
Chapter 2
Literature Survey on Stochastic Wave Models

This chapter aims at providing a comprehensive, up-to-date review of statistical
models proposed for modeling long-term variability in extreme waves and sea states
as well as a review of alternative approaches from other areas of application. A
review of wave climate projections is also included. Efforts have been made to
include all relevant and important work to make this literature survey as complete as
possible, which has resulted in a rather voluminous list of references at the end of
the chapter. Notwithstanding, due to the enormous amount of literature in this field
some important works might inevitably have been omitted. This is unintended and
it should be noted that important contributions to the discussion herein might exist
of which I have not been aware. Nevertheless, it is believed that this literature study
contains a fair review of relevant literature and as such that it gives a good indication
of state-of-the art within the field and may serve as a basis for further research on
stochastic modeling of extreme waves and sea states. A brief review of available
wave data sources is also presented in this chapter. The literature survey presented
in this chapter is based on [196].

2.1 Wave Data and Data Sources

As in all statistical modeling, a crucial prerequisite for any sensible modeling and
reliable analysis is the availability of statistical data. For example, if models describ-
ing the spatio-temporal variability of extreme waves are to be developed, wave data
with sufficient spatio-temporal resolution is needed. Furthermore, the lack of ade-
quate coverage in the data will restrict the scope of the statistical models that can be
used.

Wave data can be obtained from buoys, laser measurements, satellite images,
shipborne wave recorders, or be generated by numerical wave models. Of these,
buoy measurements are most reliable, but the spatial coverage is limited. For regions
where buoy data are not available, satellite data may be an alternative for estimation
of wave heights [117, 152], and there are different satellites that collect such data.
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Examples of satellite missions are the European Remote Sensing Satellites (ERS-1
and ERS-2), the Topex/Poseidon mission and Jason-1 and -2 missions. Some of the
data from these satellite missions are available from various online sources on the
Internet.

Wave parameters derived from satellite altimeter data were demonstrated to be
in reasonable agreement with buoy measurements by the end of last century [102].
More recently, further validation of wave heights measured from altimeters have been
performed, and the agreement with buoy data is generally good [63, 156]. However,
corrections due to biases may be required, and both negative and positive biases for
the significant wave height have been reported, indicating that corrections are region-
dependent [136]. Sea state parameters such as significant wave height derived from
synthetic aperture radar images taken from satellites were addressed in [123].

Ship observations are another source of wave data which covers areas where buoy
wave measurements are not available. The Voluntary Observing Ship (VOS) scheme
has been in operation for almost 150 years and has a large set of voluntary collected
data. However, due to the fact that ships tend to avoid extreme weather whenever
possible, extreme wave events are likely to be under-represented in ship observations
and hence such data are not ideally suited to model extreme wave events [57, 150].

Recently, a novel wave acquisition stereo system (WASS) based on a variational
image sensor and video observational technology in order to reconstruct the 4D
dynamics of ocean waves was developed [68]. The spatial and temporal data provided
by this system would be rich in statistical content compared to buoy data, but the
availability of such data are presumably still limited. Data quality and validation may
also be an open issue.

In general, measurements of wave parameters are more scarce than meteorological
data such as wind and pressure fields which are collected more systematically and
covering a wider area. An alternative is therefore to use output from wave models
that uses meteorological data as input rather than to use wave data that are measured
directly.

Wave models are normally used for forecast or hindcast of sea states [90]. Fore-
casts typically predict sea states up to 3–5 days ahead. Hindcast modeling can be
used to calibrate the models after precise meteorological measurements have been
collected. It can also be used as a basis for design but it is stressed that quality con-
trol is necessary and possible errors and biases should be identified and corrected
[24]. In general, it is acknowledged that wave buoys are regarded as highly accurate
instruments, and it is stated in, e.g., [22] that both the systematic and random error of
significant wave height measurements by buoys are negligible. However, when cali-
brating hindcast data against observations, the data will still be subject to epistemic
uncertainty due to the way the calibration is carried out and high values of significant
wave height will normally be more affected by uncertainties, as discussed in [24].

Currently, data are available from various reanalysis projects [38]. For example,
40 year of meteorological data are available from the NCEP/NCAR reanalysis project
[111] that could be used to run wave models [52, 187]. A more recent reanalysis
project, ERA-40 [193], was carried out by the European Center for Medium-Range
Weather Forecasts (ECMWF) and covers a 45-year period from 1957 to 2002. The
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data contain six-hourly fields of global wave parameters such as significant wave
height, mean wave direction and mean wave period as well as mean sea level pressure
and wind fields and other meteorological parameters. A large part of this reanalysis
data are freely available for download from their website for research purposes.1

It has been reported that the ERA-40 dataset contains some inhomogeneities in
time and that it underestimates high wave heights [185], but corrected datasets for
the significant wave height have been produced [36]. Hence, a new 45-year global
six-hourly dataset of significant wave height has been created, and the corrected data
show clear improvements compared to the original data. In [39] it is stated that this
dataset can be obtained freely from the authors for scientific purposes.

2.2 Review of Statistical Models for Extreme Waves

In order to model long-term trends in the intensity and frequency of occurrence of
extreme wave events or extreme sea states due to climate change, appropriate models
must be used. There are numerous stochastic wave models proposed in the literature,
but most of these are developed for other purposes than predicting such long-term
trends. Models used for wave forecasting, for example in operational simulation of
safety of ships and offshore structures typically have a short-term perspective, and
cannot be used to investigate long-term trends. Also, many wave models assume
stationary or cyclic time series, which would not be the case if climate change is a
reality.

There are different approaches to estimating the extreme wave heights at a certain
location based on available wave data, and some of the most widely used are the initial
distribution method, the annual maxima method, the peak-over-threshold method,
and the MEan Number of Up-crossings (MENU) method. The initial distribution
method uses data (measured or calculated) of all wave heights and the extreme
wave height of a certain return period is estimated as the quantile h p of the wave
height distribution F(h) with probability p. The annual maxima approach uses only
the annual (or block) maxima and the extreme wave height will have one of the
three limit distributions referred to as the family of the Generalized Extreme Value
distribution. The peak-over-threshold approach uses data with wave heights greater
than a certain threshold, and thus allows for increased number of samples compared to
the annual maxima approach. Waves exceeding this threshold would then be modeled
according to the Generalized Pareto distribution. However, the peaks-over-threshold
method has demonstrated a clear dependence on the threshold and is therefore not
very reliable. The MENU method determines the return period of an extreme wave of
a certain wave height by requiring that the expected or mean number of up-crossings
of this wave height will be one for that time interval.

Another approach useful in extreme event modeling is the use of quantile func-
tions, an alternative way of defining a probability distribution [78]. The quantile func-

1 Data available from url: http://data-portal.ecmwf.int/data/d/era40_daily/
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tion, Q, is a function of the cumulative probability of a distribution and is simply the
inverse of the cumulative density function: Q(p) = F−1(p) and F(x) = Q−1(x).
This function can then be used in frequency analysis to find useful estimates of
the quantiles of relevant return periods T of extreme events in the upper tail of the
frequency distribution, QT = Q(1 − 1/T ).

Yet another approach for estimating the maxima of a stationary process is to
model the number of extreme events, defined as the number of times the process
crosses a fixed level u in the upward direction, as a Poisson process (a counting
process {N (t), t ≥ 0} with N (0) = 0, independent increments and with number of
events in a time interval of length t Poisson distributed with mean λt is said to be a
Poisson process with rate λ) and apply the Rice formula to compute the intensity of
the extreme events (see e.g., [164]).

In the following, a brief review of some wave models proposed in the literature
will be given. This includes a brief description of some short-term and stationary
wave models as well as a more comprehensive review of proposed approaches to
modeling long-term trends due to global climatic changes. An introduction to sto-
chastic analysis of ocean waves can be found in [149] and [191], albeit the latter with
a particular emphasis on freak or rogue waves.

2.2.1 Short-Term Stochastic Wave Models

Waves are generated from wind actions and wave predictions are often based on
knowledge of the generating wind and wind-wave relationships. Most wave models
for operational wave forecasting are based on the energy balance equation; there is a
general consensus that this describes the fundamental principle for wave predictions,
and significant progress has been made in recent decades [106]. Currently, the third-
generation wave model WAM is one of the most widely used models for wave
forecasting [82, 115] computing the wave spectrum from physical first principles.
Other widely used wave models are Wave Watch and SWAN, and there exist a number
of other models as well [84]. However, wave generation is basically an uncertain and
random process which makes it difficult to model deterministically, and in [19, 58]
approaches using neural networks were proposed as an alternative to deterministic
wave forecasting models.

