Chapter 2
Cone and Partial Order Methods

2.1 Increasing Operators

Suppose that E is a real Banach space, 6 is the zero element of E, P C E is a cone.
A : D — E is called an increasing operator, if Vx;,x; € D C E, x1 <x» = Ax] <
Axp.

Theorem 2.1.1 (Jingxian Sun, see [170, 171]) Suppose ug,vg € E, ug < vg, A :
[ug, vo]l = E is an increasing operator satisfying
ug < Auyg, Avg < vg. 2.1

And if A([uog, vol) is relatively compact (sequentially compact), then A must have
minimal fixed point x, and maximal fixed point x*, which satisfy

up<up<---<up < - <Xy < <xF<-o<v, <o <wp <wp. (2.2)
Proof (a) Firstly we prove A has a fixed point in [ug, vg]. Let D = [ug, vol. By (2.1)
and A is increasing, we know

A(D)CD. (2.3)

Define F ={x € D : Ax > x}. Because ug € F, we have F' # (. Suppose H is a to-
tally ordered subset of F. Since A is increasing, A(H) is also a totally ordered set.
Noticing A(D) is relatively compact thus separable and A(H) C A(D), we con-
clude A(H) is separable. So there exist a countable set V = {y1, y2,..., ¥u,...} C
A(H) which is dense in A(H). Since V is totally ordered, z,, = max{y1, y2, ..., Yn}
exists (z, is one of y1, y2,..., yn), and

m€eVCAMH) n=1,2,3,..), 2.4)
71<2< <z < (2.5)
Since A(D) is relatively compact, we have a subsequence {z,,;} C {z,}, such that

iy > €E (i — 00). (2.6)
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Through (2.3), (2.4), and (2.6), we know
¥ eD. 2.7)
Combining (2.5) and (2.6),
<z <z*¥ (m=123,..). (2.8)

Also because V is dense in A(H) we have z < z*, Vz € A(H). Thus

x<Ax<z*, VxeH, (2.9)
then
Ax < A7* VxeH, (2.10)
and
wm<AZ* (mn=1,2,3,..). (2.11)
By (2.6) and (2.11), we have
Z* < AZ*. (2.12)

So z* € F. Also (2.9) implies z* is an upper bound for H in F. So we can conclude
F has a maximal element v* by Zorn’s Lemma. Since v* € F, A(v*) > v*. Also we
have A(A(v*)) > A(v*), so A(v*) € F. Because v* is maximal, we have A(v*) =
v*, which means v* is a fixed point of A.

Similarly consider G = {s € D : Ax < x}. We can obtain G has a minimal ele-
ment u* and A(u™*) = u*.

(b) Secondly we prove A has minimal fixed point and maximal fixed point in D.
Let Fix(A) = {x € D : Ax = x}. Then from the above proof, Fix(A) # 0. Let S =
{I =[u,v]l:u,ve D,u <v,u < Au, Av < v, Fix(A) C [u, v]}. Since D € S, then
S # . S is a partial ordered set if we define I} < I, for VI|, I, € S and I| C I».
Suppose S1 = {I : r € A} is a totally ordered subset of S, where I, = [u,, v,]. Let
Hy ={u, :r € A}, then H| is a totally ordered subset of D and Au, > u, (r € A).
By substitute H by H; in the proof of part (a), we know there exist z* € D and
{zn} C A(H)) such that z,, — z* as n — oo and

u, < Au, <7*, reA, (2.13)
7F < AZ". (2.14)
Since u, <x, Yr € A, x € Fix(A), then
ur < Au, <Ax=x, rel, xeFix(A),

SO

zn<x, xeFix(A) n=1,2,3,...). (2.15)
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Because z,, — z*, the above inequality implies that

*

7" <x, xe€Fix(A). (2.16)

Similarly considering G| = {v, : r € A}, we can obtain there exists w* € D that
satisfies

v >w*, reA, 2.17)
w* > Aw*, (2.18)
w*>x, xeFix(A). (2.19)

Combining (2.16), (2.19) and Fix(A) # @, it has z* < w*. Let I* = [z*, w*]. Then
I* € S. Since (2.13) and (2.17), I* is a lower bound for S;. So by Zorn’s Lemma,
we find S has a minimal element 7, = [x,, x*]. It must have

Xy <x <x* x eFix(A). (2.20)

By the definition of S and I* € S, it is easy to know

Xy < Axy < Ax* < x¥, (2.21)
Ax, < Ax =x < Ax*, Vx e Fix(A). (2.22)

Since A is increasing,
Xp < Axy < A(Ax®) < A(Ax,) < Ax* <x*. (2.23)

Through (2.22) and (2.23), we get I = {Ax,, Ax*} € S and I < I,. Since I, is a
minimal element, it requires I = I, which implies Ax, = x, and Ax* = x*. (2.20)
shows x, and x* is the minimal fixed point and maximal fixed point of A.

Finally, since A is increasing and ug < x, < x™ < vy, it is easy to obtain (2.2). (]

Remark 2.1.1 From the above proof, the condition that A([ug, vg]) is relatively
compact can be relaxed to A(ug, vg) is relatively compact for every totally ordered
subset. Additionally, by using the same method, the above theorem can be general-
ized to the following one: Suppose ug, vo € E, ug < vo, A:[ug, vo] = E is an in-
creasing operator satisfying (2.1). If A = Z?l:l C; B;, where B; : [ug, vo] > E; (E;
is an ordered Banach space) and C; : [B;ug, Bjvg] — E is increasing operator and
B;([uo, vo]) is relatively compact for every totally ordered subset (i = 1,2, ...,m),
then the conclusion of Theorem 2.1.1 holds. (See Sun and Zhao [173].)

Definition 2.1.1 An operator 7 : D(T) C E — E is said to be convex if for x,
y € D(T) with x <y and every ¢ € [0, 1], we have

T(1x 4+ (1 —1)y) <tT (@) + (1 =T (). (2.24)

T is concave if —T is convex.
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Lemma 2.1.1 (Yihong Du, see [88, 89]) Suppose P is a normal cone, v > 6, A :
[6,v] — E is a concave and increasing operator. If there exists 0 < & < 1 such
that A6 > gv, Av < v, then A has minimal fixed point u* in [0, v], u* > 6. Let
uo==0, u, =Au,_1 (n=1,2,3,...), then we have

lun —u*| < NAGOIe2(1 —&)" (n=1,2,3,...). (2.25)
Here N is the normal constant of P.

Proof let t=1—-¢0<t<1), B= 77 1A. Then B :[0,v] — E is a con-
cave and increasing operator. Also B6 > 7 lev, Bv <t v, U, =tBu,_1 (n=
1,2,3,...). Obviously u; = A6 > ev > 6 and Av < v, since A is increasing,

O=up<up<---<up<---<v, (2.26)
BO>1t"'ev>¢eBv>eBu, =(1—1)Buy,. (2.27)
For6 <y <x<v, 0<t <1, wehave
O<x—ty<(—-tx+t(x—y)<x<v,
since B is concave,
B(x—ty)>(1—t)Bx+tB(x —y),
which means
Bx—B(x—ty)<t[Bx—B(x—y)], 6<y<x=<v,0<r<1. (2.28)
Next we prove
Upt1 — Up <T"(Buy, —BO) (n=1,2,3,...). (2.29)

Because uy — u; = t(Buj — B6), (2.29) holds when n = 1. Suppose it also holds
when n = k, that is

Upg1 — ug < 5(Buy — BO). (2.30)
Let x = up41, y = Bux — B6. We have by (2.27), (2.28), and (2.30)

0 <y<Bup— (1 —1)Bup=tBuy =up+1 =x <0, (2.31)
Up > x — rky, (2.32)
Ut — Uk+1 = TBx — tBuy < r[Bx — B(x — rky)] (2.33)

< t*"[Bx — B(x — y)] <= 7" (Bx — BO), (2.34)

s0 (2.29) holds when n = k + 1. By induction, for every natural number 7, (2.29)
holds.
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Since (2.29) and (2.27), we have

BO n+1
un+1—un§r"<1 —BQ): ‘ Bo,

-7 1—1
soif m > n,

O <upm—uy < (Upy1 —Up)+ -+ Uy — Up_1)

n+1
B6 (t"+1+--~+rm) "7 BO

< <~
“1-7 ~(1-1)2

(2.35)

Since P is normal, it must have {u,} is Cauchy sequence. So there exists u* € E
such that u, — u* as n — oo. Obviously u, <u™ <wv, then tBu* > tBu,, = up4.
Let n — oo, we get

TBu* > u*. (2.36)

In (2.35), let m — o0, we have
n=1,2,3,...). (2.37)

When n is large enough, we have t”(1 — 2 <. Combing (2.36), (2.37) with
(2.28), it leads to

0 <tBu*—u*<tBu* —u,y = r(Bu* — Bun)

< t[Bu* — B(u* — L . rBG):|
(1—1)?

.L.n+1 . .
‘C"+1
< e (Bu* — BG) -0 (n— o0),

since P is normal, then T Bu® — u* = 0, that is u® = Au*. Also, (2.37) implies
(2.25). Clearly u™ > 6 for AG > ev > 6. Finally, u™* is the minimal fixed point of A
in [0, v]. Suppose 8 < x < v such that Ax = X, since A is increasing, by induction
wegetu, <x n=0,1,2,...). Asn — o0, it shows u™ < x. O

Theorem 2.1.2 (Yihong Du [88]) Suppose that the cone P is normal, ug, vg € E and
ug < vo. Moreover, A : [ug, vol — E is a increasing operator. Let hg = vo — ug. If
one of the following assumptions holds:

(i) A is a concave operator, Auy > ug + €hg, Avg < vg where € € (0, 1) is a con-
stant,
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(i) A is a convex operator, Aug > ug, Avg < vg —ehg where € € (0, 1) is a constant,
then A has a unique fixed point x* in [ug, vo]. Moreover, for any xo € [ug, vol,
the iterative sequence {x,} given by x, = Ax,—1 (n =1,2,...) satisfying that

Hxn —x*” -0 (n— 00),

|xn —x*| =M1 —8)" (n=1,2,...),
with M a positive constant independent of x.

Proof Firstly, we assume that (i) holds. Let Bx = A(x + ug) — ug. Clearly,
B : [0, ho] — E is concave and increasing. Moreover, BO > ¢hy and Bhgy < hy.
Lemma 2.1.1 implies that B has a minimal fixed point u* in [0, hg] and

lun —u*| = Mo(1 —&)" (n=1,2,...),

where ug =6, u, = Bu,_1 (n=1,2,...), My is a positive constant Let &, =
Bh,_1 (n=1,2,...). Clearly, we have

ho=hi > >hy > >u"
Let t, = sup{t > 0:u* >th,}. Since u* = Bu™ > BO > ehg > ¢h,,
O<e<fi<-<tp<---=<1, U >tyhy.
It follows that
u* = Bu* > B(tyhy,) > (1 — t,) BO + t,bh,,
> (1 —ty)eho + tyhns1 = [(1 = tn)e + ty [hnt1.
Thus, by the definition of 7,41, we get t,,4-1 > (1 — )¢ + t,,, and hence,
-ty <=(0=t)(1—¢) (m=1,2,...).
It follows that
l—t,<(-—mU—-e)"l<d—e)" m=12..).
Notice that
0 <hy—u™ <hy —tyhy < (1 —ty)ho < (1 —)"ho.
This yields ||k, —u*|| < N|lholl(1 —&)" (n=1,2,...).
For any yg € [0, ho], let y, = By,—1 (n=1,2,...). Then u,, <y, <h, (n =

1,2,...). Therefore,

||yn _u*“ < lyn —unll + ||un _’4*”

< Ny — unll + ||un —u*
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< Ny = u*[ + N+ Dun — |
<M(—g¢)" (n=1,2,..), (2.38)

where M = N2||ho|| + (N + 1) M is a constant. We can easily conclude from (2.38)
that the fixed point of B in [0, h¢] is unique. In fact, (2.38) yields

[ —u*|=MA-8)"—>0 (1n— o0,

and hence, X = u*. If we denote x* = u™* + ug, x, =y, +ug (n=1,2,...), then
we see that the conclusions of this theorem hold.

On the other hand, when (ii) holds. Let Bx = vy — A(vo — x). It can be easily
checked that B : [0, ho] — E is a concave and increasing operator satisfying B6 >
ehgp and Bhg < hg. By similar arguments as in the case of (i), we get the conclusions
of this theorem. O

Corollary 2.1.1 (Yihong Du [88]) Assume that P is a normal solid cone, ug, vy €
E, up <wvg, A:lug, vol — E is an increasing operator. Suppose one of the follow-
ing assumptions holds:

(i) A is concave, Aug > ug, Avg < vg;
(ii) A is convex, Aug > ug, Avg < vo.

Then A has a unique fixed point x in [ug, vol. Moreover, for any xq € [ug, vol,
the iterative sequence {x,} defined by x, = Ax,_1 (n = 1,2,...) satisfying that
lxn — x*|| = 0 (n —> o0) and

[xn —x*| =M™ (n=1,2,..)), (2.39)
where r € (0,1), M > 0 are constants.

Proof Let hg = vg — ug. Since Aug > ug (or Avg < vg), we can choose ¢ € (0, 1)
small enough such that Aug > ug + €ho (or Avg < vo — €hg). Then, we complete
the proof by applying Theorem 2.1.2. d

Corollary 2.1.2 (Yihong Du [88]) Suppose that P is a normal solid cone, ug, vo €
E, up < vy and A : [ug,vo] = E is a strongly positive operator (i.e., x,y €
[uo, vol, x <y = Ax K Ay). Suppose one of the following two conditions holds:

(i) A is concave, Aug > ug, Avy < vp;
(i) A is convex, aug > ug, Avg < vg.

Then A has a unique fixed point in [ug, vol. Moreover, for any xq € [ug, vo] the
iterative sequence {x,} given by x, = Ax,—1 (n = 1,2,...) satisfying that ||x, —
x*| — 0 (m — o0) and

||x,, —x*” <Mr" (n=12,..),

where r € (0,1), M > 0 are constants.
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Proof Assume that (i) holds (the proof is similar if condition (ii) holds). Let
u1 = Aug, then uy > ug. Since A is a strongly increasing operator, we have Au| >
Aug = u1. Applying Corollary 2.1.1 to [u1, vg], we see that A has a unique fixed
point x* in [uy, vo] and if we define x, = Ax,_; then (2.39) holds. Suppose x is a
fixed point of A in [u1, vo], then X > ug. Hence, x = Ax > Aug = u1. Therefore,
there is no fixed point for A in [ug, u1]. Moreover, for any xqo € [ug, vo], let x, =
Axp—1 (n=1,2,...). It follows that x| € [uy, vg], and hence, (2.39) also holds. [

Example 2.1.1 Consider the following Hammerstein integral equation:

x(t) = / k(t, s)f(s, x(s)) ds,
]Rn
where k(¢, s) is nonnegative and measurable in R” x R",

lim/ |k(t,5) —k(to,5)|ds =0, Vo eR",
]R)l

t—1y

and there exist constants M > m > 0 such that
m 5/ k(t,s)s <M, VteR".

Moreover, for any x > 0, f(-, x) is measurable in R"; and for any t € R", f(t,")
is continuous in [0, co). Furthermore, there exists R > r > 0 such that one of the
following two conditions holds:

(i) forany t € R", f(¢,-):[r, R] = Risaconcave increasing function satisfying
that

1 1
f(l,")2<—+81>r, f(r,R)<—R, VteR",
m M

with g1 is a positive constant;
(ii) forany t € R", f(¢,-):[r, R] = Ris a convex increasing function satisfying
that

1 1
f,r)=—r, f(t,R)§<——82>R, vt e R",
m M

with &7 is a positive constant.

