Chapter 2
Extended Stress Intensity Factor Concepts

D. Radaj

Abstract The stress intensity factor concept for describing the stress field at
pointed crack or slit tips is well known from fracture mechanics. It is substantially
extended here in two directions. One extension refers to pointed V-notches with
stress intensities depending on the notch opening angle. The loading mode related
notch stress intensity factors K;, K, and K3 are introduced. Another extension
refers to rounded notches with crack shape or V-notch shape in two variants:
parabolic, elliptic or hyperbolic notches (‘blunt notches’) on the one hand and root
hole notches (‘keyholes’ when considering crack shapes) on the other hand. Here,
the loading mode related generalised notch stress intensity factors Kj,, K5, and
K3, are defined. The concepts of elastic stress intensity factor, notch stress
intensity factor and generalised notch stress intensity factor are extended into the
range of elastic-plastic (work-hardening) or perfectly plastic notch tip or notch root
behaviour. Here, the plastic notch stress intensity factors K, K», and K3, are of
relevance. The original stress intensity factor concept is also transferred from
cracks or slits to rigid thin inclusions.
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2.1 Survey of Chapter Contents

The stress intensity factor concept has originally been developed in the context of
fracture mechanics. For fracture phenomena, both brittle fracture and fatigue
failure, the asymptotic singular stress field at the pointed crack or slit tip is most
important. The stress level around the singularity is described by the stress
intensity factor (SIF), possibly superimposed by the crack-parallel non-singular
T-stress. In certain cases (e.g. thin-sheet lap joints), it is necessary, also to take
higher order terms of the stress field approximation into account.

The local three-dimensional stress singularity at a definite point of the crack or
slit front can generally be described by superimposition of three two-dimensional
stress singularities corresponding to three independent loading or opening modes
of the crack tip: transverse tensile loading (mode I), in-plane shear loading (mode
II) and out-of-plane shear loading (mode III). The appertaining SIFs are Kj, Ky and
K- Non-singular stresses may be superimposed: crack-parallel stresses (the
T-stress) as well as normal stresses and symmetric shear stresses in the crack front
direction. In special cases, the separation of the elementary crack tip loading
modes is not possible, coupling effects together with transverse singular effects are
occurring, e.g. where the crack front butts on a free surface.

The SIF concept has been substantially extended in two directions. One
extension refers to pointed V-notches with stress intensities depending on the
notch opening angle. Here, the loading mode related notch stress intensity factors
(NSIFs) are K, K> and K3. Another extension refers to rounded notches with crack
shape or V-notch shape in two variants: parabolic, elliptic or hyperbolic notches
(‘blunt notches’) on the one hand and root hole notches (‘keyholes’ when con-
sidering crack shapes) on the other hand. The notch stresses remain finite in this
case, but their angular and radial distribution is linked to that of the corresponding
pointed notches. Here, the loading mode related generalised NSIFs are K, ,, K>,
and K3,. They are slightly larger than K, K, and Kj, their value increases with
reduced notch severity.

The elastic SIF, NSIF and generalised NSIF concepts may be extended into the
range of elastic-plastic (work-hardening) or perfectly plastic notch tip or notch root
behaviour. Here, the plastic NSIFs K, K>, and K3, are of relevance.

Further extensions of the SIF concepts are documented in the literature. The
original SIF concept may be transferred from cracks or slits to rigid thin inclu-
sions, from pointed V-notches to pointed rigid inclusions with V-notch shape and
from blunt V-notches to the corresponding rounded rigid inclusions. Another
extension is the bimaterial wedge problem with inclusion of interface crack
configurations.

In Sect. 2.2, the original stress intensity factor concept is reviewed, referring to
the stress field near crack tips, with application to slit tips in welded joints.

In Sect. 2.3, the notch stress intensity factor concept is summarised, referring to
the stress field near pointed V-notch tips, with application to fillet-welded joints.
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In Sect. 2.4, the generalised notch stress intensity factor concept is described,
referring to the stress field at blunt V-notch tips and at root hole V-notch tips, with
application to round bars with shoulder fillets.

In Sect. 2.5, plastic notch stress intensity factors are introduced for describing
the stress and strain field at pointed V-notch tips and at parabolic notch tips. A new
version of the Neuber rule accounting for the influence of the notch opening angle
is presented.

In Sect. 2.6, the stress intensity factor concept is applied to rigid thin inclusions,
with one example of SIF evaluation.

The bimaterial wedge problem with inclusion of interface crack configurations
cannot be presented within the available space of this book. Reference is made
instead to the early basic solutions (Hein and Erdogan 1971; Bogy 1971) and to a
recent comprehensive study on asymptotic near-field analyses of plane multi-
material joints (Sator 2010). Typical applications are interface cracks or cracks
butting on the interface, the interface itself butting on a unnotched surface, on a
corner-notched surface or on a more generally V-notched surface. A well known
special problem is the bearing pressure between a plane rigid stamp and a plane
elastic continuum.

2.2 Original Stress Intensity Factor Concept
2.2.1 Survey of Section Contents

The basic formulation of the SIF concept is reviewed. Basic is the description of
the singular and non-singular stress field in the vicinity of a crack tip or slit tip.
The three-dimensional stress state at any point of the crack or slit front is separated
into the three two-dimensional singular loading modes I, II and III and into three
non-singular modes (7-stress, S-stress and front-parallel normal stress). A coupling
of singular modes together with transverse singular effects may occur where the
crack or slit front butts on a free surface.

The stress field equations in the vicinity of crack or slit tips are presented and
the corresponding SIFs, T-stress and S-stress are defined. These characteristic
parameters are specified for the joint face edge of seam-welded and spot-welded
lap joints proceeding from the linearised structural stresses which suppress the
singularity completely. Lap joints with equal and unequal plate thickness,
respectively, are considered.

Equivalent SIFs are defined, referring to failure under mixed-mode loading
conditions. Endurable SIFs for spot-welded lap joints are finally given, both in the
form of a threshold value and in the form of a K—N curve with a defined, suffi-
ciently low scatter range.
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Fig. 2.1 Basic singular loading modes I (a), Il (b) and III (¢) of cracks; planar crack in the
infinite plate; plane and antiplane strain fields; arrows designate remote boundary or crack flank
stresses; (Radaj and Zhang 19931

The expositions are based on readily available text books on fracture mechanics
and on special publications. A list of symbols and a list of references are found at
the end of Chap. 2.

2.2.2 Basic Crack Tip Loading Modes

The stress intensity factor concept originates from fracture mechanics. For fracture
phenomena, both brittle fracture and fatigue failure, the local stress field close to
the crack tip is decisive. The stresses rise to a singularity at the pointed crack tip.
The intensity of this singularity is dependent on the magnitude of the relevant
structural stresses.

The local three-dimensional stress field at a definite point of the crack front may
generally be separated into two-dimensional stress fields which are superimposed:
three loading modes with singular stresses and three loading modes with
non-singular stresses. The singular loading modes comprise transverse tensile
loading (mode I), in-plane shear loading (mode II) and out-of-plane shear loading
(mode III), Fig. 2.1. The non-singular loading modes consist of crack-parallel
tensile or compressive loading (mode OI), crack-front-parallel tensile or
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Fig. 2.2 Basic non-singular loading modes 0I (a), OII (b) and OIII (c¢) of cracks; planar crack in
the infinite plate; plane and antiplane strain fields; arrows designate remote boundary stresses;
(Radaj and Zhang 1993")

compressive loading (mode OII) and crack-front-parallel shear loading (mode OIII),
Fig. 2.2.

In exceptional cases, coupling effects may occur locally between the mode-
related singularities within locally three-dimensional configurations. One typical
example is the crack tip in a plate of finite thickness subjected to in-plane shear
loading. A transverse shear stress singularity is generated locally underneath the
plate surface. Further details can be found in Sect. 2.3.3.

2.2.3 Asymptotic Stress Field near Crack Tips

The three basic loading modes with singular stresses at the crack tip produce the
following asymptotic stress distribution around the crack tip (Westergaard 1939;
Sneddon 1946; Irwin 1957; Williams 1957), Fig. 2.3:

o :\/% [Kifi,i(0) + Kufisi (0) + Kitfiny:(0)]

(i,j=x,yandk =x,yori,j=r,0 andk = r,0)

(2.1)

The mode-related stress intensity factors (SIFs) K, Ky and Kpp depend on the
magnitude of the load, the crack length and further geometrical parameters of the
considered configuration. The mode-related angle-dependent functions fi4, fii
JuLiz describe the angular distribution of the stresses at the crack tip. The relationship
above is strictly valid for r — 0 and approximately valid for values of » which are
small in relation to the crack length and other geometrical parameters of the
configuration.

These are the asymptotic stresses in the three singular loading modes, given in
polar coordinates:
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Fig. 2.3 Cartesian (a) and polar (b) coordinate systems with correspondingly defined stresses at

the crack tip; (Lazzarin and Tovo 1998)

Mode I (transverse tensile loading):

oy K 5cos0/2 —cos30/2
gg p = 3cos0/2 +cos360/2 (2.2)
to) V2T sin6/2 + sin30)2
o, =0 (plane stress)
(2.3)

K 0
L cos - (plane strain)

2
O = V(O-r+69) = \/m

Mode II (in-plane shear loading):

o, K —5sin6/2 4 3sin36/2
og p =—o{ —3sin6/2 — 3sin30/2 (2.4)
Tr AV2mr | cos0/2 + 3cos30/2
g, =0 (plane stress)
(2.5)

2vK 0
TR (plane strain)

o, =v(0, 4+ 09) = — \/msmz

Mode III (out-of-plane shear loading):
Km | sin/2

{;’)’Zz} :\/57??{0%9/2}




108 2 Extended Stress Intensity Factor Concepts

2.2.4 Higher Order Non-Singular Stress Terms

The Egs. (2.1-2.6) above represent asymptotic or first order approximations of the
stress field around the singularity at the crack tip. They deviate from the exact solution
with increasing distance from the crack tip. The complete solution for the stress field
is represented by an infinite series expansion based on eigenvalues and eigenfunctions
resulting in non-singular higher order stress terms (Williams 1952, 1957).

The boundary condition of load-free crack or slit flanks (f = 4n), introduced
into the general complex stress functions, results in a homogeneous equation
system. Nontrivial solutions exist for the coefficient determinant being zero,
resulting in identical eigenvalues in the three loading modes:

sin2dt=0 — A:g (n=1,2,3,...) (2.7)
The stresses are expressed by an infinite series of the corresponding eigen-
functions (nomenclature after Gross and Seelig 2001):

oy = r 26 (0) + 60 (0) + 260 (0) + 6V (O) + ... (1, j=r0) (28)

e =r2800) +12(0) + 20 0) + it (0) + ... (k=r0) (29)

Z

The stress field equation ¢j; can be split into symmetric and antimetric parts in
respect of 0, the symmetric part connected with mode I loading, the antimetric part
with mode II loading. The stress field equation 7y, is related to mode III loading.

The first order terms define the stress singularity at the crack tip (r = 0). They
contain the SIFs Kj, Ky and Kjj;. The second order terms define a uniform non-
singular stress at the crack tip, the tensile or compressive stress directed in crack
direction named ‘7-stress’ (Larsson and Carlsson 1973) and the symmetric shear
stress in crack front direction which may be named ‘S-stress’ in conformity with
the T-stress.

These parameters control the stress field close to the crack tip (the ‘near-field’),
now written in the usual nomenclature up to the second term:

a2 _ Ko @)

O jj *\/mfl,ij (0) + Tfy5(0) (2.10)
(12) Ku
1Lij *\/mfll,ij() (2'11)
K

i = —2==Finke(0) + SR (0) (2.12)

T
Lkz \/%

The stress terms of higher than second order converge to zero for r — 0, but
may be important for larger values of r. Under certain conditions, e.g. a low sheet
thickness in lap joints, the range of r, where the second order approximation is
appropriate, may be very small (e.g. » = 0.01 mm in the tensile-shear specimen
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with a plate thickness of 1 mm). Then, higher order approximations are needed.
The stress equations for mode I and II loading have been derived up to the seventh
term represented by r'? (Berto and Lazzarin 2010).

A possible misunderstanding should immediately be removed. The higher order
terms do not describe the stress field in the total structure. The series developments
in Egs. (2.8) and (2.9) are valid only within a certain distance from the slit tip,
smaller than the nearest external boundary.

The T-stress o corresponds to the loading mode OI in Fig. 2.2, the S-stress ;)
to the loading mode OIII. The uniform normal stress oy, in the direction of the crack
front produced by mode OII loading needs no special comment.

The T-stress results in the following polar stress components:

o, cos? 0

gg p =T sin? 0 (2.13)
T ) p —0.5sin20

o, =vI (plane strain) (2.14)

The corresponding expression for the S-stress is:

T | cos 0
(i) sf o) s

2.2.5 Limit Value Formulae for SIFs, T-Stress and S-Stress

The SIFs Kj, Ky and Kj;p may be determined based on Eqs. (2.10-2.12) from the
following limit value formulae which consider the predominant stresses in the
ligament (6 = 0):

K = lirré V2nrog (2.16)
Ky = lin(l) V2nrt.g (2.17)
K]H = hI% V 27T}"’L'gz (218)

Alternatively, limit values of the predominant displacements of the crack flanks
may be evaluated. Any other non-vanishing stress or displacement component for
the same or other values of 6 may be used in the limit value formulae.

The limit conditions above may be applied to analytical stress field solutions
and their series expansion or to numerical solutions based on the finite element or
boundary element method. In the latter case, the limit value evaluation is facili-
tated by plotting the stress or displacement components over the distance r from
the crack tip in log-log scales. The first order stress approximations appear as
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decreasing straight lines with the gradient corresponding to 1/7'%. The SIFs can
easily be calculated from these approximations.

T-stress and S-stress may also be determined from analytical solutions after
series expansion of the stress field. In the case of numerical modelling, the T-stress
is usually determined as the medium value of the tensile or compressive stresses
acting in the two flank sides of the crack. In general, this crack-parallel stress is
evaluated in the midsection of the (internal) crack. It has the same sign and value
on both sides of the crack, whereas the corresponding stresses from mode II
loading have opposite signs (Williams 1957).

Using another method, the 7-stress results from the difference in the stresses o,
and oy acting in the ligament close to the crack tip (Lazzarin et al. 2009):

T=0,—09p (0=0, r—0) (2.19)

whereas Mode II loading has no effect on these stresses.

The S-stress is determined as the medium of the shear stresses acting along the
crack front in the plane normal to the ligament at » — 0. It is the symmetric mode
OIII shear stress component.

The parameters T and S are defined for » — 0, but may be extended to the near
field » > 0, T(r) and S(r), with a linear dependency on r.

2.2.6 J-Integral Expressed by SIFs and T-Stress

The line integral J (Rice 1968), designed for describing the fracture behaviour in
nonlinear-elastic materials, can successfully be applied with certain restrictions to
the elastic-plastic fracture behaviour. Rice has shown that the nonlinear energy
release rate can be written as a path-independent line integral J around the crack
tip. It has also been shown that the J-integral uniquely characterises the stress and
strain field close to the crack tip (Hutchinson 1968; Rice and Rosengren 1968).
Thus the J-integral is both an energy parameter and a stress intensity parameter
(Anderson 1995).

In its simplified linear-elastic form, the J-integral may be used to determine SIFs
on the basis of remote boundary conditions chosen on the integration path. Vice
versa, the J-integral may be determined based on the available SIFs and 7-stress.

It can be shown that, under linear-elastic conditions, the J-integral is equal to
the energy release rate, provided coplanar crack propagation can be assumed.
Then, the total J is the sum of the mode-related J-values, Ji, Ji; and Jyy:

J =0+ Ju+J, K Kii | Kin
=Ji+Jn+ HI—E,+E,+2G

e (220

2(1+v)

E' =E (plane stress), E = (plane strain), G =

1 —2

where E is the modulus of elasticity and G the shear modulus.
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In the case of kinking crack propagation, additional terms occur in the
expression for J. It is assumed that the crack propagates in the direction of the
maximum energy release rate G,,x. One additional term J is related to mixed
mode I and II loading, the other J7 to the T-stress (Erdogan and Sih 1963; Williams
and Ewing 1972; Cottrell and Rice 1980; Lazzarin et al. 2009):

2K, /8
]2:.]1( +JT:—?/H<KI+T ;R) (2213)

In Eq. (2.21a), R is the radius of the selected circular path, i.e. J7 is path-
dependent. The total J-value has the following square root form (Gdoutos 1990):

Jot = \J 2+ 2 (2.21b)

2.2.7 General SIF Formulae

The SIFs are needed for assessing the brittle fracture or fatigue strength of
structural members and specimens containing cracks, slits or flaws. The mode 1
SIF K7 is most important, because crack propagation is mainly controlled by this
parameter. The crack takes a path where mode I conditions are prevailing. The
mode II SIF Kj; is important as a superimposed, mostly secondary loading effect.
The mode III SIF Ky is of relevance to engineering problems such as torsional
loaded round bars.

The SIFs depend on the geometry and position of the crack as well as on the
geometrical and loading parameters of the considered structural member or
specimen. Dominating parameters are the crack length and the load level. The
dimension of the SIFs is N/mm®? = MPa mm'?, compare Eqs. (2.16-2.18).

The SIFs Kj, Ky and Ky in combination with the 7-stress, S-stress and non-
singular crack-front-parallel stress o;; describe the linear-elastic stress field close to
the crack tip at any point of the crack front completely. Today, the generally
available numerical tools (FE and BE) allow to analyse any special crack con-
figuration and to determine the stress field parameters just mentioned. On the other
hand, formulae for SIFs are indispensable for assessing the influence of the
geometrical, loading and support conditions. Any parametrical investigation and
any integration into more general calculation methods is based on such formulae.

The analytical and numerical methods for determining the SIFs have been
systematically reviewed (Radaj and Vormwald 2007, ibid. pp. 356-363). Formulae
for SIFs are available for a large number of crack configurations in specimens and
structural members (Murakami 1987; Rooke and Cartwright 1976; Sih 1973; Tada
et al. 1999). Also, the T-stress solutions have been compiled (Sherry et al. 1995).
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A review on the SIFs of cracks and slits in welded joints with reference to
fatigue assessments is available (Radaj et al. 2006, ibid. pp. 250-259). A summary
of the contents is given below.

The primary concern of the fatigue crack propagation approach applied to
welded joints is directed towards surface cracks in areas of notch stress concen-
tration such as weld toes. These cracks are assumed to be oblong and mostly
continuous in the case of transverse welds or to be elliptical in the case of ends of
longitudinal welds. The semi-ellipse is defined as circumscribing the more com-
plex actual shape of several simultaneously initiated but coalescing cracks or of
other planar defects.

The maximum SIF occurring at the deepest point of the semi-elliptical surface
crack in a plate with superimposed notch effect is approximated by the following
engineering formulae:

J7a

Ki = (MxmYmom + M Yy0p) m

(2.22)

with the membrane and bending structural stresses oy, and oy, with the geometry
factors Y;,, and Y}, due to the free plate surfaces (dependent on a/t and a/2c, with
crack depth a, crack length 2¢ and plate thickness #), with the magnification factors
My, and M4, on membrane and bending stresses due to the notch stress concen-
tration factor K; (dependent on the geometrical notch parameters and the ratio a/t,
My = K for a/t = 0) and with @ the complete elliptical integral of the second kind
due to the curved crack front (dependent on the aspect ratio a/c). The factors My
and Y may be supplemented by a factor denoting the influence of a finite plate
width. The parameter 1/® characterises the decrease in the SIF of an internal
elliptical or external semi-elliptical crack relative to a crack with a straight crack
front penetrating the plate thickness (1/® = 0.64 for a/c = 1.0).

A large body of data characterising the dependency of M, Y,, on a/t and a/c is
available for plane models of one-sided transverse attachment joints which are
considered as representative for the local situation at tubular welded joints.
A semi-elliptical surface crack at the toe of the one-sided fillet weld is analysed for
membrane and bending stresses in the base plate. Easy-to-use formulae for the
factors My and Y of cracks at the weld toe of various other welded joints are
available.

Another application of the SIF concept is directed to the crack-like slit ends at
the root of fillet welds in cruciform joints, attachment joints, lap joints and cover
plate joints. Various degrees of weld penetration are analysed. Corresponding SIF
formulae are available in the open literature.

The stress intensity factors referenced above presume force-controlled loading
conditions, i.e. the basic structural stresses at the crack site remain unchanged
while the crack propagates with increasing SIF. As far as crack growth in struc-
tural components is considered, deformation-controlled loading conditions are
often more appropriate. The dependency of the SIF on crack depth is then fun-
damentally changed, it is decreasing. This effect is termed ‘load shedding’.
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2.2.8 SIFs at Spot-Welded Lap Joints

The singular and non-singular slit tip stresses at the edge of spot welds in lap joints
may be determined in a two-step analysis procedure (Radaj et al. 2006, ibid.
pp- 366-512). In a first step, the structural stresses around the weld spot edge are
calculated based on engineering formulae or based on a FE model consisting of
plane thin-shell elements. Bernoulli’s condition that plane cross sections of the
thin-shell elements remain plane is valid. This results in a linear distribution over
the plate thickness of superimposed membrane and bending tensile or compressive
stresses and also of membrane and bending spot-edge-parallel shear stresses. The
spot-edge-transverse shear stresses are defined as the medium of a parabolic dis-
tribution over the plate thickness. In a second step, these internal structural stresses
which vary along the edge line of the weld spot are applied to the plane cross-
sectional model of the weld spot edge containing the slit tip. Simple but accurate
formulae are available for the SIFs, the T-stress and the S-stress dependent on the
decomposed structural stresses and on the square-root on plate thickness ¢. The
assumption behind the cross-sectional model of only one half of the weld spot is,
that the weld spot diameter d is substantial larger than the plate thickness ¢, so that
a direct influence of the opposed weld spot side is excluded. It has been found that
in the SIF formulae for the slit tips in thin-sheet lap joints, the sheet thickness ¢ is
the dominating square-root parameter, substituting the crack length in the con-
ventional formulae for crack tip SIFs.

The originally proposed decomposition procedure for the structural stresses at
the weld spot edge in joints of equal plate thickness, Fig. 2.4, is based on sym-
metric and antimetric (indices ++ and +—) stresses or forces in the upper and
lower plate (indices u and 1) of the cross-sectional model, resulting in the different
singular and non-singular loading modes (Radaj 1989). This procedure attributes
primary concern to self-equilibrating force groups. The idea behind this is that
forces which are transmitted from the upper to the lower plate may produce other
slit tip stresses than when transmitted to a remote support within the weld spot.
A stress is termed ‘symmetric’, if it has the same value and sign (or direction) at
corresponding points above and below the slit tip. For ‘antimetric’ stresses, the
sign is reversed.

The procedure is presented and discussed in detail in the author’s book (Radaj
et al. 2006, ibid. pp. 447-453), so that the presentation here can be restricted to the
derived SIF formulae.

The original SIF formulae with the symmetric and antimetric stress portions in
joints of equal plate thickness ¢ read as follows:

1
K = (ﬁ o+ 2.23q> Vi (2.23)

1 1
KH = (5 O'r+n7 —+ 50’[57 =+ 055TI+> \/E (224)
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Fig. 2.4 Decomposition of the total structural stress state at the slit tip into symmetrical and
antimetrical stress portions; membrane and bending stresses (a), transverse shear stresses (b) and
longitudinal shear stresses (c); (Radaj 1989; Radaj and Zhang 19917, 1991®)

Ky = \/ETW_\/; (2.25)

The factors 2.23 and 0.55 have been determined by an accurate boundary
element analysis (Radaj 1989). Slightly different values, 2.36 and 0.60, have been
derived based on a J-integral formulation (Zhang 1999). It is obvious from Eqgs.
(2.23) and (2.24) that the edge-transverse shear stresses have a remarkable influ-
ence on the SIFs K; and Kj.

The SIFs may also be expressed in the non-decomposed stresses:

Ky = [0.144(0y — 0uo + 01 — 010) + 1.115(1 1y — 711) ]Vt (2.26)
Ki = [0.25(cy; — o11) 4 0.275(t1y + T01)]V7 (2.27)
K = 0.707 (1) — tji) vVt (2.28)

By introduction of the edge-parallel shear stresses on the inner plate side (index i)
in Eq. (2.28), equilibrated bending shear stresses can be assumed superimposed on
the membrane shear stresses. The Ky value thus determined should be conservative
(Radaj et al. 2006, ibid. pp. 449-450).

The original decomposition procedure above has two deficiencies. The non-
singular bending stresses are not separated and the SIF Kj; is derived from two
decomposed normal stresses, Eq. (2.24), whereas one such stress should be suf-
ficient. These deficiencies were soon realised and removed (Radaj and Zhang
1991(1), 1991(2)). A strictly mode-related decomposition was the result, with the
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Fig. 2.5 Self-equilibrating loading states generating a stress singularity at the slit tip; pure mode
I (a), pure mode II (b) and pure mode III (c¢); the pairs of resultant forces are assumed to act on
the slit flanks in opposite directions in the same line each; they are evenly distributed over the
specimen width; (Radaj et al. 2006)

definition that the pure modes I, IT and III are produced by self-equilibrated remote
boundary forces, Fig. 2.5. Non-singular modes 0 may be superimposed (in-plane
membrane and bending stresses, out-of-plane membrane shear stress), which
correspond to the support forces.

The characteristic stress of pure mode I loading is the counter-bending stress
Ocp, and that of pure mode II loading the tensile-bending stress oy,, compare Egs.
(2.26) and (2.27):

1
Och = Z (aui — Oy + 0} — Glo) (229)

1(Gui — 1) (2.30)

Otp =
2

Neglecting the edge-transverse shear stress 7, the SIFs according to Egs.
(2.26) and (2.27) have the following simple form:

1

K = ﬁacb\/f (2.31)
1

Kn = EUtb\ﬁ (2.32)

Other mode-related decompositions (mode I, mode II, mode 0 membrane and
mode 0 bending) of the in-plane normal stresses are also possible. A principal
statement is elucidating in this context (Seeger et al. 2005). The four independent
normal stresses at the outer and inner plate surfaces in the cross-sectional model
can always be substituted by or decomposed in four other independent stresses
characterising definite linearised stress groups. It is straightforward to select the
following mode-related stresses as such: the mode II related antimetric membrane
stress o!1, the mode I related symmetric bending stress o} and the mode O related
membrane and bending stresses, a?n and ag. Preference is given to these decom-
posed stress groups, because any stress state in the cross-sectional model can thus
uniquely be described by simple expressions, especially too when considering
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unequal plate thickness. Self-equilibrating stress groups are not a necessary
condition, because the non-equilibrated stress portions are compensated by mode 0
stress distributions. Above, the pure modes I, II and III are defined by membrane
and bending stresses which are not self-equilibrated in general. Mode O stresses
and support forces are not identical as a consequence.

Another argument supports the decomposition of the shear stresses 7,71,
Tlus 7|1 into symmetric and antimetric stress groups without consideration of the
equilibrium conditions. The resulting decomposed stresses are identical with those
from a force-equilibrated decomposition also in the case of unequal plate thickness.
Once more, self-equilibration is not a necessary condition.

The revised decomposition into the mode-related stresses just mentioned for
joints of equal plate thickness is presented in Fig. 2.6. The SIFs are derived
therefrom by the following expressions:

1
K = —ol+2.23rl>\ﬂ 2.33
= (ot 2, 23)

1
Ky = <5 ol + 0.55111) Vit (2.34)

Klll = \/i‘f‘lln\/i (235)

It should be noted that 0'{) = o and ag = o, wWhich are the characteristic self-
equilibrated stresses. This is an indication that self-equilibrated loading is the
primary condition of the pure loading modes.

The expression for the non-singular slit tip stresses are:

T =0 +a, ==(0u+an) (2.36)

| =

1

S=1==
U=3

(Tju + 7p0) (2.37)
The following remark may be added. The non-singular bending stress o)
characterises a third order term in the series expansion of the stress field, whereas
T-stress and S-stress are second order terms.

The original decomposition procedure for the structural stresses at the weld spot
edge in joints of unequal plate thickness (Radaj and Zhang 1991V, 1991?) is
related to the self-equilibrated pure modes I, II and III. The mode O bending
stresses were not separated in the first version. The correspondingly amended
procedure is visualised for the in-plane normal-stresses in Fig. 2.7.

At first, some notes are necessary on the status of the relevant publications,
which present two slightly different versions of the method. The original version
(Radaj and Zhang 1991") does not separate the mode O bending stress. This
version has been taken over into the author’s book (Radaj et al. 2006), because the
coefficients for the Kj and Kj; expressions are available only for this deficient
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Fig. 2.7 Decomposition of the in-plane structural normal stress state at the slit tip of a lap joint
cross-sectional model with unequal plate thickness into antimetrical (tension-bending) force and
symmetrical moment (counterbending) portions after separation of the non-singular membrane
and bending stress portion; (Radaj and Zhang 1991%)

method (without effect on the numerical SIF results). An inconsistency in the
expressions for the decomposed edge-parallel shear stresses in the book, ibid. Egs.
(10.29) and (10.30), has to be mentioned. These stresses are not self-equilibrating
for thickness ratios 6 # 1.0. They should have the same form as the preceding
transverse shear expressions. The coefficients Kjjj, are related to the self-equili-
brating stresses (Radaj and Zhang 1991").

The revised decomposition into mode-related membrane and bending stresses
for joints of unequal plate thickness without the condition of self-equilibration is
presented in Fig. 2.8. The SIFs are derived therefrom by the following
expressions:

Ki = (kypoy™ 4+ kimom + kT A TV (2.38)
K = (kipop™ + knmon™ + &y 7T Vi (2.39)
K = ko) Vu (2.40)

The situation above is more complicated with unequal compared with equal
plate thickness. The decomposition procedure is the same in principle, but not all
decomposed stresses can be connected with a single loading mode. Some are
related to two modes, but one of the two modes is dominant in general.

The stresses with a two-mode effect have an additional index related to the
second mode: o}, — o™, 0!l — g+ Il — 711 The number of stress terms in
the expressions for Ky and Kjj is correspondingly enlarged. The coefficients of the
stress terms have an index for the mode type (I, II, III), to which they contribute,
and an index for the stress type (b, m, L, ||), to which they are connected. These
coefficients depend on the ratio of the plate thicknesses, 6 = #,/; (indices for upper
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Table 2.1 Coefficients of mode-related structural stresses for the SIFs Kj, Ky and Ky in joints of
unequal plate thicknesses #, (upper plate) and # (lower plate); (Radaj and Zhang 1999; Seeger
et al. 2005)

Mode 1 Mode 11 Mode 111
0 = tu/t kip kim ki1 kll ki kipm k1 k)
1.0 0.578 0 2.236 0 0 0.500 0.550 1.414
0.556 0.652 —0.218 2.025 0.876 —0.068 0.593 0.429 1.247
0.333 0.695 —0.409 1911 1.245 —0.130 0.700 0.325 1.155
0.120 0.734 —0.671 1.794 1.656 —0.226 0.905 0.099 1.058

and lower plate). The upper plate thickness ¢, is the square root parameter in the
SIFs.

The coefficients of the accordingly decomposed stresses in the SIF formulae are
listed in Table 2.1 for several values of . In the line with 6 = 1.0, the coefficients
from Eqs. (2.23) and (2.24) appear. The coefficients krp, ki, kb, kirm for the
other values of d have been determined by application of the FE programme
FRANC2D/L. The values of k|, ki 1> k1, ki are derived from the formulae

in the original publication (Radaj and Zhang 1991, 1991®). The coefficient k|
is found for a membrane shear stress distribution. Bending shear stresses are not
taken into account.

The coefficients of the originally decomposed stresses in the SIF formulae

(inclusive of K. = (KI2 + KIZI)I/ 2) are available dependent on the plate thickness
ratio ¢ as closed form expressions and also in graphical form (Radaj and Zhang
1991). They are determined based on a combination of J-integral and boundary
element method. The application to the spot-welded tensile-shear and cross tension
specimens is also demonstrated.

Spot-welded lap joints have also been investigated with dissimilar plate
materials (Radaj and Zhang 1992, 1994). Different elastic constants are assigned to
the upper and lower plate. An oscillatory stress singularity occurs at the bimaterial
slit tip. It is described by special unconventional SIFs which may be substituted by
the conventional SIFs in an approximative sense for engineering applications.

