Chapter 2
ICA and ICAMM Methods

2.1 Introduction

The seminal work of the research in ICA was provided by Jutten in [1-4].
Independent component analysis (ICA) aims to separate hidden sources from their
observed linear mixtures without any prior knowledge. The only assumption about
the sources is that they are mutually independent [5]. Thus, the goal is blind source
estimation; although it has been recently alleviated by incorporating prior
knowledge about the sources into the ICA model in the so-called semi-blind source
separation (see for instance [6—8]). This technique has been widely used in many
fields of application such as telecommunications, bioengineering, and material
testing [5]. There is extensive literature that reviews and provides taxonomies and
comparisons about the large number of ICA algorithms that have been developed
during the last two decades (see for example [5, 9—13]). Therefore, in this chapter,
instead of undertaking an exhaustive review of the methods, we will focus on
reviewing the following: the ICA basic concepts, some ICA algorithms that will be
used for comparison with those proposed in this work, and existing ICAMM
algorithms.

The standard noiseless instantaneous ICA formulates a Mx1 random vector X by

linear mixtures of M random variables that are mutually independent sy, ..., sy
whose distributions are totally unknown. That is, for s = (sy, .. .,sM)T and some
matrix A

x = As (2.1)

The essential principle is to estimate the so-called mixing matrix A, or equiva-
lently B = A~! (the demixing matrix). The matrix A contains the coefficients of
the linear transformation that represents the transfer function from sources to
observations. Thus, given N i.i.d. observations (X, . .., Xy) from the distribution of
x, A~ can be applied to separate each of the sources s; = B; x, where B; is the ith

A. Salazar, On Statistical Pattern Recognition in Independent Component 29
Analysis Mixture Modelling, Springer Theses, DOI: 10.1007/978-3-642-30752-2_2,
© Springer-Verlag Berlin Heidelberg 2013



30 2 ICA and ICAMM Methods

Unknown A B Estimated
S, X S,
——— -~ | a
s, — x, .5,
. . \ .
\ R
sM XN sM
Source Mixing Recorded Demixing Separated
signals matrix signals matrix sources

Fig. 2.1 The instantaneous mixing and unmixing model for BSS-ICA

row of B. This can be seen as a projection pursuit density estimation problem to
find M directions such that the corresponding projections are the most mutually
independent. For the sake of simplicity, we will assume the square problem (the
same number of sources as mixtures, thus the order of A is MxM). Figure 2.1
shows a schema that illustrates the instantaneous mixing and unmixing model for
BSS-ICA.

Furthermore, the instantaneous linear model can be applied in the frequency
domain for the analysis of convolutive mixtures. Applying the Fourier transform to
both sides of Eq. (2.1), we obtain the following frequency expression

x(w) = A(w)s(w) (2.2)

where x(w) = FT{x}, A(w) = FT{A}, and s(w) = FT{s} are the Fourier trans-
forms of the observation vector, mixing matrix, and source vector, respectively.
The time and frequency domain ICA models are equivalent, but the coefficients of
the transfer matrix may vary with o (see for instance [14] and the references
within). An attempt to generalize the BSS algorithms for MIMO signal processing
that exploits three signal properties nonwhitenes, nongaussianity, and nonsta-
tionarity in an information theoretic cost function has been recently formulated in
[15, 16]. In some cases, the convolutive model can be solved as an ‘‘instanta-
neous’’ problem for selected frequencies. The frequency component permutation
problem is thus avoided. The frequencies to be analyzed are selected according to
the application; for instance, in a detection problem, the frequencies around the
working frequency of the excitation sensor are in the band of interest. We include
an example of this frequency ICA analysis applied in NDT in Chap. 5.

It is well-known that A is identifiable, up to scaling and permutation of col-
umns, when s has at most one Gaussian component and Ais assumed to be non-
singular [17] The restriction in Gaussian components is explained by the central
limit theorem, considering that a linear mixture of independent random variables is
more Gaussian than the original variables. Thus, to specify B uniquely, we need to
put some scale and permutation constraints either on s or on B. Because of the ICA
indeterminacies the sources are usually assumed to be unit variance. Also, it is
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commonly assumed that both the observed variables and the independent
components have zero mean.
The source independence is expressed as the joint probability, which is the
product of the marginal densities p(s) = [ pi(s;). Since the source distribution is
1

not available, the independence is represented in different ways, e.g., using the
following statistics

E[gi(8)g(8)] =0 (2.3)

for any non-linear function g;, i.e., all the cross cumulants must be zero.

Most of the existing algorithms used to estimate the matrix A can be organized
in two categories. The first category of methods directly approximates the distri-
butions of hidden sources within a specified class of distributions and minimizes a
cost function the so-called contrast function, or simply contrast, which is generi-
cally denoted ¢(8) such as mutual information, likelihood function, or equivalents
[5, 17-21]. The design of the ICA algorithms includes the formulation of a contrast
function that has to be minimized through an optimization procedure. The contrast
function is a real valued function of the estimated sources s, which yields a
minimum value when the independence is attained. The second category of
methods optimizes other contrast functions without approximating distributions
explicitly. These functions can be, for instance, nongaussianity (using neguentropy
or kurtosis), and nonlinear correlation among estimated sources [2, 22].

In several ICA algorithms, the data are first whitened (also called sphering),
which requires the covariance matrix of the data to be unity. It is well-known that
the demixing matrix can be factorized as the product of a whitening and an
orthogonal matrix, i.e., B = VW, where V is the whitening matrix and W is the
orthogonal one. The mixtures are first whitened in order to exhaust the second
order moments (signals are forced to be uncorrelated). The whitened vector is
expressed as z = VAs, with E=[zz| =1, and the whiteness constraint
E [ééT] = L., with § being the estimated sources. Thus, the ICA model, considering
a prewhitening step, is expressed as

§ = Bx = WVx (2.4)