There are a number of short-term, statistical wave models for modeling of individ-
ual waves and for predicting and forecasting sea states in the not too distant future.
Most of the models for individual waves are based on Gaussian approaches, but other
types of stochastic wave models have also been proposed to account for observed
asymmetries (e.g., adding random correction terms to a Gaussian model [129] or
based on Lagrangian models [2, 125]). Asymptotic models for the distribution of
maxima for Gaussian processes for a certain period of time exist, and under certain
assumptions, the maximum values are asymptotically distributed according to the
Gumbel distribution. However, as noted in [165], care should be taken when using
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this approximation for the modeling of maxima of wave crests. A similar concern
was expressed in [48], albeit not related to waves.

A comparison between significant wave height data predicted by a numerical wave
prediction model and corresponding satellite measurements was recently published
in [73]. A novel approach utilizing information geometry was used to quantify bias,
and one important finding was that the wave prediction model seemed to overestimate
the significant wave height slightly but consistently. They also reported significant
spatial variation in the distribution of the significant wave height data.

Given the short-term perspective of these types of models, they cannot be used
to describe long-term trends due to climate change, nor to formulate design criteria
for ships and offshore structures, even though they are important for maritime safety
during operation. Improved weather and wave forecasts will of course improve safety
at sea, but the main interest in the present study is on long-term trends in ocean wave
climate, and the effect this will have on maritime safety and on the design of marine
structures. Therefore, short-term wave models will not be considered in great detail
herein.

2.2.1.1 Significant Wave Height as a Function of Wind Speed

The significant wave height for a fully developed sea, sometimes referred to as
the equilibrium sea approximation, given a fixed wind speed has been modeled as a
function of the wind speed in different ways, for example as HS ∝ U 5/2 or HS ∝ U 2

[112]. This makes it possible to make short-term predictions of the significant wave
height under the assumptions of a constant wind speed and assuming unlimited
fetch and duration. For developing sea conditions, with limited fetch or limited wind
duration, the significant wave height as a function of wind speed, U (m/s), and
respectively fetch X (km) and duration D (h) has been modeled in different ways,
for example as HS ∼ X1/2U and HS ∝ D5/7U 9/7 [151].

However, it is observed that the equilibrium wind sea approximation is seldom
valid, and an alternative model for predicting the significant wave height for wind
waves, HS from the wind speed U10 at a reference height of 10 m was proposed in [7],
using a different, yet simple parametrization. 18 years of hourly data of significant
wave height and winds speed for 12 different buoys were used in order to estimate
the model which can be written on the following form:

HS = C(D)I (U10 ≤ 4 m/s) +
[
a(D)U 2

10 + b(D)
]

I (U10 > 4 m/s) (2.1)

D denotes the water depth and C , a and b are depth-dependent parameters. Based
on comparison with measurements it was concluded that this model is reliable for
wind speeds up to at least U10 = 25 m/s.

It is out of scope of the present literature survey to review all models for predicting
wave heights from wind speed or other meteorological data. Such models are an
integral part of the various wave models available for wave forecasting, but cannot be
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used directly to model long-term variations in wave height. However, given adequate
long-term wind forecasts, such relationships between wind speed and wave height
may be exploited in simulating long-term wave data for long-term predictions of
wave climate.

2.2.2 Stationary Models

A thorough survey of stochastic models for wind and sea state time series is presented
in [142]. Only time series at the scale of the sea state have been considered without
modeling events at the scale of individual waves, and only at given geographical
points. One section of [142] is discussing how to model non-stationarity such as
trends in time series and seasonal components, but for the main part of the paper it is
assumed that the studied processes are stationary. The models have been classified
in three groups: Models based on Gaussian approximations, other non-parametric
models and other parametric models. In the following, the main characteristics for
these different types of wave models are highlighted.

Although ocean wave time series cannot normally be assumed to be Gaussian, it
may be possible to transform these time series into time series with Gaussian mar-
ginal distributions when they have a continuous state space [142]. The transformed
time series can then be simulated by using existing techniques to simulate Gaussian
processes. If {Yt } is a stationary process in Rd , assume that there exists a transforma-
tion f : Rd → Rd and a stationary Gaussian process {Xt } so that Yt = f (Xt ). Such a
procedure consists of determining the transformation function f , generation of real-
izations of the process {Xt } and then transforming the generated samples of {Xt } into
samples of {Yt } using f . A number of such models for the significant wave height
have been proposed in the literature (e.g., [54, 198] for the univariate time series
for significant wave height, Hs , [85, 144] for the bivariate time series for significant
wave height and mean wave period, (Hs, T ) and [57] for the trivariate time series for
significant wave height, mean wave period and mean wave direction, (Hs, T,�m)).
However, it is noted that the duration statistics of transformed Gaussian processes
have been demonstrated not to fit too well with data, even though the occurrence
probability is correctly modeled [107].

Multimodal wave models for combined seas (e.g., with wind-sea and swell com-
ponents) have also been discussed in the literature (see e.g., [66, 189, 190]), but these
are generally not required to describe severe sea states where extremes occur [23].

A few non-parametric methods for simulating wave parameters have been pro-
posed, as reported in [142]. One may for example assume that the observed time
series are Markov chains and use non-parametric methods such as nearest-neighbor
resampling to estimate transition kernels. In [36], a non-parametric regression method
was proposed to correct outputs of meteorological models. A continuous space, dis-
crete time Markov model for the trivariate time-series of wind speed, significant
wave height and spectral peak period was presented in [143]. However, one major
drawback of non-parametric methods is the lack of descriptive and predictive power.
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An approach based on copulas for multivariate modeling of oceanographic vari-
ables, accounting for dependencies between the variables, was proposed in [197] and
applied to the joint bivariate description of extreme wave heights and wave periods.

Parametric models for wave time series include various linear autoregressive mod-
els, nonlinear retrogressive models, finite state space Markov chain models and circu-
lar time series models. A modified Weibull model was proposed in [145] for modeling
of significant and maximum wave height. For short-term modeling of wave parame-
ters, different approaches of artificial neural networks (see e.g., [11, 58, 133, 134])
and data mining techniques [130, 131] have successfully been applied. A nonlinear
threshold autoregressive model for the significant wave height was proposed in [174].

2.2.3 Non-Stationary Models

Many statistical models for extreme waves assume the stationarity of extreme values,
but there are some non-stationary models proposed in the literature. In the following,
some non-stationary models for extreme waves that are known and previously pre-
sented in the literature will be reviewed. A review of classical methods for asymptotic
extreme value analysis used in extreme wave predictions is presented in [178].

2.2.3.1 Microscopic Models

A number of statistical models have been presented in the literature where the focus
has been to use sophisticated statistical methods to estimate extreme values at certain
specific geographical points (e.g., based on data measurements at that location). This
approach is natural, given the limited spatial resolution of available wave data, and
aims at exploiting available data measurements at certain locations to the maximum,
i.e., to obtain as good predictions as possible for locations where wave data are
available. In the following, some of these will be briefly reviewed, even though it is
noted that the aim of this study is to extend the scope and broaden the perspective of
the statistical models to also include the spatial dimension.

A method for calculating return periods of various levels from long-term non-
stationary time series data of significant wave height based on a new definition of
the return period is presented in [182, 183]. This definition is based on the mean
number of upcrossings of a particular level and was first introduced in the context
of prediction of sea-level extremes in [140]. In [179] and [89], new de-clustering
methods and filtering techniques are proposed in order to apply the r-largest-order
statistics for long-term predictions of significant wave height. A new de-clustering
method was also suggested in [177] for applying the peaks-over-threshold method
for Hs time series. An approach using stochastic differential equations for clarify-
ing the relationship between long-term time-series data and its probability density
functions in order to extrapolate long-term predictions from shorter historical data
is proposed in [141]. Two approaches for estimating long-term extreme waves are
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discussed in [94] (i.e., an initial distribution approach and a Peak Over Threshold
(POT) approach for storm events) and issues related to sampling variability, model
fitting and threshold selection (for the POT analysis) are addressed.

Duration statistics of long time series of significant wave height Hs (i.e., the
duration of sea states with different intensities) where analyzed in [181] using a
bottom–up segmentation algorithm. This analysis makes use of the increasing or
decreasing intensity of successive sea state conditions, and subdivide long-term Hs

time series into subsequent series of monotonically increasing or decreasing intensi-
ties. This would correspond to developing and decaying sea states, and the segmen-
tation algorithm should ensure that a meaningful subdivision of the long-term time
series is obtained. A sensitivity analysis of this approach, investigating the effect of
the maximum allowed error on the segmentation of the Hs time series is reported
in [180].

