[.L747 Q_H*3 = Q,LL*3*7
Q_u72 = ZﬁizQ_u72Zu725 Q_ufl = Z,IllQ_uflzufl .

Supposing DIT,,_40y-3.D~ to be continuously differentiable, we prove the new
sequence to be admissible, and to generate the coupling coefficients

7‘7,4,1 =0, 7—7”72 =0, 7'7#,3 =0.

And so on. Lemma 2.41 below guarantees the procedure reaches its goal.
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Lemma 2.41. Let the DAE (2.44) with sufficiently smooth coefficients be regular
with tractability index @ > 3, and let Qy,...,Qu—1 be admissible projector func-
tions.

Let k € {1,...,u — 2} be fixed, and let Q) be an additional continuous projector
function onto Ny = ker Gy such that DIT,_1 0D~ is continuously differentiable and
the inclusion No+ - - + Ni_ C ker Oy is valid. Then the following becomes true:

(1)  The projector function sequence

Q0 :=0Qo,...,0k—1 = Ok_1,
Ox,
Ops1 = Z;;_lleJrleJrlw--,Q_u—l = ZﬁllQu—ﬂu—l,

with the continuous nonsingular matrix functions Ziy1,...,2Z, | determined
below, is also admissible.

(2)  1If, additionally, the projector functions Qo, ...,Qu—1 provide an advanced de-
coupling in the sense that the conditions (cf. Lemma 2.31)

Ou—1:1Ily_1=0,..., Ory1:Il;—1 =0
are given, then also the relations
Ou-1:Ily—1=0,..., Q11,1 =0, (2.72)
are valid, and further
Oy = (Qks — Or) 1. (2.73)

The matrix functions Z; are consistent with those given in Lemma 2.12; however,
for easier reading we do not access this general lemma in the proof below. In
the special case given here, Lemma 2.12 yields simply Zyg = 1,Y1 =2, =1,...,
Y, = Z; =1, and further

k=1 k=1
Yir1 =14 0i(Qc— Q)+ Y, Q2 Ok = <1+ Y lelek> (H- O (Ox — Qk)) )
1=0 1=0

Zi+1 = Yit1,
j-2

Yi=I+Y 0101, Zj=YiZj., j=k+2,... 1
1=0

Besides the general property kerIT; = kerIl;, j =0,..., 1 — 1, which follows from
Lemma 2.12, now it additionally holds that
imQy =imQy, but kerQ;=kerQ;, j=k+1,...,u—1.

We refer to Appendix B for the extensive calculations proving this lemma.
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Lemma 2.41 guarantees the existence of fine decoupling projector functions, and
it confirms the procedure sketched above to be reasonable.
The following theorem is the time-varying counterpart of Theorem 1.22 on constant
coefficient DAEs.

Theorem 2.42. Let the DAE (2.44) be regular with tractability index L.

(1)  If the coefficients of the DAE are sufficiently smooth, then a fine decoupling
exists.
(2)  Ifthere is a fine decoupling, then there is also a complete decoupling.

Proof. (1) The first assertion is a consequence of Lemma 2.41 and the procedure
described above.
(2) Let fine decoupling projectors Qo, ..., 01 be given. We form the new sequence

00 = Qos, 01:=2;'01Z,..., Qu-1 1=Z;EIQ;L712”71,

with the matrix functions Z; from Lemma 2.12, in particular Z; =1+ QoPy. It holds
that D~ = PyD~. Owing to the special form of Z;, the relations I1;_,Z; = I;_,
Hj,lz;‘ = II;_; are given for j < i— 1. This yields Q;Q; = Q,-Z;IQJ-Z]- =
QiIIFlZ;] 0;Z;=0.
—_——

=0

Expressing DIT|D~ = DPyZ; ' P\ZiPhD~ =D PyZ; ' P Z, lyD~ = DIT; D™, and suc-
~——
I1
cessively,
DIL.D™ = DIT; 1Z'PZ;P,
= DIT,_\D"DZ; 'PZ;P, = DI, D DZ; 'P,Z;P, = DILLD",
| S —
II;

we see that the new sequence of projector functions Qy, ..., Q_y,l is admissible, too.
Analogously to Lemma 2.41, one shows

7:11,171 :07“'; 7—_[1 :0a 7:[0 - (Q0*7Q0)Hﬁl717

and this completes the proof. a

2.5 Hierarchy of admissible projector function sequences for
linear DAEs

The matrices Qy,...,Q; are admissible projectors, where Q; projects onto
Nj=kerGj, j=0,...,i,withPy:=1—Qo,Ilp:=Fyand P; :=1—Q;,II; :=1I; 1P;,

—~

Nj:= (N0—|—~~-—|-Nj7])ﬁNj, j=1,...,i
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admissible (Def. 2.6) -
~ ) ) widely orthogonal (Def. 2.13)
(N()+"'—|-Nj7])@Njgkeer,.J:1,...,1 > H/ZH},]’ZO,...,Z’

ijleQl:071<j7 J=1,...1

l

regular admissible

ﬁj ={0}, j=1,...,i —— | widely orthogonal and regular
Qj0=0,1<j,j=1,...,i

l

for regular index yt DAEs
(square by definition)

l

fine decoupling (Def. 2.35)
Hl :O;"'7H/,171 =0
DIl D™ = DIlgp uD™

l

complete decoupling (Def. 2.35)
Ho=0,H1=0,...,Hy 1=0
IT 1 = 1.4y  (cf. Def. 2.37)

2.6 Fine regular DAEs

Here we continue to investigate regular DAEs (2.44) which have tractability index u
and fine decoupling projector functions Qy,...,Qy 1. It is worth emphasizing once
more that Theorem 2.42 guarantees the existence of a fine decoupling for all regular
DAEs with sufficiently smooth coefficients.

Definition 2.43. Equation (2.44) is said to be a fine DAE on the interval Z, if it is
regular there and possesses a fine decoupling.

By Theorem 2.39 and Lemma 2.31,
Hcan = (1_ QO*)H;Lfl - (I_HO)prl

is the canonical projector function onto S, along Neay, and hence DII.q, = DII,; 1,
and therefore DIl.,,D~ = DIl D™, and imDII, | = imDIl.4, = DScan.
Taking into account also Lemma 2.28 (7), the IERODE can now be written as
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u = (DIequD ™) tt+ DIy G, ' BD™ u = DIl G, ' q, (2.74)

and, by Lemma 2.27, the subspace DS, is a time-varying invariant subspace for its
solutions, which means u(ty) € D(2))Scan(to) implies u(t) € D(t)Scqn(t) forallr € Z.
This invariant subspace also applies to the homogeneous version of the IERODE.
Here, the IERODE is unique, its coefficients are independent of the special choice
of the fine decoupling projector functions, as pointed out in the previous subsection.
With regard to the fine decoupling, Proposition 2.29 (6), and the fact that
vi=IL_1Q;v; holds true fori = 1,...,u — 1, the subsystem (2.62) simplifies slightly
to

u—1 u—1
vo=— Y Nu(Dv))' =Y Mo vi—HoD u+ Log, (2.75)
=1 1=2
u—1 u—1
vi=— Y Nu(Dvw) = Y, Myvi+Lqg, i=1,....u-3  (276)
I=i+1 I=i+2
Vy2 = —Nu_27u_1(Dvﬂ_1)/+£u_2q, 2.77)
vu—1 =Ly 14. (2.78)

By Theorem 2.30, the DAE (2.44) is equivalent to the system consisting of the
IERODE and the subsystem (2.75)—(2.78).

2.6.1 Fundamental solution matrices

The following solvability assertion is a simple consequence of the above.
Theorem 2.44. If the homogeneous DAE is fine, then,
(1) for each arbitrary x° € R™, the IVP

A(Dx)' +Bx=0, x(tg) —x° € Nean(to), (2.79)

is uniquely solvable in Cll) (Z,R™),
(2)  the homogeneous IVP

A(Dx)' +Bx=0, x(t9) € Nean(to),

has the trivial solution only, and
(3)  through each xo € Scan(to) there passes exactly one solution.

Remark 2.45. Sometimes is seems to be more comfortable to describe the initial
condition in (2.79) by an equation, for instance, as

I (t0) (x(t0) —x°) =0, (2.80)

and as
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C(x(t0) —x°) =0, (2.81)

by any matrix C such that kerC = ker IT.4,(f0) = Nean(fo). For instance, taking ar-
bitrary admissible projector functions Qy,...,Qy_1, one can choose C such that
C = CIL.4y (1) (cf. Theorem 3.66).

Proof. (2) The initial condition yields u(ty) = D(fo)ITeqn(t0)x(to) = 0. Then, the re-
sulting homogeneous IVP for the IERODE admits the trivial solution # = 0 only.
Therefore, the DAE solution x = Il.,,D™ u vanishes identically, too.

(1) We provide the solution u of the homogeneous IERODE which satisfies the ini-
tial condition u(ty) = D(tg)ITeqn(to)x°. Then we form the DAE solution
x = Il.,,D~ u, and check that the initial condition is met:

x(t()) —xO =11.,, (l‘o)D(t())_u(t()) —xo =11, (to)D(to)_D(lo)Hcan (l‘())xo —XO
= (I — g (10))x° € Nean(to).

Owing to (2) this is the only solution of the IVP.
(3) We provide the IVP solution as in (1), with X0 replaced by xg. This leads to

x(IO) =114 (IO)D(IO ) u (IO) =1Il.4n (t0 )D(IO ) 7D(t0 ) Ian (l‘o))C() =114 <t0)x0 =0.
The uniqueness is ensured by (2). ad

By Theorem 2.44, regular homogeneous DAEs are close to regular homogeneous
ODEs. This applies also to their fundamental solution matrices.
Denote by U(,1) the classical fundamental solution matrix of the IERODE, that is,
of the explicit ODE (2.74), which is normalized at ty € Z, i.e., U (t9,tp) = I.
For each arbitrary initial value ug € D(t)Scan(to), the solution of the homogeneous
IERODE passing through remains for ever in this invariant subspace, which means
U(t,to)ug € D(t)Scan(t) for all t € Z, and hence

U(t,10)D(t0) ean(to) = D(t) Hean(t)D ()~ U (t,10)D(t0) ean(to), € L. (2.82)
Each solution of the homogeneous DAE can now be expressed as

x(t) =(I—=Ho(t))D(t) " U(t,t0)uo = Mean(t)D(t) " U (t,t0)uo, (2.83)
te I, Uy € D(tO)Scun(t())v

and also as

x(t) = Mo (£)D(2) U (1,20)D(t0) ean(10) x°, €T, with x°€R™. (2.84)

X(t.t0)

If x € C,(Z,R™) satisfies the homogeneous DAE, then there is exactly one
uo € D(t9)Scan(tp) such that the expression (2.83) is valid, and there are elements
x¥ € R™ such that (2.84) applies. Except for the index-0 case, x” is not unique.
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Conversely, for each arbitrary x* € R™, formula (2.84) provides a solution of the
homogeneous DAE. We know that the solution values of the homogeneous DAE lie
in the d-dimensional canonical subspace Sqy, in particular x(f9) € Sean(fo). There-
fore, starting from an arbitrary x* € R”, the consistency of x(fy) with x° cannot be
expected. What we always attain is the relation

)C(t()) = I, (tO)xoa

but the condition x(#y) = xg is exclusively reserved for xp belonging to Se4,(fo)-

The composed matrix function
X(t,t0) := Mean(t)D(t) " U (t,10)D(t0) Ipan(t0), t€Z, (2.85)

arising in the solution expression (2.84) plays the role of a fundamental solution ma-
trix of the DAE (2.44). In comparison with the (regular) ODE theory, there are sev-
eral differences to be considered. By construction, it holds that X (¢, %)) = IT.q, (%)
and

imX (t,20) C Sean(t), Nean(to) CkerX(t,t9), t€Z, (2.86)

so that X (¢,1) is a singular matrix, except for the case u = 0. X(., 1) is continuous,
and DX (.,f) = DITquD~U(.,10)D(29)I1.4n(to) is continuously differentiable, thus
the columns of X (.,19) are functions belonging to C}(Z,R™).

We show that X(z,7)) has constant rank d. Fix an arbitrary ¢ # fp and in-
vestigate the nullspace of X(¢,19). X(¢,%0)z = 0 means U (¢,t0)D(to)ean(to)z €
ker IT.,,(t)D(t)~, and with regard to (2.82) this yields U (¢,50)D(t9) [ qn(f9)z = 0,
thus D(19) I1.qx(f0)z = 0, and further IT4,(t9)z = 0. Owing to (2.86), and for reasons
of dimensions, it follows that

imX(¢,t0) = Sean(t), kerX(z,10) = Nean(tp), rankX(t,f9) =d, t€Z. (2.87)
Lemma 2.46. The matrix function
X(t,10)” = Myan(10)D(10) U (1,10) "' D()[Tan(t), t €,
is the reflexive generalized inverse of X (t,1y) determined by
XX X=X, XXX =X, X X=Iu), XX =I.
Proof. Applying the invariance (2.82), we derive

XX = M,y (t0)D(to) U™ "DI 4 IT,0n D~ UD(t0) oan(t0)
= Hcan (IO)D(tO) - U_l DHcanD_ UD(tO)Hcan (tO) = Hcan (tO) )

UD(’())H(ran <t0>

and X XX =X X)X =X, XX X=XX"X)=X.
Next we verify the relation
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U~'DI0,, = D(t9) a0 (t0)D(t9) "U ' DI1.4p, (2.88)
which in turn implies

XX~ = HcanD7UD(tO)Hcan(IO)Hcan(IO)D(tO)7U71DHcan
= HcanDiUD(IO)Hcan (ZO)D(IO)iUilDHcan = Llecan-

U~'DIgn

From
U’ — (DI;quD™)'U + DIeanG,,'BD"U =0,  U(ty) =0,

it follows that
UV 4+ U (DHeuD ™) — U™ DITtnGy 'BD™ = 0.
Multiplication by DII.,,D~ on the right results in the explicit ODE
V' =V(DIequD™)' +VDI0nG, ' BD™

for the matrix function V = U~ !'DII,,D~. Then, the matrix function
V := (I — D(tg).4n(to)D(to) ")V vanishes identically as the solution of the clas-
sical homogeneous IVP

V' =V(DHquD~)' +VDIanG,'BD~,  V(t9) =0,
and this proves (2.88). a

The columns of X(.,#) are solutions of the homogeneous DAE, and the matrix
function X (., o) itself satisfies the equation

A(DX) +BX =0, (2.89)
as well as the initial condition
X(0,t0) = Mean(t0), (2.90)
or, equivalently,
Iean(to) (X (t0,20) — 1) = 0. (2.91)

Definition 2.47. Let the DAE (2.44) be fine. Each matrix function
Y € C(Z,L(R*,R™)), d < s < m, is said to be a fundamental solution matrix of
the DAE, if its columns belong to C},(Z,R™), the equation

A(DY) +BY =0

is satisfied, and the condition imY = S, is valid.
A fundamental solution matrix is named of minimal size, if s = d, and of maximal
size, if s = m.



2.6 Fine DAEs 123

A maximal size fundamental solution matrix Y is said to be normalized at ty, if
en(t0) (Y (t9) = 1) = 0.

In this sense, the above matrix function X(.,#p) (cf. (2.85)) is a maximal size
fundamental solution normalized at #;.

Remark 2.48. Concerning fundamental solution matrices of DAEs, there is no com-
mon agreement in the literature. Minimal and maximal size fundamental solution
matrices, as well as relations among them, were first described in [9] for standard
form index-1 DAEs. A comprehensive analysis for regular lower index DAEs, both
in standard form and with properly stated leading term, is given in [7]. This analysis
applies analogously to regular DAEs with arbitrary index.

Roughly speaking, minimal size fundamental solution matrices have a certain ad-
vantage in view of computational aspects, since they have full column rank. For
instance, the Moore—Penrose inverse can be easily computed. In contrast, the ben-
efits from maximal size fundamental solution matrices are a natural normalization
and useful group properties as pointed out, e.g., in [11], [7].

If X (1,1) is the maximal size fundamental solution matrix normalized at 7y € Z, and
X (t,1p)” is the generalized inverse described by Lemma 2.46, then it holds for all
t,tg,t; € L that

X(t,n)X(n,t0) =X (t,10), and X(t,00)” = X(19,1),

as immediate consequences of the construction, and Lemma 2.46.

2.6.2 Consistent initial values and flow structure

Turning to inhomogeneous DAE:s, first suppose the excitation to be such that a so-
lution exists. Before long, we shall characterize the classes of admissible functions
in detail.

Definition 2.49. The function g € C(Z,R™) is named an admissible excitation for
the DAE (2.44), if the DAE is solvable for this g, i.e., if a solution x, € Cll) (Z,R™)
exists such that A(Dx,) 4+ Bx, = gq.

