
Contents

1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Sobolev Spaces and Embedding Theorems . . . . . . . . . . . . . 1
1.2 Critical Point . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.3 Cone and Partial Order . . . . . . . . . . . . . . . . . . . . . . . . 11
1.4 Brouwer Degree . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.5 Compact Map and Leray–Schauder Degree . . . . . . . . . . . . . 13

1.5.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.5.2 Properties of Compact Maps . . . . . . . . . . . . . . . . 14
1.5.3 The Leray–Schauder Degree . . . . . . . . . . . . . . . . 15

1.6 Fredholm Operators . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.7 Fixed Point Index . . . . . . . . . . . . . . . . . . . . . . . . . . 18
1.8 Banach’s Contract Theorem, Implicit Functions Theorem . . . . . 20
1.9 Krein–Rutman Theorem . . . . . . . . . . . . . . . . . . . . . . . 20
1.10 Bifurcation Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 21
1.11 Rearrangements of Sets and Functions . . . . . . . . . . . . . . . 23
1.12 Genus and Category . . . . . . . . . . . . . . . . . . . . . . . . . 25
1.13 Maximum Principles and Symmetry of Solution . . . . . . . . . . 27
1.14 Comparison Theorems . . . . . . . . . . . . . . . . . . . . . . . . 28

2 Cone and Partial Order Methods . . . . . . . . . . . . . . . . . . . . 35
2.1 Increasing Operators . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.2 Decreasing Operators . . . . . . . . . . . . . . . . . . . . . . . . 45
2.3 Mixed Monotone Operators . . . . . . . . . . . . . . . . . . . . . 54
2.4 Applications of Mixed Monotone Operators . . . . . . . . . . . . 74
2.5 Further Results on Cones and Partial Order Methods . . . . . . . . 84

3 Minimax Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99
3.1 Mountain Pass Theorem and Minimax Principle . . . . . . . . . . 99
3.2 Linking Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
3.3 Local Linking Methods . . . . . . . . . . . . . . . . . . . . . . . 103

3.3.1 Deformation Lemmas . . . . . . . . . . . . . . . . . . . . 104

ix



x Contents

3.3.2 The Three Critical Points Theorem for Functionals
Bounded Below . . . . . . . . . . . . . . . . . . . . . . . 107

3.3.3 Super-quadratic Functionals . . . . . . . . . . . . . . . . . 110
3.3.4 Asymptotically Quadratic Functionals . . . . . . . . . . . 112
3.3.5 Applications to Elliptic Boundary Value Problems . . . . . 116
3.3.6 Local Linking and Critical Groups . . . . . . . . . . . . . 121

4 Bifurcation and Critical Point . . . . . . . . . . . . . . . . . . . . . . 131
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
4.2 Main Results with Parameter . . . . . . . . . . . . . . . . . . . . 133
4.3 Equations Without the Parameter . . . . . . . . . . . . . . . . . . 141

5 Solutions of a Class of Monge–Ampère Equations . . . . . . . . . . . 143
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
5.2 Moving Plane Argument . . . . . . . . . . . . . . . . . . . . . . . 145
5.3 Existence and Non-existence Results . . . . . . . . . . . . . . . . 149
5.4 Bifurcation and the Equation with a Parameter . . . . . . . . . . . 153
5.5 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6 Topological Methods and Applications . . . . . . . . . . . . . . . . . 175
6.1 Superlinear System of Integral Equations and Applications . . . . 175

6.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 175
6.1.2 Existence of Non-trivial Solutions . . . . . . . . . . . . . . 175
6.1.3 Application to Two-Point Boundary Value Problems . . . . 185

6.2 Existence of Positive Solutions for a Semilinear Elliptic System . . 186
6.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 186
6.2.2 Existence of Positive Solutions . . . . . . . . . . . . . . . 189
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