Return periods of storms with an extreme wave above a certain threshold are found
based on an equivalent triangular storm model in [9]. This approach is extended to
find return periods analytically for storms with two or more waves exceeding the
threshold in [8, 10]. The basic idea behind the equivalent triangular storm model is
that it, for a fixed location, associates a triangle to each actual storm and represents
a significant wave height time series by means of a sequence of triangular storms.
The triangle height is the maximum significant wave height during the actual storm
and the triangle base is such that the maximum expected wave height in the actual
storm equals the maximum expected wave height in the triangular storm model [25].
The equivalent power storm model was presented in [67] as a generalization of the
equivalent triangular storm model to predict return periods for waves above a certain
threshold. It is noted that the equivalent triangular storm is firmly based on what has
become known as the Borgman Integral [27], which gives the distribution function
for the largest wave, Fm(h) = P(Hm ≤ h) as follows, with Hm denoting the largest
wave height, a2(t) time varying Rayleigh parameter and T (t) typical wave period at
time t :

Fm(h) = e
∫

log[1−e−h2/a2(t)] dt
T (t) (2.2)

A non-stationary stochastic model for long-term time series of significant wave
height is presented in [12], where the time series is modeled by decomposing
de-trended time series to a periodic mean value and a residual time series multi-
plied with a periodic standard deviation: X (τ ) = X trend(τ ) + μ(τ) + σ(τ)W (τ ).
It was then showed that W (τ ) could be considered stationary. Short-term and long-
term wave characteristics of ocean waves were combined in order to develop nested,
stochastic models for the distribution of maximum wave heights in [155]. Different
time scales were introduced, i.e., fast time and slow time, and a stochastic process
was modeled in the fast time where the state variables were modeled as a stochastic
process in the slow time.

The seasonal effects on return values of significant wave height were investigated
in [139], where a time-dependent generalized extreme value model was used for
monthly maxima of significant wave height. Non-stationarity representing annual
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and semiannual cycles is introduced in the model via the location, scale, and shape
parameters and the inclusion of seasonal variabilities is found to reduce the residuals
of the fitted model substantially. Hence, the model provides a way of quantitatively
examining the long-term seasonal distribution of significant wave height.

Various other models for the long-term distribution of significant wave height
have been suggested (e.g., using the Beta and Gamma models [69], using the Annual
Maxima and Peak Over Threshold methods [88] using nonlinear threshold models
[174], using time-dependent Peak Over Threshold models for the intensity combined
with a Poisson model for frequency [137, 138], employing different autoregressive
models [86, 87], and using a transformation of the data and a Gaussian model for
the transformed data [70]). Short- and long-term statistics were combined in [116] in
order to establish distributions of maximum wave heights and corresponding periods.
Some considerations of bias and uncertainty in methods of extreme value analysis
were discussed in [77], leading to some recommended approaches for such analyses
and applied on a set of wave data.

More recently, an interesting approach to long-term predictions of significant
wave height, combining Bayesian inference methodology, extreme value techniques
and Markov chain Monte Carlo (MCMC) procedures is presented in [175]. The
benefits of using a Bayesian approach compared to a traditional likelihood-based
approach is that prior knowledge about parameter values θ can be used together
with observed data x to update a posterior distribution π(θ |x). Simulations of this
posterior distribution can be obtained by constructing a Markov chain whose invariant
distribution, or target distribution, is proportional to the posterior distribution by
employing the Metropolis-Hastings algorithm (see [161]). This Bayesian approach
was used to analyze a dataset of significant wave height collected in the northern
North Sea.

Another Bayesian approach to estimating posterior distributions of return periods
for extreme waves is proposed in [65]. Here, the occurrence of extreme events is
modeled as a Poisson-process with extreme wave heights distributed according to a
generalized Pareto distribution.

2.2.3.2 Combining Long- and Short-Term Wave Height Statistics

The Borgman Integral (Eq. 2.2) is a fundamental tool for combining the long-term
distribution of significant wave height with short-term distributions for the individual
wave heights [27]. This is often desired for estimating the maximum wave or crest
height occurring in a long return interval. A similar method was proposed by [15]. It
is noted that the particular expression of the Borgman Integral as presented in Eq. 2.2
is based on the assumption of a Rayleigh distribution for the individual wave height.
A more general form would be, letting P(h|Hs) denote the short-term distribution
of the individual wave height conditioned on the sea state,

Fm(h) = e
∫

log[P(h|Hs)] dt
T (t) (2.3)
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Long time series of individual wave heights are typically not available and cal-
culations must therefore be based on time series of sea state parameters such as the
significant wave height. Hence, the problem of modeling the maximum wave height
in a long time interval comprises three aspects: modeling of long-term sea state
parameters (e.g., significant wave height), short-term modeling of individual wave
heights conditioned on the sea state and combining the two distributions. This can
be done by first fitting a short-term distribution and then apply the Borgman Integral
to this distribution. Integration of short-term second order models over time series of
measured sea states was performed by [118]. A recent study concerned with finding
the most accurate method for combining long- and short-term wave statistics was
reported in [71].

2.2.3.3 Spatio-Temporal Models for Extreme Waves

The spatial and temporal variability of ocean wave fields is complex, and the fields
will generally be inhomogeneous in space and non-stationary in time, with strong
temporal and spatial variation [108]. Different models have been proposed in the
literature for modeling these variabilities and for analysing and synthesizing spatio-
temporal wave data.

There has been significantly more focus on the temporal variability compared
to the spatial variability of wave fields, but the spatial behavior (i.e., the spatial
interdependence and radius of influence of a set of spatially distributed stations)
of significant wave height is investigated in [5]. The methodology is based on the
concept of trigonometric point cumulative semivariograms, consisting of cumulative
broken lines where the angle between two successive lines connecting two station
records is a measure of the regional dependence, ranging from 0 (complete indepen-
dence) to 1 (complete dependence). Another approach for predicting the maximum
wave height over a spatial area was proposed in [68], based on 4D video data of sea
states acquired through a wave acquisition stereo system (WASS) and using Euler
Characteristics’ theory. A regional frequency analysis of extreme wave heights, ana-
lyzing peaks-over-threshold wave data from 9 locations along the Dutch North Sea
coast was reported in [195]. The different locations could be considered as a homoge-
neous region and it was shown that the Generalized Pareto Distribution is an optimal
regional probability distribution for the extreme wave heights for the region. Notable
differences were found for the regional quantile estimates compared to the at-site
quantile estimates, indicating that it would be better to rely on the regional estimates
in decision making.

Models for stochastic simulation of the annual [28] and synoptic [29] variability
of inhomogeneous met-ocean fields were proposed as expansions of the field ζ(r, t)
in terms of periodical empirical orthogonal functions in [28, 29]:

ζ(r, t) = m(r, t) +
∑

k

ak(t)φkt (r, t) + ε(r, t) (2.4)
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where m(r, t) are the mathematical expectations, φkt (r, t) are the spatio-temporal
basis functions, ε(k, t) is inhomogeneous white noise and ak(t) are the coefficients.
r denotes the geographical coordinates and t time. The results of simulating these
models are a set of simulated met-ocean fields ζ(r, t) in a discrete set of grid points
and at discrete times. They could then be used to investigate the field extremes and
rare events in terms of both spatial and temporal extremes, and wave data from the
Barents Sea region have been used to test the models with reasonable agreement. The
stochastic models for annual variability can be regarded as field generalizations of
periodically correlated stochastic processes. The model for synoptic variability uses
a Lagrangian approach and the temporal sequence of storm centers is modeled as a
finite-state Markov chain with the storm extensions and field properties as spatio-
temporal impulses.

Recently, spatio-temporal statistical models for the significant wave height have
been reported that describes the variability of significant wave height over large areas
by stochastic fields [17, 18]. This is based on constructing a homogeneous model
valid for a small region and then extending this to a non-homogeneous model valid
for large areas. Global wave measurements from satellites have been used for model
fitting, providing wave data of spatial variability, but limited physical knowledge
about the wave phenomena have been incorporated into the models. The resulting
models can then be used to estimate the probability of a maximum significant wave
height to exceed a certain level or to estimate the distribution of the (spatial) length
of a storm [16]. However, the temporal validity of this model is limited to the order
of hours [17], and therefore it does not seem suited for studying long-term trends
and the effects of climate change.