Proposition 2.50. Let the DAE (2.44) be fine with tractability index L.
(1)  Then, g € C(Z,R™) is an admissible excitation, if and only if the IVP
A(Dx)'+Bx=gq, x(to) € Nean(to), (2.92)

admits a unique solution.
(2) Each q € C(Z,R™), which for wu > 2 fulfills the condition q =
GuP, - -Pu_lG;lq, is an admissible excitation.
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Proof. (1) Let g be admissible and x, the associated solution. Then the function
x(t) == x4(t) = X(1,10)x4(10), t € Z, satisfies the IVP (2.92). The uniqueness results
from Theorem 2.44 (2). The reverse is trivial.

(2) From the condition ¢ = G, Py --- P, _1G,, ' q it follows that

Lig=TIT;1QiPy1---Pu1Gy'q
=1L Qi1 Pu—1P "'Pu—lGﬁlq =0, i=1,...u-2,
Ly1g=Tly 20y 1Gy'q =y 2Qu 1Pi--Py1Gy'q=0.
In consequence, the subsystem (2.76)—(2.78) yields successively vy _1,...,vi = 0.

The IERODE (2.74) is solvable for each arbitrary continuous excitation. Denote by
u, an arbitrary solution corresponding to g. Then, the function

vo=—HoD u.+Log=—HoD u.+ Q()Gﬁlq
results from equation (2.75), and
x:=D"uy +vo = IeeD" us + QoGﬁlq
is a solution of the DAE (2.44) corresponding to this excitation g. a

For a fine index-1 DAE, all continuous functions g are admissible. For fine higher
index DAESs, the additional projector function Gy Py - -+ Py G;l cuts away the “dan-
gerous” parts of a function, and ensures that only the zero function is differentiated
within the subsystem (2.75)—(2.78). For higher index DAEs, general admissible ex-
citations have certain smoother components. We turn back to this problem later on.

Example 2.51 (A fine index-2 DAE). Consider the DAE

10 1a0 00 0
01 ({O 1 O]x)’Jr 00-1|x=gq.
00 010

Here, o is a continuous scalar function. Set and derive

1 -« la0 000 la O
D =10 1], Gy=1]010|, Qp=1(000|, Gi=1|01 —1],
00 000 001 00 0
and further
0—a0 10 a 0
01=10 1 0|, 0100=0, DHlD:[OO}, G,=|01-1
010 01 0

The projector functions Qp,Q; are admissible, G, is nonsingular, and hence the
DAE is regular with tractability index 2. The given property kerQ; =) = {z € R?:
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zp = 0} indicates that Qg,Q; already provide a fine decoupling. The DAE is fine.
Compute additionally

a0 1 0 —o 100
My = = [000]|, G,'=100 1|, GPG,'=1{010
000 0-1 1 000

A closer look at the detailed equations makes it clear that each admissible exci-
tation ¢ must have a continuously differentiable component g3. By the condition
q=GPG; 14, the third component of g is put to be zero. a

Theorem 2.52. Let the DAE (2.44) be fine. Let q € C(Z,R™) be an admissible exci-
tation, and let the matrix C € L(R™ R?*) have the nullspace kerC = N_gy(10).

(1)  Then, for each O eR™ the IVP
A(Dx)' +Bx=gq, C(x(to)—x")=0, (2.93)

admits exactly one solution.
(2)  The solution of the IVP (2.93) can be expressed as

x(t,10,x°) = X (t,10)x° +x,(t),
whereby x, € C)(Z,R™) is the unique solution of the IVP
A(Dx)' +Bx=¢q, Cx(ty)=0. (2.94)

Proof. (1) Itholds that C = CIL4,(to). Since g is admissible, by Proposition 2.50(1),
the solution x, exists and is unique. Then the function x, := X (.,#)x" +x, belongs
to the function space C},(Z,R"™) and satisfies the DAE. Further, x, meets the initial
condition

C(x:(t0) —x°) = Clegn (10) (x: (t0) — x°) = Cllen (t0) (Myan (10)x° + x4 (20) —x°) = 0,

and hence, x, satisfies the IVP (2.93). By Theorem 2.44, x, is the only I[VP solution.
This proves at the same time (2). a

We take a further look at the structure of the DAE solutions x, and x(., 7, x°). For
the given admissible excitation ¢, we denote

n—1 u—1
vi=vit v+ Log— Y, No(Dv) = Y, Moy, (2.95)
=1 =2

whereby vi,...,vy 1 € Ch(Z,R™) are determined by equations (2.76)—~(2.78), de-
pending on gq. All the required derivatives exist due to the admissibility of q.
If ¢ vanishes identically, so does v. By construction, v(f) € Neg,(t), t € Z, and
Dv = Dvj + -+ Dvy_y, thus v € C)(Z,R™). The function v is fully determined
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by ¢ and the coefficients of the subsystem (2.75)—(2.78). It does not depend either
on the initial condition nor the IERODE solution.
Introduce further the continuously differentiable function u, as

ug(t) : = totU(t,to)U(s,to)le(s)Hwn(s)G;l (8)q(s)ds

=U(t,1) /ttX(s,to)_Gﬁl(s)q(s)ds, teZ,

that is, as the solution of the inhomogeneous IERODE completed by the homoge-
neous initial condition u(fy) = 0. Now the solution X4 and, in particular, its value at
tog, can be expressed as

xq(t) = D(1) " uq(t) = Ho(1)D(1) " g (1) +v(t) = Iean(t)D(t) " ug(t) +v(1),
Xq(l‘o) = V(tO) S Ncan(t())-

The solution of the IVP (2.93) and its value at 7y can be written in the form

x(t,10,x°) = X (£,10)x° + Mg (£)D(1) "1y (£) +v(2), (2.96)
x(t0,10,6°) = I (20)x° +v(10), (2.97)
but also as
can(t)D(1) " U(t, to)D(to)Hm(to)xO + ITeon (1) D(2) " ug(t) +v(2)

x(t,10,x°) =11
= Ian (1)D(t) ™ {U (t,10)D(t0) Myan (10)x° + 1y (1) } +v(2).

u(t,to,D(t) Iean(ty )x())

The last representation

x(t,10,X°) = oan(1)D(1) ™ u(t, 10, D(t0) Man(t6)x°) + (1)

~—
T f T
wrapping inherent flow perturbation

unveils the general solution structure of fine DAEs to be the perturbed and wrapped
flow of the IERODE along the invariant subspace DS,,. If the wrapping is thin
(bounded) and the perturbation disappears, then the situation is close to regular
ODEs. However, it may well happen that wrapping and perturbation dominate (cf.
Example 2.57 below). In extreme cases, it holds that S.,, = {0}, thus the inherent
flow vanishes, and only the perturbation term remains (cf. Example 2.4).

From Theorem 2.52, and the representation (2.96), it follows that, for each given
admissible excitation, the set

Meang(t) :={z+v(t) :z€ Scan(t)}, te€TI, (2.98)
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is occupied with solution values at time ¢, and all solution values at time ¢ belong to
this set. In particular, for xg € M can 4(to) it follows that xo = zo+v(t0), 20 € Scan(0);
further I, (fo)xo = zo and

x(t(),l(),X()) =11, (to)Xo + V(t()) =220+ V(lo) = Xp.
By construction, the inclusions

Sean(t) C So(t) = {z € R™: B(t)z € imA(r)} = ker Wy (1)B(¢),
Meang(t) S Mo(t) ={x e R" : B(t)x —q(t) € imA(r)}

are valid, whereby Wy (¢) is again a projector along imA(z) = im Gy (¢). Recall that
n—1 n—1

Scan(t) and So(¢) have the dimensionsd =m— Y, (m—r;) =ro— Y, (m—r;) and
j=0 j=1

ro, respectively. Representing the obvious constraint set as

Mo(t) ={x e R" : Wy(t)B(t)x = Wy(t)q(t)}
= {2+ Mo(1)B(1))" Wo(t)q(r) - 2 € So(t)}

we know that My (¢), as an affine space, inherits its dimension from Sy(z), while
M anq(t) has the same dimension d as Scan(t).

Sinced =rpif u =1, and d <rg if p > 1, Mcanq(t) coincides with Mo(t)
for index-1 DAEs, however, for higher index DAESs, M qp 4(f) is merely a proper
subset of M(t). Mcan,q(t) is the set of consistent values at time #. Knowledge of
this set gives rise to an adequate stability notion for DAEs. As pointed out in [7]
for lower index cases, in general, M., 4 is a time-varying affine linear subspace of
dimension d.

2.6.3 Stability issues

As for regular time-varying ODEs (e.g., [80]), we may consider the qualitative be-
havior of solutions of DAEs.

Definition 2.53. Let the fine DAE (2.44) with an admissible excitation g be given
on the infinite interval Z = [0, ). The DAE is said to be

(1) stable, if for every € > 0, 1y € Z, a value 6(&,f) > 0 exists, such that the
conditions xg, Xy € Mecanq(t0), |Xo —Xo| < 8(€,10) imply the existence of so-
lutions x(.,70,X0), X(-,70,%0) € C1(Z,R™) as well as the inequality

|x(¢,20,x0) — x(t,t0,%0)| < €, 1o <t,

(2)  uniformly stable, if 8(&,1y) in (1) is independent of #,,
(3) asymptotically stable, if (1) holds true, and
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|x(t,t0,x0) —x([,t(),)f())‘ H—m> 0 forall xp,Xp € Mmmq(to), to €L,

(4)  uniformly asymptotically stable, if the limit in (3) is uniform with respect to
fo.

Remark 2.54. We can dispense with the explicit use of the set M 4y 4(fo) Within the
stability notion by turning to appropriate IVPs (cf. Theorem 2.52). This might be
more comfortable from the practical point of view.

Let C € L(R™,R®) denote a matrix that has precisely N4, (f0) as nullspace, for in-
stance C = I, (to) or C = I 44 (t0).

The DAE (2.44) is stable, if for every € > 0, fy € Z, there exists a value d¢(&,7) >0
such that the IVPs

A(Dx) +Bx=¢q, C(x(to)
A(Dx) +Bx=¢q, C(x(t)

)

0 07
) =0,

with 2%, & € R™ |C(x° —x°)| < &¢c(g,10)), have solutions x(.,#y,x°), x(.,t,%°) €
CL(Z,R™), and it holds that |x(., 79, x°) — x(.,t,%°)| < &, for t > 1.
This notion is equivalent to the previous one. Namely, denoting by C~ a generalized
reflexive inverse of C such that C~C = I, (1), and considering the relation
CC(x" — ) = M0 (0)x° — Mg (19)°
= Ilean (IO)XO + V(tO) - (Hcan(tO)io + V(tO)) = Xo — Xo,
=xo€Mo(to) =XoeMo(1o)

we know that the existence of d(g,) in Definition 2.53 implies the existence of
oc(g,t9) = |C|S(€,19). Conversely, having Oc(€,tp) we may put O(g,tg) =
|C™[8c (g, 1o).

Making use of the linearity,
x(t,to,xO)—x(t,lo,fo) ZX(I,Z())(X()—X()) (2.99)

we trace back the stability questions to the growth behavior of the fundamental so-
lution matrices. Applying normalized maximal size fundamental solution matrices
we modify well-known results on flow properties of explicit ODEs (e.g., [80]) so
that they can be considered for DAE:s.

Theorem 2.55. Let the DAE (2.44) be fine and the excitation q be admissible. Then
the following assertions hold true, with positive constants K,,K and o:

(1) If|X(t,10)| < Ky, t > to, then the DAE is stable.
2) If|X(t,1)] - 0, then the DAE is asymptotically stable.
—3o0
B) If|IX(t,10)X(s,00) 7| < K, to <5 <t, then the DAE is uniformly stable.
) If|X(1,10)X (s,10) | < Ke=®=9) 1o <5 <t, then the DAE is uniformly asymp-
totically stable.
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Proof. (1) It suffices to put 8(fy, &) = €/K,.

(2) This is now obvious.

(4) Take xg,Xg € Mcan,q(to), Z0 := xp — Xo # 0 such that zg € S¢4, and X(l‘,t())ZO has
no zeros. For ¢t > s, we compute

[X(,10)20] _ |[X(2,20) Meanzo| _ |X(2,20)X (s,10)~ X (s,10)0]
X (s,10)z0] X (s,10)z0] X (s,10)20]
<X (t,10)X (5,10) | < Ke™*9),

This implies
x (2,10, x0) — x(t, 10, %0)| = |X (¢,10)20] < Ke™*"~|x(s, 10, x0) — x(s,10,%0)|.

(3) This is proved as (4) by letting o = 0. a

In the theory of explicit ODEs, for instance, in the context of boundary value prob-
lems, the notion of dichotomy plays its role. The flow of a dichotomic ODE accom-
modates both decreasing and increasing modes. The same can happen for DAEs.
As for explicit ODEs, we relate dichotomy of DAEs to the flow of homogeneous
equations. More precisely, we apply maximal size fundamental solution matrices
X (#,t0) normalized at a reference point 7). The following definition resembles that
for ODEs.

Definition 2.56. The fine DAE (2.44) is said to be dichotomic, if there are constants
K, > 0, and a nontrivial projector (not equal to the zero or identity matrix)
Pjici, € L(R™) such that Py;ep, = Iegn(t0) Paich = PaichIIean(f0), and the following in-
equalities apply for all ¢,s € Z:
X (t,10) PaicnX (5,10) | < Ke ®0179), 1 >3,
X (t,20) (I — Paicn) X (5,10) | < Ke PO 1 <.

If o, B > 0, then one speaks of an exponential dichotomy.

Sometimes it is reasonable to write the last inequality in the form
X (1,10) (Hean(t0) — Paica) X (s,00) "] < Ke P70, 1 <.

It should be pointed out that dichotomy is actually independent of the reference
point #o. Namely, for t; # to, with Pyicn s, := X (t1,t0)PaicnX (t1,10)~ we have a pro-
jector such that Pyjcp s, = Iean(t1)Paichy, = Paichg, Hean(t1) and

|X(t7t1)Pdich711X(s7tl)7| S Keia(tis% t Z s,
X (¢,01) (Tean(t1) — Paich s, )X (s,11) | < Ke P60 1<

Analogously to the ODE case, the flow of a dichotomic homogeneous DAE is
divided into two parts, one containing in a certain sense a nonincreasing solution,
the other with nondecreasing ones. More precisely, for a nontrivial xo € im Py, C
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Scan(to), the DAE solution x(¢,#,x0) = X (¢,%9)xo has no zeros, and it satisfies for
t > s the inequalities

|x(t,to,x0)| . |X(l,lo)X()| . |X(t710>PdichHmn(l‘()))C0|
Ix(s,t0,x0)]  |X(s,20)x0| |X (s,0)x0]
X (t,10) PaicnX (s,10) X (s,10)%o|
X (s,20)xo]
<X (t,10) PainX (5,10) ™| < Ke™*=9),

For solutions x(z, 9, x9) = X (¢,19)xo with xg € im (I — Pyjep) Iean C Sean(to) we show
analogously, for t <'s,

lx(t,t0,x0)| X (t,20)x0]  |X(2,20)(I = Pyicn) ean(t0)xo)

Ix(s,t0,x0)|  |X(s,t0)x0| |X (s,0)x0]
X (#,20) (I — Paicn)X (s,20) ~ X (s,20) X0
|X (s,10)xo]
< |X(1,0) (I = Paicn)X (s,10) | < Ke PO,

The canonical subspace of the dichotomic DAE decomposes into
Sean(t) =1imX (t,t0) = imX (t,10) Puich ©imX (2,20) (I — Pyich) =: Spgn(t) B S (2)-

The following two inequalities result for ¢ > s, and they characterize the subspaces
S, and SF  as those containing nonincreasing and nondecreasing solutions, re-

spectively:

can’

Ix(t,10,%0)] < Ke™ =9 |x(s,10,x0)|, if xo€S

1 . .
Eeﬁ(’f“) |x(s,t0,%0)| < |x(t,t0,x0)|, if x0€SL,.

In particular, for s = 1y it follows that

x(t,t0,%0)| < Ke ®=0) x|, if xo €S,

can’

1

geﬁ(’ﬂ‘))\xﬂ < |x(t,t0,x0)|, if xo €SL,.
If @ > 0, and Z = [fy,°0), then |x(¢,%,x0)| tends to zero for ¢ tending to oo, if xo
belongs to S, (7). If B > 0 and xp € S, (f0). then x(z,79,x0) growths unboundedly
with increasing 7.