We will show that the integral equation has a unique continuous solution x*(t)
satisfying that V¢t € R", r < x*(t) < R and for any continuous function x((t) with
r <xo(t) < R the sequence {x,(¢)} given by

xn(t):/ k(t,s)f(s,xn_l(s))ds, VieR" (n=1,2,...),
Rn

has the following property:

sup |xn(t) —x*(t)‘ <Myt" =0 (n— 00),
teR”

where My > 0 and 7 € (0, 1) are constants independent of x¢ ().
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Proof Let

E:CB(R") = {x € C(R"): sup ‘x(t)| < oo},

teR®

with its norm || x|cy = sup,crn |X(#)|, and P = {s € Cp(R") : x(t) > 0, Vt e R"}.
Then P is a normal solid cone and P = {x € Cp(R") : inf;ern x(¢) > 0}. Assume
that condition (i) holds (the proof is much similar in the case of (ii)). Consider the
following operator:

(Ax)(1) =/ k(t,s)f (s, x(s))ds,
R}‘l

and let ug(t) =r (Vt € R"), vo(t) = R (Vt € R"). It can be easily checked that
A : [ug, v9] — E is a concave increasing operator and Aug > ug, Avg < vg. Then
the conclusions follows from Corollary 2.1.1. U

Note the results on concave increasing operators and the example above are ob-
tained by Du Yihong, see [88, 89].

Theorem 2.1.3 (Dajun Guo [106]) Suppose P is a solid and normal cone, A : P —
P is an increasing operator. Assume there exist v € P and ¢ > 0 such that & < Av <
v, AB > cAv. Suppose for arbitrary 0 < a < b < 1 and every bounded set B C P,
there exists n =n(a, b, B) > 0 such that

A(tx)>t(1+nAx, xe€B,tela,b] (2.40)

Then A has a unique fixed point x* in P and x* € (0, v]. Furthermore, for every
initial point xo € P, constructing a sequence as

Xp=Ax,_1 (n=1,2,3,..)), (2.41)
we have

[xn — x*| = o0. (2.42)

Proof Firstly we prove A has no more than one fixed point in P. Suppose x*, x € P
such that x* = Ax™, x = Ax. We have

x*=Ax*> A0 > cAv >0, X=Ax > A0 >cAv >0. (2.43)

Since v € P, we can find 0 < to < 1 such that 7opx* < v, fox < v, thus from (2.40),
for certain ng > 0

Av = A(tox™) = to(1 4+ no) Ax™ = to(1 + no)x™, (2.44)
Av > A(tox) > to(1 +no)Ax =1o(1 + no)x. (2.45)
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Recall (2.43), there exists 0 < ¢; < 1 such that x* > ¢jx and X > cix*. Define
t*=sup{t >0:x*>txand x > tx*}. Thenc; <t <1, x* >t*x, x > t*x*. Soif
0 <t* < 1, from (2.40), for certain n* > 0

x*=Ax* > A(t*x) = 1" (1 + n*)Ax = 1" (1 4+ %)X,

X =Ax> A(t*x*) > t*(l + n*)Ax* = t*(l + n*)x*,
this contradicts the definition of t*. So t* = 1, which means x* = x.

If x* € P such that x* = Ax™, we can prove x € (0, v]. In fact, x* > 6 is from
(2.43). Lett' =sup{t > 0:v >1x*}.Then0 <t <00, v >¢'x*.If0 <t' < 1, from
(2.40), for certain ’ > 0 such that

v> Av > A(t’x*) > t’(l + n’)Ax* = t’(l + n’)x*,

this contradicts the definition of #'. So ¢’ > 1, which means v > x*.
Finally, we prove A has a fixed point in P and (2.42) holds. Since v € P, we can
find 0 < ¢, < 1 such that

texo < v. (2.46)

Letvy =1, 1y, From (2.40), there exists 1, > 0 such that

Av = A(txv0) = 1:(1 + 1x) Avo, (2.47)
consequently
6 < Av < Avy < [t (1 +1.)] " Av < 171w = vp. (2.48)
Also
AO > cAv > c Avg, (2.49)

where ¢, = ¢t (1 + n,) > 0. Now let
uy=~0, U, =Au,—1, v, =AWw,—1) m=1,2,3,..)). (2.50)
Using (2.48) and the increase property of A, we get
UpSUp < SUp S0 S Uy <00 S0 S V. (2.51)

(2.49) implies u; > c,v; > 6. Define t, =sup{t > 0:u, >tv,} (n=1,2,3,...),
then u, > t,v,. From (2.51),

O<cx=ni=n=<-- =t <---=<1L (2.52)

Suppose t, — t* (n — 00), then ¢, < t* < 1. If t* < 1, (2.40) implies that, for
certain n > 0,

A(tyvp) = (1 +n)Av, =1,(1 + 77)Un+1 n=1,2,3,...),
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SO
Upi1 =Auy > Atyvp) 2t (1+ v 0=1,2,3,...),

which means t,, 11 > 1,(1 +1).So t,1 1 > t1(1 + )" > ¢ (1 +n)" = o0 (n — 00).
This contradicts (2.52). Thus lim,, o t;, =t* = 1.
From (2.51) and u,, > t,v,, we get

O <unyp—tn vy —up < (I —1,)v, < (1 — 1) 00, (2.53)

since P is normal,
luntp —unll < N1 —t)llvoll > 0, n— oo,

where N is the normal constant in P. The above inequality means {u,} is a Cauchy
sequence in E. Since E is complete, there exists u™ in P such that lim,_, oo 1, = u*.
Similarly by

0 <wv, — Untp SUp —Up = (I =t)v, = (1 =1,)v0,
there exists v* in P such that lim,,_, o, v, = v*. Obviously,
u, <u* <v* <u,, (2.54)

and
0 <v*—u* <v, —uy < (1 —ty)v, < (1 —t,)v0,

sou* =v* Let x* =u™* = v*, (2.54) implies
Upt1 =< Au, < Ax* <Ay, < Up+1-

Let n — 0o, we get x* < Ax™* < x*, so x* = Ax™. From (2.46), it can obtain uy <
xo0 < vg. Since A is increasing, by induction, u, < x, < v,, where x, is given by
(2.41). Since u, — x* and v, — x* and P is normal, (2.42) must hold. O

2.2 Decreasing Operators

Decreasing operators are a class of important operators, but it is difficult to obtain
fixed point theorems (see [100, 106]). In this section, without assuming operators
to be continuous or compact, we first study decreasing operators with convexity
or concavity and give existence and uniqueness theorems, then we study eigenvalue
problems and structure of solution set, finally apply them to nonlinear integral equa-
tions on unbounded regions and differential equations in Banach spaces.

Suppose that E is a real Banach space, 6 is the zero element of E, P C Eis a
cone. A: D — E is called a decreasing operator, if Vx1,x2 € D, x1 < x; = Axy >
Axy. A: D — E is called a strictly decreasing operator, if Vx1,x2 € D, x| <xp =
Axy > Axo.
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Theorem 2.2.1 (Dajun Guo, see [106]) Assume that P is a normal cone and A :
P — P is a completely continuous operator. Moreover, A is a decreasing operator
satisfying that A0 > 6, A20 > g0A0, with gy > 0, and for any (x,t) € (0, AB] x
(0, 1), there exists n = n(x,t) > 0, such that

A(tx) < [t +7’/)]_1Ax.

Then A has a unique fixed point x* > 0, and for any xo € P the iterative sequence
{x,} given by x,, = Ax,—1 (n=1,2,...) satisfying that

||x,, — x*” — 0.

Proof Letug =0, u, = Au,—1 (n=1,2,...), then we have ug < AZug, A%u; <
uy. It follows from A is a continuous completely operator that A%([0, Af]) is rela-
tively compact. Theorem 2.1.1 implies that A2 has a maximal fixed point «* and a
minimal fixed point u,. Moreover,

lim uy, = uy, lim ug,4q = u*,
n—>oo n—oo

O=up<up<---<ugy <--- <y

<u*<---<wuguy) <---<uz <uy=A60. (2.55)

Since u, = A9 > £0A0 >0, u* > u, > 6. Letting n — oo in the following equal-
ities:

Uy = Aoy, Udp+1 = U2p,

we have u, = Au™ and u* = Au,, and hence, u, > up > cou; > gou™. Let 1y =
sup{t > Oluy > tu*}, then g9 <19 <1, u, > tou*. If ty < 1, then there exists ng > 0
such that

Arou*) < [10(1 +10)] " A = [10(1 + n0)] ™t

Therefore, we have

w* = Auy < Atou®) < [r0(1+10)] .

that is u, > to(1 + no)u™ in contradiction with the definition of #y. Hence, 7y = 1
and u, = u*. If we denote x* = u, = u*, then x* > § and x* = Ax*, thatis, x* is a
positive fixed point of A.

If x > 0 is a fixed point of A, then 6§ <x < A6, x = A2%. In other words, A2
has a fixed point in [0, A6]. By the minimal of u, and the maximal of u*, we con-
clude that u, < x <u*, and therefore, X = x*. Thus, the positive fixed point of A is
unique.

Finally, we show that ||x,, — x™|| — 0. We deduced from xo > 6 that 6 < Axy <
Af,i.e., ug < x; < uj. It follows from the decreasing of A that uy < x < u;. More-
over, we can get

Uy < Xop SUp—1,Up < Xop1 Suopy1 (n=1,2,...).
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Noticing that u, = x* = u*, we conclude from Theorem 1.3.1 and (2.55) that ||x,, —
x*| — 0. O

Theorem 2.2.2 (Zhitao Zhang, see [198, 202]) Suppose that P is a normal cone of
a real Banach space E, N is the normal constant of P, A: P — P is convex and
decreasing, and e > %, such that

A%0 > A0 > 0. (2.56)

Then A has a unique fixed point x* in P, and Nxo € P, constructing the sequence
Xp = Ax,—1, we have ||x, —x*| — 0 (n — +00), with the convergence rate ||x, —
X < 4N A0] - (122 Hlxanst — x| <2N2(AG] - (155" (n=1,2,..).
Proof Let

uy =20, Up=Au,—1 m=1,2,...). (2.57)

Since A is decreasing, we have

O=up<up<---<ugy <---<ugpy1 <---<uz <uj = A6, (2.58)

and by (2.56) we get up > cu1 > 6, thus us, > cugp+1 (n=1,2,3,...). Let
t, =sup{t > 0,uz, >tusyr1} (m=1,2,3,...), (2.59)
we have uz, 42 > uzy > tqaou41 > tyu2,43, thus

O<e<ti<th<---<t,<---<L. (2.60)

Now we prove t, — 1 (n — +00).
Noticing that A is convex decreasing, by (2.59) we have uy;, > t,u2,+1, and
Uant1 = Auzy < Altguzns1) = A(tguans1 + (1 — 1,)6)

< thAuzpt1 + (1 — 1) A0 = thuzpyo + (1 — 1,) A6.

Noticing that e A8 < A2 =uy < Udn+2, Udp+1 = U2p3, WE know that

In

1 —
Udp42 = (l‘n + . >u2n+2,

In

Udp+3 < U2p41 = tpUdop42 +

1—t,

- ) Yuz,43. Thus we get t,11 > (1, + %)_1, and

e, uy42 > (th +

L1y —
1=ty <1— L _G-bd t")<<§—1>(1—r,1). (2.61)

1- 1— -
b+ b+ 5"

Noticing that & > i 1<1,

<1 > (1 )2 (1 )n
l—tppr=({-—-1)J0-t)=|-—-1)A-tr-D)=|-—-1) d-¢)
& & &
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l—¢ n+1
- < ) , (2.62)
&
we have
th —>1 (n— +00). (2.63)
Since
0 < Udp42p — U2n S UZp+] — U2p = (I —=t)uzn1 < (1 —1,)A0, (2.64)

noticing that P is normal, we know [lu2,42p —u2, || < N - (1 —1,) - |A8]. By (2.62)
and (2.63), we find that 3u* such that lim,,_, oo u2, = u*, and

. 1—¢\"
[ —uzn| < (X —12) - N - |AG]| < - - N -||A9].
Similarly, 3v* such that lim,,_, oo 42,41 = v*, and
. 1—¢\"
[v* —uzns1]| <A —12) - N - [ A0] < — N - [|A6]].

And it is clear that 0 < v* — u* < wpyy1 — uzy < (1 — t,) A6, thus |[v* — u*|| <
N-(1—1)-||A8] = 0 (n — 00), so we have u* = v* := x*, and uy, < x* <
Udnt1, Udn+1 = AUy > Ax* > Augps1 =uopyr n=1,2,3,...). Let n - 400,
we have x* > Ax* > x*, thus Ax* = x*.

Now we prove the uniqueness. Suppose x is an arbitrary fixed point of A in
P,then ug =0 <x =Ax < A0 =uy. As uzy, <x <ugyy1 (n=1,2,...), letting
n — oo we have x = x™*,

Atlast,Vxp € P,wehave ug =60 <x1 = Axg < A0 =uy, ur <xp =Ax1 <ujy.
It is easy to get

Up < Xop Suzp—1, Uzp < Xopt1 Suzprr (n=1,2,..0), (2.65)
thus x,, — x*. By (2.64) we get |usnt1 — uz|| < N(1 —1t,) - | A8]|, thus

% = xon | < [ x* = w2n| + Nuzn — 201l < 2N [Juzp—1 — u2a]|

1— n—1
< 2N (s =]+ [ ) a2 (25)

|* = x2ng1 | < | x* = uzn | + luzn — X201 1l < 2N [[uzng1 — uznl|

<2N2. 11 n.||A9||
< e . O

Corollary 2.2.1 Suppose that P is a normal cone of E, A :[0,v] — [0, v] is con-
cave decreasing such that Ay < (1 —&)v+eAv, where v > 0, % <&e<1.Then A
has a unique fixed point (v — x™*) in [0, v]; moreover, Vxq € [0, v], constructing the
sequence x, =v — A(v — x,—1), we have x,, — x* (n — 00).
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Proof Let Bx =v — A(v — x), Vx € [0, v], it is easy to get B : [0, v] — [0, v] is
convex and decreasing, such that B6 = v — Av, B2 =v — Alv—v+Av)=v—
AZv>v—(1—¢e)v—cAv =¢&(v— Av) = ¢ BO. Thus by the proof of Theorem 2.2.2,
we know B has a unique fixed point x* such that x* =v — A(v — x*), i.e., v — x*
is a unique fixed point of A. Moreover, we can get x* by iterative method. U

Corollary 2.2.2 Suppose that A : [u, v] — [u, v] is concave and decreasing, and
Ay < (1 —&)v+eAv, where % < & < 1. Then A has a unique fixed point in [u, v].

Proof Let Bx = A(x +u) —u, Vx € [0, v — u], it is easy to know that B : [0, v —
u] — [0, v — u] is concave decreasing, and B(v — u) = Av — u,

BPwv—u)=A*v—u<(l—ew+eAv—u=(1—e)(v—u)+eB —u).

Thus B satisfies the conditions of Corollary 2.2.1, and it is easy to get the conclu-
sion. O

Theorem 2.2.3 (Zhitao Zhang, see [198]) Suppose the hypotheses of Theorem 2.2.2
are satisfied. Let Ly = ﬁ (as1/2 <e<1), Ag=400 (as e =1). Then Y\ €
[0, Ao), the operator equation AAu = u has a unique solution u(A) in P, and let
ugM) =60, u,(A) =AAu,—1()), we have u, (,) — u(r) (n - +00),

1— n—1
luan () — ()| < 4N? |40 -A( 8:*) : (2.66)

5 1— & n
luznt1G) —u@) || <2N%-11A0] - 4 o) (2.67)
where g, = min{e, 1 — (1 — g)A}.

