Chapter 2
Stability Loss Problems Related to Solid
and Hollow Circular Cylinders

In this chapter the Three-Dimensional Linearized Theory of Stability (TDLTS) is
developed and applied to the investigation of global and local stability loss of
circular solid and hollow cylinders fabricated from viscoelastic composite mate-
rials. The initial imperfection criterion is used for determination of the values of
the critical parameters. The study is carried out within the scope of the 3D
geometrically non-linear field equations of the theory for viscoelastic orthotropic
bodies. The approach is developed and applied for a solution to the corresponding
system of non-linear integro-differential equations. By the average-integrating
procedure the corresponding approximate global (local) stability loss equations
within the scope of the Bernoulli-Euler and the third order refined beam (of the
Kirchhoff-Love and the third order shell) theories are derived from the corre-
sponding TDLTS equations. The numerical results related to the critical forces
and to the critical times which are obtained within the scope of the TDLTS
and approximate approaches are presented and discussed.

The results detailed in the present chapter are based on the investigations
carried out in papers (Akbarov and Karakaya 2011, 2012a, b)

2.1 Formulation of the Problem Related to the Global
Stability Loss

We consider a circular cylinder which has an initial global imperfection in the natural
state and determine the position of the points of this cylinder with the Lagrange
coordinates in the cylindrical Or0z and the Cartesian system of coordinates Ox;x»x3
(Fig. 2.1). We differ two cases: in Case 1 (Fig. 2.1a), in Case 2 (Fig. 2.1b) we assume
that the cylinder is solid (hollow) one.

The noted initial global imperfection is given through the following equation of
the “middle line” of the cylinders
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considered cylinders: a solid
cylinder, b hollow cylinder
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where 73 is a parameter and 73 € (0, £), L is the amplitude of the initial imperfection
form.

In Case 2 (in Case 1) we assume that the cylinders’ cross section is on the plane
which is perpendicular to its middle line tangent vector, is a closed circular ring of
the constant inner radius R~ and outer radius R™ (a circle of the constant radius R).
Moreover, we assume that L < [ and introduce the small parameter

a:%,0§s<<1. (2.2)

We suppose that the material of the cylinders is viscoelastic transversal
isotropic the symmetry axis of which coincides with the Ox; (Oz) axis. Within the
foregoing assumptions, we investigate the evolution of the infinitesimal initial
global imperfection of the cylinder with time in the case where the cylinder is
loaded by uniformly distributed normal compressing forces with intensity p acting
on the ends of the cylinder in the direction of the and Oz axis.

This investigation is made within the scope of the following field equations.
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Here the Eq. (2.3a) is equilibrium equation in terms of the physical components
trs 100, tz, Lo, tor, tw, to;, I and t. of the non-symmetric Kirchhoff stress
tensor, the Eq. (2.3b) shows the relation between the physical components of
non-symmetric Kirchhoff stress tensor and the physical components of the
ordinary stress tensor in the cylindrical system of coordinates, the non-linear
relation between the physical components &,., €, €z, €0, €0rs €05 €0z &z
and ¢,, of the Green strain tensor and the physical components u,, uy and u, of the
displacement vector is illustrated by the Eq. (2.3c).

The constitutive relations for the cylinders material in the cylindrical system of
coordinates are given as follows:

O = ATISW + AT2809 +AT38zz; gpp = ATQSW +A71890 + AT3£zz?
Oz = AT33rr +AT3896 +A>1k3gzz; 0ro = (ATI - A;Z)grg; (24)
0r; = 2G er; 09, = 2G gy,

where Aj; and G* are following operators

(t)oo-{tjon [ L= doos oo

Here, A;j and Gy are the instantaneous values of elastic constants, A;;(¢) and
Gi(t) are the given functions which determine the hereditary properties of the
cylinder material.

In the present section, all further discussions and considerations we will make
for the hollow cylinder from which by obvious changing the corresponding ones
can be obtained for the solid cylinder.

Assume that on the lateral surfaces S* of the hollow cylinder the following
conditions are satisfied

trelgeny + torlsen + tylsenz = 0, trolgeny” + toolgeny + tolgen; =0, 26)

+ + +
trz Sinr +t61|sin0 +tzz|sinz = 0

where n, nj and n} (n;, ny and n_) are the components of an unit normal vector
to the outer (inner) lateral surface ST (S™) of the hollow cylinder.
In the natural state, the upper and lower ends of the cylinder are on the inclined

planes with the following unit normal vectors

—k — emi
ny = ———— (for the lower end plane);
0 \/1+827'52( planc) (2.7)
k — emi '
n, = e (for the upper end plane),

V1 + ern?

where ny (ng) is an unit normal vector to the end plane of the cylinder at
z=0(z=2¥), i and k ort-unit vectors in the Ox; and Ox; axes directions
respectively.
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Denote the upper (lower) end cross section of the cylinder through S, (So) and
the conditions for the forces on these end cross sections we write as follows:

s5,7%01 + t(-)z|50”02 + tzz|50n03 =D,

tye

(2.8)

trz|sfnil + tﬁz‘s,nﬁ + fzlg, 3 = =D,

where ng; (I’l(‘j) is a component of the unit normal vector defined in (2.7). The end
conditions for the displacements will be discussed below.

This completes the formulation of the considered problem. It follows from this
formulation that the evolution of the infinitesimal initial global imperfection of the
cylinder with time for the fixed value of the compressing force p (for the case
where the material of the cylinder is viscoelastic) or with initial compressing force
p (for the case where the material of the cylinder is pure elastic) will be investi-
gated within the framework of the field equations (2.3), (2.4) and (2.5) and
boundary condition (2.6) and (2.8).

2.2 Method of Solution for the Global Stability Loss Problem

Now we consider the method of solution of the problem formulated in the previous
section. Note that the method employed below can be briefly summarized as
follows:

i. By employing the boundary-form perturbation techniques the considered
boundary value problem for the non-linear integro-differential Egs. (2.3)—(2.5)
is reduced to the series boundary-value problems for the corresponding system
of the linear integro-differential equations;

ii. Owing to both the expressions of the operators (2.5) and the convolution the-
orem, by using the Laplace transformation with respect to time these series
problems for the system of the linear integro-differential equations are reduced
to the corresponding series boundary value problems for the linear system of
differential equations in the Laplace transformation parameter space;

iii. For each fixed value of the Laplace transformation parameter the linear
problems are solved by employing the variable-separation method;

iv. By applying the inverse transformation method (Schapery 1962, 1978) we
determine the original of the sought values.

It should be noted that for the case where the material of the cylinder is pure
elastic, the operators (2.5) are replaced by mechanical constants and therefore
instead of the integro-differential equations we obtain differential equations and
the corresponding problems for these equations are also investigated in the
framework of the above procedure but without employing the Laplace
transformation.
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Since, according to the procedure summarized above and to the problem
statement, first we derive the equation for the inner and outer lateral surfaces S*
and S~ of the cylinder. According to the condition of the cylinder’s cross section
we can conclude that the coordinates of these surfaces must simultaneously satisfy
the following equations.

o' (13) (xip — & (13)) + 230 — 13 = 0,
(xito)z + (w5 — 13)° + + (xi0 — of (1)) = (RF)”

where f(t3) = Csin(nts/{), f'(t3) = mcos(ntz/0); xiy, x5, x5, are coordinates of

the surface S*.

Note that the first equation in (2.9) is an equation of the plane perpendicular to
the vector which is the tangent vector to the middle line of the cylinder at the point
that corresponds to the fixed value of the parameter 3; but the second equation in
(2.9) is an equation of the outer and inner circles with radiuses R™ and R~ in turn
which are counter to the cross section of the hollow cylinder which rises on the
foregoing plane. It is also assumed that the thickness # = R — R~ is constant
along the cylinder (Fig. 2.1).

Using the relations xj; = r* cos 0 and x5, = r* sin 6 we obtain the following

equation for the surface S* in the cylindrical system of coordinates Or0z:
L+ &2(f(13))°
1+ &(f(13))*cos? 0
(R = (1)) (1+ 27 (1))°)
1+ &2(f'(13))*cos? 0

(2.9)

* =r*(0,13,¢) = ef (t) cos 0

(1+2¢w))?)
(1 + €2(f'(13))*cos? 9)2

df(ts)
dt;

+ &(f(13))*cos? 0

25 =t — ef (13) (17 (0,13, 8) — ef(13)), f'(13) = (2.10)

Using the assumption (2.2) and supposing that (gf'(13))>< 1, after some
mathematical manipulations, we obtain the following equations.

=R* +¢f(t3) cos 0+ O(&%), z° =13 — eR*f'(t3) cos 0 + O(&?),

r:t
nf=i<1 (Rif"u—%) (s)>,
(.gf](; sin 0+ 0(z )

?))

ngt—:lz
nt ==£(—¢f'(13) cos 0+ O(e

(2.11)
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where n*
face S*.

Now we write the equation of the planes on which lay the lower and upper
inclined ends of the cylinder as follows.

+

, ng, nZ are physical components of the unit normal vector to the sur-

x3 = —enx; (for the lower end), (2.12)
x3 = enx; + £ (for the upper end). '

According to the Eq. (2.7), we can also present the expression of the compo-
nents of the normal vectors to these ends as follows

nor = iy = —em (1 - % (8n)2+0(8n)4) gy = — (1 - % (8n)2+0(8n)4) ,

1
nyz = (1 — 2(8%)2+0(87T)4>, Ny — Nyp = 0. (213)

According to the procedures of the boundary perturbation technique, we
attempt to solve the considered problem by employing the boundary form per-

turbation method. For this purpose the unknowns are presented in series form in ¢
(2.2).

00
e — @), (a). ()
{O-(ij)a s(ij>,u(l~)} = ZS‘]{O'(Z),£<Z),M(Z }, (214)
q=0

where (ij) = rr,00,2z,70,rz,0z and (i) = 1,0,z

Substituting Eq. (2.14) into Eq. (2.3a-2.3c), we obtain set equations for each
approximation (2.14). Using Eq. (2.11) we expand the values of each approxi-
mation (2.14) in series form in the vicinity of the points {r = R*; zp =3} and
{r =R™; zo = 13}. Substituting these last expressions in the boundary conditions
in (2.6) and using the expressions of n;", nj and n given in (2.11), after some
mathematical transformations we obtain boundary conditions which are satisfied at
{r=R"; zo =1} (for outer surface S*) and at {r =R™; zp =13} (for inner
surface S7) for each approximation in Eq. (2.14). It is evident that for the zeroth
approximation, Eq. (2.3a-2.3c) is valid and condition (2.6) is replaced by the same
one satisfied at points {r = R"; zo =13} and {r = R™; zp = t3}. We assume that
the non-linear parts of the strain tensor components are very small and can be
ignored with respect to their linear parts. According to this assumption, for the
zeroth approximation, we obtain the following system of equations:
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Moreover, we obtain the following end conditions for the zeroth approximation

from (2.7), (2.8) and (2.13).

al(r,0,0) = ¢ (r,0,¢) = —p.

(2.17)

Note that the mathematical procedure, according to which the end condition

(2.17) is obtained, will be given below.

Taking the last assumption into account, for the subsequent approximations we

obtain the following system of equations.
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The underlined terms in the Eq. (2.18) are equal to zero for the first approximation.
By direct verification it is proven that the Eq. (2.18) without the underlined terms
coincide with the corresponding equations of the Three-Dimensional Linearized
Theory of Stability (TDLTS) (Guz 1999). Due to linearity, the constitutive rela-
tions (2.4) are satisfied by each approximation separately, i.e.

o0 = A}, el0) + Alye) + ALY o) = ALY + Af el + ALY,

paa
olf = Ajyeld) + Ajseyy) + ALY 0 = (AT, — A3, (2.19)

0 =260 o) = 2G5!

Now we write the boundary conditions given on the lateral surface of the
cylinder for the first approximation by the physical components of the stress

tensor.

36 35
VIR
(r=R%, z=13) or 0z
(r=R*, z=t3) (r=R*, z=13) (220)
+ _(0) .+ (0) _
+7 O-(i)()’(r:Ri7 Z:t3>+/z MUE PR 0,

where (i) = r, 0, z. In Eq. (2.20) replacing (i) with r, 0 and z we obtain the explicit
form of the corresponding boundary conditions in the considered approximation.
Moreover, in Eq. (2.20) the following notation is used.
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1z = £(—f'(13) cos(0)), fi = f(13) cos(0), @7 = —R*f'(13) cos(0),

d’ 2.21
i = £ in0) 1) =L, () ~ ). e21)

Consider the satisfaction of the end conditions (2.8). To simply the discussion
we rewrite these conditions in the Cartesian system of coordinates Ox;x;x3.

03y (5{1 + uj) noj =pP; 03 <5,j1 + ﬁ)
ox,

ox,
where 5{; is a Kronecker symbol, other notation used in (2.22) is conventional.
According to Egs. (2.12) and (2.13), we can write the following expressions
from the conditions (2.22).

ng = —p (2.22)
Sy

So

. ou
O3n (51, +—L )| noj = o3 (x1,x2, —e7x1, 1)
Oxy, So
Ouy (x1,xp, —&mxy, 1)
1 1(X1,X2 1
e
n

Ouy (x1,x2, —€mxy, 1)
nogs = —p
Ox,,

+O-3n(xlax2,_87'fx]7t)<5z+
 dus
U3n<5ﬁ+61) ng = 03, (x1, %2, £ + €7x1, 1)
Xn) |s,

0 14 t
% <5111+ M1(xl7xzéx-i-87rx17 )>W1

Ous(x1,x2, £ + emxy, 1)
Ox,

+O'3n(xl,XQ,€+87'CX1,I) (534’ >n€3 =p (223>

Using the expansions

Oin(X1,X2, —€TX], 1) = quoﬁj) (x1, %2, —&mxy, 1) = O'l(,?) (x1,%2,0,1)
q=0

05" 0,1
+é (Jt('r:)(xthaOa 1) + (—ﬂxl)M + 0((8ﬂ)2>;
6x3

Ox i Ox i

q
oul) 0,1 o%u¥) 0,1
—|—8( u, (xl;x27 ) + (_TUC]) u,, (x17x27 ; )) +0((8TL’)2),

Ot (X1, %2, —EX1, 1) igq oul? (xy,xp, —emxy, 1) Ul (x1,x2,0,1)
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we obtain the following expression for the end conditions in (2.22).

au ou (0) au(o) aZM(O)
_ 3, 9 L _ (0 3 3
{ 63k (5 Ox Xk ) te Tm—?’k (5 axk 3k ka ™ 6x36xk

Jo oul
_ (ag;g — 7y a;:) <5§ + a;k +0(s) =p,

(x1,%2,0)
u (0)

{03k (53 + a—k +é

o au(o) au( ) 62 (0)
nos (5“ ou R o e T ™ aom

) (0) d (0)
+ o) o S ) (o625 ) |+ o(%) = —p.
axk axk ( 0

In a similar manner, we can write the following expansions for the physical
components u; of the displacement vector at the ends of the cylinder

(2.24)

(2.25)

”E?)) (x1,%2,0,7) + ¢ (u%) (x1,%2,0,1)

ou? (x1,x2,0,1)
+ (o L0 02,00

+ 0((87[)2) =0,

6x3

ou'? (x1,x2, £, 1)
ugg)(xl,xg,ﬁ, ) +e uEl.l))(xl,xz,E, N+ () ——

+ O((an)2> —0, (i)=r.0,z (2.26)
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We assume that the coefficient of &7 in the expansion (2.26) for (i) = r; 0 is
equal to zero. Consequently, according to this assumption, we obtain the end
conditions for the first and subsequent approximations for the displacements u, and
Uup.