The study reported in [40] used two approaches to model the extremes of
non-stationary time series, i.e., the non-homogeneous Poisson process and a non-
stationary generalized extreme value model. The non-homogeneous Poisson process
was used to model extreme values of the significant wave height, obtained from the
40-year ECMWF reanalysis (ERA-40) [193] and compared to estimates obtained
using a non-stationary generalized extreme value model (NS-GEV). The parameter
of the Poisson distribution in this model was on the form λ = ∫ ∫

λ(t, x)dtdx , where
:

λ(t, x) = 1

σ(t)

[
1 + ξ(t)

x − μ(t)

σ (t)

]−( 1
ξ(t) )−1

+
(2.5)

From projections of the sea level pressure under three different forcing scenarios
([26, 146]), projections of the parameters in the non-homogeneous Poisson process
are made up to the end of the twenty-first century. Trends in these parameters are
then determined, projections of return value estimates of HS are projected and their
uncertainties are assessed.
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2.3 Relevant Statistical Models from Other
Areas of Application

Extreme value analysis has a wide area of applications aside from ocean waves, in
particular in various environmental sciences where events are also associated with
spatio-temporal variations, and it is believed that some lessons can be learned by
examining different statistical models for other types of extreme events.

An interesting discussion on the use of asymptotic models for the description of
the variation of extremes is available in [48], within the context of extreme rainfall
modeling. It is concerned with the lack of ability of such models to predict extreme,
catastrophic events leading to inadequate designs and lack of preparedness for such
rare events. One of the reasons for this, according to [48] is models that do not take the
uncertainties in both model and predictions adequately into account. For example,
it is argued that even in cases where data support the reduction of the generalized
extreme value model to a Gumbel model, this should not be done without an appraisal
of the uncertainty this decision introduces and as a general advice it is suggested to use
the generalized extreme value model rather than Gumbel reduction. Furthermore, the
preference for Bayesian analysis over the classical likelihood analysis is emphasized,
even if using diffuse priors.

In this section, a review of relevant time- and space-dependent statistical models
from other areas of application is presented. Further work will then focus on how
these approaches can be used for statistical modeling of extreme waves and sea states.

2.3.1 Bayesian Hierarchical Space-Time Models

Modeling of wave data in space and time is an alternative to the common approach
of extreme value analysis based on a point process representation, provided that ade-
quate space-time wave data can be obtained. [209] proposes a hierarchical Bayesian
space-time model as an alternative to traditional space-time statistical models and
applies it on an atmospheric data set of monthly maximum temperatures. Such mod-
els generally consist of three stages often referred to as the data stage, the process
stage, and the parameter stage.

Similar models have also been used for modeling tropical ocean surface winds
[210], North Atlantic sea surface temperatures [124], concentrations of PM10 pol-
lution2 [46], ozone levels [167], and earthquake data [147]. A brief overview of
hierarchical approaches applied to environmental processes is presented in [208].
More recently, various hierarchical Bayesian space-time models for extreme precip-
itation events were proposed in [168]. Bayesian hierarchical space-time models are
treated in the recent book by Cressie and Wikle [53].

2 PM10 is the fraction of aerosol particles with aerodynamic diameter less than 10 µm
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The modeling of earthquake data for earthquake prediction, using a Bayesian
hierarchical space-time approach in [147] considered a spatial resolution of 0.5 ×
0.5◦ (about 50 × 50 km) and a temporal resolution of 4 months. The observations
are, for each time period, the magnitude of the largest earthquakes (by the Richter
scale) observed within each grid. The model is implemented within a Markov chain
Monte Carlo framework using Gibbs sampling and additional Metropolis-Hastings
steps. Four different model alternatives were suggested in a hierarchical structure,
one main model and three levels of simplified models, nested within the model at
the higher level. The model contains a large number of parameters, and all prior
parameter distributions are considered independent. A Markov chain Monte Carlo
approach using the Gibbs sampler and also an additional Metropolis-Hastings step
for some of the parameters, was adopted for generating independent samples from
the posterior distributions in order to arrive at posterior estimates and predictions.
A brief introduction to Markov chain Monte Carlo methods, including the Gibbs
sampler and the Metropolis-Hastings algorithm, are given in appendix A. For a more
detailed treatment, reference is made to [161] or similar textbooks.

2.3.2 Continuous Space Models

Although wave data are generally only available at certain specific locations, extreme
waves should in principle be considered as a continuous process in space and time
rather than a spatially discrete process. Considering the continuous space modeling
of a process’ extremes, this would require the specification of a continuous space
model for the marginal behavior of the extremes of the process and a continuous space
specification of the dependence structure of the extremes. Hence, a generalization
of the dependence structure of multivariate extremes to the infinite dimensional
case is needed, and one such generalization is provided by the theory of max-stable
processes [93]. By definition, a stochastic process {Yt } is called a max-stable process
if the following property holds:

If {Y (i)
t }t∈T , i = 1, . . . , r , are independent copies of the process then the process

{maxi≤r Y (i)
t }t∈T has the same distribution as {rY (1)

t }t∈T .

In the following, a procedure for using the theory of max-stable processes for
modeling data which are collected on a grid of points in space are reviewed. This
approach is considered as an infinite dimensional extension of multivariate extreme
value theory and has the advantage that it can be used to aggregate the process over
the whole region and for interpolation to anywhere within the whole region. Models
based on the resulting family of multivariate extreme value distributions are suitable
for a large number of grid points.

In [50, 51] a class of max-stable process models for regional modeling of extreme
storms was specified which can be estimated using all relevant extreme data and
which is consistent with the multivariate extreme structure of the data. The essence
of this approach is to describe the process of storms by the following components:
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i. A phase space S of storm types so that the storm type is independent of their
size

ii. An index space T for the region, conveniently referred to as the region itself
iii. A measure ν(ds) on S describing the relative frequency of storm types
iv. A function f (s, t) interpreted as the proportion of a storm of type s observed

at t .

With x j interpreted as the size of the j th storm, s j the type of the j th storm, if
{(xi , si ); i = 1, . . .} are taken to be the points of a Poisson process on (0,∞) × S
with intensity μ(dx, ds) = x−2dxν(ds) and letting f (x, s) be a positive function on
S × T , then the process

Zt = max
i

{Xi f (Si, t)} (2.6)

is a max-stable process for t ∈ T .
For statistical modeling of extreme storms as such a max-stable process, it was

assumed that the spatial variability of storms could be described adequately by vari-
ability within a subset of data sites T1 [50]. Then, a multivariate extreme value
model is fitted to the data for this subset and the model is extended smoothly as
a max-stable process through suitable functions f (·, ·) on the basis of information
from the remaining data sites. Such a model was fitted for rainfall data collected from
11 sites, and in spite of some interesting qualitatively observations, the quality of fit
of the model was rather poor.

In [33] a somewhat different approach of using max-stable processes for the
modeling of spatial extreme rainfall is proposed based on random fields. Whereas
[50, 51] indicate how to analytically calculate quantiles of areal rainfall, in [33], the
100-year quantile of the total rainfall over an area in Holland is found by simulating
synthetic daily rainfall fields using their estimated model. An extended Gaussian
max-stable model for spatial extreme rainfall was also presented in [176], where
Bayesian techniques are used in order to incorporate information other than data into
the model, i.e., by using informative priors for the marginal site parameters and non-
informative priors for parameters relating to the dependence structure of the process.
The extended model is estimated using a pairwise likelihood within the Bayesian
analysis and Markov chain Monte Carlo techniques were used to simulate from the
posterior distributions, using a Gibbs sampler with a Metropolis step. Max-stable
processes have also been applied to, e.g., modeling of extreme wind speeds [49].

2.3.3 Process Convolution Models

Several models for spatio-temporal processes based on process convolution have
been proposed in the literature (e.g., [41, 42, 99, 169]). The main idea is to con-
volve independent processes to construct a dependent process by some convolution
kernel. This kernel may evolve over space and time thus specifying models with
non-stationary dependence structures.

The model proposed in [99] is motivated by estimation of the mean temperature
field in the North Atlantic Ocean based on 80 year of temperature data for a region.
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First, the temperature field y(s, t) is modeled as a process over space s and time t as
the sum of two processes

y(s, t) = z(s, t) + ε(s, t) (2.7)

where z(s, t) is a smooth Gaussian process and ε(s, t) is an independent error process.
The smooth process z(s, t) is constructed to model the data by taking the convolution
of a three-dimensional lattice process. Given a grid process x = (x1, . . . , xm) with
space-time coordinates (ω1, τ1), . . . , (ωm, τm), the smooth field is expressed as

z(s, t) =
m∑

j=1

Ks(s − ω j , t − τ j ) · x j (2.8)

where the properties of the convolution kernel determine the smoothness of z. A
separable kernel were used (i.e., a product of a kernel that smooths over space and
one that smooths over time): Ks(�s,�t) = Cs(�s) · R(�t). Inference on the
resulting model was made using a Bayesian approach and simulating the posterior
distribution of the mean temperature field over space and time using Markov chain
Monte Carlo methods.