Proof (i) As % <e<l1,let Ag= 2(1—1_8), then we know that A9 > 1. For any A €
[0, 1], by LAO < AO, we get A(LAO) > A20 > £ A0, thus
AA(LAD) > e(LAD). (2.68)

Vi €1, Ao), since A2 = A(L1A0) < LA(LAB) + (1 — 1)A6, we have

2 2 1 2 1
AALAG) > A [A 0 — <1 - X>A9] > A [a— 1+ X]AO =[1—(1 - e)r](A0).

(2.69)
Since Ag = ﬁ, we know

1—(1—5),\>1—(1—8),\0:1—(1—8).2(11_8):%, YA <i. (2.70)

By (2.68)—(2.70), we see that YA € [0, Ag), AA satisfies all the conditions of Theo-
rem 2.2.2, thus LA has a unique fixed point in P, i.e., AAu = u has a unique positive
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solution u#(A), and let up(A) =60, u,(A) = AAu,—1(A), then u,,(A) - u(A) (n —
+00); moreover,

1— n—1
Ju2n () —u@) | <4n- N?-||A0] - ( &“) (n=1,2,..),

1_ n
||uzn+1<x>—u<x>||szx-Nz-uAen-( ;) n=1,2,..),

where ¢), = min{e, 1 — (1 — e)A}.

(ii) As ¢ = 1, then A# is the unique fixed point of A. Let 19 = 400, VA € [0, 1],
(2.68) is still valid, and we get AA(AAO) > LAB; VA € (1, +00), (2.69) is replaced
by LA(LAO) > AAB. Thus, VA € [0, +00), by Theorem 2.2.2, we know that AAu =
u has a unique positive solution u#(}) such that u(X) = LA6, (2.66) and (2.67) are
still valid. O

Theorem 2.2.4 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied, Then u(-) : [0, Ag) — P is strictly increasing, i.e., for
0< A1 <Ar <Ay, wehave u(hy) < u(ry).

Proof If ¢ = 1, by the proof (ii) of Theorem 2.2.3, we know the conclusion is valid.
We may suppose that % <¢e < 1. If A > A1 =0, then by the proof of Theo-
rem 2.2.3, we get u(Ap) > 6 = u(r1). We may suppose that A1 > 0.
Now using proof by contradiction, we first get

u(r2) Zu(ry). 2.71)

Suppose u(Az) < u(Ay), since A is decreasing, we get A; - Au(ry) > A{Au(ry) =
u(rhy), but A; - Au(ha) = %AZAM(AZ) = ﬁ—;u(m < u(r), thus u(ry) < u(ra),
which is a contradiction. Therefore, (2.71) is valid.

Now under the two conditions (i) 0 < Ay <1, ’\‘ < 1= (i) A1 > 1 we prove
that Ao A(ApAx) > A1A(M 1Ax) Vx e P, respectlvely

(HAsO<r <1, &< l<e<1weget1<)‘?< ~ (as
A1 =1, it is clear that Ay < m < 1= E) Then we have Aie > A (1 — ¢), thus
(A2 = AD)((A1 +A2)e — A2) =20, ie,

(33 —A3)e — A2(h2 — A1) = 0. (2.72)

Since A1 < 1, we get
A(L1AB) > A%0 > £ Ab. (2.73)

Notice the following formula (2.74):

Vx e P, AAx <A1Af0, A(Ax)=>A(L1A09). (2.74)
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By (2.72)-(2.74), we have

A5 — a2 A2(Ap — Ap)

%A(MAQ) - TA(e) >0, (2.75)
A3 — a2 Aa(ra — A1)

AOgAx) — 2222 7" A9y > 9. 2.76
i (A1 Ax) i @) > (2.76)

Since A is convex, we know A(} - 8u) < $A(Su) + (1 — $)A0, V6 > 1, Yu € P.
Thus A(6u) > 86A(u) —6(1 — %)AG, therefore,

A2 A2 A2 Al
A(MAx)=A| — - AMAx | > —A(MAx) — — (1 — — )A6. 2.77)
)\1 )\.] )\-l )\2
Noticing that
A2 A A5 — 22
— A Ax) — —AAAx) = =———A(L1 AX), (2.78)
MM Ao AMAo

by (2.77), we have

A s A s
AGAx) — ZLAG AY) > 22 A00Ax) — 2L A0 Ax) — (22 — 1) 46, 2.79)
Ao A A2 Al

By (2.76), (2.78), (2.79), we get A(A2Ax) — %A(k]Ax) >0 ie.,
MAAAX) > A AL AX).

(i) As A; > 1, Ay > Ay, since Ao = ﬁ, we know Ay + Ay < ﬁ, thus

) A 1—&)A 2
ﬁ > ﬁl—h = H(»(ei)l)l)»]’ therefore, (ﬁ + 1)(eA1 — A1 + 1) > 1. Moreover,

(A% — A%)(ekl — A1+ 1) —x(Aa — 21) = 0. By A1 > 1 and the convexity of A,
we get

1
AL A0) > A A%0 — 1 <1 - A—)AQ > (eh1 + 1 — A1) A6.
1

Thus (2.75) is still valid. Notice that (2.74), (2.76) are still valid. So we can prove
MAMAX) > A A(MAx).

By (i), (if), Vx € P,as 0 < 41 < 1, 1 < 2 < %, or [ <A1 < A2, we have

(MA)2x > ( A)*x. (2.80)

Noticing that u,(A) = AAu,—1 (), uo(A) =60, ui1(h)) = A1A0 < A0 =
u1(12) and that (AA)2 is a increasing operator for fixed A € [0, Ap), by (2.80) and

the proof of Theorem 2.2.2, we get u(r1) <u(ry)as0<i; <1, 1 < i—f < %, or
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as 1 <A1 < XAy. Since A7 is arbitrary and partial order has transitive relation, we get
u(r1) <u(rp), VO < A1 < X2 < xg. By (2.71) we have u(A1) < u(ra), VA, Ap €
[0, 10), 0 <Ay < Asp. O

Theorem 2.2.5 (Zhitao Zhang, see [198]) Suppose all the hypotheses of Theo-
rem 2.2.3 are satisfied. Then

(1) u(A) : [0, Ag) = P is continuous.
(1) u(@Xr) =>tu(r), vVt €10, 1], L €0, 1p).
(iii) If A is continuous, then there exists u(,o) such that LoAu(ro) = u(ro).

Proof (i) By Theorem 2.2.4 , we get u(r1) < u(ry2), VO < A1 < X,. Noticing
MAu(A) =u(r1), A2Au(ry) =u(Ay), we have
u(ry) u(r2)

=Au(r) > Au(ly) =
. u(r1) > Au(irz) "

ie, u(hy) < A—fu()q), thus

Ao Ao
0 <u(ro) —u(rp) < (A_ - 1>M(M) < <A_1 - 1>)»1A9 = (A2 — A1) A0.
1

Since P is normal, it is easy to know
|uGa) —uG)| < N -1r2 = 21l - 146 (2.81)

Thus u(A) — u(r1), as A — A5 u(h) = u(rz), as A — 15 . So we know u(2.) is
continuous on [0, Ag).

(i) V¢ € [0, 1], A € [0, Ag), we have u(tA) = tAAu(tr) > tAAu(r) = tu(r).

(iii) By (2.81), we know hmx—mg u(A) exists; let u(rg) = limx—ug u(Xr). Since
Mu(r) =u()), 2 €[0,ro) and A is continuous, we get LgAu(rAg) = u(rp). U

Remark 2.2.1 It should be pointed out that A need not to be compact. In Theo-
rems 2.2.2,2.2.3,2.2.4 and (i), (ii) of Theorem 2.2.5, Corollaries 2.2.1, 2.2.2, we do
not assume A to be continuous. About convexity, we only use the following formula:
VxeP,tel0,1], A(tx) <tAx+ (1 —1)Af.

Remark 2.2.2 By the proof of Theorem 2.2.2, for u,, = Au,_1, we know if kg > 1
such that uo, > g A6, the conclusion is still valid.

Remark 2.2.3 If P is normal, A : P — P is convex and decreasing, A20 >
cAf (¢ > 0), A0 > cAb (c > %). Then Vs € [0, €], § Au = u has a unique solution
in P.

Proof V8 € [0, ¢], A20 > A0 > 5 A6, thus A(SA0) > A0 > cA#b, i.c., A satisfies
all the conditions of Theorem 2.2.2, § A has a unique fixed point in P, i.e., JAu =u
has a unique solution in P. g
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Example 2.2.1 Consider nonlinear Himmerstein integral equations on R :

1
x(t) =Ax(t) .=/]R k(t, s)1+ ® ds (2.82)

Proposition 2.2.1 Suppose that k : RN x RY — R is nonnegative and continuous,
k#£0, and Ir > 0, such that fRN k(t,s)ds <r < 1. Then (2.82) has a unique posi-
tive solution x*(t), and ¥Vxo(t) > 0, x,(t) = Ax,_1(t), we have x,,(t) — x*({t)(n —
00) (uniformly for t € RV).

Proof Let Cp (RN) denote the space of bounded continuous functions on RY,
lx ()|l = sup,epn [x(2)], P = C; (R™) denote the nonnegative functions in Cz(RY),

then P is a normal and solid cone of Cz(R"), and A : P — P is convex and de-
creasing. Noticing

A9=/ k(t,s)ds >0, AO<r<l1,
]RN

1 1
A%z./kmnm : = A
RN 14+r 14+r

and ﬁ > % by Theorem 2.2.2 we get the conclusion. 0

Example 2.2.2 Consider the following systems of nonlinear differential equations:

/" 1 _1
= (I +xp42)7 2,

x0)=x,(1)=0, n=1,2,....

(2.83)

Let £ = {x|x = (x1,x2,...), [xi| <400}, |lx| =sup; |xi|, P ={x € E|x; >0}
is a normal and solid cone of E, (2.83) is equivalent to two-point boundary value
problem in E.

Let C[I, E]={x | x : I — E is abstract continuous function}, 7 = [0, 1], P=
{xeCl[I,E]|xi(t)>0,i=1,2,...,Vt € I} is normal and solid cone of C[/, E].

Proposition 2.2.2 System of equations (2.83) has a unique positive solution in P,
and Vxo(t) € P, let x,, = Ax,_1, we have x, — x* (n — +00), where Ax(t) =

fol G(t,5) f(x(s))ds, G(t,s) =min{t, s|(z,s) € I x I}, f(x)=(f1(x), f2(x),...),
fi) =0 4xy)72, i=1,2,....

Proof IE is easy to know x(¢) € C2[I, ElN Pisa solution_of (2;83) if and only
if x € P is a solution of Ax = x. It is easy to know A : P — P is convex and
decreasing, and

1! 1 12
(40); (1) = ?/o Gt,5)ds = 7<t _ E) -0,
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G | 25 — 52 _%d
t’ + . Dy
) O ”( 2u+m) '

smces——>0 Vs € [0, 1], we have (1 + > 2) 5<1 Andby1+22€l+52)<l+

s—s2/2<3 weget (1+ 2577 >f,thusA29>fA9>9 s_f>
By Theorem 2.2.2, we get the conclusion.

! 1
(A29)i(t)=/ G(t,s)fi(Ag)dszll/
0

Example 2.2.3 Consider eigenvector problem:

n_ A -1
—xy = (L4 X) 77
x0)=x (1)=0, n=1,2,....

(2.84)

Proposition 2.2.3 By Proposition 2.2.2 and Theorems 2.2.3,2.2.4, we get ¢ = \/E,
Ao = ﬁ [ VA € [0, Ao), (2.84) has a unique positive solution. More-
2(1—-

over, u()) is continuous and increasing for A.

2.3 Mixed Monotone Operators

Let the real Banach space E be partially ordered by a cone P of E, ie., x <y
if and only if y —x € P. Let D C E, operator A: D x D — E is said to be
mixed monotone if A(x, y) is non-decreasing in x and non-increasing in y. Point
(x*,¥*) € D x D is called a coupled fixed point of A if A(x*, y*) = x* and
A(y*,x*) = y*. Element x* € D is called a fixed point of A if A(x*, x*) = x*.

Theorem 2.3.1 (Dajun Guo, see [101]) Let the cone P be normal and A : PxP—
P be a mixed monotone operator. Suppose that there exists 0 < a < 1 such that

A(tx,t7'y) > 1" A(x,y), te(,1), x,yeP. (2.85)

Then A has exactly one fixed point x* in P and constructing successively the se-
quences

Xp =An-1,Yn-1)s  Yn =A0n-1,Xn-1) (=1,2,3,...) (2.86)
for any initial xg, yo € [fo’, f’], we have
|xn —x*| =0, [yn—x*| >0 (n— o0, (2.87)
with the convergence rate

|0 —x*[ =01 =r"), |y —x*|=0(1—r"), (2.88)
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where 0 < r < 1 and r depends on (xo, yo). Moreover, for any coupled fixed points
(x,y)e Px PofA,itmustbex =y =x*.

Proof From hypothesis (2.85) we know first
A, y) = Attt ey) > 1A x ty),
and so
At 'x,ty) <t79AMLy), x,yeP, 0<t<1. (2.89)

Let zg € P be arbitrarily given. Since A(zo, z0) € f’, we can choose 0 < 1y < 1
sufficiently small such that

15?20 < Azo.20) <15~ 0. (2.90)

1 _1
Let ug = tozzo, vy =1 2z0 and

up=AWp—1,v5-1), vp=AWp-1,up—1) m=12,..). (2.91)

Clearly,
up, Vg € 1‘9", up < vg, ug = rtovo (2.92)

and by virtue of (2.85), (2.89) and the mixed monotone property of A, we have

up = A(ug, vo) < A(vo, ug) = v

1 1 a 1
ur = A(t5 20, 1 >20) = 15 A(z0, 20) = 15 20 = Uo,
1 1 _a _1
vi = A(ty *z0. 15 20) < 1o * Az0,20) < 1 7 20 = vo.
Now, it is easy to show by induction that
up Sup < Stp] Sy <o S0 Sy <0 Svp <. (2.93)
_n
If u, > tgn U, then v, <15 u, and

n . n n+l
Unt+1 = A(upn, vn) ZA(IS Un, toa un) Et(‘)J A(vy, up)

a1
0o Uns

hence, by (2.92) and induction, we get
up > 18 v, (1=0,1,2,...). (2.94)
From (2.93) and (2.94) we find

0< Uptp — Un <V — Uy < (1 - tgn)vn = (1 - t(t)l")vo’



56 2 Cone and Partial Order Methods

and consequently

n
ltntp — unll < N(1—15")llvoll,

which implies that {u,} converges (in norm) to some u* € E. Similarly, we can
prove that {v,} also converges to some v* € E and, by (2.93),

up <u*<v*<v, m=0,1,...). (2.95)
Hence u*, v* € P. Now, (2.95), (2.93) and (2.94) imply
O<v*—u*<vy—up<(1—18) vy (n=1,2,...), (2.96)
and therefore u™* = v*. Let v* = u™ = x™*. On account of (2.95),

A(-X*v-X*)zA(unsvl’l):un-Fl (’1:0,1,...),
A(x*,x*) <A, up) =v,1 (m=0,1,..)).

Taking limit as n — oo, we get
xF=u*< A(x*,x*) <v*=x*,

hence, A(x*, x*) = x*, i.e. x* is a fixed point of A.