Only the original mode-related version of the method, which is based on self-
equilibrated stress groups, is reviewed below. A revised version based on possibly
simpler, non-equilibrated stress groups has been proposed, but not elaborated
(Seeger et al. 2005). Any version has to come up with two complications. First, the
mode 0 membrane and bending loading states have to be based on a linear dis-
tribution of the membrane and bending strains (not of the stresses), because only
these produce no stress singularity at the slit tip. The corresponding membrane and
bending stresses show a step and kink in gradient in the slit and interface plane.
Second, the conventional SIFs K7 and Kj; (not Kyjp) describe the stresses at the slit
tip only approximately. Especially, the step in the interface-parallel normal stress
values is not reproduced, but the deviations from the exact values are not too large
(Radaj and Zhang 1994).
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Fig. 2.9 Decomposition of the in-plane structural normal stress state at the slit tip of a bimaterial
lap joint cross-sectional model (a), into a stress portion without singularity effect (b), and into
tension-bending and counterbending portions with singularity effect (¢, d); (Radaj and Zhang
1992)

The self-equilibrated decomposition of the membrane and bending stresses
taking bimaterial conditions into account is based on Fig. 2.9. The condition of
plane cross-sections is expressed by the linear distribution of the strains between ¢,
and ¢. The original plate stresses to be decomposed are 7, Gy, 01i, 1o. The mode
0 loading state is characterised by o}, o5, o}, o},. The step in the stress values
and in their gradient is clearly visible. Finally, the tension and counter-bending
loading states are shown which are related to the stress singularity.

The SIFs Kj, Kj; and Kjyp are given by the following expressions, all coefficients
and stresses referring to the upper plate:

K1 = (kiwow + kicboch + kffffr + kfjfi_)\/a (2.41)
Kt = (knwow + kinevoer + ki T 11" + ki ti )V (2.42)
K = km,urﬁ‘x/ﬂ (2.43)

The coefficients k, (u = Ltb, I,cb etc.) depend on the modulus of elasticity ratio
of the two materials and on the plate thickness ratio 6 = ¢#,/f;. They are available as
closed form expressions for 6 = 1.0 (Radaj and Zhang 1992), gained by a com-
bination of the boundary element and the J-integral method. The plane strain
condition is appropriate when considering spot-welded joints. The linear-elastic
behaviour of isotropic materials is described by two independent elastic constants,
mostly the modulus of elasticity E and Poisson’s ratio v, but sometimes also the
shear modulus G. The coefficients k, are then stated dependent on the shear
modulus ratio § = G,/G) supplemented by Poisson’s ratios v, and v;.
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The initial step in the normal stress decomposition procedure is the separation
of the mode 0 non-singular membrane and bending stresses based on the condition
of a linear strain distribution (plane cross-sections remaining plane). Rather
complicated expressions are gained for the appertaining stresses a;,,, o, 0}, 0f,

(see Fig. 2.9). The characteristic stresses for mode I and mode II loading, counter-
bending (index cb) and tensile-bending (index tb), are then expressed as follows:

Ocbu = O — Oui +2(05y — Ouo) (2.44)
Oy = 2(04i — 05 + Gyo — Gly) (2.45)

These two equations are easily derived by considering the stresses in the upper
plate after deduction of the mode O stresses:

Oui — O—zi = Otbu + Ocb,u (246)
. 1
Ouo = Oyo = _ggtbﬁu — Ocbu (247)

They are valid for any plate thickness ratio and any material combination.

In the referenced publication (Radaj and Zhang 1992), ibid. Eq. (37), oy, is
erroneously introduced with the factor 1/2 instead of 2 in Eq. (2.45) above, but the
expressions for ky 4, and kyy ¢, are simultaneously changed, so that K7 and Ky remain
unchanged. Actually, k14, = O for any modulus of elasticity ratio combined with
0 = 1.0 (see Fig. 6 in the referenced publication).

The decomposition of the edge-transverse and edge-parallel shear stresses
based on self-equilibrated forces can be substituted, as already stated, by a
decomposition into symmetric and antimetric stress groups without causing a
change in the results:

1
it = 3 (tiu+7t0) (2.48)
L
=5 (t1u —7T11) (2.49)
L
‘CH = E (THu - TH]) (2.50)

The expression for rﬂ" is derived without considering the effect of superim-
posed bending shear stresses.

2.2.9 Equivalent SIFs under Mixed Mode Loading Conditions

Mixed mode loading conditions at crack or slit tips pose the question of how the
SIFs of the different modes should be superimposed to give an equivalent SIF (also
termed ‘resultant SIF’), equivalent in respect of fatigue failure by crack initiation
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Fig. 2.10 Critical stress intensities (normalised by K .) characterising crack propagation under
mixed mode I and II loading conditions; various failure criteria; curve designations specified in
the text; (Radaj and Zhang 19951)

and propagation. This includes the question of what critical value of Kj; or Kjy is
equivalent to the critical value of Kj. The answer to these questions is complicated
by the fact that the crack under mixed-mode loading conditions usually propagates
in a non-coplanar manner, i.e. the crack changes its direction of propagation
(‘kinked crack’). The crack propagation angle (‘kink angle’) must be found first.
Additional assumptions are necessary to do this. Several hypotheses and related
criteria have been proposed to describe crack initiation and propagation under
mixed-mode conditions. They are not generally verified by testing. It is therefore
necessary to check the applicability of the criterion selected in each individual
case.

The critical conditions for crack initiation and propagation under mixed mode I
and II conditions, specified according to different failure criteria, are plotted in
Fig. 2.10. The tensile K; part of the diagram is mainly taken from the literature
(Sih 1975). The compressive part is supplemented as far as the criteria are defined
in this region. The critical SIF ratios Ki/K; . and Kyi/Kj . refer to the critical SIF Kj .
in mode 1 loading: K;. = K|, (fracture toughness) for brittle fractures, K;. = K
(threshold SIF) or K;. = Gg(np*/ 2)'/ % (endurance limit stress o averaged over

microstructural support length p*) for fatigue fractures. The following failure
criteria are evaluated:
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e The maximum tangential stress o, ,ax at the edge of a ‘core region’ around the
crack tip (radius r*) is decisive for crack propagation (Erdogan and Sih 1963).

e The minimum strain energy density at the edge of the core region expressed by
the minimum strain energy density factor Sy;, is decisive for crack propagation
(Sih 1973, 1974, 1975).

e The maximum dilatational strain energy density at the edge of the core region
expressed by the corresponding factor S7, is decisive for crack propagation
(Radaj and Heib 1978).

e The resultant energy release rate Gy, is decisive for coplanar crack propagation
(Irwin 1957).

e The maximum energy release rate G, is decisive for non-coplanar crack
propagation (Hussain et al. 1974).

e The process zone criteria: brittle initiation of fracture occurs at a critical value of
the first principal stress gy, at distance r* in the direction of maximum (tensile)
dilatational strain energy density; ‘ductile’ initiation of fracture occurs at a
critical value of the principal shear stress 7,4 (or first principal stress g4) at
distance r* in the direction of maximum (tensile) distortional strain energy
density (Radaj and Zhang 1995)

There are major differences in curve shape and curve position both in the tensile
and the compressive range of K; which are caused by the different formal and
physical contents of the criteria. The process zone criteria differ from one another
to a minor extent only. They are conservative compared with the conventional
criteria. The curve for the well-known and usually preferred Erdogan—Sih criterion
of maximum tangential stress, for example, runs considerably higher, especially in
the compressive K range. The reason for this is the fact that the criterion takes
only the tangential stresses around the crack tip into account and neglects the
radial stresses which are rather high under mode II conditions.

The consideration above, as far as fatigue-relevant, refers to constant-amplitude
loading of an ideal crack or slit tip with negligible mean stress effects. In reality
further important influencing parameters have to be considered such as mean stress
intensity, residual stress intensity, non-singular stresses, non-proportional loading,
crack or slit tip microstructural conditions and crack closure effects among others.
Whether or not a definite criterion is applicable in the special case under con-
sideration should finally be decided on the basis of mixed mode fatigue testing
results. Such data are not readily available from the literature.

The preferred criterion in the case of spot-welded or seam-welded joints is the
maximum tangential stress criterion. It states that the crack or slit tip subjected to
mixed mode I and II loading will propagate in the direction in which the tangential
tensile stress at a small distance from the crack tip reaches its maximum. This
results in the crack propagation angle 0 as a function of the SIF ratio Ky/Kj,
Fig. 2.11. The equivalent SIF K., then follows from the condition of identical
values of 0 nax in mixed mode and pure mode I loading:
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Fig. 2.11 Crack propagation angle 0 against ligament direction dependent on stress intensity
factor ratio; maximum tangential stress criterion (0, y.x) compared with strain energy density
criterion (Spin); (Yuuki et al. 1985%, 1985®; Yuuki and Ohira 1986, 1989)

Nl

0 3 _
Keq = (KI coszi - EKH sin 9) cos (2.51)

0 1/K\ 1 [/K)\*
=2 ) 4= i 2.52
tan2 2 <Ku> ) <K11> +8 (2.52)

where the positive root corresponds to a negative Kj, the negative root to a
positive Kjp (with positive Kj). Pure mode I loading results in 0 = 0° and K.q = K,
whereas pure mode II loading is associated with 0 =70.5° and K.q = 1.15Ky;.

The strain energy density criterion (Sih 1973, 1974, 1975) which comprises not
only K7 and Kjy but also Kpyy, is open to more varied physical interpretations and
adaptable to more complex test data. The criterion states that the crack propagates
in the direction of the minimum total strain energy density at the edge of the core
region (approximately equal to the direction of maximum dilatational strain energy
density), and that a critical value of the strain energy densities mentioned must be
reached. The equivalent stress intensity factor K., follows from:

Keq = \/AnKIz + ApKiKn + ApKE + AKE, (2.53)

The coefficients Aj; to A3 are mainly dependent on the crack propagation angle
(besides Poisson’s ratio) which in turn is defined by the stress intensity factor ratios
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Ki/K7 and Kppi/K7, respectively. The coefficients are often introduced as constant in
order to simplify the procedure. The following simplified version of Eq. (2.53)
follows from the application of the strain energy density criterion to the single-
mode loading states of a centre crack in the infinite plate. With Poisson’s ratio
v = (.28, the ratios of critical SIFs are Ky /K;. = 0.985 and Ky /K;. = 0.663,
thus yielding the following formula, (Sih 1973), ibid. Eqgs. (16) and (18):

Keg = \/KIZ + 1.03K2 + 2.27K3, (2.54)

A similar equation is obtained proceeding from the resultant energy release rate
criterion (Irwin 1957) which assumes coplanar crack propagation and ignores the
influence of the crack propagation angle:

Keq = \/Kf + K2 4 1.39K3, (2.55)

Here, v = 0.28 is introduced, resulting in 1/(1 — v) = 1.39. The same
expression is derived based on the J-integral. This relationship has occasionally
been applied to spot-welded lap joints (Linder et al. 1998).

The process zone criteria (Radaj and Zhang 1995V) also yield the general form
of Eq. (2.53) partly extended by the addition of linear K; and Kj; terms. The
corresponding curves in Fig. 2.10 (6,4 and 1,4 for ‘ductile’ behaviour, oy, for
brittle behaviour) result from evaluating the crack propagation angle in the dif-
ferent mixed-mode (inclusive of single-mode) loading states. The following more
conservative form, Eq. (2.56), is proposed on the basis of the lower plotted curves
in Fig. 2.10 substituting the older, less conservative form, Eq. (2.57), chosen in
several comparative evaluations related to spot-welded joints (Radaj et al. 1990,
2006; Radaj and Giering 1994, 1995; Radaj and Zhang 1995®):

Keq = \/ K} +3K3 + K3y (2.56)
Keq = \/K} + Ki + K} (2.57)

Kurath has found that K7 combined with the factor 3 is valid in the case of spot
welds of low-carbon steels and combined with the factor 2 in the case of spot
welds of high-strength steels (Kurath 1992). The factor 4.3 has been derived from
fatigue test results gained from single-spot specimens with various ratios Ki/Kj
(Lee and Kim 2004).

Similar formulae have been derived based on the assumption of coplanar crack
propagation described by a critical averaged stress over the microstructural length
p* (Neuber’s hypothesis). Different failure criteria (Rankine’s normal stress, von
Mises’ distortional strain energy, Beltrami’s total strain energy) are combined with
plane stress or plane strain multiaxiality conditions, see Sect. 1.5.2.

A diagram derived for kinked crack propagation under mixed-mode loading
conditions of the crack in non-welded steels (Pook 1989) is presented in Fig. 2.12.
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The reference quantity AKj is the cyclic threshold stress intensity factor for kinked
or branched macro-crack propagation which may be about twice the threshold
value for coplanar crack propagation in mode I.

The equivalent stress intensity factors according to Egs. (2.51-2.57), when
applied to cyclic loading, do not include the further influencing parameters gov-
erning fatigue, e.g. prestress or crack closure. Another shortcoming is the absence
of the non-singular stress terms whose influence on fatigue crack initiation and
propagation may be important (Haefele and Lee 1995).

2.2.10 Endurable Stress Intensity Factors

Endurable SIFs were originally defined in respect of static loading considering
brittle fracture as limit condition. The fracture toughness Kj. obtained in mode 1
fracture tests is the relevant material parameter. To ensure a sufficiently brittle
specimen behaviour is an essential requirement on the testing procedure. Size and
thickness of the specimen must be kept sufficiently large in order to maintain a
predominantly elastic behaviour with three-dimensional tensile stresses ahead of
the crack tip and with plastic deformations at the crack tip more or less avoided.

Endurable SIFs defined in respect of fatigue loading are the threshold SIFs
AKy,, which are considered as material parameters. The parameter AKy, denotes
the minimum cyclic stress range at which propagation of a (sufficiently long) crack
is observed. In general, mode I testing in the high-cycle fatigue range is performed
for this purpose. A typical lower bound value for structural steels is
AKy, = 180 MPa mm'"? (valid for R = 0).
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The existence of a threshold value is explained by crack closure phenomena
occurring in cyclic loading (Elber 1970, 1971). Under plane stress conditions,
crack closure originating from plastic deformation at the crack tip is the pre-
dominant effect. Under plane strain conditions, other phenomena are prevailing:
surface roughness, fracture particles and oxide formation.

A rough estimate of AKy, can also be gained on the basis of Neuber’s micro-
structural support hypothesis, using the available data for structural steels (endurance
limit for averaged stresses in polished surface, AGp = 270 MPa, microstructural
length, p* = 0.1 mm) the result is AKy, = Agg(np*/2)"/? = 107 MPamm'/2.

The use of endurable SIFs AK for the fatigue assessment of spot-welded joints
is well established. Several investigations have been performed with tensile-shear
loaded and peel-tension loaded specimens made of low-alloy steels, high-strength
steels among them. The test results are plotted in the form of K—N curves (endured
cycles N for different SIFs AK, interpreted as endurable SIFs AK over cycles N).
These investigations and their results have been reviewed and compared (Radaj
et al. 2006, ibid. pp. 471-476). The scatter of the K—N curve of a definite specimen
type under investigation is generally small, but the deviations between the results
of different authors are large and often unexplained.

Most influential on these deviations is a deficient determination of the SIFs in
the spot-weld specimen under consideration. Factors 0.2-3.0 occur in the literature
compared with the correct values. Thus, the corresponding K—N curves are by the
same factors too low or too high. In the following, only one typical K-N curve for
spot-welded joints (Yuuki et al. 1985", 1985®; Yuuki and Ohira 1986, 1989) is
further discussed. The SIF AK, is plotted over number of cycles N in logarithmic
scales, Fig. 2.13, representing the K—N curve in the following form:

N = A (AK) " (2.58)

with the inverse slope exponent k and the coefficient Ay assumed to be material
parameters. Similar investigations with comparable results can be found in the
literature (Mizui et al. 1988; Linder et al. 1998).

The SIF AK.q is determined according to the maximum tangential stress
criterion. The inverse slope exponent results as k = 4.5. The calculated SIFs are
by a factor of 0.7-0.8 too low. Taking this factor into account, the endurable SIFs
for N > 5 x 10° cycles roughly agree with the generally accepted lower bound
value for non-welded structural steels, AKy;, = 180 MPa mm'”2.

The width of the scatter band of the K—N curve is well in agreement with other
local parameter curves which are used for fatigue assessment. Attributing the
failure probabilities Py = 2.3 and 97.7 % to the limiting curves in the figure, the
following scatter range indices are derived:

Ty = Na3/Noz7 =0.1, T,=(Ty)"/* =06 (2.59)
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Fig. 2.13 Endurable stress intensity factor range at the weld spot of various specimens under
different loading conditions according to maximum tangential stress criterion; inverse slope
exponent k = 4.5; (Yuuki et al. 1985, 1985?; Yuuki and Ohira 1986, 1989)

Several deficiencies besides too low SIFs in the investigation leading to
Fig. 2.13 have to be noted: no thickness adaption of AK.q, the non-singular or
T-stress neglected, the total life evaluated instead of the crack initiation life.

2.2.11 Conclusions

The definition and use of SIFs for describing the stress field at crack tips or pointed
slit tips and their application to fatigue and brittle fracture phenomena is a well
established procedure for more than 50 years. Both the theoretical concepts and
the application-relevant details are generally known. In this section, the SIF
concept has been reviewed, giving the basic stress field equations for areas close to
the crack tip or slit tip, separated in singular and non-singular parts, the singular
part subdivided into the three loading modes, the non-singular part consisting of
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T-stress, S-stress and a crack-front-parallel normal stress. Coupled singular effects
may additionally occur where the crack front butts on a free surface.

The presented stress field equations and their governing parameters (SIFs K,
Ky and Ky, T-stress, S-stress) are made available for seam-welded and spot-
welded lap joints based on a structural stress analysis which avoids modelling of
the singular stresses. Lap joints with equal and unequal plate thickness, respec-
tively, are considered.

Mixed mode loading conditions are taken into account by equivalent SIF for-
mulae representing various fracture criteria. Endurable SIFs for spot-welded joints
are given in the form of a K-N curve with defined scatter range. These data are
unreliable because the underlying SIF analysis results may be rather inaccurate.
There is an urgent demand for a better substantiated and more accurate design
K—N curve. Only relative fatigue assessments are possible based on accurate SIF
analyses without a reliable K-N curve.

2.3 Notch Stress Intensity Factor Concept
2.3.1 Survey of Section Contents

The stress intensity factor (SIF) concept referring to crack tips or slit tips is
extended to V-notch tips or re-entrant corner tips in the form of the notch stress
intensity factor (NSIF) concept. The stress singularities associated with such
pointed notches are less marked and expressed by a smaller negative exponent of
the radial distance from the notch tip. The stress field equations for the area close
to the notch tip are given for the three singular loading modes 1, 2 and 3 and for
the non-singular mode characterised by the S-stress. A transverse singular effect
coupled with mode 2 loading at free surfaces is identified and described.

The NSIF concept is applied to the re-entrant corner notches at the toe of fillet
welds and butt welds. The size effect is naturally included. A link between
structural stress and NSIF is established. Equivalent NSIF formulae are presented,
referring to failure under mixed mode loading conditions. Endurable NSIFs
dependent on number of load cycles N are given for non-load-carrying fillet welds
of attachment joints. In parallel, the J-integral concept for pointed V-notches is
presented and applied.

The expositions are primarily based on the pioneering analytical developments
and their practical applications (mainly to welded joints) carried out by Atzori,
Lazzarin, Tovo, Livieri, Meneghetti and others. A list of symbols and a list of
references is available at the end of Chap. 2
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Fig. 2.14 Cartesian (a) and polar (b) coordinate systems with correspondingly defined stresses at
the pointed V-notch tip; (Lazzarin and Tovo 1998)

2.3.2 Stress Field near Pointed V-Notches

The well-known concept of stress intensity factors describing the stress singularity
at crack tips or slit tips under elastic material conditions can be transferred to
pointed re-entrant corner notches (e.g. V-notches, stepped bars, weld toe notches).
Whereas the asymptotic stress drop from the singularity at the crack tip is
described by the inverse square root of the radial distance r from the crack tip (the
exponent is minus 0.5), a smaller, notch angle dependent exponent occurs in the
case of corner notches, which means that the degree of the singularity is reduced
(Williams 1952). The stress field close to corner notches (just as the stress field
close to crack tips) can be described by stress intensity factors (Gross and Men-
delson 1972). These are named ‘notch stress intensity factors’ (NSIFs) as distin-
guished from the conventional stress intensity factors (SIFs) of crack tips.

The singular in-plane and out-of-plane stress fields at pointed corner notches
can be specified by three notch loading modes (in analogy to the crack opening
modes) related to the bisector plane of the notch: symmetric in-plane stresses
(mode 1), antimetric in-plane stresses (mode 2) and out-of-plane shear stresses
(mode 3). The corresponding notch loading modes are in-plane tensile loading, in-
plane shear loading and out-of-plane shear loading.

The three basic loading modes with singular stresses at the notch tip produce
the following asymptotic stress distribution (stress tensor oj;) around the notch tip,
restricted to the first order terms (Williams 1952; Hasebe et al. 1990; Lazzarin and
Tovo 1996, 1998; Quian and Hasebe 1997), Fig. 2.14:

1 - - Jam
i :\/_2; (K17 (0) + Kar™ 7' 5(0) + K3r® 'x:(0)]

(i,j=x,yandk =x,yori,j=r,0 and k = r,0)

(2.60)
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The NSIFs K, K>, K3 depend on the magnitude of the load, the notch depth a,
the notch opening angle 2o and further geometric parameters of the considered
configuration. The angular functions f; 3, f2 ij, f3 k. describe the angular distribution
of the stress close to the notch tip. The relationship above is strictly valid for r — 0
and approximately valid for values of » which are small in relation to the notch
depth and other geometrical parameters of the configuration.

Just as with the crack problem (2o = 0), the complete solution comprises non-
singular higher order terms, but only a finite number for rather small values of 2«
and no such terms for about 2o > 45° (Atzori et al. 1997, ibid. Fig. 3).

The original solution for the in-plane stress field is based on the Airy stress
function in polar coordinates in the following form, which comprises a symmet-
rical and an antimetrical component (Williams 1952; Sanford 2003):

F(r, 0) = r**1£(0) (2.61)

where the values of 4 have to be determined as part of the solution. The angular
functions have to comply with the boundary conditions on the load-free faces of
the V-notch (actually Williams started with the wedge, extending the solution to
V-notches by considering inscribed wedge angles larger than 7).

The stress can now be expressed in terms of r, 4 and f(0). Application of the
boundary conditions produces a system of four simultaneous equations for four
unknown constants. This system can be separated into two independent sets of
equations related to the symmetrical and antimetrical stress fields. A non-trivial
solution can be obtained only if the determinants of the coefficient matrices are
equal to zero each. From this requirement, the condition follows:

sin2o = £+ sin2a (2.62)

Since 2 is a fixed parameter for a specific wedge or notch, Eq. (2.62) provides
the values of 4, called ‘eigenvalues’, necessary to ensure a nontrivial solution.
Williams’ solution has been widely used under the name ‘eigenfunction expansion
method’” (Hasebe et al. 1990).

Another function-analytical approach for solving the problem of the in-plane
loaded blunt V-notch comprising the pointed V-notch has been applied by Lazz-
arin et al. while the principal mathematical steps remained the same as in the Airy
stress function method (Lazzarin and Tovo 1996, 1998; Lazzarin et al. 1998;
Atzori et al. 1997). According to the Kolosov—Muskhelishvili complex stress
function method, the stress fields at symmetrical V-notches subjected to mode 1
and mode 2 loading can be derived from two analytical functions defined in the
following form:

0(z) = az’, Y(z) = b* + " (2.63)

where the coefficients a, b, ¢ are complex and the exponents A, u real (4 > p).
Williams’ results would be gained with the term ¢z being neglected.
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In order to impose the boundary conditions, an auxiliary system of curvilinear
coordinates w = u + iv is introduced (Neuber 1958), which is related to the
Cartesian coordinates z = x + iy by the conformal mapping function

2= wf (2.64)

The condition # = 0 describes the pointed V-notch with notch opening angle 2
in the z-plane:

2n — 2u
s

20=2n—qmn, q=

(2.65)

where g = 2.0—1.0 for 2a = 0—2x.
The eigenvalues in the considered method and application result from the
following condition, separated into the mode 1 and mode 2 parts:

sin Ajgm + Ay singn = 0 (2.66)
sin Jpqm — Jp singn = 0 (2.67)

The stress field analysis for the V-notch subjected to out-of-plane shear loading
(mode 3) is easier to perform, because the governing equation in terms of the out-
of-plane displacements is a potential function substituting the bipotential function
in the case of the in-plane stresses. Performing similar mathematical steps as
before, the following eigenvalue equation is found (Quian and Hasebe 1997):

sinA3(2m —20) =0 (2.68)
The first non-zero eigenvalue is simply:

o
C 2n—2u

Actually, Quian and Hasebe have solved the more complex case of an
unsymmetrical V-notch with a bimaterial interface ahead of the notch root, but
with restriction to pointed notches.

The (first) eigenvalues 4, 4,, 43 defining the degree of the stress singularity at
the notch tip depend solely on the notch opening angle 2o (Williams 1952; Car-
penter 1984), Fig. 2.15. The eigenvalue 0.5 is related to crack tips, 2o = 0, and the
eigenvalue 1.0 (no singularity) to straight edges, 200 = 7 (but only for mode 1 and
mode 3). The eigenvalues for mode 1 loading are slightly smaller than those for
mode 3 loading. They are substantially smaller in relation to mode 2 loading, thus
designating severer singularities. The stress singularity in mode 2 loading is
weaker and vanishes completely for 2o > 102.6°.

The in-plane stresses at the pointed V-notch (p = 0) are derived in the fol-
lowing form after introduction of the NSIFs K; and K, proposed by Gross and
Mendelson (Lazzarin et al. 1998):

I3 (2.69)
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The antimetrical singular and symmetrical non-singular out-of-plane shear
stresses have the following form (Zappalorto and Lazzarin 2011®) corresponding
to Eq. (2.126):
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Tz o 1 J3—1 sin /136
{od = 272)

{ fTez } . S{ fgisnegff/(?n_;“i) } (2.73)

with Kéa) and A, substituted by K3 and A3, with K§S>r1‘*’1 / (27r)1/ ? substituted by the
S-stress already introduced at crack tips (2o = 0), Eq. (2.15), and with /g substi-
tuted by n/(n — o). The substitutions are introduced in order to make the equations
above compatible with the hitherto used parameters.

The substitution related to the S-stress in only formally consistent with
the existing analytical frame, because S — 0 for r — 0 according to

S = K_gs)r)'*’1 / (271)1/ 2. Considering the S-stress to be a physical reality not only
for 2o = 0, but also for 2o > 0 (similar to the situation with the T7-stress),
Eq. (2.73) is only a temporary expedient.

The characteristic stress components in the bisector plane (6 = 0) have the
following simple form:

1

O'()(r, O) = EK]}’;LI?I (274)
1
Tr9(r7 0) = \/EKZV}Q?I (275)
1
79.(r, 0) = —=K3r™~! (2.76)
V2

The NSIFs K, K,, K3 may be evaluated on the basis of the characteristic stress
components above considering the limit values for r — 0 (Gross and Mendelson
1972):

K= liné 2nr' "M ay(r, 0) (2.77)
K, = lirn0 \/277:r1’;'21,g(r, 0) (2.78)
K = lim 2nr' 1, (r, 0) (2.79)

The dimensions of K, K», K3 are N/mm'™" N/mm'*”, N/mm'*%. The
numerical values of K;, K, K5 can be set into comparison, e.g. as failure criteria,
provided their dimension is identical, i.e. only under the condition of an identical
notch angle besides an identical loading mode (for example, the stress intensity
factors of crack tips are used in this way). In mode 1 loading, the stress intensity
factors of crack tips are directly comparable with those of sharp notches, provided
the notch opening angle is not too large (2o < 60°, see Fig. 2.15), because the
dimension does not change substantially. Mixed mode failure criteria must
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Fig. 2.16 Enlarged
deformation of a mode II
loaded plate specimen with a
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singular loading effect closely
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2010)
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therefore be based on self-normalised NSIFs (Sect. 2.3.6). Failure criteria based on
averaged notch stresses (Chap. 1) or on averaged strain energy density (Chap. 3)
are appropriate in other cases.

2.3.3 Transverse Singular Effect at In-Plane Shear-Loaded
V-Notches

The elementary singularities in the loading modes 1, 2 and 3 may be locally
coupled in three-dimensional configurations. One typical example is the crack
front in a plate of finite thickness subjected to in-plane shear loading (mode 2),
Fig. 2.16.

The exaggerated deformation plot of the crack tip region subjected to mode 2
loading shown in the figure illustrates the transverse expansion of the compressive
loaded plate side and the transverse contraction of the tensile loaded plate side. At
the crack front, the two opposed deformations lock each other. This produces out-
of-plane shear stresses of opposite direction above and below the midplane. They
vanish in the midplane and on the two plate surfaces and have a maximum closely
underneath the surfaces. They constitute an out-of-plane (‘transverse’) shear stress
singularity which resembles a mode 3 singularity, but remains symmetrical rela-
tive to the midplane. Its intensity is significantly affected by the Poisson’s ratio v.
The singularity effect is largest for v = 0.5 and zero for v = 0. Simultaneously, the
mode 2 intensity varies through the plate thickness, assuming Williams’ original
value only at a distance from the crack front of about half the plate thickness.
Similar effects can be expected for non-zero notch opening angles.

The literature on coupled three-dimensional singular effects is shortly reviewed.
Benthem studied these effects associated with the intersection of a wedge front of
finite length with the free surface of the half space (Benthem 1977). Nakamura and
Parks investigated the in-plane shear-loaded crack front intersecting a free surface
as described above (Nakamura and Parks 1989). Kotousov analysed the tensile
loaded V-notch in three dimensions (Kotousov and Wang 2002; Kotousov 2005;
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Kotousov and Lew 2006). The following presentation refers to in-plane shear-
loaded V-notches (Harding et al. 2010; Berto et al. 2011).

For describing the transverse singular effect at in-plane shear-loaded V-notches
(with inclusion of cracks), the Kane and Mindlin assumptions for a flat plate of
thickness 2h are adopted in the following form (Kane and Mindlin 1956):

<
ux:ux(x,y), “y :“y(x7Y)7 MZ:EW('XLV) (280)

The following two governing equations of a corresponding first order plate
theory may be derived (Yang and Freund 1985):

Viw — i*Vw =0 (2.81)
Ve — i?Vid =0 (2.82)
6
2 _
= (2.83)

where @ is the stress resultant function and « a stiffness parameter.

A further harmonic displacement function  is introduced for describing the in-
plane and out-of-plane displacements. Assuming a general asymptotic behaviour
of w, @ and y at the notch tip and adopting the eigenfunction expansion method,
the following eigenvalue equation is derived (Kotousov 2007; Harding et al.
2010):

[sin24,(m — o) — Ay sin2(w — a)] cos do(m — o) = 0 (2.84)

The expression in brackets set to zero corresponds to Williams’ in-plane shear
stress solution, Eq. (2.62). The term cos Ao(m — o) set to zero describes an out-of-
plane shear loading mode, Eq. (2.68). It has been shown that 0 < 4, < 1.0 (sin-
gularity) occurs for 0 < 2o < 102.6° whereas 4, > 1.0 (no singularity) results for
102.6° < 20 < 180°. On the other hand, 0 < o < 1.0 is found for 0 < 2o < 180°.
The eigenvalues Ag and /5 are identical because the eigenvalue equations can be
presented in the same form. The expression for Ao = 43 is given by Eq. (2.69).

However, there are major differences between mode O and mode 3. The out-of-
plane singular mode O is a local mode coupled to the applied mode 2 due to a
Poisson’s ratio effect producing a symmetric shear stress distribution relative to the
midplane of the plate. In contrast, the out-of-plane singular mode 3 is an inde-
pendent loading mode associated with an antimetric shear stress distribution rel-
ative to the midplane that is totally independent of Poisson’s ratio (Harding et al.
2010).

A numerical investigation using the FE method has been performed in order to
study the dependence of the out-of-plane singular mode on notch opening angle
and Poisson’s ratio. The region near to the notch tip (radial distance r < 5h, with
plate thickness 2h) is discretised into a fine mesh of higher-order three-dimen-
sional elements (15-node wedge-shaped and 20-node trapezoidal). The NSIFs are
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found by the following limit values applied to the numerical data in the close
neighbourhood of the notch tip (Seweryn and Zwolinski 1993):

K, = lir%(Zﬂ:r)]_)'zfro (2.85)
Ko = liné(an)lfiorgz (2.86)

In the vicinity of the notch tip, the stress state is essentially three-dimensional. It
comprises the singular out-of-plane loading mode O as well as the variability of the
NSIF K; in the plate thickness direction. As a reference value, the nominal NSIF K ,
is introduced which corresponds to Williams’ two-dimensional stress field solution.

Typical results of the investigation are shown in Fig. 2.17 where the NSIF ratio
Ko/K> s plotted over the midplane distance z/h for three Poisson’s ratios v. The out-
of-plane NSIF K, is continuously rising to a maximum closely underneath the free
surfaces of the plate. The rise is steeper for small notch opening angles. The largest
values of Kg occur for v = 0.5, and Kg vanishes for v = 0. The NSIF K5 is also much
larger close to the free surface in comparison to its midplane value. Since the degree
of the mode O singularity is greater than that of the mode 2 singularity (for 2o = 0),
the effect of transverse mode O loading increases with the plate thickness.

The transverse singular effect in mode 2 loading is of relevance for application.
Some interesting results are presented by Lazzarin and Berto (Harding et al. 2010;
Berto et al. 2011). The welded lap joint models investigated using the FE method
are shown in Fig. 2.18. The transverse singular effect is initiated at the stress-free
lateral surface of the three-dimensional models and decreases in the direction of
the midplane.