As for explicit ODEs, dichotomy makes good sense on infinite intervals /. The
growth behavior of fundamental solutions is also important for the condition of
boundary value problems stated on compact intervals (e.g., [2] for explicit ODEs,
also [146] for index-1 DAESs). Dealing with compact intervals one supposes a con-
stant K of moderate size.
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Example 2.57 (Dichotomic IERODE and dichotomic DAE). Consider the semi-

explicit DAE
I r, |Bu Bia|
{0} ([10]x)+ {le Bzz] x=0,

consisting of three equations, m; = 2,my = 1,n = 2. Let By, have no zeros, and let
the coefficients be such that

Bi1+ B2 [}’1 }’2] = {g _Oﬁ} ) [7/1 Yz} = 732‘21321,

with constants o, > 0. Then, the canonical projector function and the [IERODE
have the form (cf. Example 2.32)

100 o 0
HCan: 010 y and M/+|:0 ﬁ:|u:O
N0

The IERODE is obviously dichotomic. Compute the fundamental solution matrix of
the DAE and its generalized inverse:

r efa(lft()) 0 0
X(1,10) = 0 ePl—10)  of
71 (t)e#1710) 5 (1)eP1=0) 0
r eoc(t—to) 0 0
X(t,10)" = 0 e Bl=0) ¢
71 (t0)e™=10) (1 )e=P=10) 0

The projector

1 00 0 0 O
Picn = 0 00 5 Hcan<t0) — Pyien = 0 1 0 3
Y (t0) 00 0 »(tH) 0
meets the condition of Definition 2.56, and it follows that
1 00 1
X (t,10)PyicnX (t,10) " =e %) | 0 00|,and S.,(t)=span| O |,
7i(1) 00 n()
0 0 O
X (t,10) (Iean (o) — Paicn) X (t,50) " =ePU=0) [0 1 0], and
0pn()0

0
St.(t) =span | 1
(1)
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If both 7, and 7, are bounded functions, then this DAE is dichotomic. If, addition-
ally, @ and 3 are positive, the DAE has an exponential dichotomy. We see that if
the entries of the canonical projector remain bounded, then the dichotomy of the
IERODE is passed over to the DAE. In contrast, if the functions 7y, » grow un-
boundedly, the situation within the DAE may change. For instance, if & = 0 and
B > 0, then the fundamental solution

1 0 0
X(t,i)=1| 0 &Pl ¢
N () pr)ef~0) o

indicates that each nontrivial solution will grow unboundedly though the IERODE
is dichotomic. O

The last example is too simple in the sense that DS.,, = imD = R" is valid, which
happens only for regular index-1 DAEs, if A has full column rank, and D has full row
rank. In general, DS, is a time-varying subspace of im D, and the IERODE at the
whole does not comprise an exponential dichotomy. Here the question is whether
the IERODE shows dichotomic behavior along its (time-varying) invariant subspace
DS.,,. We do not go into more details in this direction.

2.6.4 Characterizing admissible excitations and perturbation index

The fine decoupling of a regular DAE into the IERODE (2.74) and the subsystem
(2.75)—(2.78) allows a precise and detailed description of admissible excitations.
Remember that the equations (2.75)—(2.78), which means

Z No[ DV] Z Moy vi —HoD u+ Log, (2.100)

=— Z Ni(Dv) Z Myvi+Lig, i=1,...,u—3, (2.101)
I=i+1 I=i+2

V-2 = —./\/'“72’”71 (Dv”,1 ), +Ly 0q, (2.102)

Vu—1 = Eu_lq, (2.103)

constitute the subsystem (2.62) specified for fine decouplings. We quote once again
the coefficients
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Not :=—0001D",
Noj:=—QoPi-+-Pi_1Q;D™, j=2,...,0—1,
Niiy1 :=—IL_10i0i11 D",
Niji=—IT_1QiPiyy-P;,1Q;D", J=it2 o u—1 =1, -2,
Moj = QoP1 -+ Pu—1M;DII;_,Qj, J=1p—1,
Mij =TI |QiPiyy Py ftM;DIT;_Qj, j=i+1,...,u—1i=1,.. u-2,
Lo:= QP+ Pyu_1G,,
Li:=TL;_1QiPy1--Pu1Gy', i=1,..,0-2,

£u—1 = Hu—ZQu—lG;Lla
H() = Q()P1 -~~PIJ,1/CHH,1.

For the detailed form of X and M ; we refer to (2.54) and (2.55), respectively. All
these coefficients are continuous by construction.

The IERODE is solvable for each arbitrary continuous inhomogeneity, therefore,
additional smoothness requirements may occur only from the subsystem equations
(2.100)—(2.102).

This causes us to introduce the following function space, if u > 2:

Crdi(T,R™) = {q €C(Z,R™):

Va1 =Ly 14, Dv,_1 €C(Z,R"),

V,u_z = _N'u_lu_l(DVu_])/ +£#_2q, DV#_z € CI (I, Rn)7
u—1 u—1

V= — Z MI(DVI)/ — My vi+Liqg, Dv;e CI(I,Rn),

I=i+1 [=i+2

i:l,...,u—3}. (2.104)

Additionally we set for u = 1: C"?1(Z, R™) := C(Z,R™).

The function space C™? #(Z,R™) makes sense unless there are further smoothness
assumptions concerning the coefficients. It contains, in particular, all continuous
functions ¢ that satisfy the condition g = G P; - ~P,J,|G;L1q (cf. Proposition 2.50),
which implies vi =0,...,v;, | =0.

The function space C"¢ #(Z,R™) is always a proper subset of the continuous func-
tion space C(Z,R™). The particular cases £t =2 and u = 3 are described in detail
as

CM2(T,R™) = {q €C(Z,R™): vy :=Liq, Dv; €C'(Z, R”)} (2.105)

= {qEC(I,R’") :DHOQle_lqul(I,R’”)} —c! (Z,R™),

DIHQ,G, !

and
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cind3 (7, RM) 1= {q € C(Z,R™) : vs := Lag, Dv> € C1(Z,R"),
Vi i= —Nia(Dva) + L1g, Dv; € cl(z,Rn)} (2.106)
= {q eC(Z,R™):vy:= HleGglq7 Dv, € Cl(LR”),

Vi i=0010:D™ (DV:)' + Qi3G5 g, Dvi € C'(T,R") }.

We now introduce the linear operator L : C},(Z,R™) — C(Z,R™) by means of
Lx:=A(Dx) +Bx, x€CL(Z,R™), (2.107)

so that the DAE (2.44) is represented by the operator equation Lx = ¢, and an exci-
tation ¢ is admissible, exactly if it belongs to the range im L of the operator L.

Proposition 2.58. If the DAE (2.44) is fine with tractability index i € N, then the
linear operator L has the range

imL =C(Z,R"), if u=1,
imL =C™H(T,R™) C C(Z,R™), if u>2.

Proof. The index-1 case is already known from Proposition 2.50 and the definition
of L. Turn to the case (t > 2. By means of the decoupled version, to each excita-
tion ¢ € C™ K (Z,R™), we find a solution x € C},(Z,R™) of the DAE, so that the
inclusion C™¢#(Z,R™) C imL follows. Namely, owing to the properties of g (cf.
(2.104)), there is a solution vy, _; € CH(Z,R™) of equation (2.103), then a solution
vu—2 € CH(Z,R™) of (2.102), and solutions v; € C)(Z,R™) of (2.101), successively
fori=p —3,..., 1. Furthermore, compute a solution « of the IERODE, and vy from
equation (2.100). Finally put x := D~ u+vo+---+vy 1.

To show the reverse inclusion C™H(Z,R™) D imL we fix an arbitrary
x € C)(Z,R™) and investigate the resulting g := A(Dx)’ + Bx. We again apply the
decoupling. Denote vy := Qox, and v; := I;_1Q;x, for i = 1,...,u — 1. Since the
projector functions DIT;_1Q;D~, i =1,...,u — 1, and the function Dx are contin-
uously differentiable, so are the functions Dv; = DII;_1Q;D Dx,i=1,...,u — 1.
Now equation (2.103) yields v, 1 := Ly 19 € CH(Z,R™), equation (2.102) gives
Vua = —=Ny—2u—1(Dvy—1)' + Ly—2q € CH(Z,R™), and so on. O

At this point, the reader’s attention should be directed to the fact that the linear
function space C}(Z,IR"™) does not necessarily contain all continuously differen-
tiable functions. For instance, if D is continuous, but fails to be continuously dif-
ferentiable, then there are constant functions x.,,s such that Dx,,, fails to be con-
tinuously differentiable, and hence x..,s; does not belong to Cll) (Z,R™). In contrast,
if D is continuously differentiable and its nullspace is nontrivial, then the proper
inclusion

cY(Z,R™) c CH(Z,R™)
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is valid. Similar aspects are to be considered if one deals with the space
Cd k(Z,R™) comprising the admissible excitations. For yt > 2, only if the involved
coefficients £;, \; ; and M;; are sufficiently smooth, does the inclusion

ChN(Z,R™) c CMH(T,R™),
hold true. Of course, the index-1 case is simple with
C(Z,R™) =C"™ ! (Z,R™).

To achieve more transparent estimates we introduce, for each function w being con-
tinuous on Z and fy,t; € Z, fy < t;, the expression

o] .—
Iwllot = max w(e)l,

which is the maximum-norm related to the compact interval [f,#;]. Moreover, for
q €CM I (T, R™) and to,1; € T, to < t;, we introduce

gl o) = g4+ | (v )[04 -+ [ (Dvy Y| o],

which means for the special cases 4t =2 and u = 3:

lgl1)s = gl + || (Dvy )|l lo1) = [lg)l o) + || (DIToQ1 G5 )| Eo,
gl ol .= glon] 41| (Dvy ) ||Eo] 4 || (Dvy )| o]
= |lgllfon] + | (DIT,0,G5 g | o]
+[(DIMyQ1 02D~ (DT, 02G5 ' )’ + DIy Q1 PG q) || 01

Theorem 2.59. Let the DAE (2.44) be fine with tractability index it € N. Lettg € T
and let C be a matrix such that kerC = Nygy (1) Let the compact interval [ty,f) C T
be fixed. Then the following assertions are true:

(1) The excitation q is admissible, if and only if it belongs to C"™ (T, R™).
(2)  For each pair g € C"™H(Z,R™), x° € R™, the solution x € C},(Z,R™) of the
1vP
A(Dx) +Bx=gq, C(x(to)—x") =0, (2.108)

satisfies the inequality

()] < 27 < ¢ {|Mean(t0)20] + gl ), o<t <7 2109)

whereby the constant c depends only on the interval. .
(3)  Ifthe DAE coefficients are so smooth that C*~'(Z,R™) c C" *(Z,R™), and
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[t0.1] [10.1] = (D) 11t0t] n—1 m
gl <coqllglo+ Y gV 1@1 ¢, for g e H(T,R™),
=1

then, for each pair g € C*~1(Z,R™), x° € R™, it holds that

u—1
el < K{ 1 ean ()" + g0+ X g0} @110)
=1

Proof. (1) is a consequence of Proposition 2.58, and (3) results from (2). It remains
to verify (2). We apply the solution representation (2.96). First we consider the func-
tion v defined by (2.95), for a given ¢ € C"¢#(Z,R™). One has in detail
—r h [t0,1) [to,t]
Vu-1 u—1q, thus [[vy_q|s 1||61||mdw

[to.]

V-2 =£“,2q—/\/”,2“,1(Dv”,1) ,thus vl <&y ollgliny

and so on, such that

10t .
vl < & Hq||”3dL, i—p—3,....1,

with certain constants ¢;. Then, with a suitable constant ¢, it follows that

1 t
)il < llq) Lo,

Now the representation (2.96) leads to the inequality

()] < 8019 < 1 [Hean(to)”] + 2 llg 20+ g%}, 10 <t <F,
with ¢; being a bound of the fundamental solution matrix X (z,%), ¢3 := ¢ and ¢
resulting as a bound of the term X (¢,19)X (s,z‘o)’G;1 (s), whereby s varies between
fo and t. We finish the proof by letting ¢ := max{c;,c; + ¢3}. O

The inequality (2.110) suggests that the DAE has so-called perturbation index [t
(cf. [103, 105]). The concept of perturbation index interprets the index as a measure
of sensitivity of the solution with respect to perturbations of the given problem.
Applied to our DAE (2.44), the definition ([105, page 478]) becomes:

Definition 2.60. Equation (2.44) has perturbation index |1, along a solution x, on
the interval [to,7], if u,, is the smallest integer such that, for all functions & having a
defect

A(DX) +Bi—q=2§6

there exists on [y, 7] an estimate
(1) = . (1)] < C{|(t0) = x4 (10) |+ |80+ - 4 [[ 81~V LoT},

whenever the expression on the right-hand side is sufficiently small.
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Owing to the linearity, the DAE (2.44) has perturbation index p, (along each
solution) on the interval [ty,7], if for all functions x = ¥ — x, having a defect
A(Dx)"+ Bx = § an estimate

lx(t)] < C{|x(10)| + || 8]l + - - || § M= 1) Loy 2.111)

is valid.

The definition of the perturbation index does not specify function classes meant
for the solutions and defects, but obviously one has to suppose § € C*»~!, such
that the notion applies to sufficiently smooth problems only. In fact, the required
estimate (2.111) corresponds to the inequality (2.110), which is available for smooth
problems only. Therefore, we observe that a fine DAE with tractability index u and
sufficiently smooth coefficients has at the same time perturbation index {.

All in all, the solution x = x(x", ) of the TVP (2.108) depends on the value x°
as well as on the function g. It is shown that x varies smoothly with x° such that,
concerning this aspect, the DAE solutions are close to the ODE solutions. How-
ever, solutions of higher index DAEs show an ambivalent character. With respect
to their variable g they are essentially ill-posed. More precisely, the linear operator
L:C)(Z,R™) — C(Z,R™) described in (2.107) has the range imL = C"H(Z,R™)
which is a proper nonclosed subset in C(Z,R™), if u > 2. This makes the IVP
(2.108) essentially ill-posed with respect to the excitations g. We recall of Exam-
ple 1.5 which clearly shows this ill-posed character.

2.7 Specifications for regular standard form DAEs

At present, most of the literature on DAEs is devoted to standard form DAEs
Et)X (t)+F(t)x(t) =q(t), tel, (2.112)

where E and F are smooth square matrix functions. Here we assume E(¢) to have
constant rank on the given interval whereas points at which E(z) change its rank are
considered to be critical.

As proposed in [96], one can treat (2.112) as

E(t)(P(1)x(1)) + (F(t) —E())P'(1))x(1) = q(t), t€T, (2.113)

by means of a continuously differentiable projector function P such that ker P =
kerE. The DAE (2.113) has a properly stated leading term, and all results of the
previous sections apply. In particular, we build the matrix function sequence begin-
ning with

A:=E,D:=P,R=P,B:=F—EP,Gy=E, By:=B,
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develop decouplings, etc. However, now the new question arises: which effects are
caused by a change from one projector function P to another one? Clearly, the matrix
function sequence depends on the projector function P.

Suppose P and P to be two continuously differentiable projector functions such that

kerE = ker P = ker P.
Besides (2.113) we consider
E(t)(P(1)x(1)) + (F (1) —E(0)P'(1))x(r) = q(1), €. (2.114)

Proposition 2.22 guarantees that the function spaces Cp(Z,R™) and (3113 (Z,R™) co-
incide. Furthermore, the DAE (2.114) results from the DAE (2.113) by a refactor-
ization of the leading term. Namely, set

A=E D:=P,R:=P,B:=F—EP, and H:=P,H :=P.

Then, condition (2.27) is satisfied with RHH™ R = PPP = P = R, and the refactor-
ized DAE (2.28) coincides with (2.114) because of (cf. (2.29))

A=AH=EP=E, D=H D=PP=P,
B=B—-ARH(H R)D=F —EP —EP'P

=F—EPP —EPP=F —E(PP)

=F—EP.

In consequence, by Theorem 2.21 on refactorizations, the subspaces imGj, S;, and
No+ -+ Ni, as well as the characteristic values r;, are independent of the special
choice of P. This justifies the following regularity notion for standard form DAEs
which traces the problem back to Definition 2.25 for DAEs with properly stated
leading terms.

Definition 2.61. The standard form DAE (2.112) is regular with tractability index
u, if the properly stated version (2.113) is so for one (or, equivalently, for each)
continuously differentiable projector function P with ker P = kerE.

The characteristic values of (2.113) are named characteristic values of (2.112).
The canonical subspaces S¢4, and N4, of (2.113) are called canonical subspaces of
(2.112).

While the canonical subspaces S.4, and N, are independent of the special choice
of P, the IERODE resulting from (2.113) obviously depends on P:

W' — (PI,_y)'u+PI,_G,'Bu=PII,_,G,'q, ucimPIl,_,. (2.115)

This is a natural consequence of the standard formulation.