The orthogonal matrix W is a rotation of the joint density, which has to maximize
the nongaussianity of the marginal densities, thus maximizing a measure of
independence. The rotation step keeps the covariance of § equal to the identity,
thus preserving the whiteness, hence, the decorrelation of the components. Pre-
whitening is an optional step to estimate the ICA parameters; in fact, recent
methods avoid a prewhitening phase and directly attempt to compute a non-
orthogonal diagonalizing congruence (see e.g., [23, 24]. A discussion about con-
nections between mutual information, entropy, and non Gaussianity in a general
framework without imposing whitening is presented in [25]. However, prewhi-
tening in ICA algorithms has been reported to provide algorithmic computational
advantages (see e.g., [26, 27]).
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The algorithms used in ICA can be deterministic or stochastic. The deterministic
algorithms always produce the same results (usually exploiting the algebraic
structure of the matrices involved) whereas the stochastic algorithms are adaptive
starting from a random unmixing matrix that is updated iteratively. The updating
can be made for every observation (on-line) or for the whole set of observations
(off-line). Thus, the results of stochastic algorithms vary in different executions of
the algorithm. The reliability of the results has to be studied since the algorithm
may reach a local optimum (local consistency) instead of the unique global
optimum (global consistency) of the contrast function. The convergence depends
on statistical variables such as random sampling of the data. It is commonly
accepted that the estimation results are robust to the details of knowledge about the
distributions (super- or sub-gaussianity, and so on). It has also been demonstrated
that incorrect assumptions on such distributions can result in poor estimation
performance, and sometimes in a complete failure to obtain the source separation
[28]. Local consistency of ICA methods that search for specified distributions and
global consistency in the case of two sources with heavy-tail distributions has been
studied [19, 26, 29]. Recently, the statistical reliability or “quality” of the
parameters estimated by ICA has been analyzed using bootstrap resampling
techniques and visualization of the cluster structure of the components [30, 31].

2.2 Standard ICA Methods

The ideal measure of independence is the “mutual information” that was proposed
as a contrast function in [17]. It has been demonstrated that this function corre-
sponds to the likelihood for a model of independent components that is optimized
with respect to all its parameters. Thus, the likelihood in a given ICA model is the
probability of a data set as a function of the mixing matrix and the component
distributions [28]. Mutual information (I) is defined as the Kullback-Leibler (KL)
divergence or relative entropy between the joint density and the product of the
marginal distributions:

1(@)=KL<§;Hp<s,->> = [ po)0e s (2.5)

[1p(5:)

1

It is non-negative and equals to zero only if the distributions are the same. The
logarithm of the fraction in Eq. (2.5) can be transformed into a difference of
logarithms, obtaining

I(s) = ZH(&') —H($) (2.6)

where H(u) denotes Shannon’s differential entropy for a continuous random
variable u, which can be seen as a measure of the randomness of the variable u.
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H(w) =~ [ plw ogp(u)d 27)

The entropy of the estimated sources H(S) in Eq. (2.4) equals H(x) — log | det B|.
If a step of prewhitening is considered, all the white versions of § are rotated
versions of each other and log |det B| = 0 since B is an orthogonal matrix. For
this case, the entropy H(S) remains constant and, thus, the mutual information (or
dependence) is equal to the sum of the marginal entropies of § (up to the constant
term H(S))

I(s)=> H() < E['] =1 (2.8)

Thus, there is a connection between maximum independence and minimum
entropy; the objective of maximizing the independence is equivalent to the
objective of minimizing the sum of the entropies of all components. In this sense,
ICA is a minimum entropy method under the whitening constraint £ [ééT} =L In
addition, the entropy —H (u) is equal to the Kullback-Leibler divergence between
the random variable u and the zero mean unit variance Gaussian density (up to a
constant). Hence, the mutual information contrast imposes finding marginal dis-
tributions as far as possible from Gaussianity. Furthermore, it has been demon-
strated that the mutual information can be decomposed under linear transforms as
the sum of two contributions: a contribution expressing the decorrelation of the
components and a contribution expressing their non Gaussianity [25].
Unfortunately, the mutual information is difficult to approximate and optimize
on the basis of a finite sample; thus, much research on ICA has focused on
alternative solutions [17, 18, 20]. A popular approach for estimating the ICA
model is the maximum likelihood (ML) estimation. The goal is to find the ICA
parameters that give the highest probability for the observed data. The problem is
formulated as p,(x) = | detB|ps(s) = | detB| ] pi(s;), where p, is the density of
1

the mixture vector, and p; denotes the density of the independent components.
Considering N samples available to evaluate the densities, the maximum log
likelihood for the ICA model can be defined as

1
~logL(B) = E[Z log p;(b]x) | +log|detB]| (2.9)

where the expectation E[-] is the average computed from the observed samples.
Several methods to define the contrast function have been proposed in the
literature. These methods are based on non Gaussianity, mutual information,
higher order statistics (cumulants), and time structures [5]. The contrasts are
closely connected, and have been implemented in different ICA algorithms for
BSS with successful applications in many fields. The optimization techniques
applied to the contrast function for adaptive algorithms are mainly based on
gradient (natural, descent, etc.) and approximate Newton methods. The estimation
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Fig. 2.2 InfoMax principle:
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procedure of deterministic algorithms can exploit the algebraic structure of the
matrices involved. The components are extracted using two methods. The first
method consists of extracting sources source by source (deflation method), i.e.,
s; = b;x; the second one consists of extracting all the sources simultaneously
(symmetric method). The contrasts corresponding to these methods are called one-
unit (one component) and multi-unit (several or all components) contrast
functions.

We selected some of the most representative ICA algorithms (InfoMax [32, 23],
JADE [33], Fastlca [20, 22], and TDSEP [34]) derived from different perspectives
of contrast design (entropy-, moment/cumulant-, and correlation-based methods).
These algorithms will be used in comparisons with the techniques proposed in this
work. A brief review of the selected ICA algorithms is included below.

2.2.1 InfoMax

The InfoMax algorithm was proposed in [32]. The InfoMax principle consists of
maximizing the output entropy of a system z = g(s) = g(Bx) with respect to the
demixing matrix B, where g is a nonlinear transformation (see Fig. 2.2).

The system shown in Fig. 2.2 can be considered as a neural network. The goal
is to obtain the ICA parameters for an efficient flow of the information in the
neural network. This requires maximizing the mutual information between the x
inputs and the § outputs. It can be demonstrated that under no noise assumption,
the maximization of this mutual information is equivalent to the maximization of
the joint (output) entropy [35].

The transformation g(-) is a R" — R" component-wise, non-linear function
that operates on the sources estimated by the system linear part, i.e.,
[g(8)];= &i(8) 1<i<n. Thus, the InfoMax contrast function is defined as

¢;(B) = H(g(Bx)) (2.10)

where H(-) is the differential entropy. Scalar functions g;, ..., g, are taken to be
“squashing functions” that are capable of mapping a wide input domain to a
narrow output domain (0, 1), and to be monotonously increasing. The entropy
output entropy is estimated as [5]

H(g(Bx)) = ZE[logg;(bfx)} + log | det B (2.11)
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This expression can be matched with the expression of the likelihood in Eq. (2.9).
If the nonlinearities g; are chosen as the cumulative distribution functions corre-
sponding to the densities p;, i.e., gi(-) = p;(-), the output entropy is equal to the
likelihood. Thus, InfoMax is equivalent to maximum likelihood estimation (see for
instance [5, 36]).