Based on the strain energy density approach, it is shown that the critical area in
fatigue loading of slits (20 = 0) is at the lateral surfaces for plate thicknesses
greater than approximately 10 mm. It is shifted to the midplane for smaller
thicknesses. The effect would be more pronounced if the ligament width were
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Fig. 2.18 Welded lap joint models subjected to tensile-shear loading: two-dimensional model
with slit opening angle 2o = 0° (a) and corresponding three-dimensional model (b); two-
dimensional model with notch opening angle 2o = 135° (¢) and corresponding three-dimensional

model (d); (Harding et al. 2010)

reduced relative to the plate thickness, resulting in an increase of mode 2 relative

to mode 1 loading.

It is shown for notch opening angles 2o > 102.6°, where the in-plane shear
stress singularity disappears, that the associated out-of-plane shear stress singu-

larity still exists and may be dominant in the failure initiation phase.
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2.3.4 NSIF Values of V-Notches and Weld Toe Notches

The NSIF values of V-notches and weld toe notches have been determined by a major
number of authors. The weld toe notches are treated as a special case of V-notches
(2o &~ 135°) mainly by Italian researchers (Atzori et al. 1999®; Lazzarin et al.
1998). Different methods are involved. The most general and convenient method is
the eigenvalue expansion of the notch stress field according to Williams (also named
‘asymptotic solution’), mostly combined with conventional FE analysis.

Asymptotic stress distributions at weld toe notches have been derived as early
as 1985/86 without defining the NSIF parameter and without separating the mode
1 and mode 2 contributions (Atzori 1985; Lazzarin 1986). The clear analytical
frame was established 1998 by Lazzarin and Tovo in the publication referenced
above.

Various other methods have been used. Originally, the boundary collocation
method was preferred (Gross and Mendelson 1972). Later on, special notch tip
finite elements have been designed which incorporate the stress singularity: hybrid
finite elements (Lin and Tong 1980), degenerate asymptotic finite elements (Akin
1976) and finite elements with constraints (Seweryn 2002). Three approaches are
available for evaluating the NSIFs: direct evaluation at the singularity point,
asymptotic evaluation outside the singularity point (comparison of numerical and
analytical solutions) and energy methods (J-integral and strain energy density
averaged over a control volume). The boundary element method is applicable with
or without special singularity elements. Singular integral equations have also been
successfully used (Theocaris and Ioakimidis 1979; Noda et al. 1996; Noda and
Takase 2003; Savruk and Kazberuk 2006, 2007, 2010).

Useful NSIF data can be found in several publications (Gross and Mendelson
1972; Chen 1995; Seweryn and Molski 1996; Dunn et al. 1997V, 1997®;
Lazzarin et al. 1998; Atzori et al. 1999(1); Noda and Takase 2003; Savruk and
Kazberuk 2010). An extensive parametric investigation has been performed on the
NSIFs at torsional loaded round bars with a circumferential hyperbolic notch of
different notch opening angles 2« and different ratios of notch depth a to net cross-
section radius R (Zappalorto et al. 2009). The closed form solution for the deep
hyperbolic notch is combined with FE analysis results for notches of finite depth.
The evaluated dimensionless NSIF is k3 = K3/ r;Rl’b.

The main area of application of the NSIFs are fillet-welded joints showing any
degree of penetration, but also butt-welded joints with the typical weld rein-
forcement are analysed in this way. The weld toe may be considered as a re-entrant
corner notch of opening angle 2o = 135° resulting in a bisector plane inclination
of 112.5° against the plate surface. The stress field at the weld toe may then be
described by the NSIFs K;, K, and K3, possibly supplemented by non-singular
stress components (the out-of-plane S-stress and a superimposed normal stress in
the direction of the toe line). Based on the NSIFs, fatigue test data may be eval-
uated in a form which includes the size effect. Geometries scaled in geometrical
proportion and subjected to the same nominal stress are characterised by different
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NSIF values. The NSIFs are used independent of whether the weld notch is really
pointed or only sharply rounded. Only excessively large toe notch radii (shape-
optimised welds) must be excluded. The assumption of pointed toe notches cor-
responds to the worst-case procedure in the fatigue assessment codes.

Considering a cross-section of finite width ahead of the notch, this width may be
set equal to the plate thickness ¢ of fillet-welded joints, the NSIFs can be expressed
in the following form (Lazzarin et al. 1998):

Ki = kjopt'™" (2.87)
Ky = kyont' ™ (2.88)
K = kyt't' ™% (2.89)

where ¢, and 7}, are the nominal stresses over the plate thickness ¢ and ky, &, k5 are
the geometry coefficients quantified further below. With regard to the application
to fillet-welded joints, the reference stress of K, in Eq. (2.88) is not the nominal
shear stress 7, but the nominal tensile stress .

The NSIFs for fillet-welded joints (notch opening angle 2o = 135°) have the
following form:

Ky = kjo, 3% (2.90)
Ky = kyat 039 (2.91)
K3 = kst 102 (2.92)

The negative exponent of ¢ in the expression for K, Eq. (2.91), designates non-
singular stresses at the pointed notch. These can be neglected in strength predic-
tions in comparison to the singular stresses described by K; and K3, but they have
to be taken into account when evaluating the stresses in front of the weld toe, Eq.
(2.95), where strain gauges may be applied.

The Egs. (2.87-2.89) are well suited to catch the size effect on the static or
fatigue strength of corner-notched members, fillet-welded joints among them,
provided the strength can be characterised by the NSIF (identical notch opening
angles are a precondition). The following relationship is derived from Eq. (2.87)
for the ratio of endurable nominal stresses 7,; and g,, acting on the plate thick-

nesses f; and f,:
1-4y
o ki (t
cne A 2.93

onl k2 (h) (2:93)

where ki, and ki, are the geometry coefficients k; of the members 1 and 2.

In cases of a large net cross-sectional width between the notch tips, the notch
depth a is the governing parameter instead of the plate thickness ¢, leading to the
following relationship (Dunn et al. 1997V, 1997®).
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Fig. 2.19 Plane models with weld-like outer geometries (i.e. without the inner slits) subjected to
tensile loading, investigated numerically using the FE method; (Lazzarin et al. 1998)

o Y \a

Y 1-4
T2 _ 11 (a—‘> (2.94)

where Y, and Y, are the geometry coefficients of the members 1 and 2.

The dimensionless geometry coefficients k;, k,, k3 in Egs. (2.87-2.89) are
determined based on extremely fine-meshed cross-sectional FE models of the
considered welded joints evaluating the stresses in the bisector plane where they
are decoupled for the three loading modes. Any stress value along the bisector
plane, but sufficiently close to the notch tip, can be used to determine the NSIF by
applying Eqgs. (2.77), (2.78) or (2.79) and therefrom the geometry coefficient by
evaluating Egs. (2.90), (2.91) or (2.92). Systematic numerical investigations
related to fillet-welded joints have been conducted (Lazzarin et al. 1998; Tovo and
Lazzarin 1999).

A first investigation was related to plane models of weld-like outer geometries
without the inner slits, Fig. 2.19. The geometry coefficients k; and k, dependent on
the geometrical parameters (dimension ratios) are shown in Fig. 2.20. The
numerical results are approximated by polynomials applying the least square
method. The coefficient k; rises with L/t and 2h/t, the coefficient k, does the
opposite. Plastic notch stress intensity factors with appertaining stress distributions
have also been determined for the considered joint-similar models (Lazzarin et al.
2001).
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Fig. 2.20 Geometry coefficients k; and k, dependent on geometrical parameters for plane models
with weld-like geometry subjected to tensile loading; FE analysis results; (Lazzarin et al. 1998)

2h/t L/t ky k2
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05 1 1.098 0.990
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1 1 2177 -0.762

hit L/t kq ko
05 1 0916 1.219

1 2 0915 1.243

Fig. 2.21 Geometry coefficients k; and k, relating to cross-sectional models of various fillet-
welded joints subjected to tensile loading; FE analysis results; (Lazzarin et al. 1998)

A second investigation was related to more realistic cross-sectional models of
fillet-welded joints (through-welded cruciform joint, cover plate joint, top-cut
cruciform joint) subjected to tensile loading, Fig. 2.21. Parametrical variations
were considered for the cruciform attachment joint with non-load-carrying fillet
welds resulting in the values of k| and k, plotted in Fig. 2.22. The curve shapes are
similar to those referring to the weld-like plane models (Fig. 2.20). This means that
the non-bevelled height of the transverse stiffener plate is of secondary influence.
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Fig. 2.22 Geometry coefficients k; and k, dependent on geometrical parameters for cruciform
joint with non-load-carrying fillet welds (transverse attachment joint) subjected to tensile loading;
FE analysis results; (Lazzarin et al. 1998)

Ratios Geometry coefficients
2h/t L/t k1t k2t k1b k2b
- —;}1 Tensionload  Bending load
- ~
=< -~ 2 1 1.173 0.662 0.897 0.824

2 0.1 1.165 0.720 0.899 0.821
1 1.199 0.625 0.900 0.819
1.250 0.251 0.900 0.818

{KL_I 2 1 1.432-0.018  0.904 0.790

NN
w

2 5 1.543-0.465 0.907 0.769

Fig. 2.23 Geometry coefficients ky, kp, and ki, kop relating to typical cruciform and lap joints
subjected to tensile force and bending moment, respectively; FE analysis results; (Tovo and
Lazzarin 1999)

The plots in Fig. 2.22 refer to tensile loaded cruciform joints. Different dia-
grams are reported for cruciform attachment joints subjected to a bending load
(Atzori et al. 1997). In the latter case, the values of k; and k, are lower, in general,
explaining the higher fatigue strength of these joints under bending loading in
comparison to tensile loading.
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A third investigation with comparisons to the hot spot structural stress approach
was related to typical cruciform and lap joints subjected to tension force or
bending moment, respectively, Fig. 2.23. The values of k; are always higher for
tensile than for bending loading. The opposite holds for the values of k, which are
less influential on fatigue. A substantial rise in the values of k; occurs for the
cruciform and lap joints with load-carrying fillet welds.

The coefficients ki, k, and k3 have also been determined for a fillet-welded
circular tube penetrating a tensile loaded plate strip and for comparable cylindrical
attachments (Susmel and Tovo 2004). Curve plots over peripheral angle indicate
various crack initiation sites.

There remains an open demand for the notch stress intensity factors of butt-
welded joints with different degrees of reinforcement height and width, comprising
laser beam welds and gas metal-arc welds and referring to the top and root sides of
the welds. The notch opening angles may vary between 90 and 180° in these cases.
A tentative investigation of such joints has been presented (Lazzarin et al. 2006).

2.3.5 Relationship between Structural Stress and NSIF
Jor Welded Joints

The stress rise in front of fillet welds is of major concern in respect of the hot spot
structural stress approach which is widely used for the fatigue assessment of
welded joints. This approach proceeds from the local structural stresses determined
at the weld toe or closely in front of it by means of the FE method, of engineering
formulae or of strain gauge measurements. The structural stress S—N curve can
approximately be set equal to the nominal stress S—N curve of a locally comparable
welded joint specimen.

The assumption behind the structural stress approach is that the fatigue-effec-
tive local parameter is correctly and generally described by the maximum struc-
tural stress. As far as the NSIF K can also be considered to be fatigue-effective,
the link between maximum structural stress and NSIF is of interest. Two appli-
cation examples demonstrate this link in the following.

The stress rise in front of fillet welds has been determined based on the NSIFs in
order to validate this approach in general by comparison with FE analysis results
(Lazzarin et al. 1998). The radial stress along the free edge of the cross-sectional
model, which corresponds to the surface stress in the base plate in a line normal to
the fillet weld, is calculated by introducing the notch opening angle 2o = 135° and
the polar angle 6 = 112.5° against the bisector plane into the general equation of
stress, Eq. (2.70) and (2.71), thus yielding:

o, = 0.423K,r 036 — 0.553K,r03? (2.95)

with the distance r from the pointed notch tip. In this equation, the sign of K5,
positive or negative, is chosen according to Williams’ analytical frame. In the case
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Fig. 2.24 Stress rise close to the pointed notch tip for weld-like model subjected to tensile
loading; contribution of mode 1 and mode 2 loading to the free edge stress; K; and K, analysis
results compared with FE analysis results; (Lazzarin et al. 1998)

considered below, K is negative, so that the contribution due to mode 2 increases
the contribution due to mode 1.

The stress rise close to the pointed notch tip according to Eq. (2.95) with FE-
based values of K; and K, for a weld-like plane model subjected to tensile loading
in comparison to the direct FE analysis results is plotted in Fig. 2.24. The loga-
rithmic scale of the r/t axis is a means to illustrate the details of stress superpo-
sition (stresses related to K; and K5) and to avoid plotting the stress singularity at
r = 0. The stress values gained from the two methods are more or less identical up
to the second crossing of the nominal stress level.

Another validation of the NSIF approach has been conducted for the same
weld-like model as before, but with a blunt notch instead of a pointed notch. The
NSIF stress equations extended by the notch radius term or its equivalent, Eqgs.
(2.116) and (2.117) reveal the basic structure, are used, Fig. 2.25. Once more,
satisfactory agreement with the two methods (FE-based K| and K, as well as FE
directly) is achieved.

Strain gauges applied to determine a fatigue-relevant local parameter at welds
are generally placed on the free surface of the joint at a convenient distance from
the notch tip of the weld toe. At this position, the effect of mode 2 loading is
always present. Then, if the fatigue strength is thought of as mainly controlled by
the mode 1 stress distribution, the contribution of mode 2 loading to the measured
strains should be disregarded. This is possible only if one knows both NSIFs, K,
and K,, for a given geometry and remote loading condition. The greater the
distance x from the notch tip is, the greater will be the perturbing effect due to
mode 2 loading.
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Fig. 2.25 Stress rise close to the rounded notch tip for weld-like model subjected to tensile
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Fig. 2.26 Local stress rise above the structural stress level (o5 = 7, plotted over distance from
the pointed notch tip for the cross-sectional model of cruciform joints subjected to tensile
loading; joint with slits in comparison to joint without slits; FE-based K, and K, analysis results
compared with direct FE analysis results; (Tovo and Lazzarin 1999)

Two application examples are given which demonstrate deficiencies of the
conventional structural stress approach and draw attention to the advantages of
combining the NSIF approach with the structural stress approach (Tovo and
Lazzarin 1999).

The first example refers to the different K; and K, values of the cruciform joint
with full penetration welds compared with fillet welds without penetration (joint
with internal slits), Fig. 2.26. The structural stresses are identical (o4/0,, = 1), but
the notch stress intensity factors, expressed by the gradients of the stress rise
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Fig. 2.27 Local stress rise plotted over distance from the weld toe for single-sided longitudinal
attachment joint subjected to tensile loading; FE-based K; and K, analysis results based on
structural stresses on thin-shell element model (coarse mesh) at distance x = ¢ from the weld toe
(special extrapolation formula) compared with direct FE analysis results from solid element
model (fine mesh); (Tovo and Lazzarin 1999)

towards the corner notch, are not. The K; factor ratio 1.432/1.173 = 1.221 is not
too far from the IIW design recommendation, FAT class ratio 71/63 = 1.127
(Hobbacher 2009). Another conclusion from the stress plot is that direct mea-
surement or calculation of the asymptotic stress rise towards the corner notch tip
(for determining the fatigue-relevant NSIF) must be performed close to the notch
tip, x/t < 0.1 (Atzori and Meneghetti 2001).

The second example of a longitudinal attachment joint refers to the fact that the
conventional structural stress extrapolation to the hot spot at the weld toe may be
rather inaccurate when using the FE analysis results from a thin-shell element
model, Fig. 2.27. The stress rise to the weld toe in front of the attachment is well
described by the NSIFs K| and K, determined on the basis of the relevant struc-
tural stresses in the thin-shell element model at distance x = ¢ from the weld toe
(special extrapolation formula), as can be seen from the comparison with the FE
analysis results using a fine-meshed three-dimensional solid element model. On
the other hand, the structural stresses in the thin-shell element model in the region
in front of the weld toe, where the conventional extrapolation to the hot spot is
performed (0.4 < x/t < 1.0), are not sufficiently accurate, at least not with the
applied element mesh.

Another link between structural stress FE analysis methods and the NSIF K,
concept has been established (Meneghetti and Lazzarin 2007), see Sect. 3.7.3. The
NSIF K; can be approximated by the ‘peak stress’ ¢, at the V-notch tip in a rather
coarse globally even finite element mesh (element size typically d = 1 mm). The
non-dimensional ratio K;/(d,d'~*) is found to be independent of the notch
opening angle. Once, the ratio has been determined for a definite configuration, it
can be applied within a wide range of notch depths and notch angles.
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2.3.6 Empirical Mixed-Mode Failure Criterion for Welded Joints

An empirical mixed-mode failure criterion for welded joints in terms of the NSIFs
has been conceived in analogy to a conventional formulation in terms of the
nominal stresses. The formula is based on test results for unnotched round bar
specimens (ductile materials: unalloyed and alloyed steels) subjected to super-
imposed tensile and torsional in-phase high-cycle fatigue loading (Gough and
Pollard 1935, 1937; Gough 1950). The endurable (nominal) stress ranges Ac and
At under the condition of combined loading follow an elliptical curve:

where Aoy and Atg are the endurance limit values under the condition of single
mode loading, with stress ratio R = —1 characterising reversed stressing. The
relationship between Atg and Agg may be chosen according to conventional
failure criteria (Rankine: Atg = Aog; von Mises: Atg = Aog/ 31/2; Tresca:
Atg = Acg/2). For cast iron materials and for the round bar specimens with a
sharp notch (brittle material behaviour), the curve shape deviates to some extent
from the elliptical shape, necessitating a slightly more complex functional
representation.

An elliptical failure curve has also been found for pointed V-notches evaluating
averaged notch stresses in the most critical direction (Seweryn and Mréz 1995).

Converting the nominal stress based expression due to Gough, Eq. (2.96), into a
NSIF based expression, neglecting the influence of mode 2 loading (actually the
mode 2 singularity is weak and vanishes for 2o > 102.6°), the following rela-
tionship is gained (Lazzarin et al. 2004):

AK; \? [ AK; \?
(AKl,E) +(AK37E)_1 (R=-1) (2.97)

where AK; and AK; are the endurable NSIFs in mixed mode loading compared
with their endurance limit values AK,g and AK;p in single mode loading
Ng =1 x 10° up to 2 x 10° cycles). It can be shown that Eq. (2.97) is sub-
stantiated by the criterion of strain energy density averaged over the circle section
volume surrounding the V-notch tip.

In order to define an equivalent NSIF, Eq. (2.97) is rewritten in the following
form (Lazzarin et al. 2004):

AK N\, [AKs )\
(m) Jrkl/3 m =1 (2.98)
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AK, g
AK3’E

ki = (2.99)
The coefficient k3 is the ratio of the fatigue strength in pure tensile (or
bending) loading and pure torsional (or out-of-plane shear) loading, expressed by
the endurable NSIF ranges at the endurance limit Ng. The coefficient is not a
dimensionless parameter. The dimension depends via A; and A3 on the notch
opening angle 2c.
The equivalent NSIF can now be written in the following form:

AK1 g =/ (AK1) + 2 5 (AK3)? (2.100)

where the units of AK| ¢, coincide with those of AKj, that is MPa m!~#. Alter-
natively, the equivalent NSIF can be defined in units of AKj3, that is MPa m!~% .

AKs oq = \/(AK3)2 + k(MK (2.101)

The coefficient k,; has been determined based on the local strain energy density
approach (see Sect. 3.2.1), evaluating the distortional strain energy density aver-
aged in a sector volume with control radius R, around the notch tip (Lazzarin et al.
2004). The same radius R is introduced for mode 1 and mode 3 loading condi-
tions. The high-cycle fatigue data for a V-notch with 2o = 135° (weld toe) made
of fine-grained high-strength steel FeE460 resulted in Ry = 0.36 mm, or when
made of the age-hardened aluminium alloy AlSilMgMn in Ry = 0.11 mm. The
following expression is then derived:

feds .-z
ki =/ —R}> 2.102
1/3 ear © ( )

where eq; and ey are distortional strain energy density coefficients depending on
the notch opening angle 2o (besides on Poisson’s ratio v).

The derivations up to here refer to high-cycle fatigue conditions (Ng = 1 x 10°
up to 2 x 10° cycles) where the plastic deformations at the notch tip can be
neglected. In the low-cycle and medium-cycle fatigue range, plastic deformations
are an important effect and an accurate determination of Ry, would require an
elastic-plastic analysis. The latter is avoided by considering the S—N curves in
terms of the endurable nominal stresses Aog and Atg:

Ac(N) = Aot (%) v (2.103)

[k
At(N) = Atg (%)1 ' (2.104)
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where k, and k. are the inverse slope exponents of the S—N curves for tensile and
shear loading.

In the case of identical values of k, and k, (same slope of the S—N curves), the
coefficient k3 is independent of the considered endurable number of cycles Ng.
Then, the Egs. (2.100) and 2.101) are also valid in the low-cycle and medium-
cycle fatigue range.

In the conventional codes for the fatigue assessment of structural members,
especially welded joints, different values of k, and k, are introduced, e.g. k, = 3.0
and k; = 5.0 (Eurocode 3, 2005). In analogy to Eqgs. (2.103) and (2.104), the
K-N curves of the endurable NSIFs have the following form:

Ao\ ke

AK\(N) = AK, g (ﬁE) (2.105)
1/k:

AK3(N) = AKz e (%) (2.106)

and the mixed mode relationship in Eq. (2.97) is now formulated for the number of
cycles Nc < Ng in the low-cycle or medium-cycle fatigue range:

AK, \® [ AK3 \?
=1 (R=-1 2.107
(ax5) +(ars) =1 ®=-1 2.107)
In order to define an equivalent NSIF, Eq. (2.107) is rewritten in the following
form:
AK; \® AK; \*
— k — ) =1 2.108
<AK17C> RESVENe AK: ¢ ( )

The coefficient k3¢ is the ratio of the fatigue strength in pure tensile (or
bending) loading and pure torsional (or out-of-plane shear) loading, expressed by
the endurable NSIF ranges at the number of cycles, Nc < Ng:

AKI,C
AK37C

kijc= (2.109)
Based on the K—N curve relationships according to Egs. (2.105) and (2.106),
introducing N = N, one gets:

AK],E(NE/NC)I/kJ / <]\]E>l/ka—l/kr
1/3

AK; 5(Ng/Nc)'/&

2.110
o (2.110)

kijc=

where ky,; is given by Eq. (2.99).
The equivalent NSIFs can now be written in analogy to Egs. (2.100) and (2.101)
in the following form:



152 2 Extended Stress Intensity Factor Concepts

2 2 NE Z(I/ka_]/kr>

AKieq = || (AK1)” + K7 5 (AK3) <Nc> (2.111)
Neg 2(1/ko—1/k:)

AK3 oq = (AK3)2+1<;/23(AK1)2<N—C> (2.112)

These relationships presume that the Gough ellipse is valid also in the low-
cycle and medium-cycle fatigue range. An experimental proof of this presumption
is not available.

2.3.7 Endurable NSIFs of Fatigue-Loaded Welded Joints

The fatigue strength or life of fillet-welded joints in the medium-cycle to high-
cycle fatigue range (N > 10%) can advantageously be described by endurable
(elastic) NSIFs (Boukharouba et al. 1995; Verreman and Nie 1996, 1997). In
contrast to the endurable nominal stresses, the endurable NSIFs are independent of
the plate thickness, i.e. the size effect is already included. Fatigue test data from
the literature referring to non-load-carrying fillet welds at tensile loaded transverse
attachment joints of steel (mainly cruciform joints) in the as-welded condition
have been evaluated to demonstrate this, Fig. 2.28 (Lazzarin and Tovo 1998).
Large variations in the geometrical data are covered by the fatigue test data: plate
thickness + = 13-100 mm, fillet weld leg length 2 = 5-16 mm, attachment length
L = 3-220 mm. Only the NSIF K is used to summarise the fatigue data, whereas
the effect of K, is considered negligible in this type of joint (20 = 135°), because
no stress singularity occurs in the latter case. The large scatter range of the original
nominal stress S—N curve is substantially reduced to conventional values experi-
enced with geometrically uniform specimens.

An explanation for the fact that not only the crack initiation life but actually the
evaluated total life is correctly described by endurable values of AK; is given in
the following form (Atzori et al. 1999(1)): The crack initiation life (initiated crack
length a¢; = 0.3 mm) and the residual crack propagation life (critical crack length
ae; = t/3), occurring in the ratio approximately 2:1 in the investigation just quoted,
are both controlled by the NSIF AK; as the dominant parameter. The SIF AKj for a
developing crack in the bisector plane is proportional to the NSIF AKj;.

The evaluation above based on AK, has been extended to tensile and bending
loaded fillet-welded joints of further steels as well as of aluminium alloys
(thickness t = 3-24 mm), Fig. 2.29 (Lazzarin and Livieri 2001). Different rela-
tionships are used to correlate AK; and Ag, in the tension and bending load cases.
In the high-cycle range, the fatigue strength of the steel joints is about twice the
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Fig. 2.28 Fatigue test data (toe failures) for fillet-welded transverse attachment joints of steel
subjected to tensile loading; S—N curves contrasted with K—N curves; T, and T refer to Py = 2.3
and 97.7 %; (Lazzarin and Tovo 1998)
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Fig. 2.29 Fatigue test data (toe failures) for fillet-welded transverse attachment joints of steel

and aluminium alloy subjected to tensile and bending loads in terms of K-N curves; Tk refers to
Py = 2.3 and 97.7 %; (Lazzarin and Livieri 2001)
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fatigue strength of the aluminium alloy joints. The size effect on the endurable
nominal stresses is characterised by Eq. (2.93), leading to an exponent
(1 — Ay) = 0.326 of the thickness ratio. The exponent 0.25 is recommended in the
Eurocode 3 (2005), exponents 0.1-0.3 dependent on joint type are found in the
IIW design recommendations (Hobbacher 2009).

It has also been proposed to use the cyclic plastic zone radius R, at the notch
tip, approximated based on the elastic NSIF, for assessing the fatigue strength of
fillet-welded joints. The S—N curves for different types of fillet-welded specimens
are then replaced by a uniform R,—N or Ry/t—N curve (Lazzarin and Livieri 2000;
Koibuchi et al. 1999; Tanaka et al. 2002).

2.3.8 Endurable J-Integral for Fatigue-Loaded Welded Joints

The path-independent line integral around crack tips, usually named ‘J-integral’, is
a well-defined parameter characterising the fracture behaviour of crack tips (Rice
1968), compare Sect. 2.2.6. It was originally derived for linear-elastic material
behaviour, but later on extended to nonlinear-elastic or elastic-plastic material
behaviour, provided the loading curve is monotonic in the latter case.

The J-integral concept has been extended to pointed V-notches, at first under
linear-elastic and then under elastic-plastic conditions (Lazzarin et al. 2002). The
integral is path-dependent for corner notches subjected to mode 1 and mode 2
loading.

The Jy-integral of V-notches in linear-elastic materials can be given in the
following form:

Jv = 2(A11K} + ApK?) (2.113)

where A, and A,, depend on the notch opening angle 2« and the path around the
notch tip. The dimension of Jy is MPa mm. The above integral can be made path-
independent under the restriction of pure mode 1 (or pure mode 2) loading
conditions, leading to the parameter

Jy

JL = Rl

(2.114)
where R is the radius of the circular integration path. The parameter J; remains
dependent on the notch opening angle 2o.

The integrals Jy and Jp can also be defined for elastic-plastic material behav-
iour under the restriction of pure mode 1 loading. Using the elastic Jy-integral
approach, the contributions of mode 1 and mode 2 loading can be superimposed,
i.e. a well-founded failure criterion for mixed-mode loading can be established.
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Fig. 2.30 Fatigue test data (toe failures) for fillet-welded transverse attachment joints of steels
and aluminium alloys under tensile and bending loads in terms of J-N curves; scatter band
characterises mean values plus minus two standard deviations; 7 refers to Py = 2.3 and 97.7 %;
(Lazzarin et al. 2002)

The integrals Jy and Ji. have also been defined for pure mode 3 loading with
inclusion of elastic-plastic material behaviour (Lazzarin and Zappalorto 2008).
A different line integral around elastic corner notches subjected to mode 3 loading
has independently been derived (Quian and Hasebe 1997). It evolves to be path-
independent provided the notch flanks are free of loads.

The J-integral, defined above for V-notches, can be used as a fatigue-relevant
parameter applicable to corner notches under mixed mode loading conditions, to
varying notch opening angles (defined by the toe angle of the considered butt-
welded or fillet-welded joints) and under conditions of local yielding at the notch
tip. Evaluating the published fatigue test results for non-load-carrying transverse
stiffener joints using a uniform circular path radius R = 1 mm, so that the values
of Jy and Jy are identical, resulted in the Jy—N curves or Jp —N curves, respec-
tively, plotted in Fig. 2.30 for fillet-welded-joints made of steels and aluminium
alloys. The contribution of AK, is neglected with reference to the missing stress
singularity in the case of large notch opening angles. When comparing the scatter
range indices T and Tk, it has to be noted that a quadratic increase occurs solely
by substituting a stress parameter by an energy parameter. The presented curves do
not yet prove the applicability of the AJ-concept with regard to varying notch
opening angles and marked mixed mode conditions.

More recently, Jy evaluations for welded joints have been performed based on a
substantially extended data base of fatigue test results with failures proceeding
from the weld toe and weld root (Livieri and Tovo 2009). The data base is almost
identical with that previously used for local SED evaluations (Fig. 3.12).
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2.3.9 Conclusions

The NSIFs K;, K, and K3 together with the non-singular stress components
describe the stress field in the close vicinity of pointed V-notches or re-entrant
corners. A transverse singular effect coupled with mode 2 loading at free surfaces
is additionally identified. The numerical basis of NSIF evaluations in configura-
tions with finite boundaries is the FE analysis method performed with extremely
fine meshes.

The NSIF concept is well suited to describe the fatigue strength of fillet-welded
and butt-welded joints with failure initiation at the weld toe. A uniform K—N curve
with sufficiently low scatter range is derived which includes the size or plate
thickness effect. Alternatively, a presentation in terms of the endurable J-integral
is possible. Equivalent NSIFs are derived for cases of mixed mode loading
conditions.

The NSIF parameters are well suited to constitute the basis of the endurable
average strain energy density at weld notch tips which is under discussion to be
implemented in the [IW recommendations for fatigue assessment.

2.4 Generalised Notch Stress Intensity Factor Concept
2.4.1 Survey of Section Contents

The notch stress intensity factor (NSIF) concept referring to pointed V-notch tips
with inclusion of the conventional stress intensity factor (SIF) approach referring
to pointed crack tips is extended to the generalised notch stress intensity factor
concept referring to sharply rounded (blunt) or root-holed V-notches or crack tips.
Notch rounding changes the stresses at the V-notch or crack tip substantially
insofar as the stress singularity is removed. But the stress distribution connected
with the singularity remains widely unchanged at distances from the notch root
larger than one half of the notch radius p, provided the radius is sufficiently small
in relation to the notch depth or crack length (sharp notches).

It is shown that the stress distribution at sharply rounded notches subjected to
the loading modes 1, 2, 3 can be described by the generalised NSIFs K, K5, K3,
as the governing field parameters. These NSIFs are related to the maximum notch
SIIESSeS Omax> Tmax» Tmax WHICh constitute the conventional stress concentration
factors (SCFs) in engineering science. In contrast to the SCFs, the generalised
NSIFs describe not only the maximum stress but the whole stress field in the
vicinity of the notch root. The field information is needed for assessing failure
processes such as crack initiation and propagation or microstructural damaging
phenomena.

In the following, the stress field equations for blunt V-notches subjected to the
three basic loading modes are given. The corresponding generalised NSIFs are
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defined and evaluation procedures described. Examples for notch stress distribu-
tions determined on the basis of generalised NSIFs are given. Furthermore,
V-notches with root hole are analysed under the three loading modes, the stress
field being likewise described by generalised NSIFs. The NSIFs of parabolic and
keyhole notches are set into comparison. The T-stress effect at rounded notch
configurations is clarified. The generalised NSIF concept is finally applied to a
round bar with shoulder fillets. The fatigue limit of sharply rounded notches can
only exceptionally be directly expressed by critical NSIF values.

The expositions are mainly based on the analytical development of the gen-
eralised NSIF concept by Lazzarin, Zappalorto, Filippi and Tovo. A list of sym-
bols and a list of references are found at the end of Chap. 2.

2.4.2 Stress Field at Blunt V-Notches Subjected to Tensile
and In-Plane Shear Loading

A general solution for the stress field at sharply rounded (blunt) V-notches, sub-
jected to tensile and in-plane shear loading is available (Lazzarin and Tovo 1996;
Filippi et al. 2002V, 2002®; Lazzarin and Filippi 2006). The nomenclature is
shown in Fig. 2.31. The theoretical frame, Kolsov—Muskhelishvili’s complex stress
function method combined with Neuber’s auxiliary system of curvilinear coordi-
nates, has been reviewed in Sect. 2.3.2 with application to pointed V-notches.
Now, the improved solution by Filippi is evaluated in respect to blunt V-notches.
The solution is not exact, but represents the first term in a series perturbating the
pointed notch solution.