When dealing with standard form DAEs, the choice Py := P, D~ = P suggests
itself to begin the matrix function sequence with. In fact, this is done in the related
previous work. Then the accordingly specialized sequence is
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Go=E, By=F —EP,=F — GoIl,
Git1 = Gi+B;Q;, Bii1 =BiP,— Gy PRI | IT;, i>0. (2.116)
In this context, the projector functions Qy, ..., Qk are regular admissible, if
(a) the projector functions Gy, ..., Gy have constant ranks,
(b) therelations Q;Q; =0 are valid for j =0,...,i—1,i=1,...,K,
(¢) andIl,...,II; are continuously differentiable.

Then, it holds that PII; = IT;, and the IERODE of a regular DAE (2.112) is
W =TI, yu+ID G,'Bu=1II, 1G,'q, ue€imIl, ;. (2.117)

In previous papers exclusively devoted to regular DAEs, some higher smoothness is
supposed for Q;, and these projector functions are simply called admissible, without
the addendum regular. A detailed description of the decoupling supported by the
specialized matrix function (2.116) can be found in [194].

Remark 2.62. In earlier papers (e.g., [157], [159], [111], [160]) the matrix function
sequence

Git1 =Gi+BiQi, Bir1=BP,— G Il I, i>0, (2.118)

is used, which is slightly different from (2.116). While [157], [159] provide solvabil-
ity results and decouplings for regular index-2 and index-3 DAEs, [111] deserves
attention in proving the invariance of the tractability index p € N with respect to
transformations (see also [160], but notice that, unfortunately, there is a misleading
misprint in the sequence on page 158). In these earlier papers the famous role of
the sum spaces Ny + - - - + N; was not yet discovered, so that the reasoning is less
transparent and needs patient readers.

In [167, Remark 2.6] it is thought that the sequence (2.116) coincides with the se-
quence (2.118); however this is not fully correct. Because of

Bit1 = BiP,— Gi\RII/ | IT; = BiP, — Gi IT | IT; + Gi1 Qo IT, IT;
~—~—
(PoITiy1)

= B;P, — G[+1IT[/+1H1' + GH—]QOP(;HI'-Fh

both matrix function sequences in fact coincide, if QoP) = 0. One can always arrange
that Qo P} = 0 is locally valid. Namely, for each fixed ¢, € Z, we find a neighborhood
N, such that kerE(¢) @ kerE(t,)- = R™ holds true for all # € N\;,. The projector
function Qp onto ker E(t) along ker E (¢, )" has the required property

QoPy = Qo(Py(t)Py)' = QoPy(t.)Py = 0.

Owing to the independence of the choice of the projector function Py = P, the reg-
ularity notions for (2.112), defined by means of (2.116) or by (2.118), are actually
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consistent, and the sum subspaces, the canonical subspaces, and the characteristic
values are precisely the same.

Several papers on lower index DAEs use subspace properties rather than rank con-
ditions for the index definition. For instance, in [163], an index-2 tractable DAE is
characterized by a constant-dimensional nontrivial nullspace Nj, together with the
transversality condition Ny @ S; = R™. Owing to Lemma A.9, this is equivalent to
the condition for G to have constant rank lower than m, and the requirement for G,
to remain nonsingular.

Theorem 2.63. Let the DAE (2.112) be regular with tractability index | and fine.
Let the matrix C € L(R™,R*) be such that ker C = Negy(to).

(1) Then, the IVP
ExX' +Fx=0, Cx(ty)=0,

has the zero solution only.
(2)  For each admissible excitation q, and each 0 e R™, the IVP

EX +Fx=gq, C(x(to)—x")=0,

has exactly one solution in C}(Z.R™).
(3) For each given admissible excitation q, the set of consistent initial values at
time ty is
Mcan,q(IO) = {Z+ V(IO) HVAS Scan(t())}y

whereby v is constructed as in (2.95) by means of fine decoupling projector
functions.

@) If the coefficients of the DAE are sufficiently smooth, then each
q € CH=Y(Z,R™) is admissible. If the interval T is compact, then for the IVP
solution from (2), the inequality

n—1
Il < K(nmao)x(’ et Y ||q<”|m) 2.119)
=1

is valid with a constant K independent of q and x°.

Proof. (1) and (2) are consequences of Theorem 2.44(2) and Theorem 2.52(1), re-
spectively. Assertion (4) follows from Theorem 2.59(3). Assertion (3) results from
the representations (2.95) and (2.98), with D =D~ = P. a

The inequality (2.119) indicates that the DAE has perturbation index p (cf. Def-
inition 2.60).
2.8 The T-canonical form

Definition 2.64. The structured continuous coefficient DAE with properly stated
leading term
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1
I d 5
O0MNo1 -+ Nopu—i I, ,
—r
oo : < . x> (2.120)
/\7/1—2,;1—1 ..
L Imfr#,l i
W
HO II’Vlfr()
o F=4,
7:[”_1 Im—ru,l

u—1
m=d+ Y. (m—rj),as well as its counterpart in standard form
j=0

{I(‘)’ f(\)f} i+ [glod}i:q, (2.121)

with . .
0No1 -+ Nop—1
K= L. ) : ’
Nu72,u71
0

are said to be in T(ractability)-canonical form, if the entries
No,l,...,/\fu_z,y_l are full column rank matrix functions, that is rank./\/,'_u =
m—rifori=1,...,u—1.

The subscript ¢ indicates the tractability index u, and at the same time the uni-
form nilpotency index of the upper block triangular matrix function A”. N'* van-
ishes identically, and NHT1 has the only nontrivial entry /\7071/\7 12" N, u—2,u—1 of
rank m — ry, 1 in the upper right corner. If the coefficients Ho, . .. ,7—2,1_1 vanish, the
T-canonical form (2.121) looks precisely like the Weierstra3—Kronecker canonical
form for constant matrix pencils.

Generalizing Proposition 1.28, we show that a DAE (2.44) is regular with tractability
index p if and only if it can be brought into T-canonical form by a regular multi-
plication, a regular transformations of the unknown function, and a refactorization
of the leading term as described in Section 2.3. This justifies the attribute canoni-
cal. The structural sizes ry, ..., ry 1 coincide with the characteristic values from the
tractability index framework.

Theorem 2.65. (1) The DAE (2.44) is regular with tractability index U and char-
acteristic values ro < --- <y < ry =m, if and only if there are pointwise
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regular matrix functions L,K € C(Z,L(R™)), and a constant-rank refactor-
ization matrix function H € C'(Z,L(R%,R")), RHH ™R = R, such that pre-
multiplication by L, the transformation x = KX, and the refactorization of the
leading term by H yield a DAE in T-canonical form, whereby the entry /\7,-_1,,5
has size (m—ri_1) X (m—r;) and

rank./\~/’,-_1,,<:m—r,-, for i=1,...,u—1.

(2) Ifthe DAE (2.44) is regular with tractability index |, and its coefficients are
smooth enough for the existence of completely decoupling projector functions,
then the DAE is equivalent to a T-canonical form with zero coupling coeffi-
cients ’FLO, ... ,’FL,J,I.

Proof. (1) If the DAE has T-canonical form, one can construct a matrix function
sequence and admissible projector functions in the same way as described in Sub-
section 1.2.6 for constant matrix pencils, and this shows regularity and confirms the
characteristic values.

The reverse implication is more difficult. Let the DAE (2.44) be regular with
tractability index g and characteristic values rg < --- < ry_y < ry = m. Let
Qo,...,0Qu—1 be admissible projector functions. As explained in Subsection 2.4.2,
the DAE decomposes into equation (2.49) being a pre-version of the IERODE and
subsystem (2.63) together

[DHualD /(\)/} ([Dﬂu(;lD g] m )’+ [HV; /?/J m - [ﬁﬁd} g (2.122)

—_———
A D B

This is an inflated system in RMHHD | with W = DHH,IGEIBD’, further coeffi-
cients given in Subsection 2.4.2, and the unknown functions

DI,
v Qo
u = 0 = HOQ] X.
v’ : ’ )
. :
u-l H[J72Q,u7]

We condense this inflated system back to R™ in a similar way as in Proposition 1.28.
The projector functions DI, 1D~ and DIT;_;Q;D™ are continuously differentiable,
and so are their ranges and nullspaces. The C'-subspace im (DIT,_D™)* has di-
mension d = m — ):lH: _01 (m —r;), and it is spanned by continuously differentiable
basis functions, which means that there is a matrix function Iy € C'(Z,L(R",R))
such that

im(DIT, D™ )" =imI}, kerI; = {0},

and hence
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imI; =R?, kerl; = (im(DIl,_1D")*)" =kerDIl,_D".

By Proposition A.17, there is a pointwise reflexive generalized inverse I, €
CY(Z,L(RY,R")) such that [;I); =1, and I, I; = DII,_D~. Analogously we find
L;eCY(Z,L(R"R™ ")) and I;” € C'(Z,L(R™"1,R")) such that fori=1,...,u—1

imI[; =R"""", kerl; =kerDIl, 1Q;D~, LI,;” =1I,,, I, I;=DI_1Q;D".
This implies
LD =ILDIL;1Q;, D7I;” =IL,Q;D"I;7, LDD"I;” =LI;" =1l
Finally we provide Iy € C(Z,L(R™,R™~"0)) and I~ € C(Z,L(R™~"0,R™)) such that
imIp=R""", kerly=kerQo, Ioly =1lnr,, Iy Io= Qo.

Then we compose

IuD DI,
suchthat I'T"™ =1, Igpl, =1, 4, and

DH“,ID_
Qo
I'T = 110,

Additionally we introduce
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0 0
i I
Q= , Q7= ,
I 11;1
such that
0 0
DI,O\D™ Lu—r,
979 - . s 997 =
DHH,QQ”,1D7 Imfr“,l

For the coefficients of the inflated system (2.122) it follows that
I—A;;bl—s‘ub N=NQ Q= N7 E;bFYLth = MI—;;},Fmba D= Q_I—;uby

and further

- [I;DI1, D~ _ |1a _ |a L
1 LiwN| | LuNQ Q] | LuNQ~ Q)
F%_'Fdw 0 ]_[devrdrd 0 ]
_RubHD_ EubM Fsub,HD_l_;[D RubME;bRub
8 el
_EubIHDiri Eule—.;ub 0 I ’

o [l 0 J_[r 0)[mo]
| 0 QLw| [0 Q[0 L

Multiplying the inflated system (2.122) by the condensing matrix function I" and
introducing the new variables

gives
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oruve ][5 a)([% o]

—
N———

—_———
A D
LI 0 i [La
oy ] -1 2]

>

This last DAE lives in R™, but the border space of its leading term is R™*®+1)
Because of

I; 0 s . .
kerA = ker [0 Q} =kerR, imD =imR,

DI, D~ 0

with the border projector R = { 0 o- Q] the refactorization of the leading

term (cf. Section 2.3) by means of

v [52]-[i

suggests itself. H has constant rank d, and H~ is the reflexive generalized inverse
with

— s O _ _|DIDy4D~ 0 | 5 5,0-5_ 5
HH_{OQQ},HH _[ 0 QQ}_R,RHH R=R.
This way we arrive at the DAE
A(D%)' +Bx=Lg,
A 1 0 . I 0 _ (TawiL - o
0N QT D=1 00 LuwHDI; Byl
The entry

By : =ML, —LuNQ Q' Q"
- Auhr +I_;uh(M_I)1—.;‘uh_1—;ubN979/97 :I+M

sub

has upper block triangular form, with identity diagonal blocks. M is strictly upper
block triangular, and / + M remains nonsingular. Scaling the DAE by
diag (1,(1+M)~!) yields

[(I) /(\)/] ([é Q?z} B+ m (I)} i= [(I) (1+/(i>1)1} Lq, (2.123)

with coefficients
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N:=(I+M) "LuNQ ™, H:=(I+M)"'L,HD I,
W =LWI, —IT; .

The DAE (2.123) has T-canonical form, if the entries J\N/’,-‘,,-H have full column rank.
Therefore, we take a closer look at these entries. Having in mind that M is strictly
upper block triangular, we derive

N1 = (LN Q)1 = GDN; i I = —LDIL- 1 0;0i1 DT

=-LI;";DQi DI = -IiDQ;\D7I; .
Then, ./\7i,i+1z = 0means [DN;;1I; [,z =0, thus N; ;11 I}z = 0. Applying Propo-
sition 2.29 (3) we find that DHiQH_lD*Fi;lz = I;;lz € ker DIL;Q; 1D, and hence
I 1z =0, therefore z = 0. This shows that Ny is injective for i = 1,...,u — 2.
The injectivity of ./\7'0’1 follows analogously. We obtain in fact a T-canonical form.

The resulting transformations are

EZDHM—I
IoQo

L= {(]) (1+/(i?t)l}r {Eﬁd] - {é (1+/(i?1)1} FIDI:TOQI Gy'

I, DIy 20y

and
DIT, DI,
Qo IoQo

K=r| HO = I DI 0,

I, 20, 1 Iy (DITy 20y
Both matrix functions K and L are continuous and pointwise nonsingular. This com-

pletes the proof of (1). 3
The assertion (2) now follows immediately, since H = 0 implies H = 0. O

2.9 Regularity intervals and critical points

Critical points per se attract much special interest and effort. In particular, to find
out whether the ODE with a so-called singularity of the first kind (e.g. [123])

2(0) = TM()x() +4(0),

has bounded solutions, standard ODE theory is of no avail, and one is in need of
smarter tools using the eigenstructure of the matrix M(0).
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In the case of DAEs, the inherent ODE might be affected by singularities. For in-
stance, the DAEs in [124] show inherent ODEs having a singularity of the first kind.
The following example is taken from [124].

Example 2.66 (Rank drop in G| causes a singular inherent ODE). The DAE
1 2 0
HESI DR A FORD

has a properly stated leading term on [0, 1]. It is accompanied by the matrix functions

-7 an-31] en-],2, 1]

such that the DAE is regular with tractability index 1 just on the interval (0, 1]. The
inherent ODE resulting there applies to u(t) = x; (t) —x2(¢), and it reads

£ (0) = =24 2ule) + (1 +2)a1 (1) ~242(0).

Observe that, in view of the closed interval [0, 1], this is no longer a regular ODE but
an inherent explicit singular ODE (IESODE). Given a solution u(-) of the IESODE,
a DAE solution is formed by

_1 r+2 1 —q (t)+q (t)
x(t) = : [ 5 }W)*‘ {_qi(qu(t)} '

We refer to [124] for the specification of bounded solutions by means of boundary
conditions as well as for collocation approximations. a

One could presume that rank changes in G| would always lead to singular inherent
ODEs, but the situation is much more intricate. A rank drop of the matrix function
G is not necessarily accompanied by a singular inherent ODE, as the next example
shows.

Example 2.67 (Rank drop in G| does not necessarily cause a singular inherent
ODE). The DAE

H ([r Jx(0)) + {ﬁg) ﬂ x(1) = q(1),

with an arbitrary continuous real function 3, has a properly stated leading term on
(—o0,00). Put

Go(t) = Lt) (1)] , D(1)” = ﬁ m . Qolt) = ﬁ th t—zt] ’

and compute

Gi (1) 1 [ﬁ(l)+t+t3 1+12—1B(t)

— o - )
s ., 2 ], (1) :=detG(t) =t(1+17).
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This DAE is regular with index 1 on the intervals (—eo,0) and (0,0). The point
t. = 0 is a critical one. The inherent ODE reads, with u(r) = tx(¢) + x2(¢),

t

t

u'(t)=—

All DAE solutions have the form

111 1 —q2 (t )
1) =- 1)+ - :
w0 = |o|uo 1 [
Obviously, if the function 8 has a zero at £, = 0, or if it actually vanishes identically,
then there is no singularity within the inherent ODE, even though the matrix G| (z,)
becomes singular. Remember that the determinant @; does not at all depend on the
coefficient f3.

We turn to a special case. Set ¢ identically zero, B(f) = ¢, with an integer y > 0.
The inherent ODE simplifies to

() + 1 (1) + —=q2(1).

W (1) = —1""u(r).

If y =0, this is a singular ODE, and its solutions have the form u(t) = %c. All
nontrivial solutions grow unboundedly, if ¢ approaches zero. In contrast, if ¥ > 1,

1
the ODE is regular, and it has the solutions u(¢) = e~ 7tyu(0) which remain bounded.
However, among the resulting nontrivial DAE solutions

there is no bounded one, even if y > 1. O

As adumbrated by the above example, apart from the singularities concerning the in-
herent ODE, DAEs involve further sources of critical points which are unacquainted
at all in explicit ODEs. In DAEs, not only the inherent ODE but also the associated
subsystem (2.62) which constitutes the wrapping up, and which in higher index
cases includes the differentiated parts, might be hit by singularities. In the previous
two examples which show DAEs being almost overall index 1, a look at the solution
representations supports this idea. The next example provides a first impression of
a higher index case.