For any coupled fixed point (x, y) € P x P of A, lett; =sup{0 <7 < 1|tx* <
F<twf it <y <t7lx%) Clearly, 0 <1y < 1 and 1x* <X <, 'x%, fx* <
Y=t t7Ix* 160 < 11 < 1, then by virtue of (2.85) and (2.89), we have

F=AG5) = A(nx®, 7 w%) > 10 A(x*, 1) = 1%,
F=AG ) <A 3 nx®) <7 CA(x, 1) = 1%
i.e.
x* <x <t x* (2.97)
Similarly, we get
x* <y <t %" (2.98)

(2.97) and (2.98) contradict the definition of #;, since #{ > t;. Hence #; = 1 and

X =y = x*. This at the same time proves the uniqueness of fixed point of A in P.
It remains to show that (2.87) and (2.88) hold. Let (xg, yo) € P x P be given. We
1 1

i _1 1
can choose 7o (0 < 7o < 1) so small that (2.90) holds and 75 zo < xo <1, *z0, 1y 20 <
_1
Yo <ty *20, i.e. ug < xo < o, up < yo < vo. Suppose u, 1 < x,—1 < v,_1, then

Xp =AXn—1,Yn-1) = AUp—1, Vp—1) = Upn,

Xp =AXn—1,Yn-1) S A(Vp—1, Un—1) = vy,
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and similarly, y, > u,, y, < v,. Hence, by induction,
Uy <Xy <Vyy Uy <ya<v, (=0,1,...). (2.99)
Now, from
| = x*|| < llxn — unll + [Jun — x*],
0<xn—tty <vp—uy<(1—1§ o
0<u* —uy < vy —uy < (1—1§ o,
it follows that
2w —x*| <2N (1 = 1§ Yvoll (n=0,1,...). (2.100)
In the same way, we get
lyn —x*| <2N(1 =15 Yvoll (n=0,1,...). (2.101)

Finally, (2.100) and (2.101) imply (2.88) with r = #y, and therefore (2.87) holds.
The proof is complete. d

Theorem 2.3.2 (Dajun Guo, see [101]) Let the cone P be normal and A : PxP—
P be a mixed monotone operator. Suppose that there exists 0 < a < 1 such that
(2.85) holds. Let x; be the unique solution in P of the equation

Alx,x)=tx (x>0). (2.102)

Then x{ is continuous with respect to t, i.e., | x; —x; || > 0 as t — 1o (1o > 0). If,

in addition, 0 <a < %, then x} is strongly decreasing with respect to t, i.e.,
O<ti<th = x;‘; > xj;, (2.103)

and

lim ||x;'|| =0, lim [x}| = +o0. (2.104)
t—>o0 t——+0

Proof Since the operator t~L A satisfies all conditions of Theorem 2.3.1, (2.102)
has exactly one solution x; € P. Given t; > 1 > 0 arbitrarily and let so = sup{s >
O|x;’; > sxt*z, x;’; > sx:; }. Clearly, 0 < 59 < 400 and

*
Xy

* * *
| = 50Xy, Xy = 80X, - (2.105)

It is easy to see from (2.105) that so > 1 is impossible. Hence 0 < so < 1. By (2.85)
and (2.105), we find

1

* * % * —1_x a * k) a . *
tl'xtl - A(xtl"xll) z A(S()th, So xtz) z SOA(xtz’xtz) - tzs()xtz’
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tzx;; = A(x;;,x;;) > A(soxt*l,sgx;‘;) > sgA(xt*l,x;‘;) =t1sgx;';.

Consequently,

* —1.a_ x* * =1 a_x*
Xp = Doty soX,,, Xy =ty Sox; . (2.106)

Observing the definition of s and ft; lsg > 50, we conclude tit, 1s8 < 50, and so
s0 > (t1/10)"/ 179, (2.107)
It follows from (2.105) and (2.107) that
(/o)) < xp < (02 1) VO x (2.108)
(/) < < (02 1)V (2.109)
Inequalities (2.108) and (2.109), together with the normality of cone P, imply that

Hx,*l —x;';H—>O, ast] — tr — 0,

Hx;;—x; ”—)0, ast) — 11 + 0.

Hence, the continuity of x;’; with respect to ¢ (¢ > 0) is proved.
Now, assume 0 < a < %, by virtue of (2.106) and (2.107), we have

x> (/)12 x (2.110)
which implies (2.103) since
(/)72 (1m0 > 1,
Letting #{ = 1 and # = ¢ in (2.110), we find
XT > ,(I—Za)/(l—a)x[*,

and so

e b

, t>1

which implies ||x;|| — 0 as t — +oc0. On the other hand, letting r; = ¢ and t, = 1
in (2.110), we get

x> t*(lea)/(lfa)x;k,
and therefore
it 2 N2 0] 0 <1,

which implies ||x/|| = 400 as t — +0. Hence, (2.104) holds and our theorem is
proved. g
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Remark 2.3.1 1t should be pointed out that in Theorems 2.3.1 and 2.3.2 we do not
require operator A to be continuous.

As above, an existence and uniqueness theorem was established for operator A :
P x P — P under the condition: there exists 0 < a < 1 such that

A(tx,t7'y) > 1“A(x,y), x,yeP,0<r<1. (2.111)

This result was applied to the IVP of ordinary differential equations

n m -1
x' = Zai ®x"i + <Z b; (t)xsf) , tel0,T],
i=1 j=1

x(0) = xo,

2.112)

where0 <r; <1, 0<s;<1,i=1,2,...,n; j=1,2,...,m.

Next we only assume that A : P x P — P and replace (2.111) by, in some sense,
weaker condition: for any 0 <a < b < 1 and bounded B C P, there exists an r =
r(a, b, B) > 0 such that

A(tx,t7'y) > 1(1+1r)A(x,y), x,yeB, tela,bl.

The result obtained can be applied to the IVP (2.112) and also the two-point BVP

n m -1
—x//zzai(t)xri‘i-(ij(f)xsj) . 1e[0,1],
i=1 j=1

ax(0) — bx’(0) = xo, cex(1) +dx'(1) = xq,

in the more general case that some one of the 7; and s; may be equal to 1 and another
one of the r; and s; may be equal to 0.

Theorem 2.3.3 (Dajun Guo, see [102]) Let the cone P be normaland A : P x P —
P be a mixed monotone operator. Suppose that

(a) there exist v > 0 and ¢ > 0 such that 0 < A(v,0) <v and A0, v) > cA(v,0),
(b) for any a, b satisfying 0 <a < b < 1, there exists r =r(a, b) > 0 such that

A(tx, t7'y) > 1(1 + 1) A(x,y), t€la,bl, 0<y<x<v.

Then A has exactly one fixed point x* in [0, v] and x* > 0. Moreover, constructing
successively the sequences

X =An-1,Yn-1)» Yn=An-1,x4-1) @=1,2,3,..) (2.113)
for any initial xg, yo € [0, v], we have

|xn —x*| =0, [yn—x*| =0 (n— o0). (2.114)
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Proof Set ug = 0 and choose v and c to satisfy condition (a). Then 0 < A(v,0) <wv
and A0, v) > cA(v, 0). If we set vg = v and define u; = A(ug, vo), vi = A(vg, ugp),
then

up=0<A0,v)=uy, v =A(,0) <v=uy,
(2.115)
ur =A0,v) <A(,0)=v; and wu;>cvy.
Define u, = A(uy—1,vy—1), vy = A(vp—1,uy—1) for n =1,2,3,... and assume

that u,_1 <u, <v, <v,_1. Then
Un = AUn—1,Vp-1) < AUn, Vp) = tny1 < AUy, Un) = Un+1
= A(Vn—1, Up—1) = Vy.
Hence, by induction,
O=uo<ur < Sup_1 Sup <+ <V <vp_1 <---<v1 <vo=v. (2.116)
It follows form (2.115) and (2.116) that
U, >uy>cvy>cv, m=1,2,3,...). 2.117)
Let t, = sup{t > 0:u, > tv,}. Then

Up = vy (2.118)

and, on account of (2.116) and (2.117) and the fact u,,+1 > u,, > t,v, > t, V41, We
have

O<c<ti<h<---<t,<---<1 (2.119)

which implies that 3¢* such that

lim ¢, =t* (2.120)
n—oo
and 0 < r* < 1. We check that
t*=1. (2.121)

In fact, if t* < 1, then #, € [c,t*] (n =1,2,...), and so, by virtue of (2.116) and
condition (b), there exists » > 0 such that

A(t,,vn, tn_lu,,) >t,(1+r)A(v,,u,) (m=1,2,3,...). (2.122)
Since u,, > tyu,, v, < tn_lun, we have by (2.122)
Up+1 = A(up, vy) = A(tnvna tn_lun) > (1 +1r)A(vn, up) =ty (L +1r)vp41,

which implies that
tn-l—lztn(l"'r) n=1,2,3,...)
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and therefore

=" =c1+r)" (n=1,2,3,..)).
Hence t, — 0o, which contradicts (2.119), and so (2.121) is true. Now, (2.116) and
(2.118) imply

O0<upip—up <vy—up <1 =t)v, < -1,

and so
e p —unll < N —t)lv]l, (2.123)

where N is the normal constant of P. It follows from (2.123), (2.120) and (2.121)
that lim,,, o 1;, = u™* exists. In the same way we can prove that lim,_, o, v, = v*
also exists. Since

up <u* <v* <y,
we have
0<v*—u"<v, —u, < (I —t,)v,
SO
v —u*| = NA=t)llv] > 0 (n— o0).

Hence u* = v*. Let x* = u™ = v*, then x* € [0, v], x* > 0. Since
up <x*<v, (n=123,..),
we have
* *
Upt1 = Aup, vy) < A(x » X ) < A(vy, un) = Vpy1,
and, after taking the limit,
x*< A(x*,x*) < x*,

Hence A(x*, x*) = x*, i.e., x* is a fixed point of A.
Let x be any fixed point of A in [0, v]. Then ug =0 <x <v =g, A(X,X) =X,
N

ur = A(uo, vo) < A(x, x) =x < A(vo, uop) = vi.
It is easy to see by induction that

up, <x<v, m=1,2,3,...), (2.124)

which implies by taking limit that x = x*.
Finally, we verify that (2.114) holds. Let xq, yo € [0, v]. Then, similar to (2.124),
we get easily from (2.113) that

Up <Xp <Up, U<y, <v, (=1,2,3,..)). (2.125)
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Consequently, (2.114) follows from (2.125) and the fact that P is normal and u,, —
x* and v, — x*. The proof is complete. O

Theorem 2.3.4 (Dajun Guo [102]) Let the cone P be normal and solid and A :
P x P — P be a mixed monotone operator. Suppose that

(a") there exist v € P and ¢ > 0 such that 0 < A(,0) <vand A0, v) > cA(v,0),
(b') for any a, b satisfying 0 <a < b < 1, and any bounded set B C P, there exists
anr =r(a,b, B) > 0 such that

A(tx, t_ly) >t(1+r)A(x,y), t€la,b]l, x,y€B. (2.126)

Then A has exactly one fixed point x* in P and 0 < x* < v. Moreover, constructing
successively the sequences (2.113) for any initial xq, yo € P, we have (2.114) holds.

Proof By Theorem 2.3.3, A has a fixed point x* in P and 0 < x* < v. Let X be
any fixed point of A in P and xp, yo € P be given. Since v € P, we can choose
0 < 19 < 1 sufficiently small such that

v > toX, v > toxo, v > 19Y0. (2.127)

Observing that A(x, y) = At~ x, 17 1ty), itis easy to see from condition (b’) that
forany 0 <a < b < 1 and any bounded B C P, there exists h = h(a, b, B) > 0 such
that

A(t_lx, ty) < (t(l + h))_lA(x, y), te€la,b], x,y€B. (2.128)

Now, (2.128) and conditions (a’) and (b’) imply that there exist &; > 0, r; > 0,
rp > 0 such that

0<A®,0) < A5 "v,0) = Aty v, 100) < (t0(1 +h1)) A, 0) <15'v
and
A0, 15" v) = A(to, 1 'v) = to(1 + 1) A0, v) > to(1 + r1)cA(v, 0)
=1o(1 +r)eA(toty v, 1510) > to(1 + ri)cto(1+r2) Aty ', 0)
=c1A(ty 'v,0),

where c; = ctg(l +r1)(14+rp) > 0. Hence, conditions (a) and (b) of Theorem 2.3.3
are satisfied for ¢, ' instead of v. So, Theorem 2.3.3 implies that A has exactly one
fixed point in [0, 1‘0_1 v] and (2.114) holds for any initial xg, yg € [O, to_1 v]. Since, by
(2.127), x*, x, x¢ and yg all belong to [0, to_lv], it must be x* = x and (2.114) is
true. The proof is complete. O

Remark 2.3.2 1t should be pointed out that in Theorems 2.3.3 and 2.3.4 we do not
assume operator A to be continuous or compact.
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Convex (concave) operators are a class of important ones , which are extensively
used in nonlinear differential and integral equations (see [8, 110]). We first study
mixed monotone operators with convexity and concavity. Next, not assuming op-
erators to be continuous or compact, we give existence and uniqueness theorems,
then we study existence and uniqueness and continuity of eigenvectors, finally of-
fering some applications to nonlinear integral equations on unbounded regions and
differential equations in Banach spaces.

Theorem 2.3.5 (Zhitao Zhang [196]) Let P be a normal cone of E,A: P x P — P
be a mixed monotone operator, suppose that

(i) for fixed y, A(-,y) : P — P is concave; for fixed x, A(x,-): P — P is convex;
(i) v >0, ¢c> % such that 0 < A(v,0) <v and

A0, v) > cA(v, 6). (2.129)

Then A has exactly one fixed point x* € [0, v], and constructing successively se-
quences

Xn =AXn-1,Yn-1), Yn=A0n-1,%n-1) @=1,2,..)), (2.130)
for any initial (xq, yo) € [0, v] X [0, v], we have
[xn =x*| =0, [yu—x* >0 (> o00),

with convergence rate

1—c\" 1—c\"
||xn—x*||§N2(TC> vl ||yn—x*H§N2< CC> Al (2.131)

Proof Letug =60, vg = v, then

ug < vg. (2.132)
Let
Uy =AWp—_1,vn-1), Up=AWu_1,u,—1) Mm=1,2,...). (2.133)
It is easy to show
O=ug<ur<up < Sup <<y, <<=V <VY=v, (2.134)
hence, by (2.129), (2.134), we get
Up > Ul > CUL > CUy. (2.135)

Let
ty=sup{t >0,u, >tv,} (mn=1,2,...), (2.136)
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then
Uy > thUy, (2.137)

and on account of (2.135) and the fact u,,+1 > u, > t,v, > t, V41, We have
O<c=<n<p<---<t, <---<1, (2.138)
which implies that lim,,_, o f, = t* exists and 0 < t* < 1, we check that
F=1. (2.139)

From the hypothesis (i), we get the following (2.140)—(2.142), Vx1 < x2, y1 <
y2, t €[0,1]:

A(tx1 + (1 —1t)xa, y) >tA(x1,y)+ (1 —1)A(x2, ), (2.140)

A(x, ty; +(1— t)yz) <tAx,y)+ A —-1)A, y2), (2.141)

A, y)=A(x, - t7ly) <tA(x, 7 ly) + (1= DAR,0), Ve (0,1]. (2.142)
Then by (2.142), we get

A, t7hy) = 7 A, y) — (1= DA, 0)], Vee(0,1]. (2.143)

By (2.133), (2.134), (2.137), (2.140)—(2.143), and the fact that A is a mixed mono-
tone operator, we have

Unt+1=A(Un, Vp) = AtyUn, Un) = 1n AUy, Un) + (1 — 1,) A6, vy)
>ty A(vn, 1y 'un) + (1= 1) A0, )
>ty [t AQpsun) — 1, (1= 1) A(Ua, )] + (1 — 1) A, V)
= An, un) + (1 = 1,)[ A6, v) — A(vn, 0)]