The first implementation of InfoMax [32] employed a stochastic gradient
algorithm. Afterwards, the algorithm convergence was accelerated using natural
gradient [37]. InfoMax was extended in [23] (Extended InfoMax) for blind sep-
aration of mixed signals with sub- and super-gaussian source distributions. The
optimization procedure uses stability analysis [38] to switch between sub- and
super-gaussian regimes. The following is the algorithm learning rule

AB o (1-E[g(s)s"])B (2.12)

g1 (8;) = —2tanh(s;) is usually used as component-wise nonlinearity for super-
gaussian components and g; (§;) = tanh(§;) — §; for sub-gaussian components.

2.2.2 JADE

Joint Approximate Diagonalization of Eigen-matrices (JADE) is an algorithm that
belongs to an approach derived from the theory of higher order cumulants [39].
This approach has been called higher-order cumulant tensor because its imple-
mentation is based on tensor algebra. The idea is to represent the fourth-order
cumulant statistics of the data by a “quadricovariance tensor” and to compute its
“eigenmatrices” to yield the desired components [40]. The tensor algebra enables
the manipulation of the multidimensional higher-order cumulant matrices.

It can be shown that the second and third cumulants cum (xi,xj) and
cum (x[,xj,xk) are equal to the second and third moments £ [x,-, xj] and E [xi, xj, xk].
However, the fourth cumulant differs from the fourth moment of the random
variables x;, xj, x, and x;; this is defined as

cum (x[xjxkx,) =Cjju (xixjxkxl)
=F [x,-xjxkxl] —E [xixj]E [xxx1] — E[xix(|E [xjxl] — Exix|E [xjxk}
(2.13)

For independent variables cum (xi,xj,xk,xl) =0. It means that Cy(s)=
O'l-zéij, C,'jkl(S) = kiézjkl with 5,‘1‘ =1fori :j and 5,‘1‘ =0 fori 75], 5,']7(1 =1fori=
j=k=1and 8y =0 for i # j # k # I; where o7 is the variance, and k; is the
kurtosis of the source component s;(a? = E[siz], K; = E[sﬂ —3E%[s?)) [5].

Thus, a measure of distance between the estimated and the source components
can be stated as a distance between cumulants, obtaining the contrast under the
whitening constraint
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- ZkiCiiii(g) =k

> k(s - 3)] (2.14)

If there is no prior knowledge about the sources in this case about the kurtosis, the
contrast function is — ) k;Cj;;(8). This is equivalentto > Cp(8) since E[$8] = I
i ijki£iii

[17] (up to a constant).
The JADE algorithm [33] approximates the independence by minimizing a
smaller number of cross cumulants

Pape = Z Cizjkl(é) (2.15)

ikl ijkk

The optimization procedure of JADE tries to find the rotation matrix W such that
the cumulant matrices {Qf} of the whitened data z = Vx are as diagonal as
possible. This solves

arg min Z off (WQIWT) (2.16)

where the operator off (M) = ) Mii is the sum of the square of the off-diagonal
i#

elements M. This algorithm is based on the Jacobi method whose principle is that
the rotation matrix Q can be approximated by a sequence of elementary rotations
Ti () each of which try to minimize the off diagonal elements of the respective
cumulant matrices. The rotation angle ¢, (Givens angles) can be calculated in
closed form because fourth-order contrasts are polynomial in the parameters [41].
The rotation uses a small angle 0,i,, which controls the accuracy of the optimi-
zation. Thus, cumulant-based algebraic techniques avoid having to use gradient
techniques for optimization. A comprehensive review about higher-order contrast
used in ICA and comparison with gradient-based techniques is in [42].

2.2.3 Fastlca

ICA methods have also been approached from the nongaussianity perspective.
As stated above, without nongaussianity the estimation of the independent
components is not possible. It is well-known from the central limit theorem that
the distribution of a sum of independent random variables tends toward a
Gaussian distribution, under certain conditions. The ICA estimation can be
formulated as the search for directions that are maximally non-gaussian. Each
local maximum gives one independent component [5]. In addition, the Gaussian
variable has the maximum differential entropy (for unbounded variables with a
common given variance). Thus, in order to find one independent component, we
have to minimize entropy, i.e., we have to maximize the nongaussianity.
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Two classical methods employed for measuring nongaussianity in ICA are
kurtosis and neguentropy. The kurtosis (fourth-order cumulant) of a random var-
iable u is defined by k(u) = E[u*] — 3E?[u?]. Tt is zero for Gaussian random
variables and non zero for non Gaussian distributions. Random variables with
negative kurtosis are called sub-gaussian or platykurtic, (e.g., the uniform random
variable); and those with positive kurtosis are called super-gaussian or leptokurtic

(e.g., the Laplacian random variable). Thus, functions such as — Z |k(s;)| and

- Z |k?(3;)|are appropriate contrasts. The gradient algorithm associated with the

absolute value of the kurtosis is:
AW, sign(k(sz))E[z(sz)3] (2.17)

with the projection of W on the unit sphere every step, i.e., it is normalized: ” H

This algorithm finds one component at a time, working with a whitened version of
the mixed sources, z = Vx by finding a column vector W that maximizes the
module of the kurtosis of § = w’z.

The Fastlca algorithm uses estimates of neguentropy based on the maximum
entropy principle, which requires the use of appropriate nonlinearities for the
learning rule of the neural network [20, 22]. Separation is performed by the
minimization of the neguentropy of the mixture in order to obtain uncorrelated and
independent sources whose amplitude distributions are as non Gaussian as pos-
sible. The non Gaussianity is measured with the differential entropy j, called
neguentropy [17], which is defined as the difference between the entropy of a
Gaussian random variable i, and the differential entropy of a random variable
u, which are both variables of the same correlation (and covariance) matrix

J(“) = H(ugauss) - H(u) (218)

where the differential entropy H is defined by H(u) = — [ f(u)logf(u)du. Since
Gaussian random variables have the largest entropy H among all random variables
having equal variance, maximizing J(u) leads to the separation of independent
source signals.