Example 2.68 (Rank drop in G»). The DAE with properly stated leading term

10 0 0p(r)

100 !
01 x(¥))+ | 1 1 0 |x(r)=qr)
00 ({010} ) ¥6)0 0 !

yields
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100 000 10B(t) 100
Go(t)=|010], Qo(t)=1]000|, Gi(t)=|01 0 |, IL()=|010],
000 001 00 0 000

and further N, (t) =N (t)NNo(t) = {z€R3: 21 =0,20 = 0, B(¢)z3 = 0}. Supposing
B(t) # 0, for all ¢, we derive

1 00 100 1 0B(@t)
Qi(t)=| 0 001, IL(r)Qi(r)=[000|, G(t)=| 1 1 0 |,
—% 00 000 y#)0 0

and (1) :=detGy(t) = —B(¢)y(¢). The projector functions Qp, Q; are the widely
orthogonal ones. Taking a look at the following equivalent formulation of the DAE,

0 (e) = sastr)
(1) +32(r) = galr) ﬁqm

1 1 /
5(0) = 5o (@0~ Gasas).

we see the correspondence of zeros of the function ¥ to rank drops in G, and to
critical solution behavior.
Observe also that if we dispense with the demand that the function § has no zeros,

and allow a zero at a certain point #,, then the intersection N(¢.) is nontrivial,

Ny (t.) = No(t.), and the above projector function Q(¢) grows unboundedly, if ¢
approaches 7. Nevertheless, since by construction G, depends just on the product
I1; Q,, we can continue forming the next matrix function G, considering the product
IThQ; that has a continuous extension. Then a zero of the function f also leads to a
zero of detG,.

Apart from critical points, the resulting IERODE applies to

u=DIIlx= {O] ,
X2
and it reads
/ 00 _ 0
" {01 "o tas)
DIT,G, ' B\ D~ DIT,G;'q

Observe the coefficient DIT} G, 'BD~ to be independent of the functions 8 and 7,
while DI G, ! does not depend on f3. Therefore, the IERODE does not at all suffer
from zeros of 3.
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Notice that, if one restricts interest to homogeneous DAEs only, then one cannot see
the singular solution behavior in this example. O

Next we consider DAEs which fail to have a proper leading term on the entire given
interval.

Example 2.69 (Rank drop in A causes a singular inherent ODE). Consider the DAE

0o 00 I b11 b1z N
{o o] ({0 1] x) + Lm bzz} x=gq, (2.124)
—— N~ ——
A D B
given on the interval Z = [—1,1]. The function « is continuous. Let by; have no

zeros. This system yields

1

X = b—(612 —byxy)
21

b1y
oy = <b_21b11b22 —bp)x2+q1 —biiqa.
=M

For any t, € Z with o/(t,) # 0, there is an interval Z, around ¢, such that & has no
zeros on Z,, and the DAE has a proper leading term there. On intervals where the
function o has no zeros, one can write the ODE for x; in explicit form as

1 1
[l =—_M — —b . 2.125
0=y x2+a(€11 1192) ( )

Then, equation (2.125) is a well-defined continuous coefficient ODE on this interval
so that standard solvability arguments apply.

In contrast, if a(t,) =0, but o () # 0, for t € Z, t # t,, then equation (2.125) be-
comes a singular ODE, more precisely, an explicit ODE with a singularity at ¢,. For
those kinds of equations special treatment is advisable. We have to expect a singular
flow behavior of the component x; (). The component x; (¢) may inherit properties
of x(#) depending on the coefficient function by,. Let us glance over typical situa-
tions.

Let 7, = 0, M be a constant function, a(¢) =t, g(t) = 0 on Z. Then the solutions of
the singular ODE (2.125) are x,(¢) = ctM, with a real constant c. The behavior of
these solutions heavily depends on the sign of M. Figure 2.1 shows the different flow
behavior of the component x; () in the cases M =2, M = —2, M = 0, respectively:
If M = 2, then all solutions cross the origin, while no solution satisfies an initial
condition x,(0) # 0.

If M = —2, just the trivial solution passes the origin, and all other solutions grow
unboundedly if ¢ tends to zero. Again, there is no solution with x,(0) # 0.

If M = 0, then every constant function solves the ODE, and every IVP is uniquely
solvable. Derive, for t € [—1,0) and ¢ € (0, 1],
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Fig.21 M=2, M= -2, M =0

Gult) = g o] - @0 = g Gatr = [ ).

This shows the DAE to be regular with index 1 on both intervals [—1,0) and (0, 1].
O

Example 2.70 (Rank change in A causes an index change). Now we put the contin-
uous entry (cf. Figure 2.2)

a(r) = 0 forte[—1,0]
~ 43 forte(0,1]
into the DAE
0o 00 10
{o 0] ([0 J X))+ {0 1]x:q, (2.126)

which has a properly stated leading term merely on the subinterval (0, 1].
The admissible matrix function sequence

G0=[83‘}7%:{(1)8}3(?1:{(1)8‘],&:[81a],G1=[(1)ﬂ7

indicates the characteristic values rp = 1,71 = 1 and r, =2 on (0, 1]. The DAE is
regular with index 2 there.
For every q; € C((0,1],R), ¢2 € C'((0,1],R), there is a unique solution x €

Ch((0,1],R?). The particular solution corresponding to q;(t) = 0, ¢2(t) = 13,
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t € (0,1], reads x| () = —%t’%, x(t) = 15,
On the subinterval [—1,0] the leading term is no longer properly stated, but we may
turn to a proper reformulation if we replace D by D = 0. Then, for ¢t € [—1,0], it
follows that

Go(t) =0, Qo(t) =1, Gi(t)=1,r0=0,r =2,

and the DAE is regular with index 1 on the interval [—1,0]. On this subinterval,
for every continuous g, the solution is simply x = g. In particular, for g;(¢) = 0,
@(t) = —|t|%, the solution on this subinterval is x1 () = 0, x,(¢) = —|t|%.
Altogether, combining now the segments, we have an excitation ¢ that is continuous
on the entire interval Z, and its second component is continuously differentiable
on (0, 1]. We have two solution segments. Can these segments be glued together to
form a solution on the entire interval? While the second component has a continuous
extension, the first has not, as shown in Figure 2.3.

Relaxing the minimal smoothness requirements for the excitation on the subinter-
vals, and assuming more generously g to be continuous with a continuously differ-
entiable second component on the whole interval Z, then, for every such ¢, there
exists a unique solution x € Cll) (Z, Rz). This means that, in the smoother setting, the
critical point does not matter. Those kinds of critical points which can be healed by
higher smoothness are said to be harmless. However, we stress once more that in a
setting with minimal smoothness, these points are in fact critical. Written as

0.8]
0.6]
0.4

0.2]

-0 -0.5 0.5 '

Fig. 2.2 Continuous function o of Example 2.70

Ooa| , (10|
{0 O}x + [O 1}x-q, (2.127)

the DAE (2.126) yields a special DAE in standard canonical form (SCF). To ensure
continuously differentiable solutions on the entire interval, one now has to suppose
not only that ¢ is continuously differentiable, but also that ¢tg> is so. O

Example 2.71 (Index drop in A yielding a harmless critical point). We replace the
function o in (2.126) by a different one and turn to

[8 ‘8‘] ([8 ﬂ x) + [(1) ?]xzq, (2.128)
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0.5 0.5

=10 =10

Fig. 2.3 Solution segments of x|, x, in Example 2.70

with

o) = { —|t|} forre[~1,0)

t3 forte0,1].

The DAE (2.128) has a properly stated leading term on the two subintervals [—1,0)
and (0,1], but on the entire interval [—1, 1] the leading term fails to be properly
stated. The point 7, = 0 is a critical one.

The matrix function sequence

Go=[88‘},%:Bg}Gl:{(l)g],le[g_la],Gl:[(l)?}

is admissible with characteristic values ry = 1,r; = 1 and r, = 2 on the intervals
[—1,0) and (0, 1] which indicates the DAE to be regular with index 2 there.

We apply the excitation g; =0, g = & on both subintervals. As in the previous ex-
ample, the first components of the solution segments cannot be glued together, as is
sketched in Figure 2.4. For smoother excitations, we again obtain solutions belong-
ing to Cé (Z,R?). Furthermore, if ¢ and otg, are smooth, then the SCF version (cf.
2.127) has C'-solutions. Those critical points which disappear in smoother settings
are said to be harmless. O

Equations (2.124), (2.126) and (2.128) possess the following property indepen-

dently of the behavior of the function o: There is a subspace Ny C R?, such that
Ny ®imD = Rz, N4 = span { L])} } C kerA.

This property motivates the following generalization of proper leading terms for

DAE:s (2.1) having continuous coefficients as before.

Definition 2.72. For the DAE (2.1), let the time-varying subspace imD be a C!-
subspace on Z, and let a further C'-subspace Ny exist such that
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=0.5) 0.5

=10 =10

Fig. 2.4 Solution segments of x1, x, in Example 2.71

Na(t)®imD(r) =R", Nu(t) CkerA(r), tel. (2.129)

(1) If Nx(r) = kerA(z) for all # from a dense subset of the interval Z, then we
speak of a DAE with an almost proper leading term.

(2) If dimkerD(¢) > 1, then equation (2.1) is called a DAE with a quasi-proper
leading term on Z.

DAEs with proper leading terms constitute a particular case of DAEs with almost-
proper leading terms, if N4 (¢) = kerA(¢) holds true for all z € Z.

The DAEs in Examples 2.69-2.71 have quasi-proper leading terms on the entire
given interval Z. Examples 2.69 and 2.71 show even almost proper leading terms.
Example 2.70 represents a simple case of a DAE in SCF. Large classes of DAEs
with those quasi-proper leading term, including the DAEs in SCF, are treated in
detail in Chapter 9.

To some extent, the quasi-proper DAE form is quite comfortable. However, we
should be aware that, in the general setting of quasi-proper DAEs, there is no way
of indicating basic level critical points as in Examples 2.69, 2.70, and 2.71. This is
why we prefer properly stated leading terms.

Our examples clearly account for the correspondence between singular solution
behavior and points at which the matrix function sequence loses one of the required
constant-rank properties. Roughly speaking, at all points where the matrix function
sequence determining regularity cannot be built, we expect a critical (in some sense)
solution behavior. We refer to [194] for a closer view of the relevant literature. As
in [194], we consider critical (in [194] named singular) points to be the counter-
parts of regular points. Therefore, in this section, we deal with square DAEs (2.1)
the coefficients A of which do not necessarily show constant rank. We recall Exam-
ples 2.69, 2.70, and 2.71 once more, which demonstrate critical solution behavior
corresponding to the rank changes of A.

The DAE in Example 2.70 fails to have a proper leading term on the subinterval
[—1,0). On this subinterval, the special matrix function A = 0 has constant rank 0
and kerA = R? is a C'-subspace on [—1,0). For this reason, in this special case,
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we could do with a proper refactorization to a proper leading term. Such proper
refactorizations apply also in general cases as the next proposition says.

Proposition 2.73. Let the DAE (2.1) have a quasi-proper leading term on the given
interval I. Let T C T be a subinterval such that kerA is a C'-subspace on I. Then
R := A*A is continuously differentiable on I and the DAE has there the reformula-
tion with a proper leading term

A(RDx) +(B—ARD)x=¢q, tcT. (2.130)

Proof. The matrix function R is continuously differentiable as an orthoprojector
function along a C'-subspace. We rewrite the leading term in the DAE (2.1) on the
subinterval as

A(Dx)' = AR(Dx)' = A(RDx)' — AR Dx,

which leads to (2.130).

Introduce R as the projector function onto imD along Ny so that imD = imR and
N4 = im (I — R). Owing to condition (2.129), R is well defined. Additionally, it
holds that im (I — R) = N4 C kerA = kerR, and hence R(I — R) = 0, thus R = RR.
This implies imRD = imRR = imR, which proves the spaces kerA = kerR and
imRD = imR to be transversal C 1—subspaces on Z. Therefore, the DAE (2.130) has
a proper leading term. a

Definition 2.74. Let the DAE (2.1), with m = k, have a quasi-proper leading term.
Then, ¢, € 7 is said to be a regular point of the DAE, if there is an open interval Z,
containing 7, such that either the original DAE is regular on Z := ZNZ, or kerA is
a C!-subspace on 7 and the proper reformulation (2.130) is a regular DAE on Z.
Otherwise, 7, is said to be a critical point.

Each open interval on which the DAE is regular is called a regularity interval. De-
note by Z,,, the set of all # € T being regular points of the DAE.

In this sense, t, = 0 is the only critical point of the DAEs in Examples 2.66, 2.67,
2.69, 2.70, and 2.71, while in Example 2.68 the set of critical points is formed by
the zeros of the functions 8 and 7. The left boundary point in Example 2.66 is a
critical point while the right boundary point is regular.

By definition, Example 2.66 shows the regularity interval (0,1) but Z,,, = (0,1].
We find the regularity intervals (—oo,0) and (0,c) in Example 2.67, whereby the
characteristic values are on both sides ro = 1,7y =2 and u = 2.

In Example 2.68, regularity intervals exist around all inner points ¢ of the given
interval where 3(r)¥(¢) # 0, with uniform characteristics ro = 2,r; = 2,r, = 3 and
u=2.

The peculiarity of Example 2.70 consists of the different characteristic values on the
regularity intervals (—1,0) and (0, 1).

Each regularity interval consists of regular points, exclusively. All subintervals
of a regularity interval inherit the characteristic values. If there are intersecting reg-
ularity intervals, then the DAE has common characteristic values on these intervals,
and the union of regularity intervals is a regularity interval, again ([173], applying
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widely orthogonal projector functions one can simplify the proof given there).

The set Z,., C 7 may be described as the union of disjoint regularity intervals, even-
tually completed by the regular boundary points. By definition, Z \ Z,,, is the set of
critical points of the DAE (2.1).

The regularity notion (cf. Definitions 2.6 and 2.25) involves several constant-
rank conditions. In particular, the proper leading term brings the matrix function
Gy = AD with constant rank ry = r. Further, the existence of regular admissible
matrix functions includes that, at each level k =1,..., u—1,

(A) the matrix function G; has constant rank ry, and
(B) the intersection Ny is trivial, i.e., Ny = {0}.

Owing to Proposition 2.7 we have ker Iy = No + - - - + N1, and hence
Ne=NeN(No+ -+ Ne_1) = ker Gy Nker ITy_ ;.

Then, the intersection Ny is trivial, exactly if the matrix function

Gy
[Hk—1:| (2.131)

has full column rank m. This means that condition (B) also represents a rank condi-
tion.

Suppose the coefficients A,D and B of the DAE are sufficiently smooth
(at most class ¢ will do). Then, if the algebraic rank conditions are fulfilled,
the requirements for the projector functions II; and DIT,D~ to be continuous re-
spectively continuously differentiable, can be satisfied at one level after the other. In
consequence (cf. [173, 174, 194]), a critical point can be formally characterized as
the location where the coefficient A has a rank drop, or where one of the constant-
rank conditions type (A) or type (B), at a level k > 1, is violated first.

Definition 2.75. Let the DAE (2.44) have a quasi-proper leading term, and 7, be a
critical point. Then, ¢, is called

(1) acritical point of type 0, if rank Gy (t) < r := rank D(z.),

(2) acritical point of type A at level k > 1 (briefly, type k-A), if there are admis-
sible projectors functions Qy, ..., Qx—1, and G changes its rank at ¢,,

(3) acritical point of type B at level k > 1 (briefly, type k-B), if there are admissi-
ble projector functions Qy, . .., Qx_1, the matrix function Gy has constant rank,
but the full-rank condition for the matrix function (2.131) is violated at z,.

It is worth emphasizing that the proposed typification of critical points remains in-
variant with respect to transformations and refactorizations (Section 2.3), and also
with respect to the choice of admissible projector functions (Subsection 2.2.2).
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The DAEs in Examples 2.66 and 2.67 have the type 1-A critical point 7, = 0.
In Example 2.68, the zeros of the function ¥ are type 2-A critical points, while the
zeros of the function f3 yield type 1-B critical points. Examples 2.69, 2.70 and 2.71
show different cases of type O critical points.

While the zero of the function o in Example 2.71 yields a harmless critical point,
in contrast, in Example 2.69, the zero of & causes a singular inherent ODE.
How do harmless critical points differ from the other critical points? As suggested
by Example 2.71, we prove the nonsingularity of the matrix function Gy, to indicate
harmless critical points in general.

Let the DAE (2.44) have an almost proper leading term. For simplicity, let DD*

be continuously differentiable such that the widely orthogonal projector functions
can be used. Assume the set of regular points Z,,, to be dense in 7.
Let Qp be the orthogonal projector function onto kerD =: Ny, which is contin-
uous on the entire interval Z, since D has constant rank r there. Set Gy = AD,
By = B, G| = Go+ BQy. These functions are also continuous on Z. For all t € Z,,,
it holds further that rank Go(f) = r. On each regularity interval, which is a regularity
region, we construct the matrix function sequence by means of widely orthogonal
projector functions up to G, whereby u denotes the lowest index such that G, (t) is
nonsingular for all ¢ € Z,,. In particular, ITy,...,I1, | are defined and continuous
on each part of Z,,,. Assume now that

IIy,...,II, ; have continuous extensions on Z, (2.132)
and we keep the same denotation for the extensions. Additionally, suppose
DILD™,...,DII; D~ are continuously differentiable on Z.