Following a similar approach, but using non-separable, discrete convolution ker-
nels, regional temperature measurements were modeled in space and time in [169].
Two alternative sets of models were suggested. The first was to convolute spatial
Gaussian processes with a kernel providing temporal dependencies and the second
was to convolute autoregressive models with a kernel providing spatial interactions.
In other words, the data could either be considered as a number of time series at
each location (temporal convolution model) or as a number of realizations of spatial
processes observed at some locations (spatial convolution model).

A dynamic process convolution model extends the discrete process convolution
approach by defining the underlying process x to be a time-dependent process that
is spatially smoothed by a smoothing kernel at each time-step [41, 42]. Such models
have been used in air quality assessment (e.g., in bivariate modeling of levels of
particulate matter P M2.5 and P M10 in [42] and for multivariate modeling of the
concentration of five pollutants in [41]). A continuous version in space and time
is considered in [31], where a model is formulated in discrete time and continuous
space and a limit argument is applied to obtain continuous time as well. A general
approach using cross-convolution of covariance functions for modeling of multi-
variate geostatistical data were proposed in [132]. All of the convolution models
discussed above used Bayesian approaches and Markov chain Monte Carlo methods
for model specification.

Finally, it is noted that some limitations to the convolution model approach are
reported in [99] and [42]. One is the impact of prior assumptions on the posterior
distributions. Furthermore, it is stated that it would be preferable to allow the data to
determine the kernels, which could depend on space and time, rather than specifying
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it apriori. In addition, the model for particulate matter is not able to handle extreme
observations very well and permits non-sensible predictions.

2.3.4 Non-Stationary Covariance Models

Many spatio-temporal models assume separability in space and time so that that the
space-time covariance function can be represented as the product of two models: one
as a function of space and the other as a function of time. However, the rationale for
using a separable model is often convenience rather than the ability of such models
to describe the data well, and the assumption is often unrealistic. Other simplifying
assumptions often employed are stationarity (e.g., second order stationarity which
means that the mean function is assumed constant and the space-time covariance
function is assumed to depend only on the directional distance between measurement
sites) and isotropy (i.e., that the covariance function is dependent only on the length of
the separation and not on its direction). An example of a spatio-temporal covariance
model where the assumptions of stationarity and separability is relaxed is presented
in [32], applied to tropospheric ozone data.

Due to the increased availability of satellite measurements of many geophysi-
cal processes, global data are increasingly available. Such data often show strong
non-stationarity in the covariance structure. For example, processes may be approx-
imately stationary with respect to longitude but with highly dependent covariance
structures with respect to latitude. In order to capture the non-stationarity in such
global data, with a spherical spatial domain, a class of parametric covariance models
is proposed in [110]. These assume that processes are axially symmetric, i.e., that
they are invariant to rotations about the earth’s axis and hence stationary with respect
to longitude.

Assuming a homogeneous, zero-mean process Z0, a zero-mean non-stationary
process Z may be defined by applying differential operators with respect to latitude
and longitude, letting L and l denote latitude and longitude, respectively [109],

Z(L , l) =
{

A(L)
∂

∂L
+ B(L)

∂

∂l

}
Z0(L , l) + C Z0(L , l) (2.9)

Now, A and B denote non-random functions depending on latitude (and may also
in principle depend on longitude, but this would break the axial symmetry). A non-
negative constant C corresponds to including homogeneous models for the case
A(L) = B(L) = 0. In order to apply this model to real applications, the A and
B functions need to be estimated, and it is suggested to use linear combinations of
Legendre polynomials [110].

The covariance model is applied to global column ozone level data and it is shown
that the strong non-stationarity with respect to latitudes as well as the local variation
of the process can be well captured with only a modest number of parameters.
Thus, it may be a promising candidate for modeling spatially dependent data on a
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sphere. Furthermore, an extension to spatio-temporal processes would be obtained
by introducing a similar differential operator with respect to time in addition to
the ones with respect to latitude and longitude. Then, such models should be able
to capture spatial-temporal non-stationary behavior and to create flexible space-
time interactions such as space-time asymmetry. Reviews of various methods and
recent developments for the construction of spatio-temporal covariance models are
presented in [113] and [127].

2.3.5 Coregionalization Models

A multivariate spatial process is a natural modeling choice for multivariate, spatially
collected data. When the interest is in modeling and predicting such joint processes it
will be important to account for the spatial correlation as well as the correlation among
the different variables. If this is modeled using a Gaussian process, the main challenge
is the specification of an adequate cross-covariance function [173], which can be
developed through linear models of coregionalization (LMC). The linear model of
coregionalization is reviewed in [76] where the notion of spatially varying LMC
is proposed in order to enhance the usefulness by providing a class of multivariate
non-stationary processes.

Traditionally, linear models of coregionalization have been used to reduce dimen-
sions, approximating a multivariate process through a lower dimensional representa-
tion. However, it may also be used in multivariate process construction, i.e., obtaining
dependent multivariate processes by linear transformation of independent processes.
A general multivariate spatial model could be on the form

Y(s) = μ(s) + v(s) + ε(s) (2.10)

where ε(s) is a white noise vector (i.e., ε(s) ∼ N (0, D) where D is a diagonal
matrix with (D j j ) = τ 2

j ), v(s) arises from a linear model of coregionalization from
independent spatial processes w(s) = (w1(s), . . . wp(s)): v(s) = A w(s) and where
μ(s) may be assumed to arise linearly in the covariates, i.e., μ j (s) = XT

j (s)β j where
each component may have its own set of covariates X j and its own coefficient vector
β j . If ignoring the term μ(s) and the w j (s) processes are assumed to have mean 0,
variance 1 and a stationary correlation function ρ j (h), then E(Y(s)) = 0 and the
cross-covariance matrix associated with Y(s) becomes

�Y(s),Y(s′) ≡ C(s − s′) =
p∑

j=1

ρ j (s − s′)T j , T j = a j aT
j (2.11)

with a j the j th column of A. Priors on the model parameters θ consisting of
{
β j

}
,{

τ 2
j

}
, T and ρ j , j = 1, . . . , p would then complete the model specification in a

Bayesian setting, obtaining the posterior distribution of the model parameters
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π(θ |Y) ∝ f (Y| {β j
}
, D,

{
ρ j

}
, T)π(θ) (2.12)

The extension to a spatially varying linear model of coregionalization is obtained
by letting A be spatially dependent, i.e., replacing A with A(s) in v(s) = A(s)w(s)
[76]. v(s) will then no longer be a stationary process. Further extensions to spatio-
temporal versions of the model, modeling v(s, t) = A(s, t)w(s, t), where the com-
ponents of w(s, t) are independent spatio-temporal processes may also be feasible,
but this was not further investigated.

A stationary Bayesian linear coregionalization model for multivariate air pollutant
data was presented in [173] and [76] presents a commercial real estate example of a
spatially varying model. Rather than taking the Bayesian approach, an Expectation-
Maximization (EM) algorithm for the maximum-likelihood estimation of the para-
meters in a linear coregionalization model is developed in [215], and applied on a
spatial model of soil properties.

2.3.6 Generalized Extreme Value Models

The Generalized Extreme Value distribution is a cornerstone of extreme value mod-
eling, and in [101] non-stationary, location-dependent processes are studied using
the GEV distribution where the parameters are allowed to vary in space and time.
The modeling is based on a hierarchical structure assuming an underlying spatial
model. Parameter changes over time (i.e., for the location, scale, and shape parame-
ters) are modeled by use of Dynamic Linear Models (DLM) [207] which is a very
general class of time series models. Now, the trends are not constrained to have a
specific parametric form and the significance of short-term changes can be assessed
together with the long-term changes. It is also possible to estimate how the effects
of covariates change over time. An extension of this model to include changes in
space as well as in time is made using a process convolution approach in defining a
Dynamic Linear Model on the parameters.

Several approaches for estimation of parameters and quantiles of the GEV dis-
tribution have been applied, such as maximum likelihood estimation, L-moments
estimation, Probability Weighted Moments estimation and the method of moments.
Recently, an alternative to these, employing a full Bayesian GEV estimation method
which contains a semi-Bayesian framework of generalized maximum likelihood esti-
mators and considers the shape, location, and scale parameters as random variables
was developed [214]. However, these approaches do not consider non-stationarity.

A generalized Probability Weighted Moments (PWM) method was suggested in
[159] to model temporal covariates and provide accurate estimation of return levels
from maxima of non-stationary random sequences modeled by a GEV distribution.
This is a generalization of the PWM method that has proved to be efficient in esti-
mating the parameters of the GEV distribution for iid processes and is an alternative
to Maximum Likelihood Estimation (MLE) for cases when the iid assumption is
violated (e.g., in non-stationary cases). The approach is illustrated by applying it
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on time series of annual maxima of CO2 concentrations and seasonal maxima of
accumulated daily precipitations.