The use of neguentropy has an advantage that is well justified by statistical
theory. However, entropy estimation is computationally very difficult. Thus,
several methods of approximation have been proposed [5]. One successful
approximation consists of using a nonquadratic function G, which becomes

J () E{G(u)} — E{G()})* (2.19)

For optimization, the following algorithm can be obtained

AwayE{zg(w'z)} (2.20)
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with the projection of w on the unit sphere every step and where y =
E{G(w"z)} — E{G(v)} and v is a standardized Gaussian random variable. The
normalization is necessary to project w to keep the variance of w’z constant. The
non-linearity g(-) is the derivative of the function G used in the approximation. It
can be chosen from g;(5) = tanh(a;5) where 1 <a; <2, g2(5) = §exp(—5%/2), or
23(8) = 83 [20, 22].

2.2.4 TDSEP

Temporal decorrelation source separation (TDSEP) is one of the ICA algorithms
that exploit the time structure of the signals. It is based on the simultaneous
diagonalization of several time-delayed correlation matrices. The approach relies
on second-order statistics by assuming distinctive spectral/temporal characteristics
of the sources [34, 43, 44]. These algorithms have been successfully applied in
biosignal processing given the inherent time structure of the signals and their
capability to separate signals whose amplitude distribution is near Gaussian.

The TDSEP algorithm uses the property that the cross-correlation functions
vanish for mutually independent signals. It assumes that the signals s(¢) have
temporal structure (“non delta” autocorrelation function). All time delayed cor-
relation matrices Ry should be diagonal. This knowledge is used to calculate the
unknown mixing matrix A by a simultaneous diagonalization of a set of correlated
matrices Ry = (x(£)x(f — T)T> for different choices of 7, where 7, is a lag
constant, t = 1,2, 3, .... The diagonal elements of these matrices are formed by
the values of the autocorrelation functions and the off-diagonal elements are the
respective cross correlations,

Oy (000, (7)

iy (1)@, (7)

Ry = (2.21)

(Px,,,xl (T) . '(px,,,xn (T)

where ¢ denotes the correlation function. If the signals were independent over
time, all time-delayed correlation matrices should be diagonal because the cross-
correlations of independent signals vanish.

The contrast consists of finding a matrix B (considering whitening) so that in
addition to making the instantaneous covariances of §(¢) = Bx(#) go to zero, the
lagged covariances are made zero as well:

E[5:(0)3(t—1)] =0, foralli,j,t withi#j (2.22)



2.2 Standard ICA Methods 39

For the independent components S;(¢), the lagged covariances are all zero due to
independence, without the need for higher-order information to estimate the
model.

The optimization procedure has to minimize the sum of the off-diagonal ele-
ments (diagonalize) of several lagged covariances of § = wz. Considering the

. .~ T . .
symmetric version CT(Z) = % [Cf(z) + (Cr(z))] of the covariance matrix and a set
of chosen lags t denoted by s, the objective function can be written as

> off (WC.(»y W) (2.23)

€S

The minimization of Eq. (2.23) can be accomplished by a gradient descent algo-
rithm. Another alternative is to adapt the existing methods for eigenvalue
decomposition for this simultaneous approximate diagonalization of several
matrices. The SOBI algorithm (Second-Order Blind Identification) and TDSEP use
Jacobi-like algorithms for optimization [43, 44].

The set of time delays 7 can be arbitrarily selected or manually given with prior
knowledge. The advantage of second-order methods is their computational sim-
plicity and efficiency. Furthermore, for a reliable estimate of covariances only
comparatively few samples are needed.

2.3 Non-Parametric ICA

The estimation of the densities is, in general, a non-parametric problem. This
means that the number of parameters is infinite, or, in practice, very large. The
non-parametric problems are the most difficult to estimate. As was reviewed in
Sect. 2.1, most known methods for solving the ICA problem involve specification
of the parametric form of the latent components densities p; and estimation of B
together with parameters of p; using maximum likelihood or minimization of the
empirical versions of various divergence criteria between densities. In practical
applications, the distributions p; of the independent components are generally
unknown, and thus ICA can be considered as a semi-parametric method in which
these distributions are left unspecified.

Conventional ICA techniques have used two methods to avoid non-parametric
estimation. The first method consists of using prior available knowledge about the
densities. The results of the estimator would depend on the specification of the
priors. By including these priors in the likelihood, the likelihood would really be a
function of B only. A second method is to approximate the densities of the
independent components by a family of densities that are specified by a limited
number of parameters. For instance, a simple parameterization of the p; is a single
binary parameters, i.e., the choice between two densities [5].

Nowadays, there seem to be two research directions in ICA modelling: the first
is motivated to design a signal separation algorithm that is “truly blind” to the
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particular underlying distributions of the mixed signals (any information about the
sources is completely unknown), (see for instance [45]); the second consists of
including the maximum number of priors available in the cost function in order to
guide the algorithm to find particular sources (blind source extraction, semi-blind
source separation, etc.), (see for instance [46, 47]). Some new methods that use
non-parametric (NP) density estimation have been recently developed from the
first direction in ICA research.

The new non-parametric ICA methods use techniques such as: minimization of
a kernel canonical correlation or a kernel generalized variance among recovered
sources (the so-called Kernel-ICA) [48]; maximum likelihood estimation (MLE)
by using spline-based density approximations [49]; MLE by using Gaussian kernel
density estimates (the so-called Npica) [45]; and minimization of the entropy of
the marginals by estimating their order statistics (the so-called Radical) [50].
These methods have shown good performance in simulations, but there are no
references about their performance in real applications. Theoretical analyses
(convergence, consistency, and other issues) of non-parametric density estimation
in the framework of ICA are found in [29, 26, 51]. We include a review of the
Npica, Radical, and Kernel-ICA algorithms in the following section.

2.3.1 Npica

The Npica algorithm [45] is a maximum loglikelihood ICA method that solves the
Eq. (2.9). It uses a non-parametric estimation for the probability density function p;,
which is directly estimated from the data using a kernel density estimation tech-
nique [52].