> V1 + 0 =) [ug — vl

1
>v41+ (1 —t,,)<l — Z)ul

1
>V + 0 - tn)(l - E)vn—H

= |:1 +1- tn)<1 — %)]Un+] (2.144)

which implies that

1
1 =1+ (1 — tn)<1 - —), (2.145)
c
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therefore
1
-ty =1 - fn)<— - 1>. (2.146)
c

By the hypothesis (i), we get 5 < ¢ < 1and 1 — 1 < 1. Thus (2.146) implies that

1 1 n 1—c n+1
1_tn+1§(1_tn)<z_l>§<;_1> (l—tl)i( - > . (2.147)

Hence

t, —>1 (n— o0). (2.148)
Now from (2.134) and (2.148), we have

95”n+p_unfvn_un§(l — vy < (1 —ty)v. (2.149)

Since P is normal, we get
1—c\"
luntp —unll S NA =t,) -V <N - — vl (2.150)

1—c\"
lvp — unll SN(l_tn)'”UHSN'(T) vl (2.151)

where N is the normal constant of P. So by (2.150), we know that lim,,_, oo t,, = u*
exists. In the same way we can prove that lim,_, v, = v* exists. By (2.150), we get

1—c\”
|un —u*| <N - (T) vl (2.152)

Similarly,

1_ n
an—v*HfN-< C) ol (2.153)
C
Since u,, <u* <v* <v,, we have
g<v*—u*<v,—u, <1 —-t)v. (2.154)

It follows that |[v* — u*|| < N - (1 — t,)|lv]| = 0 (n — o0), hence u* = v*. Let
x*=u* =v* then x* € [0, v], x* > 0. Since

Up <x* <y, Upt1 = A(up, vy) < A(x*,x*) < A(Vp, vp) =Vuq1, (2.155)
after taking the limit, we have

x*< A(x*, x*) <x*. (2.156)
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Hence A(x*, x*) = x*, i.e., x* is a fixed point of A. Let x be any fixed point of A
in [0, v], then
uop=0<x <v=u, A(x,x)=x,
o)
ur = A(ug, vo) = A(x, X) =x < A(vo, uo) = v1.
It is easy to see by induction that

Up <i<vy (m=1,2..), (2.157)

which implies by taking limit that X = x*. Finally, Vxo, yo € [0, v], then, similar to
(2.157), we get

Up = Xp = Up, Mnfynfvn (l’l=1,2,) (2158)

Consequently, by (2.151) we get

* 2 1—c\"
[ =] < Nl = uall < N (=) Il (2.159)
l—C n
IIyn—x*II5N||vn—un||sN2-( - >||v||, (2.160)
therefore x, — x*, y, = x* (n — 00). O

Theorem 2.3.6 (Zhitao Zhang [196]) Let the cone P be normal and A : [0, v] X
[0, v] — [0, v] be a mixed monotone operator. Suppose that

(1) for fixed y € [0,v], A(-,y) :[0,v] — [0, v] is convex; for fixed x € [0, v],
A(x,-):[0,v] — [0, v] is concave;
(ii) there is a constant c, % < ¢ <1 such that

A(w,0) <cAB,v)+ (1 —c)v. (2.161)

Then A has exactly one fixed point x* € [0, v]. Moreover, constructing successively
the sequences

Xp=v—AW =X 1,V =Yn-1), Yn=V—AW—= Y1,V —Xy_1)

n=1,2,..) (2.162)
for any initial xq, yo € [0, v], we have
v—x, = x5, v—y,—>x* (n— 00). (2.163)

Proof Let
Bx,y)=v—A(w—x,v—y), Vx,yel[0,v—u] (2.164)
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then B is a mixed monotone operator. Moreover, for fixed y € [0,v], B(:,y) :
[6,v] — [6, v] is concave, and for fixed x € [0, v], B(x,-): [0, v] — [0, v] is con-
vex. If A(6,v) =v, then A(x,y) =v, Vx,y € [0,v], and A(v,v) = v, all the re-
sults are obvious. If A(6,v) < v, then § < B(v,0) =v — A(0, v) <v. By (2.161),
we know that

A(,0) <cv+ (1 —c)v=v, (2.165)

and
v—A@,0) =v—[cA®,v) + 1 -] =c(v—A®,v)), (2.166)

ie.,
B(9,v) > cB(v,6). (2.167)

So B satisfies all the conditions of Theorem 2.3.5 and B has exactly one fixed point
y*>0,ie.

Y =B(y*, y)=v—A(v—y",v—y), (2.168)

thus A(v — y*, v — y*) = v — y*. Let x* = v — y*, then Vxp, yo € [0, v] by (2.162),
(2.164) and Theorem 2.3.5, we get

Xp =Y yp—= Y (n— o0). (2.169)

Hence
v—x"—=>x* v—y,—>x* (n— o0). (2.170)
Il

Theorem 2.3.7 (Zhitao Zhang [196]) Suppose all the conditions of Theorem 2.3.5
are satisfied, then Irg > 1, such that AgA(v,0) < v, and VA € [0, Ag], the equation

u=AA(u, u) 2.171)

has exactly one solution u(A). Let ug(A) =6, vo(A) = v, u,(A) = LA@up—1 (1),
Vn—1(A)), vn(A) = AA(vp—1(A), up—1(X)), we have

”un()\)—u(k)H§N~<¥> ol =0 (n— 00), 2.172)

c

1_ n
[vn) —u)|| <N - <T) lv| =0 (n— c0). (2.173)

Proof 1f A =0, then the conclusion is obvious and u(0) = 6.

Suppose A € (0, Agl, where Lop = sup{t > 0,1A(v,0) < v)}. From A(v,6) <,
we get Ag > 1, and from 6 < AA(v,0) < ApA(v,0) <v, LAO,v) > crA(v,0), we
see that AA satisfies all conditions of Theorem 2.3.5, so AA has exactly one fixed
point # (1) € [0, v], and u()) > 6; obviously, other results are valid. O
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Lemma 2.3.1 (See [88]) Let E be an ordered Banach space with positive cone P
such that P # (. Let X be an ordered Banach space with positive cone K, K is
normal. Suppose A : D(A) C E — X is a concave or convex operator, xg € DO(A),
the interior of D(A) in E. Then A is continuous at xo if and only if A is locally
bounded at x, i.e., there is a § > 0 such that A is bounded on the §-neighborhood
Ns(xo0) of xo.

Theorem 2.3.8 (Zhitao Zhang [196]) Let P be a normal and solid cone of E, A :
P x P — P is a mixed monotone operator, A(v,0) > 0, and the hypotheses (i),
(i) of Theorem 2.3.5 are satisfied. Then the equation

AMu,u)=u, ;el0,Arol, (2.174)

where Ao = sup{t > 0, tA(v, 0) < v}, has exactly one solution u(L) satisfying

(1) u(-): [0, 20] = [0, v] is continuous;
(i) VO < A1 < Ap < Ag, we have

A2

u(rz) > A—C'M()\]), (2.175)
1
Al

u(h) = =c-ulh). (2.176)
A2

Proof (i) Set ug(r1) =6, vo(X) = v,
up(A) = )\A(un—l (A), vp—1 ()"))a v (A) = )LA(Un—l (A), un—1 ()\))
n=12,...) 2.177)

by Theorem 2.3.7, we know that the convergences of u,(X) — u(i), v,(A) —
v(L) (n — o0) are both uniform for A € [0, Ag]. Hence u(A) is continuous on [0, Ag]
if each u, (1) v, (1) is.

In fact, Vxq, yo € PN [0,v], x,y €[, v], then

[ACGe, y) — Axo, yo) | < |AGx, y) — ACxo, ») | + | AGxo, ¥) — Axo, Yo)

|, (2.178)

and for fixed y, A(:, ¥) is bounded on [6, v], so A(-, y) is continuous at xq, similarly
A(xp, -) is continuous at yg. By Lemma 2.3.1 and (2.178), we get A is continuous
at (xo, yo). since xo, yo are arbitrary, A is continuous in P N [#, v]. Obviously,

Alimou(k) = Ahn}) AA(u(A), u(A)) =0 =u(0) (2.179)
by A(v, 6) > 6 and (2.129), (2.177), we get VA € (0, Aol,
ur (M) =1A0,v) >0, V(M) =2AW,0) >0 (2.180)

and u1(A), vi(A) are continuous, hence we can easily prove by induction that
u, (A), v, (L) are continuous on [0, Ag], therefore, u()) is continuous on [0, Ag].
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(i1) Since u(A) € [0, v], by (2.129) we know that

u(r) =1 A@WRr), u(r1)) = 21 A0, v) = ric- A(v, 0)

A A
> 2o A, u() = Lo u(ny). (2.181)
%) A2
Similarly
A2
u(rr) > )\—c-u(kl). (2.182)
1
O

Corollary 2.3.1 Let P be anormal cone of E, A : [u, v] X [u, v] — [u, v] is a mixed
monotone operator, suppose that the hypothesis (1) of Theorem 2.3.5 is satisfied, and
dc such that % <c<l1,

A(u,v) >cAW,u)+ (1 —c)u. (2.183)
Then A has exactly one fixed point x € [u, v].

Proof Let
Bx,y)=Ax+4+u,y+u)—u, Vx,yelf,v—u] (2.184)

then B : [0, v —u] x [0, v — u] is a mixed monotone operator satisfying the hypoth-
esis (i) of Theorem 2.3.5. Moreover,

B(v—u,0]=AW,u) —u, (2.185)
B@,v—u)=A(u,v) —u. (2.186)

By (5.56), (5.58) and (5.59), we get
B(v—u,0)<v,A(u,v) —u=>cA(v,u) —cu, (2.187)

ie.,
B@,v—u)>cB(v—u,0). (2.188)

We may suppose that B(v — u) > 0, (since if B(v — u,0) =6 then A(v,u) = u,
therefore, Vx, y € [u, v], A(x,y) =u, and u is the unique fixed point of A). Thus
the hypothesis (ii) of Theorem 2.3.5 is satisfied, so B has exactly one fixed point
x*elf,v—ulie.,

A(x*+u,x*+u)—u=x*. (2.189)

Obviously, A has the unique fixed point x = u + x* € [u, v]. 0
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Corollary 2.3.2 Let P be a normal cone of E, A : [u,v] X [u,v] — [u,v] is a
mixed monotone operator. Suppose that the hypothesis (i) of Theorem 2 is satisfied,
and 3c such that

1
3 <c<l1, A, u) <cA(u,v)+ (1 —c)v. (2.190)

Then A has exactly one fixed point x* € [u, v].

Proof Let B(x,y) =A(x+u,y+u)—u, V¥x,y € [0, v—u]. Similarly to the proof
of Corollary 2.3.1, we can verify that B : [0, v —u] x [0, v —u] — [0, v —u] satisfies
all the hypotheses of Theorem 2.3.6 and B has exactly one fixed point x* € [0, v —
ul, ie.,

x*:B(x*,x*):A(x*+u,x*+u)—u, (2.191)
thus A has the unique fixed point X = x™ + u € [u, v]. O

Remark 2.3.3 Tt should be pointed out that we do not assume operator A to be
continuous or compact in Theorems 2.3.5-2.3.8 too.

Definition 2.3.1 Operator A : P — P.If there exists 0 < «a < 1, such that
A(tx) > t9A(x), or A(tx) <t %Ax, VxeP,0<t<l, (2.192)
then A is called o concave or —« convex, respectively.

We usually assume A(x, y) has the same type of convex-concave property, namely
A(x, y) is convex in x, concave in y (refer to [196]), or & concave in x, —« convex
in y (refer to [101]). Here A(x, y) has different convex-concave type, such as A is
concave in x and —« convex in y, or & concave in x and convex in y.

Theorem 2.3.9 (Zhitao Zhang [197]) Let the cone P be normal and solid and A :
P x P — P be a mixed monotone operator.

@) for fixed y, A(-,y): P — P is concave; for fixed x, A(x, ) : P— Pis—a
convex.
(i) Jug, vo € P, € >0, € > « such that such that

0 < up < v, ug < A(uo, vo), A(vg, up) < vo, (2.193)
and

A0, v0) > eA(vo, uop). (2.194)

Then A has a unique fixed point x* in [ug, vol. For any (xq, yo) € [uo, vo] X [uo, vol,
constructing successively the sequences

Xn =An-1,Yn-1), Yn=AQOn-1,%n-1) m=1,2,3,..) (2.195)
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we have
[xn —x*| =0, [yn—x*| =0 @— o0). (2.196)
Proof Define
Up=AMp—1,0p—-1), Vp=AWu_1,Uy_1), n=172,.... (2.197)

It is easy to show
O<Kup<=u1 < Sup 1 Sup < <V <Y1 <--- =<V <Y <v. (2.198)
By (2.194),
Up > U] = EV] = EVy. (2.199)
Let
t, =sup{t > Olu, >tv,}, n=12,... (2.200)

then u,, > t,vy,.
From u;,+1 > u, > t,v, > t,v,41, wWe have
O<e<tyi<ph<---=<t, <---<1 (2.201)

which implies lim,,_, » #,, = t* exists and ¢ < t* < 1. We check that t* = 1.
From (i) we know

A(x,t7'y) > 1"A(x,y), VxeP,yeP, 0<t<l. (2.202)
Therefore, through (2.194), we have
Uny1 = Auy, Up) = A(tqUn, Up) = 1, A(vy, vy) + (1 — 1,) A6, vy)
>ty A(vn t ™ un) + (1= 1) A0, vp)
> tnty‘fA(Un’ up) + (1 —1,)A0, vo)
> (63T 4 (1 = 12)€) Vpp1. (2.203)
So
tap1 = BT 4 (1 —1y)e, (2.204)
let n — oo, then ¢* satisfies
* N *
= ()T (1 - 1)e (2.205)
Observing
fOy =t —(Q4e)r4e 1€[0,00) (2.206)
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it is easy to know

f0)=e, f)=0, (2.207)

@) =0+an*—(1+e). (2.208)

We divide the problem into two cases:
(1) a=0.Vt€(0,1], f'(t) = —e < 0. So f(¢) is strictly decreasing in [¢, 1],
from (2.207),

f@t)>0, Viele ).
(i 0<a<l. f'(t) =1 +a)ar® ! >0, Vt € (0, 00), also

, , 14+¢ é
FiO) =—(1+8) <0, f<<1+a> ):0.

Thus f'(1) <0, Vi € [0, (1)),

Since ¢ > «, (llii)é > 1, we get f/(r) <0, Vt €[0, 1), which means f(¢) is
strictly decreasing in [0, 1), by (2.207), f(z) > 0, Vt € [, 1).

From the above discussion (i) and (ii), if t*[e, 1), then f(¢*) > 0, which is

() (1= 1%)e > 1, (2.209)

This contradicts (2.205). So t* = 1. The rest of proof is routine. Readers can refer
to Theorem 2.3.5 or [196]. O

Theorem 2.3.10 (Zhitao Zhang [197]) Let the cone P be normal and solid and
A: P x P — P be a mixed monotone operator. Assume that

(i) for fixed y, A(-, y) : P> Pisa concave; for fixed x, A(x,-) : P — P is con-
vex;
(i1) Jug,vg € P, & > ﬁ such that

0 < ug < vo, ug < A(uo, vo), A(vg, up) < vo;
and

A(ug, vo) > eA(vg, 0). (2.210)

Then A has a unique fixed point x* in [ug, vo]. For any (xg, yo) € [uo, vo] X [uo, vo]l,
(2.195) and (2.196) still hold.