An alternative to GEV models could be to use threshold models [20]. For example,
various statistical methods for exploring the properties of extreme events in large grid
point datasets were presented in [47], and a flexible generalized Pareto model that is
able to account for spatial and temporal variation in the distribution of excesses was
outlined. The generalized Pareto distribution parameters may incorporate the depen-
dence of the extreme values and different explanatory variables related to spatial and
temporal changes such as climate change. The methods were illustrated using mean
surface temperatures of the Northern Hemisphere.

A generalized PWM method was introduced in [59] in order to estimate the para-
meters of the generalized Pareto distribution (GPD) from finite length time series. A
Bayesian framework for analysis of extremes in a non-stationary context was pro-
posed in [158] with a case study on peak-over-threshold data. Several probabilistic
models, including stationary, step-wise changing and linear trend models, and dif-
ferent extreme value distributions were considered allowing modeling uncertainty to
be taken into account.

An alternative to the standard approach of modeling non-stationarity in threshold
models (i.e., retaining a constant threshold and letting the parameters of the GPD
be functions of some covariates) is proposed in [64]. This involves preprocessing;
attempting to model the non-stationarity in the entire data set and then removing
this non-stationarity from the data. If this preprocessing is successful, the extremes
of the preprocessed data will have most, if not all, of its non-stationarity removed
and a simple extreme value analysis of the preprocessed data can be employed. It is
argued that this approach provides improved description of the non-stationarity of
the extremes, clearer interpretation, easier threshold selection and reduced threshold
sensitivity. The approach was also found to be superior to approaches with continuous
varying thresholds.

A brief introduction to traditional approaches to extreme value modeling is given
in appendix B.

2.3.7 Optimality Models

One type of statistical models that has recently been applied in evolutionary sciences
is optimality models. These assume the evolution of some biological trait toward an
optimal state dictated by the environmental conditions. Due to a randomly changing
environment, the optimal state is assumed to change over time, and the species are
assumed to be adapting to this changing optimality with a certain phylogenetic inertia.
One choice of process models for analysing such an adaptation-inertia problem is
the Ornstein-Uhlenbeck process, as suggested in, e.g., [95, 157], represented by the
stochastic differential equation

dy = −α(y − θ)dt + σydWy (2.13)
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Here, dy is the change in some random variable y over a time step dt , α is a
parameter measuring the rate of adaptation toward the optimum θ , dWy is a random
noise process and σy is the standard deviation of the random changes. Thus, evolution
according to this model has two components: One is a deterministic pull toward the
primary optimum and the other is a stochastic change without direction.

A layered process is introduced for modeling adaptation to a randomly chang-
ing optimum, assuming that the optimum at any point on the phylogeny (that is,
the history of organismal lineages as they change through time) is a function of a
randomly changing predictor variable x . Thus, the model is extended to the coupled
stochastic differential equations below where the predictor indirectly influences the
trait through its influence of the optimum.

dy = −α(y − θ(x))dt + σydWy (2.14)

dx = σx dWx (2.15)

Additional layers of hidden processes may also be modeled in this way, where each
layer is responding to changes in the layer beneath. The model may also be extended
in that the predictor variable itself may be modeled as an Ornstein-Uhlenbeck process,
tracing some optimum. The Ornstein-Uhlenbeck process has also been proposed for
modeling of drought and flood risks [192] and survival data [1] and has been widely
used in financial modeling [14, 21, 184].

It could be worthwhile to investigate whether an analogy to this approach would
be appropriate for the development of extreme waves, i.e., whether the distribution
of extreme sea states are trying to adapt to a changing mean state due to the changing
environment. For example, will there be a certain average wave climate given the
changing environmental conditions such as the level of CO2 concentration in the
atmosphere, global temperatures, greenhouse gas emissions etc? In other words, it
could be investigated whether the distribution of extreme waves in a changing envi-
ronment could be adequately modeled using layered Ornstein-Uhlenbeck processes
in some way.

2.3.8 Bayesian Maximum Entropy Models

Bayesian maximum entropy (BME) models have been used to model spatio-temporal
random fields. For example, in [45], this approach was used for developing a system-
atic epidemic forecasting methodology used to study the space-time risk patterns of
influenza mortality in California during wintertime. Influenza mortality rates were
represented as spatio-temporal random fields and the Bayesian maximum entropy
method was used to map the rates in space and time and thus generate predictions.
Bayesian maximum entropy models have also been used for space-time mapping
of soil salinity [61], urban climate [122] and the contamination pattern from the
Chernobyl fallout [172] and for modeling geographic distributions of species [154].
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In short, the principle of maximum entropy states that the probability distribution
best representing the current state of knowledge, which may be incomplete, is the one
with the largest entropy. If some testable information about a probability distribution
function is given, then, considering all trial probability distributions that encode
this information, the probability distribution that maximizes the information entropy
is the true probability distribution with respect to the testable information. This
principle is applicable to problems of inference with a well-defined hypothesis space
and incomplete data without noise and the Bayesian maximum entropy method can
be used to predict the value of a spatio-temporal random field at an unsampled point
in space-time based on precise (hard) and imprecise (soft) data.

The BME method applied to influenza mortality risk [45] consists of three stages
with different knowledge bases at each stage: the general knowledge base (core
knowledge), the specificatory knowledge base (case-specific knowledge) and the
integration knowledge base (union of the general and specificatory knowledge bases).
The influenza risk is represented as a spatio-temporal random field X (p) defined at
each space-time point p = (s, t). The influenza modeling approach then follows the
three BME stages:

a. A probability density function, fg(xmap) is constructed on basis of the general
knowledge base, where the vector xmap denotes a possible realization of the
random field associated with the point vector pmap. The xmap generally includes
hard data xhard = (x1, . . . , xh) at points phard = (p1, . . . , pmh

), soft data xsoft =
(xmh+1, . . . , xm) at points psoft = (pmh+1, . . . , pm) and the unknown estimates
xk at points pk .

b. At the specificatory stage, the specificatory knowledge base considers hard data
and soft data.

c. At the integration stage, the general and specificatory knowledge bases are com-
bined in a total knowledge base to give the integration pdf fκ (xκ) at each mapping
point pk using the operational Bayesian formula,

fκ(xκ) = A−1
∫

D

fg(xmap)d�S(xsoft) (2.16)

where A is a normalizing constant and �S and D denote an integration operator
and the range determined by the specificatory knowledge base respectively.

From the integration probability density function above, mortality estimates can be
derived across space and time and an estimate of the mode is obtained by maximizing
fκ(xκ).
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2.3.9 Stochastic Diffusion Models

A continuous time parameter stochastic process is referred to as a diffusion process
if it possesses the Markov property and its sample paths X (t) are continuous func-
tions of time t . Many physical and other phenomena can be reasonably modeled by
diffusion processes. Diffusion processes may be characterized by two infinitesimal
parameters describing the mean and the variance of the infinitesimal displacements,
defined as the following limits: Let the increment of the process accrued over a time
interval h be �h X (t) = X (t + h) − X (t), then the infinitesimal parameters of the
process are:

μ(x, t) = lim
h→ 0

E [�h X (t)|X (t) = x] (2.17)

σ 2(x, t) = lim
h→ 0

E
[
{�h(X (t)}2 |X (t) = x

]
(2.18)

μ(x, t) is sometimes referred to as the drift parameter, infinitesimal mean or the
expected infinitesimal displacement and σ 2(x, t) is called the diffusion parameter
or the infinitesimal variance and these are generally continuous functions in x and
t . Alternative characterizations of diffusion processes exist, e.g., based on stochastic
differential equations.

A methodology for analyzing secular trends in the time evolution of certain vari-
ables, modeling the variables by non-homogenous stochastic diffusion processes with
time-continuous trend functions is proposed in [92]. The methodology was applied
to the evolution of CO2 emissions in Spain with the Spanish GDP as an exogenous
factor affecting the trend component and hence introducing non-homogeneity. The
trend can be analyzed by means of statistical fit of the trend functions of the stochastic
diffusion model to the observed data, and the models were also found appropriate
for medium-term forecasts.

Stochastic diffusion models have been applied to other temporal or spatial prob-
lems as well, such as modeling of tumor growth [4], ion channel gating [194], financial
volatility [188] and scaling behavior of precipitation statistics [119].