Taking the estimation (52 + aug(» / 6xk) ~ 0, (5,1 + au(l(]) / ka) ~ 6, and the
expansions (2.23)—(2.26) into account we obtain the following end conditions for

the stresses for the zeroth and first approximations from the condition (2.22).
For the zeroth approximation:

ag(;)(x],xz,O) = ag? (x1,x2,¢) = —p. (2.27)

For the first approximation

ﬂGg(;)(xthaOa 1)+ O'gz)(xhxzaoa 1)

(614(31) (x1,%2,0,1) azug‘” (x1,%2,0, t))

k 6x3 6xk

=0,

Qo3 (31, %2, 0,1
+ ((fgé)(xl,xz,o,t)_ XIM

(2.28)

M_m a2“3 (x1,%2,£, 1)
Oxg Ox30x;

0 £t
+ (Ggg)(xl,xz,ﬁ 1) — x| 633 (xl,xz, )> 0.

Thus, rewriting the condition (2.27) in the cylindrical system of coordinates
Or0z we obtain the condition (2.17).

According to (2.15), (2.16) and (2.17), the values related to the zeroth
approximation are determined as follows.

agg) = —p, a% = 0 for (i) # zz. (2.29)

It follows from (2.29) that in the zeroth approximation the components of the
displacement vector can be presented as follows

u” = a(t)r + ao, ”E)) = bo, ul” = e(t)z+co (230)

where ag, by and c( are constants, a(#) and c(¢) are functions, ¢ is a time. The
functions a(¢) and ¢(¢) can be easily determined from Egs. (2.19) and (2.29).

Now we consider determination of the values related to the first approximation.
Taking the expression (2.29) into account the following field equations are
obtained from Eq. (2.18) for this approximation.
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@ oz 7% T2\ 8oz 00 )0 2\ &z or |’

The following conditions on the lateral surface of the cylinder are obtained
from (2.20) and (2.29).

oV (R*,0,13,1) = 0, 6') (R*,0,13,1) =0,

(2.32)
G£;)<Ri, 0, t3,t) = :I:nagg) cos(ayz)cos =0, oy =/l

According to Egs. (2.26) and (2.28), the end conditions for the first approxi-
mation can be written as follows.

6u§1>(r, 0,0,1)

o(r,0,0,1) + ¢ =0, u"(r,0,0,1) =0, u'(r,0,0,) = 0,

0z
oull(r,0,0,t
A0, +00 S
W (r,0,0,0) =0, uy (r,0,0,1) = 0. (2.33)

Thus, the Eq. (2.31), (2.19) and (2.5) and the conditions (2.32) and (2.33)
complete the formulation of the problem for determination of the values of the first
approximation. For solution to this problem we apply the Laplace transformation

= [ y(t)edt (2.34)
/

with parameter s > 0, to all equations and relations related to the first approxi-
mation. After this application to Eq. (2.31), the boundary conditions (2.32)
(in which ¢!? must be replaced with ¢!”) /s) and (2.33) are valid for the Laplace
transformations of the corresponding sought-for quantities, whilst the constitutive
relations (2.19) are transformed to the following ones:
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gD = A7\E) + Apygy) + AEY, ol = ALED + A7y +AfEl

E’ 2z 7z 7
o) = Al +AjEy) +AREY, ol = (4], —A%)ey (2.35)
(

2z ) ro

- (1), 5 (1)
o) =2G6°8)); 5} =267

rZ’

where

Af - Ai'() n Aq(s) n
ij — ij ij
{8how = {ttow+ {iat Low. (2.36)
As has been noted above, Egs. (2.31)-(2.36) coincide with the corresponding
equations of the TDLTS. Therefore, to solve the obtained equation systems,

according to the monograph (Guz 1999), in the cylindrical system of coordinates
we can use the following representations.

(]) _ 1 a 62 7(1) _ 1 1 62

=Y TaRh M = Y T ae
_ _ ?

ul) = (A3 +G*)~ <A1‘1A1 + (G* +00 )) 5 2)}/ (2.37)
¥ 10 19

T ra T

The functions / and y are determined from the equations.

62 2 2
< 1+£]62>w <A1+éza 2>(A1+é362>7_0 (238)
where

1
a2 o ( (A +60)(@ +ag9)>>2

T & s
LAY A A6 (2.39)

23,6 = A7, (A3 + o) + G = (A, + G,
Taking the expressions of the right sides of the conditions (2.32) and (2.33) we
find the solution to the Eq. (2.38) as follows.
Y =(Bili(&1our) + BaKi(&your)) sin(onz) sin 0,
x =[Bali(&our) + B3li(&3our) + BsKy (&aour) (2.40)
+BgK (&30 7)] cos(az) cos 6,
where o = /¢, I;(x) is the first order Bessel function of a purely imaginary

argument and K| (x) is the first order Macdonald Function, By, B,, B3, B4, Bs and
B¢ are unknown constants.
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Substituting these solutions into relations (2.37) and (2.35) we obtain the fol-
lowing expressions for Laplace transformation of the south values.

1
I {Bl —h(&oar) + By&only (&our) + Bs&soi I (E3our)

1 . .
4 By ;Kl(éloqr) + B56206%K{(62061r) + Bﬁfﬂfl(;(goc]r)} sin(oyz) cos 0,

o . o
125,1) Z{—Blflalli(flalr) _713211@2“1”) - 713311(630(#)

—By& ou Ky (&our) — 2 BsK (&onr) — %B6é3a%K1(é3ot1r)} sin(a;z) sin 0,
") = [BaDyoili (Ey07) + BsDaoiiTy (&30 7)
+BsDy0i Ky (&y007) + BeD3ad K (301 r)] sin(a2) cos 0,
RG-G-o) &G -
A3+ G* ’ A3+ G* ’
ol = {Bi[~ (A1, - Aty) B (&) + (Af, — Ap) S21 (&)
A* A* (=% ¢ % A *
By [A} 3 ST (Gour) + Ay (G (Eour) + 22T (Ear)) — AsDaoi T (Ear)],
_ _ —0o _
B; [A’haff%[i'(é“lr) +A7, (r—lll (530‘1r)+%1’ (53OW)> —ADso 1 (Eour)],
Ba |~ (A7) — Ajp) K (Gaonr) + (A — AD) S K| ()|
+Bs A7, 03 S K] (ESonr) + Al (2K (Eonr)
2
o _
P () — Ay DasdKi (G
— — )
+B6 [AT R EK] (Gxor) + Ay (S K1 (Exoar) + K] (Gyor) )
—A3D305 Ky (E3007)] } sin(e2) cos 0765(1,)
1 A * 1 Eo
= {Bl |:§ (All *Alz) (é%oﬂ]i/(élalr) — r—zll(élfllr) +17111(61061}’)>:|
M, — — 2
B2 | (A7) — A7) (3 (Gmr) - &2 1 (Er) )|
. B 2
B3| (A7, — Ap) (21(&ur) — &2 (Ear) )|
] Ak * 1 é
+Bj E(All _A12)< EoiKY (&your) _ﬁKl(élalr) 1 1K/(510<17))}
+Bs | (A7, — A}y) (x_lel(fzoﬂlr) - fza—fKi(ﬁzdlr)ﬂ
( ATz)( Ky (&or) — 53“—5K{(§3a1r))} } sin(a7) sin 6,
6'}(?1) = {B]G*TI] 610(11’) +BQG*O(?€21£(€20(1}’)(1 —‘,—Dz)

(
+BsG o &al} (&) (14 Ds) + BaG* 2 K (&yar)
+B5G o3 &K (&0 r) (1 + Da) + BeG o &K (&30 r) (1 + D3>} cos(x12) cos 0,

D, =
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-, o a2
5'2) = {Bz |:A13 <é%o€?[{l(ézd1}’) — 72111 (520617) + 71}" 21{(5%’)(1"))
— A Dro3 1 (& r)} + Bs [;\]‘3 (&l (E07)
o 25. A *x
— 31 (&our) + a‘—,zli(fsdlr)) - A33D30<?11(§30€17)}
— 2
Bs [AT3( SBKY (Eour) — K (&our) + ul_fzKi (53“1”))
— ADoK (Eour)| + Bs[Als (f%fl?KY(fﬂlr)*%Kl(53<Xlr)
+if3K1 (§3oc]r)) — A3Dso3 K, (§3oc1r)] } sin(o;2) cos 0.
(2.41)
Here the notation I} (x) = dI;(x)/dx, I{ (x) = d*I,(x) /dx*, K} (x) = dK;(x)/dx
and K} (x) = d?K;(x)/dx* is used. The solution (2.41) to the problem under
consideration satisfies automatically the end condition (2.33). Replacing the
unknowns B, By, B3, B4, Bs and Bg with ot%Bl (=0, oc?Bz (=) 06%33 (= Cy),
03By (= C4), o3Bs (= Cs) and oBs (= Cg) respectively, we obtain the following

algebraic equation from the boundary condition (2.32) for determination these
unknowns.

5'5,1)(R+, 9, 13, t) =0= Clall(a1R+) + C2012(11R+) + C3a13(oc1R+)

+ C46114(O€1R+) + C56115(O(1R+) + C66116(061R+) =0,
4 (R*,0,13,1) =0 = Cian (uR") + Coan(uR") + Czan(uR*)

+ Caazs (01 R™) 4 Csazs (1 RT) + Coazs (1 RT) = 0,

1
5'5,;>(R+, 0, t3, l) :TCO';(;) E = C1a31(oc1R+) + C2a32(oc1R+) + C3d33(0(1R+)

1
+ C4a34(oclR+) =+ C5a35(a1R+) + C6a36(oth+) = 7'50'2) ;,

5'E,i>(R7, 0,3, l) =0= C]d][(OC]Ri) + Czalz(OHRi) + C3a13(o<1R7)

+ Csar14(oR™) + Csais(R™) + Coars(o1R™) = 0,
5'%) (R™,0,13,1) =0 = Craz (qR™) + Caan(iR™) 4+ Czax(oiR™)

+ Caa24(01R™) 4 Csans(R™) + Coazs(1R™) = 0,

1
5'5;>(R7a 0,3, l) = — TCUE?) ; = C]a3|(CX|R7) + C2a32(0(1R7) + C3a33(0(|R7)

— _ _ 1
+ C46134(OC1R ) + C56135(O(1R ) + C6a36(061R ) = —TCO'i(Z)) —

Note that expressions for the coefficients a;; (i;j = 1,2,3,4,5,6) can be easily
obtained from Eq. (2.41).
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Thus, with the foregoing we determine completely the Laplace transformation
of the values related to the first approximation. The Laplace transformation of the
values of the second and subsequent approximations in (2.14) can also be deter-
mined as the values of the first approximation by taking the obvious changes into
account. However, as follows from the structure of the Eq. (2.18), for stability loss
problems, the consideration of only the zeroth and first approximation is sufficient,
because accounting the second and subsequent approximation does not change the
values of the critical parameters.

The original of the south values is determined by employing the method
(Schapery 1962, 1978), according to which, for instance, the original of the dis-

placement uﬁ‘)(r7 0,t3,1) is determined through the expression

M;('l)(rv 07 13, t) ~ (sﬁﬁl)(r, 0, 13, [))

. 2.43
s=1/(21) (243)

Now we consider the selection of the stability loss criterion. In the present
investigation, the case will be understood under stability loss, where

m(a(l))z> |ulV(r,0,13,1)| — oo as t — 1, (or as p — p., for the pure elastic case).
130,
re(0.R)
0e(0,21)

(2.44)

Thus, the values of the critical time or the values of the critical force are
determined from the initial imperfection criterion (2.44).

2.3 Approximate Equations for the Stability Loss
of the Cylinder-Beam Obtained from Equations
of the TDLTS by the Average-Integrating Procedure

2.3.1 Bernoulli Beam theory

For the case under consideration the approximate stability loss equations for the cylinder-
beam can be derived from Egs. (2.31)—(2.36) with the use of the Bernoulli hypothesis,
according to which, the displacements of the cylinder are presented as follows.

ul) = u(0,z) = w(z) cos 0, uf(,l) = uél)(ﬁ, z) = —w(z) sin 0,

w(z) cos 0. (245)

Z

In writing the expression (2.45), it is assumed that the elongation of the middle
line of the cylinder is very small with respect to the term —rdw(z)/dzcos 6 and is
ignored. Thus, according to (2.31) and (2.45), we obtain that
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d*w(z
e = —rcosf W(Z)7 eV — 0 for (ij) # zz, o) = aéb) = a((l,> =0,
“ 0 ’ (2.46)
(1) % (1) L d*w(z) .
o, = Eze;,) = —rcos OE;

dz2 "’

t
where Ej is an operator and E5¢(r) = E3p(r) + [ E3i(t — t)$(t)dt, where Es is
0

the instantaneous value of the modulus of elasticity in the direction of the Oz axis
of the cylinder material and E3 (¢) is a function which determine the relaxation of
this material.

Assume that

ol £0, o)) #0. (2.47)

Taking the relations (2.46) and (2.47) into account we obtain the following
equation from (2.31).