The auxiliary system of curvilinear coordinates is shown in Fig. 2.32. The
parametric curves u = const. and v = const. are plotted in the x—y plane using the
conformal mapping function z = w? with z = x + iy and w = u + iv. The factor
q is related to the notch opening angle 2« of the pointed notch, curve u = 0,
Eq. (2.65) and Fig. 2.31. The curve u = u is assumed to describe the blunt notch.
Its radius of curvature p at the intersection with the x-axis, where ry = ud, is equal to

p =10 (2.115)

(¢—1)

This radius of curvature corresponds to the notch root radius. The distance ry
between the origin of the x—y coordinate system and the notch root depends (via q)
on the notch opening angle 2o. Only for the parabolic notch (2a = 0, g = 2), the
relationship ry = p/2 is valid.

The stress field equations for blunt V-notches subjected to tensile and in-plane
shear loading (mode 1 and mode 2) are presented in extension of the equations for
pointed V-notches, Egs. (2.70) and (2.71):
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Fig. 2.31 Coordinate systems, symbols and in-plane notch stress components at pointed V-notch
(a) and at the corresponding rounded V-notch (b); with ry = p(¢ — 1)/g; (Lazzarin and Tovo 1998)

Fig. 2.32 Auxiliary system
of curvilinear coordinates
applied to solve the stress
field problem at V-notches or
hyperbolic notches; (Lazzarin
and Tovo 1996)

u=20

u = const,

o
Sl Pk
Tr Vor (T4 4) + 01 = 41)
r0 1
(14 721)cos(1 —4,)0 cos(1+7;)0
X (3—=/A1)cos(1 = 21)0 » + (1 = A1) —cos(1 + 4;)0
(1 —2p)sin(1 — 2;)0 sin(1 + 44)6

N\ cos(1+ ;)0
H(5) 1= - n a0l —eos(t + )0
‘ sin(1 + p;)0

(2.116)
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—(1 4 42) cos(1 — 22)0 —sin(1 4+ 4,)6
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(1 — ) sin(1 — 7,)0 cos(1+ 7,)0
fa—72 sin(1 + 11,)0
~(5) 0=l ] s+ oo
cos(1 4+ u,)0
(2.117)

The NSIFs K, and K, are determined for » — 0 according to Gross—Mendel-
son’s limit value definition, Eqgs. (2.77) and (2.78). Several well known solutions
for crack or notch configurations (Williams 1952; Irwin 1957; Creager and Paris
1967; Glinka and Newport 1987) can be considered as special cases of the above
general solution, in which the NSIFs K; and K, may be substituted by the
parameters a; and a, or by the maximum stresses 0,,,x at the notch tip and 7.
ahead of the notch tip.

Williams’ solution for pointed V-notches results with ro = 0 (because p = 0),
compare Egs. (2.70) and (2.71). Westergaard—Sneddon—Irwin’s solution for crack
tips is derived with r = 0, ¢ = 2 and 4; = A, = 0.5 (because 20 = 0), compare
Egs. (2.2) and (2.4). Creager’s blunt crack (or parabolic notch) solution is obtained
by imposing rog = p/2, g =2, A,y = 4, = 0.5 and p; = pp, = —0.5 (Creager and
Paris 1967):

ap Kk (1 3cos6/2 cos36/2 cos6/2

o, p = — 14 5¢c0860/2 » +< —cos36/2 » | +-—< —cosf/2

9 ), V 2nr \ 4 | | sin0/2 sin360/2 27| sin /2
(2.118)

o9 % [ 3sin0/2 3sin30/2 sin 0/2

or ¢ == |7 |4 5sin0/2 ¢ + ¢ —3sin30/2 + 20 —sin0)2

T ), Y 2nr cos0/2 3cos30/2 cos0/2
(2.119)

It can also be shown that Neuber’s solution for the stress distribution along the
notch bisector for tensile loaded V-notches is in agreement with Eq. (2.116) to a
wide extent (Lazzarin and Tovo 1996).

The general stress field equations above, Egs. (2.116) and (2.117), are
approximations. They are deficient in accuracy, when applied to blunt V-notches
with a large notch opening angle, e.g. 200 = 135° referring to weld toes. With the
aim of improving the accuracy of the analytical solution, the part of the equations
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with the exponent pu is extended. This is achieved by adding a second analytical
function to the first expression in Eq. (2.63), in order to provide further free
parameters for adjustment to the boundary conditions (Filippi et al. 2002®):

¢(zx) =az’ + d, Y(z) = b + 2 (2.120)

The resulting stress field equations are more complex than before in the second
order terms which contain the exponent p, but the accuracy of the solution is
substantially enhanced, especially for large notch opening angles. An additional
improvement of the exponent 1, for mode 2 loading has been introduced (Lazzarin
et al. 2011).

2.4.3 Stress Field at Blunt V-Notches Subjected to Out-of-Plane
Shear Loading

A general solution for the stress field at sharply rounded (blunt) V-notches sub-
jected to out-of-plane shear loading has been derived on a similar analytical basis
as before in the case of tensile and in-plane shear loading (Smith 2004; Zappalorto
and Lazzarin 2011?). Pointed V-notches are included.

Only one analytical function (consisting of two terms) is needed for the
mathematical description of the shear stress field:

H(z) = az’ + bz" (2.121)

where the coefficients a and b are complex whereas the exponents A and p are real.
The coefficients are introduced as real if only the antimetric part of the solution is
requested. The pointed notch problem is described by neglecting the second term
with the exponent u. The reason for one analytical function being sufficient is, that
the out-of-plane stress field is governed by a potential function whereas the in-
plane stress fields must obey a bipotential function.

The out-of-plane shear stresses are derived in the following form, separated into
antimetrical (subscript a) and symmetrical (subscript s) parts in the r—6 coordinate
system:

{T,z } _ K§2> ri“‘l{ sin 4,0 } " KS;) riﬂl{ cos A0 — (r/ro)* *cos u 0 }

W) 2m cos Z,0 V2n —sin 240 + (r/ro)" *sin pu 0
(2.122)

where the antimetric and symmetric eigenvalues are dependent on the notch opening
angle 2o expressed by the parameter g ranging between 2.0 and 1.0, Eq. (2.65):

1 1 2n — 20
- 3 S - 4=
q q q T

(2.123)
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The generalised NSIFs K3 Y and K;, ) are determined from the stresses in the
bisector plane (0 = 0) of the blunt V- notch (with ro, > rg in the logarithmic plot):

Ky = lim v2z[r' 1o, (r, 0)] (2.124)
r—ro4
(s) 1 2 Ty (V 0)
K = lim Vx| 20 (2.125)
r—Tos 1—(r/ro) %

The above NSIF K<a> can be substituted by the maximum notch stress,
K§‘;> = Eﬁ,’axr( (Zn)l/ % with ro= (1 — 1/q)p (Zappalorto et al. 2009), whereas this

is not possible with the NSIF K; p) .
For the pointed V-notch, notch radius p and distance r, are equal to zero, so that
the terms with r/ry disappear (the exponent, p; — A, is negative):

(a) . (s) )
T | _ K5 1) sin,0 K3 [ cos i
{ 702 } B \/2nr { cos 1,0 + mr —sin A0 (2.126)

The exponent (4, — 1) is negative, thus characterising a singular stress distri-
bution. The other exponent (4, — 1) is positive, thus denoting a non-singular
distribution. In the case of a crack or slit (2o = 0), the eigenvalues are 4, = 1/2
and A; = 1.0, the exponents being (1, — 1) = —1/2 and (4, — 1) = 0, Eq. (2.123)
with q = 2. Comparison with Eq. (2.73) gives the non-singular S-stress,
S =K1 (2m) "2,

In order to improve the solution for U-notches and blunt V-notches subjected to
out-of-plane shear loading, a modified mapping function has been introduced
which complies better with the actual notch shape consisting of a circular arc
tapering off into the rectilinear flanks of the V-notch (Zappalorto et al. 2010). The
resulting, more complex stress field equations have been derived. It is found that
the notch stresses are markedly influenced by the details of the notch root shape.
A solution for semi-elliptical notches is also available (Lazzarin et al. 2007).
In both investigations the NSIFs are found by FE analysis.

2.4.4 Generalised Notch Stress Intensity Factors

For evaluating the stress fields at blunt V-notches, generalised notch stress
intensity factors have to be introduced which may be differently defined depending
on the type of notch geometry. Also, the simple SIFs or NSIFs may be used. For
example, in Egs. (2.116) and (2.117) the NSIFs K; and K, of the corresponding
pointed notch are introduced, or in Egs. (2.118) and (2.119) the SIFs Kj and Kj; of
the corresponding pointed crack tip. It has to be noted, that the distance ry is
measured between the origin of r and the pointed or rounded notch or crack tip.
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In Eq. (2.122), the generalised NSIF K3, is introduced, which characterises the
stress field at rounded V-notches directly. There are three different limit value
procedures available for determining the SIFs, NSIFs or generalised NSIFs.

The first procedure evaluates the stresses in the bisector plane of the pointed notch
or crack for determining K, K;, K3 according to Eqs. (2.77-2.79) or K, K1, Kiny
according to Egs. (2.16-2.19) as limit values for » — 0 (Gross and Mendelson 1972).

The second procedure evaluates the maximum notch stresses in the bisector
plane of the rounded crack or notch (in mode 2 loading also outside the bisector
plane) for determining Kj, Ky, Kyjy or K;, K>, K5 as limit values for p — 0. The
following formulae are available, first for cracks under mode I loading based on
Omax = 0p max i the bisector plane (Irwin 1957, 1958),

1
K = 1iII(1) 5amax\/np (T=0) (2.127)
p—
further for cracks under mode II loading based on T,.x = 7,0 max in the bisector

plane (Cheng 1988; Radaj and Zhang 1993 or based 0N Gyax = 0¢ max OUtside
the bisector plane (Sih and Liebowitz 1968),

3V3
K = lim ;—frmax, /Tp (2.128)
p%
Ky = lirr(l) Omax /TP (K1=0,T=0) (2.129)
p—

and finally for cracks under mode III loading based on 1, = 79, max (Hahn 1976;

Hasebe and Kutanda 1978):
KIII = 1111’(1) Trnax‘/np (2130)

p~>

The limit value for Kj, Eq. (2.127), presumes that the crack-parallel or slit-
parallel stress o) (or T-stress in the limit p = 0) is zero. This is further elaborated
in Sect. 2.4.8.

Similar formulae are available for V-notches under mode 1 loading (Benthem
1987; Hasebe et al. 1990; Nui et al. 1994),

Ky = 1im Y= gl (2.131)
p—0 2

and also for hyperbolic V-notches under mode 2 loading (Benthem 1987), a,, and
a,, according to Table 2.2 (using a special mapping function):

K, = lim ﬁrmaxpl_)Q (2.132)
p—0 dog

Ky = lim Y g p' (2.133)
p—0ays
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Table 2.2 Parameter values for Benthem’s NSIF K, of pointed V-notches, Eqgs. (2.132) and
(2.133); (Benthem 1987)

20, J (23 Qg 20, Zn (13 D
0° 0.500 0.385 1.000 90° 0.909 0.620 1.213
30° 0.598 0.492 1.242 102.54° 1.000 0.707 1.179

60° 0.731 0.550 1.275

Table 2.3 Parameter values for evaluation of K, and K, according to Egs. (2.135) and (2.136);
(Lazzarin and Filippi 2006)

20 q 21 o M 122 o [0))

0° 2.0 0.500 0.500 —0.500 —0.500 1.000 —-1.0
30° 1.833 0.501 0.598 —0.456 —0.447 1.034 —-1.0
45° 1.750 0.505 0.660 —0.432 —0.412 1.014 —-1.0
60° 1.667 0.512 0.731 —0.406 —0.373 0.970 —1.0
90° 1.500 0.545 0.909 —0.345 —0.288 0.810 —-1.0
120° 1.333 0.616 1.149 —0.268 —0.198 0.570 —-1.0
135° 1.250 0.674 1.302 —0.220 —0.151 0.432 —-1.0

and finally for V-notches under mode 3 loading in analogy to Eq. (2.130):
K; = lim VAT P " (2.134)
p—

The Eqgs. (2.127-2.134) above may be used without the limes with distinct finite
values of p in an approximative manner, but the convergence behaviour must be
checked (compare Figs. 1.32 and 1.33).

The third procedure evaluates the stresses in the bisector plane of the rounded
notch or crack for determining K;,, K>, K3, as the limit values for r — ry
(or r — roy, the position of 7,y nax in mode 2 loading) which may be combined
with averaging these NSIFs over a small distance ahead of the notch root. The
following formulae are derived for V-notches inclusive of cracks (Lazzarin and
Filippi 2006; Zappalorto et al. 2008), Table 2.3:

V2 =4 gy (r, 0) \/an(l)_)“ag(ro, 0)

K, = lim -~ = = 2.135
S SN P T et (2.139)
V2! 21y(r, 0)  V2mry "1, 0
Ky, = lim Y~ “(:2’_22) =Y T f’(rgj_’zz ) (2.136)
e 1+ an(r/ro) 1 — (ro+/r0)
K3, = lim V2rr' =1y (r, 0) = v27ry P 14.(ro, 0) (2.137)
r—ry

The value @, = —1 in Eq. (2.136) is part of the stress field solution. The limit
value r — ryp; instead of r — ry in mode 2 loading is proposed here in order to
avoid numerical problems when introducing r = ry. An ‘equivalent V-notch’ may
be defined for other notch types (e.g. semicircular) based on Eq. (2.135); (Filippi
and Lazzarin 2004).


http://dx.doi.org/10.1007/978-3-642-30740-9_1
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The NSIFs K, K»,, K3, differ from K, K,, K3 for finite values of p. They are
generally enlarged for increasing values of p. The following relationship should be
valid, because ry x p :

Ki=limk, (i=1,23) (2.138)
p—

The condition according to Lazzarin, that the enlarged values of K, ,, K,,, K3,
can be used as characteristic stress field parameters at rounded notches (p > 0), is
the constancy of K, ,, K,,, K3, over a certain distance from the notch root. If this
condition is met, the NSIF concept is applicable also to notches with a substan-
tially increased notch radius.

In cases of a slightly (oscillating) dependence of K, K,,, K3, on (r — rg), the
distance from the notch root, the following averaging procedure is proposed
(Lazzarin and Filippi 2006):

| ro+np
Kip = / Kipdr (1 =1, 2, 3) (2139)
ro

where # = 0.4 is a recommended choice. The averaging procedure is also pre-
ferred in cases of a very small notch radius where sufficiently fine FE meshing at
the notch root is difficult to achieve.

Now the question arises, to what extent the stress field equations expressed by K,
K, K3 or Ky, Kyy, Kyyp can be used with the generally enlarged values of K, K5, K3,,.
The answer depends on the considered case. As far as possible, the stress field
equations should be used, from which the relationships for K ,, K>, K3, were derived.

These relationships depend on the notch shape. Those mentioned above refer to
V-notches or hyperbolic notches with the parabolic notch as a special case. The
comparison of hyperbolic with circular arc V-notches reveals a slight difference even
in mode 1 loading (Savruk and Kazberuk 2010). The formulae for elliptical notches
are also different to some extent. The relationships for V-notches with root hole, the
keyhole notch among them, deviate even more. They will be presented in Sect. 2.4.6.

Not only the notch shape exerts an influence on the values of K, K5,, K3,, but
also the geometrical and dimensional parameters of the notched members as well
as its loading and support conditions. Cross-sectional weakening and notch-par-
allel loading (or T-stress) are especially influential.

The generalised NSIFs K, ,, K»,, K3, have potential for application insofar as
they define the stress field over a finite area (or volume), just as the simple NSIFs or
SIFs do. The widely used stress concentration factors (SCFs) give only the maxi-
mum stress at one point. Additional information on the stress field is needed, in order
to characterise the fatigue life or brittle fracture strength, e.g. notch stress averaging,
notch stress gradient, critical distance among others. In contrast, the NSIFs (possibly
supplemented by the 7-stress and S-stress terms) represent the complete notch stress
field without additional information being necessary. Whereas the SCFs are not
applicable to pointed notches, the NSIFs proceed from pointed notches.
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The NSIFs in contrast to the SCFs also include the scale or size effect on brittle
fracture or fatigue strength. Considering a small notched component, the notch
with radius p;, in comparison to a self-similar enlarged notched component, the
notch with radius p,, both components subjected to the same nominal stresses,

then the SCFs K, are identical, but the NSIFs are related by (p,/p, )" according
to Egs. (2.131-2.134). They define two stress profiles of different level ahead of
the notch root starting with the same value of the maximum stress. One method to
determine failure-effective notch stresses is to average the notch stresses over a
definite, material-dependent microstructural support length. These averaged notch
stresses will be higher for the larger component. Thus, in comparison with a
constant endurable averaged notch stress, the larger component with the higher
NSIF will come off worse.

2.4.5 Evaluation Examples for Stresses at Blunt V-Notches

Some typical evaluation examples for the stresses at sharply rounded (blunt)
V-notches subjected to tensile and in-plane shear loading are reviewed in the
following in order to achieve further clarity on the generalised NSIF concept.

In the first four figures, the determination of the NSIFs K, and K5, (as far as
relevant) according to Egs. (2.135) and (2.136) is exemplified. The tensile loaded flat
bar with two-sided U-notch is considered in Fig. 2.33. A slight oscillation of K , over
(r — rg) occurs for p # 0 in the evaluation range up to (r — rg) = 1 mm. The value
of K, rises with the ratio p/a (with notch depth a), as specified further below. The
oscillation is enlarged for the V-notch with 2« = 135°, while the influence of p/a is
reduced, Fig. 2.34. Mixed mode loading conditions occur in the bisector plane of the
shoulder fillet flat bar in Fig. 2.35 and of the weld-like flat bar in Fig. 2.36. Once
more, some variability of K, or K5, is detected in the evaluation range.

The stress distribution in the notch bisector ahead of the notch root in a tensile
loaded V-notched flat bar is plotted in Fig. 2.37 for three notch opening angles.
Original and K ,-based analysis results are compared. A first curve segment up to
0.1 mm is mainly controlled by the maximum notch stress. A second segment up
to 5 mm presents the gradient of the corresponding pointed notch configuration.
The third segment correlates with the nominal stress, actually in the net cross-
section. Another similar diagram, where the notch radius is varied, is shown in
Fig. 2.38. The averaged solution for K, is evaluated. The first curve segment is
limited by (r — rg)/p =~ 0.1. The nominal stress is related to the net cross-section.

The linearised rise of K, ,/K; over the ratio of notch radius to notch depth, p/a, is
shown in Fig. 2.39 and also by Table 2.4. Actually, the curves should start at
K, /K, = 1.0 for p/a =0, which is suppressed by the linearisation, compare
Eq. (2.138). The result is independent on b/a for sufficiently large values of this ratio.

Corresponding results for in-plane shear loading are recorded in subsequent
graphs. The analysed configuration is a rectangular plate with a two-sided internal
parabolic, hyperbolic, U-shaped or V-shaped notch, the plate subjected to
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Fig. 2.39 NSIF ratio K;,/K; dependent on the ratio of V-notch radius to V-notch depth, p/a,
based on FE analysis results; various notch opening angles 2a; (Lazzarin and Filippi 2006)

Table 2.4 Parameter values for the approximation of K;,/K; = ¢ + Y(p/a) for V-notched flat
bar; different notch opening angles 2c; net cross-sectional width 26 to notch depth a ratios
2b/a = 2, 5, 10, 50 (Lazzarin and Filippi 2006)

20 30° 45° 60° 90° 120° 135°
@ 1.043 1.025 1.014 1.011 1.023 1.026
V4 0.241 0.226 0.200 0.127 0.051 0.025

prescribed remote edge displacements u, and v, together with shear-compatible
support conditions in the two geometrical symmetry planes, Fig. 2.40. The refer-
ence stress 1 is produced in the rectangular plate without the notch. It is smaller
than the nominal stress in the gross cross-section of the plate with the internal notch.

At first, parabolic and hyperbolic notches are considered. The curves of K, ,/to
over distance from the notch root for the hyperbolic notch (2« = 60°), Fig. 2.41,
show that K, is substantially enlarged even for small values of p, e.g. p = 0.1 mm.
The corresponding shear stresses in the bisector are plotted in Fig. 2.42. The curves
run asymptotically to the straight line of the pointed notch. The FE analysis results of
the parabolic and hyperbolic notches have also been evaluated using K, according
to Eq. (2.139). The parabolic notch results are set in comparison t0 K5,(Tmax)
according to Eq. (2.128) with Kj; substituted by K, (Cheng 1988). Additionally,
the maximum principal stresses at the notch edge corresponding to the maximum
tangential stress are compared, Table 2.5. The correspondence is satisfactory.

The rise of K| ,/K, over the ratio of notch radius to notch depth, p/a, is shown
in Fig. 2.43 for parabolic and hyperbolic notches. All the curves converge to
K,,/K, = 1.0 for p/a = 0, as demanded by Eq. (2.138). The rise is strongest for
the parabolic notch.
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sided V-notch subjected to prescribed displacements at the remote plate edges producing in-plane
shear loading conditions; same edge displacements applied to the plate with central crack or

pointed V-notch of semidepth a = 10 mm; (Lazzarin et al. 2011)
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Fig. 2.41 Normalised NSIF K, of internal two-sided hyperbolic notch (2a = 60°, different
notch radii) dependent on distance from notch root, (r — rp), K, according to Eq. (2.136);

evaluation of FE analysis results; (Lazzarin et al. 2011)
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Fig. 2.42 Shear stress 1,4 in notch bisector over distance from notch root, (r — ry); internal two-
sided hyperbolic notch (20 = 60°, different notch radii), in-plane shear loaded; direct compared
with K;,-based FE analysis results; K>, according to Eq. (2.136) averaged by Eq. (2.139);
(Lazzarin et al. 2011)

Table 2.5 Generalised NSIFs of two-sided parabolic notch (1, = 0.5) in rectangular plate
subjected to in-plane shear loading; EZ;J averaged over 0.4p, Eq. (2.139), or based on 7.,
Eq. (2.128); additionally maximum principal (or tangential) stresses at notch edge; deviations
Ax = (K2p:/K2p — 1) x 100 and A, = (o, max &/ Ol maxpe — 1) x 100; (Lazzarin et al. 2011)

p T/0 max,FE Ezp Kpe Ak [%] O I max,FE 0| max,KX 4,

[mm] [MPa] [MPa mm®3] [MPa mm®’] [MPa] [MPa] (%]
0.01 1306.1 596.0 601.5 0.92 3204.0 3211.0 0.22
0.10 465.8 677.0 678.2 0.18 1204.5 1207.9 0.28
0.50 249.3 809.6 811.8 0.27 639.2 646.0 1.05
1.25 190.3 977.7 979.8 0.21 477.8 493 .4 3.26
2.50 159.5 1177.5 1161.3 —1.37 405.6 420.2 3.59
4.00 145.8 1376.2 1342.8 —2.43 370.6 388.2 4.75

At second, the U-notch and V-notches are analysed, using the K5, formula of
root holes, Eq. (2.144). It was found that this formula is more accurate than the
corresponding formula for hyperbolic (and parabolic) notches, Eq. (2.136), which
shifts the position of 7,9 max closer to the notch root. The curves K,/ty over
distance (r — rp) from the notch root for the U-notch, Fig. 2.44, show that K5, is
substantially enlarged only for larger values of p (p/a > 0.1). The corresponding
shear stresses in the bisector are plotted in Fig. 2.45. The curves are identical up to
the maximum stress and then deviate in approximation of the nominal stress in the
net cross-section with the exception of the K, ,-based solid line which presumes an
infinitely wide cross-section.
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(Lazzarin et al. 2011)
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Fig. 2.44 Normalised NSIF K, of internal two-sided U-notch (different notch radii) dependent
on distance from notch root, K,, according to Eq. (2.144); evaluation of FE analysis results;
(Lazzarin et al. 2011)

The rise of K5 ,/K; over the ratio of notch radius to notch depth, p/a, is plotted in
Fig. 2.46 for U-notch and V-notches. The deviation between actual and analytical
notch shape has the effect that the limes condition, Eq. (2.138), is violated for
larger values of 2u (K,,/K, does not converge to 1.0 for p — 0).
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Fig. 2.45 Shear stress 1,4 in notch bisector over distance from notch root, (r — ry); internal two-
sided U-notch (different notch radii), in-plane shear loaded; direct compared with K;,-based FE
analysis results; K>, according to Eq. (2.144); (Lazzarin et al. 2011)
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Fig. 2.46 U-notch and V-notches: NSIF ratio K,,/K> dependent on the ratio of notch radius to
notch depth, p/a, based on FE analysis results evaluated by Eq. (2.144); various notch opening
angles 2o; (Lazzarin et al. 2011)

Finally, the notch stress curves for a quadratic plate specimen with one-sided
V-notch, used for brittle fracture testing of brittle materials, are drawn in Fig. 2.47.
The notch opening angle 2o = 45° is fixed, the V-notch radius p is varied between
0 and 1 mm. The tensile forces F produce superimposed nominal tensile and
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Fig. 2.48 SFCs of internal two-sided rounded V-notches (‘thombic cutouts’) dependent on notch
opening angle o, for various ratios r,/b of notch radius to notch depth; infinite plate subjected to
remote tensile loading; results by functional analysis; (Radaj and Schilberth 1977)
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remote in-plane shear loading; results by functional analysis; (Radaj and Schilberth 1977)

bending stresses in the net cross-section. The solution of the stress field problem
has been achieved based on Kolosov—Muskhelishvili’s complex stress function
method combined with conformal mapping of the polygonal plate area onto the
unit circle by applying the Schwartz—Christoffel transformation (Nui et al. 1994).
For evaluating the notch stress at the pointed notch, Williams’ singularity expo-
nents are introduced. It is demonstrated that the maximum notch stresses in the
close neighbourhood of the notch root, (r — ry)/p < 0.2, depend predominantly on
the notch radius, whereas outside this region, the notch opening angle is decisive,
as given by the pointed notch solution. It is visible from the graph, that the rounded
notch curves run slightly above the pointed notch curve, which indicates K;, > K;.

It is also shown more generally and in quantitative terms that the intermediate
NSIF-governed stress field may be used to characterise the yielding or strength
behaviour of sharply rounded notches (Nui et al. 1994; Dini and Hills 2004). This
field is intermediate between the maximum notch stress governed near-field and
the nominal stress governed far-field.

This subsection with the evaluation examples for the notch stresses at rounded
V-notches is closed with two diagrams showing the SCFs of internal two-sided
V-notches (‘rhombic cutouts’) in the infinite plate subjected to remote in-plane
tensile and shear loading, Figs. 2.48 and 2.49; (Radaj and Schilberth 1977).

These SCFs have been determined very accurately based on complex analytical
stress functions according to Kolosov—Muskhelishvili, combined with conformal
mapping of the rhombic cutout with rounded V-notches according to Schwartz—
Christoffel. A polygonal shape is considered, consisting of straight lines and
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Fig. 2.50 V-notch with root hole,
polar in-plane coordinate system
with origin in centre of hole;
(Zappalorto and Lazzarin 2011)

circular arcs. The circular arcs are approximated by multi-corner polygons. Their
series expansion as a mapping function is truncated, so that the corners are
smoothed. The NSIF concept is not applied.

The SCFs are primarily dependent on the ratio r,/b of notch radius to notch
depth. They may additionally depend on the notch opening angle o,. In tensile
loading, the latter dependency is marked only for o, > 90°. In shear loading, the
SCFs decrease rapidly with increasing values of o, > 0°. They reach their
maximum at oy, = 108°. This angle corresponds to the limit value for singular
stresses in mode 2 loading of pointed V-notches, 2o = 102.6°. Actually, the curve
points were calculated in steps of Aoy, = 18°, so that o, = 108° is the curve
point nearest to the no-singularity angle.

The NSIF concept needs the FE analysis as basis for evaluations in engineering
applications. Parametric investigations, as just considered above, would necessi-
tate variation of the geometrical parameters in the FE model before addressing the
NSIF behaviour. To the author’s knowledge, no such investigations have been
performed up to now. Deviations from the SCF behaviour will predominantly be
caused by a varying stress gradient normal to the notch root. This gradient is
primarily dependent on the reciprocal value of p and only occasionally on the
notch opening angle to a larger extent.

2.4.6 Stress Field at V-Notches with Root Hole

V-notches with root hole and the special case of the keyhole are rarely used in
engineering designs. Here, blunt notches with a smooth transition from the rec-
tilinear to the circular notch edge are preferred, because they produce lower notch
stresses and are easier to produce. On the other hand, they are an important design
within the theoretical frame of stress analysis. They allow an easier handling of
solutions and they simulate the circular notch shape accurately, which is important
in those cases where the maximum notch stress occurs outside the bisector. The
advantage of their use in NSIF considerations is, that the variation of the notch
radius does not affect the other geometrical parameters of the notch. This is not the
case with elliptical, parabolic or hyperbolic notches.

First, tensile and in-plane shear loading is dealt with, then out-of-plane shear
loading and finally the transverse (out-of-plane) shear loading effect produced by
in-plane shear loading at load-free surfaces.



2.4  Generalised Notch Stress Intensity Factor Concept 177

Table 2.6 Parameter values for evaluation of the stresses oy(r, 0) normal to the bisector plane
under mode 1 loading dependent on notch opening angle 2a; (Zappalorto and Lazzarin 2011¢")

20 0° 30° 45° 60° 90° 120° 135°

Ay 0.5000 0.5015 0.5050 0.5122 0.5445 0.6157 0.6736
on 0.5000 0.5338 0.5770 0.6401 0.8388 1.1538 1.3556
g 2.0000 2.0352 2.0820 2.1523 2.3833 2.7696 3.0292
2 1.2500 1.2705 1.3006 1.3486 1.5116 1.7638 1.9030
g3 1.5000 1.4942 1.4800 1.4514 1.3260 1.0639 0.8659
n 1.2500 1.3352 1.4453 1.6081 2.1342 3.0181 3.6243

For analysing the stress field under in-plane loading conditions for the V-notch
with root hole shown in Fig. 2.50, the Kolosov—Muskhelishvili method is applied
(Zappalorto and Lazzarin 2011"). The following analytical functions are used,
with ¢(z) and y/(z) being interchanged in the article just mentioned (Muskhelishvili
1963):

0(z) = az* + bz (2.140)

W) =c +di " ez "R (2.141)

where 1 is real and positive whereas the coefficients a, b, ¢, d, e and f are complex.

The eigenvalues A, and 4, result from the boundary condition of load-free notch
flanks, as before. Further boundary conditions can be stated on the circular edge of
the root hole for determining the free coefficients:

(07),_p = (t0),_, = 0 (2.142)

The resulting stress field is separated into a symmetric (mode 1) and antimetric
(mode 2) part. In the following, only the stress gy (mode 1) or 7,4 (mode 2) in the
bisector as well as the stress gy at the hole edge are recorded and compared with
FE analysis results for external or internal two-sided V-notches in a rectangular
plate specimen. The nominal notch depth is @ = 10 mm, the nominal semiwidth of
the net cross-section is b = 9a. Taking the root hole into account, the actual notch
depth is (a + p) and the actual semiwidth (b — p).