Then, the projector functions I, _1Q; =II,_; —II;, i =1,...,u — 1, have continu-
ous extensions, too, and the matrix function sequence (cf. (2.5)—(2.8), and Proposi-
tion 2.7)

B; =B, Il — G,D~ (DIL;,D")'DII;_;,
Gi+l:Gi+BiIIilei7 izl)"'v.u'_la

is defined and continuous on the entire interval Z. In contrast to the regular case,
where the matrix functions G; have constant rank on the entire interval Z, now, for
the time being, the projector functions Q; are given on Z,,, only, and

Ni(t) =imQ;(r) =kerGi(r), forall & ZL,,.

The projector function Ily = Py inherits the constant rank r = rank D from D. On
each of the regularity intervals, the rank ry of Gy coincides with the rank of D,
and hence we are aware of the uniform characteristic value ro = r on all regularity
intervals, that is on Z,,.

Owing to its continuity, the projector function IT; has constant rank on Z. Taking
into account the relations
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kerIT|(r) = No(t) & Ni1(¢), dimNo(t) =m—ro, dimNi(t) =m—ri, t € Ly

we recognize the characteristic value r| = rank G, to be also uniform on Z,.¢, and
so on. In this way we find out that all characteristics

rg<---<ry_1 <ry=m areuniform on Z.

In particular, the DAE has index {1 on Zy,.
Denote by G, (t)*/ the matrix of cofactors to G (t), and introduce the determinant
oy (1) :=detGy (1), such that

Ou(1)Gu(t) ™ = Gu()*Y, 1€ Ly
By construction, it results that G, Q; = B;Q; = B;II; 1Q;,fori=1,...,u—1, thus

0u(1)Qi(t) = Gu ()" BT (1) Qi(t), i=1,...,p—1, 1€ Ty (2.133)

The last expression possesses a continuous extension, and hence
@, Q; = G4 B,IT;_, Q; is valid on T.
Observe that a nonsingular Gy(t,) also indicates that the projector functions
01,...,0u 1 have continuous extensions over the critical point #,. In this case, the
decoupling formulas (2.51), (2.62) keep their value for the continuous extensions,
and it is evident that the critical point is a harmless one.
In contrast, if G, has arank drop at the critical point z,, then the decoupling formulas
actually indicate different but singular solution phenomena. Additionally, several
projector functions Q; may suffer discontinuities, as is the case in Example 2.68.
Next, by means of the widely orthogonal projector functions, on each regular-
ity interval, we apply the basic decoupling (see Subsection 2.4.2, Theorem 2.30)
of a regular DAE into the IERODE (2.51) and the subsystem (2.62). In order to
safely obtain coefficients that are continuous on the entire interval Z, we multiply
the IERODE (2.51) by @, the first row of (2.62) by o)/, the second by wﬁ‘l, and so
on up to the last line which we multiply by @,,. With regard to assumption (2.132)
and relation (2.133), the expressions a)uG;' and @, KC, wy M4 (cf. (2.54), (2.55))
are continuous on Z, and so are all the coefficients of the subsystem resulting from
(2.62). Instead of the IERODE (2.51) we are now confronted with the equation

@y’ — @y (DITy D™ ) u+ DIy Gy ByD u=DIT, 1GeHg,  (2.134)

which is rather a scalarly implicit inherent ODE or an inherent explicit singular
ODE (IESODE). As is proved for regular DAEs by Theorem 2.30, the equivalence
of the DAE and the system decoupled in this way is given. We refer to [194, Sub-
section 4.2.2] for a detailed description in a slightly different way. Here we take a
look at the simplest lower index cases only.

The case u = 1 corresponds to the solution decomposition x = D™ u + Qgpx, the
inherent ODE
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o1 — o R'u+DG'B\D~u= DG, (2.135)

and the subsystem
©1Qox = —00G ' BI D u+ 09G4 (2.136)

For u = 2, we apply the solution decomposition x = D~ u + IlyQ1x + Qopx. The
inherent ODE reads

i — @p (DI, D™ ) u+ DI, G3 BiD™u = DIT,G4% 4, (2.137)

and we have to add the subsystem

wonwleD(DHOle)'} { 3 Qox ]
2.138
0 T @ 0101x (2.138)
Qo PyanKIT) Du— Qoszngéj
I Q1 0 K11y Hleng"

A careful inspection of our examples proves that these formulas comprise a worst
case scenario. For instance, in Example 2.68, not only is DIT; ngj B D~ continuous
but already DI, G, 'B\D~ can be extended continuously. However, as in Exam-
ple 2.66, the worst case can well happen.

Proposition 2.76. Let the DAE (2.1) have an almost proper leading term, and
DD* be continuously differentiable. Let the set of regular points L., be dense
in I. If the projector functions I1,...,II, | associated with the widely orthogo-
nal projector functions have continuous extensions on the entire interval I, and
DILD™,...,DII,_ 1D~ are continuously differentiable, then the following holds
true:

(1) The DAE has on 1., uniform characteristics ro < -+ <ry_| <ry =m.
(2) If Gu(t.) is nonsingular at the critical point t., then the widely orthogonal

projector functions Qo,...,Qu 1 themselves have continuous extensions over
t.. If the coefficients A, D, and B are sufficiently smooth, then t, is a harmless
critical point.

(3)  If Gy(t.) is nonsingular at the critical point t., then Gy_1(t) has necessarily
constant rank ry 1 on a neighborhood including t..

(4)  Ifthe DAE has index 1 on L., then its critical points fail to be harmless.

(5) A critical point of type B leads necessarily to a singular Gy, and hence it can
never been harmless.

Proof. Assertion (1) is already verified. Assertion (2) follows immediately by mak-
ing use of the decoupling. If A, D, B are smooth, then the coefficients of the subsys-
tem (2.62) are also sufficiently smooth, and allow for the respective solutions.

Turn to (3). Owing to (2), Oy is continuous, and rankQy_1(tx) = m —ry_1,
Gu—1(t:)Qu-1(t,) = 0 are valid, thus rank G, (t.) < ry—1. The existence of a
zekerGy_1(t), Pu—1(t.)z =z # 0, would imply G, (+)z = 0, and hence would
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contradict the nonsingularity of Gy _1(t.).
(4) is a direct consequence of (3).
For proving Assertion (5) we remember the relation

I (1) Qj(t) = I (1) Qi (1) ITj -1 (1), 1 € Lreg.

These relations remain valid for the continuous extensions, that is, for t € Z. Con-
sider a type k — B critical point 7., and a nontrivial z € N (t,) N (No(t.) + -+ +
Nyu—1(t)), which means Gy(t,)z = 0, IT_; (t.)z = 0. This yields

12 = Gut e+ )T 01
4o+ By (6 )y o (8) Quei1 (8:) 1 (1) 2 = 0,

and hence, Gy, (t,) is singular. O

2.10 Strangeness versus tractability

2.10.1 Canonical forms

Among the traditional goals of the theory of linear time-varying DAEs are appro-
priate generalizations of the Weierstral—Kronecker canonical form and equivalence
transformations into these canonical forms. So far, except for the T-canonical form
which applies to both standard form DAEs and DAEs with properly stated leading
term (cf. Subsection 2.8), reduction to canonical forms is developed for standard
form DAEs (e.g. [39], [25], [127]).

While equivalence transformations for DAEs with properly stated leading term in-
clude transformations K of the unknown, scalings L and refactorizations H of the
leading term (cf. Section 2.3), equivalence transformations for standard form DAEs
combine only the transformations K of the unknowns and the scalings L.
Transforming the unknown function by x = K¥ and scaling the standard form DAE
(2.112) by L yields the equivalent DAE

LEKZ +(LFK+LEK %= Lg.
LEKY + (LFK+LEK') X =Lq
fa

Therefore the transformation matrix functions K must be continuously differen-
tiable.

In the remaining part of this subsection we use the letters K and H also for special
entries in the matrix functions describing the coefficients of the canonical forms
below. No confusion will arise from this.

Definition 2.77. The structured DAE with continuous coefficients
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L1 K| ,, (WO|
[ 0 N] X + {H IJ x=gq, (2.139)

0 <1 <m,is said to be in

(1)  standard canonical form (SCF), it H=0, K =0, and N is strictly upper tri-
angular,

(2)  strong standard canonical form (SSCF), if H =0, K =0, and N is a constant,
strictly upper triangular matrix,

(3)  S-canonical form,if H=0,K =[0K ...Ky], and

ONip -+ Nig M

N = ,
'_' NK_I,’K‘ }lK'*l
0o |k
is strictly upper block triangular with full row rank entries N; 41, i = 1,...,
K—1,
(4) T-canonical form, if K =0 and N is strictly upper block triangular with full
column rank entries N;j1, i=1,...,k—1.

In the case of time-invariant coefficients, these four canonical forms are obviously
equivalent. However, this is no longer true for time-varying coefficients.

The matrix function N is nilpotent in all four canonical forms, and N has uniform
nilpotency index x in (3) and (4). N and all its powers N* have constant rank in (2),
(3) and (4). In contrast, in (1), the nilpotency index and the rank of N may vary with
time. The S-canonical form is associated with DAEs with regular strangeness index
¢ =K —1 (cf. [127]), while the T-canonical form is associated with regular DAEs
with tractability index u = x (cf. Subsection 2.8). The classification into SCF and
SSCF goes back to [39] (cf. also [25]). We treat DAEs being transformable into SCF
as quasi-regular DAEs in Chapter 9. Here we concentrate on the S-canonical form.
We prove that each DAE being transformable into S-canonical form is regular with
tractability index U = k, and hence, each DAE with well-defined regular strangeness
index { is a regular DAE with tractability index u = § + 1. All the above canonical
forms are given in standard form. For the T-canonical form, a version with properly
stated leading term is straightforward (cf. Definition 2.64).

The strangeness index concept applies to standard form DAEs (2.112) with suffi-
ciently smooth coefficients. A reader who is not familiar with this concept will find
a short introduction in the next subsection. For the moment, we interpret DAEs with
regular strangeness index as those being transformable into S-canonical form. This
is justified by an equivalence result of [127], which is reflected by Theorem 2.78
below.

The regular strangeness index ¢ is supported by a sequence of characteristic
values 7;,a;,5;, i =0,...,{, which are associated with constant-rank conditions for
matrix functions, and which describe the detailed size of the S-canonical form. By
definition, s = 0 (cf. Subsection 2.10.2). These characteristic values are invariant
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with respect to the equivalence transformations, however, they are not independent
of each other.

Theorem 2.78. Each DAE (2.112) with smooth coefficients, well-defined strange-
ness index { and characteristic values 7;,a;,s;, i =0,...,{, is equivalent to a DAE
in S-canonical formwithk ={+1,1=L+---+L, m—1= re, and

h<-<lg, h=382=3c_1,0b=353,....lk_1 =350, lx =50+ ao.

Proof. This assertion comprises the regular case of [127, Theorem 12] which con-
siders more general equations having also underdetermined parts (indicated by non-
trivial further characteristic values ;). a

By the next assertion, which represents the main result of this subsection, we
prove each DAE with regular strangeness index { to be at the same time a regu-
lar DAE with tractability index y = § + 1. Therefore, the tractability index concept
applies at least to the entire class of DAEs which are accessible by the strangeness
index concept. Both concepts are associated with characteristic values being invari-
ant under equivalence transformations, and, of course, we would like to know how
these characteristic values are related to each other. In particular, the question arises
whether the constant-rank conditions supporting the strangeness index coincide with
the constant-rank conditions supporting the tractability index.

Theorem 2.79. (1) Let the standard form DAE (2.112) have smooth coefficients,
regular strangeness index { and characteristic values ¥, d;, $;
i=0,...,8. Then this DAE is regular with tractability index 4 = { + 1 and
associated characteristic values

}"0:707 rj:m_jj_l, ]:177“'

(2) Each DAE in S-canonical form with smooth coefficients can be transformed
into T-canonical form with H = (.

Proof. (1) We prove the assertion by constructing a matrix function sequence and
admissible projector functions associated with the tractability index framework for
the resulting S-canonical form described by Theorem 2.78.

The matrix function N within the S-canonical form has constant rank [ — /.. Ex-
ploiting the structure of N we compose a projector function Q([)N] onto ker N, which
is upper block triangular, too. Then we set

(V]
I, 1 K I, K
Py = "z) ! P%,’] , suchthat kerPy=ker [ mO ! N} )

Py is a projector function. The DAE coefficients are supposed to be smooth enough
so that Py is continuously differentiable. Then we can turn to the following properly
stated version of the S-canonical form:
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In-1 K ;o wol (b K] L,
[ OIN:| (Pox) +(|:0 IJ _[ OIN} Py )x=gq. (2.140)

V]

)
0 1, —N@EMY

The product NP(gN], is again strictly upper block triangular, and I; — N (ng] )’ is non-
singular. Scaling the DAE by

L1 0
0 (h—NEM!
yields

1 V]
[1,,,01 1\14(0 ] (Poe) + [W _KIIQO }x:q. (2.141)

The matrix function My has the same structure as N, and ker M, = kerN. For the
subsystem corresponding to the second line of (2.141)

Mo(PV) +v = qn.

(V]
,l 9
Jj=0,...,k, and admissible projector functions ng], e Qgivjl such that this sub-

Proposition B.2 in Appendix B provides a matrix function sequence G

system is a regular DAE with tractability index /.L[N ] = x and characteristic values

(V]

Moo, =0 k-1, V=1

Now we compose a matrix function sequence and admissible projector functions
for the DAE (2.141). We begin with D = D~ = R = Py, and build successively for
i=0,...,x

L, = 0 x* L, * W x
Gi= 0 G[[N]a Qi= OQl[N]7 II; = 0 Hi[zv}7 Bi= OBI[N].

The coefficients are supposed to be smooth enough so that the I; are continuously
differentiable. It follows that the matrix functions G; have constant ranks

N

(V]

ri=m—Il+r; '=m—I+l—Ilx_j=m—1Ilc;, i=0,.... k=1, e=m—Il4+r," =m.
This confirms that the DAE is regular with tractability index u = k. Applying
again Theorem 2.78, we express ri =m —l_; = §;—1 fori=1,...,k — 1, further
ro =m— (8o +do) = Fo, and this completes the proof of (1).

(2) This is a consequence of assertion (1), and the fact that each regular DAE with
tractability index U can be transformed into T-canonical form (with ¥ = u, cf. The-
orem 2.65). a
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2.10.2 Strangeness reduction

The original strangeness index concept is a special reduction technique for standard
form DAEs (2.112)

E(t)X (1) + F(0)x(t) = q(0)

with sufficiently smooth coefficients on a compact interval Z. We repeat the ba-
sic reduction step from [127]. For more details and a comprehensive discussion of
reduction techniques we refer to [130] and [189].

As mentioned before, the strangeness index is supported by several constant-rank
conditions. In particular, the matrix E in (2.112) is assumed to have constant rank 7.
This allows us to construct continuous injective matrix functions 7', Z, and T such
that

im7T =kerE, im7T = (kerE)*, imZ= (imE)*.

The columns of T, T, and Z are basis functions of the corresponding subspaces.
Supposing Z*FT to have constant rank @, we find a continuous injective matrix
function V such that

imV = (imZ*FT)"*.

If, additionally, V*Z*FT has constant rank §, then one can construct pointwise non-
singular matrix functions K and L, such that the transformation x = K¥, and scaling
the DAE (2.112) by L leads to

I; 0F,0 1?1,4 1?1,5
1; 0 0 0Fy4 Fs
0 ¥+10 0 I; 0 0 | x=Lg, (2.142)
0 s 0 0 0
0 0 0 0 0

]

o O

with d := 7 —3.

The system (2.142) consists of m = §+ d+a+s+i equations, 4 :=m—7—a—3.
The construction of K and L involves three smooth factorizations of matrix functions
and the solution of a classical linear IVP (see [130]).

The fourth equation in (2.142) is simply ¥; = (Lg)4, which gives rise to replacement
of the derivative ¥| in the first line by (Lg)/,. Doing so we attain the new DAE

0 0F,0 1?1,4 1?1,5 (Lq)y
I; 00 0khybs 0
0 |¥+|0 0L 0 0|x=1g—] 0 |, (2.143)
0 IL 00O 0O O 0
0 000O0 O 0
Ene‘w F‘rll"l«V

which is expected to have a lower index since the mentioned differentiation of ¥ is
carried out analytically.