2.3.10 Regional Frequency Analysis

A method commonly used in hydrology, referred to as Regional Frequency analysis,
utilizes data from several similar sites in order to estimate event frequencies, typically
extreme events, at a particular site. The main idea is that data from neighboring or
other sites where the frequency of the event to be investigated is similar provide
additional information and hence yield more accurate predictions than data from the
particular site alone. This approach can also be used to interpolate to ungauged sites
where there are no data, based on data from similar sites.
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The main idea is that, given data from N similar sites so that one may assume
the sites to form a homogeneous region, i.e., that the frequency distributions of
the different sites are identical apart from a site-specific scaling factor, the quantile
function of the frequency distribution at a site i can be modeled by this scaling factor
and a regional quantile function common to every site, referred to as the regional
growth curve:

Qi (F) = μi q(F), i = 1, . . . , N (2.19)

In the equation above, Qi (F) denotes the site-specific quantile function at site i ,
μi denotes the site-specific scaling factor, often referred to as the index flood, and
q(F) is the regional growth curve. F is the cumulative distribution function of the
frequency distribution of the quantity of interest (e.g., significant wave height).

A typical regional frequency analysis will consist of the following four steps:

i Screening of the data: Eliminating gross errors and inconsistencies and checking
whether the data are homogeneous over time

ii Identification of homogeneous regions: Assign the sites to regions whose fre-
quency distributions are similar

iii Choice of regional frequency distribution
iv Estimating the frequency distribution: Estimating the distribution at each site to

give a regional average.

A thorough description of the regional frequency analysis approach is given in
[100], together with an outline of regional model estimators based on L-moments, a
widely used approach for estimation in regional frequency analysis. Estimation based
on Bayesian Markov chain Monte Carlo methods in regional frequency analysis was
proposed in [75]. Regional frequency analysis is widely used in hydrology and there
is abundant literature on applications to extreme rainfall [72, 148, 213] and flooding
[121, 166]. Regional frequency analysis has also been applied in ocean engineering
problems such as modeling of significant wave heights [128, 195] and the height of
wave crests [105].

2.4 Selecting a Modeling Approach

In the preceding sections of this chapter, a number of different modeling approaches
have been reviewed, which may all be appropriate for modeling long-term trends
in extreme wave climate. However, the approach based on Bayesian hierarchical
space-time models are believed to be superior and offer several benefits compared to
the other approaches that has been reviewed. The hierarchical Bayesian approach to
modeling data and processes with different scales of spatial and temporal variability
consists of different stages (e.g., the data stage, the process stage, and the parameter
stage) and such models are generally very flexible and intuitive to work with, as
outlined in [209].
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Some of the advantages of a hierarchical approach are the flexibility such mod-
els allow. One may build up the models in a modular, hierarchical manner where
different aspects of the model can be treated separately. Extensions to the model
may easily be incorporated, if necessary, and the different modules may be updated
individually as knowledge and insight increase. Knowledge about physical aspects
may be incorporated in the models, as illustrated by the earthquake model in [147]
and such models are very flexible with regard to how they are built up. Furthermore,
hierarchical models, incorporating knowledge about the physical phenomena they
represent, perform better with regard to interpretation of results.

One crucial assumption applied in the model of earthquakes [147] is the Markovian
assumption (i.e., that the spatial process or field in one location is only dependent
on its nearest neighbours). Although this assumption needs to be challenged on a
case by case basis, it is presumably a reasonable assumption also for ocean waves.
Hence, it may be reasonable to model ocean waves as a random Markov field along
the lines of [147].

There are also benefits from utilizing a Bayesian approach, related to the fact that
knowledge about the physical process and its characteristics may be exploited by
way of the prior distributions. This is clearly an advantage in modeling of physical
phenomena where such knowledge are available, as is the case of ocean waves.
Furthermore, by adopting a Bayesian approach the uncertainty in model parameters is
taken into account. Hence, of all the modeling approaches reviewed herein, Bayesian
hierarchical space-time models are believed to be the most promising candidate for
further developments in long-term time-dependent stochastic modeling of extreme
waves and it is suggested that further research and model development are focused
in this direction. Indeed, in the following chapters of this book, various Bayesian
hierarchical space-time models for significant wave height will be presented, and it
is argued that they generally perform well also for modeling of oceanic sea states.

2.5 Wave Climate Projections

2.5.1 Climate Change

The IPCC’s fourth assessment report states that "Warming of the climate system is
unequivocal, as is now evident from observations of increases in global average
air and ocean temperatures, widespread melting of snow and ice and rising global
average sea level” [103]. It predicts further global warming and that many changes
in the global climate are very likely to be larger during the twenty-first century than
what has been observed during the twentieth century. Furthermore, the frequency and
intensity of extreme events are expected to change as the global climate changes,
some of which have already been observed. A more recent up-to-date overview on
climate change research [160] has as one of its key messages that recent observations
indicate that the climate change may be more severe and occur earlier than the fourth
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assessment report predicts. Even though a more recent IPCC report is somewhat
more moderate [104], there are reasons to believe that the future climate may be
more severe than past and present climates.

However, in spite of climate change being a global phenomenon, regional vari-
ability is large, and it has been observed that for example the Arctic has warmed at
double rate compared to the rest of the world in recent decades [3]. Regional dif-
ferences are also presumed to be predominant in future changes of the climate, but
overall, the globe is expected to warm and the intensity and frequency of extreme
climatic events are likely to increase.

Hence, one important question for the stakeholders involved in maritime transport
is to what extent the observed and projected global warming will influence the wave
climate on short and long term and what impact this will have on the safety of maritime
transportation. In the following, a review of some projections of wave climate within
the context of this global warming will be presented as well as analyses of previous
and current trends.

2.5.2 Current Trends in the Wave Climate

Evidence for a statistical significant increasing trend in mean wave height in the
North Atlantic was observed more than 30 years ago [13, 44]. Since then, there are a
number of studies reported in the literature which try to identify and assess previous
and current trends in extreme wave climate, most with a focus on the North Atlantic,
by different hindcast and reanalysis techniques combined with statistical analyses
(see e.g., [12, 111, 193]). Some of these will be briefly outlined in the following.

Seasonal trends in extremes of significant wave height were assessed in [200,
201] for the North Atlantic and the North Pacific by simulating a 40-year global
wave hindcast. For both oceans, no statistically significant changes were observed
for the past century, but significant changes were found in some regions and for
some seasons for the past four decades. Most notably an increase was found for the
winter season in the North Atlantic, matched by a decrease in the subtropical North
Atlantic and a significant increase in the North Pacific for the winter and spring
seasons. Extensive validation of a 40 year global wave hindcast against available
wave observations (from buoys, platforms, ships and satellites) has shown generally
good agreement over the entire frequency distribution for such reanalyzed data [52].

A previous study, somewhat limited in scope with regards to the period and area
covered compared to the assessments in [200, 201], reported a similar increasing
trend in significant wave height at several north-east Atlantic locations since 1960, as
well as a decrease south of 40◦N [120]. Similar patterns were also suggested in [186].
An increase in frequency of extreme events in the last four decades were reported for
the North Sea in [206], although no significant changes were found with regard to
intensity and duration. Also, an analysis of wave hindcast for 1955–1994 reported in
[83] suggests an increasing trend in both the North Sea and the Norwegian Sea, but
with decreasing trends in other regions. A global wave climate trend analysis was
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reported in [39] where an ERA-40 dataset, corrected for inhomogeneities, was used
and significant increasing trends for mean, 90- and 99-percentiles were found for a
large part of the global oceans. An intercomparison of significant wave height data
derived from different reanalyses was presented in [38], and in spite of differences in
the data quality and scope, it was reported that most of the long-term characteristics
such as trends and variability, were equally present in all datasets.

Hence, most studies from the turn of the century generally agree that the wave
climate of the North Atlantic became rougher in the past decades of the twentieth
century. These general conclusions have been supported by analysis of microseis-
mological data [81], by significant wave height data from ship observations [91]
and by satellite altimetry data [43, 212]. Buoy measurements have also suggested
an increase in wave height for the western Atlantic Ocean, but only for the summer
hurricane season [114]. More recent studies observe the continuation of this increas-
ing trend into the twenty-first century [34, 60], although there are still uncertainties
as to whether, or to what extent, the trend can be ascribed to global warming [205,
211]. Increasing trends have also been found in other oceans than the Atlantic [39,
79, 163, 171].

However, it is noted that opposite trends have been reported for different regions,
some studies reporting decreasing trends for particular regions [62, 135] and for
different seasons (e.g., decreasing trends for the months February was reported in
contrast to increasing trends in January for the Baltic Sea in [162]) so care should
always be exercised when extrapolating conclusions arrived at from one location
to another or from one season to another. Notwithstanding, there are evidence for
a general overall trend of rougher wave climate in the North Atlantic as well as in
various other ocean areas.