In the case of mode 1 loading, the stresses gy(r, 0) normal to the bisector plane
have the following form:

e 0= g e ) ()]

(2.143)

with the coefficients g; to g4 and ¢, depending on the notch opening angle 2o
(or 2y = 2m — 2a) according to Table 2.6. The NSIF K, may be determined by
evaluation of gy(r, 0) from a FE analysis of the considered V-notch with root hole,
solving Eq. (2.143) for K, dependent on the distance from the notch root.
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Table 2.7 Parameter values for evaluation of the stresses 7,4(r, 0) in the bisector plane under
mode 2 loading dependent on notch opening angle 2¢; (Zappalorto and Lazzarin 2011")

20 0° 30° 45° 60° 90° 120° 135°
Ao 0.5000 0.5982 0.6597 0.7309 0.9085 1.1489 1.3021
h; 1.6250 1.6422 1.6639 1.6941 1.7782 1.8873 1.9451
h, —0.7500 —0.6011 —0.5393 —0.4849 —0.3921 —0.3079 —0.2614
hs —1.8750 —2.0411 —2.1246 —2.2092 —2.3861 —2.5794 —2.6837
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Fig. 2.51 V-notches with root hole: NSIFs K5, and K, dependent on distance from notch root;
evaluation based on Eq. (2.144); (Lazzarin et al. 2011)

In the case of mode 2 loading, the stresses 7,¢(r, 0) in the bisector plane are
given as follows:

tolr. 0) = Koo o [1 i (2) (2 e (2) } (2.144)
V2r r r r

with the coefficients 4 to i3 depending on the notch opening angle 2o according to
Table 2.7. The NSIF K,, may be determined by evaluation of (7, 0) from a FE
analysis of the considered V-notch with root hole, solving Eq. (2.144) for K,,
dependent on the distance from the notch root. Such an evaluation is shown in
Fig. 2.51. Identical values of K, and K, are found, evaluating Eq. (2.144) for
p > 0 in comparison to p = 0. The values are constant over a distance from the
notch root, where, with the evaluations for blunt V-notches hitherto considered,
substantial variations and oscillations occur.
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Fig. 2.53 Tensile loaded V-notch with root hole: stress g, at hole edge; two notch opening
angles 2o combined with different notch radii p; direct compared with K ,-based FE analysis

results; (Zappalorto and Lazzarin 201 1My
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Fig. 2.54 In-plane shear-loaded V-notch with root hole: stress 7,9 in notch bisector ahead of the
notch root; two notch opening angles 2« combined with different notch radii p; direct compared
with K, ,-based FE analysis results; (Zappalorto and Lazzarin 201 1y
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Fig. 2.55 In-plane shear-loaded V-notch with root hole: stress gy at hole edge; two notch
opening angles 2o combined with different notch radii p; direct compared with K,,-based FE
analysis results; (Zappalorto and Lazzarin 20111



2.4 Generalised Notch Stress Intensity Factor Concept 181

External two-sided
L keyhole notch and
V-notches with root hole
a=10mm,bfa=9

200=0°

=

NSIF ratio, K»p/Ks
®

1.0

0 0.1 0.2 0.3 04 0.5
Radius to depth ratio, p/a

Fig. 2.56 V-notches with root hole: NSIF ratio K,,/K, dependent on the ratio p/a of notch radius
to notch depth, based on FE analysis results; various notch opening angles 2o; (Lazzarin et al.
2011D)

(a) (b)

Fig. 2.57 V-notch with root hole subjected to out-of-plane shear loading (only the antiplane
shear load component 7 is shown); 3d view (a) and cross-sectional view (b); polar coordinate
system with its origin in the centre of the hole; out-of-plane shear stress components; (Zappalorto
and Lazzarin 2011V)

For p =0 (pointed notches), K;, — K; and K, — K5, as demanded by
Eq. (1.138). The Egs. (2.143) and (2.144) in the case of the keyhole (200 = 0) are
identical with those given in the literature (Kullmer 1992; Radaj et al. 2001).

The stresses oy in mode 1 loading evaluated from the FE model mentioned
above (converted to external notches) in the bisector plane (0 = 0) and at the hole
edge (r = p) are shown in Figs. 2.52 and 2.53. Direct FEM evaluation results are
compared with the analytical stress distributions based on identical values of 7.«
or K;,. Some deviations are visible in the edge stress diagram, indicating the
approximative character of the analytical solution.
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Fig. 2.58 Torsional-loaded round bar (mode 3), circumferential V-notch with root hole: shear
stress 7y, in notch bisector ahead of the notch root; two notch opening angles 2o combined with
different notch radii p; original compared with K3,-based FE analysis results; (Zappalorto and
Lazzarin 2011")

The stresses 7,9 in mode 2 loading from the FE model mentioned above (with
internal notches) in the bisector plane (6 = 0) are plotted in Fig. 2.54. The stresses
gy at the hole edge (r = p) are compared in Fig. 2.55. Once more, some minor
deviations occur for large values of 0.

The rise of K;,/K, with the ratio of notch radius to notch depth, p/a, is shown in
Fig. 2.56 for V-notches with root hole characterised by different values of the
notch opening angle, 2o.. All curves are linear and converge to K,,/K, = 1.0 for
pla = 0, as demanded by Eq. (2.138). The rise is strongest for 2o = 0° (keyhole).
It is inverted to a decrease for 2o > 70°.

For analysing the stress field under out-of-plane shear loading conditions for the
V-notch with root hole, Fig. 2.57, the following analytic function has been used
(Zappalorto and Lazzarin 2011V; Zappalorto et al. 2010):

H(z) = iaz" + ibz™* (2.145)

where A, a and b are real coefficients. Only the antimetric stress field associated
with mode 3 loading is considered, compare Eq. (2.122).
The following shear stress in the bisector plane (6 = 0) is derived:

Ks, ,31[ P 213}
S s (f) 2.146
o V2n r ( )

In the case of torsional loading of a round bar with circumferential V-notch
with root hole, the linear increase of the nominal shear stress over the radial
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Fig. 2.59 Transverse (out-of-plane) loading effect produced by in-plane shear loading of
V-notch with root hole in plate of finite thickness; out-of-plane shear stress plotted over thickness
direction; FE analysis results; (Lazzarin et al. 2011)
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Fig. 2.60 Transverse (out-of-plane) loading effect produced by in-plane shear loading of
V-notch with root hole in plate of finite thickness; decrease of maximum shear stress at
z = 9.57 mm plotted over bisector direction; FE analysis results; (Lazzarin et al. 2011)
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distance from the centre of the bar must be taken into account. This can be done by
the following approximation (Zappalorto et al. 2008):

_ K i P\ _r=p
o= 1+(r) - (2.147)

where the radius R, denotes the net cross-section of the round bar at the notch root.
An evaluation example based on FE modelling with axisymmetric elements is
shown in Fig. 2.58.

Finally, the transverse (out-of-plane) shear loading effect produced by in-plane
shear loading at load-free surfaces is considered. The transverse singular effects in
mode 2 loaded pointed V-notches have been described in Sect. 2.3.3 with the
relevant literature being quoted. Here, the corresponding transverse non-singular
effect associated with rounded V-notches is considered.

The effect can only be detected using three-dimensional FE models. It produces
an out-of-plane shear stress which has its maximum in the close vicinity of the
plate surfaces. The effect is documented by Figs. 2.59 and 2.60 (Lazzarin et al.
2011). The rectangular plate specimen shown in Fig. 2.40 is analysed, with a plate
thickness of 20 mm, containing a two-sided V-notch with root hole (p = 0.5 mm).
The semiwidth of the plate is 100 mm, the notch semidepth @ = 10 mm and the
notch opening angle 2« = 30° or 60°. The plane model hitherto used is simply
extended into the thickness direction z. The out-of-plane shear stress t,,, plotted
over the distance z from the midplane of the plate specimen has its maximum at
short distance from the plate surface and is zero in the midplane (z = 0) and at the
two plate surfaces (z = =10 mm), Fig. 2.59. The maximum out-of-plane shear
stress is in the range of the original maximum in-plane shear stress (Fig. 2.54), but
it is substantially smaller than the original maximum tangential stress at the hole
edge (Fig. 2.55). The decrease of the out-of-plane stresses (maximum at
z = 9.57 mm) with the distance (r — p) from the notch root is shown in Fig. 2.60.

2.4.7 Generalised NSIFs of Parabolic and Keyhole Notches
in Comparison

The stress field levels in the vicinity of pointed slit tips (‘near field’), where the
stresses are singular, are described by the SIFs K, Ky;, Ky, which are related to the
loading modes I, II, III:

K] = 0OV Ta Y[ (2148)
KII = ThvVTta YII (2149)

Km = t,v/maYm (2.150)
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Fig. 2.61 Slender parabolic notch (a) and keyhole (b) with polar coordinate systems and
indication of the position of 6y,,x in mode 1 loading and 7,,,, in mode 2 loading; (Radaj 2010)

with a4, 74, ) being the nominal or basic normal and shear stresses at the slit tip,
with a being the slit length or semilength and Y;, Yy, Yy being geometry factors
describing the influence of finite boundaries by dimensional ratios of geometry and
load position.

The SIFs quantify the first (singular) terms of a series expansion of the stress
field for radial distances r/a < 1.0. The second order terms, 7-stress and S-stress,
may be superimposed. Any mixed mode loading state at the slit tip can be eval-
uated in respect of Kj, Ky, Ky, T and S, primarily by numerical methods (finite
element or boundary element). Compilations of Kj, Ky, Ky formulae for basic
geometric and loading cases gained by function-analytical and other methods are
available (Murakami 1987). A compendium of T-stress solutions has also been
published (Sherry et al. 1995).

In the following, the NSIFs K, and K,, of slender parabolic and keyhole
notches in comparison are considered, Fig. 2.61, supplemented by Kj,. These
NSIFs describe the stress field level in the vicinity of the rounded slit ends. The
maximum notch stresses g,,,x (mode 1) and 7,,,, (mode 2) occur in the bisector
plane, the former at the notch root, the latter ahead of the notch root. The maxi-
mum stress ;.. (mode 3) occurs also at the notch root. The three loading modes
and their characteristic maximum stresses appear as decoupled under mixed mode
loading conditions. The influence of the slit-parallel basic stress o) (the T-stress
effect) is neglected below.

The slit, considered as the limit case p — 0 of a slender parabolic notch or
keyhole notch, provides the means to establish the relationships between the SIFs
K, K1, Ky and the maximum Stresses 0max, Tmaxs Ty 10F 0 — 0 first, and then the
relationships between the NSIFs K,, K;,, K3, and Omax, Tmax, Tomay fOr finite
values of p. These relationships depend on the notch shape (elliptic, parabolic,
keyhole or U-shaped). Once more, the relationships for mode 1, mode 2 and mode
3 are decoupled by considering omax, Tmax and 7., in the bisector plane. The
resulting ‘defining equations’ for K;,, K», and K3, are given below. The bisector
direction is associated with 0 = 0°, and the radial distance r is measured from the
origin of the polar coordinate system, whose distance from the notch root is
ro = p/2 for the parabolic notch and ry = p for the keyhole.
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Converting the limit value equations for Kj, Ky, Ky, Eqs. (2.127), (2.128),
(2.130), to the equations for K;,, K5,, K3, (Lazzarin et al. 2009), the following
relationships are derived for slender parabolic notches:

Jp

Kip = omn (0=0,r=0.50,T=0) (2.151)
N

Koy = G s T (0=0,7 = 15) (2.152)

Kz, = \/mpty,, (0=0,r=0.5p) (2.153)

The corresponding relationships for the keyhole notch in Lazzarin’s terminol-
ogy are the following (Kullmer 1992; Radaj et al. 2001; Smith 2006):

VT
Klﬂ :ﬁamax (0:0, r=p, T:O) (2154)
NG
K>y = 0,713 fmax (06 =0, r=1.723p) (2.155)
T

Obviously, K;,, K>, and K3, are smaller for the keyhole notch than for the
parabolic notch when max, Tmax OF T, have the same value but using the same
remote loading stresses results in identical NSIF values for the two notch shapes.

Some general questions arise in respect of a potential use of the NSIFs in
engineering applications where structural boundaries may occur close to the con-
sidered notches, e.g. when applying the reference notch concept to welded joint
models. Analytical expressions for the NSIFs are difficult to derive in such cases.
Also, compiled data are not available. Therefore, the NSIF must be determined
individually, using the FE or boundary element method and evaluating 0max, Tmax OF
) x for the preset notch radius p. Provided the notch shape in the model and in the
derivation of the NSIF formula is identical (the normal choice), the evaluated NSIF
value will be unambiguous and accurate. This means that the notch shape should be
chosen in correspondence to the actual modelling requirements. Mostly, a keyhole
or a U-shaped notch will be appropriate. In any case, the applied notch shape should
be specified when presenting NSIF values. Only then, these can be used to recon-
struct the notch stress field from given K ,, K, K3, and p values on the basis of the
resulting Gmax, Tmax and 7y, values. In the case of superimposed mode 1 and mode
2 stress fields, the resulting gy .« Value at the notch edge outside the bisector plane
can easily be determined. In the case of a non-zero slit-parallel basic stress |, the
appertaining notch stress field can additionally be superimposed, so that the stress
field near the rounded slit tip is completely and accurately determined.

The necessary theoretical limit conditions already mentioned, Eq. (2.138), are
the following:



2.4 Generalised Notch Stress Intensity Factor Concept 187

Ki=1lmKy, (o =0) (2.157)
p—
Ki = lim K, (2.158)
p—0
KIII = 1iH2)K3p (2159)
p—

The above considerations show that the values of K;,, K,,, K3, can be
approximated by the values of Kj, Ky;, Ky in the case of a microkeyhole or a slit-
like U-shaped notch. The designation ‘micro’ means that the keyhole radius p is
substantially smaller than the structural dimensions which control the basic
stresses in the slit tip area so that major cross-sectional weakening effects are
avoided. Inversely, the K7 and Kj; values may be determined by the limit value
procedure expressed by Eqs. (2.157-2.159). This was the original usage in the
historical development. In strength assessments by engineers, the micronotch is
applied as a means to quantify the near-field stress level. Because cross-sectional
weakening is not at all occurring, the SIFs Kj, Kjj, Kyyp are better suited for strength
assessments than the NSIFs K, K>,, K3,.

2.4.8 The T-Stress Effect in Rounded Notch Configurations

As already stated, the SIFs, NSIFs and generalised NSIFs are comprehensive
parameters characterising not only the maximum stress at a point, but the whole
stress field in the vicinity of the crack tip, notch tip or notch root. They are
supplemented by the non-singular stress field components, described by the
T-stress and S-stress where appropriate, Egs. (2.13), (2.15), (2.73). A necessary
condition on all these parameters is that they are approximately constant in the
considered near field of the notch. This constancy has been proven by the diagrams
showing the simple or generalised NSIF values over the distance from the notch tip
or notch root. Higher order stress field terms may be added in unconventional
cases such as application to thin-sheet lap joints.

In summary, there is no problem in using these parameters for defining the
stress fields near pointed or sharply rounded notches as far as these can be
approximated and superimposed by the considered singular and non-singular stress
fields. Substantially three-dimensional configurations must be excluded.

The situation may become complicated when determining the SIF parameters
from FE analysis models in cases of application to specimens and structural
members. Here, the correct separation of the parameters is important: the sepa-
ration of the mode 1 and mode 2 related constituents and the separation of the
equivalent to the 7-stress in rounded notch configurations.

The separation of mode 1 and mode 2 related constituents is not possible when
evaluating the out-of-bisector maximum notch stresses, whereas the separation is
no problem when evaluating the in-bisector stresses gy and 7,4, as shown in the
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preceding subsections. The separation of the T-stress equivalent in rounded notch
configurations is dealt with below, followed by a glance at the corresponding
S-stress problem.

The T-stress is defined for pointed crack or slit tips (2o = 0) subjected to in-
plane loading. The term ‘slit’ (comprising the crack) is preferred in the following
paragraphs of this subsection. The eigenvalue-based series expansion of the in-
plane stress field at the slit tip, Eq. (2.9), is truncated in general after the second
term. The resulting stress field equation can be split into an even and an odd part in
respect of the polar angle 0, the even part connected with the parameters Ky and 7,
the odd part with the parameter Kj; (Sneddon 1946; Irwin 1957). The first order
term defines the stress singularity at the pointed slit tip (r = 0), resulting in the
SIFs K7 and Kj;. The second order term defines a uniform slit-parallel tensile or
compressive stress named ‘7-stress’ (Larsson and Carlsson 1973). These param-
eters control the stress field near to the slit tip, the ‘near field’, now written with the
usual nomenclature, compare Eqs. (2.10) and (2.11):

a2 Ko @) o
o = =h O+ Th0) (j=r.0) (2.160)
K . .
oy = —==his(0) (j=r,0) (2.161)

V2nr

The T-stress may be determined from analytical solutions after series expansion
of the stress field. In the case of FE modelling, it is usually determined from the
medium stress in the two flank sides of the slit, evaluating the midsection values in
case of internal slits (Williams 1957). Also, it may result from the difference in the
stresses ¢, and o acting in the ligament close to the slit tip, Eq. (2.19); (Lazzarin
et al. 2009).

When the pointed slit tip with occurrence of a T-stress is substituted by a
rounded slit notch (e.g. a keyhole), the T-stress may deteriorate the usual evalu-
ation procedures for K;,. The reason is, that the K, related notch stresses are
superimposed by the T-stress related notch stresses. Evaluations of K; and K,
based on the total notch stresses may thus be affected, Eqs. (2.127) and (2.129). If
the T-stress effect is included in K ,, the limit value relationship, Eq. (2.138), is not
applicable, because non-singular stress field components are now wrongly allotted
to the singular stress parameter. It is desirable, to separate the T-stress effect in
order to ensure the correct application of the limit value relationship (Radaj 2010).

A problem of language is first addressed. Just as K; and Kj; do not occur at
rounded slit tips, the same is true for the T-stress. The in-bisector slit-parallel stress
a(r, 0) representing the T-stress at the pointed slit tip, is decreasing to zero at the
rounded slit tip. So, the T-stress in a rounded slit tip model is always that slit-
parallel stress which would occur without slit tip rounding in the midsection of the
relevant internal slit model. This 7-stress can be used to approximate the 7-stress
related notch stresses. The accuracy of the solution will be all the better, the smaller
the notch radius in relation to the characteristic dimensions of the problem is.
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Fig. 2.62 Infinite plate with internal slit subjected to uniaxial (a) and biaxial (b) tension load;
remote tensile stress o; stresses gy, o, and T in ligament and slit line; (Radaj 2010)

The reference model of the slit is the already considered keyhole or slender
elliptical notch subjected to tensile loading in slit-parallel direction. The notch
stresses at the keyhole under a uniform slit-parallel tensile or compressive stress o
are given by (Radaj et al. 2001):

g9 = O'H(l —200829) (2.162)

The solution is identical with Kirsch’s solution for a single hole, with gy pax
= 3gjat 0 = 90° and G4 min = —ojat 0 = 0° (Kirsch 1898). A more accurate
solution for the keyhole gives g max = 3.060) and 64 min = —0). The U-shaped
notch results in 6p max = 207 at 0 = 69° (Radaj and Schilberth 1977, ibid. Fig. 5,
rlb = 1, rla = 0.01), whereas 6 n,;, remains unchanged. Considering the elliptical
(or parabolic) slender notch, no pronounced stress maximum occurs at the notch
edge, whereas 6 min = —0 at 0 = 0°. The latter value is confirmed by Neuber’s
formulae for uniaxial and biaxial tensile loading in comparison (Neuber 1985).
One application-relevant conclusion from the above is that the value of the original
T-stress is expressed by the notch stress at § = 0° with opposite sign. This has to
be taken into account when evaluating the K, parameter from FE models using
the notch stress at § = 0°.

Before doing so, the difference between the 7-stresses at mode 1 loaded internal
and external slits is demonstrated. At external slits (with an unloaded external
boundary), no 7-stress occurs whereas at internal slits it generally does. In order to
clarify the situation in the latter case, the slit-parallel and slit-normal stresses o,
and o, in the slit and ligament line y = 0 is discussed based on Westergaard’s
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closed-form solution, Fig. 2.62 (Westergaard 1939; Hahn 1976). The infinite plate,
subjected to uniaxial or biaxial remote tensile stress ¢ is considered.
The solution for uniaxial tension gives:

4 _Jo (x<a) 5163
GX_{O’x/\/xzaz -0 G‘y_{ax/\/xzaz (x>a) (2.163)

The solution for biaxial tension gives:

—g,={" (r<a) 2.164
o-x_ay_{ax/m (x > a) (2.164)

The T-stress can be determined from the difference in the stresses o, and ¢, on
the ligament close to the slit tip (Lazzarin et al. 2009). The expression for the
T-stress is reformulated here as a limit value using the stress components ¢, and o,
instead of ¢, and oy:

T = li_r}r(l}ax —agy) (x>a) (2.165)

Considering the above mentioned Westergaard solution, one gets 7 = —o¢ in
uniaxial tension and 7' = 0 in biaxial tension. Comparing this result with the plots
in the figure, it is obvious that the 7-stress in the two loading cases can be
identified from the slit-parallel stress o, in the midsection of the internal slit, but
not from the remote stress at the outside boundary of the plate. On the other hand,
any superimposed loading o,., at infinity will directly change the T-stress by
T = 0. Then, the T-stress consists of two parts, the one component connected
with ¢ = 0,, the other with o,,,. When considering external notches, these
correspond to the condition o,.,, = 0, in general, for example the keyhole notch
solution (Kullmer 1992; Radaj et al. 2001). Therefore, the solution for uniform
slit-parallel tension loading is separately given by the latter authors. Altogether,
it is concluded that, under uniaxial tension loading of internal rounded slit tips, the
slit-parallel basic stress o) is equal in size and opposite in sign to the remote slit-
transverse tensile stress, provided the notch radius is small in relation to the outer
dimensions of the structural member.

Evaluating K, in cases of | # 0 from FE analysis results, it is necessary to
determine Kl*p without the T-stress effect and to register the T-stress or the corre-
sponding slit-parallel basic stress g separately, because different stress fields are
connected with the two parameters. The equations corresponding to Egs. (2.151)
and (2.154) for the parabolic and keyhole notch types, respectively, then read as
follows:

K, = @ (Omax +0)) (0=0,r=0.5p) (2.166)
K], = VP (Omax +0) (0=0,r=p) (2.167)
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The necessary limit value of Eq. (2.157) is substituted as follows:
K; = lim K} (2.168)
p—0

Considering K7, with p — 0 as indicated by Eq. (2.168), the slit-parallel stress
o) in Egs. (2.166) and (2.167) can be substituted by T. Therefore, the designation
‘T-stress-corrected NSIF K7 is introduced. In cases of rounded slit tips, this
correction is an approximation.

As an example for the T-stress correction, the plots of the Kj, K, and Ky, K>,
values for the two-sided keyhole slit in a rectangular plate with outer dimensions
substantially larger than the notch radius, Fig. 2.63, has been reconsidered (Radaj
2010). The plate is subjected to uniaxial tensile and pure shear loading by prescribed
remote boundary displacements with a reference stress of gy = 100 MPa and
79 = 100 MPa, respectively (Lazzarin et al. 2009). The K, and K, values were
evaluated from FE models using Egs. (2.154) and (2.155) not only at r = p or
r = 1.723p, but also at other distances (r — p) close to the slit tip without consid-
ering the T-stress effect. The K7 and Kj; values were also evaluated from FE models.
Actually, the T-stress was found to be T = —60 MPa. Therefore, the K, values are
exactly 1.09 % too large at (r — p) = 0.001 mm, upper graph of Fig. 2.64. The
difference decreases for (r — p) > 0.001 mm. The well known maximum notch
stress gradient —2/p perpendicular to the hole edge results in a full cancellation of
the enlargement at (r — p) = p/2 = 0.025 mm. Obviously, the T-stress corrected
K7, curve is then identical with the K; curve within the plotting accuracy. The limit
condition of Eq. (2.168) is precisely met, which means that the hole is sufficiently
small to possess the same geometry factor Y7 as the pointed slit tip, or, in other words,
that the cross-sectional weakening by the hole is negligibly small.
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Fig. 2.64 Generalised NSIFs K, K]*p7 K>, in comparison to SIFs K;, Ky, evaluated along

bisector or ligament dependent on distance from notch root or slit tip, FE model of rectangular
plate with two-sided keyhole or slit subjected to tensile and in-plane shear loading; (Lazzarin
et al. 2009)

The deviations between the K5, and Kj; curves in the lower graph of Fig. 2.64
have another reason. They occur for distances smaller than the 7., position at
(r — p) = 0.723p = 0.0362 mm. They mirror the fact that the correct K5, value is
determined from t,,,, at the above distance from the notch edge, with no con-
vergence for evaluations at distances closer to the notch edge. The necessary
convergence condition is K,, — Ky for p — 0, but not for (r — p) — 0. The
deviations are not a 7-stress effect, because the evaluated shear stresses are
independent of any 7-stress.

Another, more convincing proof of the necessity to apply the 7-stress correction
has been given by re-analysing Lazzarin’s tensile-shear loaded lap joint model
(Radaj 2010).

The second order term in mode 1 loading which constitutes the 7-stress at slit
tips may also occur with V-notches (Ayatollahi and Dehghany 2010; Ayatollahi
and Nejati 2011). An effect on K, similar to the T-stress effect above can be
expected, but has not yet been investigated. The second order term in mode 3
loading which has been named S-stress, does not affect the limit value K3, — Ky
because it does not contribute to the shear stresses 74,(r, 0) in the bisector plane
which are related to K3,,.
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2.4.9 Application of the Generalised NSIF Concept to Round
Bars with Shoulder Fillet

The generalised NSIF concept allows to describe the stress field at rounded not-
ches, especially at sharply rounded notches, by a single parameter per loading
mode. The intensity of the stress field, for which the NSIF is determined, must be
available from other sources, in engineering applications from a FE analysis of the
considered notch configuration.

The NSIFs thus found do not allow to perform a strength assessment directly.
On the other hand, incorporation of the FE analysis results into the analytical
frame of the NSIF concept allows fundamental insights in the setting of the model
and its behaviour under modified conditions. This may be illustrated by the fol-
lowing example (Zappalorto and Lazzarin 2011%).

A round bar with shoulder fillet subjected to torsional loading is considered,
Fig. 2.65. The shoulder fillet is approximated by a hyperbolic notch with notch
opening angle 2o = 90°, inclined by f = 45° against the bar axis. The notch
radius is p = 0.25 or 1.0 mm. The radius up to the gross cross-section amounts to
R, = 54.5 or 25.5 mm, the radius up to the notch root thus being R, = 50 or
20 mm.

The notch stress field (out-of-plane shear) is separated into two parts, one part
antimetric, the other part symmetric, Eq. (2.122). Engineers are not always aware
of the symmetric part, which corresponds to the S-stress originally defined at slit
tips (20 = 0°). The two parts are controlled by the antimetric and symmetric

NSIFs, Ky;) and Kgi)) They are determined according to Eqgs. (2.124) and (2.125)
and are related to the nominal torsional stress 7,, in the gross cross-section,
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bar with hyperbolic shoulder fillet; original compared with Kj3,-based FE analysis results;
nominal stress 1, in gross cross-section; (Zappalorto and Lazzarin 201 1(3))

Fig. 2.66. Obviously, the notch radius p < 1 mm has no major influence on the
S

NSIFs. The values of Kg;) and Kgﬁ should not directly be set into comparison,

because they are different in their dimension. The NSIF K§ p) defines a stress field

which is singular for p — 0, whereas Kg? is associated with non-singular stresses

under the limit condition.

The out-of-plane shear stresses 14./1,  in the bisector plane are plotted over the
distance from the notch root for p = 0.25 and 1.0 mm, Fig. 2.67. FE analysis
results and K3,-based analytical curves are compared. There is no conceivable
difference up to 10 mm ahead of the notch root with R, = 54.5 mm. For
R, = 24.5 mm, this range is reduced to 1.0 mm. The stresses t¢., 7., and 7, at the
(hyperbolic) notch edge are plotted over the polar angle 6, Fig. 2.68. The shear
stress T,, acts in planes normal to the notch edge, whereas the shear stresses 7, and

1,, are related to the planes in the r—0 system before being converted to the

u—v system. The curve of 7,, deviates from the antimetric part rﬁi) of the analytic

solution outside the bisector plane. Rather confusing but correctly, the antimetric
shear stresses in the r—0 system appear as symmetric in the u—v system following
the notch edge in the positive direction of v.

In the same investigation, also the torsional loaded round bar with an inclined
parabolic notch is considered. Further solutions are available for U-notches and
blunt V-notches with an accurate mapping of the circular notch edge (Lazzarin
et al. 2007). In both cases, the NSIFs are not defined.
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2.4.10 Fatigue Limit Expressed by Notch Stress Intensity
Factors

The generalised NSIF approach is closely related to the simple NSIF approach in
respect of fatigue assessment. Both approaches can be used to assess the crack
initiation life of notched members inclusive of fillet-welded joints (Boukharouba
et al. 1995; Verreman and Nie 1996, 1997). The fatigue assessment of notched
members comprises first the determination of the high-cycle fatigue limit (e.g. the
technical endurance limit), second the extension of this limit value to the medium-
cycle and low-cycle fatigue range (e.g. via the notch stress or strain S—N curve) and
third the formulation of the multiaxial failure criterion (e.g. the von Mises equivalent
stress in ductile materials). The fatigue process is understood as crack nucleation,
short-crack growth and long-crack propagation. Crack nucleation is induced by
repeated plastic notch tip deformation. Short cracks initiated at sharp notches may be
arrested, provided the notch stress gradient is sufficiently steep and the basic stress
level sufficiently low (non-propagating short cracks). The high-cycle fatigue limit
may be described on the basis of elastic material behaviour.

The high-cycle fatigue limit for notched members has been mainly considered
in relation to the fatigue limit of the unnotched material. This is expressed by the
fatigue notch factor Ky which turns out to be smaller than the elastic notch stress
concentration factor K;. The relation between the fatigue strengths of rounded
compared with pointed notches (inclusive of cracks) has only exceptionally been
investigated. Stress intensity factors are basic for such investigations. They allow
an assessment without a detailed short-crack propagation analysis, which may be
too complicated for engineering purposes. Instead, the stress field in the damaging
zone near the notch tip or notch root characterised by the simple or generalised
NSIFs is evaluated. This ‘near field’ produces the driving force for crack initiation
and propagation. Widely used are average stress criteria (notch stresses averaged
over a material-characteristic microstructural length, area or volume at the notch
tip or notch root) or, alternatively, critical distance criteria (notch stress at a
material-characteristic microstructural distance from the notch tip).

The basic idea behind the approach presented in the following is the consid-
eration of two different fatigue limits in the case of sharp notches (the notch tip
radius is zero or very small, the notch stress concentration factor is correspond-
ingly high). One fatigue limit is related to the nucleation of cracks that do not
propagate, governed by the stress concentration factor K. The other fatigue limit is
related to cracks that nucleate and then propagate, the threshold stress intensity
factor AKy, applied to crack length plus notch depth being relevant.

It is straightforward with regard to the crack propagation fatigue limit of not-
ches to introduce a crack-propagation-relevant microstructural length derived from
the threshold stress intensity factor AKy, of long cracks and from the relevant crack
propagation fatigue limit Aoy, Such a length parameter a, has been defined in the
following form (El Haddad et al. 1979):
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It has been shown that the proper integration length for fatigue-effective
stresses at crack and notch tips is 2a, independent of the notch tip radius and the
notch opening angle (Lazzarin et al. 1997).

The following relationships for mode 1 loading conditions have been derived
based on the concept just mentioned (Atzori et al. 1999, 2001):

K, 2AK 1
‘ =21 (2.170)

Ki =
\/ 1+ 4ao/p AO-n,g 723(,0 + 4610)
Achr(p > 0) = Achr(p = 0) Vv 1+ p/4a0 (2'171)

with the gross area nominal stress range Aoy, the critical NSIF range
AK;, o« = AKi(p > 0) and the critical NSIF range AKi. = AK;.(p = 0)
beyond which initiated cracks will propagate. The derivation above uses the
approximation (1 — 4;) ~ 0.5 which is justified for 2o < 60°. Obviously, the
expression on the right-hand side of Eq. (2.170) is thus only approximately
dimensionless. The prediction of fatigue strength according to Eq. (2.171) for
different notch radii and materials is plotted in Fig. 2.69 and compared with
various experimental results taken from the literature (Lazzarin et al. 1997; Noda
et al. 1995; Yao et al. 1995). The degree of correspondence seems to be
satisfactory.

The simple or generalised NSIF may directly characterise the fatigue limit as
shown above or as shown for welded joints in Sect. 2.3.7. These parameters can
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also indirectly be relevant for fatigue as can be seen from the J-integral criterion
(see Sect. 2.3.8) or from the local strain energy density criterion (see Sect. 3.2.3).

Proceeding from the high-cycle fatigue limit, especially at the branching point
between the crack nucleation and crack propagation curves in Frost’s endurance
limit over SCF diagram, o, = f(iK,), the medium-cycle S-N curve can be
empirically approximated using an inverse slope exponent k which depends on the
amount of elastic-plastic notch support during crack initiation and subsequent
crack propagation. A more rational approach consists in using crack initiation
criteria based on elastic or plastic NSIFs in the medium-cycle and low-cycle
fatigue range, respectively, allowing extensions into the crack propagation range.

Multiaxial failure criteria are needed for the fatigue assessment under mixed
mode loading conditions. These can be based on superposition of the effects of the
individual loading modes as far as elastic NSIFs are applicable. An elliptical curve
relationship has been used for fillet-welded joints in analogy to the Gough ellipse
(see Sect. 2.3.6).

2.4.11 Conclusions

The stress distribution at sharply rounded notches can be described by the loading
mode related generalised NSIFs K ,, K»,, K3, as the governing field parameters.
These NSIFs are linked not only to the maximum notch Stresses omax, Tmaxs Tmax>
which constitute the conventional SCFs in engineering science, but to the whole
notch stress field. The field information is needed for assessing failure processes
such as crack initiation and propagation or microstructural damaging phenomena.
The size effect on the endurable nominal stresses is already included in the
endurable NSIFs.