2.10 Strangeness versus tractability 165
This reduction step is supported by the three rank conditions
rankE =7, rankZ*FT =a, rankV*Z*FT =3. (2.144)

The following proposition guarantees these constant-rank conditions to be valid, if
the DAE under consideration is regular in the tractability sense.

Proposition 2.80. Let the DAE (2.112) be regular with tractability index | and
characteristic values ro < -+ < ry 1 < ry. Then the constant-rank conditions
(2.144) are valid,

r=ry, a=ry—ro, S=m-—ry,

so that the reduction step is feasible.

Proof. We choose symmetric projector functions Wy, Qp and W, and verify the
relations

rank Z*BT =rank WyBQy = r| —rg, rankV*Z*FT =rankW\B=m —r.
O

The reduction from {E,F} to {Esew,Frew} can be repeated as long as the
constant-rank conditions are given. This leads to an iterative reduction procedure.
One starts with {Ey, Fy }:={E, F } and forms, for each i > 0, a new pair {E;;1,Fi+1}
to {E;, F;}. This works as long as the three constant-rank conditions

7 =rankE;, a =rankZ FT;, §; =rankV;'Z FT, (2.145)

hold true.
The strangeness index § € NU{0} is defined to be

§:=min{i e NU{0}:5 =0}.

The strangeness index is the minimal index such that the so-called strangeness dis-
appears. { is named the regular strangeness index, if there are no so-called under-
determined parts during the iteration such that #; = 0 and 7; 4+ a; + §; = m for all
i=0,..C¢.

The values 7;, a;, §;, i > 0, and several additional ones, are called characteristic
values associated with the strangeness index concept.

If the original DAE (2.112) has regular strangeness index {, then the reduction
procedure ends up with the DAE

Ido = 00 z_ =
{0 0] x*[oza] =49,

with d :d_g, a=dg.

Remark 2.81. Turn for a moment back to time-invariant DAEs and constant matrix
pairs. If the matrix pair {E, F } is regular with Kronecker index u (which is the same
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as the tractability index u), and characteristic values ro < -+ <ry | <ry = m,
then this pair has the regular strangeness index { = u — 1. The characteristic values
associated with the strangeness index can then be obtained from the rg,...,ry by
means of the formulas

i
FF=m— Z(m—rj),
j=0

a = Zl:(m—rj)—(m—ml),

j=0

S§=m—ri, i=0,...0.

The same relations apply to DAEs with time-varying coefficients, too (cf. [139]).

2.10.3 Projector based reduction

Although linear regular higher index DAEs are well understood, they are not acces-
sible to direct numerical integration as pointed out in Chapter 8. Especially for this
reason, different kinds of index reduction have their meaning.
We formulate a reduction step for the DAE (2.44) with properly stated leading term,
ie.,

A(Dx)' +Bx =g,

by applying the projector function W, associated with the first terms of the matrix
function sequence. W projects along im G| = im G @ imWyBQ, and, because of
imA C im Gy C im G, multiplication of the DAE by W) leads to the derivative-free
equations

WiBx =Wq. (2.146)

We emphasize that these equations are just a part of the derivative-free equations,
except for the case YWy = W, which is given in Hessenberg systems, and in Exam-
ple 2.82 below. The complete set is described by

WoBx = Woq. (2.147)

We suppose the matrix function ¥V, to have constant rank m — ry, which is at least
ensured in regular DAEs. For regular DAEs the subspace

S1 =kerW;B

is known to have dimension ry.
Introduce a continuous reflexive generalized inverse (W;B)~, and put

Z] =1 (W1B)_WlB.
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Z, is a continuous projector function onto S;. Because of W BQy = 0 the following
properties hold true:

2100 = Qo
DZ, =DZ,Py=DZ,D" D
DZ,D~ =DZ,D " DZ,D~
imDZ; D™ =imDZ; = DS = DS).
DZ, D™ is a priori a continuous projector function. Assuming the DAE coefficients

to be sufficiently smooth, it becomes continuously differentiable, and we do so. In
consequence, for each function x € C}(Z,R™) it follows that

DZix=DZ,D Dx e C(Z,R"), D(I—Zi)x=Dx—DZxeC (Z,R"),
which allows us to write the DAE as
A(DZx) +A(D(I - Z))x) +Bx = q. (2.148)

Equation (2.146) is consistent, since, for reasons of dimensions, imW;B = imW).
It follows that
(I—=Z))x=(WiB) Wiq. (2.149)

This allows us to remove the derivative (D(I —Z;)x)" from the DAE, and to replace
it by the exact solution part derived from (2.146). The resulting new DAE
A(DZ1x)' +Bx = q—A(D(W1B) Wiq)'

has no properly stated lading term. This is why we express A(DZix) =
A{DZ,D~ (DZix)' + (DZ1D~)'DZ;x}, and turn to the new DAE with a properly
stated leading term

ADZ,D™(DZ; x)' + (A(DZ,D™)'DZ, + B)x = g —A(DOW,B) " Wiq)'  (2.150)
—_——

Anew Dpew Bpew

which has the same solutions as the original DAE (2.44) has, and which is expected
to have a lower index (cf. [138]).

Example 2.82 (Index reduction step). We reconsider the DAE (2.10) from Exam-
ple 2.4,

010 000 / 1
0—1 ( 010 x(t)) + |0
001 0
A(r) D B(r)

where an admissible matrix function sequence for this DAE is generated. This DAE
is regular with tractability index 3. Now compute
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000 0
Wi=[000], WiB(t) = |0
001 0

Since W B is already a projector function, we can set (W;B)~ = W, B. This implies

100 000
Zi=1010[, D@z (r)=1]010],
0r0 00

and finally the special DAE (2.150)

010 000 100 q1(t)
000 ( 010 x(t))+ 01 0|x(t)=|q20)—g5(r)|, t€eR,
000 070 0—r1 q3(1)
—— ——
Anew (t> Dnew (t) Bnew(t)
which is indeed regular with tractability index 2. O

For the special choice (W)B)~ = (W;B)™, the resulting Z; is the orthoprojector
function onto Sj. This version is the counterpart to the strangeness reduction step
from Subsection 2.10.2.

At first glance it seems to be somewhat arbitrary to figure out just the equations
(2.146) for reduction. However, after the explanations below it will be seen as a nice
option.

An analogous reduction step can be arranged by choosing the complete set of
derivative-free equations (2.147) as a candidate. For regular DAEs, the subspace
kerWyB = Sy has dimension rgp, and we again obtain consistency, as well as the
projector Zy := I — (WpB)~ Wy B onto Sy. From (2.147) it follows that

(I—Zp)x= WoB)" Wog.

Now we need a smoother solution x to be able to differentiate this expression. To
be more transparent we assume at least D and Z, as well as the solution x, to be
continuously differentiable, and turn to the standard form

/ /
éEQ/x —|—(B—FAD)x:q.
Here we express
X' = (Zox) + (WoB) Woq)' = Zox' + Zyx + (WoB) Woq)',
such that we arrive at the new DAE

EZox +(F +EZ))x = q—E((WoB) Woq)'. (2.151)
~ ——

EﬂL’W Ezew
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This kind of reduction is in essence the procedure described in [189]. The descrip-
tion in [189] concentrates on the coefficient pairs, and one turns to a condensed
version of the pair {EZy, (I — W) (F + EZ})}.

In the following we do not provide a precise proof of the index reduction, but ex-
plain the idea behind it. Assume the DAE (2.44) to be regular with tractability index
U and characteristic values ro < --- <ry_1 = ry = m, and take a further look to the
completely decoupled version consisting of the IERODE (2.51) and the subsystem
(cf. (2.63))

N (Dv) +Mv = Lq. (2.152)
This subsystem comprises the inherent differentiations. It reads in detail
OMNo1 -+ Nopu—i r 0
. : (DHlex)’
0 ' . (2.153)
- Nu—Z.u—l :
0 | (DITy—>0p-1x)'
[ Moy Moy Qo Log
I . : I Q1 x Liq
+ . = .
. M;,L72./.171 . .
I Huszuflx Euflq

We see that if we replace the derivative term (DIT,_»Q,—1x)’ by its exact solution
part (DL, _1q)" we arrive at the system

0 I Mo Mo
s u—1
(DITHQ:x) , . HQOX
I . : bQ1x
Naew : + : (2.154)
DIT, 30, 2x) My :
P 3()Q# Y I Il 2Qu-1x

ﬁﬁ,zq —/\/’ufz,ufl (ﬁuflqy
Lu-1q9

While the matrix function N has nilpotency index g, the new matrix function
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ON(),] No,u,2 0

0o . : 0

j\/new = N/J73,y72 0
0 0

0

has nilpotency index p — 1 (cf. Proposition 2.29). That means, replacing the deriva-
tive (DIT,_>Qy—1x)" by the true solution term reduces the index by one. Clearly, re-
placing further derivatives and successively solving the subsystem for (/ —IT, 1 )x =
Qox+I1yQx+- -+ 11, 20y 1xreduces the index up to one. We keep in mind that,
replacing at least the derivative (DIT,_>Qy—1x)" reduces the index by at least one.
However, in practice, we are not given the decoupled system. How can we otherwise
make sure that this derivative is replaced?

Consider for a moment the equation

Wy 1Bx=Wy 1q (2.155)

that is also a part of the derivative-free equations of our DAE. Since the subspace
Su—1=kerW,,_ has dimension r;_1, the matrix function W, _ B has constant rank
m — ry—1, and equation (2.155) is consistent, we obtain with Z, ;| :=
I— (W”,lB)’W,JqB a continuous projector function onto Sy 1, and it follows
that

(I =Zy1)x=Wu1B) Wy-14.

Since we use completely decoupling projector functions Qy, ..., Oy 1, we know that
II, >0, 1 is the projector function onto im I, »Q 1 along S, ;. Therefore, with
I—Z, yand I, »Q, 1 we have two projector functions along Sy, 1. This yields

1-Zy v =(I-Zy 1)y 20u—1, My2Qu-1=My20u1(I—Zyu1),

and therefore, by replacing (D(I — Zy,_1)x) we replace at the same time

(DII;»Qy—1x)". This means that turning from the original DAE (2.44) to
ADZy D~ (DZy 1x)' + (A(DZy 1D~ )'DZy_1+B)x = g—A(D(Wy_1B) Wy_1q)’

indeed reduces the index by one. However, the use of Z, | is rather a theoreti-
cal option, since W, | is not easy to obtain. The point is that working instead
with (2.146) and Z; as described above, and differentiating the extra components
D(I —Zy)x, includes the differentiation of the component D(I — Z;,_1)x as part of
it. In this way, the reduction step from (2.44) to (2.150) seems to be a reasonable
compromise from both theoretical and practical viewpoints.

At this point we emphasize that there are various possibilities to compose special
reduction techniques.
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2.11 Generalized solutions

We continue to consider linear DAEs
A(t)(D(t)x(t)) +B(t)x(t) = q(t), teT, (2.156)

with coefficients A € C(Z,L(R",R™)), D€ C(Z,L(R™,R")), B€ C(Z,L(R™)).Z C
R denotes an interval. Here we focus on IVPs. Let 1y € Z be fixed. We state the
initial condition in the form

Cx(fy) =z, (2.157)

by means of a matrix C € L(R™,R?) which satisfies the condition
C =CD(ty) Dlty), (2.158)

and which is further specified below (cf. Theorem 2.52) where appropriate.

A classical solution of the IVP (2.156), (2.157) is a continuous function x which
possesses a continuously differentiable component Dx and satisfies the initial con-
dition as well as pointwise the DAE. Excitations corresponding to classical solutions
are at least continuous.

2.11.1 Measurable solutions

A straightforward generalization is now to turn to measurable solution functions
x such that the part Dx is absolutely continuous, the initial condition makes sense
owing to condition (2.158), and the DAE is satisfied for almost every # € Z. The
corresponding right-hand sides ¢ are also measurable functions.

DAEs with excitations ¢ € Ly(Z,R™) result, e.g., from Galerkin approximations
of PDAEs (cf. [207], [203]). Furthermore, in optimization problems one usually
applies measurable control functions.

We point out that regularity of the DAE, its characteristic values and the tractabil-
ity index are determined from the coefficient functions A, D and B alone. Also the
decoupling procedure is given in terms of these coefficient functions. Therefore,
the regularity notion, the tractability index, characteristic values and the decoupling
procedure retain their meaning also if we change the nature of the solutions and
excitations.

We use the function space
H)(Z,R™) ;= {x € L,(Z,R™) : Dx € H'(Z,R")}

to accommodate the generalized solutions. For x € H),(Z,R™) the resulting defect
g = A(Dx)" + Bx belongs to Lp(Z,R™). Conversely, given an excitation
q € Lr(Z,IR™), it seems to make sense if we ask for IVP solutions from H},(Z,R™).
The following proposition is a counterpart of Proposition 2.50. Roughly speaking,
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in higher index cases, excitations are directed to the inherent regular ODE and the
nullspace component only, which is ensured by means of the filtering projector
GuPr--Py1G,'.

Proposition 2.83. Let the DAE (2.156) be fine with tractability index W and char-
acteristic values 0 <rg < --- <ry_1 <ry=m Put d = m—Z?Zl(m— rj_l),
Let Qo,...,Qu—1 be completely decoupling projectors. Set Vi :=1 and V, =
GuPi--- Py Gyl if > 1

Let the matrix C in the initial condition 2.157 have the property kerC = Nogn (o).
Then, for every z € imC and q = Vyp, p € Lo(Z,R™), the IVP (2.156), (2.157) has
exactly one solution x € H),(Z,R™).

If, additionally, the component QP - - ~P,1_1Gﬁ1q = QoP; - -Pu_lGljlp is continu-
ous, then the solution x is continuous.

Proof. We refer to Section 2.6 for details. Applying the decoupling and regarding
condition g = Vy; p, we arrive at the inherent regular ODE

U — (DI eqnD ™) tt+ DGy ' BD ™t = DI1enG), ' p (2.159)
and the solution expression
x=D"u+QoP--Py1G,'p. (2.160)
The initial value problem for (2.159) with the initial condition
u(to) = D(to)C" z

has (cf. [79, pp. 166-167]) a continuous solution « with «’ in L,(Z,R"), and which
satisfies the ODE for almost all ¢. Then, by (2.160), x is in H, ll) (Z,R™), and the initial
condition (2.157) is fulfilled:

Cx(ty) = CD(ty) u(to) = CD(to) D(tp)C z=CC z=z.

The second part of the assertion follows from the solution representation (2.160).
(|

If the tractability index equals 1, then V| = [ is valid, and hence the operator
L:H)(Z,R™) — Ly(Z,R™), Lx:=A(Dx)'+Bx,

is surjective. The corresponding IVP operator L is then a bijection.

If the DAE (2.156) is regular with tractability index 2, then by means of com-
pletely decoupling projectors we obtain the solution expression

x=D u+I1HQ1G;' g+ QoPIG; ' g+ Q001D (DITH01G, 'q),

where u satisfies
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W' — (DILD™)'u+DIL G, 'BD u = DIT;G,'q, u(to) = D(1)C "z,

for the IVP (2.156), (2.157). In this way, the excitation ¢ is supposed to be from the
function space

{q € Ly(Z,R™): DITHQ:1 G, 'q € H'(Z,R")}.

Because of V, = G2P1G, I and DITyO\G;, 1V2 = 0, the excitation ¢ = Vop in the
above proposition belongs to this space for trivial reasons.

Dealing with piecewise smooth excitations ¢, the solution expression shows how
jumps are passed onto the solution.

We refer to Chapter 12 for a discussion of abstract differential equations, which also
includes related results.

In all the above cases, suitably posed initial conditions play their role. If one replaces
the initial condition (2.157) by the condition x(#y) = xo we used to apply for regular
ODEs, and which makes sense only for solutions being continuous, then the value xg
must be consistent. Otherwise solvability is lost. As discussed in Subsection 2.6.2,
a consistent value depends on the excitation.

2.11.2 Distributional solutions

The theory of distributional solutions allows us to elude the problem with incon-
sistent initial values and to consider discontinuous excitations g. We briefly address
DAESs having C*-coefficients and a distributional excitation. For facts on general-
ized functions we refer to [201], [215].

Let © denote the space of functions from C*(Z,R) with compact support in Z,
and ©’ its dual space. The elements of D’ are said to be generalized functions or
distributions. Denote by (-, -) the dual pairing between D’ and D.

Fory € [D]* and ¢ € [D]%, k € N, we define

k

3.0):=Y (v, 95

=1
For a matrix function M € C*(Z,L(RF,R")), I,k € N, and y € [D']* we define the
product My € [®']! by

(My,p) = (y,M*p), Voe[D].