Given a batch of sample data of size N, the marginal distribution of an arbitrary
reconstructed signal is approximated as follows:

) 1 & Si—Si .
pi(si)szK( - ) i=1,...M (2.24)

I=1

1
where £ is the kernel bandwidth and « is the Gaussian kernel r(u)= e,

V2n

N
The kernel centroids §;; are equal to §; = w,-x(’> = > wyXj;, where x? is the Ith
I=1
column of the mixture matrix X.
The expectation of the maximum loglikelihood solution is approximated by the

following cost function
L(W) = —Ly(W) — log(det W) (2.25)

where Lo(W) is obtained by replacing the marginal pdf’s p; with their kernel
density estimates
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The overall optimization problem can thus be posed as

M <
mm——ZZlog FZ <7)>] — log | det W] (2.27)

i=1 k=

stjwl|=1,i=1,...M (2.28)

Given the sample data x¥), k = 1,..., N, the objective of Eq. (2.27) is a smooth
nonlinear function of the elements of the matrix W. The additional constraints of
Eq. (2.28) restrict the space of possible solutions of the problem to a finite set. The
optimization technique applied is the quasi-Newton method.

2.3.2 Radical

The Radical algorithm [50] uses entropy minimization, i.e., it must estimate the
entropy of each marginal for each possible W matrix. The Radical marginal
entropy estimates are functions of the order statistics of those marginals.

The order statistics are estimated using spacings estimates of entropy. Consider
a one-dimensional random variable Z, and a random sample of Z denoted by
Z',7%,...,Z". The order statistics of a random sample of Z are simply the ele-
ments of the sample rearranged in non-decreasing order: zM < VA < ... <ZN A
spacing of order m, or m — spacings is then defined to be Z(+™ — zZN_ for
1<i<i+m<N. Finally, if m is a function of N, a my — spacings such as
Zm) _ 70 can be defined.

For any random variable Z with an impulse-free density p(-) and continuous
distribution function p(x/Cy) = |detA*1 |p(s). the following holds. Let px be the
Z-way product density p * (Z',Z%,...,Z") = p(Z")p(Z?).. .p(ZV). Then

E, [P<z<"+1>> —P(Z“)” :NLH, Vi, <i<N-—1 (2.29)

Using these ideas, the following simple entropy estimator can be derived.
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I\ll

m

Hoepacings (2", 2V) = <N “( (mi+1)+1) 7z<""‘+1>)) (2.30)

i=0

Under the condition that m, N — oo, § — 0, this estimator is consistent; typically

m = +/N. The intuition behind this estimator is that by considering m — spacings
with larger and larger values of m, the variance of the probability mass of these
spacings relative to their expected values gets smaller and smaller. In fact, the
probability mass of m — spacings is distributed according to a beta distribution
with parameters m and N + 1 [50]. Thus, a modification of Eq. (2.30) in which the
m — spacings overlap is used in Radical. The final contrast consists of an entropy
estimator that is used to minimize Eq. (2.8),

N—m

~ N +1 .
HRadicul (Zl PR -7 E Z lo g( i (Z(H—m) — Z(l>)) (231)

The optimization method of the algorithm for cost function minimization is
exhaustive search. It is assumed that the data are first pre-whitened and augmented
with a number of synthetic replicates of each of the original N sample points with
additive spherical Gaussian noise to make a surrogate data set. This is done in
order to obtain a smoother version of the estimator in an attempt to remove false
minima. Afterwards, for each angle 0, the data are rotated (§ = W(6) - x) using a
pair-wise Jacobi rotation and the cost function evaluated. The output is the W
corresponding to the optimal 6. There are M(M — 1)/2 distinct Jacobi rotations
parameterized by 0 (for a M-dimensional ICA). Optimizing over a set of these
rotations is known as a sweep. Empirically, performing multiple sweeps improves
the estimate of W for some number of iterations. In [50], good results were
reported in simulations for S =~ M (S is the number of sweeps).

2.3.3 Kernel-ICA

The Kernel-ICA algorithm [48] uses contrast functions based on canonical cor-
relations in a reproducing kernel Hilbert space. This approach is not based on a
single nonlinear function, but rather on an entire function space of candidate
nonlinearities. The contrast function is a rather direct measure of the dependence
of a set of random variables. Considering the case of two univariate random
variables x; and x,, and letting F be a vector space of functions from R to R, the
F - correlation pF is defined as the maximal correlation between the random
variables fi(x) and fi(x;), where f; and f, range over F:

= max 1T X X — max COV(fl(xl)va(x2))
Pr _fl,fzaeF corr(fi (x1), f2(x2)) flfzaa: (varf1(xl))l/z(varfz(xQ))l/z (2.32)
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Clearly, if the variables x; and x; are independent, then the F - correlation is equal
to zero. It can be shown that F - correlation is the maximal possible correlation
between one-dimensional linear projections @(x;) and ®(x,), with ®(x) = K(+,x)
being the feature map, where the kernel K(+, x) is a function in F for each x. This is
the definition of the first “canonical correlation” between ®(x;) and®(x;).

Canonical correlation analysis (CCA) is a multivariate statistical technique
similar to PCA. While PCA works with a single random vector and maximizes the
variance of projections of the data, CCA works with a pair of random vectors (or in
general with a set of m random vectors) and maximizes correlation between sets of
projections. While PCA leads to an eigenvector problem, CCA leads to a gen-
eralized eigenvector problem.

Kernel-ICA employs a “kernelized” version of CCA to compute a flexible
contrast function for ICA. The following definitions are considered. Let
{xl,..,x)} and {x},...,x)'} denote sets of N observations of x; and x,,
respectively, and let {®(x}),...,®(x))} and {®(x}),...,®(x))} denote the
corresponding images in feature space. Let S; and S, represent the linear spaces

N
spanned by the o;-images of the data points. Thus, fj = oc’l‘CD(x’f) +fit and
k=1

N
= Ad(x4) + £, where fi* and f;- are orthogonal to S| and S,, respectively.
k=1

Considering that K; and K, are the Gram matrices associated with the data sets
{x‘l} and {xé}, respectively, the following variance estimates are obtained:
var((®(x1),fi)) = voi K Ko and var((®(x2), f2)) = vy K2 Ky, Thus,  the
kernelized CCA problem for two variables becomes that of performing the fol-
lowing maximization:

O(FIFK] KQOCQ

pr(K1,Ky) = max
o (K)o K)

7 (2.33)

The formulation as a generalized and regularized eigenvalue problem to m
variables is the following:

(K1 + %1)2 KK, ... KK, o
KK, (K> -F%I)2 K>K,, o
K.K KK, Km—i—&] 2 O
1 2 ’ ( 7 (2.34)
(K1 +%51) 0 0 o
A 0 (Ki+%0)7 ... 0 %
=4

0 0 o (K +2e)? ) N
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where N, is a small positive constant used for regularization. The minimal value of
this problem is called the first kernel canonical correlation.
The Kernel-ICA algorithm proceeds as follows. Given a set of data vectors

x!',x?,...,x", and given a parameter matrix W, we set §' = Wx/, for each i, and
. Al A2 N

thereby form a set of estimated source vectors § ,S°,...,§" . The m components of

these vectors yield a set of m Gram matrices, K, K, . . ., K,;, and these Gram matrices

(which depend on W) define the contrast function C(W) = IAF (K1,...,Km).
The ICA algorithm minimizes this function with respect to W.