Proof From the proof of Theorem 2.3.9, we only need to prove t* = 1 when ﬁ <
& < 1 (the notations follow that of Theorem 2.3.9).
By condition (i), for fixed x, we have

A(x,t-t7ly) <tA(x, 7 hy) + 1 = DA, 0),  Vrel0,1].
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Therefore,
A, t7hy) = 7 A, y) — (1= DA, 0)], (2.211)
consequently,
Unt1 = Atn, Vg) = AtyVn, vg) = 12 A(vn, 1y, 'tn)
> 14, [A@a, un) — (1= 1,) A0y, 0)]
> 127 ong1 — (1= ta) Avo, )]
1
= [y?_l |:Un+l -(- tn)guli|
a—1 1
= tn Un+1 — (1 - tn)gun—H )
equivalently,
1 —1
Unt1 > t;f—l[l + (1 =12 g] Unt1. (2.212)
So
1 -1
ty1 > 127! [1 + (1=t —] . (2.213)
&
Let n — oo, then
1 11 -1
> (5)* [1 + (=) ()" —] : (2.214)
&

Consider the function

t
g =1""%4+r-———1, 1elsll (2.215)
&

Then it is easy to know

1—¢t ¢t

g1)=0, dO=C—-ay'™"+ — - (2.216)
2
H=Q-a)1—a)y -, (2.217)
e
Since ¢ > ﬁ g)=2—a-— é > (). At the same time, frome < 1,0 <« < 1,

1—«a < 2
Q-a)(1—0a)’

e (2.218)
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which means ¢ < dfrele 1], e that is

2e% 2t%
[e=mTim) < Cod-w)°
o 2
Q-o)1—a)-t7%<?Z=, (2.219)
I

From (2.217), we get g”(t) <0, Vt € [¢, 1]. Also by g'(1) > 0, we get g'(t) >
0, Vt € [e, 1]. Therefore g(1) = 0 leads to

g(H) <0, telsl). (2.220)

This means 12~ +¢ - lg;t <1, t €[e, 1) in (2.215). This means
2 14+« 1 o o 1 a—1
o4+t A =) - < 1%, t+t*A—1)- <",
e I3
11!
t <! [1 +*7 11 —t)—i| , Viele D). (2.221)
e
If t* € [g, 1), then #* satisfies (2.221), which contradicts (2.214). Thus t* = 1. The

rest of the proof is routine. g

2.4 Applications of Mixed Monotone Operators

We give applications of Theorem 2.3.1 and 2.3.2 to the following initial value prob-
lem:

-1
n m

X =) ai (x4 (Z b; (z)x?f) , ae.onJ
i=1 j=1

x(0) = xo,

(2.222)

where J =[0,T] (T >0), 0 <ri<1, O<s; <1 (@=0,1,....n; j=
0,1,...,m), xo > 0, a;(t) are nonnegative bounded measurable functions (on J)
and b (r) are nonnegative measurable functions such that

m
inf » bi(t) >0.
inf 2 bi ) >
]:

The set of all absolutely continuous functions from J into R is denoted by AC[J, R].
A function x(¢) on J is said to be a solution of the initial value problem (2.222) if
x(t) € AC[J, R] and satisfies (2.222).

Theorem 2.4.1 (Dajun Guo [101]) Under conditions mentioned above, initial value
problem (2.222) has exactly one positive solution x*(t). Moreover, constructing a
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successive sequence of functions

T n T m -1
X (1) = X0 +/O {Zai(S)(xnl(S))” } ds +/0 !Zb,-(S)(xnl(S))S’} ds,
i=1 =1

(2.223)
(n=1,2,...) for any initial positive function xo(t) € AC[J, R], the sequence of
Sfunctions {x,(t)} converges to x*(t) uniformly on J.

Proof 1t is clear, x(t) € AC[J,R] is a positive solution of (2.222) if and only if
x(t) € C[J,R] is a positive solution of the following integral equation:

-1

T " T( m

so=sot [ aor fars [ 0oy o
i=1 j=1

teld. (2.224)

Let E=C[J,R]and P ={x € C[J,R] : x(¢) > 0 for ¢t € J}, then P is a normal
and solid cone in E and (2.224) can be written in the form

x=A(x,x), (2.225)
where

Alx,y) =A1(x) + Ax(y),

T n
Al(x>=xo+/0 {Zaim(x(s))"'}ds,
i=1
1

T m -
Ar(y) = /0 :ij (s)(x(s))s.f } ds.
j=1

It is clear that A : P— Pis non-decreasing and A» : P— Pis non-increasing, so
A: P x P — P is a mixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.1. For x, y € P and 0 < ¢ < 1, it is easy to see

Ar(tx) = 1" A1 (x),
Ar(171y) = 1AL (y),

where ro = max{ry,...,r;}, so = max{si,...,sm}, 0 <rg<1, 0<sg< 1. There-
fore

A(tx, t_ly) >t"A(x,y), x,y€ B,0<t<l,



76 2 Cone and Partial Order Methods

where r = max{rg, so}, 0 <r < 1. Hence, by Theorem 2.3.1, we conclude that A
has exactly one fixed point x* in P and, for any initial xo € P,

Hxn —x*” =max|xn(t) —x*(t)| -0 (n— 00),
teJ

where
Xp = A(Xp-1,%p-1) (m=1,2,..)).
The proof is complete. O

Using Theorem 2.3.2, we get similarly the following.

Theorem 2.4.2 (Dajun Guo [101]) Let the hypotheses of Theorem 2.4.1 be satisfied.
Denote by x*(t) the unique positive solution of the initial value problem

~1
n m
rx’ = Zai B)x" + (Z b (t)xsf> , ae. onJ
i=1 j=1

rx(0) = xg.

(2.226)

*
ro(t)
O<ri<3, 0<s;<3(=0,1,...,n; j=0,1,...,m), then

Then x(t) converges to x uniformlyont € J asr — ro (ro > 0). If, in addition,

/
O<r<r — X;k(t)>.x;k/(t), tGJ,
and

maxx (1) >0 asr — +0o0, maxx, (1) > +oo asr — +0.
teJ teJ

We apply Theorem 2.3.4 to the IVP

n m -1
x = Zai (t)x" + (Z b; (t)xsf> , tel0,T],
i=0 j=0

(2.227)
x(0) = xo,
and the two-point BVP
n m -1
" _ . ri . Sj
—x" = ga (X" + (;b] (t)x _,) , 1el0,1], -

ax(0) — bx'(0) = xo, cex(1) +dx' (1) =x1,
where

O=rog<ri<---<rp_1<rp=1, O=sp<s1 < " <Sp_1<$, =1,
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T>0, x0 >0, x1 >0, a=>0, b>0, c>0, d >0,

Q=ac+ad+bc>0

and q;(t),b;j(t) i =0,1,...,n; j=0,1,..., m) are nonnegative continuous func-
tions on J = [0, T'] (for problem (2.227)) or I = [0, 1] (for problem (2.228)).

Theorem 2.4.3 (Dajun Guo [102]) Suppose that ag(t) > 0, bo(t) > 0 fort € J and

T
/ ap(t)dt < 1. (2.229)
0

Then IVP (2.227) has exactly one nonnegative nontrivial C U solution x*(t) on J.
Moreover, constructing a successive sequence of functions

T n T( m -1
Xn(t)=xo+A {Zai(s)(xn_l(s))ri}ds—l—/o {ij(s)(xn_l(s))sj} ds
i=0 j=0

n=1,2,..)

for any initial nonnegative function xo(t) € C(J, R), the sequence {x,(t)} converges
to x*(t) uniformly on J.

Proof Ttisclearthat x(¢) € C I[J,R]isa nonnegative solution of (2.227) if and only
if x(¢) € C[J, R] is a nonnegative solution of the following integral equation:

T " T( m -1
(8 =xo + fo {Zaz(s)(x(s))”}dw fo {me(x(s))”} ds,
i=0 j=0
tel. (2.230)

Let E=C[J,R]and P ={x € C[J,R]:x(t) >0 forz € J}, then P is a normal
and solid cone in E and (2.230) can be written in the form

x=A(x,x), (2.231)
where

A(x,y) = A1(x) + Az(y),

T n
A1(x)=xo+f0 {Zai(s)(x(S))r'}ds,
i=0
T m -1
Az(y)zfo {ij(s)(x(s))”} ds.
j=0
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Evidently, A; : P — P is non-decreasing and A, : P — P is non-increasing, so
A: P x P — P is amixed monotone operator. We now check that A satisfies all of
the conditions of Theorem 2.3.4.
By virtue of (2.229), we can choose a constant R > O sufficiently large such that
n T T
xo—l—ZR”/ a;(s)ds +/ bo(s) "' ds < R. (2.232)
i=0 70 0

Hence, putting v(t) = R (t € J), we have v € Pand 0 < A(v, 0) < wv. On the other
hand, since, by hypothesis,

minag(t) = ao > 0, min by (t) = bg > 0,
teJ teJ
maxa; (t) =aj >0, maxb; (1) =b;'7 >0,
teJ teJ

@=0,1,2,...,n; j=0,1,2,...,m),

we can choose 0 < ¢y < 1 sufficiently small such that

1 n
col=—+) a'Ri] <ap. 2.233
O(b() Z i ) 0 ( )

i=0

Let
t t m —1
F(l):xO—i-/ a()(s)ds—l—/ (ij(s)R“) ds
0 0 =0

t t
— ¢ (xo —I—/ ai(s)R" ds —l—/ (bo(s))_1 ds), tel.
0 0

Then, (2.233) implies

¢ 1 n
F(I)Z(l—co)xo-i-/ {&0—00<5—+Za,~*R”>}ds20, telJ
0 0 =0

ie., A(0,v) > coA(v, 0). Thus, condition (a") of Theorem 2.3.4 is satisfied.
Let0 <a <b < 1 and a bounded B C P be given. So, || x|| < R; for all x € B,
where R; > 0 is a constant. We now define

-1 m -1
r=min{a0(1—b)(a0b+bzna;k1ef) ,Bo(l—b)<Eob+ijij) }>0,

i=1 j=1
(2.234)
and check that it satisfies (2.126). For any #1 € [a, b], x,y € B, we have

it n
AL(f1x) = x0 + /0 {Za[ ) (x())" } ds

i=0
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t n
>1 (xob_l +/ {ao(s)b_l + Zai(s)(x(s))ri } ds>.
0 i=1

To show that Ay (f1x) > 11 (1 +rA;(x)), it is sufficient to show that
n n
ag®b™ + ) ai(s)(x()" = (1 + r){ao(S) + > ai(s)(x(s))" } sel
i=1 i=1
since b~! > 1 4 r by (2.234). This inequality can be written in the form
n
ao(s)(b_1 —1- r) >r Zai(s)(x(s))r’,

i=1

which will certainly be true if
n
ao(1—b(1+r)) =brY aRy.
i=1

This last inequality follows from (2.234). Similarly, we have

t m -1
Az(tl_ly) >1 /0 {bbo(s) + ij (s)(y(s))xj} ds

j=1

t m -1
2nﬂ+¢{£{%@)+§:%ﬁﬂﬂwﬁ} ds
=1

=1(14+r)Aa(y).

Hence, A(r1x,7;'y) > t1(1 +r)A(x, y), and (2.126) is true.
Finally, our conclusions follow from Theorem 2.3.4 and the proof is complete. [

Theorem 2.4.4 (Dajun Guo [102]) Suppose that ap(t) > 0, bo(t) > 0 fort € I and

: 0
/ ap(s)ds < ———.
0 (@a+b)(c+d)

Then BVP (2.228) has exactly one nonnegative nontrivial C 2 solution x*(t) on 1.
Moreover, constructing successively the sequence of functions

n

1 m -1
Xk(t)=zo(t)+/0 G(t,s)(Zai(s)(xk1(s))”'{Zb,-(s)(xkl(s))sf} )ds
j=0

i=0

k=1,2,..)
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for any initial nonnegative function xo(t) € C[I, R], the sequence {xy(t)} converges
to x*(t) uniformly on I, where

0 Yat +b)(c(1 —s)+d), t<s,

G(“)z:Q—l(as+b>(c(1—t>+d>v P>

and
20(t) = Q7 {(c(1 = 1) + d)xo + (at + b)x1 }.
Proof Tt is well known that x(r) € C2(I,R) is a nonnegative solution of (2.228)

if and only if x(¢) € C(I,R) is a nonnegative solution of the following integral
equation:

1 n m -1
x(r):zo(r)+/o G(z,s)<2ai(s)(x(s))"'+{Zb,-(s)(x(s))”} )ds.
i=0 j=1

This integral equation can be regarded as an equation of the form (2.231), where
A(x,y) = A1(x) + Az(y) and

1 n
A(x) =z0(t) + /0 G(t, s){Zai (s)(x(s))’i } ds,

i=0

1 m -
Az(y)=/0 G(t,s){ij(s)(x(s))sj} ds.

J=0

Let E=C(,R)yand P={xe C(,R):x(t)>0fortel}. Then A: P x P— P
is a mixed monotone operator. In the same way as in the proof of Theorem 2.4.3, we
can show the operator A satisfies condition (a") and (b’) of Theorem 2.3.4. Hence
our conclusion follow from Theorem 2.3.4. O

Next we use some of our results to several existence theorems for nonlinear inte-
gral equations on unbounded region and nonlinear differential equations in Banach

spaces.
We first consider the following nonlinear integral equation on RV :

2
x(0) = Ax(t) = / K(t,s)[wwtx/l—xz(s)}ds. (2.235)
RN

Proposition 2.4.1 (Zhitao Zhang [196]) Suppose that K : RN x RN — R is con-
tinuous and K (t,s) > 0, K %0, moreover, 3a > 0 such that

1
/B;N K(t,s)ds <a < T (2.236)

Then (2.235) has unique one solution x*(t) satisfying 0 < x*(t) < 1, and x*(t) £ 0.
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Proof We use Theorem 2.3.6 to prove it. Let Cp (RVM) denote the set of all bounded
continuous functions, we define ||x|| = sup,cgn~ |x(?)], then Cp (RM) is a real Ba-
nach space. Let P =C ; (RV) denote the set of nonnegative functions of Cz(RY),
then P is a normal and solid cone of Cg(R™N). (2.235) can be written in the form

x = A(x, x): (2.237)
where
Alx,y) = A1(x) + A2(y); (2.238)
2
AL(x) :/ K(t,s). —OFXE) 0 (2.239)
RN 2
Ar(y) = /RN K(t,5) /1 —y2(s)ds. (2.240)
Let v =1, then
A(,0) = A1 (v) + A2(0) = 2f K(t,5)ds <2a < % (2.241)
RN
and
A(x,y) <A(,0), Vx,yel0,v]. (2.242)

So A : [0, v] x [0, v] — [0, v] is a mixed monotone operator, and A(-, y) is a convex
operator for fixed y, A(x, -) is a concave operator for fixed x, thus the hypothesis (i)
of Theorem 2.3.6 is satisfied. Moreover,

A0,v)=A1(0)+ A2(1) =0. (2.243)
Letc=1-—2a > %,then
A,0) <2a <cA,v)+ (1 —c)v, (2.244)
thus the hypothesis (ii) of Theorem 2.3.6 is satisfied. So A has exactly one fixed
point x* € [0, 1], moreover, Vxg, yo € [0, v], x, =1 —A(l —x,—1, 1 — yu—1), yn =
1—A(1 —y,—1,1 —x,-1), we have

l—x, > x* 1—y,—x* (n— o00). O

Now we consider the system of equations:

w1 1 % _1
= | 502, () (2.245)
xn(0)=x,(1)=0, n=1,2,.... (2.246)

Let E = {x|x = (x1,x2,...), sup; || < 00}, x|l = sup; |xi]. P ={x|x € E,x; >
0} C E is a normal and solid cone. Let I = [0,1], C[I,E]l={x | x(): I —
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E is continuous}, | x| = max,e; |x(?)||. P = {x € C[I,El|x(t) € P, Yt € I} C
C[I, E] is a normal and solid cone. Then (2.245)—(2.246) is equivalent to the two-
point Boundary Value Problem in E. g

Proposition 2.4.2 (Zhitao Zhang [196]) The system (2.245)—(2.246) has a unique
positive solution x*(t) € [0,v], where v = (1,1,...,1,...). Moreover, Vxq, yo €
[0,v], X = Axu—1, Yu—1)>Yn = A(Qn—1,Xn—1), we have x, — x*, y, —
x* (n — 00),

”x,,_x*Hg(“Tﬁ_l) , ||y,,—x*H§<43£—l) L o

where
A(x,y) =A1(x) + A2(y) (2.248)

(in the following i = 1,2, ...)