The generalised NSIFs can also be applied to notches with a substantially
increased notch radius, provided a proper evaluation over some distance from the
notch root in the bisector plane is performed, proving a sufficiently constant value
of the NSIF. This value may depend on the notch radius. A substantial increase
with the notch radius may be observed, especially under mode 2 loading condi-
tions where the maximum notch stress occurs outside the bisector plane. The
generalised NSIFs and the appertaining stress equations depend on the notch shape
(parabolic, hyperbolic, elliptical, blunt V-notch, V-notch with circular root arc or
V-notch with root hole) and on the applied analytical frame. The internal or
external setting of the notch may include a minor influence of loading in the
bisector direction. Structural boundary, loading and support conditions have an
influence, especially if they act close to the notch. Only the effect of a finite notch
depth relative to the notch radius has been systematically investigated to some
extent.

The numerical basis of generalised NSIF evaluations in configurations with
finite boundaries is the FE analysis method, performed with sufficiently fine
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meshes. The theoretical frame of the NSIFs allows interpretations and generali-
sations of the FE analysis results.

Fatigue assessments are possible on the basis of the generalised NSIFs, but this
access has not yet been elaborated. One reason may be, that the NSIFs depend on
the overall notch shape, on the geometrical details at the notch root and on the
applied analytical frame. So, their generality is restricted. As far as the stress
distribution of the sharply rounded notch expressed by the generalised NSIF
remains close to that of the pointed notch, expressed by the simple NSIF, failure
criteria and data are transferable to some extent.

2.5 Plastic Notch Stress Intensity Factor Concept
2.5.1 Survey of Section Contents

The preceding sections refer to the stress fields and NSIFs of pointed and rounded
notches under the condition of linear-elastic material behaviour. Now, the pre-
sentations are extended to nonlinear-elastic and thus approximated elastic-plastic
material behaviour. The stress singularity at pointed notches continues to exist,
provided strain hardening is taken into account. Plastic NSIFs are defined as
distinguished from the elastic NSIFs. They include plastic strain intensity factors,
which exist also for a non-hardening material behaviour.

Plastic stress intensity factors were first proposed for cracked plates under
nonlinear conditions of material behaviour (Hilton and Hutchinson 1971; Hilton
1973) and later on extended to pointed V-notches with arbitrary notch opening
angle (Lazzarin et al. 2001). Plastic NSIFs can be stated in terms of the elastic
NSIFs, provided the local elastic and elastic-plastic strain energy densities aver-
aged over a circle sector volume around the pointed V-notch are set equal, which is
appropriate under small scale yielding conditions (Lazzarin and Zambardi 2002).

Basic information is given on the deformation theory of plasticity which leads
to the HRR elastic-plastic stress and strain fields at the notch tip, named after
Hutchinson, Rice and Rosengren. The elastic-plastic fields at V-notches subjected
to tensile loading inclusive of the definition of the plastic NSIF are presented. The
corresponding fields in out-of-plane shear loading are easier to describe analyti-
cally. The parabolic notch is treated first, followed by V-notches in general.
A uniform analytical frame based on the Neuber nonlinear material law is pre-
sented. The Neuber rule linking the maximum elastic-plastic stresses and strains at
rounded notch tips and Glinka’s alternative concept are contrasted with findings by
Zappalorto and Lazzarin, who identified an influence of the notch opening angle
and of the hardening exponent on the Neuber rule. A final subsection is devoted to
the analytical description of the elastic-plastic material laws.

When reviewing the available publications on the plastic NSIF concept, a lack
of conceptual clarity in respect of the yield limit parameters has to be overcome in
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some cases. As explained in more detail in Sect. 2.5.10, the real (engineering)
yield limit parameters &y, oy or Vv, Ty (marked or offset yield limit) are not
identical with the substitute (analytical) yield limit parameters ¢y, o Or Yo, To
resulting from the intersection point of the linear-elastic and the asymptotic plastic
limit curves. On the other hand, there is no general relationship available for
relating the two types of yield parameters. The real yield limit is sometimes
introduced in comparative investigations based on the FE method, when using the
Ramberg—Osgood material law. It was not possible to remove any possible con-
fusion in the following. The choice of the original authors had to be respected.

The expositions are mainly based on the analytical development of the plastic
NSIF concept by Lazzarin and Zappalorto in a set of excellent publications which
can be found in the list of references at the end of Chap. 2. A list of symbols is also
available there.

2.5.2 Deformation Theory of Plasticity Founding the HRR Fields

When loading of the material exceeds a certain level, plastic deformation (yield-
ing) occurs immediately (i.e. independently of time). The usual assumption is, that
the elastic and plastic strains or strain increments add up to their total values:

&ij = &ij,e T &ijp, dEij = dSijye + dSin (2172)

The elastic strains are connected with the stresses according to Hooke’s law.
The plastic strains are conforming to the multiaxial yield condition, mostly
according to von Mises. Two different formulations of the relationships between
plastic strains and (elastic) stresses are in use. The ‘incremental theory’ refers to
plastic strain increments in relation to the analytical yield surface. It is not used in
the following. The ‘deformation theory’ founding the HRR fields considers the
total strains. Both theories assume in general that no plastic volume change occurs,
Epkk = 0.

In the deformation theory leading to the HRR fields described below, a hard-
ening material is considered whose uniaxial stress—strain curve is represented by
the Ramberg—Osgood material law in the following normalised form related to &,
0o which deviates from the original form related to E and H, Eq. (2.264) (Gross
and Seelig 2001), Fig. 2.70a:

n
ﬁiﬂc(i) (1<n<oo) (2.173)
&0 ao ao
where the terms on the right-hand side of the equation denote the elastic and
plastic strain ratios. The quantities &,, oy refer to the initiation of yielding,
& X &y, 09 & 0y, provided the factor « is sufficiently small. Under this special
condition, the factor « results approximately from % 'E/H" with the yield limit
oy = E¢y, the modulus of elasticity E and the hardening (or strength) coefficient
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Fig. 2.70 Uniaxial stress—strain curves according to the Ramberg—Osgood material law (a) and
according to a combination of linear-elastic and total strain power law (b); different factors o in
the two graphs; (Gross and Seelig 2001)

H (where H is equal to ¢ at ¢, = 1). The ‘strain hardening exponent’ 7 is limited
by n = 1 for linear-elastic and n — oo for elastic-perfectly-plastic behaviour. It
has to be noted that many authors prefer the reciprocal value 1/n instead of n.

At pointed notch tips, the plastic strains are found to be singular, so that the
non-singular elastic strains are negligible in relation to the plastic strains, and Eq.
(2.173) can be reduced to the total strain power law, in which the originally plastic
strains are now interpreted as total strains:

n
£ o
—=u (—) (2.174)
&0 (0]
The total strain power law, Eq. (2.174), when generalised to multiaxial stress
states based on the invariant J, of the deviatoric stress state, can be written as

follows:
n—1
Sij 3a Oe Sij 3
A="(2) 2 ge=1/Ssis 2.17
& 2 <GQ) O'()’ 7 ZgJ?J ( 5)

with the effective stress g, according to the von Mises criterion and the deviatoric
stress component s;;.

The material law, Eq. (2.175), is also considered valid for a stress—strain
relationship consisting of a linear-elastic rise up to the intersection point &y, g
followed by the total strain power law in the plastic range, Fig. 2.70b:

e o

—=— (¢<&)

]

.o (2.176)
[ >

& <O’0) (8 - 80)

Obviously, « = 1.0 when comparing Eq. (2.173), i.e. « is not small so that the
approximations &y X &y and 0y & gy are not anymore valid. In the following, the
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quantities &y, go are termed ‘substitute yield limit’ in order to distinguish them
from the real yield limit ey, oy.

In the deformation theory, the plastic material behaviour is specified as non-
linear-elastic. For nonlinear-elastic solid bodies with a crack undergoing mono-
tonic, small-strain deformation, Hutchinson, Rice and Rosengren have shown that
the intensity of the near-tip field is expressed by the J-integral and that the stresses,
strains and displacements exhibit a singularity described by r— /D =D ypq
r~ YD respectively (Hutchinson 1968; Rice and Rosengren 1968). These ‘HRR
fields’ close to the crack tip are written as follows:

J 1/(n+1)

gij = 0y (OCO'080]F> 6ij(0, n) (2.177)
J n/(n+1)

&jj = Aép <O€O’0£()Ir) Eﬁ(@, I’l) (2.178)
n/(n+1)

up = ocsor<a00801r) (6, n) (2.179)

with the ‘universal functions’ (0, n), &;j(0, n) and (0, n) dependent on the
polar angle 6, the strain hardening exponent n and the state of stress (plane stress
or plane strain), with the J-integral and with the Integral / depending mildly on
n. Deviations occur with large-scale yielding under plane strain conditions, which
may be expressed by a ‘constraint factor’ (Shlyannikov et al. 2011).

In the equations above, the J-integral does not separate the mode 1 and mode 2
loading components. Evaluated HRR-fields refer to pure mode 1 loading in gen-
eral. Such evaluations show, that the HRR-dominated region at the crack tip is
substantially reduced with increasing values of n. Simultaneously, the deformed
crack tip gets more and more blunted.

Even in the considered case of crack tips (2o = 0), it has not been possible to
find a complete numerical solution. Only modelling the material as perfectly-
plastic has allowed substantial progress (Unger 2001, 2005, 2007). Moving to the
more general case of pointed V-notches in strain-hardening materials, the problem
becomes much more demanding. Not only the ‘universal functions’ require
numerical solution techniques, but also the exponent s characterising the degree of
the singularity. Nonlinear differential equations and nonlinear eigenvalue problems
have to be solved, and the superposition principle, facilitating solutions in the
linear range, is not anymore applicable.

2.5.3 Elastic-Plastic Fields at Tensile Loaded V-Notches

A partial solution of the problem of elastic-plastic stress and strain fields at tensile
loaded V-notches is available, originally referring to large-angle V-notches
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simulating weld-like geometries (Lazzarin et al. 2001) and later on to pointed
V-notches in general (Filippi et al. 2002‘"). Lazzarin proposed plastic notch stress
intensity factors as parameters which combine the effects of member size, nominal
stress level and constitutive material law on the notch stress and strain fields at
pointed V-notches. Considering weld-like pointed corner notches subjected to a
combination of mode 1 and mode 2 loading in the bisector plane, the notch stresses
in the HRR field follow a series expansion:

ai(r, 0) = Kipr 54 (0) + Kopr 6 (0) + ... (2.180)

where K, and K, are the plastic notch stress intensity factors in mode 1 and mode
2 loading, representing the symmetric singular stress field (first term) and the
antimetric non-singular stress field (second term) for 2o > 102°. This equation
does not express the superposition principle, because K, and K5, are assumed as
interconnected. Their unambiguous definition requires &é}{mx = &é?{m (absolute
values), appertaining to the effective (or equivalent) stress g. according to von
Mises.

The plastic NSIF K, is defined in analogy to the elastic NSIF K, as follows:

Kip, = lir% V2nr'ay(r, 0) (2.181)

with the exponent s depending on the hardening exponent and the notch opening
angle, Eq. (2.187).

The plastic NSIFs K, and K5, depend on the notch opening angle 2a, the
nominal stress g, the plate thickness ¢, the reference stress ¢y and the hardening
exponent n. The third material parameter in the Ramberg—Osgood law (besides
E and n), the hardening (or strength) coefficient H, is dependent on gy, &.

The FE analysis for K;, of a weld-like corner notch model, 2a = 120°,
t =20 mm and n = 4.0, using the Ramberg—Osgood law, is presented in
Fig. 2.71. The linearised approximation of K;, in the range ¢, = 100-500 MPa
has the following general form:

Klp = (klan —+ kl()O'())l‘s (2182)

Actually, the K, curves are nonlinear and start from the origin of the diagram.
This relationship is found tentatively based on the analytical assumption for K.
Deviations of the analytical HRR solution (power law) from the FE solution
(Ramberg—Osgood law) are not explicitly visible.

The result of the nonlinear eigenvalue analysis in respect of the exponent s is
plotted in Fig. 2.72. The dependency on 2« is weak for not too large angles 2o, but
the dependency on 7 is generally strong. The exponent z in Eq. (2.180) is negative
in the considered range of large values of 2o, which means, that no singularity
occurs. An example for the universal function G;;(0) is given in Fig. 2.73, with
exact values and approximations in comparison.
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Fig. 2.72 Exponent s of the nonlinear-elastic V-notch subjected to mode 1 (symmetric) loading;
exact values (Runge-Kutta) and approximations; (Filippi et al. 2002")

A more concise derivation and definition of the plastic NSIF under mode 1
loading conditions is possible based on the equivalent strain energy density
approach (Lazzarin and Zambardi 2002). In this approach, the elastic-plastic strain
energy density at the notch tip is found coincident with that determined under
linear-elastic conditions (Glinka and Molski 1981). The approach is not directly
applicable to pointed V-notches, since the strain energy density at the notch tip
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Fig. 2.73 Universal functions 6;(0) for 2« = 90° and n = 4, mode 1 (symmetric) loading; exact
values (Runge-Kutta) and approximations; (Filippi et al. 2002")

tends toward infinity both for the linear-elastic and the power law hardening
material. But a reformulation is possible, when applying elastic and plastic NSIFs
to a finite size circle sector around the notch tip. The hypothesis is introduced that,
under plane strain conditions, the value of the energy concentration due to the
notch is equal for the two material laws. Under small-scale yielding conditions,
this results in an identical value of the strain energy averaged over the considered
circle sector. As a consequence, the plastic NSIFs of pointed V-notches can be
predicted on the basis of the linear-elastic NSIFs. The essential steps of the der-
ivation by Lazzarin and Zambardi are reviewed below.

The Ramberg—Osgood material law is the basis in the following form, gener-
alised for multiaxial stress conditions according to the von Mises criterion:

I+v 1 —-2v 3om71
&j = Tsij +T6h5ij JrEFSij (2.183)

where s;; is the deviatoric stress tensor, oy, is the hydrostatic stress, d;; the Kro-
necker delta and o, the von Mises equivalent stress. Actually, the asymptotic
approximation by the total strain power law is used in the analytic derivations. The
material characteristic constants are the hardening exponent n and the hardening
coefficient C (better known as K or H). The multiaxiality condition (plane stress or
plane strain) comes in via the equivalent stress o..

Based on Eq. (2.183), the plastic component W, of the strain energy density can
be calculated for monotonic loading:

n
W,=—g"! 2.184
P (l’l-’-l)cnae ( )
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The first term of the elastic-plastic stress series expansion in the close neigh-
bourhood of a pointed V-notch under mode 1 loading conditions, compare Eq.
(2.180), turns out to be:

aij(r, 0) = Kip r°63§(0),  ae(r, 0) = Kipr—°6.(0) (2.185)

where K, is the plastic NSIF quantifying the intensity of the local stress field. The
determination of the universal functions ¢; and 6. requires a numerical solution.
They are normalised in the same manner by setting the maximum value of 6. (0)
over the considered domain to unity.

Inserting Eq. (2.185) into Eq. (2.184), the elastic-plastic strain energy density
close to the notch tip is given by:

n ,
Wo(r, 0) = v (K)o D 0! (2.186)

In the plastic zone very close to the notch tip (small-scale yielding), the elastic
contribution to the total strain energy is very small. Therefore, the total energy
density W can be set equal to the elastic-plastic energy density W, which, on the
other hand, is equal to the original linear-elastic energy density W.. This should
apply to any value of r within the considered notch tip region. Therefore, com-
paring the linear-elastic and elastic-plastic singularities, an expression for the
exponent s can be gained:

We(r, 0) oc P20 Wy (r, 0) o r s = 21 =) (2.187)
n+1

The expression for s(4;, n) has also been derived by other authors (Kuang and
Xu 1987; Chen and Ushijima 2000). It is independent of the applied load value.
For the crack, A; = 0.5 and therefore s = 1/(n + 1) are valid.

The equivalent strain energy density approach (Glinka and Molski 1981) is
based on the well-founded hypothesis that different constitutive models (elastic-
plastic compared with linear-elastic) affect the relationship between stresses and
strains but leave the value of the averaged energy density at the notch tip (sector
radius R) compared with the same in the nominal stress region (energy concen-
tration factors Ky, and Ky ) unchanged:

Kw p(R) = Kw,e(R) (2.188)

This allows to express the plastic by the elastic stress intensity factor which can
easily be determined by FE analysis:

n+1 LGy L, /c  n , \17"
K. = K7 =— n y=m— 2.189
lp |: n Ip('y’ l’l) le 2E + n _|_ 1 O-n (/ T OC) ( )

where I.(y) and I,(y) are integrals of the elastic and plastic universal functions, the
first evaluated analytically, the second numerically. The sector radius R should be
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within the range of validity of the asymptotic one-term expansion of the notch tip
stress field.

Under conditions of local yielding, the second term in the parenthesis is sub-
stantially smaller than the first term, so that the following simplified formula is
applicable:

Ky = AK}/ Y (2.190)
(10 Ly \V"Y
A= (2.191)
n 2EI(y, n)

These relationships are dependent on the notch opening angle and the material
parameters but do not depend on the applied load value.

The introduced hypothesis of identical energy concentration factors, Eg.
(2.188), is only a well-conceived approximation. It neglects any redistribution of
the stresses from the higher stressed towards the lower stressed areas. Such
redistributions vary with the considered special case. Several numerical tests using
the FE method have therefore been performed by Lazzarin and Zambardi with the
aim to mark the range of applicability and the degree of accuracy of the
approximate solutions.

The FE analyses were carried out on a flat bar specimen with two-sided V-notch
subjected to a tensile load or, alternatively, on a flat bar specimen with one-sided
V-notch subjected to a bending load. Plane strain conditions are assumed. The
nominal stress refers to the gross cross-section. The material parameters corre-
spond to the following two low-carbon and medium-carbon steels:

e AISI 1008: E = 2.06 x 10° MPa, C = 600 MPa, n = 4.00, oy = 125 MPa,
vy=03

e AISI 1045: E = 2.06 x 10° MPa, C = 950 MPa, n = 8.33, oy = 450 MPa,
vy=20.3

Actually, the total strain power law is applied with the substitute yield limit
according to Eq. (2.283), oo = (H/E)"""~V. Thus, ¢, = 85.7 MPa for the AISI
1008 steel, and oy = 456.1 MPa for the AISI 1045 steel. Only tensile loading, the
notch opening angle 2o = 60° and the AISI 1008 steel are referenced in the two
figures below. The FE analysis is carried out with the Ramberg—Osgood material
law which is identical with the total strain power law for the very large strain
values which define the plastic NSIF.

The stresses oy normal to the bisector plane are plotted over the distance from
the notch tip for various (increasing) nominal stress values in Fig. 2.74. Direct
FEM results are compared with the K, analysis results. Deviations from the
analytical curves (linear in logarithmic scales) occur for larger distances from the
notch tip.

The plastic NSIF K, is plotted over the nominal stress ¢,, in Fig. 2.75.
Analysis results according to the unreduced Eq. (2.189) and the simplified Eq.
(2.190) are compared with the direct FEM results. The simplified formula may not
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be used in the range of large-scale yielding, defined by ¢, , > 6. The divergence
point of the two curves is indicated by o, and not by oy, because the total strain
power law is relevant. Under bending load conditions, the local yielding range,
where the simplified formula is applicable, is extended to substantially larger
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V-notched members (2¢ = 135°) in medium-carbon steel AISI 1045; the fully plastic condition
on the left hand side in contrast to the purely elastic condition on the right-hand side; reference
values t; = 25 mm, o, = 250 N/mm? in fatigue assessments according to Eurocode 3;
(Lazzarin and Zambardi 2002)

nominal (bending) stress values because of the elastic bending support, charac-
terised by the factor 1.5.

Finally, the size effect on strength is considered when varying all geometrical
dimensions of the notched member in a self-similar manner, member 2 compared
with member 1. The gross cross-sectional width, interpreted as plate thickness ¢ in
the weld-like models, is taken as the characteristic parameter. Based on the elastic
NSIF, K; = kjg, ', Eq. (2.87), the following relationship for the endurable
nominal stresses o,, and og,; is derived:

o A
2 <—1> (2.192)

Onl 15}

The corresponding formula for the plastic NSIF, K, = AKIZ/ ("H>, Eq. (2.190),
results in:

2(1=241)/(n+1)
t
Tn2 _ (—1> (2.193)
Onl [5)

The ratio o,,/0,; may be interpreted as a strength ratio (fatigue or brittle
fracture). The size effect on strength is thus reduced by 2/(1 + n) in the exponent
of the plate thickness ratio t,/t,. The strength ratio ¢,,/0,; over plate thickness
ratio t,/t; for weld-like corner-notched members (2a = 135°) is plotted in
Fig. 2.76, using the material parameters of the AISI 1045 high-strength steel. The
fully plastic condition approximated in thin-sheet material on the left-hand side
contrasts with the purely elastic condition approximated in very thick plates on the
right-hand side.
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W) in comparison to its nominal value Wi in the net cross-section; (Zappalorto and Lazzarin
2011®)

2.5.4 Elastic-Plastic Fields at Tensile Loaded V-Notches,
SED-Based Approach

It can be concluded from the expositions on tensile loaded V-notches above in
comparison to the analytical work on out-of-plane shear loaded V-notches
reviewed in the following subsections, that the governing equations in the former
loading case (mode 1) are more complex so that they cannot be solved in a closed
form as it is possible within the mode 3 approach (Unger 2001). A strain energy
based approach to the mode 1 loading case is reviewed below (Zappalorto and
Lazzarin 2011?). The basic idea of the approach is, to determine the strain energy
density isolines around the notch tip and to compare the elastic and plastic NSIF
strain energy densities averaged within a volume or area bordered by the relevant
isolines, Fig. 2.77.

The averaging volume or area has to be fully contained in the near-field, where
the elastic and plastic singularity, respectively, is fully valid. The isolines of the
linear-elastic strain energy density for two notch opening angles under plane stress
and plane strain conditions are plotted in Fig. 2.78. Normalised coordinates X, y
are introduced which refer to the linear-elastic condition (complex analytical
expressions). The isolines of the elastic-plastic strain energy density for different
hardening exponents are also given in the quoted article.

Under plane stress conditions for in-plane loading (mode 1), the positioning of
the strain energy density isolines, ranging from the linear-elastic to the perfectly
plastic behaviour, is similar to that under out-of-plane shear loading (mode 3).
Therefore, the following relationship between W, and W, is transferred from the
mode 3 loading case, where it is strictly valid, to the mode 1 loading case as a well
founded hypothesis:
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Fig. 2.78 Linear-elastic strain energy density isolines for V-notch with two different notch
opening angles, 2o = 0° (a) and 2o = 90° (b) under plane stress and plane strain conditions in
normalised coordinates X, y; Poisson’s ratio v = 0.3; (Zappalorto and Lazzarin 201 1)

_ 2n
W. n+1

=

(2.194)

The following relationship is therefrom derived under the condition of small-

scale yielding:
37 1/n+1
H" /] =4
Kl — (= (2.195)
E \J,

where I. and I, are integrals for evaluating the linear-elastic and nonlinear-elastic
(named ‘elastic-plastic’) strain energy, respectively, within the isolines.

The analytical results are extended from the small-scale to the large-scale
yielding conditions by writing Eq. (2.194) in terms of the ‘energy concentration
factors’, Ky, and Kyy:

Kip =

2n Wp W,
KWA,p:mKW,m KW,p:W P KW,e: W
n,n n,n

(2.196)

Based on this relationship, the extended formula for K, reads:

_ 1/n+1
[N A om E 1/n+1
K2 )14+ g (2.197)
E \J, nt LH

Under plane strain conditions for in-plane loading (mode 1), the above simi-
larity to the out-of-plane shear behaviour (mode 3) does not exist because of the
constraint effects ahead of the crack or notch tip. Therefore, the assumption

Kip =
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nominal stress ¢,, in net cross-section referred to substitute yield limit 6y; plane stress
conditions; (Zappalorto and Lazzarin 201 1)

already used in an earlier investigation (Lazzarin and Zambardi 2002) remains
valid, which referred to a circle sector of constant radius around the notch tip for
averaging the strain energy density:

Wy _ Kwop _

— = 1 2.198
We KW,e ( )

Then, applying the formal structure of Eq. (2.197), the result is:

n+1_, H (I\'™* on E , \'/"!
K,=|—K;. —|— 1 " 2.199
Ip oy Neg (Ip) x| 1+ o ( )

n+1H" ™
One result from an investigation based on FE analysis verifying the above
equations for K, as a function of K. under plane stress and plane strain condi-
tions, respectively, is shown in Fig. 2.79. A tensile loaded flat bar with two-sided
V-notch is considered. The material parameters correspond to the following three
low-carbon and medium-carbon steels:

1/n+1

e AISI 1008: E = 2.06 x 10° MPa, H = 600 MPa, n = 4.00, oy = 125 MPa,
vy=03

e AISI 1020: E = 2.06 x 10° MPa, H = 850 MPa, n = 6.66, oy = 334 MPa,
y=03

e AISI 1045: E = 2.06 x 10° MPa, H = 950 MPa, n = 8.33, oy = 450 MPa,
vy=20.3

The K, curves determined according to Eq. (2.197) based on K. from a linear
FE analysis are well in correspondence with the point symbols, which denote the
K, values gained from nonlinear FE analysis using the total strain power law.
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Based on the hypothesis for plane stress conditions, Eq. (2.194), the Neuber rule
appears in terms of averaged stresses and strains corresponding to W, and W. The
hypothesis for plane strain conditions, Eq. (2.198), on the other hand corresponds
to the Glinka—Molski criterion in terms of averaged strain energy densities.

2.5.5 Elastic-Plastic Fields at Out-of-Plane Shear-Loaded
Parabolic Notches

As shown in the preceding subsection, it has not been possible to solve the in-plane
problem of elastic-plastic stress and strain fields at sharp notches (pointed or
rounded) in a closed analytical form. The feasibility of a closed theory is sub-
stantially enhanced when considering the elastic-plastic fields in out-of-plane shear
loading. Here, the governing nonlinear differential equations are easier to handle.
But even here, the demands on mathematical analysis are very high.

In this subsection, an analytical study carried out by Zappalorto and Lazzarin is
evaluated which is directed to the elastic-plastic field ahead of parabolic notches
subjected to out-of-plane shear loading (Zappalorto and Lazzarin 2007). Small-
scale yielding, but with inclusion of the stress redistribution effect, is investigated.
Linear-elastic combined with perfectly plastic or power law elastic-plastic material
behaviour is presumed. The analysis presents a first order (‘leading term’) field
approximation and is therefore restricted to a small zone close to the notch tip or
root. Torsional loaded round bars with a circumferential notch being the current
application of out-of-plane shear field solutions, it is necessary to mention that the
first order approximation must be combined with a correction term in this case,
compare Eq. (2.147). The out-of-plane stress and strain symbols are used without
the asterisk which was originally introduced in contrast to the in-plane shear
symbols.

First, the linear-elastic followed by perfectly-plastic material behaviour is
considered. The shear stresses 7, and 1, are proportional to the elastic generalised
NSIF K3, .. Referring to Eq. (2.153), K3, = rmax(np)”2 with the notch radius p.
The shear strains y,, and 7,, are proportional to (Kgp,e)2.

Second, the linear-elastic followed by a power law elastic-plastic material
behaviour, Eq. (2.281), is used as the basis of analysis. The nonlinear differential
equations are transformed to a linear form by the approach described with some
details in Sect. 2.5.6.

The power law of nonlinear-elastic or elastic-plastic material behaviour is
written in the form of Eq. (2.286):

R <i> (2.200)
Yo 7o

The considered resultant and simultaneously equivalent stresses and strains are:
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T=/th 41 (2.201)
V=0V (2.202)

The stress and strain components follow from:

n—1
i) (5 ) -
Vax To \T0 Tox

The stress field in the near-tip plastic zone is controlled by the generalised
elastic NSIF K3, .:

5 1/(n+1) 1/(n+1) -
Ty | % =1 £ cos (2.204)
Ty n(n+1) 0 r —sin0 '

where F = F(n, 0) and 0 = 0O(n, 0) are auxiliary functions. The corresponding
strain field follows from Eq. (2.203).

The stress field equation above can be rewritten in analogy to the elastic case
introducing the plastic NSIF K3, ,:

Ty | Kspp (F ) cos 6
_ R [ S0 (2.205)
Tox 27 \r —sinf

With reference to the HRR field solution, the plastic NSIF is defined by the
following limit value:
Kspp = lirr} V2 e (7, 0) (2.206)
r—p/2
Equating Eqgs. (2.204) and (2.205), a relationship between plastic and elastic

NSIFs under the condition of small-scale yielding (but with stress redistribution in
the plastic zone) is established:

n 1/(n+1)
K3 p = V21 [mrg—‘@p’e} (2.207)
For the crack tip (p = 0), the following special form results (Rice 1967):
n 1/(n+1)
Kunp = 1im Ks,p = V2n {m rg‘KﬁLe} (2.208)

The elastic and plastic NSIFs in terms of the maximum notch stresses are given
as follows:

K3p,e = Tmax,eV/ TP (2209)
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Kspp = rmaxﬁp\/ﬁ(g) ety (2.210)

When considering the maximum notch strains in parallel, a deviation from the
original Neuber rule has been identified (compare Sect. 2.5.9).

In conclusion, an easy to survey closed form analytical solution for the elastic-
plastic fields at parabolic notches (with inclusion of crack tips) subjected to out-of-
plane shear loading has been derived by Zappalorto and Lazzarin. Uncertainties
arise from the definition of the material law, because the Ramberg—Osgood rela-
tionship of metallic engineering materials has to be converted into the linear-
elastic followed by power law elastic-plastic relationship of the analytical solution.

2.5.6 Elastic-Plastic Fields at Out-of-Plane Shear-Loaded
Pointed V-Notches

Pointed V-notches subjected to out-of-plane shear loading are considered fol-
lowing the available analytical presentation (Lazzarin and Zappalorto 2008). The
presumed material behaviour is linear-elastic followed by power-law strain
hardening according to Eq. (2.200). Plastic and elastic NSIFs can be related under
the condition of small-scale yielding. The near-tip stress and strain fields are then
used to give closed-form expressions for the strain energy density averaged over a
circle sector around the notch tip, as well as for the J-integral, both parameters as a
function of the relevant plastic NSIF, these expressions being valid both for small-
scale and large-scale yielding.

The basic nonlinear field equations resulting from the adoption of the nonlinear
material law are converted to linear equations by introducing ‘physical’ coordi-
nates as functions of stresses or of strains, similar to the hodograph transformation
of fluid mechanics (Hult and McClintock 1956; Rice 1967). The resulting linear
partial differential equation of second order in two parameters is solved without a
series expansion (Rice 1967; Wang and Kuang 1999), based only on the ‘leading
order term’ expressed by the nonlinear NSIF. The analysis details are passed over
here, presenting the analysis results immediately.

In the near-tip plastic zone, the plastic NSIF K3, is defined in analogy to the
elastic NSIF K3 as follows:

Ksp = lim V2rr/=me (r, 0) (2.211)

where the parameter m in the exponent is dependent on n and 2o

1 /
m:§<l—n— (n—1)2+4w2n>, w:n—TEZac (2.212)

Then, the elastic-plastic stress and strain fields are given dependent on Kj,:
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Tzy :KSP E Y= cos@_ (2213)
T V2n \r —sind ’

v\ _ (K ) 20 (FY"" [ cosT (2.214)
Vex V2r) t\r —sin 0 ’

where 1( and 7, refer to the resultant or equivalent stresses and strains, Eq. (2.201)
and (2.202), F = F(m, w, 0) and 0 = 0(m, o, 0).

The relationship between plastic and elastic NSIFs under the condition of
small-scale yielding (but with stress redistribution in the plastic zone) has the
following form:

» 1/(1-m)
m K3e 1/(1=43) 1
Kiyy=V2n | ———— | — —_— 2.215
3p T [ /13(1 — m) (\/E) ,L,rn+(u ( )

0
For crack tips 2o = 0, 43 = 0.5, o = 1, m = —n), Eq. (2.208) is confirmed.

The plastic zone considerations below refer to the reference stress 7, as the
substitute yield limit. It is not identical with the real yield limit ty. Therefore, the
parameters 7, and x, below are also substitute parameters.

The shape and size of the plastic zone is found by considering the shear stress 1,
isolines (Tresca yield criterion). Under the condition of small-scale yielding (but
with stress redistribution), the well known circular shapes at crack tips (2o = 0)
occur, but for V-notches (2o > 0) oval shapes are typical. The oval shape gets
more slender when strain hardening is weak (or the hardening exponent large).

In applications, the plastic zone size is often estimated by applying the yield
criterion on the elastic stress field, resulting in the radius r, of a circular zone
around the crack or notch tip:

Kse )1/(1—13)
Iy = | —— 2.216
! (% (2216)

According to the analysis above, the extension x,, of the plastic zone along the
notch bisector line is enlarged by the stress redistribution:

m

= 2.217
Xp /13(1 _ m) p ( )
For the crack (2o = 0, A3 = 0.5, m = —n), this equation reproduces a result
from the literature (Rice 1967):
2n
Xp = p—— Tp (2.218)

The strain energy density, averaged over a small circle sector zone around the
notch tip is the basis of fatigue assessment for pointed notches in engineering.
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Therefore, it is appropriate to express the strain energy density by the plastic NSIF
and vice versa.