The optimization technique used for Kernel-ICA is gradient descent (with line
search) on an almost-everywhere differentiable function C(W). The algorithm
converges to a local minimum of C(W) for any starting point. However, the ICA
contrast functions have multiple local minima, and restarts are generally necessary
if we are to find the global optimum. Empirically, the number of restarts was found
to be small when the number of samples was sufficiently large so as to make the
problem well-defined [48].

2.4 ICA Mixture Modelling

ICAMM is proposed in the framework of pattern recognition, considering that the
observed data come from a mixture model and they can be categorized into several
mutually exclusive classes. ICAMM assumes the underlying process that gener-
ated observed data is composed by multiple ICA models (data of each class are
modelled as an ICA, i.e., linear combinations of independent non-gaussian sour-
ces). This modelling has been proposed in order to deal with the problems of the
widely used mixture of Gaussians (MoG)-based modelling [53]. The principal
limitations of MoG are: (i) the size (M?) of each covariance matrix becomes
extremely large when the dimension (M) of the problem increases; and (ii) each
component is a Gaussian, which is a condition that is rarely found in real data sets.
The antecedents of ICAMM can be found in [54] where each Gaussian of the
mixture was replaced with a probabilistic principal component analysis (PPCA),
allowing the covariance matrix dimension to be reduced, preserving the repre-
sentation of the data. This PCA-based method was modified in [55] using varia-
tional Bayesian inference to infer the optimum number of analysers, obtaining the
so-called Mixture of Factor Analysers. Afterwards, a robust approach for PPCA
that exploits the adaptive distribution tails of the Student-# was proposed [56, 57].
This last allows the performance of the method is not spoiled by non-gaussian
noise (e.g., outliers). Thus, ICA mixture modelling has been the natural evolution
from these antecedents.

ICAMM was introduced in [58] considering a source model switching between
Laplacian and bimodal densities. Afterwards, the model was extended using
generalized exponential sources [59], self-similar areas such as mixtures of
Gaussians sub-features using variational Bayesian inference [53], and sources with
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non-gaussian structures recovered by a learning algorithm using Beta divergence
[56]. In addition, the automatic estimation of the number of ICA mixtures has been
approached by variational Bayesian learning [60, 61] and on-line adaptive esti-
mation of the clusters comparing log-likelihood of the data [62]. An alternative to
the simultaneous estimation of all the ICAMM parameters is the performing of
segmented and repeated ICAs. This strategy has been recently applied for the
extraction of neural activity from large-scale optical recordings [63]. Ultimately,
computational optimization of gradient techniques used in ICAMM algorithm was
proposed applying Newton’s method in the [64, 60].
The general formulation of [CAMM is:

X; :Aksk—i—bk, k= ],...,K (235)

where C; denotes the class k, and each class is described by an ICA model with a
mixing matrix Ay, and a bias vector by. Essentially, b, determines the location of
the cluster and A;sy its shape. The goal of an ICA mixture model algorithm is to
determine the parameters for each class. Figure 2.3 shows the model of ICA
mixtures.

There are a few methods proposed in the ICAMM framework. They can be
grouped as follows: maximum-likelihood based, iterative-based on a distance
measure, and variational Bayesian learning methods. We include a review of three
representative ICAMM techniques: the first proposed method for unsupervised
classification and automatic context switching [58], the Beta-divergence method
[65], and a variational Bayesian method [53].

2.4.1 Unsupervised Classification Using ICAMM

In [58], an unsupervised classification maximum-likelihood-based algorithm
for modelling classes with non-gaussian densities (ICA structures) is proposed.

T
The likelihood of the data is given by the joint density p(X|®) = [] p(x|®),
=1
with ¢ being the data index ¢=1,...,7. The mixture density is
T
p(%|®) = T] p(x/|Ci0x)p(Cy), where ® = (0y,...,0;) are the unknown param-
k=1

eters for each of the component densities p(x|Cy, 0x), and C; denotes the class
k, k=1,...,K. The data within each class k are described by Eq. (2.35).
The log-likelihood of the data for each class is defined as

log p(x/|C, 0x) = log p(sx) — log(det |Ax]|) (2.36)

and the probability for each class given the data vector X; is:

p(Cilx;, ©) = 2Xd0Cp(C)
> p(xil0x,Cp(C)

k=1
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Fig. 2.3 Outline of the ICA S
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The Extended InfoMax algorithm [23] is used for adapting the basis functions
(mixture matrix) in the ICA model. The gradient ascent technique is used to
maximize the log-likelihood function. The rules to update the basis functions Ay
and the bias vectors by for every class are the following

AA; o< —p(Cr|x, ©®)A[I — K tanh(sy)s; — ssq | (2.37)

_ S xp(Celxi, ©)
i p(Cilx,, ©)

For the automatic switching between super-gaussian and sub-gaussian source
distributions, a switching matrix Oy is used. Super-Gaussian (Ok_l = 1) : log p(s)

x — Zn: |sksl, and Sub-Gaussian (Oy; = —1) : logp(si) ox — zn: (log(cosh (st,))
st =1

by (2.38)

2
—%) where n is the dimensions of the source, si; is the /th dimension of the
source in the kth class, and Oy; is an index which allows for automatic

switching between super-gaussian and sub-gaussian models [23] Oy, =

sign| E{sech? (scs) }E{ 3, } — E{ (tanh (st.) st} |

The algorithm was tested to automatically identify different contexts in BSS
(each context featured by the parameters of an ICA model), assuming the number
of classes K to be known. An extension was made in [61] where the number of
clusters and the intrinsic dimension of each cluster were determined by a varia-
tional Bayesian method similar to the method proposed in [59]. Recently, an on-
line version for partitioning the input—output space for fuzzy neural networks was
proposed in [62]. In this algorithm, one cluster is generated for the first data vector.
For new data, a decision is made to generate or not generate new clusters
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depending on the degree to which the new incoming pattern x,belongs to the jth
cluster, which is defined as F/(x,) = log p(x,/C;). The maximum log-likelihood
value (F/™*(x,)) among all log-likelihood values estimated for the existing J
clusters at time ¢ is selected. If F/™*(x,) > F, the corresponding new incoming
pattern is added to the existing cluster with index Jy.x, and the parameters of this
cluster are updated properly (Fis a given negative threshold value obtained
empirically). In this case, no new cluster is generated. If F/™*(x,)>F, a new
cluster is generated to accommodate this new pattern.