2.5.3 Projections of Future Trends in the Wave Climate

In light of the observed increasing trends in recent extreme wave climate in many
areas of the world, a much relevant question is whether, or to what extent, this trend
will prevail in the coming decades and how the future wave climate is expected to
develop. In the following, a review of some attempts to make projections of future
trends in the wave climate will be presented, with an emphasis on the trends for
extreme waves.

The modeling approach outlined in [40], modeling extreme waves as non-
homogeneous Poisson processes (NPP), utilizing the statistical relationship between
wave height and sea level pressure, and compared to a non-stationary generalized
extreme value model (NS-GEV), is already discussed briefly in previous sections.
Previous works focusing on the relationship between wave height and sea level pres-
sure include [199, 202, 203]. One interesting finding is that the regression model best
describing the 20-year significant wave height time series toward 2099 is quadratic
in time, in contrast to the the present climate where the trends are linear [37].
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The changes of the projected extreme wave climate toward 2099 arrived at from
the NPP model were found to be dependent on season and location and the spatial
patterns were very similar for the different scenarios that were investigated. However,
the magnitude of the estimated changes as well as the time evolution of the projec-
tions (i.e.,how fast the changes will occur) were scenario dependent. Comparing the
projected times series of significant wave height return values obtained from the
NPP and the NS-GEV models, it was found that they are highly correlated and hence
compatible in some sense, but significant differences in means and variances were
found, mainly in tropical areas. The seasonal projections of the 20-year significant
wave height toward 2099, under different forcing scenarios and using a NPP model
with parameters estimated from present climate data [40], predict significant changes
in SWH20 in different regions of the world. The rate of future changes depends on the
scenario, but under all scenarios considered, significant positive trends are predicted
in the North Pacific. This is in agreement with the projections made in [170], which
predict increases in significant wave height by up to 0.4 m over a wide area of the
western North Pacific.

Projections of future wind, wave, and storm surge climate in the North Atlantic
based on regional wave models are reported in [55, 56], where a future climate for
the period 2030–2050 is compared to a control climate for the period 1980–2000.
The initial study did not identify statistically significant changes in wave height [55],
but when the study was revisited with more recent IPCC scenarios, the following
statistically significant changes in extreme significant wave height were found: Sig-
nificant increases west of the British Isles and in the eastern North Sea and in the
Skagerrak and significant decreases west of 30◦W [56].

Projections of extreme wave heights for the Northwest Pacific Ocean toward
the year 2032 were presented in [163], based on various approaches, i.e., time-
dependent Generalized Pareto-Poisson model with time-dependent event rate, Gen-
eralized Extreme Value-model with time-dependent trends in the location and scale
parameters of the GEV distribution, and based on non-stationary r-largest extreme
value analysis. The projected 100-year return level from the different modeling
approaches showed a robust trend but with significant spread for the year 2032.
Projections further into the future would yield still greater spread in the model pro-
jections. It is therefore cautioned against using projected extreme values in actual
engineering problems and such projections should be considered as uncertain until
the underlying causes of the long-term trends are better understood

In order to extend the confidence and coverage of future wave climate projections
a proposal for a coordinated effort toward global wave climate projections was made
in [96], suggesting a shift in focus from regional projections. Such a global study was
recently published in [97], where projected changes in the global wave climate based
on projections from an ensemble of previous studies, obtained by different models,
were presented. The study reports an agreed projected decrease in annual mean
significant wave height over 25.8 % of the global oceans and a projected increase over
7.1 %, predominantly in the Southern Ocean. However, a general caveat when using
multimodel mean projections is that there might be a tendency of underestimating
projected trends from individual models. Significant trends from different models
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might cancel each other out and become insignificant in a multimodel average and it
might also be difficult to interpret the multimodel results. It is also noted in [97] that
the study methodology is the dominating source of uncertainty. Notwithstanding,
it is noted that results presented in [97] indicate a projected decrease in the annual
mean significant wave height for a notable part of the global oceans.

Other wave climate projections based on dynamical downscaling of projections
from global atmosphere-ocean climate models are reported for different regions of
the world in [6, 35, 98, 126, 153], the details of which will not be covered herein.

Various downscaling methods for estimation of statistics for significant wave
height were investigated in [204], evaluated against the ERA-40 wave data. Statisti-
cal downscaling approaches, typically based on the observed statistical relationship
between atmospheric variables and wave height were deemed better than dynam-
ical methods, which typically involves using atmospheric variables to drive ocean
wave models. Furthermore, different atmospheric covariates were analysed in nested
regression models (i.e., sea level pressure anomalies, sea level pressure gradients and
anomalies of seasonal mean squared surface wind speeds) and analysis of the various
models suggests that it is sufficient to use the wind-based predictor alone since this
model performs very similar to the full model. Projections made from the different
approaches show similar patterns for both seasonal means and extremes. In winter-
time, increases in the eastern and western subtropical North Atlantic and decreases
most other places were the predominant pattern whereas autumn projections were
characterized by increases in the mid-latitudes and eastern subtropical North Atlantic
and decreases in some other areas.

Dynamic and statistical downscaling techniques were also investigated in [74], and
a combination of dynamical and statistical approaches was proposed as a faster, less
computational-intensive alternative to purely dynamical methods for downscaling of
medium-scale wave data, a conclusion supported by [30]. The method demonstrated
reasonable agreement with observed wave conditions for simulations of an near-shore
area around Helgoland.

The uncertainty of the impact of climate change on future extreme wave condi-
tions in the North Sea was investigated in [80] by running the WAM wave model
[82] over an ensemble of four different climate change realizations for the 30-year
period 2071–2100. Wind field data sets were obtained by simulation outputs from
two global circulation models for two emission scenarios, and compared to two con-
trol scenarios. The study revealed that there are large uncertainties in the magnitude
and the spatial patterns of the climate change signals, and results indicate that the
uncertainties due to different climate models are larger, by a factor exceeding five
in some regions, than the uncertainties related to the different scenarios. Notwith-
standing these uncertainties, it was general agreement between the simulations in
that extreme wave heights will increase in large parts of the North Sea and that the
future frequency of severe sea states will increase due to global warming.
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2.6 Summary and Conclusions

This chapter has presented a comprehensive review of the literature concerning prob-
abilistic modeling of ocean waves and sea states. It has addressed the importance of
available wave data in order to develop sensible probabilistic models, and although
buoy measurements are generally regarded as most reliable, the spatial coverage of
such data may be inadequate for spatial models. Alternatives exist in satellite data
and in reanalysis data obtained from wave models forced by various meteorological
parameters. In particular, data from the ERA-40 reanalysis project that are freely
available for scientific purposes have been identified.

Numerous statistical models for extreme waves have been reported in the liter-
ature, and some of these have been presented herein. Many of these either have
short-term scope or are microscopic in the sense that they focus on a particular
location where wave data have been available. That is, the spatial variability is not
covered by many of these models. The long-term trends and time-dependencies due
to observed and projected climate change are also poorly incorporated in some of
these models. There have been some attempts to develop spatio-temporal models for
extreme waves, and these have been discussed herein. However, due to the modest
number of attempts to establish spatio-temporal models for extreme waves, a glance
at models proposed in other areas of application has also been reported. Hence, a
review of some models used in earthquake modeling, storm modeling, temperature
modeling, and air pollution modeling has been presented. It is suggested that similar
approaches might be appropriate for spatio-temporal modeling of extreme waves and
further work should focus on developing such models.

In particular, the framework of Bayesian hierarchical space-time models has been
identified as a promising candidate for further development of long-term stochastic
models of extreme wave climate. It is believed that such a framework offers significant
improvements in the statistical understanding and modeling of extreme waves and
may be used in modeling and projecting long-term trends due to climate change.

Following the review of different stochastic models, a review of projections of
future wave climate has been presented. Most of these predict changes in the global
wave climate toward the end of the century, but the changes are very region-dependent
and also highly dependent on the methodologies and models that have been applied.
However, the overall message is that, at least for some parts of the Northern Atlantic,
the wave climate will tend to become rougher during the present century. This means
that historic wave data may no longer be adequate as basis for design of ships and
offshore structures or for use in risk assessment and that new knowledge about
the time-dependence and long-term trends of extreme wave climate is of crucial
importance. However, different studies of wave climate projections disagree and
this just serves to illustrate the complexity and the high degree of uncertainty that
persist related to future projections of regional and global wave climates. On the
other hand, this should motivate further research into the statistical relationships and
development of improved spatio-temporal models for extreme waves.
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