This product is well defined since M* ¢ belongs to [@]k . For this, the C** property of
M is crucial.
Any distribution y € [D']* possesses the distributional derivative y’ € [D']* defined
by means of

O, 0)=—0.¢), YoeDF
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The product rule (My)' = M’y + My is valid.

Now we are prepared to consider distributional solutions of the given DAE
(2.156) supposing its coefficient functions A,D,B have all entries belonging to
C*(Z,R).

Given a distributional excitation ¢ € [D']"™, a distribution x € [D’]" is said to be a
distributional solution of the (generalized) DAE (2.156) if

(A(Dx)'+Bx,0) = (q,9), Vo <€[D]", (2.161)
or, equivalently,
(x,~D"(A*9)'+B"9) = (¢,9), Vo€ [D]" (2.162)

Since the entries of A,D,B belong to C*(Z,R), for regular DAESs, all admissible
matrix functions and admissible projector functions have those entries, too. And
hence the decoupling procedure described in Section 2.4 keeps its value also for the
distributional solution. Every regular DAE possesses distributional solutions.

2.12 Notes and references

(1) For constant coefficient DAEs
EX (t)+Fx(t) = (1), (2.163)

the Kronecker index and regularity are well defined via the properties of the matrix
pencil {E,F}, and these characteristics are of particular importance in view of an
appropriate numerical treatment. From about 1970, challenged by circuit simulation
problems, numerical analysts and experts in circuit simulation begun to devote much
work to the numerical integration of larger systems of implicit ODEs and DAEs
(e.g., [86], [64], [202], [89]). In particular, linear variable coefficient DAEs

E)X (1) + F()x(t) = q(r) (2.164)

were tackled by the implicit Euler method
_ 1, _ _ B
E(t) 7 (= %i-1) + F(0)% = (1)

Obviously, for the method to be just feasible, the matrix +E(t;) + F(;) must be
nonsingular, but this can be guaranteed for all steps # and all sufficiently small
stepsizes h, if one requires the so-called local matrix pencils {E(t),F(t)} to be
regular on the given interval (we mention at this point, that feasibility is by far not
sufficient for a numerical integration method to work well). However, it was already
discovered in [84] that the local pencils are not at all relevant characteristics of more
general DAEs. Except for regular index-1 DAESs, local matrix pencils may change
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their index and lose their regularity under smooth regular transformations of the
variables. That means that the local matrix pencils {E(¢), F(¢)} of the DAE

E(t)X (1) +F(t)x(t) =q(t), te€Z, (2.165)

which result from transforming %(¢) = K (#)x(¢) in the DAE (2.164), with a pointwise
nonsingular continuously differentiable matrix function K, may have completely
different characteristics from the local pencils {E(¢), F(¢) }. Nevertheless, the DAEs
are equivalent, and hence, the local matrix pencils are irrelevant for determining the
characteristics of a DAE. The coefficients of equivalent DAEs (2.164) and (2.165)
are related by the formulas E(t) = E(t)K(t), F(t) = F(1)K(t) + E(¢)K'(t), which
gives the impression that one can manipulate the resulting local pencil almost arbi-
trarily by choosing different transforms K.

In DAEs of the form

A@6)(D()x(1))' + B(1)x(t) = 4(t), (2.166)
the transformation %(¢) = K (¢)x(¢) leads to the equivalent DAE
A(t)(D(1)x(t)) +B(t)x(t) = q(1). (2.167)

The coefficients are related by A(r) = A(t), D(t) = D(t)K(t) and B(t) =
B(t)K(t), and the local pencils {A(t)D(t),B(t)} and {A(t)D(t),B(t)} =
{A(t)D(t)K(t),B(t)K(t)} are now equivalent. However, we do not consider this
to justify the local pencils of the DAE (2.167) as relevant carriers of DAE essen-
tials. For the DAE (2.167), also so-called refactorizations of the leading term yield
equivalent DAEs, and any serious concept incorporates this fact. For instance, in-
serting (Dx)' = (DD Dx)' = D(D"Dx)’ 4+ D'D™ Dx does not really change the DAE
(2.167), howeyver, the local matrix pencils may change their nature as the following
example demonstrates. This rules out the local pencils again. The DAE

010 000 , 100
oot|(fo1o0 x(t)) +10 1 0| x(t)=q(r), t€R, (2.168)
000 0—r1 0—r1
A D(1) B(1)
has the local pencil {AD(t) } which is regular with index 3. However, deriving
000 000 , 000
(B()x(1)) = (D(r) |01 0 —p)(lot1o x(t)) +D@) [010|x()
001 001 001

yields the equivalent DAE
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010] [000 100
0-r1 ( 010 x(t)) +10 0 0|x(t)=q(t), teR, (2.169)
000 |oo1 011
—_—— ——— —_———
Al D B()

the local matrix pencils {A(z)D,B(t)} = {E(t),F(¢)} of which are singular for all
teR.

We see, aiming for the characterization of a variable coefficient DAE, that it does not
make sense to check regularity and index of the local pencils, neither for standard
form DAESs nor for DAEs with properly stated leading term.

(2) Although in applications one commonly already has DAEs with proper lead-
ing term or standard form DAEs (2.165) the leading coefficient E of which has
constant rank, there might be a different view of the constant-rank requirement for
E seeing it as a drawback. In the early work on DAEs (cf. [39, 25]), the standard
canonical form (SCF) of a DAE plays its role. By definition, the DAE (2.165) is in
SCEF, if it is in the form

{(I) N(()t)] X (1) + [Wét) (,)] x(t) = q(1), (2.170)

where N(¢) is strictly lower (or upper) triangular. We emphasize that N(z), and con-
sequently E(z), need not have constant rank on the given interval. Supposing the
excitation ¢ and the matrix function N are sufficiently smooth, this DAE has contin-
uously differentiable solutions, and the flow does not show critical behavior.

In contrast, in our analysis, several constant-rank conditions play their role, in
particular, each rank-changing point of A(#)D(¢) or E(t) is considered as a critical
point, that is, as a candidate for a point where something extraordinary with the
solutions may happen. We motivate this opinion by Examples 2.69-2.71, among
them also DAEs in SCF.

(3) The ambition to allow for matrix coefficients E with variable rank in a more
general DAE theory is closely related to the SCF as well as to the derivative array
approach (cf. [41]).

Given a DAE (2.165) with m = k and coefficients E,F € C*"(Z,L(R™)), one con-
siders the derivative array system (also, the prolongated or expanded system)

E(1) 0 . .. 0 x! F(t) q(t)
E't)+F@)E(t) 0 .. . x? F'(t) q(t)
* x E() . =— x4+ ,
e ) Esl B V) B PR
Tk (t)
(2.171)

which results from (2.165) by formally differentiating this equation k times, collect-
ing all these equations, and replacing the derivative values x(/) (t) by jet variables x/.
The (k4 1)m X (K + 1)m matrix function Jy is said to be smoothly I-full on T ([25,
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Definition 2.4.7]), if there is a smooth nonsingular matrix function R such that

raoso=[5 4]

If Ji is smoothly 1-full, then an explicit vector field can be extracted from the
derivative array system (2.171), say

xl=Clt)x+ f D;(t)g"(r).
j=0

The solution set of the DAE (2.165) is embedded into the solution set of the explicit
ODE

Xy =Cnxn)+ ) Di(t)gY (1), (2.172)

which is called a completion ODE associated with the DAE, often also the underly-
ing ODE.

In this context, one speaks (cf. [25, 41]) about solvable systems (2.165), if for every
g € C™(Z,R™) there exists at least one solution x € C'(Z,R™), which is uniquely
determined by its value at any ¢ € Z. Any DAE that is transformable into SCF is
solvable in this sense. For every such solvable system, there is an index k¥ < m such
that the derivative array matrix function [Jy has constant rank and is smoothly 1-full.
The reverse statement is true under additional assumptions (cf. [25, 41]).

If N in the SCF (2.170) is the zero matrix, then the leading coefficient of this
DAE has constant rank. Correspondingly, if the matrix function 7; has constant
rank and is smoothly 1-full on Z, then E has constant rank. Namely, we have here

E 0 10
R$74?+FE]kK}

The block K has constant rank since 7; has. Now, E has constant rank because of

*le = k]

It becomes clear that the leading coefficient E of a solvable system (2.165) may
undergo rank changes only in so-called higher index cases, that is, if k¥ > 2 is the
lowest index such that J has constant rank and is smoothly 1-full.

To illustrate what is going on we revisit the simple SCF-DAE

0al , [10] _
ool Tlo1|*74

given on the interval Z = [—1, 1]. The function o is a strictly positive on (0, 1] and
vanishes identically on [—1,0]. Suppose ¢ to be four times continuously differen-
tiable. Notice that, in contrast, in Example 2.70 we only need continuous o. We
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form the derivative array functions

00 0 00

0000 000 0 00
0000 10 a 00
IT=lwoal” 2010 0 00
0100 0oa"1d"+a" 0«
000 1 00

These matrix functions have constant-rank two, respectively four. Multiplication by
the smooth nonsingular matrix functions

001 —a' 0 —«

001 —a 000 1 00

000 1 100 —a¢ 0 0
Ri=1100-al” ®={010 0 0 0
010 0 000—-a"1 0

000 0 O 1

yields

100 0 00

100« 010 0 00
0100 000 0 00
Ridi=15000]" *%2= 000 0 00
0000 00la'+0"0a

000 1 00

The derivative array function J, is smoothly 1-full on the entire interval
Z = [—1,1] independently of the behavior of the function . On the other hand,
1-fullness on Z does not apply to 7. However, J; is smoothly 1-full on the subin-
terval [—1,0), where o vanishes identically. It becomes clear that the restriction
of the DAE onto a subinterval does not necessarily show the same characteristic.
A more rigorous characterization of the DAE would depend on the interval.

We stress once again that we aim for a DAE analysis including a regularity no-
tion, which meets the lowest possible smoothness demands, and that we have good
reasons for treating the rank-changing points of the leading coefficient as critical
points and for regarding regularity intervals.

From our point of view, regularity of linear DAEs comprises the following three
main aspects (cf. Definition 2.25):

(a) The homogeneous equation has a solution space of finite dimension d.

(b) Equations restricted to subintervals inherit property (a) with the same d.

(c) Equations restricted to subintervals inherit the further characteristics
ro <<y <ry=m

(4) Regularity is an often applied notion in mathematics to characterize quite di-
verse features. Also, different regularity notions are already known for linear DAEs.
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They refer to different intentions and are not consistent with each other. We pick up
some of them.

Repeatedly (e.g., [129, 130]) regularity of linear DAEs is bound to the unique
solvability of initial value problems for every sufficiently smooth excitation and
consistent initial conditions. Note that this property is named solvability, e.g., in
[41, 25].

In [25] the linear DAE is said to be regular, if the local matrix pencils remain regular,
a property that is helpful for numerical integration.

In [189] the ordered matrix function pair {E,F} is said to be regular, if E(r) has
constant rank r < m and E(¢)E(¢)* + F(¢)F(¢t)* is nonsingular, a property that is
useful for the reduction procedure. A DAE showing a regular coefficient pair is then
named reducible. So, for instance, the constant coefficient pair

100] 101
010],{010
000| {010

is regular in [189], but fails to be regular in [25].

Moreover, apart from higher smoothness demands, complete reducibility of the DAE
and complete regularity of the pair {E, F'} in [189] are consistent with our regularity
notion. Namely, it is proved in [189] by a careful inspection of all involved constant-
rank requirements that complete reducibility is in full agreement with the condi-
tions yielding a well-defined regular strangeness index (cf. Section 2.10). In turn, as
shown in Section 2.10, the rank conditions supporting regularity in the tractability
index context are also in agreement with those from the regular strangeness index.

(5) Distributional solutions of linear DAEs with constant coefficients were stud-
ied very early, e.g., [53]. Generalized (distributional) solutions of linear DAEs with
smooth variable coefficients have been worked out in [187] (also [189, Chapter III]),
whereby so-called impulsive-smooth distributions play a central role. Recently, also
time-varying DAEs with discontinuous coefficients are on the agenda, see [208].

(6) Further solution generalizations such as weak solutions result from the special
settings of partial differential-algebraic equations (PDAEs) and abstract differential-
algebraic equations (ADAESs), see, e.g., [207, 191] and references therein.

(7) There are simple interrelations between standard form DAEs (2.165) and
DAEs (2.167) with proper leading term.
If D is continuously differentiable, we rewrite the DAE (2.167) as

A()D(t)X () + (B(t) + A(t)D'(¢))x(t) = q(t), (2.173)

which has standard form. If equation (2.167) has a properly stated leading term,
the resulting matrix function £ = AD has constant-rank and the variable subspace
kerE = kerD is a C'-subspace.

Conversely, if a standard form DAE (2.165) with a constant rank matrix func-
tion E is given and, additionally, kerE is a C l—subspace, then, taking a contin-
uously differentiable projector valued function P, kerP = kerE, we may write
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Ex' = EPX' = E(Px)' — EP'x. In this way we obtain

E(t)(P(1)x(1))' + (F(t) = E()P'(1))x(1) = q(t), (2.174)

which is a DAE with properly stated leading term. Now it is evident that any DAE
(2.167) with a properly stated leading term and a continuously differentiable matrix
function D yields a standard form DAE (2.165) such that the leading coefficient E
has constant rank and kerE is a C 1—subspace, and vice versa.

Moreover, there are various possibilities to factorize a given matrix function E,
and to rewrite a standard form DAE as a DAE with proper leading term.
If the matrix function E itself is continuously differentiable and has constant rank,
then its nullspace is necessarily a C'-subspace, so that we may use equation (2.174).
Additionally in this case, by taking any continuously differentiable generalized in-
verse E~ and by writing Ex' = EE~Ex' = EE~ (Ex)' — EE~ E'x we form

which is also a DAE with properly stated leading term.

Furthermore, very often the original DAE consists of two kinds of equations, those
containing derivatives and those which are derivative-free. Then, the matrix function
E has the special form

E(t) = [Elo(t)] , rankFE(¢) =rankE(?),

or can be easily brought into this form. In this case, we can simply turn to

[(I)} (Ex(0)x(1)) + (F(t) - [E{O(t)} )x(t) =q(1).

We also point out the following full-rank factorization on a compact interval Z,
which is provided by a continuous singular value decomposition (e.g. [49]),

U () Un(0)] [E() 0] [Vir(r) Via()]*
E(t) = [U;(;) UZ(:)} [ 0 O] {V;(f) VZ(’)}

- o] =0 i i)
N

A0 D(r)
rank X (1) =rankE(¢) =: r, n = r. The factors U, £ and V are continuously differ-

entiable, supposing E is so. Then, A(¢) has full column rank n and D(z) has full row
rank n.

As in the constant coefficient case, the special form of the factorization does
not matter for the nature of the solution. Only the nullspace ker D = ker E specifies
what a solution is. Namely, for every two matrix functions D € C'(Z,R") and D €
C'(Z,R™) with constant rank and the common nullspace N := ker D = ker D, it holds
that

CH(I,R™) =ChH(Z,R™).
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Since the Moore—Penrose inverses D1 and D are continuously differentiable, too,
for any x € C}(Z,R™) we find Dx = DD*Dx = DD Dx € C'(Z,R"), and hence
X € Cg(I,R'”).

(8) Our stability analysis of linear DAEs as well as the stability issues in Part
II concerning nonlinear index-1 DAEs carry forward the early ideas of [146, 96] as
well as fruitful discussions on a series of special conferences on stability issues. The
basic tool of our analysis is the explicit description of the unique IERODE defined
by fine decouplings. We emphasize that we do not transform the given DAE, but
work with the originally given data. In [17] they try another way of considering
DAEs via transformation into SCF and proposing Lyapunov functions.

(9) In Section 2.2 we provide the admissible matrix function sequences and ad-
missible projector functions together with their main properties. This part general-
izes the ideas of [167], [170]. While [167], [170] are restricted to regular DAEs, we
now give an adequate generalization for systems of k equations for m unknowns.
The new preliminary rearrangement of the DAE terms for better structural insight in
Subsection 2.4.1 is also valid for nonregular DAEs. We discuss this topic in Chapter
10 for over- and underdetermined DAEs. We emphasize once again that we only
rearrange terms in the given setting, but we do not transform the DAE at all.

The discussion of regular and fine DAEs renews the ideas of [170] and [169],
while the discussion of critical points reflects parts of [173, 174, 194], but we apply
a relaxed notion of regular points by the introduction of quasi-proper leading terms.
[194] is the first monograph offering a comprehensive introduction to the projector
based decoupling of regular linear DAEs, both in standard form and with proper
leading term. Moreover, this book considers critical points in the context of DAEs
having almost overall uniform characteristics.

(10) In the present chapter we describe harmless critical points somewhat loosely
as those which disappear in a smoother setting. A precise investigation on the back-
ground of the concept of quasi-regular DAEs (cf. Chapter 9) can be found in [59].
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