2.4.2 p-Divergence Method Applied to ICAMM

This algorithm is based on the minimum [-divergence distance [56, 65]. The
p-divergence between two probability density functions p(x) and ¢(x) is defined as

Ds(p,q) / [ {(x (x) }p(x) /3+ 1 L) — (0} | dx, for f>0
(2.39)

which is non-negative and equal to zero if and onmly if p(x) = g(x). The
p-divergence reduces to Kullback-Leibler divergence when § — 0.

There exists a matrix W and a shifting parameter vector p such that the
components of § = Wx — . Thus, the joint density of § can be expressed as the

product of marginal density functions gy, . .., g, by ¢(8) = [] ¢i(5;), and the joint
i=1

density function of x can be expressed as r(x, W, p) = |det(W)| [ g:(wix — 1;),
i=1

where W; is the ith row vector of W, and g; is the ith component of p.

The algorithm explores the recovering matrix of each class in the ICA mixture
on the basis of the initial condition of a shifting parameter p. If the initial value of
the shifting parameter is close to the mean of the kth class, then the estimates for
the recovering matrix W, and the shifting parameter p, can be obtained for this
class by considering the data in other classes as outliers. Thus,
{(We,m); k=1,...,c} can be estimated by the repeated application of the
p-divergence method to recover all hidden classes that are sequentially based on a
rule for the step-by-step change of the shifting parameter p. In order to create a
rule for the sequential change of p, the weight function ¢ is defined

o(x,W,pn) = Hp, (Wix - ;) (2.40)

The minimum f-divergence method finds the minimizer of the empirical

f-divergence D/;(?, ro(-, W,p)), where 7 is the empirical distribution of x, and rj
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corresponds to a nonlinearity with density p; (e.g., pi(z) = ¢2/ cosh(z) for super-
gaussian signals) that allows switching between sub-gaussian and super-gaussian
densities as in the Extended InfoMax algorithm [23]. This minimization is
equivalent to maximizing the following quasi f-likelihood function:

l n
p) = ;Zlﬁ(xﬁwvﬂ) (241)
—1

h Lo(x: W) — log(ro(x, W, ), for f=0
where  Iy(x; W, p) = %g(xwu) by(w )—% for 0<f<1"

1 det( 1
b/;( ﬁ+]frﬁ+ X W,ll)dX—‘ /gt_,_] fHP/H

and

2.4.3 Variational Mixture of Bayesian ICAs

Bayesian inference and variational learning were introduced in the estimation of
the ICAMM parameters in [53]. Mixture of Gaussians was used as source model.
The generative model for a data vector x in this approach is shown in Fig. 2.4.

The probability of generating a data vector X" from a C-component mixture
model given assumptions M is:

C
PX'IM) =Y p(c|M)op(x"[ M., c) (2.42)

A data vector is generated by choosing one of the C components stochastically under
p(c|M), and then drawing from p(x"|M,,c); where M = {My, M,,..., M.}
is the vector of component model assumptions, M., and assumptions about the
mixture process, M. The assumptions represent everything that essentially defines
the model (values of fixed parameters, model structure, details of the component
switching method, any prior information, etc.).

The probability of observing data vector x” under component cth ICA model
(x=A.s. +Yy.+e., s are the sources of dimension L., y,. is an S-dimensional
bias vector, and x is S-dimensional additive noise) is given by

N

P10, = (52) expl-E (2.43)

T ..
where 0, = {AL7 SiAe } E. ——( X, — AcS —yc) (xn —As! —yc), and 4. is
related with the variance of the noise considered zero-mean Gaussian and
isotropic.
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Fig. 2.4 ICA mixture for
variational learning M, My s M

The source model is MoG, which is a factorized mixture of 1-dimensional
Gaussians with L, factors (i.e., sources) and L. components per source. This model
is defined as (subscript ¢ has been dropped for brevity),

L.

n|¢u HZP ql :qi|ﬂiac)p(sg‘,i‘§0c7ivc)

==t (2.44)

L. m;

= | DI PR CHTIN

i=1 g;=1

where f; , is the posmon of feature g; w.r.t. the cluster centre, f3; , is its size, and
Tig its “prominence” w.r.t. other features. The mlxture proportions
Tig = p(q1 =gq; |n,) are the prior probabilities of choosing component g; of the ith
source (of the cth ICA model etc.). g7 is a variable indicating which component
of the ith source is chosen for generating s7; and takes on values of
{gi=1,...,q; = m;} (where m; depends on ICA model ¢). The parameters of
source i are @,.; = {71:”-, Weis ﬁc,i}- The complete parameter set of the source model
is @, = {%,17 Pens o Pe, } The complete collection of possible source states is
denoted as q. = {qcﬁl,qaz, . .qmm} and runs over all m = [[im; possible com-
binations of source states.

It can be shown that the likelihood of the i.i.d. data X = {x',x? ... x"} given
the model parameters @, = {A.,¥., 4., ¢.} can be written as

p(X|®,,c) = / X", s, q!|O.,c)ds, (2.45)
n= lq 1

where ds, = []ids.;. Thus the probability of generating a data vector from a
C-component mixture model can be written as

C
pXIM) = ZP(CIk)p(XI@)c, c) (2.46)
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where p(clk) ={p(c=1)=ki,plc=2)=ky,...,plc =C) =k:}. p(x|M) is
known as the evidence for model M and quantifies the likelihood of the observed
data under model M. A Bayesian solution can be obtained by integrating out the
parameters {k,®.} and hidden variables {s.,q.}. A set of prior distributions is
assumed over all possible parameter values. For instance, the prior over the source
model (MoG) parameters is defined as a product of priors over 7, ., f., thus

c
p(@) = [1 p(re)p(p.)p(B.). In addition, the following priors are defined over:
c=1

ICA mixture indicator variables p(c|k); ICA mixture coefficients p(k); mixture
proportions p(7), mean and precision over each MoG p(p) and p(f3); bias vector
p(y); sensor noise precision p(1); each element of the mixing matrix p(A) with
precision o; for each column; and relevance of each source p(a).
rX.¥)
P
Y is the vector of all hidden variables and unknown parameters. This can be
written as

The term

The optimization follows from Bayes’ rule log p(X) = log

/

X y)

log p(X) = / ('P)logl;,(( )<( 7|X) dy
_ PX,¥) : ) (2.47)
= [ ol T ay -+ [ty op TN au
Fly]+KL[p'||p]

where p'(¥) is some approximation to the posterior p'(¥|X); F[y] =

(log p(X,¥))y) + MIp'(¥)]; and KL[p'||p] = [p'(¥) log (.ﬁ%d'# HIp' ()] is

the entropy of p'(), and KL is the Kullback-Leibler divergence.