Considering the power law in terms of total strains, Eq. (2.200), and assuming
that the plastic strains are substantially larger than the elastic strains, the total and
plastic strain energy densities can be set equal, approximated by:

" VANT. R
Y 2\ = o 2219
P /T l /To(yo) / n+1 Gl ( )
0 0

where 7 and y are the resultant or equivalent stresses and strains, Egs. (2.201) and
(2.102). Inserting the stress components 1., and 7., Egs. (2.213) and (2.214), the
result is:

W — n 1
P n+ 16!

~ o 1/(1=m) n+1
Ko <5) (2.220)
V2n \r

The strain energy density averaged over the circle sector with radius R at the
notch tip results by integration of Eq. (2.220), stating the parameter By

n+1
W, = By (22, n) —2_ R0+1)/(m=1) (2.221)
GTj
For the J-integral, a similar expression is found, stating the parameter B:

KgHrl
J3p = By(20, n) Fﬁ’_]meV (m=1) (2.222)
0

Several FE analyses have been performed, in order to scale the plastic NSIFs of
the investigated notched member and then to demonstrate their potential to
describe the elastic-plastic field at the pointed notch tips inclusive of the average
strain energy density and the J-integral. Out-of-plane shear loading is generated by
a torsional moment applied to round bars with a circumferential slit (2o = 0) or
V-notch (2« = 120°). The outer diameter is 60 mm, the inner diameter 40 mm.
The two steels AIST 1008 and AISI 1045 with the material parameters specified in
Sect. 2.5.3 were simulated. An important point was, to what extent the total strain
power law in the theoretical analysis comes up to the well-proven Ramberg—
Osgood law in the FE analysis.

The material parameters in the total strain power law in terms of the parameters
in the Ramberg—Osgood law are defined as follows. It is generally accepted, not to
modify the exponent n which characterises the degree of the singularity. Actually,
there is no difference in the two laws when considering very large strains, which
constitute the singularity. The reference values g, ¢g or 7, ) result from the
intersection point of the linear-elastic with the nonlinear power law curve (for the
conversion from g, ¢ to 7, y see Sect. 2.5.10). Lazzarin and Zappalorto propose to
equate the strain energy densities W, resulting with the two material laws.
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Integration of the plastic component in the Ramberg—Osgood law gives:

O':;—l n3(n+l)/2 it

W, = = R—
P41 He n+1 H"

(Geq = V/37) (2.223)

where o4 is the von Mises equivalent stress.
Equating this expression for W, with that of the total strain power law, Eq.
(2.220), the result is:

—1a(nt1)/2y1/n H Ve
H = (Ge130402y1n g (W) (2.224)

The combination of Egs. (2.221) and (2.224) gives a further expression for the
plastic NSIF:

o 1/(n+1)
_ WpH" 1/(1—m)
0o~ () © 2229

Considering two of the carbon steels in the comparative investigation of Sect.
2.5.4, the following conversions were carried out:

e Steel AISI 1008: 6y = 125 MPa, ty = oy/v/3 = 72 MPa, 1, = 47 MPa
o Steel AISI 1045: oy = 450 MPa, 17y = ay/\/§ = 259 MPa, 75 = 258 MPa

The numerical results in the article of Lazzarin and Zappalorto are demonstrated
in the following by a set of typical plots referring to the V-notch (2« = 120°) in a
round bar specimen subjected to torsional loading. All the plotted data are based on
FE analysis results, because a fully analytical solution for the finite size configu-
ration is impossible. The analytically derived relationships have been scaled by FE
analysis results. What is checked by the plots is, whether or to what extent the
theoretically predicted correlations are confirmed in actual configurations.

In Fig. 2.80, the determination of the plastic NSIFs K3, from the shear stresses
in the notch bisector plane (FE analysis results) according to Eq. (2.211) is shown
for different nominal shear stresses 7, in the net cross-section. Horizontal curves
over the distance from the notch tip are found. Their length increases with the
extension of the plastic zone, i.e. with the nominal stress level. In Fig. 2.81, the
shear stresses in the bisector plane are plotted, determined from the FE analysis
results directly and, in comparison, from the FE-based K3, values. The gradients in
the theoretical analysis are fully confirmed by the FE analysis results.

In Fig. 2.82, the plastic NSIF K3, is plotted over the nominal stress 7, , nor-
malised by the yield limit ty. The K3, values determined from the FE stresses 7.,
and from the average strain energy density W, are well in agreement, whereas the
K3, values based on the elastic K3 value are too low for nominal stresses above
the yield limit. In Fig. 2.83, it is shown that K3, can be approximated by a linear
function of 7, ,/Ty.
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Fig. 2.80 Plastic NSIF of V-notch (20 = 120°) in round bar subjected to torsional loading;
evaluation of FE analysis results according to Eq. (2.211) (point symbols with medium lines);
steels AISI 1045 and AISI 1008; nominal stress t,, in net cross-section; (Lazzarin and

Zappalorto 2008)
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Fig. 2.81 Shear stress in bisector plane of V-notch (2¢ = 120°) in round bar subjected to
torsional loading; FE analysis results (point symbols) compared with K3;-based values (solid
lines); steels AISI 1045 and AISI 1008; nominal stress t,, in net cross-section; (Lazzarin and

Zappalorto 2008)
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Fig. 2.82 Plastic NSIF of V-notch (200 = 120°) in round bar subjected to torsional loading;
derived from elastic NSIF (solid lines), from averaged strain energy density in circular sector of
the FE model (broken lines) and from FE stresses (point symbols); steels AISI 1045 and
AISI 1008; nominal stress t,, in net cross-section; (Lazzarin and Zappalorto 2008)
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Fig. 2.83 Plastic NSIF at V-notch (20 = 120°) in round bar subjected to torsional loading;
evaluation of FE analysis results with linear medium line; steels AISI 1045 and AISI 1008;
nominal stress 7, in net cross-section; (Lazzarin and Zappalorto 2008)
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Fig. 2.84 Average plastic and elastic strain energy density at V-notch (2« = 120°) in round bar
subjected to torsional loading; direct evaluation of FE analysis results (point symbols) versus FE-
based evaluation of plastic NSIFs K3, Eq. (2.221); linear-elastic behaviour in comparison; steel
AISI 1045; nominal stress t,, in net cross-section; (Lazzarin and Zappalorto 2008)
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Fig. 2.85 Plastic and elastic J-integral at V-notch (20 = 120°) in round bar subjected to
torsional loading; direct evaluation of FE analysis results (point symbols) compared with FE-
based evaluation of plastic NSIFs K3, Eq. (2.222); linear-elastic behaviour in comparison; steel
AISI 1045; nominal stress 1, , in net cross-section; (Lazzarin and Zappalorto 2008)
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In Fig. 2.84, the average plastic strain energy density W, is plotted over t, »/Ty,
direct evaluation of FE analysis results compared with FE-based evaluation of
plastic NSIFs Ks,, Eq. (2.215). The average elastic strain energy density W, is
shown in comparison. In Fig. 2.85, the plastic J-integral J3, is drawn over 7, /Ty,
direct evaluation of FE analysis results contrasted with FE-based evaluation of J3,,
Eq. (2.222). The elastic J-integral J5 is shown in comparison.

The following conclusions are drawn from the investigation reported by
Lazzarin and Zappalorto: The elastic-plastic boundary assumes an oval shape for
V-notches (2 > 0) under small-scale yielding conditions. The entire stress and
strain field in the plastic zone around the notch tip is unambiguously expressed by
the plastic NSIF. A simple relationship exists between elastic and plastic NSIFs
under the condition of small-scale yielding. The plastic NSIF can be approximated
as linearly dependent on the ratio t,/ty in the full range of small-scale and large-
scale yielding. The plastic strain energy density averaged over a circle sector
centred at the notch tip can be given in closed form as a function of the plastic
NSIF. The same applies to the J-integral.

2.5.7 Uniform Analysis of Nonlinear Fields at Out-of-Plane
Shear-Loaded V-Notches

In this subsection, an overview is given of the uniform approach to the analysis of
nonlinear stress and strain fields at out-of-plane shear loaded V-notches (pointed or
rounded) and cracks, which was presented by Zappalorto and Lazzarin in a pio-
neering article (Zappalorto and Lazzarin 2010). The mathematical tools were
already developed in previous works (Hult and McClintock 1956; Neuber 1958;
Rice 1967). Most important in respect of the uniform approach is the conversion of
the governing nonlinear field equations resulting from the nonlinear material law
into linear equations by introducing ‘physical coordinates’ as functions of stresses
or strains (similar to the hodograph transformation in fluid mechanics). The
appertaining series expansion can be confined to the leading order term, when the
analysis is limited to the near-field at the notch or crack tip. Higher order fields have
been investigated by other authors (Yuan and Yang 1994/95, Yang et al. 1996). The
transformation above makes it possible to find a closed form solution of the anti-
plane problem as soon as the nonlinear material law is defined. The reviewed
publication is related primarily to the Neuber nonlinear material law, but comprises
also the nonlinear power law and an attempt to include the Ramberg—Osgood law.

Considering the Neuber nonlinear material law according to Eqgs. (2.287) and
(2.288), Fig. 2.96, and taking advantage of a new polynomial form (after Legendre)
of the above transformation, the closed form solution is gained under small-scale
yielding conditions (Zappalorto and Lazzarin 2010). As the inversion to the r—6 plane
is far from easy, the authors propose to combine two limit solutions, one for large
strains close to the notch tip, the other for small strains at a certain distance from it.
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For a clearer formal presentation of the results, notch strain intensity factors are
introduced in analogy to the notch stress intensity factors, extending definitions
used in the linear-elastic into the nonlinear-elastic range. Considering the notch
bisector plane (0 = 0) these elastic and plastic notch strain intensity factors are
defined as follows:

Ky, = = lim Varrt Ry, 0), Ky = lim V2rr5ey(r, 0) (2.226)
where the subscript p indicates that the notch root radius may be different from
zero and the exponent s, , depends on the material law.

Considering the Neuber nonlinear material law (s, , = —1), the following
relationships are derived for the linear-elastic and nonlinear-elastic (i.e. plastic)
generalised notch strain and notch stress intensity factors:

K = Var(-mn i) ™, Ko = GV2R(-0iCipg) ™ (2.227)

K(?’)

3 = —V210 2" (1 + )C1, K3y = V2170 (2.228)

where w; = n/(m — 2a) and where C; is a parameter which defines the level of the
strains both in the elastic and plastic zone.

The following relationship between the plastic notch strain intensity factor and
the elastic NSIF has been derived:

K w;+1
V22 (1 + ( 3""*) ) 2.229
( 1) \/ET() /O ( )

The nonlinear (elastic-plastic) strains close to the notch tip are dependent on the
plastic notch strain intensity factor:

() .
9 K 1(—
Voo [ _ D3ppd cos w;0sin 0 (2.230)
Vzy V2rr | coswiOcosl

The corresponding stresses are given by:

e —sin0
(o) _of ono) o)

The linear-elastic strains and stresses at a sufficient distance from the notch tip
are expressed by the elastic NSIF:

Vox Ksper™ ! — sin(1 — 43)0 }
=T 2.232
{ Vzy } NorTe { cos(1 — 43)0 ( )

T | _ Kaper™ ! [ —sin(1— i5)0
{fzy}_ V2n { cos(1 — 23)0 (2.233)

3PP
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When the notch root radius is different from zero, the solution can also be
expressed by the maximum notch stress or strain, based on the following
relationships:

K(V)

3pp = V2 max pl05  Tmax,p = T0,  K3pe =V ZﬂTmaX’el"éib (2.234)

where rq is the distance of the notch root from the origin of the polar coordinate
system.

The stress and strain distributions along the notch bisector plane of a pointed
V-notch (p = 0, 2o = 120°) subjected to out-of-plane shear loading are plotted in
Fig. 2.86. The complete solution based on Legendre polynomials and its two limit
lines, both according to Zappalorto and Lazzarin, are compared with Neuber’s
different analytical approach (Neuber 1961). The numerical results are fully cor-
responding. The plot refers to the pointed notch (p = 0), but is transferable ‘in
principle’ to cases of a small finite notch radius (p > 0), provided the coordinate
x is truncated on the left hand side of the notch root.

The above theory has also been used to determine the substitute elastic-plastic
boundary under small-scale yielding conditions by imposing the condition y = 7,
The complete solution is compared with the purely elastic and purely plastic
solutions. The plastic zone according to the complete solution presented by
Zappalorto and Lazzarin is substantially larger than according to the elastic and
plastic limit solutions.

Considering the total strain power law according to Eq. (2.286), Fig. 2.95, and
applying the same analytical tools as before, the following expressions for the
stresses and strains in the close vicinity of the notch tip are derived from a stress-
based (as opposed to strain-based) formulation of the nonlinear problem:

~\ 1/(1—m) —_
T | _ K3 (F —sin0
il e

\ -m o
() Cose ) e
Vay V2r) o \r cos 0

where K3, is the nonlinear NSIF, generalised for any value of p; compare Egs.
(2.213) and (2.214), where p = 0 and where ‘nonlinear’ is interpreted as ‘plastic’.
The exponent m corresponds to Eqs. (2.211) and (2.212). F = F(m, w;, 0) and
0 = 0(m, w,, 0) are auxiliary parameters.

Finally, an attempt has been made by Zappalorto and Lazzarin to achieve a
solution for the stress and strain field at the notch tip when considering the
Ramberg—Osgood material law in the following special form:

Gy=140t" (l<n<oo) (2.237)

where G is the shear modulus, n the hardening exponent, J a material constant
(0 = t)™" = G/H") and 10, 7, marking the intersection point of the linear-elastic
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Fig. 2.86 Elastic-plastic strain distribution (a) and stress distribution (b) along the notch bisector
plane of pointed V-notch (p = 0, 200 = 120°) subjected to out-of-plane shear loading; solutions
based on the Neuber nonlinear material law; Neuber’s compared with Zappalorto-Lazzarin’s

analytical approach; (Zappalorto and Lazzarin 2010)

curve and the asymptotic plastic total strain power law curve. Equation (2.237) can
be derived from the normalised form of the Ramberg—Osgood relationship,
Eq. (2.173), by setting o = 1.0 there. This corresponds to the total strain power
law combined with the initially linear-elastic behaviour. The Eq. (2.237) may be
termed ‘the asymptotic form’ of the Ramberg—Osgood relationship.
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A complete solution for V-notches with notch opening angle different from zero
by application of the above analytical tools is not possible, but the two limit
conditions for t allow special solutions. The limit condition 1 — oo of purely
plastic behaviour at the notch tip results in the already derived Egs. (2.235) and
(2.236) with K3, = K3,,,. The limit condition T — 0 of linear-elastic behaviour
results in the Eqgs. (2.232) and (2.233).

For the special case of a notch opening angle equal to zero corresponding to
pointed or blunt crack tips, a complete solution based on the asymptotic form of
the Ramberg—Osgood relationship has been presented (Zappalorto and Lazzarin
2010).

2.5.8 Plastic Zone Related to Elastic Higher Order Singularities

The higher order singularities at crack tips and V-notch tips are generally omitted
in the linear-elastic analysis with the argument that the strain energy and the
displacements in the near-tip region should remain bounded. But it has been shown
that the higher singular terms are significant in the elastic field outside the non-
linear zone around the crack tip (Hui and Ruina 1995). Later on, it has been proven
that the higher order singular terms can be included in the elastic part of the
complete elastic-plastic stress and strain field solutions for out-of-plane shear
loading (Zappalorto and Lazzarin 2011®). The findings of the two authors just
mentioned are summarised in the following.

At crack tips, higher order singularities of the order (1 — 2j)/2 with j = 2, 3, 4,
5,... are found which are governed by the order 1 stress intensity factor Kyj;. The
Neuber material law, Eq. (2.287), is applied under small-scale yielding conditions.
The higher order terms are found to be dependent, besides on Ky, on the substitute
radius r, of the plastic zone around of the crack tip. The strains in the ligament
under out-of-plane shear loading conditions read as follows, whereas the stresses
result from t = Gy:

o e ) @] e

2
— KIII

T 92
2ntg

Tp (2.239)

For crack tips, now using the Ramberg—Osgood material law in the form of
Eq. (2.237), Gy = © + 07" with 6 = t}™" = G/H", the following relationship is
derived, with the hardening exponent n = 4.0 as an example, once more in the
ligament under out-of-plane shear loading conditions:
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Fig. 2.87 Plastic (W},) and elastic (W,) strain energy density over distance x from the crack tip;

substitute yield limit yo, yo defines r, from linear-elastic analysis and x, from elastic-plastic
analysis (Zappalorto and Lazzarin 2011)

() (S )

V2mx | 3v6 \x x 9 \x .
(2.240)
3
V=é(f+5T4)=é 1+ (;) 11 (n=4) (2.241)

The conclusion from Egs. (2.238) and (2.240) is, that the intensities of the
higher order terms depend on the plastic zone radius r,, which is defined by the
substitute yield limit 7o (not identical with the real yield limit ty).

The physical necessity of the higher order singular terms is proven on the basis
of the strain energy density distribution. The asymptotic densities along the lig-
ament in the elastic zone, W,, and in the plastic zone, W,,, considering the Neuber
material law are given by:

1 K2 1
We =5Gy* = 1 — 2242
) y 4nG x ( )
Km 1
W, =19y = G x (y > 7o) (2.243)

It is obvious from the above asymptotic behaviour, that the strain energy
density level in the plastic zone is four times greater than in the elastic zone with a
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smooth transition according to the complete solution, Fig. 2.87. The strain energy
density corresponding to the substitute yield limit y = 7, is given by:

Wo =070 (V2= 1) (7 =10) (2.244)
This strain energy density occurs on the ligament at the distance x,:
5= [V2+m(14+v2)|r, =235, (2.245)

For V-notch tips, similar relationships for the stress and strain field have been
derived by the same authors based on the Neuber material law under small-scale
yielding conditions. Here, it was found that the higher order terms are governed by
the first linear-elastic eigenvalues and not by higher order solutions. Once more,
the higher order terms can be presented within a relationship governed by K3 and
dependent on the radius r, of the substitute plastic zone around the V-notch tip.

The notch opening angle 2o = 135°, Zgl) = 0.8, is considered as an example.
The strains in the bisector plane under out-of-plane shear loading conditions read
as follows, whereas the stresses result from 7 = GY:

1= a3 (D) (D) (1) e ()

(2.246)

K3 1/(1—43) ( K3 )5
roo— — 2.247
P (rm/ 27r> ToV 2T ( )

The conclusion is that the higher order singular terms can fully be included in
the elastic part of the complete elastic-plastic stress and strain field solutions. The
intensity of these additional terms depends on the elastic stress intensity factor and
the substitute plastic zone radius ry,.

2.5.9 Neuber Rule Including the Influence of the Notch
Opening Angle

The reviewed analytical developments related to elastic-plastic fields at sharp
notches make it possible to include the influence of the notch opening angle in the
Neuber rule where an unexpected effect in total is observed. Before presenting
these results in detail, the Neuber rule is explained in general. It refers to rounded
notches with exclusion of pointed notches, in contrast to the NSIF approach, which
refers to pointed notches with inclusion of rounded notches.

The elastic-plastic notch stresses and strains can be approximated by predom-
inantly uniaxial models and correspondingly simple formulae. Widely used is
Neuber’s ‘macrosupport formula’ besides an approximation by Glinka based on
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the strain energy density. As soon as the yield limit is locally exceeded, the notch
stresses rise underproportional and the notch strains overproportional. The relation
between the elastic-plastic stress and strain concentration factors, K, and K, on the
one hand and the elastic stress concentration factor K, on the other hand, is given
by Neuber for sharp and mild notches, respectively, by the following equations
(Neuber 1961, 19687, 1961®, 1985):

KK, = K> (K. > 1.0) (2.248)
K,(K,—1) =K(K — 1) (2.249)

These equations are expressed by the maximum notch stresses g = oyax and
maximum notch strains &, = &y, (in the elastic-plastic range) as well as by the
nominal stresses ¢,, and nominal strains ¢, (in the elastic range) as follows:

2
OKEx = ansan = %Kf (2.250)
o2
ox(ex — &) = onenK (Ky — 1) = EnKt(Kt -1) (2.251)

The content of Egs. (2.248-2.251) is illustrated by Fig. 2.88, where the condition
of elastic nominal stresses and strains referring to the net cross-section is deleted in
favour of possibly occurring elastic-plastic conditions. Conforming to Neuber’s
analysis, the maximum actual notch stresses and strains on the stress—strain curve of
the material are determined starting from the maximum linear-elastic notch stress
OkH = Omax.e (With appertaining maximum notch strain gg) on the Hooke straight
line curve. The connection between appertaining points on the two curves is
established by hyperbola-like curve sections, which run flatter for sharp notches,
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Eq. (2.250) and steeper for mild notches, Eq. (2.251). Thus, slightly higher notch
root stresses and strains are found with the former than with the latter equation.

The maximum linear-elastic notch stress oy according to Hooke result from
the Hooke nominal stress o,y (With appertaining nominal strain &,4) by multi-
plication with the elastic stress concentration factor K;. The Hooke nominal stress
is connected with the actual nominal stress g, (with appertaining nominal strain &,)
by the hyperbola-like curve sections mentioned above. They are slightly higher
than the actual nominal stress and differently high for the two curve sections. Thus,
different values of oy appear with the same value of K. The increase and the
difference in oy disappear if the actual nominal stress ¢, remains linear-elastic.
As can be seen from Fig. 2.88, too high notch stresses and notch strains are
determined, if the original Neuber rule, Eq. (2.248), is applied to mild notches.

The Neuber rule was originally proposed based on general mathematical con-
siderations on an appropriate ‘leading function’ (Neuber 1961). The Neuber for-
mulae, Eqgs. (2.248) and (2.250), were subsequently analytically derived for
parabola-like notches subjected to out-of-plane shear loading with an arbitrary
nonlinear material law (Neuber 1985, ibid. pp. 86—87). Actually, a parabolic notch
was the basis in combination with the Neuber material law in the unconventional
form Gy = t/(1 — 1/7¢). The law does not allow for hardening under large strains.
The resulting formula was then rewritten in terms of tensile stresses and strains
with reference to the von Mises criterion.

As an alternative to the (original) Neuber rule, Glinka has proposed an approach
based on the strain energy density in order to determine the elastic-plastic stresses
and strains (Glinka 1985). The assumption is introduced that the strain energy
density in the elastically supported plastic area at the notch tip (small-scale
yielding) remains equal to the value of the linear-elastic solution (equivalent strain
energy density concept). This assumption suggests itself for uniaxial and propor-
tionally biaxial stress states, because the stresses and strains exceeding the yield
limit deviate in opposite directions from the linear-elastic behaviour, whereas the
principal directions of the stress and strain state remain unchanged. The Glinka
approach offers a higher solution accuracy than the original Neuber formula. This
has been proven on an experimental basis and was further substantiated by the
following comparison of the two approaches.

The comparison is based on the Ramberg—Osgood material law. It is simplified by
the assumption that the nominal stress remains in the linear-elastic range. The elastic
strain energy density rising with the squared product of nominal stress times stress
concentration factor is equated with the correspondingly rising elastic and plastic
components of the elastic-plastic strain energy density at the notch tip (Glinka 1985):

o2 a2 ox  [O\ /M
In g2 _ %k (—) 2252
2E 2F + n+1\H ( )

where 1/n is used instead on n as the hardening exponent (0 < n’ < 1.0).
The original Neuber equation in terms of the Ramberg—Osgood material law,
considered as a strain energy density equation, reads:
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Fig. 2.89 Illustration of the |
elastic-plastic notch stress
and strain analytical solutions
by Glinka (point G) and by
Neuber (point N); Glinka’s
solution on the basis of a
constant ratio of strain energy
densities Wy und W,,; (Glinka
1985)
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The solutions according to Glinka (curve point G) and Neuber (curve point N)
are contrasted in Fig. 2.89. The strain energy density W, of the nominal stress
appears as a hatched triangular area. The corresponding strain energy density Wy
of the maximum notch stress and strain is represented by the halftone area below
the curve. The strain energy density according to the Neuber solution is charac-
terised by the area below the straight line between the points 0 and N. The notch
strain according to Neuber is substantially larger than according to Glinka.
Experimental data confirm Glinka’s result. Also, Neuber’s modified solution, Eq.
(2.251), reduces the notch strain.

The plastic NSIF approach by Zappalorto and Lazzarin allows further com-
parisons with the Neuber and Glinka results. The characteristic feature of this
approach in respect of the Neuber rule is that the influence of the hardening
exponent n and of the notch opening angle 2u is explicitly taken into account.

A first relationship is gained from the elastic-plastic stress and strain field
analysis for parabolic notches (2o = 0) subjected to out-of-plane shear loading
(Zappalorto and Lazzarin 2007). The material law consists of linear-elastic
behaviour up to the substitute yield limit 7, and power law behaviour in terms of
the total strains above this limit. Continuing the exposition in Sect. 2.5.5, the
following equation for the elastic-plastic notch stresses and strains is derived:

2n 1 [(Kzpe\® 2 2
X n 1 3p.e ) _ n (Tmax,e) (2254)
n+1lnp \ 79 n+1 G

Tmax, pVmax,p = T07

By dividing both sides of the equation by 1,7, = 172G, one obtains the Neuber
rule in the following form:
2n _,

KK, ==K (2.255)
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This relationship is different from Neuber’s original expression KK, = K? by a
factor 1.0-2.0, identical only for the linear-elastic limit case (n = 1) and with the
largest deviation for the elastic perfectly-plastic material (n — 00).

Based on the above analytical frame, an explicit formula for the maximum
SIIess Tmax,p 18 derived:

1 (Kspe) 2
2n ( 70 ) P
Here, larger stresses and strains than with the original Neuber rule are found, in
contrast to the tendency in Glinka’s experimental results, after conversion of the
tensile stresses there to shear stresses here.
A second investigation is devoted exclusively to the Neuber rule, using the

Neuber nonlinear material law (Zappalorto and Lazzarin 2009). Pointed and
rounded V-notches are considered, subjected to out-of-plane shear loading. The

= (2, i)/t (2.256)

Tmax,p = T0 max, e

] 1/(n+1)

basic plastic and elastic NSIF relationships are stated in Sect. 2.5.7: K3, ,, K\

3p.p’
Kipe, Kép)e and also K3, = f (K3,.) according to Eqgs. (2.227-2.229).

With the aim to check the Neuber rule, the following product is formulated:

)W (2.257)

T
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2.2
T — 20 (2.258)

The plastic NSIFs in terms of the maximum stresses and strains read as follows:

K3pp = v znrma’(ﬂP? V27 max, p ,pT0 (2259)

3pp

where ro = p (¢ — 1)/g with (1 < g < 2) for hyperbolic notches and ¢ = 2 for
parabolic notches.
The elastic NSIF is given by the following expression (Zappalorto et al. 2008):

K3p,e =V 277:Tmax,er(§7/l3 (2260)

Equation (2.257) written in the maximum stresses and strains according to Egs.
(2.25) and (2.260) reads as follows:

T w1 +1
Tmax, p Vmax,p = Toyoﬁ ( n;do,e> (2261)

where i and ; are notch angle dependent parameters. Thus, the product of the
stress and strain concentrations depends on the notch opening angle, contrary to
the original Neuber rule.

In the special case of the parabolic notch 2« = 0, w; = 1, f = 2), Eq. (2.261)
results in:
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2Tr2nax,e
Tmax,p Ymax,p — T (2262)
K. K, =2K; (2.263)

This result confirms Eq. (2.255) for n — oo, the condition, which brings the two
different material laws more or less in correspondence (elastic perfectly-plastic
behaviour).

The difference between Neuber’s and Zappalorto—Lazzarin’s final formulae,
both derived for the same nonlinear material law, is discussed in detail by the
second-mentioned authors. They uncover an inconsistency in Neuber’s derivation,
which expresses itself in the factor 1 instead of 2 on the nonlinear strains. But the
removal of this deficiency does not solve the problem. Obviously, Neuber’s ori-
ginal formula is applicable when approaching the limit case of purely elastic
material behaviour. This is an indication that Neuber’s original formula is
appropriate in the range of small-scale yielding. Experimental and numerical (FE
analysis) investigations have repeatedly demonstrated the applicability of the
original formula with the reservation of a modification for mild notches. The
modification has the effect that the resulting notch strains are slightly reduced. On
the other hand, Zappalorto and Lazzarin’s relationships, Egs. (2.255) and (2.263),
are appropriate for the extremely large plastic strains which occur close to pointed
notch tips.

2.5.10 Analytical Description of Elastic-Plastic Material
Behaviour

The analytical HRR and Neuber solutions for the stress and strain field at sharp
notches under the condition of elastic-plastic material behaviour are actually
nonlinear-elastic solutions. The solutions are bound to the condition of monotonic
loading in every point of the field. Any unloading, globally or locally, is not
allowed. The plastic strains are simply the nonlinear strain components, total strain
minus linear-elastic strain. This condition applies to the analytical solutions and
must be ascertained in comparative models using the FE method. The demanding
mathematical formulations are easier to understand, if one considers them as
referring to nonlinear-elastic material behaviour. Different types and variants of
nonlinear material laws are in use.

Uniaxial Ramberg-Osgood Material Law
The relationship between stresses and strains in uniaxial monotonic loading, which

is widely used by engineers, is the Ramberg—Osgood material law describing a
single smooth curve without a distinct yield limit, Fig. 2.90:
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Fig. 2.90 Ramberg—Osgood material law: stress—strain curves drawn in linear (a) and logarith-
mic (b) coordinates; (Dowling 1993)

g o\"
s= gt =1+ (H) (2.264)
with the elastic strain &, the plastic strain ¢,, the modulus of elasticity E, the
hardening (or strength) coefficient H and the hardening exponent n. The exponent
n is determined from log ¢ over log ¢ plots. For the metallic engineering materials,
n = 2.5-20.0 is found. In low-cycle fatigue assessments, a corresponding cyclic
Ramberg—Osgood relationship is used. The cyclic material parameters may deviate
substantially from the monotonic ones.

In engineering science, the offset yield limit gy is introduced, which denotes
the stress where a plastic strain eyg, = 0.2 % occurs. Therefore, the following
formula applies:

- < id ) (0.2 = 0.002) (2.265)
€Y0.2 0Y0.2

Equating ¢, from Eq. (2.264) and (2.265) gives:
Oyp2 = S;KQH (2.266)

which means that oy, depends on n and H for a defined ¢y(, and is not a third
independent material parameter.

Multiaxial Ramberg-Osgood Material Law

The Ramberg—Osgood material law, generalised for multiaxial stress conditions, is
usually presented in tensor form related to the stress and strain components,
Eq. (2.183). Rather lengthy expressions for stresses, strains and strain energies
result from it. A simplified procedure, preferred by engineers, is possible. The
necessary conditions are monotonic loading, constant ratios of the stress
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components and validity of the octahedral shear stress criterion (corresponding to
the von Mises criterion). Then, according to Hencky’s approach (Hencky 1924;
Chakrabarty 2006), the components of the plastic strain tensor are set proportional
to the components of the coaxial deviatoric stress tensor:

&ij,p = ;LSij (2267)

For work-hardening materials, the coefficient 4 depends on the von Mises
equivalent stress g4, which is considered to be a function of the equivalent plastic

strain &, cq:
3
Oeq = Esijsij (2268)

2
Eeq,p — gaij,pgij,p (2269)

The relationship between o.q and &, is given by the uniaxial stress versus
plastic strain curve. The coefficient / can be expressed by o.q and &4, or by the
secant modulus E,, according to Eq. (2.270):

_ 3eeqp _ 3

A=
20 2E,

(2.270)

It is a peculiarity of Hencky’s approach that the coefficient / is related to the
stress—strain curve. In its original, more general definition, it is a constant factor
which denotes the occurrence of plastic strain rates or strain increments as cor-
related with the deviatoric stress state.

The von Mises equivalent stress o.q expressed by the principal stresses gy, 05,
g3 is related to the octahedral shear stress t,:

3

V2
The corresponding equivalent plastic strain &, expressed by the principal

plastic strains ¢ ;, &, €3 is related to the octahedral plastic shear strain 7y, ,:

1
aeqzz\/(m —0)’ + (02— 03) + (03— 01)" =27, (2.271)

V2
beqp = 3~ \/(8171D —e2,0)" F (e2p — 3,p)" + (83, — 1) (2.272)

1
:ﬁyo,p

The equivalent total strain &.q is the sum of its elastic and plastic components:
g
Ceoq = % + €eq,p (2.273)

The equivalent stress and strain, o.q and éeqp OF &g, is identical with the stress
and strain, o; and &, or ¢, in the uniaxial tensile test case (0.q = 0y,
02 =03=0, &qp = €1, &2p = &3p = —0.5¢;p) so that any monotonic stress—
strain curve is a sufficient basis for describing arbitrary stress and strain states. The
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defined as secant modulus of
the equivalent stress over
equivalent strain curve,
identical with uniaxial stress
o over strain g; curve;
(Dowling 1993)

Fig. 2.91 Plastic modulus E, /

*
g
&/ | Eo=Oeq/Eeqp

Equivalent stress, Oeq

0 Equivalent plastic strain, &,

plastic strain components are related to the stress components by equations which
are structured analogous to the Hooke law equations, but with the elastic modulus
E replaced by the plastic modulus E;, and with Poisson’s ratio v = 0.5 related to
the incompressibility condition for the plastic strains:

1 3

Exp = £ [0:—05(0y +02)], Yy = E—prxy
1 3

e =g [0y —0.5(0c +02)],  7yep = £ (2.274)
1 3

&p = E_p [az — O.S(O'X + ay)}, Vax,p = E—pru

The plastic tensile modulus E, or alternatively the plastic shear modulus
G, = E,/3 (with v = 0.5) is dependent on 6.4 and &.qp or on 7, and 7, p:

E
E,=29 G =", Gy=-=2 (2.275)
geq,p Vo,p
These plastic moduli are also named ‘secant moduli’ as illustrated by Fig. 2.91.
The multiaxial Ramberg—Osgood law has the general form:
Ocq Ocq 1/n
geq = Seq,e + Seq7p = f + (7) (2276)
The factor 4 in Eq. (2.270) and the secant modulus E;, in Eq. (2.275), applied to
the Ramberg—Osgood relationship, result in:
30071 H"
A== = (2.277)

E, =
) P _
2 H" on!