60(;) d*w ool dw

. 0= ™ —0 0= _ 0V p—

o2 = g2 cosf =0, o oy, 42 sinf = 0, 248)
ae) 1osl) 1 oo & '
90w’ 1%%: _6(1)+&+O—g)_w(_rcos()):0.

or r 00 r 0z dz3

Z
Using the expressions of the equations in (2.48) we can write the following
presentations.

o{;) = sﬁ? cos 0, af)lz) = sf)lz) sin 0, og) = sgzl) cos 0. (2.49)
According to the foregoing presentations, we obtain the following equations

from (2.48) and (2.49).

dsV) d*w ds)! d*w
= 40 =0, —E _ 0" =0 2.50
dZ + azz dzz ’ dZ azz dz2 ( )

Multiplying the last Eq. (2.48) with (% cos ) and integrating with respect to r
in the interval [R™, R™] and with respect to 0 in the interval [0, 27] we can write the
following transformations.
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Rt 2n 1 a R*

/ / 97 r*cos0drd 0 = / sDrdr;
Fa

R* 21 R*

// Iy cos@drdefn/ sg)rdr;

R-

// Iy cosé)a’rd@—n/—’Z rdr
r 6 dr

R+
d
o[ [ g2 [

R+
(R™P-2n / s rdr
J
R+
= nﬁg(z)) ((R+)2—|—(R—)2> cos(ayz) — 271 / sg)rdr,

R-

(R*)z—ns“”

_ (1)
=T ’ rz |lr=R-

rZ |r=R*

Rt

d'i
r cos@drd@—n/ E,— e

Rt 27160_2)
// 0z
0

n(<R+>“—<R->4)
4

(—r3)dr

J= (2.51)

Here, the boundary conditions o!!)(R*,0,1,t) = 2n6(? cos(x;z) cos 0, =
sV, _pe = 2n0'9 cos(a2),

dD(R™,0,15,1) = 216V cos(2) cos 0, = sV R 215\ cos(12)

given in (2.32) are used. Thus, taking the transformation (2.51) and relation (2.50)
into account we get the following equation for the displacement w(z) from the last
equation in (2.48).

* d4W 2 _ d2W
—(E3 + 09)1F + n((R+) “(R )2) 0

(2.52)
= ((R+)2—(R7)2) 216 sin(;z).
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Applying the presentations (2.45) and (2.46) to the end conditions (2.33) and
doing the integration over the area of the end cross sections we obtain the fol-
lowing ones for the approximate Bernoulli approach.

d*w

d—zz _0'1/: 0 (253)

lezO:Z: 07

It is evident that for the real cases the inequality ’a§2>| < <|E3 1’ takes place

and taking this inequality into account, the ag(y can be ignored in the first term of

the Eq. (2.52). After this ignoring with the use of the notation P = 7712((R+)2

—(R’)Z)Jg(zn we obtain the classical stability loss equation of the Bernoulli beam
from which the Euler critical force within the scope of the initial imperfection
criterion is obtained.

For the solution to the boundary value problem (2.52) and (2.53) we apply the
Laplace transformation (2.34) to these equations. Using the convolution theorem
for transformation of the term Ejd*w / dz* we obtain the same equation and end
conditions written for w. For instance, after this transformation we obtain the
following equation instead of Eq. (2.52)

dw d*w
dz* dz?

According to the end condition (2.53), the solution to the Eq. (2.54) is taken as
follows

- 1
—E3J = onqP sin(o2). (2.54)

w=A(s)sinoz. (2.55)

Substituting (2.55) into (2.54) and doing some mathematical calculations we
obtain the following expression for the unknown A(s).

= (2.56)

A(s) =

_ P mET "
sm2 '

Employing the method (Schapery 1962, 1978), the original of A(s) is deter-
mined as follows.

A(t) = (SAG)) =1/ an). (2.57)

For the cases where the cylinder material is pure elastic we obtain from (2.56)
the expression

A=

7Pff |: 7 7T2E3J:| -

: e (2.58)

T

According to (2.44), the stability loss criterion for the Bernoulli beam can be
expressed as
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A(t) — oo as t — t,, (for the case where the cylinder material is viscoelastic),
A — oo as P — P, (for the case where the cylinder material is pure elastic)
(2.59)

The following expression is obtained from (2.58) and (2.59) for the critical
force which coincide with Euler critical force

77.'2E3]
PEILC)‘ = €2 . (260)

2.4 The Third Order Refined Beam Theory

For the third order refined beam theory we use the modification of the theory
(Kromm 1953, 1955) for the cylinder-beam, according to which, the displacements

uf” and uél) are presented as in (2.45), but the displacement ug) is presented as

aw(z
ul) =uV(r,0,2) = —r VZI(Z) cos 0
| < | , (2.61)
+ (((R+)2+(R_)2) rcos 0 — 3 r cos® 9) ¢(2)
where ¢(z) is an average shear deformation of the cross section of the cylinder-beam.

Substituting the expressions for uﬁ”, uéw and ugl) into Eq. (2.31) we obtain the
expression for strains and stresses given below.

2 =L (R 4 (R coso(t — 080
e =g (RT)7+ (R7)7) cos 0(1 (R+)2+(R7)2)<P(Z)7
(1) _71 2 VY sin _ r2cos? 6
o = = R ) sing(1 o)
h Pw(z) 1 2 o rAcos 0, do(z)
el) = —rcos0 = +Z(((R )Y+ (R7) )rcosQ—T)TZ,

(1 (1) 1 1) ) _
ey :866) =5y =0, ) = ‘7((99 = 059 =0,

1
o) =267l = G 3 ((R")* + (R7)*) cos 0

72

x (1 = ———————cos’
w0
o) <2G°5{) = ~G* (R + (R ) sin) (1 - mcmz 0)(2)
o =Bl = By reos0 4 L (g
(R )Y)reosl— r cos 0, do(z) (2.62)

dz
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It follows from the expressions given in (2.62) that the Eqs. (2.48) and (2.49)
hold also for the considered case. First, we apply the Laplace transformation to the
Egs. (2.48), (2.49) and (2.62) and doing the integration procedure which is similar
to that made in the previous subsection we get from Eq. (2.48) the following
equation for the function w(z, s).

ELJ —1—”§g)_i Roly <1+"$)> d*w(z, s)
3 B3 (wReyemp)e \ B )|
Pifzs) (R +R))

(R 4R ol 25 = - o sinmz,  (2.63)

where
(R")°—(R")°
9((R*)*~(R)*)

Thus, using the presentation (2.55) and the estimation

LA 4 R (H«rg;») B

R = ((R+)2+(R—)2) - (2.64)

I ((R)+(R))G*

we obtain from (2.63) the following expression for A(s)

- P LEIR /m\2 EJ] !
A = — — P 1 - E (_) - 3 265
(s) sm? { ( 3 G* \/L 2 (2.65)
where, as in the previous case, the notation P = —n2((R*)* + (R‘)z)ogg) is used.

By employing the method (2.57) we determine the function A(¢). For deter-
mination of the values of the critical parameters we can also use the expression
(2.59). The following expression can be written for the unknown A from Eq. (2.65)
for the case where the material of the cylinder is pure elastic.

Pe 1EsR (m\2\  72Esd]
A=——|P(1 ——(—) - 2.66
sm? { < 376 0 ) 2 (2.66)
From (2.66) the following expression for the critical force for the case where
the cylinder’s material is pure elastic one can be written.

72Es] 1EsR m2\ !
P=—=p (”5?(2)) (2:67)
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2.5 Numerical Results and Discussions

We assume that the cylinder is made from viscoelastic unidirectional fibrous
composite material and its fibers lie along the Oz axis. In the discussions below,
the values related to the matrix and the fibers will be denoted by upper indices
(1) and (2), respectively. The material of the fibers is supposed to be pure elastic
with Young’s modulus E® Poisson coefficient v(?), shear modulus u , but the
material of the matrix is supposed to be linearly v1scoelastlc with operators

E*(1)p = E" [p(t) — wpIT(—wp — 00) 9],
-2
@(1) + —L oI (—wp — 0 )@ |,
zv(l)
0

+(1) (1) 3 . 1
W =py’ |o(t) ——————— oIl | —————wo — 0 |@|, (2.68)
[ 2(1+v) ( 2(1+ ) ) ]

where E(g”, v(g]) are the instantaneous values of Young’s modulus and the Poisson

coefficient, respectively, u(()l) is the instantaneous value of shear modulus, o, wg
and ., are the rheological parameters of the matrix material, IT} is the fractional

exponential operator (Rabotnov 1977), and this operator is determined as

t
xX)p = /Hx(x,t — 1)¢p(1)dr, (2.69)
0
where
) X l‘" (14-2)
= —1<a<0 2.70
24T+ n)(1 4 o) 270

where I'(x)is the Gamma function.

Note that the fractional-exponential operators (Rabotnov 1977) allow us to
describe with the accuracy required the initial parts of the experimentally and
theoretically constructed creep and relaxation graphs. These operators also allow
us to determine with very high accuracy, the asymptotic values of these graphs.
Operators (2.69) and (2.70) are employed successfully to describe various polymer
materials and epoxy-based composites with continuous fibers or layers. The values
of the rheological parameters in relation (2.68) were determined for these materials
in the monograph (Rabotnov 1977). Moreover, these operators have many simple
rules for complicated mathematical transformations, for example, the Laplace
transformation, the expression of which is given below.

We introduce the dimensionless rheological parameter (= w../wg) and the

co(l)/(l”)t) and assume that v(?) = v(()l) =03, ¥ =05
where 1®) is a fiber volume fraction in the composite under consideration.

dimensionless time (=
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It is known that, within the scope of the continuum approach this composite can
be taken as homogeneous transversal isotropic one the isotropy axis of which
coincide with the Oz axis. According to (Christensen 1979) and many others, by
replacing the mechanical constants of the constituents of a composite with Laplace
transformation of the corresponding operators in the expressions of the effective
mechanical properties, we determine the Laplace transform of the effective
operators. Therefore, in the Laplace transform of the constitutive relations (2.35)
instead of Al*] and G* we write these expressions. For the considered composite

material the expressions for A;; and G* are determined as follows:

A X % —% 2** A X * A X — 178
Ay = E; +4(V31) KZl’ Al% = 2"31K217 Ay, = [, + Ky, A, =~ + K5,

G =P 271
) 270
where
e (1 1 x(1 (2) 1 2 x(1 i (2) (1 B
K, =K >+§ﬂ<>+,1 g(ﬁ<>_—<>>+K< _ g0
-1
(1—n®) , _ _
— | [ E=y?E® 4 (1 — (2))E (1)
K0+ 5 31 ’7
_ (D2 5
. 4@ (1 = g®) (3 — ) 0
(1 = @) EMW(K@ + 5@ /3) " py@ 0 (K0 4 =) /3y~
¥, =@ 4 (1 _ ,7<2>)9*<1) +oan® (1 _ ,1<z>) (v@) _ v*<1>)2
[0 (& /3) e (k4 2 /3) ]
X — )
(1 =@M (K( /3) @ (R e /3) 1
) +7 m/3]
—x__—x(1) (2) U i
e R A o S a3 (2.72)

Here the following notation is used:

k(1 (2
o EY 2p E®
3(1—2v)’ 31— 2v0)
(2
@ E® £0 —1po 50 1
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)
. 0l = . |l 1-2v" =
Y e
Yo
=x(1) _ (1)1 _ 3 7o 3 _
= Ho [s 2(1+v3”)n“( 2(14vy") a))},
Ha(—x) = —(s‘Jrl1+x)'

(2.73)

Thus, within the framework of the foregoing preparation we consider the
numerical results and first examine the pure elastic stability loss under ¥ = 0 and
' = oo, because in the viscoelstic stability loss of the cylinder the intensity of the
external compressed force

p=o = pla(R7-& )] (274)

must satisfy the inequality

Per.co <P <Pcro (275)

where pero (Per.oo) 18 the critical force obtained at ¥ =0 (¢ = o0).

We compare the results obtained within the scope of the TDLTS with the
corresponding ones obtained within the scope of the Bernoulli beam theory and
within the scope of the third order refined beam theory. Through

p/3D.c.0 (: p3DAcAO/E(()1)) and pgD'C'OO (: pmﬁ..x/E(()l)) we denote the critical values

of the intensity of the dimensionless forces obtained by employing the TDLTS.
Here and below the sub-indices 0 and oo indicate that the critical values of the
forces are calculated at ¥ = 0 and at ' = oo respectively. According to the Egs.
(2.60) and (2.67), the corresponding critical values of the intensity of the com-
pressed forces obtained within the scope of the Bernoulli beam theory (denoted by
Preo and pl . ) and within the scope of the third order refined beam theory
(denoted by ph., and pk..) can be calculated by the use of the following

expressions.
f B (RN (MRONTL L Es [(7RY\ (7R
PEco = 4E(<)1> /¢ Y] » PEcoo = 4E(()1) / / )

p B [(TRON (RO L ER 2\
pR»C<0_4E(<)1> l( 0 ) 7 13756, (e) ’
R\? [nR™\* 1 EoR m 2\
(T) +<T> ](”3 G (z)) - (2.76)

Substituting Rt = R, R~ = 0 into expressions for J (2.51) and R (2.64), we
obtain from (2.76) the following expressions for the solid cylinder.

/ _ E3:>o
R.c.o00 4E(()1)
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Table 2.1 The values of p}, ., Pk .o and pj; ., obtained for various values of E?) / E(()1> and p

2) _ R
0
0.1 0.2 0.3
/ / / / / / / / /
P3p.co PR.co PE.co P3p.co PR.co Peco _ P3p.co PR.co PE.co

1 0.00247  0.00248  0.0025 0.0096 0.0097 0.010 0.0207 0.0210 0.0224
5 0.00740  0.00741  0.0075 0.0284 0.0286 0.030 0.0603 0.0611 0.0675
10 0.0134 0.01351  0.0137 0.0510 0.0513 0.055 0.1055 0.1066 0.1237

’ E30 TR 2 ’ E30 TR 2 8 E30 -
PEco = ) 7 » PRco = m\ I+ ’
4E() 4EO f 27 G()
Esn [mR\? Es (ﬂ:R>2< 8 Es)
/ =5 (22 )y — 5% (T2 1+ ——) 2.77
PE.c.co 4E(()1> ( €> PR.c.co 4E(()1) ¢ 27 Gy ( )

Now we analyze the numerical results obtained within the scope of the fore-
going assumptions. The results related to the solid and hollow cylinders will be
analyzed separately.