1 ! 1
(A1), = 5/0 G(t,s) - x3.(s)ds;

1 1
G(t,5) - (L4 xi42(s)) 2 ds; (2.249)

1
(Az()’))l = _./
tJo

G(t,s):{t’ O<t<s<l,

s, 1>t>s5s>0

Proof 1t is easy to know x(¢) € C2[I, E]N P is a solution of (2.245)—(2.246) iff
x € P is a solution of A(x, x) = x. We shall prove A has exactly one fixed point in
[0, v]. Obviously, A : P x P — P is a mixed monotone operator, and A(-, y) is a
concave operator for fixed y, A(x, -) is a convex one for fixed x.

4 ! 4
(A, 0), = (A1(v)), + (A2(0)), = 5/0 G(t,s)ds = §(z —1?)

<1, (2.250)

| =

4
< — .
— 3

and since Vx,y € [0,v], A(x,y) < A(v,0), we get A : [0, v] x [0,v] — [0, v].
Moreover,

1 1
(A0, v)), = (A1), + (A2(»)), =0+ ;/0 G(t,s)(1+1)"2ds

1 1
:7.2—%/ G(t,s)ds (2.251)
L 0



2.4 Applications of Mixed Monotone Operators 83

by (2.250) and (2.251), we get A(v, 0) > 0,

[ —

(A0,w), =127 7 (a0, 0),

~

3
=——(A(,0)).. (2.252)
4ﬁ( )i
Since ¢ = % > % such that A(0, v) > cA(v, 0), we know that all the hypotheses of

Theorem 2.3.5 are satisfied and A has a unique fixed point x* € [0, v], i.e., (2.245)-
(2.246) has a unique solution in [0, v]. Moreover, Yxq, yo € [0, v], let

1

1! 1 1
(xn)izl—,/() G(t,s)[g(xn_l(s))fi+(1+yn_1(s))l.+2)_5i|ds, (2.253)

1! 1 ! I
()’n)i = l_/(\) G(t5 S)|:§()’n—1(5))22i + (1 +-xn—1(s))i+2)_7i| dsa (2254)

we have
(xn)i — xi*, n)i — x;k (n — 00)
uniformly convergent for i =1, 2, .. .. Since the normal constant of Pis 1, we get
A W2y
=2 = (—=22) o= (B2 - 1) s
42
Hw—fﬂi< . )ww=<77—g.
v O
Consider the Hammerstein type integral equation on RV
x() = (Ax) (1) =/ K, s)[(1+x(s) +x*%(s)]ds. (2.255)
RN

Proposition 2.4.3 (Zhitao Zhang [197]) Suppose K : RY x RN — R is continuous,
K(t,s) >0, and

(2.256)

| —

1
— 5/ K(t,s)ds <
2] RN

then (2.255) has a unique positive solution x*(t), satisfying 10~1 < x*(t) < 1, and
Y(xo(t), yo(t)) € [1071, 1] x [1071, 11, (2.195) and (2.196) hold.

Proof Let E=Cp (RN) is the space of bounded continuous functions on RY, define
norm ||x|| = sup,c g~ |x(?)], then E is a Banach space.
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Let P=C g(RN ) denotes the set of all nonnegative functions in E, then P is a
normal and solid cone. Equation (2.255) can be read as x = A(x, x), where

A(x,y) = A1(x) + A2(y),

Al(x):/ K(t,s)(l+x(s))ds

RN

Az(y)=/ K(t,s)y’%(s)ds.
RN

We aim to apply Theorem 2.3.9. Let ug = 10~!, vo = 1, and it is easy to know A :
P x P — P is mixed monotone operator. For fixed y, A(-,y): P — P is concave;
for fixed x, A(x,-): P Pis —% convex.

Obviously 8 < ug < vy, and by (2.256),

A(uo,vo):/ Kt 9[(107" +1)]ds > 107", (2.257)

RN

A(vg, ug) = /N K@, )[A+1)+ 10%]ds <1, (2.258)
R

A0, vo) = /N K(t,9)[140)+1]ds > %A(vo, o). (2.259)
R

Lete = 2

= 5, then ¢ > 0, &€ > 3. Then by Theorem 2.3.9, this proposition is proved. []

2.5 Further Results on Cones and Partial Order Methods

Let E be a real Banach space, P be a cone in E. Let P* = {f € E*|f(x) > 0,
Vx € P},if P — P = E, then P* C E* is a cone; by Theorem 1 of [13], we know
P is normal < P* is generating.

Theorem 2.5.1 (Zhitao Zhang [199]) Let P be a cone in E, then the following
assertions are equivalent:

(i) P is normal,
) xp<zp <y, (n=1,2,...), x, > x weakly and y, — x weakly imply z,, — x
weakly.

Proof (ii) = (i) Suppose (i) is not true, then 360 < x, < yp such that ||x,| >
n2||yn||, n=1,2,....Letz, = ﬁ, v, = n”y ”,then6 <zy, <y,,and |y, || = 0,
thus y, — 0 weakly, but we know that ||z, || > n, so {z,} is unbounded, z, — 6
weakly is impossible, which contradicts (ii).

(1) = (1) Vx, <z < yp, Xy, — x weakly, y, = x weakly. By (i), we know P*

is generating, i.e., Vf € E*, 31, f € P* such that f = f; — f>. We have
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JiGen) = fi(zn) < fin)s  filxn) = fi(x),  fiyw) = fi(x)
(i=1,2, n— +00)

thus we get fi(z,) = fi(x) and f(zn) = f1(zn) = f2(zn) = f1(X) = f2(x) = [ (x),

i.e., z; — x weakly. O

Theorem 2.5.2 (Zhitao Zhang [199]) Let P be a strongly minihedral and solid
cone, then every bounded (in norm) set D has a least upper bound sup D.

Proof We know 3M > 0 such that Vx € D, ||x|| < M. Since P is a solid cone, we
find that Jug € P, § > 0 such that ug — 535 € P. So x < Blug < Hug, thus D
is a bounded set (in order), by the definition of strongly minihedral cone, we get D

has a least upper bound sup M. 0

Next we consider two operators form equations:
A(x,x)+ Bx =x. (2.260)
Definition 2.5.1 B : D — E satisfies
B(tx+(1—1)y)=1Bx+ (1 —1)By
for x, y € D, and ¢t € [0, 1], then B is said to be affine.

Theorem 2.5.3 (Li, Liang and Xiao [129]) Let P be normal, N be the normal
constant of P. Let u,v € P N D(B), u < v, operator A : [u,v] X [u,v] - E be
mixed monotone and B : D(B) — E be affine on [u, v], where [u,v] ={x € E|lu <
x < wv}. Assume that:

(1) forfixed y, A(-,y):[u,v] — E is concave; for fixed x, A(x,-):[u,v] - E is
convex;
(i) (I — B)~': E — D(B) exists and is an increasing operator on [u — Bu,v —
Bv]l,i.e., forx,y € [u — Bu,v — Bv], x >y implies that (I — B)_lx > -
B)~ 'y, where I is the identity operator on E;
(i) A(u,v) >u, A(v,u) <v, Bu>6 and Bv <0,
(iv) there exists some mqo € N U {0} such that

g1 =~ U1+ o). (2.261)
where
uo=u, Vo=V,
tn = (I = B) " Atpst, vnsr) (n=1,2,..), (2.262)

vn = —B) "A@pi1,ung1) (n=1,2,..). (2.263)
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Then (2.260) has a unique positive solution x* in [u, v]. Moreover, constructing
successively the sequences

xn=0 =B "AGp_1,y_1) (1=1,2,3,..)), (2.264)
o= —=B) " A(yn-1,%0-1) (1=1,2,3,...) (2.265)

for any initial (xg, yo) € [0, v] X [u, v], we have
Xp = X%, yp—=>xF (n— 00),

and the convergence rates are

2 2

|mgtn = x*| < P lv—ull (n—o00), (2.266)
2

[mon = = = o —ull- (= o0). (2.267)

Proof For convenience of presentation, we denote C = (I — B) "' A. From (ii) and
(iii) we have

Cu,v)=I—-B)"Aw,v)>U —-B) 'u>u, (2.268)
and

Cw,u)=(I —-B)"A(w,u)> I - B) 'v>v. (2.269)

Hence R(C|[u,v]x[u,v]) C [#, v]. Since B is affine on [u, v], if follows that (/ — B)~!

is affine on [u — Bu, v — Bv]. So by (ii) we know that C is mixed monotone, and for

fixed y, C(-,y):[u,v] — E is concave, for fixed x, C(x, -) : [u, v] - E is convex.
By (2.262), (2.263), (2.268) and (2.269), we show easily that for n € N,

U=U)=U = Sl SUmg+1 =00 S Umgtn = Uymo+1 =7
S Unmgtn+1 S Umg+n =00 S Umg+1 S Uy <00 S V]

<vp=uv. (2.270)

Thus, it follows from (2.261) and (2.270) that

1
0 < E(Umo+n _umo) == E(Umo—&-l _umo) SUmg+l —Umy =0 = Umgtn — Umy -
We set
t, = sup{t >0 upmypn = tpgsn + (1 — t)umO} n=1,2,...).

Obviously,

Umo+n = nUmg+n + (1- tn)umov (2.271)
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and

1

55115125-“5615-“51.
Next, we prove t, — 1 as n — 0o. For n € N, making use of (2.271) we obtain

Umy+n = thllmg+n + (I— tn)um()

Uy — tyV
0 nVmo+n
= tnvm0+n + (1 - tn)—

2—t,
th 2(1 —t,)
> _ .
Z 3y, Umotn t T o
So,
Umotn+1 = CUmgtn,> Vmg4n)
ta 21 — 1)
= 21 C (Vmg+ns Umg+n) + ﬁc(“mo’ Vmg+n)
In 2(1—1)
= 2-1, C(vmo-i-n, vmo—i-n) + ﬁc(umw vm0+1)’
ie.,

Iy C(vm0+na Umo-i-n) +2(1 - tn)c(umov Um()+1) <@2- tn)un10+n+l- (2.272)

From (2.261), (2.271) and (2.272), we have

Vmgtn+1 = CUmg+n» Umg+n)
< 12 C (Umgtns Vmgtn) + (1 = 1) C (Wmgtns Umg)
< 12 C (Umg+ns Vmg+n) + (1 — 1) Umg+1
= 10 CWmgtns Vmgn) + (1 = 12) Qg 1-u,,)
=12C Wmgsn> Vmg+n) +2(1 — t)umor1 — (1 — 1)U,
< tnCWmg+ns Vmgtn) + 2(1 = 1) C(Umg, Vmg+1) — (1 — tn)tmg

<2- trz)um0+n+l —(1- tn)um0~

Consequently,

Umg+n+1 = 2 _; Umo+n+1 — (1- tn)um(y
—in

This means that

Iny1 = )
n+ 2_tn
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88
(2.273)

ie.,
11—t < .
=0

For convenience, we set s, = 1 — 1, # 0. Then (2.273) can be rewritten as follows:
1
(2.274)

<< Sn
Spn+1 = =
T s 14+ L

= 1

Therefore,
1 1
>1+—
Sn+1 Sn
and

1 1

—>14—. (2.275)
Sn Sn

Combining (2.274) and (2.275) gives
1 1
T <= I <n+42. (2.276)

1 —ty1 =Sp41 <
Sn—1

Hence, s, — 0 (n — 00), i.e., t, — 1 as n — oo. In addition, from (2.270) and

(2.271) we obtain, for n, p € N,

0 < Umg+n+p — Umg+n = Umg+n — Umg+n
= =1t)Wmgtn — tmg) = (1 — 1) (v —u). (2.277)
Since P is normal we get
ltmosntp — ol < NCL = t)]|v = u] (2.278)
and
Vmg+n — Umg4nll = NI —t2) [ —ull. (2.279)
From (2.278) we know that {u1,},c, is a Cauchy sequence. Hence there exists
x* € [u, v] such that u, — x* (n — 00). In combination with (2.270), (2.277), and
(2.279), this implies
lim u, = lim v, =x", (2.280)
n—oo n—-oo
and
Umg+n = x* < Umg+n- (2.281)

Therefore,
o
Umy+n+1 = C(umo—s—n’ vmg-i—n) = C(x » X ) = C(vm(ﬁ—na umg—i—n) = Umg+n+1-



2.5 Further Results on Cones and Partial Order Methods 89

Taking limit and using (2.280), we conclude that
C(x*, x*) =x%,
ie.,
I — B)_IA(x*,x*) =x*
So,
A(x*,x*) + Bx™ = x*,

that is, (2.260) has a positive solution x*.
Now for each (xg, yo) € [0, v] x [u, v], considering the sequences (2.264) and
(2.265) we have

up <xp <vp, (m=0,1,..), (2.282)
and
Uy <y, <v, @m=0,1,...). (2.283)
Hence by (2.280) we get
|xn —x*| =0 (n— o0, (2.284)
and
[y —x*| =0 (n— o0). (2.285)

Moreover, using (2.276), (2.279), (2.281), and (2.282) we obtain the following in-
equality:
“xmo+n - X*H < N xmo+n — Umg+nll + “)C* — Ump+n ”
=< 2N||vmo+n — Ump+n ”
<2N*(1 = t)llv — u]
2N?
<
“n+1

lv—ul| (n=1,2,...).

In the same way we can get (2.267).
Finally, let y* € [u,v], y* # x* and C(y*, y*) = y*. We take initial value
(x0, y0) = (¥*, y*). Then,

x1=C(xo,y0) =C(y*,y*) =y*
and

*

y1 =C(yo.x0) = C(y*, y*) = »".

By induction we have x,, = y, = y* (n = 1,2, ...). Noting that (2.284) and (2.285),
we get y* = x*. This implies the uniqueness of positive solution of (2.260). g
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Remark 2.5.1 In Theorem 2.5.3 they do not require operators A and B to be com-
pact or continuous.

In the special case B = 0, we have the following corollary, which improved
Corollary 2.3.1.

Corollary 2.5.1 (Li, Liang and Xiao [129]) Let P be normal, u,v € P, u < v,
operator A : [u,v] X [u, v] — E is mixed monotone and satisfy the following con-
dition (i) of Theorem 2.5.3. Suppose that

1
Aw,v)>u, AW,u)<v and A(u,v)> E[A(v, u)+ u]
Then A has a unique fixed point x* in [u, v].

Remark 2.5.2 In Corollary 2.3.1, the constant ¢ must be strictly larger than % But
Corollary 2.5.1 works even for ¢ = %

Example 2.5.1 (Zhitao Zhang and Liming Sun) An example to show that constant
c= % is the best one:

According to the Theorem 2.3.5 and Corollary 2.5.1, it requires that the constant
c € [%, 1]. Then a natural question comes out that whether this result holds when

c< % The answer is negative. We will give an example to show mixed monotone

operator A may has no fixed point when ¢ < %

We consider Banach space

[ = {x =(x1,x2,...) |xi €eR,i=1,2,... and |x;| is uniformly bounded}

with norm ||x || = sup; <y |x;|. Define subspace

V= {x €1 | there exists X € R, s.t. lim x; =% < oo}
1—>00
Then V is a Banach space. Let P = {x € V | x; > 0, Vi > 1}, then it is easy to verify
that P is a normal cone of V.
First, we need a function S : [0, 1] — [0, 1] which is convex, decreasing and
continuous in [0, 1], but $”(0) and S"(1) do not converge to the fixed point of S.