Based on the equivalent stress and strain relationships, Egs. (2.270-2.272), any
arbitrary multiaxial stress state can be provided with the appertaining stress—strain
relationship in terms of its characteristic stress and strain components.
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Pure Shear Ramberg-Osgood Material Law

Most important is the application of the multiaxial Ramberg—Osgood material law
to pure shear loading conditions, especially out-of-plane shear loading. The fol-
lowing relationship is thus gained (Dowling 1993):

y = é + ﬁ(ff) " (2.278)

or alternatively:

1/n
T T H
1=t (H) B (e (2.279)

This relationship is confirmed by the power law conversion from o, ¢ to 1, y
components based on equated strain energy densities, Eq. (2.284).

In the case of out-of-plane shear loading, the resultant or equivalent stresses and
plastic strains in the cross-sectional plane are:

2+, V=T TV (2.280)

No simple relationship exists between the offset yield limit oy, in the tensile
test defined by e¢yg> = 0.2 %, and the corresponding offset yield limit in the shear
test, were yy is initially undefined. The two shear test parameters may be deter-
mined by transfer from the equivalent stress—strain curve to the pure shear stress—
strain curve. Alternatively, the parameters may be gained from equating the strain
energy densities at the two yield limits. This has not yet been done.

Total Strain Power Law

Another way to describe elastic-plastic material behaviour in the considered the-
oretical solutions is to assume linear-elastic behaviour up to the reference values
Y0, To (O &y, 0¢) and a power law behaviour in terms of the total strains above the
reference values, Figs. 2.92 and 2.93. This may be considered as the asymptotic
form of the Ramberg—Osgood material law. The equations are given for out-of-
plane shear loading in terms of 7y, 7, but are transferable to tensile loading by
introducing e, ¢ instead of y, T [compare Eq. (2.176)]:

YT

— =<y
T =)

7 ‘L' n
A v >
o (m) (?>7)

The reference values g, T (Or &y, () represent the linear-elastic stress and
strain on the nonlinear T—y (or ¢—¢) curve:

(2.281)
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Fig. 2.92 Linear—elastic followed by total strain power law material behaviour: stress—strain
curves drawn in linear (a) and logarithmic (b) coordinates; (Dowling 1993)
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Fig. 2.93 Linear-elastic followed by total strain power law material behaviour: normalised
stress—strain curves drawn in linear coordinates; (Lazzarin and Zappalorto 2008)
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There is no difference between the total strain power law and the Ramberg—Osgood
relationship for very large strains, as they occur in the close vicinity of the notch tip, so
that n and H, or H can be set equal, but there are major differences in the values of 7y,
7o (Or &y, 6o) compared with those of v, 7y (or &y, oy), Fig. 2.94. The mentioned
differences are relevant when considering the plastic zone size. One has to differen-
tiate between the real size defined by ey, oy and the substitute size given by &, d(.

In order to avoid confusion when comparing NSIF values from analytical
expressions based on the total strain power law with those from FE analysis based
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Fig. 2.94 Stress—strain curves, total strain power law in comparison to the Ramberg-Osgood law
with characteristic material parameters; (Radaj, unpublished)

on the Ramberg—Osgood relationship, it should be kept in mind that identical
values of H and n in the two producers are sufficient and that the reference values
&, 0o in the power law are a substitute for the real yield limit in the Ramberg—
Osgood relationship, the substitute based on the elastic modulus E.

The power law in terms of &, ¢ may be converted to the power law in terms of y, ©
based on the expressions for the equivalent stresses and strains, Eqs. (2.271-2.273),
combined with the assumption of identical strain energy densities (Zappalorto and
Lazzarin 2009). These are determined by integration of the power law curve starting
at the origin, i.e. without the linear-elastic initial curve rise. They are termed Wy,
(‘nonlinear’) instead of W, (‘plastic’) as in the original publication above. Also, the
derivation is formally modified; compare Eqs. (2.223) and (2.224):

n+l1 n+1
n Geq+ n 't H
Wy = = —_ H=——- 2.284
"Tu+1 HY a4l HY 3(n+1)/2 ( )

. n o‘;’;rl _n s B 2(1 + V) 1/(n—1)
Wnl - n+ 1 Eo_n—l - n—+ 1 Grg,] 9 T0 = O'eq,O W (2285)

eq, 0
with 0¢q = V3t and G = E/2(1 + v). The hardening coefficient H, of the power
law, Eq. (2.284), is identical with H, of the Ramberg—Osgood relationship,
Eq. (2.279).

The total strain power law in Eq. (2.281) may alternatively be considered valid in
the whole range of y without the restriction y > 7. Using 7y, 7¢ as reference quantities
for arbitrary values of y, 7, a nonlinear-elastic material law is described, Fig. 2.95:

T

r_ <_) (1<n<oo) (2.286)

70



240 2 Extended Stress Intensity Factor Concepts

= - = -
= N R N0 N
T

o o
o
—

Normalised stress, T/T

RN
=T CHENS

]
I
W
—

1.5 2 2.5 3
Normalised strain, Y/,

Fig. 2.95 Nonlinear-elastic total strain power law of material behaviour: normalised stress—
strain curves drawn in linear coordinates; (Zappalorto and Lazzarin 2010)
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Fig. 2.96 Neuber nonlinear material law: normalised stress—strain curves drawn in linear
coordinates; (Zappalorto and Lazzarin 2010)

Neuber’s Nonlinear Material Law

Finally, the nonlinear stress—strain law used by Neuber is presented (Neuber 1958,
1961), Fig. 2.96:

t=—2 =Gy, (2.287)

where one of the two equations can also be substituted by the original Neuber
version:
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T

Gy=—— (2.288)
1= (t/0)

This material law has the following properties: t — 1o for y — 0o, T — Gy for
» — 0 and a continuous strain hardening behaviour in the ) range between.
Virtually no hardening occurs for values y/y, > 5.0. A stress singularity at pointed
notches cannot be formed under these conditions, but a strain singularity very well.

The different material laws reviewed above will have an influence on the stress
and strain fields at pointed or rounded notches. This influence manifests itself in
different plastic NSIFs. Therefore, the plastic NSIFs depend on the material law.
An exception is non-hardening material behaviour, where the plastic NSIFs are
identical.

2.5.11 Conclusions

The elastic-plastic stress and strain fields at pointed or rounded notch tips can be
uniformly described by plastic NSIFs as governing parameters. The plastic NSIFs
are combined for that purpose with definite ‘universal functions’. Both the stress
and strain fields are handled within this analytical frame, differentiating between
stress intensity factors and strain intensity factors. Definite relationships exist
between elastic and plastic NSIFs, or, following the loading curve, between initial
linear and final nonlinear NSIFs.

The available analytical solutions are derived for nonlinear-elastic material
laws which may be interpreted as elastic-plastic behaviour under conditions of
monotonic loading. Two different material laws are the basis of the analytical
theory: the Ramberg—Osgood relationship asymptotically approximated by the
total strain power law for strain-hardening materials (the HRR solutions) and
Neuber’s material law without hardening at large strains. These material laws
allow closed form solutions for the antiplane fields and approximate solutions for
the in-plane fields.

There remains the problem, how to interpret the derived analytical solutions in
terms of the Ramberg—Osgood material law which is preferred by engineers and
actually fits the real-world material behaviour better than the power material law
or the Neuber material law does. There is no problem with the limit states of small
elastic strains and large plastic strains at the notch tip, but there is a problem in the
intermediate range, where the elastic-plastic boundary is established.

Valuable basic insights have been gained in respect of the following engi-
neering issues, mainly under small-scale yielding conditions: plastic NSIFs for
V-notches and parabolic notches, the size effect for V-notched specimens,
expressions for the strain energy density and the J-integral, elastic-plastic stress
and strain distributions in the bisector plane for various notch opening angles. The
solutions for configurations with finite geometries are scaled by FE-analysis
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results. The Neuber rule for extremely large strains is specified in terms of
hardening exponent and notch opening angle for the extremely large strains at
pointed notch tips.

2.6 Stress Intensity Factor Concept for Rigid Inclusions
2.6.1 Survey of Section Contents

Any geometrical or material discontinuity in an, apart from this, homogeneous
elastic continuum produces local stress concentrations when the continuum or the
discontinuity is subjected to any loadings. At the pointed edges of such discon-
tinuities stress singularities occur. The stress singularities at crack tips, a geo-
metrical discontinuity, are well known. When the crack is substituted by a rigid
thin inclusion (also termed ‘layer’, ‘lamella’ or simply ‘line’), the stresses at the
pointed tip of the inclusion remain singular.

This is also the case if the thin inclusion is not rigid, but only stiffer or less stiff
than the surrounding material. The thin inclusion can have membrane stiffness,
bending stiffness or both. Rigid or elastic thin inclusions are of some application
relevance in respect of coated or bonded members, lamella-reinforced composites
and materials containing flat inclusions.

Despite a limited practical applicability of the thin inclusion models compared
with crack models, a remarkable number of analytical solutions has been published
(e.g. Sih 1965; Brussat and Westermann 1975; Wang et al. 1985, 1986; Chen 1986,
1991, 1992; Chen and Cheung 1987; Cheung and Chen 1989). Evaluation of these
contributions shows that a sufficiently complete systematics of the basic loading
modes (singular and non-singular) is not available, that the stress intensity factors
are differently defined, and that the relevant limit value formulae are only partially
given. The exposition below is based on a uniform redefinition of the basic models
and their analytical treatment by the Kolosov—Muskhelishvili complex stress
function theory (Radaj and Zhang 1993®).

The basic loading modes at rigid thin inclusion tips are defined in analogy to the
basic loading modes at crack tips. The stresses and displacements in the close
vicinity of these tips are described in a uniform format by stress intensity factors,
angular functions and non-singular terms. The limit value formulae for the stress
intensity factors are given. The flat and curved rigid thin inclusion is considered as
an example of practical application.

The concept is open for extensions to wedge-shaped rigid inclusions without
and with wedge tip rounding (Hasebe et al. 1990).
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Fig. 2.97 Basic singular loading modes I*(a), IT*(b) and IIT*(c) of rigid thin inclusion in infinite
plate; plane and antiplane strain fields; arrows designate remote boundary stresses or resultant
forces acting on the inclusion; (Radaj and Zhang 1993®)

2.6.2 Basic Loading Modes at Rigid Thin Inclusion Tips

The basic loading modes at the tips of a rigid thin inclusion are defined in
analogy to the basic loading modes at crack tips. The basic singular loading
modes I*, II* and III* are shown in Fig. 2.97. A rigid thin inclusion strip per-
meates an infinite elastic body (or continuum). This configuration is substituted
by a plate of finite thickness containing the inclusion. The multiaxiality condition
with mode I* and mode II* loading is plane strain. Otherwise, out-of-plane
singular effects will occur where the inclusion front line butts on the plate
surface. The solutions below are also given for plane stress conditions, but this is
only of academic interest. In mode III* loading, the out-of-plane deflections of
the plate surfaces correspond to the condition in the out-of-plane shear loaded
infinite body. Mode I* loading is characterised by longitudinal in-plane tensile
(or compressive) basic stresses, mode II* loading by transverse in-plane basic
shear stresses and mode III* loading by out-of-plane basic shear stresses. The
basic stress state may be produced by a resultant force or moment (Fy, Fy, Fj,
M), or by remote boundary stresses (g, T%).

The basic non-singular loading modes OI*, OII* and OIII* are shown in Fig. 2.98.
Mode OI* loading is defined by triaxial tensile (or compressive) basic stresses (g,
0oy, Oo;) Which suppress any displacement in the plane of the inclusion,
gox = &o; = 0, resulting in 0o, = 6, = 7¢,v/(1 — v). Mode OII"* loading is defined
by in-plane basic shear stresses 13, which have no stress raising effect at the
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Fig. 2.98 Basic non-singular loading modes OI*(a), OIT*(b) and OIII*(c) of rigid thin inclusion in
infinite plate; plane and antiplane strain fields; arrows designate remote boundary stresses; (Radaj
and Zhang 1993®)

inclusion. The same applies to mode OII* loading by out-of-plane basic shear
stresses 7.

The analogy with the relevant crack models is obvious in respect of their
number (three singular and three non-singular loading modes) and in respect of
some basic characteristics, but the external or internal loading conditions are not
the same.

2.6.3 Asymptotic Stress Field Close to Rigid Thin Inclusion Tips

The three basic loading modes with singular stresses at the rigid thin inclusion tip
produce the following asymptotic stress distribution close to these tips. Actually, a
crack with the flank sides rigidly supported is considered, Fig. 2.99:

s (KA (0) 4 Kif (0) + Kii . (0)
(i,j=x,yandk =x,yori,j=r,0 and k = r,0)

O'ij =
(2.289)

The mode-related stress intensity factors K|, Kj; and Kj;; depend on the mag-
nitude of the load, the length of the rigid thin inclusion and further geometrical
parameters of the considered configuration. The mode-related functions
15(0), fi1 ;(0) and f;";(0), describe the angular distribution of the stresses at the
inclusion tip. The relationship above is strictly valid for » — 0 and approximately
valid for values of r which are small in relation to the inclusion length and other
geometrical parameters of the configuration.

The three basic loading modes with non-singular stresses at the rigid thin
inclusion tip are simply identical with the basic tensile and shear stresses in
Cartesian format shown in Fig. 2.98. Their conversion into the polar coordinate
system is elementary.
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Fig. 2.99 Cartesian (a) and polar (b) coordinate system with correspondingly defined stresses at
the tip of rigid thin inclusion; (Lazzarin and Tovo 1998)

The expressions for the stresses and displacements at the rigid thin inclusion
tips are gained based on the Kolosov—Muskhelishvili complex stress function
theory. The equations for in-plane loading (mode I* and II*) are derived from the
stress functions ¢({) and Y({) for the infinite elastic plate containing a rigid
elliptical inclusion (Muskhelishvili 1963, ibid. pp. 355-358). The equations for
out-of-plane shear loading (mode III*) are derived from the Westergaard—type
stress function ¢* (z) for the infinite elastic plate containing a rigid thin inclusion
(method according to Tada et al. 1999). Reference is also made to the author’s
relevant work (Radaj and Zhang 1993%)).

The rigid thin inclusion of length 2a is considered as the geometrical limit case
of a rigid elliptical inclusion with the semiaxis b reduced to zero. The function
which maps the line (—a < x < a) in the z-plane (z = x + iy) onto the unit circle
in the {-plane ({ = pew) reads:

a 1
== - 2.290
0 =5 (¢+3) (2290)
The inverse function {(z) is used to retransform the stress and displacement
functions from the {-plane into the z-plane, thereby establishing bipolar coordi-
nates in the z-plane represented by the radii ry, r, 1, and the angles 60, 0, 05,
Fig. 2.100:

{(z) = é(z + V72 —ad?) (2.291)

Such bipolar coordinates have originally been used when solving the corre-
sponding crack problem (Hahn 1976, ibid. pp. 77-78).
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Fig. 2.100 Bipolar ‘y
coordinates at rigid thin
inclusion of length 2a in
infinite plate (Radaj and
Zhang 1993®)

z = rye'®

ra ) g

/{ 8o 81 x

P S—— -

The stress and displacement equations for in-plane loading conditions (mode I*
and II*) are valid both for plane strain (¢, = 0) and plane stress (o, = 0) condi-
tions, using different expressions for the parameter x:

k=3—4v (g =0) (2.292)
3—v
k=115 (o, =0) (2.293)

where 0 < v < 0.5 is the Poisson’s ratio, resulting in 1 < x < 3 for plane strain or
5/3 < Kk < 3 for plane stress. For structural steels with v = 0.28-0.30, the plane
strain condition results in x = 1.8-1.9.

The mode I* loading condition (longitudinal tension or compression) at the
rigid thin inclusion is considered by the examples of remote longitudinal tension ¢
and of a longitudinal force F, applied to the inclusion, Fig. 2.97a. The complete
equations of the stress functions, the stresses (o, 0, T,,) and the displacements (u,
v) are reduced to the following relationships in the close vicinity of the inclusion
tip (r = ry, 0 = 0, r < a), neglecting terms which are small of higher order
(Radaj and Zhang 1993®):

Oy K cos6/2 (3+ Kk —2sinf/2 sin36/2)
oy p=——=1 c0s0/2 (1 — K+ 2sin0/2 sin30/2) (2.294)
Ty VI | sin0)2 (1 + K + 2cos 0/2 cos30/2)
ul _ Ki 55— cos0/2 (x+sin*0/2)
{v} G 27”{ —sin0/2 cos®0/2 (2.295)

where G is the shear modulus which may be expressed in terms of the elastic
modulus E by G = E/2(1 + v).
The stress intensity factors in the two considered loading cases are:
1+ k&

K = o oVna (2.296)
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N 1 F,
K = 20+ 1) Vra (2.297)

These SIFs at the inclusion tip are smaller than the SIFs in the comparable crack
loading cases (Kj = a(na)m, K = Fx/(na)l/ 2). Similar definitions of the SIFs are
found in the literature (Sih 1965; Wang et al. 1985).

Some further phenomena are worth to be mentioned. In the loading case of
longitudinal tension o, a constant transverse tensile stress o, = o(x — 1/x)/8 is
acting on both sides of the rigid inclusion (non-reduced equations, —a < x < a),
equilibrated by transverse compressive stress singularities ahead of the inclusion
tips. The tensile force Ty in the rigid inclusion (per unit of plate thickness) is
determined from t,, at 0 = 7 and 0 = —n=, adding up the two values and inte-
grating them starting at the inclusion tip (r = 0):

T, =4(1+ K)KI*\/; (r<a) (2.298)

The mode II" loading condition (transverse shear loading) at the rigid thin
inclusion is considered by the examples of a turning moment M and of a transverse
force F, applied to the inclusion, Fig. 2.97b. The complete equations of the stress
functions, the stresses (o, 0y, T,) and the displacements (u, v) are reduced to the
following relationships in the close vicinity of the inclusion tip (r = ry, 0 = 0y,
r < a), neglecting terms which are small of higher order (Radaj and Zhang
19932y

Oy Kt sin0/2 (=3 + k —2cos0/2 cos30/2)
oy p=——={ sin0/2 (—1 — k +2co0s0/2 cos30/2) (2.299)
Tyy Vanr cos0/2 (1 — k —2sin0/2 sin30/2)

(}=fomd _2ipihe) e

The stress intensity factors in the two considered loading cases are:

1 M
Kj=—— 2.301
(1 +x)ayna ( )

1 F,
Kj=————"2>2 2.302
T2(1 + k) /na ( )
The transverse force T, in the rigid inclusion (per unit of plate thickness) is
determined from o, at 0 = n and 0 = —n, adding up the two values and inte-
grating them proceeding from the inclusion tip (r = 0):
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T, = —4(1 + KK /é (r < a) (2.303)

The mode III* loading condition (out-of-plane shear loading) at the rigid thin
inclusion is considered by the examples of remote out-of-plane shear stress t*and
of an out-of-plane force F, applied to the inclusion, Fig. 2.97c. The Westergaard-
type stress function ¢*(z) for the two loading cases has been defined based on more
general equations (Tada et al. 1973, p. 1.23). The stresses (t,;, 7,;) and dis-
placements w are derived therefrom in bipolar coordinates. The reduction to the
stresses and displacements in the close vicinity of the inclusion tip is then per-
formed (Radaj and Zhang 1993‘?). A solution available from the literature is based
on Poisson’s potential equation for the displacement function (Wang et al. 1986).
The reduced equations for r < a read:

Te Kiy [ cos0)2 }
= . 2.304
{ryz} «/27rr{ sin0/2 ( )

K*
w= n—lg 2nrcos 0/2 (2.305)

The stress intensity factors in the two considered loading cases are:

Kiyy = t"Vna (2.306)
F;
2\/ma

The out-of-plane shear force T, in the rigid inclusion (per unit of plate thick-
ness) is determined from t,, at 0 = m and 0 = —n, adding up the two values and
integrating them proceeding from the inclusion tip (r = 0):

T. = 4K}y /é (r < a) (2.308)

Ky = (2.307)

2.6.4 Limit Value Formulae for Stress Intensity Factors at Rigid
Thin Inclusion Tips

The stress intensity factors Ky, Ky, Ky at rigid thin inclusion tips can be deter-
mined from any of the stress and displacement equations for mode I*, IT*, III*
loading in any polar plane, but the ligament plane (6 = 0) is best suited for that
purpose because of the characteristic stresses in that plane and because the stresses
from different modes acting simultaneously can be separated here. The following
limit value formulae are applicable evaluating the stresses in the ligament plane
(0 = 0), Egs. (2.294), (2.299) and (2.304):
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oxV2
K = lim 220 (2.309)
r—0 3 + K
Ty V2TTF
K = lim 2"~ 2.310
L S ( )
Ky = lim0 T V2Tr (2.311)

Evaluation of the displacements in the ligament plane, Egs. (2.295), (2.300) and
(2.305) gives:

G
K} =lim— (2.312)
r—0 K 2nr
-G v
K =i 2313
I rlf(l) p Sy ( )
K = limn G —r (2.314)
e N '

Evaluation of the forces in the inclusion Egs. (2.298), (2.303) and (2.308),
results in:

K =lim 2.315

r~>02(1—|—K> 21r ( )

K = lim=—— 4 (2.316)
o= 2(1+K) \N21r ’

K = hm 2.317

11 2\/% ( )

Another limit value procedure for determining the stress intensity factor at the
rigid inclusion tip is based on the notch stress concentration in the principal plane
(60 = 0) of the comparable rigid elliptical inclusion. Evaluating formulae for the
loading cases of remote tension loading (mode I*), transverse shear loading (mode
II*) and out-of-plane shear loading (mode III*), the following limit values for the
notch radius p — 0 are found (Radaj 1971; Radaj and Schilberth 1977; Mura
1987; Radaj and Zhang 1993®):

Kl —})21(1) H—Ko'xmaxy/ﬂ:p (2318)
K = lim — VT (2.319)
= lim —— Ty max /7 .

L

Ky = 11m Tyzmax /TP (2.320)
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(@ (b)

A LA Ak

Fig. 2.101 Flat rigid thin inclusion (a) and curved rigid thin inclusion (b) in quadratic plate
subjected to inclusion-parallel tensile loading (o) or transverse shear loading (Fy, 7); (Radaj and
Zhang 1993®)

2.6.5 Example of Stress Intensity Factor Evaluation

The limit value formulae, Egs. (2.309-2.317) allow to determine unknown stress
intensity factors at rigid thin inclusion tips based on a FE or boundary element
analysis of the stresses and displacements in the ligament plane (0 = 0). As an
example of application, a boundary element analysis has been performed for a flat
and a curved (quarter-circular) rigid thin inclusion in a quadratic plate subjected to
tensile or transverse shear loading, Fig. 2.101. The plate width is two times the
crack length. The tensile stress ¢ has a constant value, the shear stress 1 is variable
according to a triangular shape, with a zero value at the corners of the quadratic
plate and a maximum value in the midpoint of the loaded plate edge.

The stresses o, or 1, and the displacements u = u, or v = u, (with the coor-
dinate x brought into line with the local direction of the inclusion at its tip) are
determined at small distances from the inclusion tip (#/a < 1.0), placing the
substructure boundary into the ligament plane (6 = 0). These stress and dis-
placement values are inserted into Egs. (2.309), (2.310), (2.312) and (2.313)
without the limit, resulting in K] (r) and Kjj(r), the medium values of the stress and
displacement evaluation then being extrapolated to the inclusion tip applying a
least square fit, Fig. 2.102. The values for the quadratic plate, K{ and Kjj, are
normalised by the values for the infinite plate, Ky, and KJ},. In the tensile loading
case, Ki related to Kp, is slightly reduced. In the transverse shear loading case, K|
related to Kjj, meets exactly the value 1.5 which results from the parabolic shear
stress distribution in a comparable transverse-shear-loaded beam.

An evaluation has also been performed for the stress intensity factor ratios at
flat and curved rigid thin inclusions in comparison, both in the tensile and trans-
verse shear loading case, Table 2.8. The resultant stress intensity factor is deter-
mined according to K*2 = K;? + K;?. In the case of the curved rigid inclusion,
non-singular stresses may occur at the inclusion tip which have not been evaluated.
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Fig. 2.102 Stress intensity factors for flat rigid thin inclusion subjected to tensile loading and
transverse shear loading determined from ligament stresses (ox or T.,) and displacements
(u = uy, v = uy), quadratic plate values K| and Kj; normalised by infinite plate values Ky, and
Kiy; (Radaj and Zhang 1993®))

Table 2.8 Stress intensity factor ratios for flat and curved rigid thin inclusion in quadratic plate
subjected to tensile or transverse shear loading; (Radaj and Zhang 1993®)

Tensile loading Transverse shear loading
Inclusion type Ki /Ky Ki/Kiy  Kis/Kip Ki /Ko Kii/Kio _ Kio/Kiig
Flat rigid 0.91 0.00 0.91 0.00 1.50 1.50
Curved rigid 0.58 0.77 0.96 0.75 0.93 1.19

2.6.6 Outlook to Wedge-Shaped Rigid Inclusion

Just as the SIF concept at crack tips has been extended to the NSIF concept at
V-shaped notches, the SIF concept at rigid thin inclusion tips can be extended to an
NSIF concept of rigid wedge-shaped inclusion tips. The crack or inclusion tips can
either be pointed or rounded. A rigid wedge-shaped inclusion is identical with a
V-shaped notch with its flanks rigidly fixed. This problem has early been solved
for tensile and in-plane shear loading (modes 1* and 2*); (Hasebe et al. 1990).

The eigenvalue equations under the considered rigidly fixed notch flank con-
dition read as follows:

ksinAjgn — A singm = 0 (2.321)

Kk sin Aygm + A5 singn = 0 (2.322)
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Compared with the corresponding equations representing the free notch flank
condition, Egs. (2.66) and (2.67), the factor k¥ modifies the first term and the sign
between the two terms is inverted.

The corresponding eigenvalue equation for out-of-plane loading is identical
with the V-notch equation, Eq. (2.68):

sin A3(2m — 20) =0 (2.323)

Comparing the published values of A =m; + 1 and 45 =my + 1 for k =2
(Hasebe et al. 1990) with the values of 4; and A ,, considering values for 2o = 90°,
the degree of the singularity is diminished in tensile loading (1] = 0.748 compared
with A; = 0.545), but enlarged in transverse shear loading (A5 = 0.602 compared
with 4, = 0.909).

The maximum stress at the notch root in the bisector plane in the case of tensile
loading and transverse shear loading, respectively, are given as a power series
expansion (Hasebe et al. 1990):

Ormax = Mep™ 1 A hppp™2 ™ b gphat 4L (2.324)

Tr0max = /’lrop;”z_l + hrovgp)"z‘z_] —+ hro_}p;“z’}_l + ... (2.325)

Since the series expansions in Egs. (2.324) and (2.325) converge fast, two or
three terms are sufficient in general to provide acceptable accuracy. When two or
three SCFs for different values of p are known, e.g. by a FE analysis, then the full
functional dependency is defined which is valid in the close vicinity of the
inclusion tip.

Just as reference is made to the rhombic cutouts in Sect. 2.4.5 dealing with the
SCFs of rounded V-notches, the corresponding rhombic inclusion problem may be
addressed (Radaj and Schilberth 1977).

2.6.7 Conclusions

The SIF and NSIF concepts describing the stress, strain and displacement fields in
the close vicinity of crack or notch tips can be transferred to the corresponding
rigid inclusion tips. The basic singular and non-singular loading modes are defined
in an analogous manner.

The asymptotic stress, strain and displacement fields close to the rigid inclusion
tip are characterised by stress intensity factors linked with trigonometric function
expressions. Based on these equations, limit value (r — 0) formulae are derived
which allow to determine the SIFs or NSIFs (not yet accomplished) from FE or
boundary element analysis models. Other limit value (p — 0) formulae relate the
maximum notch stresses of comparable elliptical inclusions to the SIFs of flat thin
inclusions.
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A boundary element analysis of a flat and a curved rigid thin inclusion in a
quadratic plate subjected to tensile or transverse shear loading is performed,
demonstrating the application of the SIF concept. Finally, a wedge-shaped rigid
inclusion without and with notch rounding is considered, providing an outlook to
the more general NSIF concept.

In conclusion, it is shown that the rigid inclusion problems can be solved within
the same analytical frame as has been developed for the open notch problems.
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Plate semithickness

Coefficients in expression for 7,4 in bisector

Leading term factors of ¢, .x and 7,9 max at rigid wedge
Integral in HRR field equation, total, elastic, plastic
J-integral

J-integrals for kinking crack

J-integral related to K3,

J-integral, mode I, II, IIT

J-integrals of V-notches

Theoretical stress concentration factor

Stress and strain concentration factor, nonlinear

Shear stress and strain concentration factor, nonlinear
Strain energy concentration factor, elastic, plastic
Stress intensity factor, mode I, II, III

Fracture toughness, critical stress intensity factor
Stress intensity factor, mode I*, IT*, III*, rigid inclusion
Reference values of K|, K|} in infinite plate

Resultant and equivalent stress intensity factor
Threshold stress intensity factor

Threshold stress intensity factor, coplanar and kinking crack
Critical notch stress intensity factor

Notch stress intensity factor, mode 1, 2, 3

Generalised notch stress intensity factor, mode 1, 2, 3
Generalised NSIF, T-stress-corrected

Notch strain intensity factor, mode 3, elastic, plastic
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Inverse slope exponent, S—N curve
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Turning moment acting on the inclusion
Torsional moment

Magnification factor on Kj, membrane, bending
Elastic-plastic antiplane shear exponent

Number of cycles, endurable values

Hardening exponent

Failure probability

Factor on n/2 for notch internal angle

Ratio of lower to upper load

Radius of integration path, of control volume



List of Symbols

g Rn

p

x X

Ny

*

ro
Yo, I't, 12
r
r

P
S

Smim Smax
N

Vs Ves Vp
Yo
Vmax,p
Vp,eq

)A'S

A

0

Radius of gross and net cross-section

Radius of plastic zone

Polar coordinate, radial distance

Radius of core region

Notch root distance

Radial distances in bipolar coordinate system
V-notch radius at thombic cut-out

Radius of plastic zone

S-stress, non-singular

Strain energy density factors

Elastic-plastic eigenvalue exponent
Deviatoric stress tensor

Elastic-plastic strain eigenvalue exponent
T-stress, non-singular

Forces acting on rigid inclusion

Scatter range indices related to ¢ and N
Plate thickness, upper and lower
Displacements in Cartesian coordinates
Remote boundary displacements
Displacements in Cartesian coordinates
Displacement vector, its angle-dependent term
Strain energy density, total, elastic, plastic
Locally averaged strain energy densities
Strain energy density of nominal stress in net cross-section
Complex coordinate

Cartesian coordinates

Extension of plastic zone

Geometry factors on K, Ky, Kipp

Geometry factors on Kj, membrane, bending
Complex coordinate

Elastic-plastic eigenvalue exponent

Factor in normalised Ramberg—Osgood material law
Notch opening semi-angle

Angle of inclination against bar axis

255
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Factor in reduced Ramberg—Osgood material law
Kronecker delta

Total, elastic and plastic strain

Strain tensor, its angle-dependent term
Maximum notch strain, nonlinear and Hooke
Nominal strain, nonlinear and Hooke
Equivalent plastic strain
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Complex coordinate

Factor on p for averaging K,

Polar angle, crack propagation angle

Polar angles in bipolar coordinate system
Stiffness parameter in plate theory
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Poisson’s ratio

Radius of notch curvature, notch radius
Microstructural support length
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Normal stress parallel to crack front

Remote boundary stresses, mode OI"* loading
First principal stress
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Effective and equivalent stress, von Mises
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Hydrostatic stress
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Maximum notch stress, nonlinear and Hooke
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Maximum notch stress

Nominal stress, in gross and net cross-section
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Peak stress

Normal stresses in polar coordinates
Tangential stress, its maximum value
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