2.5.1 Solid Cylinder

Table 2.1 (Table 2.2) shows the values of p}, .o Preo a0d Pr oo (Pipcocs Preoo
and p}; ) calculated for various values of E(z)/E(()l), o and p(= wR/{). Note

that the values of py o, Pr.o> Preo a0d Pi . o are calculated by the use of the
expression (2.77). However, the values of p};, ., and p},, . . are calculated by the
use of the criterion (2.44) and by the use of the solution of the system equation
which is obtained from the first three equations of the system equations given in
(2.42) by taking the equalities C4 =0, Cs =0 and Cg = 0 into account and by
replacing the notation Rt with R.

It follows from these results that the values of py . o (Pk..~.) are very near to the
corresponding values of p}, o (Pipeoo) and the difference between them is
insignificant. However the values of pj . (p..,) are greater than the corre-
sponding values of p};, .o (Pip.coo) and the difference between them becomes

more significant with E®?) / Eél) and p.

Consequently, it can be concluded from the foregoing results that for the pure
elastic stability loss problems of the considered cylinder, the third order refined
beam theory gives results which are sufficiently close to the corresponding ones
obtained within the scope of the TDLTS.
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Table 2.2 The values of p;, . ., Pk.o, and p ., obtained for various values of E®? / Eé]),

p=mnR/{¢ and w
E®) p
EWD
0 0.1 0.2 0.3

pgl).c.x p;?.c.() p;:".c.() pgD.c.oo p;?.c.O p;f.c.() pgD.r‘.oo p;?.c.() plE.c.O
w=05
1 0.00163 0.00163 0.00166 0.00611 0.00614 0.0066 0.0124 0.0125 0.015
5 0.00621 0.00622 0.00666 0.02073 0.02073 0.0266 0.0366 0.0365 0.060
10 0.01138 0.01137 0.01291 0.03368 0.03353 0.0516 0.0530 0.0524 0.116
w=1.0
1 0.00184 0.00185 0.00187 0.00709 0.00713 0.0075 0.0149 0.0151 0.016
5 0.00664 0.00665 0.00687 0.02411 0.02420 0.0275 0.0471 0.0473 0.061
10 0.01235 0.01236 0.01312 0.04207 0.04212 0.0525 0.0760 0.0759 0.118
w=2.0
1 0.00206 0.00206 0.00208 0.00796 0.0080 0.0083 0.01698 0.0172 0.018
5 0.00692 0.00693 0.00708 0.02560 0.0261 0.0283 0.05315 0.0536 0.063
10 0.01285 0.01287 0.01333 0.04645 0.0466 0.0533 0.09021 0.0906 0.120

Now we consider the case where the cylinder material is viscoelastic and analyze
the critical time #... To compare the values of #,. given by the TDLTS with those
given by approximate beam theories, we must select the values of p'(=p / E((JU)
Wthh fall in the intervals [p/Ecoo’p;?cO} ’ [p;?cowp;?cO] and [pgD.c.oo7p/3D4c.0]
simultaneously. However, as follows from the data given in Tables 2.1 and 2.2, in

many cases such common values of p'(=p / Eél)) exist only for the intervals

[PRecor Preo) and [Pip e oosPhpeo)- For this reason, we will compare only the
critical time obtained by employing the TDLTS (denoted by #;;, .. ) with that
obtained by employing the third order refined beam theory (denoted by t;zf.cn)
Thus, consider the data given in Tables 2.3-2.5 which show the values of the
#ip.cr. and f, ., obtained for the cases where p = 0.1, 0.2 and 0.3 respectively for

various values of p’ and « under v = 0.5, E® / E(()1> = 5. Moreover, for a clearer

illustration of the results related to the critical time in Fig. 2.2 the graphs of the
dependencies among #3, ., , tx ., and p’ are given for various values of o in the
case where p =0.1, w =0,5.

It follows from the results given in Fig. 2.2 and from other numerical results
(which are not given here) that the graphs of the analyzed dependencies con-
structed for various values of o have a common intersection point. Before (after)
this intersection point an increase in the absolute values of « causes an increase
(decrease) in the values of the critical time. Figure 2.3 illustrates the parts of the
graphs which appear after the aforementioned intersection point and it follows
from this investigation that the position of the intersection point does not depend
on the values of . According to this statement and according to the expression of
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I, given in (2.73), it can be concluded that the “intersection point” corresponds to
the case where the Laplace transformation parameter s is equal to one, i.e. s = 1.
In other words, according to the method (Schapery 1962, 1978), i.e. according to
the expressions (2.43) or (2.57), the “intersection point” corresponds to the case
where . = 0.5. Consequently, the foregoing conclusion on the influence of the
rheological parameter o on the values of . can be rewritten as follows:

If 7., > 0.5 (., <0.5) the increase in the absolute values of o causes an increase
(a decrease) in the values of the #/,.

This conclusion holds for all problems considered and studied in the present
book. From the viewpoint of the author, in the qualitative sense, the foregoing
conclusion follows from the nature of the viscoelastic behavior of deformable solid
bodies, but not from either special selection of the operator (2.69) or from the
inverse transformation method (Schapery 1962, 1978). For example, it is evident
that use of the more accurate inverse transformation method rather than Schapery’s
method (1962, 1978), does not change significantly the value of #,. which corre-
sponds to s = 1.

Note that the parameter o is one of the rheological parameters of the matrix
material and characterizes the mechanical behavior of this viscoelastic material
around the initial state of the deformation, i.e. in the near vicinity of ¢ = 0.
However, the other dimensionless rheological parameter o characterizes the

mechanical properties of the matrix material around ¢ = oco.

As the values of Egi) ( VEQ) increase (decrease) with w, therefore, it can be
predicted that the values of p/,. . must increase with w. This prediction is proved
by the data given in Table 2.2. Moreover, the influence of the parameter w on the
graphs of the dependencies among f3, ., g, and p' is illustrated by the graphs
given in Fig. 2.4.

Analyses of the results given in Tables 2.3, 2.4, 2.5 show that in the case under

consideration, i.e. in the case where E(2)/E(()1) =5 w=05 p=0.1, 0.2 and

0.3 the values of #; . are greater than the corresponding values of 7,5, . . The
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difference between fz . and f;, . depends not only on the rheological parameters

o and o, but also on the values of the intensity of the external compressive forces
p’ and, as can be predicted, there exist the following relations:

/ / ’ o / ’
t3D.cr. — Oas P = Pip.cos t3D.cr. —O0asp — P3peoo

/ / / / / / (2'78)
lRf.cr. -0 asp — PRco tRfrn — O0asp — Preco

The results given in Tables2.3, 2.4, 2.5, and many other results (which are not
given here), show that the insignificant difference between p,, . , and pj, .. o, as well as
the insignificant difference between p,, . . and pf . ., causes the significant dif-
ference between the values of 73, ., and fi . . In this case, if p3p .o > Pk .o (Or if
DPhip.eo <Pk o) then the values of 5, .. obtained for p’ which are close to the p’, ., or
to the p .o, are greater (less) than the corresponding values of g, ., . Moreover, if
DD o = Preso O Php o o <ph...) then the values of 75, ., obtained for the p/
which is close to the p};, . . ortothe p . ., are greater (less) than the corresponding
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Table 2.3 The values of #, ., (upper number) and Z;Qflcn(lower number) obtained for various

values of p’ and o under p = 0.1, @ = 0.5 and E(z)/E((,l) =5

o P x 10%
0.637 0.650 0.660 0.670  0.680 0.690 0.700  0.710  0.720
03 1059 3.341 1.726 0.967 0.561 0.328 0.187 0.100 0.046
: 11.24 3.508 1310 1.015 0.590 0.346 0.199 0.108 0.051
05 3592 7.143 2.835 1.259 0.588 0.277 0.187 0.052 0.018
: 39.06 7.648 3.030 1.347 0.631 0.299 0.199 0.058 0.020
0.7 6209 4205 9.015 2.331 0.655 0.187 0.050 0.011 0.0019
: 7139 4713 10.07 2.609 0.738 0212 0.058 0.014 0.0025

Table 2.4 The values of 7, . (upper number) and 7 . (lower number) obtained for various

values of p’ and o under p = 0.2, ® = 0.5 and E(z)/E(()l> =5

o P x 107
2.250 2.300 2.350 2.400 2.450 2.500 2.550 2.600 2.650
: 5908 3660 2.366 1578 1.068 0724 0.486 0318 0.200
05 1510 7.517 4.049 2.275 1301 0.743 0417 0.225 0.113
: 16.20 8117 4.408 2501 1.447 0.840 0.480 0.266 0.139
07  ld64 45.79 16.33 6.247 2.462 0.969 0370 0.132 0.042
: 165.7 52.04 1881 7315 2.941 1187 0.468 0174 0.059

Table 2.5 The values of 7, . (upper number) and fg . (lower number) obtained for various

values of p’ and o under p = 0.3, w = 0.5 and E(z)/E(()1> =5

o P x 10%
4.100 4.200 4.300 4.400 4.500 4.600 4.700 4.800 4.900

03 sl 5.634 4.074 3.035 2308 1.779 1.383 1.080 0.843

: 8208 5730 2178 3137 2403 1866 1.462 1151 0.908
05 248 14.34 9.428 6.246 4257 2,057 2,078 1.469 1.040

: 2%.13 1520 9.769 6.541 1504 5161 2247 1.608 1153
07 3369 1423 66.80 33.62 17.74 9.670 573 3.015 1.695

: 304 1480 70.87 36.31 19.50 10.81 6119 3504 2013

values of t;i’f.cr.' The results illustrated in Tables 2.3, 2.4, 2.5 correspond to the case

where plp o <Preo and php, . o <Pk ..o Therefore in the all cases considered in
these tables the values of 7}, . are less than the corresponding values of t;?f.cr.'

Consider the numerical results related to the other aforementioned cases,
namely the case where p},, . <pk.o and pp, .. > Pr.- The results given in
Tables 2.1 and 2.2 show that the values of p%,, .o, Preos Pipeoo a0 Pr. oo

obtained, for example for the case where p = 0.1, E(z)/Eél) =10 and w = 0.5

satisfy these inequalities. The corresponding values of 73, ., and g, ., obtained for

the case mentioned are given in Table 2.6. Consequently, according to the fore-
going discussion, the following relations must occur:
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Table 2.6 The values of 7, .. (upper number) and Z;Qflcn(lower number) obtained for various

values of p’ and o under p = 0.1, @ = 0.5 and E(z)/E((,l) =10

@ P x 10%
1.15 1.16 1.17 1.18 1.19 1.20 1.21 1.22 1.23
03 73.51 27.39 14.47 8.865 5.881 4.094 2.937 2.148 1.588
: 68.95 26.73 1435 8.869 5.920 14 2.084 2.191 1.627
05 541.1 135.8 55.61 28.00 1576 9.493 5.964 3.849 2522
: 2947 1313 54.96 28.02 15.91 9.648 6.098 3.058 2.608

Table 2.7 The values of ¢,

cdm.cr.

values of p’ and o under p = 0.1, @ = 0.5 and E(Z)/E((,l) =5

(upper number) and #;;, .. (lower number) obtained for various

o P x 10?
0.660 0.670 0.680 0.690 0.700 0.710 0.720
03 52.77 52,17 1179 0532 0262 0.127 0,055
: 1.726 0.967 0561 0328 0.187 0.100 0.046
05 3402 7.577 1.662 0.545 0.202 0.074 0.023
: 2.835 1250 0.588 0277 0.126 0.052 0.018
07 26326 46.40 3701 0.578 0.110 0.020 0.0029
: 9.015 2331 0,655 0.187 0.050 0011 0.0019

Bsp.er. > iy er JOT ' Which is close to the values of Pp ¢ or yr.c0 (279)
B3p.er. <Ikpr. JOr p' which is close to the values of Pl . o or yR.c.oo .

The analysis of the results given in Table 2.6 proves the reliability of the
relation (2.79).

Compare the values of 7, , with the corresponding ones calculated by
employing the critical deformation method (Gerard and Gilbert 1958). According
to this method, it is assumed that the critical deformation of the viscoelastic
cylinder is equal to the critical deformation of the corresponding elastic cylinder.
Consequently, using this assumption the critical deformation for the pure elastic
cylinder is determined within the scope of the TDLTS. Note that in the considered
case the critical deformation mentioned corresponds to p’, ., According to this
determination, using the relation p}, ., = p/Ej the critical time is determined for
the selected values of p.

The values of the dimensionless critical time (denoted by 7., .. ) determined by
employing the critical deformation method are given in Table 2.7. These values

are calculated for the case where p = 0.1, E(z)/E(()l) = 5and w = 0.5. At the same

time, in this table the corresponding values of 7, ., are also illustrated. Com-
parison of the 7., .. with the #;;, .. shows that the critical deformation method is
not acceptable for determination of the critical time for the stability loss of the
cylinder made from viscoelastic composite material.

With this we restrict to consideration of the numerical results related to the solid

cylinder.
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Table 2.8 The values of p};, .o, Pk.o and p}, ., obtained for various values of E?) / E(()]), h/R*
and p = nR/{

L E(Z)
® EW 0.2 g 03
p/3D.r.0 PReo Pfs.ao Pgo.ao P;e.c.o Pfac,o
0.3 1 0.0138 0.0142 0.0148 0.028 0.030 0.033
5 0.0400 0.0417 0.0446 0.079 0.086 0.100
10 0.0697 0.0739 0.0819 0.132 0.142 0.184
0.5 1 0.0117 0.0120 0.0125 0.024 0.025 0.028
5 0.0344 0.0354 0.0374 0.070 0.074 0.108
10 0.0606 0.0630 0.0687 0.119 0.128 0.154
0.8 1 0.0099 0.0100 0.0103 0.021 0.021 0.023
5 0.0294 0.0297 0.0311 0.061 0.063 0.070
10 0.0526 0.0532 0.0571 0.107 0.110 0.128

2.5.2 Hollow Cylinder

The values of p};, . o, Pr.o and pf ., are given in Table 2.8 for various values of

E(Z)/E(()l), p(= nR* /) and h/R*. The corresponding values of p};, . ., Pk, and

Pl Obtained in case where E(2>/E((J1> =35, w = 0.5 are tabulated in Table 2.9.

Note that the values of pl. . o, Pk c.0s P c.oo @0d Pl . o, are calculated by the use of the
expression (2.76). However, the values of p’, ., and p’, . . are calculated by the
use of the criterion (2.44) and the solution of the system of Eq. (2.42).