For example, suppose ¢ < %, choose ¢ > 0 small enough such that ¢ 4+ ¢ < %, let

1—c
——<x+1, xe[0,c+e¢],
ﬂmz{‘” [ ] (2.286)

c, x€(c+e,1].

The graph of S is presented in Fig. 2.1. It is easy to know that S has a unique fixed

. . 2 .
point x = {*£ and a couple fixed points x’ = &£, x” = ¢, which means S(x") = x”

c+e
and S(x”) = x’. We can verify that

SO =1, S()=c,
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Fig. 2.1 The graph of S

$2M0) =Sy =x", n=>1,
sy =s"1)=x', n>1.
Letv=(1,1,1,...), 6=(0,0,...),
A:P—> P
xr—)Ax:(l,S(xl),S(xz),...)

A maps P to P, in fact suppose x € P with lim;_, o x; = X, then lim; _, o, S(x;) =
S(x), since S is continuous.
Then it is easy to verify A is decreasing and convex,

A@®) = (1, S(1), S(1), ...),

AB) = (1, S(0), S(0), .. ) =7.
So if there exists k such that A(v) > kA(0), then k < % =c< % we can just
letk=c< %
We next show A has no fixed point in P. If there exists x € V such that Ax = x
then

x1 =1,

x2 = S(x1),
x3 = S(x2),
X = S(xp-1),

Sox; = St -1 (1), but we know that this consequence diverges, thus A has no fixed
point in P.
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Operator A is a special mixed monotone operator, A only has decreasing part. []

Definition 2.5.2 Let P be a cone of Banach space E, A: P — P, ug >0 (i.e.,
uo € P, u#0), A is called a up-concave operator, if

(i) Vx > 6 there exist = a(x) >0, B = B(x) > 0 such that
ax < Ax < Bx; (2.287)

(i) Vx € P such that ajug < x < Biug for some o1 = a1 (x) >0, B = Bi1(x) >0,
and 0 <t < 1, there exists n = n(x, t) > 0 such that

A(tx) = (1 +n)tAx.

Definition 2.5.3 Let P be a cone of Banach space E, A: P — P, ug > 0 (i.e.
uo € P,u+#0), A is called a up-convex operator, if

(1) Vx > 6 there exist « = a(x) > 0, 8 = B(x) > 0 such that (2.287) is satisfied;
(i) Vx € P such that ajug < x < Biug for some o1 =1 (x) >0, B = Bi1(x) >0,
and 0 < ¢ < 1, there exists n = n(x, t) > 0 such that

A(tx) < (1 —n)tAx.

Theorem 2.5.4 (Zhitao Zhang [199]) Let P C E be a normal and solid cone, A :
P — P is a condensing map, A%0 > 0, A is strongly decreasing, i.e., 0 <x <y
implies Ax > Ay, and A(tx) <t~ 'Ax for x > 0, t € (0,1). Then A has a unique
fixed point x* > 0, and Vxo € P, let x, = Ax,—1 (n =1,2,...), we have ||x, —
x*|| = 0(n — 00).

Proof Since P is normal we know [0, Af] is bounded. Moreover, [0, Af] is convex
closed subset. Since A is decreasing, we get A([6, Af]) C [0, AB]. By the Sadovskii
Theorem, we see that A has at least one positive fixed point. Obviously, A% : P — P
is a condensing and increasing map. Let ug =0, u, = Au,_1, itis easy to know A?
has a minimal fixed point u, and a maximal fixed point u* in [0, A8]. Moreover,

9:M0§M2<"'§M2nS"'SM*E"'SM*S"'

Suguy1 <---<uz<u;=A0, (2.288)
lim uo, = us, lim wup,q =u®.
n—oo n—>0o0

Since A(tx) <t~ 1Ax, Vr € (0, 1), we get
At-t7'x) <7t A x),
ie., At~ 'x) >1- Ax. Since A is strongly decreasing, we get

A%(tx) > A(t7' Ax) > tA%x.
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Thus A? is strongly sublinear, and Je € P such that A2 is e-concave (see [110]).
Therefore, by Theorem 2.2.2 of [110], we see that A? has at most one positive (i.e.,
>0) fixed point. Let u, = u* = x*, then A%x* = x*, and A(A%x*) = A2(Ax*) =
Ax*, thus Ax* = x*. Moreover, Vxg € P, 6 < Axo < Af, A%0 < A’xy < A6, ie.,
up <x1 <uy, uy <x» <ui, by induction, we get

U = Xop41 = U2n+1, Udp = X2pn = U2p—1-
By taking the limit, we get x, — x* (n — 00). 0
Theorem 2.5.5 (Zhitao Zhang [199]) Suppose P C E is a normal and solid cone,
A: P x P — P is completely continuous, and A(x,y) is strongly increasing in
x, A(x,y) is decreasing in y. Moreover, 30 < ug < vo such that A([ug, vo] X

[1g, vol) C [ug, vol; A(tx,y) L tA(x,y), for x,y € P, t €(0,1). Then A has a
unique fixed point x* € [ug, vo] and

Vxo, yo € [uo, vol,  xp = A(Xn—1,Yn-1)s  Yn =A(Yn—1,Xn-1),
we have x, — x*, y, = x* (n — 00).
Proof By Theorem 2.1.7 of [110], we know A has a couple quasi-fixed point
(x*, y*) € [ug, vo] x [ug, vol, i.e., x* = A(x*, y*), y* = A(y*, x*), which is min-
imal and maximal in the sense that x* < x < y* and x* < y < y* for any
coupled quasi-fixed point (X, y) € [ug, vo] X [ug, vo]. Moreover, we have x* =

limy, 00 Uy, ¥* = limy 00 v, Where up, = A(up—1,V5-1), Uy = A(Uy—1,Up—1)
(n=1,2,...) which satisfy

*

up<u; <+ <u, <x*<...<y*<v,<---<v; <. (2.289)

Now we prove x™* = y*.
If x* # y* then x* < y*. Let #p = inf{z|x* < ty*}, then since A is strongly in-
creasing in x, we get

x* = A(x*, y*) < A(y*, y*) < A(y*, x*) =y, (2.290)
thus by x* > ug > 0 and (2.290), we have 0 < 7y < 1 and
x* = A(x*, y*) < A(toy*, x*) < toA(y*, x*) =1oy", (2.291)

which contradicts the definition of ;.
Thus we have x* = y* and

x*:A(x*,x*), up — x*, v, = x* (n— o0).
Moreover, Vxg, yo € [uo, vol, let
Xp = AXn—1, Yn—1), Yo =An—1,Xn-1)-

It is obvious that u, < x, <v,, u, <y, < v,. Following the normality of P, we
get x, = x*, y, = x* (n = 00). O
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Proposition 2.5.1 There is no operator A : P — P which is decreasing and
e-convex, where e > 0.

Proof If A: P — P is decreasing and e-convex, then for x € P such that o1 (x)e <
x < Bi1(x)e (a1(x) >0, Bi(x) >0),and Vr € (0, 1), In =n(x, 1) > 0 (see [110])
such that

Ax < A(tx) < (1 —n)tAx,

so we have (1 — (1 — n)t)Ax <6, thus Ax <@, but by the definition of e-convex,
we have do = a(x) > 0 such that Ax > ae. So we know e < 6, which contradicts
e>0. O

Proposition 2.5.2 Let E be weakly complete and P be a normal and solid cone in
E, A: P — P is continuous and strongly decreasing, A0 > 0: A(tx) < t~1Ax,
fort €(0,1), x € P. Then A has a unique fixed point x* € P, and Vxy € P, let
Xp = Ax,_1, we have x, — x* (n — 00).

Proof Let
ug =20, Uy, = Auy_1.

We know A2 : [0, AO] — [, Af] is continuous and strongly increasing. Moreover,

0<up<up<---<upy <---=<ugyy1 <---<up=A60. (2.292)

Since E is weakly complete and P is normal, by Theorem 2.2 of [89], we get P
is regular. By Theorem 2.1.1 of [110], we know A? has a minimal fixed point u,
and a maximal fixed point u*, and uy, — uy, Uz, —> u*. Similarly to the proof
of Theorem 2.5.4, we can prove u™ = u,, and let x* = u, = u™*, then Ax* = x*, and
Vxo € P, x, = Ax,_1, we have x, — x* (n — 00). O

On Differentiable Maps Let (E, P) be an OBS with open unit ball B, a subset
D C E is called aright (or left) neighborhood of point x € E if there exists a positive
number ¢ such that x + B C D (or x — ¢ BT C D). The set D is called P-open
(or — P-open), if D is a right (or left) neighborhood of each of its points (see [8]).

Let D be a right neighborhood of some x € E and let F be an arbitrary Banach
Space. A map A : D — F is said to be right differentiable in x, if there exists a
bounded linear operator T € L(P — P, F) such that

. [A(x +h) — A(x) — Th]
lim =
h—0,heP Al

0. (2.293)

T is denoted by A’, (x) and called the right derivative of A at x. Let D C E be
P-open, then A : D — F is called right differentiable if A has the right derivative at
every x € D. Inthis case, themap A’, : D — L(P — P, F) is called the right deriva-

tive of A. If A’, maps D continuously into the Banach space L(P — P, F) then A
is said to be continuously right differentiable. Left derivatives and left differentiable
maps are defined in the obvious way (see [8]).
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Theorem 2.5.6 (Zhitao Zhang, see [199]) Suppose that P C E is a normal cone, A :
P x P — P is a mixed monotone operator,and A(x,y) = A1(x)+ Az(y), where A
is increasing and A, is decreasing. Moreover, v € P such that A : [0, v] x [0, v] —
[6,v]; Ay : P — P and Ay : P — P are both continuously right differentiable,
and sup,.cjg 1 1AL (Ol + SUPye(g,v] |A5 (D)l = 8 < 1. Then A has a unique fixed
point x* € [0, v].

Proof Let
up =20, vo=1, up = A(Up—1, vp—1), Uy = A(vp—1, Up—1).
Since A is mixed monotone, we know easily

O=up<u1<up<--Su, <-- <V, <---<v3 <V <Yy =0. (2.294)

Moreover, we know that x +1(y —x) € P, Vt € [0, 1], VO <x <y <v.So A;(x +
t(y —x)):[0,1] — P, i = 1,2 are right differentiable on [0, 1], and by mean value
theorem (see [11]), we get A; (y) —A;(x) € (1 —0)@{A;+(x +t(y—x))(y—x),te
[0, 17} =E{A;+(x +t(y —x))(y —x),t €[0,1]} (i =1,2). So we have

[AG,x) — AGx, )| = A1) + A2 (x) — A1 (x) — A2(0) ||

<A1 — A1) | + [|[A2(x) — A2(0) ||
< sup AL lly—xl+ sup A5, |- lly—xl
x€[6,v] yelo,v]

=8|y —x||. (2.295)

So by standard argument, we know that Ju™ such that u, — u*, v, — u™, and
AWw™*, u*) =u*. O

Theorem 2.5.7 (Zhitao Zhang [199]) Let P C E be a normal cone, A: P — P be
a continuous, continuously right differentiable, twice right differentiable decreasing
map. Suppose that one of the following hypotheses is satisfied:

(1) A is order convex,i.e.,¥0 <x <y, t€[0,1], Atx+ (1 —1)y) <tAx+ (1 —
1Ay, and A', (O)u > —Nu, Yu € P;

(i) A is order concave on [0, A0], i.e.,Vx,y € [0, A0], x <y, t €[0,1], A(tx +
(1—-1y)>tAx + (1 —1)Ay, and A’+(A0)u > —Nu, Yu € P, where N is a
positive constant.

Then A has a unique fixed point x* € P.

Proof (i) Since A is order convex, in virtue of Theorem 23.1, Theorem 23.3 in [8]
and Proposition 3.2 in [7], we know

Vo<x<y, AL ()h=A, (0)h, VheP (2.296)
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and
Ay —Ax = AL ()(y —x) = AL (0)(y —x) = =N (y — x). (2.297)
Soweget (A+N)y—(A+ N)x >6. Let

Ax + Nx
Bx=——"7898#—
1+N

then B : P — P is increasing and Vx € [0, AO],

’

A0 A0+ NAO A6+ NAO
0 <BO = < A0, B(A0) = < < A6.
1+N 1+ N 1+N
(2.298)
Let
ug==~, vg = A0, Up = Bu,_1, v, = Buv,_1,
we have
O=ug<u1<upy<--<u, <---<y, <---<y;y<v <v=40, (2299
and

0 < v, —u, = Avy_ 1+ Nvy—g _ Aup_1+ Nuy_g

1+ N 1+ N
_ Avy—1 — Aup—1 + N(vp—1 — tp—1) < (v —u )
- 1+ N 1N T
N n N n
<|\—— — =——] -A0. 2.300
_(1+N> (vo — uo) <1+N) ( )

Following the normality of P, there exists a unique u* € P such that u, —
u*, v, > u* (n - o00) and Bu™ = u*, i.e., Au* = u*. Moreover, Vxg € [0, Af],
Xpn = Bx,_1, we get u, < x, <vy,, x, > u* (n— 00). The assertion (i) is valid.

(i1) Since A is order concave, in virtue of Theorem 23.1, Theorem 23.3 in [8] and
Proposition 3.2 in [7], we have

AL () <AL (x), VO<x<y<Af,

ie.,
Al (Wh <A (x)h, YheP,
and
Ay = Ax 2z AL =) 2 AL(AD G =) = =Ny —x), (2.301)
ie.,

(Ay+ Ny) — (Ax+ Nx) > 6.

Similar to the proof of (i), we can prove the assertion (ii). O
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Example 2.5.2 Consider the following integral equation:

1 1
x(t)=Ax(t)=/0 k(t,s)mds O<p<1. (2.302)

Proposition 2.5.3 If k : [0, 1] x [0, 1] = R is continuous and k(t,s) > 0, then
(2.302) has a unique positive solution x*(t), VYxo(t) >0, x, = Ax,—1, we have
Xp — x* (n — 00).

Proof Let E=C[0,1], P ={x|x(¢t) > 0,x € E} is a normal and solid cone in E.
We know that A : P — P is completely continuous, A20>6.1f0 < x,(t) < x2(1),
then

1
I+ x1()? (14 x2(5)P

1
Axi1(t) — Axp(t) = / k(t, s)( ) ds. (2.303)
0

Since k(¢,s) > 0, and (1+x1 — — L — > 0, there exists a constant § > 0 such
16)P  (T+x2(s)P -

that Ax(¢) — Axa(t) > § > 0, so A is strongly decreasing. Moreover, Vx > 6, V1 €

(0, 1), we have

1 1 ! 1
A(rx)=/0 k(t,S)mdSZ/O k(t’s)mds

1

1 1
<— | k(t,s)—————ds <t 'Ax. (2.304)
7 Jo (T +x(s)P

By Theorem 2.5.4, we get A has a unique fixed point x* € P, and (2.302) has a
unique positive solution x*(¢). Moreover, Yxo(t) € P, let x,(t) = Ax,—1(¢), then
Xp (t) = x*(¢) uniformly on [0, 1]. O
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