In the mixture model = = {c,s, q,k, ®}. By choosing p’(¥) such that it fac-
torizes, terms in each hidden variable can be maximized individually. In [53], the
following factorization was chosen,

() =p'(e)p'(scla., o)p'(a.le)p"(&)p' (y)p' (2)p (A)p' ()p'($) (2.48)

where p'(¢) =p'(n)p'(W)p’(B) and p'(alb) is the approximating density of
p(alb,X). Also the posteriors over the sources were factorized such that

L,
P'(se,qcle) = T1 P (gelo)p’ (se.ilgisc).
i=1

2.5 Conclusions

In this chapter, an overview of the current techniques in ICA and ICA mixture
modelling (ICAMM) has been carried out. These techniques establish a framework
for non-linear processing of data with complex non-gaussian distributions.
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Classical statistical signal processing relies on exploiting second-order informa-
tion. Spectral analysis and linear adaptive filtering are probably the most repre-
sentative examples. From the perspective of optimality (optimum detection and
estimation), second-order statistics are sufficient statistics when Gaussianity holds,
but lead to suboptimum solutions when dealing with general probability density
models. A natural evolution of statistical signal processing, in connection with the
progressive increase in computational power, has been exploiting higher-order
information. Thus, high-order spectral analysis and nonlinear adaptive filtering
have received the attention of many researchers in this field.

Clearly, within this framework of evolution from second-order to higher-order
information, is the transition from PCA to ICA. Briefly, PCA is a technique for
linearly transforming a vector of correlated components into a vector of variance-
ordered uncorrelated components; meanwhile ICA linearly transforms a vector of
statistically dependent components into unordered independent components. ICA
can also be considered as a natural evolution of prewhitening linear transformation
(like PCA but no variance ordering is being produced). When Gaussianity holds,
both ICA and prewhitening get equivalent transformations, and infinite solutions
may exist, as any rotation of the prewhitened vector keeps the uncorrelation among
the vector components. However, when non-gaussianity appears, ICA produces a
different transformation, which can be unique if appropriate constraints are
introduced into the design. That is the reason why ICA has become so popular as a
technique for blind source separation when at maximum one source is Gaussian.

Even more interesting is to recognize that ICA implicitly assumes a model for
multivariate pdf’s. The multivariate pdf of the transformed vector will be the
product of the (one-dimensional) marginal pdf’s of its components. Dealing with
one-dimensional pdf’s makes different complex problems involving multivariate
pdf’s tractable. This perspective suggests that ICA can be an interesting tool for
use in areas of intensive data analysis. Actually, dealing with estimates of pdf’s or
defining optimality criteria involving pdf’s (like entropy, mutual information,
Kullback-Leibler distances, etc.) can be considered the last generation in statis-
tical signal processing approaches: a natural evolution from second-order and
higher-order statistics to data distribution information. In this chapter, we have
reviewed some of the most representative ICA algorithms derived from entropy,
cumulant, and time structure perspectives: InfoMax, JADE, Fastlca, and TDSEP.
In addition, we have reviewed the principal non-parametric ICA algorithms
(Npica, Radical, Kernel-ICA) from a research direction that pursues generalization
of the methods; and thus BSS is done with completely unknown information about
the sources.

Some authors have termed the approaches above as non-linear information
processing [66]. This is relevant since non-linear information processing estab-
lishes a bridge between statistical signal processing and computational and arti-
ficial intelligence sciences. That is why many people from signal processing are
increasingly involved in areas like data mining, machine learning, or clustering,
and many researchers from computational sciences are working on new data
intensive signal and image processing applications.
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Recently, ICAMM was introduced as an extension of ICA. ICAMM is a kind of
nonlinear ICA technique that extends the linear ICA method by learning multiple
ICA models and weighting them in a probabilistic manner. Thus, ICAMM has
emerged as a flexible approach to model arbitrary data densities using mixtures of
multiple ICA models with non-gaussian distributions for the independent com-
ponents (i.e., relaxing the restriction of modelling every component by a multi-
variate Gaussian probability density function).

In this chapter, we reviewed three ICAMM methods. The first method is
maximum likelihood-based, which uses the learning rule of extended InfoMax
algorithm in the ICAMM parameter updating to distinguish between sub-gaussian
and super-gaussian sources. The second method extracts the ICA classes
sequentially from an initial estimate for each centroid and is based on a distance
called Beta divergence, which is an extension of the Kullback-Leibler divergence.
This method requires that various parameters be initialized, such as the beta value,
initial centroids, a percentage of classification used as stopping criterion. These
parameters are estimated rather arbitrarily. As in the first method, the extended
InfoMax rule is used for unknown source distributions. Thus, the source model of
these methods could only switch between Laplacian and bimodal densities, which
is a limitation for source density estimation.

The third reviewed method is a variational Bayesian learning algorithm. This
method uses a source model based on mixtures of Gaussians. In order to apply
Bayesian inference, a set of prior distributions over all possible parameter values is
assumed: source model (MoG), ICA mixture indicator variables; ICA mixture
coefficients; mixture proportions, mean and precision over each MoG; bias vector;
sensor noise precision; precision for each column of the mixing matrix; and rel-
evance of each source. The algorithm uses variational optimization (to lighten the
computationally expensive cost of Bayesian inference) to approximate integrating
out the parameters. Taking into account that the source model for every ICA is
MoG, the final ICAMM data model for this method can be also considered a kind
of MoG.

In the case of the first two ICAMM methods reviewed, the number of clusters is
known a priori. In the third method, the number of clusters can be estimated,
although substantial a priori knowledge is required for the model parameters. All
three methods consider only unsupervised learning; therefore, semi-supervised and
supervised learning are left unspecified.
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