It follows from the foregoing results that for the considered all cases the fol-
lowing relations occur.

D300 <PRe0 <PEc0s P3p.coo <PReoo <PEcoos
|plE4c4o - P/31).c.0| > |P;5.c.0 - P;e4c.0|’
P.coo = Pancoc] > [Pcoo = Pheool (2.80)
Moreover, it follows from these results that the values of differences given in
(2.80) increase with E®@ / E(()l) and p. But, decrease in the values of h/R™ causes to

increase of the foregoing dimensionless intensity of the critical forces. If we
consider the total dimensionless force

P (wrwr) e

instead of the p/, then decrease in the values of #/R" must cause to decrease in the
critical values of P’. This affirmation is proven by data given in Table 2.10 which

shows the values of PgD.c.O for the case where E? / E(()l) = 5.
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Table 2.9 The values of p};, .o, Pk.o and p} ., obtained for various values of E?) / E(()]), h/R*
and p = nR/{ under v = 0.5

L E(I)
® &) 0.2 g 03
p/3D.r.0 PReo Pfs.ao Pgo.ao P;e.c.o Pfac,o

0.3 1 0.0082 0.0087 0.0099 0.015 0.017 0.022
5 0.0236 0.0276 0.0397 0.035 0.045 0.089
10 0.0337 0.0421 0.0769 0.045 0.060 0.173

0.5 1 0.0072 0.0075 0.0083 0.013 0.015 0.018
5 0.0220 0.0244 0.0333 0.035 0.041 0.075
10 0.0331 0.0382 0.0645 0.047 0.056 0.145

0.8 1 0.0062 0.0063 0.0069 0.012 0.013 0.015
5 0.0209 0.0213 0.0277 0.036 0.037 0.062
10 0.0334 0.0343 0.0537 0.051 0.053 0.120

Table 2.10 The values of P, ., x 10> obtained in the case where E(z)/E(()l) =5 where P}, .

(2.81) is a dimensionless total critical force

p= # h/R*

0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.2 0.256 0.297 0.324 0.341 0.350 0.355 0.357
0.3 1.152 1.354 1.494 1.587 1.647 1.682 1.701

Table 2.11 The influence of the rheological parameter e on the values of p};, ., Pk .o @0d P .o
in the case where E(z)/Ef)l) =5and h/RT =05

w p=nR"/{
0.2 0.3
P3p.co PReo PE.co Pip.co PReco PEco
0.5 0.02208 0.02442 0.03334 0.03524 0.04118 0.07501
1 0.02756 0.02928 0.03438 0.04991 0.05559 0.07736
2 0.03067 0.03199 0.03542 0.05927 0.06423 0.07970

The influence of the rheological parameter « on the values of the critical forces
are illustrated by the data given in Table 2.11 which are obtained for various p

under £ /E{") =5 and h/R" = 0.5.
It follows from the foregoing results that for pure elastic stability loss problems in
the cases where the relations E?) / E((,1> <5,h/RT >0.5 and p = 0.2 satisfy simul-

taneously the difference between the results obtained in the framework of the TDLTS
and in the framework of the third order refined beam theory are not more than 5-6 %.

The comparison of the results given in Tables 2.8 and 2.9 with the results given
in Tables 2.1 and 2.2 shows that the values of the critical forces obtained for the
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Table 2.12 The values of 7, , (upper number) and t;if.cr. (lower number) obtained for various
values of the rheological parameter o in the case where #/R* = 0.3 under E?) / E(()l> =5 p=
0.2 and v =0.5

o p < 10?
2.80 2.90 3.10 3.20 3.30 3.40 3.60
03 2088 2.688 1277 0.895 0.625 0.430 0.182
: 179.1 2479 5306 3153 1.988 1289 0.546
05 9.475 5.260 1.850 1130 0.684 0.405 0.122
: 1883, 1181 15,64 6.587 3453 1.853 0.566
_07 67.35 25.33 4463 1.948 0.843 0.351 0.047
: < 0(10%) 4516 1237 36.74 1252 1361 0.614

Table 2.13 The values of #;;, .. (upper number) and l;{f.cr. (lower number) obtained for various
values of the rheological parameter o in the case where h/R* = 0.5 under E? / E(()l) =35,
p=02and =05

o p < 10?
2.50 2.60 2.80 2.90 3.00 3.20 3.30
03 5348 2,969 1.092 0.673 0.405 0.117 0.046
: 65.03 1323 2827 1579 0.907 0.280 0.135
05 1380 6.056 1.492 0.759 0373 0.065 0.017
: 3558 .07 565 2.501 1152 0222 0.080
07 1260 31.94 3.095 1.003 0.307 0.016 0.0019
: 1853 1044 28.48 7.316 2.009 0.129 0.0239

hollow cylinder approach to the corresponding ones obtained for the solid cylinder
with h/R".

Now we consider the case where the cylinder material is viscoelastic and analyze
the critical time. As in the previous section, to compare the values of the critical time
given by the TDLTS with those given by approximate beam theories we must select

the values of p/(= p / E{") which fall in intervals [Pr oo Prcols [PresosPreo) and
[Psp.c.oos Php.co) simultaneously. It follows from the data given in Tables 2.8 and
2.9, in many cases such common values of p’'(= p / E(()U) exist only for the intervals

[PheocrPreo) and [Php oo Pipeo]- For this reason, we will compare only the
critical time obtained by employing the TDLTS (denoted by #;;, .. ) with that
obtained by employing the third order refined beam theory (denoted by t;?f.cr.)'
Thus, we consider data given in Tables 2.12, 2.13 and 2.14 which show the
values of f;5, ., (upper number) and f, . (lower number) in the cases where

h/R* =0.3,0.5 and 0.8 respectively under E? / E" =5 p=02and 0 =05

for various values of rheological parameter «.

The foregoing results show that for the cases under considerations the values of
t}ef”' are greater than 7}, ... In the cases where p’ is close to the values of p},, .
(or to the values of py . ) the difference between #;, ., and t;. . becomes more
non-negligible. The results given above also show the influence of the rheological
parameter o on the values of 73, ., and 7, .
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Table 2.14 The values of 7, . (upper number) and [;if.cr. (lower number) obtained for various

values of the rheological parameter o in the case where h/R* = 0.8 under E®? / E(()l) =5,
p=02and w=0.5

o P x 107
2.50 3.00 4.00 4.50 5.00 5.50 6.50
03 8.358 5.023 2192 1513 1056 0.738 0347
: 1429 7.609 2984 2.010 1382 0959 0.454
05 25.78 12.64 3.959 2.357 1.425 0.862 0299
: 5464 2261 6.098 3507 2076 1244 0.437
07 357.2 108.8 15.73 6.631 2.866 1.240 0213
: 1249. 287.0 3231 12.85 5366 2286 0.400

For more clear illustration this influence in Fig. 2.5 the graphs of the dependencies
among #35 ., , Igr ., and p" are given for various values of o for the cases where

h/R* = 0.3 (Fig. 2.5a) and h/R* = 0.5 (Fig. 2.5b) under E®) / E\) =5 w=05.

It follows from the results given in Fig. 2.5 that the graphs of the analyzed depen-
dencies constructed for various o have a common intersection point. Before (after)
this intersection point the increase in the absolute values of o causes to increase (to
decrease) the values of the critical time. Note that the parts of the graphs which appear
after the intersection point are illustrated in Fig. 2.6 in the cases where #/RT = 0.3
(Fig. 2.6a) and h/R* = 0.5 (Fig. 2.6b). We remind that the related explanation on
the mentioned “intersection point” is given in the previous subsection.

The influence of the dimensionless rheological parameter @ on the graphs of the
dependencies among #3, ., , txr ., and p’ are given in Fig. 2.7 in the cases where

h/R* = 0.3 (Fig. 2.7a) and h/R* = 0.5 (Fig. 2.7b) under E? / E) =5 p=0.1

and o = —0.3. The character of these graphs can be explained by the increasing of
the values of p},, . . and py . . with .

Therefore for common values of p’ the values of 73, ., and 7z, increase with
. At the same time, it should be noted that the values of the critical time depend
not only on the values of the rhelogical parameters, but also on the values of the
intensity of the external compressive force p'. In this case, as in the previous
section, there exist the relations (2.78).

Compare the values of 7, ., with the corresponding ones calculated with
employing critical deformation method (Gerard and Gilbert 1958). Remind that
the critical deformation method has been explained in the previous subsection.

The values of the dimensionless critical time (denoted by 7/ ) determined by

cdm.cr.
employing the critical deformation method are given in Table 2.15. These values

are calculated for the various o in the case where p =0.1, E? / Eén =35,

h/R*t = 0.5 and w = 0.5. At the same time, in this table the corresponding values
of #, ., (upper number) are also illustrated. The comparison the values of 7/, ..
with corresponding values of 7}, , shows that the critical deformation method
does not acceptable for determination of the critical time for the stability loss of

the hollow cylinder made from viscoelastic composite material.
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Fig. 2.5 The graphs of the dependencies among 3, ., , ¢, and p' constructed for various
values of rheological parameter o in the cases where #/R™ = 0.3 (a) and h/R*T = 0.5 (b)
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Fig. 2.6 The graphs of the dependencies among 7, , , t;v”_ and p’ constructed for various
values of rheological parameter o in the cases where h/R* = 0.3 (a) and h/R* = 0.5 (b)

2.6 Formulation of the Problem Related to the Rotationally
Symmetric Local Stability Loss

We consider a hollow cylinder which has an initial rotationally symmetric infin-
itesimal imperfection in the natural state and determine the position of the points
of this cylinder with the Lagrange coordinates in the cylindrical Orfz and the
Cartesian Ox|x,x3 system of coordinates (Fig. 2.8). The noted initial imperfection

is given through the following equation of the middle surface of the hollow
cylinder:

45
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Fig. 2.7 The graphs of the dependencies among 3, ., , ¢, and p' constructed for various
values of rheological parameter ® in the case where #/RT = 0.3 (a) and h/RT = 0.5(b)

Table 2.15 The values of 7, ., (upper number) and ¢, .. (lower number) obtained for various
values of the rheological parameter « in the case where p = 0.1 under E?) / E(()l) =5h/Rt =038
and w = 0.5

o P x 10?

0.820 0.830 0.840 0.850 0.850

03 0.906 0.634 0.443 0.306 0.207

) 21.44 3.587 1.434 0.722 0.399

0.5 1.150 0.698 0.4227 0.251 0.145

: 96.45 7.891 2.186 0.837 0.364
-0.7 2.006 0.872 0.377 0.159 0.0641
) 3220. 49.65 5.845 1.181 0.2955
r =ro(t3) = R + Lsin(oymtz); oy = n/t (2.82)

where 3 is a parameter and 73 € (0,£), L is the amplitude of the initial imper-
fection form, and m is the number of the half-length of the period of the initial
imperfection.

We assume that the thickness of the cylinder’s wall is constant along the
cylinder and is equal to . Moreover, we assume that L < [ and introduce the
small parameter:

82%,0§8<< <mln> (2.83)
We suppose that the material of the cylinder is viscoelastic transversal isotro-
pic, the symmetry axis of which coincides with the Ox3 (Oz) axis. Within the
foregoing assumptions, we investigate the evolution of the infinitesimal rotation-
ally symmetric initial imperfection of the cylinder with time for the case where the
cylinder is loaded by uniformly distributed normal compressed forces with
intensity p acting on the ends of the cylinder in the direction of the Oz axis.
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Fig. 2.8 The geometry of the
considered hollow cylinder
with rotationally symmetric
initial imperfection

The investigation is also made within the scope of the field Egs. (2.3a), (2.3b),
(2.3¢), (2.4) and (2.5). For both completeness and clarity of the case under con-
sideration we rewrite these equations for the rotationally symmetric case:

ot,, Oot, 1 o, 1 ot,,
“(t —t9) =0, 25 4~ + ZE — 0, 2.84
6r+©z+r( 00) or 7 Z+6z (284a)
Ly =0 1+% —|—a% ty =0 %4-6 1+%
rr —VYrr ar rz 6Z ) rz — rr 6" rz aZ )
Ou, Ou,
too =09r + 0'6(-)( ) = 0|1 +or) + Jzzl7 (2.84b)
or 0z

Iz :Gzr + Oz (l + )
‘ % 1 (ou, 2+ Guz
b = 2 or ’
au, 6u, Ou, Ou, Ou,
e —ﬂJrl(&)z P —%+1 Ouy 2+ % ’
00 — ’ 2\ r y Gzz — aZ 2 aZ az .

O = Al 1 + Alptoo + Alséz; 000 = Appen + Ajjeo0 + Alzéz;
* * * k %
O = Al +Al3800 + AS38; 02 = 2G &5 09, = 2G ¢,

(2.85)

where Aj; and G” are the operators determined by expression (2.5).
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The meaning of the notation used in Egs. (2.84a—2.84c) and (2.85) is explained
in Sect. 2.1. Denoting the inner and outer surface of the hollow cylinder by S~ and
St (Fig. 2.8), respectively we may write the free-of-traction conditions on these
surfaces as follows:

trlgen + ty|gent = 0, | geny + t|gent =0 (2.86)

where nr+ and nf (n, and n) are the components of the unit normal vector to the
outer (inner) lateral surface S* (§7) of the hollow cylinder.

Moreover, we assume that at the ends of the cylinder the conditions written
below are satisfied:

= —D- (2.87)

The end conditions for the displacements will be discussed below.

This completes the formulation of the considered problem and it follows from
this formulation that the evolution of the infinitesimal initial rotationally sym-
metric imperfection of the cylinder with time for the fixed value of the external
compressed force p (for the case where the material of the cylinder is viscoelastic)
or with initial compressing force p (for the case where the material of the cylinder
is pure elastic) will be investigated within the framework of the field Eqgs. (2.84)
and (2.85) and boundary conditions (2.86) and (2.87).

Iz |z:0: —p, Iz

2.7 Method of Solution for the Rotationally Symmetric
Problem

We now develop the method summarized and proposed in Sect. 2.2 with respect to
the solution to the rotationally symmetric stability loss problem of the hollow
cylinder formulated in the previous section.

According to the procedure summarized in Sect. 2.2 and to the problem
statement, first we derive the equation for the inner and outer lateral surfaces S
and S~ of the cylinder shown in Fig. 2.8. Using the condition of the constant
thickness of the cylinder’s wall we can conclude that the coordinates of these
surfaces must simultaneously satisfy the following equations:

2
o= =T n(w), @ -+ - nw) = () )

where z* and r* are the coordinates of the surface S*. Note that the first equation
in (2.88) is an equation of the straight line (plane) perpendicular to the vector
which is the tangent vector to the middle surface of the cylinder at the point that
corresponds to the fixed value of the parameter 3, but the second equation in
(2.88) shows that the thickness of the cylinder’s wall remains constant along the
cylinder. We can write the expressions
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1 1
h dro\*\ droh dro\*\
+ 0 4 0 0
—rt=(1 =0 =t F—=|1 — 2.89
e 2( +<dt3>> < 3¥azt32< +<dt3> (2.89)

from the Eq. (2.88).

Using the assumption (2.83) and the condition (dro/dr3)*< 1, after some
mathematical manipulations, we obtain the following expansions from Eq. (2.89):

h h
=R+ 3 + elsin(oymt3) F Zezmznz cos®(aymis) + O(&"),

h h
T =nF £ mm cos(oymt3) + & 1 (mncosz(almt3))3+0(65),

1
dz* _ dr* _ dz* 2 dr® 2\
4 1o 1 _
n, an V(1)) n; s (V(53))", V(ts) o) Tl

+

= nf ==£1+0(e?), nF = Femncos(wmts) + O(e’),

(2.90)

where n¥ and nf are the physical components of the unit normal vector to the
surface S* (Fig. 2.8).

As in Sect. 2.2, we attempt to solve the considered problem by employing the
boundary form perturbation method. For this purpose, the unknowns are presented
in series form in ¢ (2.83):

e @, @, @
{ow: ews wo} =D o {alf o) ulf }. (291)

where (ij) = rr,00,zz,rz and (i) = r,z.

Substituting Eq. (2.91) into Eq. (2.84a—c), we obtain set equations for each
approximation (2.91). Using relation (2.90) we expand the values of each approxi-
mation (2.91) in series form in the vicinity of the points {r = R + h/2; zo = t3} and
{r =R — h/2; zp = t3}. Substituting these last expressions in the boundary condi-
tions in (2.86) and using the expressions of n* and nf given in (2.90), after some
mathematical transformations we obtain boundary conditions which are satisfied at
{r =R+ h/2; z =t3} (for outer surface S*) and {r = R — h/2; z = t3 }(for inner
surface S7) for each approximation in Eq. (2.91). It is evident that for the
zeroth approximation, equations in (2.84a—2.84c) are valid and condition (2.86) is
replaced by the same one satisfied at points {r=R+h/2; z=1} and
{r =R —h/2; z = t3}. We assume that in the zeroth approximation the non-linear
parts of the strain tensor components are very small and can be ignored with respect to
their linear parts. According to this assumption, for the zeroth approximation, we
obtain the following system of equations:
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T L (o) =0, 20 L B
or 0z " 00 " or r 0z ’
ou® 1 (0u®  oul® 0 o (292
0 — (0 _ 2 4= 8(0) — L0 Tz
" or 7t 2\ 9z or |’ 7 r’E 0z
and boundary conditions:
0 0
a£r>‘r:Rih/2: 0, O-£Z>’r:Rih/2: 0. (2.93)

Moreover, we obtain the following end conditions for the zeroth approximation
from (2.87):

Gg(z))(r’ 0’ O) = 0'22)(’7 07 Z) = —p. (294)

Taking the assumption 1+0u/0z~1, 1+ ul” / r~1 and

1+ 6u§0) / 0z = linto account, for the subsequent approximations we obtain the
following system of equations:

dc@ gl 2ula)
O, +&+_ (65,3) _ O.((;g) + (09 Uy

or az 2z aZZ
- _ M _ M _ 1 (S(qfl) _ S(fi—l))
ar aZ rr 00 9
2 _ _
00 Lo (000 | 0@u? 0S¢0 1y 082
or = 0z “ 972 or r 0z
~ ! dula—k) dula—k)
s =5 et}
k=
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@ 149 1
(9 _ U E: k) (g—k
89% _T+§ {r—zug )uﬁ" >},

k=1

u'y 1 ou'™ du q k) ou'™® dula—h)
@ _ o 1 = 9 L (205
= T +2;{<@z & >+ o oz (2.95)

For the problem under consideration the underlined terms in Eq. (2.95) are
equal to zero for the first approximation. By direct verification it is proven that Eq.
(2.95) without the underlined terms coincides with the corresponding equations of
the TDLTS (Guz 1999) related to the rotationally symmetric case. Due to linearity,
the constitutive relations in (2.85) are satisfied by each approximation separately,
ie.

o = A}l + ALyell) + ALyel?; ol = Apeld) + A7 ell) + ATyel); (2.96)
( ) = AT@S( 9 +A138(()7)) +A§38( 9, S‘z) = ZG*ng)'

2z )
Now we write the boundary conditions given on the lateral surface of the
cylinder for the first approximation by the physical components of the stress
tensor:

ay r—rethj2= O 7y r=Rh/27 oty mm cos(oumt3). (2.97)

According to the expressions (2.90) and (2.91), we obtain from Eq. (2.87) the
following end conditions for the first approximation:

ou)
(1) (0) 7z _
o +o); =0. 2.98
z ’t3:0;l 9z =0t ( )
Moreover, we assume that:
1
ul >|z3:0;k: 0. (2.99)

According to (2.92), (2.93) and (2.94), the values related to the zeroth
approximation are determined as follows:

% = —p, a ° = 0 for (ij) # zz. (2.100)

iz

It follows from (2.100) that in the zeroth approximation the components of the
displacement vector can be presented as follows:

u£0> = a(l‘)r + aop, M(O) = C(I)Z + co (2101)

Z

where ag and ¢( are constants, a(¢) and c¢(r) are functions and 7 is a time. The
functions a(r) and c¢(#) can be easily determined from Egs. (2.92), (2.96) and
(2.101).
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Now we consider determination of the values related to the first approximation.
Taking the expression (2.100) into account the following field equations are
obtained from the Eq. (2.95) for this approximation:

I (1) “ul!
o’y 80 L (o= o) + 00 2 o,

or 0z oz 0z

o) asl) 1 0 o ull)

arz + a; +;Jﬁz) + O—EZ)TZE =0, (2.102)
0 oulh) ) _ ulh i :augw ) oul! +au§1> .

Err ar » 00 P Oz ? ar 0z

We attempt to solve these Egs. (2.96) and (2.102) within the scope of the
conditions (2.97), (2.98) and (2.99). For this purpose we apply the Laplace
transformation (2.34) to all equations and relations related to the first approxi-
mation. After this application, the Eq. (2 96) and the boundary conditions (2.97)
(in which ag ) must be replaced with 0 /s) (2.98) and (2.99) are valid for the
Laplace transformation of the correspondlng sought-for quantities, whereas the
constitutive relations in (2.96) are transformed to the following ones:

( )= AjE) +A125§)0) ATgEg), Gl ) ATzé( ) +A115§)0) JFATaE( )

116 2 )

ol = Al + Ayl +A5El); J£e> = (A}, - A%)ey); (2.103)

7z )

s =26'2Y; 5 = 267g))

where

AL 5 Aio | & A ) -
y — U -y
ko = { Lo+ { o 1o, 2104
As has been noted above, Eqgs. (2.102), (2.103) and (2.104) coincide with the
corresponding equations of the TDLTS related to the rotationally symmetric case.
Therefore to solve the obtained equation systems, according to the monograph

(Guz 1999), in the cylindrical system of coordinates we can use the following
representations:

s o ? 19

T et M TR e
_ _ - _ o?
i) = (A + G) (ATlAl + (G* + ag§>) 622) 2
The function y is determined from the equation:

2 2
<A1 + 526> (A1 + & e ) =0 (2.106)

202 362

(2.105)
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where

A7 G*

— _ 1
E,=cx |- (43 +02) (G +a¥) 27
" (2.107)

247,G7c = A}, <A§3 + 09) +G? — (A, +G)".

Taking the expressions of the right sides of the conditions (2.97) and (2.98) into
account we find the solution to the Eq. (2.106) as follows:

% =[Bilo(Eoumr) + ByKo(Ey0mr)

2.108
+ Bslo(E30ymr) + ByKo(E30ymr)] cos(oymz) ( )

where Ip(x) is the zeroth order Bessel function of a purely imaginary argument,
Ko(x) is the zeroth order Macdonald function and By, B,, B3 and B, are unknown
constants, the values of which also depend on the transformation parameter s.
Substituting this solution into relations (2.102), (2.105) and (2.96) we obtain the
following expressions for Laplace transformation of the sought functions:

ﬁﬁl) = {Blfz(alm)zlé(fzoqmr) + B3£g(u1m)216(f3oc1mr)

+ Bzéz(am)zKé(fzot]mr) + B453(oc1m)21((’)(§3oclmr)} sin(aymz),

ﬁ;l) = {BlD2<O(1m)210((52061mr> + B3D3(oc1m)210(53oc1mr)

+By D (am)* Ko (00 mr) +B4D3(0<1m)2K0(530€1m")] sin(ot;mz),

_A,8-6'—¥ _A,8-G ¥

Dy =" Ds=""5%

— — 3 2
ofb) = {B1 [A1, (am) BI (Gaormr) + Aty 222 &y mr)
+ATs(“1m)310(52°‘1W)] + B3 [ATI (oam)* &g (Eemr)

— 2 —
+AT2 &(nm) I(’)(ﬁzcxlmr) + A’1‘3D3(oc1m)310(€3oc1mr)]

7

+B, [A”fl(oclm)Sg“%Kg(fzoclmr) + AL, 2l g (o mr)
+A1‘3D2(oclm)3l(o(§2oc1mr)} + By [;\’1‘1 (oym)’* EKY (E30mr)
+A3, M[%(fﬂnmr) —|—;\T3D3(oc1m)3Ko(f3oclmr)] } sin(oymz),
o) = { B1G* (mm) &l (Exoamr) (14 D2)
+ B3 G* (oum) &1 (E30umr) (1 + D3) + BoG* (oym) &Ky (Eaomr) (1 + D5)
+B4G* (um)’ &K} (Eoumr) (1 +D3)} cos(aymz), ') =

(44

{Bl |:A’f3 (é%(ulmfl(’{(ézoclmr) + %I{)(izalm;’)) — /_\§3D2(oc1m)310(52u1mr)]
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85 A, (S (m) 1 (Esonmr) + B2 Gy

— A D(am) To(Emr) | + Ba A1 (B (oam) Ky (Eaoamr)

+% K()(fzalmr)) - A§3D2(a1m)3l(o(€2<x1mr)]

+B4 [AE (55(“1"1)31(3(530(1”1")

S Ky(&mmr) ) = A D(oam) Kol &mmr)| | sin(omz) (2.109)

Here the notation Ij(x) = dly(x) /dx, I§)(x) = d*Iy(x) /dx*, K{(x) = dKo(x)/dx
and K{j(x) = d*Ko(x)/dx* is used. The solution (2.109) to the problem under
consideration satisfies automatically the end conditions (2.98) and (2.99).
Replacing the unknowns By, B,, B3 and B4 with Cy, C,, C; and Cy, respectively,
where C; = (a;m)’B; (i = 1,2,3,4), we obtain the following algebraic equation
from the boundary condition (2.97) for determination of these unknowns:

651)(R+7l‘3,l) =0 = Clall(oclmRJ“) + Czalz(oclmRﬂ
+ C3al3(051mR+) + C4al4(oc1R+) =0,

1
©) = = Ciaz (almR+)

V(R 13,1) =2mma’ ;

1
+ Cyazs(mR™) 4 Caazg (i RT) = 2nma?) —|
oS (2.110)
5<1)(R7713J) =0 = Ciay1(cymR™) + Crap(oymR™ )+

Csa3(ymR™) + Cyars(eyR™) = 0,

—_ 1 -
AR t5,0) <20 = Cran ()

+ C3Cl33(0€1mR_) + C46l34(0€1R_) = 27'Em0'§3)§
where R" = R+ h/2, R~ =R — h/2. The expressions for the coefficients in Eq.
(2.110) can be written easily from the relation (2.109).

Thus, with the foregoing, we determine completely the Laplace transformation
of the values related to the first approximation. The Laplace transformation of the
values of the second and subsequent approximations in (2.91) can also be deter-
mined as the values of the first approximation by taking the obvious changes into
account. However, as it has been noted in Sect. 2.2 for stability loss problems,
consideration of only the zeroth and the first approximations is sufficient, because,
according to the structure of the field equations (2.95) and (2.96), accounting for
the second and subsequent approximations does not change the values of the
critical parameters.
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The original of the sought values is determined by employing the method
(Schapery 1962, 1978), according to which, for instance, the original of the dis-
placement uﬁl)(n t3,1) is determined through the expression:

WD (r,13,1) ~ <sa§1>(r,¢3,s)) , (2.111)

s=1/(21)

Now we consider the selection of the stability loss criterion. In the present
investigation, as in Sect. 2.2, the case will be understood under stability loss, where:

rr(mx) |u§1)(r, 13, t)‘ — oo as t — f.,. (or as p — p,., for the pure elastic case).
(0,0
re(0,R)

(2.112)

Thus, the values of the critical time or the values of the critical force are
determined from the initial imperfection criterion (2.112).

2.8 Approximate Equations of the Stability Loss
of the Cylinder-Shell Obtained from Equations
of the TDLTS by the Average-Integrating Procedure

2.8.1 Kirchhoff-Love Shell Theory

For the case under consideration, the approximate stability loss equations for the
hollow cylinder-shell can be derived from Egs. (2.97)-(2.103) by using the
Kirchhoff-Love hypothesis, according to which, the displacements of the cylinder
are presented as follows:
ul) = w(z), ul) = r,dw_(z)’ ¥=R-—r. (2.113)
< dz
Underwriting the expression (2.113) is the assumption that the displacement of
the middle surface of the cylinder, in the direction of the Oz axis, is very small
with respect to the term —r'dw(z)/dz and is ignored. Thus, according to (2.92),
(2.96) and (2.113), we obtain:

m_w@ ) _ d*w(z) 1
S = r ’ ng) —}’/ dZ2 ’ 8£r>

1 * 1 * * 1 *
0'5)9) :Angée) +Anel), o) :A138§99) +Ajell).

= 85;) =0,
(2.114)

Assume that:
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al) £ 0. (2.115)

Taking the relations (2.114) and (2.115) into account we obtain the following
equation from (2.102)

ool 1 d*
ot =0,
Z r Z
sl 1 el D (2.116)
i_f_,o-(l)_’_ 2z + (0) L —=0.
or r 0z z dz2

We can write the following presentations from Eq. (2.114):

2 2
) ) W) e dE)

dzz2  F r dz?

1 * W(Z) *
‘7((99) :Au—r +Ajr

(2.117)

Multiplying the first equation in (2.116) by (1 — #'/R)dr’ and integrating in the
interval [—h/2,+h/2] we obtain the following relation:

+h)2

6051) r h * 0 d2W
[ T (R =i o e
—h/2

Multiplying the second equation in (2.116) by (1 — #//R)¥'dr', also integrating
in the interval [—A/2, +h/2] and taking the relation (2.117) into account, we derive
the following equation:

+h)2 8 / +h/2 /
o 7 1 7
/ 6? (1 - E) rdr + / R o'l (1 - E) rdr' +
—h/2 —h/2 (2.119)
Kol SR
12 d7? 12 d73

We make the following mathematical manipulations:

+1/2 3D ) +h/2 )
o, r 1 1 r

/ —arz (1 - R) rdr + / R aﬁ) (1 - R) rdr

—h)2 —h/2
+h/2 +h/2 +h/2

o) (N L, Y 1

— “\Vrz ") 0 (1) _ / - (1) 4 3.0

/ or <1 R) rdr + / o, <1 R> dr +R / o rdr
—h/2 —h/2 —h/2

+1/2 +h/2

- 6(0£Z')r’)d y 1 6(o£;)r’) !

o or ’ R or rar

—h/2 —h/2
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+h/2 , +h/2
1
+ / o) <1 — %) dr +5 / oV rdr
—h/2 —h/2
+h/2 ,
+h/2 ] 2\ [+h/2 r
1 1 1
- (aﬁz>r/) ’—h/2+k <6£Z)r/ )’—h/z+ / Gﬁz) <1 Bl E) dr’
—h/2
+h/2 /
h
= aﬁg)h(ﬁ — l)mn cos(aymz) + / o) (1 - %) ar (2.120)
—h/2

Substituting (2.120) into (2.119), taking the relation (2.118) and agg) = —p into
account and assuming that A3;1 — p ~ A3;1, we obtain the following equation for
the stability loss of the cylinder within the scope of the Kirchhoff-Love hypothesis:

h
w = —oymp (ﬁ - 1> sin(otymz). (2.121)

According to (2.113) and (2.114), we obtain from (2.98) and (2.99) the following
end conditions for the displacement w(z):

d*w(z)

pe =0. (2.122)

7=0;¢

()] .=, = 0,

If we assume that the cylinder material is an isotropic one, then it must be
written E* / (1 — (v*)?) instead of A3, and Aj,. For the case where the material of

the cylinder is isotropic and pure elastic, the Eq. (2.121) is transformed to the
following one:

T d*w d*w E

nad Paz TROI-w)

h
w= —almp(ﬁ — 1>sin(oc1mz), (2.123)

where T = h’E/(12(1 —v?)), E and v are the modulus of elasticity and Poisson’s
coefficient of the cylinder material and E* and v* are the corresponding operators.

If we replace the term E /(R*(1 — v?)) in Eq. (2.123) with E /R?, then the left side
of this equation coincides with the well-known classical one given in almost all
books related to stability loss of the shells (see, for instance the book (Volmir 1967)).
Consequently, obtaining the stability loss equation of the cylindrical shell within the
scope of the Kirchhoff-Love hypothesis from the TDLTS Egs. (2.97)—(2.103) of the
circular hollow cylinder by the average-integrating procedure described above gives
the foregoing type corrections in the expressions of the coefficients of this equation.

Now we turn to the solution of the Eq. (2.121). This solution is found by
employing Laplace transformation (2.34) to this equation. According to the
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convolution theorem for the Laplace transformation, the Eq. (2.121) is transformed
to the following one:
", d“v‘v+ d*w A]‘l
1278 TP TR

1 h
= oump (ZR 1>sin(cx1mz). (2.124)
Taking the end condition (2.122) and the expression of the right hand-side of
the Eq. (2.124), we select the solution to Eq. (2.124) as
w = A(s) sin(o2). (2.125)

Substituting (2.125) into (2.124) and doing some mathematical calculations we
obtain the following expression for the unknown A(s):

i(s) = ~tp(r—1)
46 = mrs [% (—) W —pi? +AT1} ’

(2.126)

where A = nmR//.

Employing the method (Schapery 1962, 1978), the original of A(s) is deter-
mined as follows:

A(t) = (SA(S)) =120 (2.127)

For the cases where the cylinder material is pure elastic we obtain from (2.126)
the following expression for determination of the values of the critical force:

Ay Az (R .,
Pe =7 5 (R)ll' (2.128)

It follows from the relation dp,,. / d (12) = 0 that the minimum critical force is

obtained under:
A11\/E ¢ 4] An
120 e —— 127 2.129
A3V h vV Rh Aszz ( )

For the case where the material of the cylinder is isotropic, we can write the
relations given below from the Eq. (2.129):

R ¢
A~ \“/12\ﬁ = om A V12. 2.130
h vV Rh ( )

By replacing v/12 with ¢/12(1 — v2) we obtain the relations from (2.130) which
are given in related papers and books (see, for instance the book (Volmir 1967)).

In the general case, i.e. in the case where the cylinder material is viscoelastic
transversal isotropic, the values of the critical parameters, according to (2.112), are
defined from the following equation:



2.8 Approximate Equations of the Stability Loss 59

A(t) — oo as t — 1., (for the case where the cylinder material is viscoelastic),
A — oo as p — p.r. (for the case where the cylinder material is pure elastic).
(2.131)

The values of the parameter 4 under which the critical time or critical force
becomes minimal will be determined by direct verification of the corresponding
numerical results.

2.9 The Third Order Refined Shell Theory

As for the third order refined shell theory, we use some modification of the theory
by (Kromm 1953, 1955) for the cylindrical shell, according to which, the dis-
placement u(r1> is presented as in (2.113), but the displacement ") is presented as

Z
1) — r,dW(Z) + (h_2 /

1 /3 /o
u; = a7 3" )(p(z), r=R-—r, (2.132)

where ¢(z) is an average shear deformation of the cross-section of the cylindrical
shell.

Substituting the expressions for uf.') and ugl) into Eqgs. (2.101) and (2.96) we
obtain the expression for strains and stresses given below:

2 2
{0 — 0, gl = wz) gy ,dw(z) <h_r/_lr,3>d_(/7

o 00 r ) Yzz de 4 3 dZ ’

2 2
1) . . d*w(z) h 1 3\do
a,) =0, ‘7((99 :A117+A13(rl a2 ++<Zr’—§r’ )
2 2
1 . W ¥ dW(Z) h 1 3\do
“§z>:A137+A33<’/ a2 ++(Zr/_§r/ %)

h2
oy =G’ (Z_ r’2><p(2)- (2.133)

It follows from the expressions given in (2.133) that the equations in (2.116)
hold also for the case considered.

As in the previous subsection, multiplying the first equation in (2.116) by
(1 —#'/R)dr', integrating in the interval [—h/2,+h/2] and taking the relation
(2.133) into account we obtain the following expressions:
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+h/26(1> / S do(s)
o 7 Wdo(z
rz 1——d/:— L

/ 6z< R> " G 6 dz ’

—h/2

+h/2 | , P

Q) "\

_ / ;000 (1—E>d}” __ﬁA“W( )

—h/2
7/20 SRS PV <°>hd2—w (2.134)

= 22\" R 7= '

—h/2

Thus, after integrating (2.134), the first equation in (2.126) is transformed into
the following one:

Wde(z) h
—G" — ——A Op=— = 0. 2.135
6 dz R? nw(e) +o; ( )

Multiplying the second equation in (2.126) by (1 — ¥/ /R)r'dr’, also integrating
in the interval [—h/2,+h/2] and taking into account the relations

+h/2 5o ) +h/2 ,
a, r 1 1 r
/ 6; <1 - §> rdr + / Ry agz) (1 - E) rdr
—h/2 —h/2
h n
0 *
= ng)h<2R 1>mncos(a1mz) — gG o(2),
+h/za (1) / 3 53 5 72
% N, ., h’ d’w L Pdoo
a1 D) var = A AL 4®
/ & ( R)r iy ARG
—h/2
+h/2 ,
dw (B do)
AP 1—— ar
/G lrd3+<4r 3>dz] "
—h/2

W dw B &
a<°>{ i q’] (2.136)

1243 602
the mentioned second equation in (2.126) is transformed into the following one:
n n dPw W de
o e e (4 )
60 Pt Ut ) pgm T e T J5az

h
= h(ZR )mna( ) cos(omz). (2.137)
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Thus, from (2.136) and (2.137) we obtain the following equation:

(45 +00) 2 1 (A o) 2202
33 =z )12 G* G* 10 dZ4

A O\ A 2| dPw A*
_(0) _ [“33 perd 11 11
RE (G* o 1R | a2 TR”
h
= moym’ (ﬁ - 1)622) sin(otmz). (2.138)

The end condition (2.122) holds also for the Eq. (2.138). As in the previous
subsection, employing the Laplace transformation (2.34) to the Eq. (2.138), using
the presentation (2.125) and the equality 022) = —p we obtain the following
expression for the unknown A(s):

i) ——PGE— 1)
AW =5, j 1/R)’

p— A§37£ AT] ﬁ ? /12
G* G*) 10 \R
LA (A )0

12 G* G*) 10| \R '

For the case where the material of the cylinder is a pure elastic one, within the
scope of the assumption (A33/G — p/G)p/10 = (A33/G)p/10, we determine the
following expression from the equation for the calculation of the critical values of
the external compressed force:

O(s, A, h/R) =mmns |A], —

(2.139)

o Anr+ Ay A ()22 4 g )8
cr — °
1335 ()] 7 + s ()

(2.140)

2.10 Numerical Results Related to the Rotationally
Symmetric Stability Loss Problem

As in Sect. 2.5, we assume that the cylinder is made from viscoelastic unidirec-
tional fibrous composite materials consisting of a viscoelastic matrix and pure
elastic fibers lying along the Oz axis. Moreover, we assume that the notation and
expressions (2.68)—(2.73) given in Sect. 2.5 hold also for the case under
consideration.

Thus, within the foregoing assumptions we consider the numerical results and,
according to the relation (2.75), first examine the pure elastic stability loss under
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=0 and ¢ = co. We compare the results obtained within the scope of the
TDLTS with the corresponding ones obtained within the scope of the Kirchhoff—
Love shell theory and within the scope of the third order refined shell theory.

Through p%, .o (: p3D_C,0/E(()l)) and php . o (: p3D_C_OO/E(()I)) we denote the
critical values of the intensity of the dimensionless forces obtained by employing
the TDLTS. Here and below the sub-indices 0 and oo indicate that the critical
values of the forces are calculated at ¢ = 0 and ¢’ = oo respectively. According to
the Egs. (2.128) and (2.140), the corresponding critical values of the intensity of
the compressing forces obtained within the scope of the Kirchhoff-Love shell
theory (denoted by pY ., and pj, . ) and within the scope of the third order refined
shell theory (denoted by pj ., and pf..) can be calculated by the use of the
following expressions:

_ Preo Ao | Aszpo <h>2ﬂ2

P.co = E(()]) _/le(()l) 12E(()1> R
Pleoo = Phiee = Sl 1 L (%)2 ?,
Ey  2E)  12E,
. Preo Ao+ Anofsa (5722 4wt (2.141)
S (R TAL RS
/ _ PReoo Allo +Al1oo {“235; (%)2)? _’_%/{4
PReoco = E _E(()l)[l +%(£)2])L2+%(%)214’

\ivhere Ao :Z\’{l|£:oo, A3z = ;\’3‘3|S:m, Al :Ams:w Ao =A%),y Go =
G*|,_, and G = G*|_,.

Thus, for the problem under consideration we have the dimensionless param-
eters h/R, . = nmmR//, E® / Ef)l), ® and ¢. Under numerical investigation, the

critical values of the forces are minimized with respect to the parameter A.
Table 2.16 shows the minimized values of p};, .o, Pk.o and pf ., for various

E®) / Eél) and h/R. The corresponding values of p, . o, Preoo and pi .. are

given in Table 2.17 which are obtained for the case where w» = 1.0. In the fore-
going tables the values of the parameter A under which the critical forces have their
minimum are also shown.

Note that the parameter o characterizes the mechanical behavior of the vis-
coelastic matrix material in the vicinity of ¥ = co. Consequently, an increase in
the values of w corresponds to an increase (a decrease) in the values of EQD) (V(OL)).
Therefore the values of p},, . ., Pk and py .. must be increase with . This
consideration is confirmed by the data given in Table 2.18 which show the values
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Table 2.16 The values of p;, .. Pk.o and pf ., obtained for various values of E?) / E(()])

and h/R

)
o
EO

pgD,zr.O X 102

le.c,O x 102
h/R = 0.01

p;f.c,O X 102

1
5
10

0.6000(/ = 18.2)
1.2816(/ = 15.8)
1.7868(/ = 13.9)

2.8996(/ = 8.40)
6.2111(/ = 7.20)
8.6517(7 = 6.40)

5.5644(. = 6.10)
11.958(4 = 5.30)
16.634(). = 4.70)

10.286(/ = 4.60)
22.226(. = 4.00)
30.798(4 = 3.60)

0.7678(. = 18.7)
1.6471(7. = 16.7)
2.2674() = 15.0)

h/R = 0.05

3.6540(/ = 8.60)
7.8134(2 = 7.70)
10.660(/ = 6.90)
h/R = 0.10

6.8662(/ = 6.30)
14.618(/ = 5.60)
19.765(/. = 5.10)
h/R = 0.20

12.095(7 = 4.70)
25.571(2 = 4.20)
33.950(/ = 3.90)

0.7772(/. = 18.6)
1.6688(/. = 16.6)
2.3019(/ = 14.9)

3.8860(/ = 8.30)
8.3442(7 = 7.40)
11.510(/ = 6.70)

7.7721(2 = 5.90)
16.691(/ = 5.30)
23.019(/ = 4.70)

15.546(). = 4.20)
33.377(7 = 3.70)
46.047(). = 3.30)

Table 2.17 The values of p}, ..., Pk.o and pl . . obtained for various values of E®) / E{" and
h/R under » = 0.1

£EQ)
M
EU

pgD.r.oc x 102

Pheoe X 107
h/R = 0.01

Preco X 107

10

0.3279(/ = 15.8)
0.6627(/ = 12.1)
0.9202(/ = 10.4)

1.5824(/ = 7.30)
3.1809(1 = 5.60)
4.3762() = 4.90)

3.0307(4 = 5.30)
6.0469(/. = 4.20)
8.2102(/ = 3.70)

5.5785(). = 4.00)
10.914(/ = 3.30)
14.368(4 = 3.10)

0.6277(/ = 18.2)
1.3315(7. = 15.7)
1.8103(/ = 14.0)

h/R = 0.05

2.8637(J. = 8.50)
5.7933(/. = 7.50)
7.5643 (. = 6.90)
h/R =0.10

5.1058(. = 6.30)
9.7688(/. = 5.80)
12.191(4 = 5.40)
h/R = 0.20

8.1647(/ = 5.00)

0.6437(). = 18.6)
1.3786() = 15.4)
1.8938(2 = 13.7)

3.2106(/ = 8.00)
6.8929(/. = 6.90)
9.4694(. = 6.10)

6.4214(). = 5.70)
13.786(/ = 4.90)
18.940(/. = 4.30)

12.842(). = 4.00)
27.582(7 = 3.40)
37.885(7 = 3.10)

of Pip) enos Pren @nd Pl . obtained for various » under E?) / E(()l) = 5. It fol-

lows from the foregoing numerical results that the relations

/ / / / / /
DP3D.c.0 <PRc.0 <PKk.c0> P3D.c.oc <PR.c.oo <PK.c.o0

(2.142)
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Table 2.18 The values of p}, . ., Pkeoo and pi . ., obtained for various values of w and h/R
under E(z)/E(()1> =5

@ pgD,c.oo X 102 p;h.oc X 102 p’E.z:oo x 102
h/R =0.01
0.5 0.4394(1 = 10.1) 1.2282(% = 15.7) 1.3196(7 = 15.2)
1.0 0.6627(/ = 12.1) 1.3315(4 = 15.7) 1.3786(/ = 15.4)
2.0 0.8792(% = 13.6) 1.4268(/ = 15.9) 1.4584(7 = 15.8)
h/R = 0.05
0.5 2.0815(/ = 4.80) 4.6327(). = 8.10) 6.5982(/ = 6.80)
1.0 3.1809(4 = 5.60) 5.7933(% = 7.50) 6.8929(/ = 6.90)
2.0 4.2441(1 = 6.30) 6.5321( = 7.40) 7.2930(2 = 7.00)
h/R =0.10
0.5 3.8823(/. = 5.60) 6.7360(/ = 6.70) 13.196(/ = 4.80)
1.0 6.0469(1 = 4.20) 9.7688(7 = 5.80) 13.786(7. = 4.90)
2.0 8.2169(/ = 4.60) 11.699(/. = 5.60) 14.585(/. = 5.00)
h/R = 0.20
0.5 6.7019(1 = 3.10) 8.2085(2 = 5.90) 26.393(7 = 3.40)
1.0 10.914( = 3.30) 14.270(. = 4.70) 27.582(% = 3.40)
2.0 14.928(/ = 3.50) 18.875(/ = 4.30) 29.172(% = 3.50)

occur for all the considered values of the problem parameters. The difference
between the values of p}, .o (Pip.coo) and of pi .o (Pkeoo) as well as the differ-
ence between pk .o (Pre.o) a0d P .o (Pk.c.~) depends not only on the parameters

E® / E(()l)and h/R, but also on the values of the rheological parameter .

Now we consider the case where the cylinder material is viscoelastic and
analyze the critical time. To compare the values of the critical time given by the
TDLTS with those given by approximate shell theories we must select the values

of p’ (: p/E(()l)) which fall in the intervals [p’,cc,‘wp’,(‘c‘o], [pk_cm,pkc'o] and
[Psp.coos Pipco) simultaneously. However, as follows from the data given in
Tables 2.16, 2.17 and 2.18, in many cases such common values of p’ (: p/E(()l)),

exist only for the intervals [py . o, Pkcol and [Pip ¢ osPip.co)- For this reason, we
will compare only the critical time obtained by employing the TDLTS (denoted by
tip..) With that obtained by employing the third order refined shell theory

(denoted by 7z, ., ). For consideration we select the case where E@ / E(()l) =5,
o =1 and o= —0.3. Tables 2.19 and 2.20 show the values of 7, ., (upper
number) and fg. . (lower number) for the cases where R/h=0.1 and 0.2

respectively, for various values of 4. Note that the selected values of A are in the
interval [A.0, Am.co)> Where Ao (Amoo) is the value of 4 under which the values of
Pip.co (Pkeoo) have their minimum.
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Table 2.19 The values of #;;, .. (upper number) and tkfﬂ_. (lower number) obtained for various

values of the parameter A in the case where 2/R = 0.1 under « = —0.3 and ® = 1.0
A P x 102
11.5 11.7 11.8 11.9 12.0 12.2 124
4.2 0.027 0.021 0018 0.016 0014 0010 0.008
: 6433 13.08 8.427 5.936 4426 2.736 2230
0.006 0.002 0.001 104 104 10-5 10-6
5.3 0.688 0.525 0.461 o(10) o(0) o(10) o(10)
0.405 0375 0278 0.245
0.008 0.004 0.002 0.001 105 10-6 10-6
5.6 0.649 0.499 0.439 0.387 o@~) of10) o(10)
0341 0.266 0235

Table 2.20 The values of #;;, .. (upper number) and tkf”, (lower number) obtained for various

values of the parameter A in the case where #/R = 0.2 under « = —0.3 and » = 1.0
A P’ x 10%
15.0 16.0 16.5 17.0 18.0 18.5 19.0
4.0 0.561 0320 0244 0.187 0.109 0.082 0.060
: 44.65 4.895 2.847 1.847 0918 0.678 0510
4.2 0.651 0365 0278 0212 0.123 0.092 0.068
: 20.54 3.902 2.406 1615 0.834 0.623 0473
4.7 L075 0578 0.436 0333 0.196 0.150 0.114
: 13.87 3532 2.284 1.583 0.855 0.650 0501

For estimation of the difference between the values of the critical forces
obtained within the scope of the TDLST and within the scope of the refined shell

theory we introduce the parameters d, o = pj .o /Psp.co a0d dp.oo = Py c.co /Pip.c.co-
Furthermore, to estimate the difference between the critical times obtained within
the scope of the TDLST and within the scope of the refined shell theory we
introduce the parameter d; = g, ., /tip .. It follows from the numerical results

given in Tables 2.16 and 2.17 that d, o ~ 1.22 and 1.15 (dpm ~ 1.61 and 1.30) in
the cases where #/R = 0.1 and 0.2 respectively under E?) / Eél) =5 o=1

However, Tables 2.19 and 2.20 show that the values of d;, may be greater than 10°.
Consequently, in many cases, especially in the cases where the values of

72 (z D / E(<)1>) are near the values of p’;, ., or p, . ., to investigate the stability

loss of the considered cylinder it is necessary to use the TDLTS developed in the

present book.
For a clearer illustration of the difference between the th'Cr' and t;iﬁcr. in

Fig. 2.9 the graphs of the dependencies among #3, ., , z ., and p’ are given for the

various values of the parameter 4 in the cases where /R = 0.1 (Fig. 2.9a) and 0.2
(Fig. 2.9b) under » = 1 and o = —0.3. It follows from these graphs that, as can be
predicted, the following relations occur:

/ / / ! / /
Bpe. — 08P — p3p 0s B3pe, = 008D — Pip s

/ / / / / / (2143)
tRf.cr. -0 aSpP = Preos tRfﬁr. — O0aASP = PReocor
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Table 2.21 The values of #;;, .. (upper number) and t;ef.”_. (lower number) obtained for various

values of p’ in the case where 1 = 4.0, o = —0.3, E<2>/E(<)l) =5 h/R=02and ® =1.0

P x 10%
204 20.5 20.6 20.7 20.8 20.9 21.0
/ /
Z3D.cr./tcdm.cr.
0.0210 0.0190 0.0172 0.0155 0.0138 0.0122 0.0108
118.48 8.4127 32494 1.7368 1.0685 0.7095 0.4931
P'10crt Prper spers Fppee

Il 1 faer 42 ,
8.00 E2/E! =5 £.00 - Fifer

- ©=1.0 1 EeyEM = 5

A 4.0 SR e
6.00 i a=03 6.00 il w=10

] WR=0.1 i gl
4.00 4.00 /R =0.2

I Frfer 1 40
2.00 = 2.00

. 1 1=33
0.00 5 P 0.00 1T phe 107

0.06 008 010 012 014 016 800 1200 1600 2000 2400 28.00

(a) (b)

Fig. 2.9 The graphs of the dependencies among £y, ., , 4., and dimensionless intensity of the

compressed force p’ constructed for various values of the parameter A in the cases where /R =
0.1 (a) and h/R = 0.2(b)

Consider the influence of the rheological parameter o on the values of 7, . .
The graphs of the dependencies between 5, ., and p’ are given in Fig. 2.10 which
are constructed for the cases where 4/R = 0.1 (Fig. 2.10a) and 0.2 (Fig. 2.10b)
under v = 1 and A = 4. It follows from the results given in Fig. 2.10 (and from
other numerical results which are not given here) that the graphs of the analyzed
dependencies constructed for various « have a common intersection point.

Before (after) this intersection point the increase in the absolute values of «
causes an increase (a decrease) in the values of 75, ... Note that the parts of the
graphs which appear after the intersection point are illustrated in Fig. 2.11 for the
cases where /R = 0.1 (Fig. 2.11a) and #/R = 0.2 (Fig. 2.11b) under w = 1 and
A =4. Remind that the explanation of the character of the influence of the
parameter o on the values of the critical time is given in Subsection 2.5.1.

Now we consider the question of how the rheological parameter @ influences
the behavior of the graphs related to the dependence between #;;, .. and p’. The
corresponding graphs are given in Fig. 2.12 for various values of the parameter

in the case where E(2)/E(<)l) =5,h/R =0.2 and o = —0.5. The character of these
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50 e
£.00 — 8.00 -
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Fig. 2.10 The influence of the rheological parameter o on the dependencies between 5, .. and
compressed force p’ in the cases where A/R = 0.1(a) and h/R = 0.2(b)
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Fig. 2.11 The parts of the graphs given in Fig. 2.10 which arise after the intersection point in the
cases where i/R = 0.1(a) and h/R = 0.2(b)

graphs can be explained by the increase in the values of p}, . .. with o. Therefore
for common p’ (with respect to the selected values of w), the values of #;,
increase with o.

As in the previous sections, compare the values of #;;, ., with the corresponding
ones calculated by employing the critical deformation method (Gerard and Gilbert
1958). According to this method, it is assumed that the critical deformation of the
viscoelastic hollow cylinder is equal to the critical deformation of the corre-
sponding elastic cylinder. Using this assumption, the critical deformation of the
pure elastic cylinder is determined within the scope of the TDLTS. Note that in the
considered case the mentioned critical deformation corresponds to the p%, ..
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Fig. 2.12 The graphs of the Viner
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According to this determination, using the relation p}, ., = p / E3, the critical time
is determined for selected values of p. The values of the dimensionless critical time
(denoted by ¢/, .. ), which are determined by employing the critical deformation
method, are given in Table 2.21. These values are calculated for the various p’ for

the case where 1 = 4.0, o = —0.3, E<2)/E§)‘) =5, h/R=02 and o = 1.0. At

the same time, in this table the corresponding values of #;;, ., (upper number) are
also illustrated. The comparison of ¢, ., with #, ., shows that the critical
deformation method is not acceptable for determination of the critical time for the
local stability loss of the hollow cylinder made from viscoelastic composite

material.

2.11 Conclusions

Thus, in the present chapter within the scope of the three-dimensional geometri-
cally non-linear field equations of the theory for viscoelastic orthotropic bodies an
approach has been developed for 3D global and local stability loss analyses of
solid and hollow cylinders made from viscoelastic composite materials. In
studying the global (local) stability loss of the cylinder it is supposed that it has an
initial infinitesimal global (local) imperfection and the values of a critical time as
well as the values of a critical force are determined from the initial imperfection
criterion. According to this criterion, the moment at which the mentioned initial
imperfections start to increase and grow indefinitely is taken as a critical time (or
critical force). To study the corresponding non-linear boundary value problems the
boundary-form disturbance method and small parameter method are employed
simultaneously. From the results of these applications, the solution to the afore-
mentioned non-linear problem is reduced to the solution for the corresponding
series of linear problems. By direct verification it is proven that the equations and
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relations related to the first and subsequent approximations coincide with the
equations and relations of the well known TDLTS. It is established that for
investigation of the stability loss problem it is enough to use only the zeroth and
first approximations. By the average-integrating procedure the corresponding
approximate global stability loss equations within the scope of the Bernoulli and
third order refined beam theories are derived from the equations and relations of
the aforementioned first approximations. In addition, by the average-integrating
procedure the corresponding approximate local stability loss equations within the
scope of the Kirchhoff —-Love and third order shell theories are obtained from the
equations and relations related to the rotationally symmetric 3D local stability loss
of the hollow cylinder. Final numerical results are obtained by employing Laplace
transformation and variation separation methods for the case where the cylinder is
made from the viscoelastic composite consisting of the viscoelastic matrix and
uni-directional elastic fibers lying along the cylinder. First, the numerical results
related to the pure elastic stability loss of the cylinder at r =0 and t = co are
considered. It is established that the critical forces obtained within the scope of the
third order refined beam and shell theories are very close to the corresponding
results obtained within the scope of the 3D approach. However, the critical time
obtained within the scope of the 3D approach can be significantly less than the
corresponding values of the critical time obtained within the scope of the third
order refined beam and shell theories. The difference between the critical times
obtained by employing 3D and third order refined beam and shell theories becomes
increasingly non-negligible if the values of the external compressed force is close
to the critical compressed force obtained at ¢+ = oco. Consequently, for investigation
of the global and local stability loss of the cylinders made from viscoelastic
composites, in many cases it is necessary to use the TDLTS developed in the
present chapter. This approach can be easily extended for investigation of the more
complicated stability loss problems, for instance, for non-symmetric local stability
loss of the hollow cylinders (shells) made from viscoelastic materials.
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