Chapter 2
Vector and Tensor Analysis in Euclidean Space

2.1 Vector- and Tensor-Valued Functions, Differential
Calculus

In the following we consider a vector-valued function x (¢) and a tensor-valued
function A (¢) of a real variable 7. Henceforth, we assume that these functions are
continuous such that

lim [x (1) = x (10)] = 0, lim [A(1) — A (10)] = 0 @.1)

for all 7y within the definition domain. The functions x (¢) and A (¢) are called
differentiable if the following limits

dx o x(t+s)—x() dA . A+s)—A@®)
—=lim—-, — =lm—m——"~

2.2)
dr =0 K} dt s—0 s

exist and are finite. They are referred to as the derivatives of the vector- and tensor-
valued functions x (¢) and A (), respectively.

For differentiable vector- and tensor-valued functions the usual rules of differen-
tiation hold.

1. Product of a scalar function with a vector- or tensor-valued function:

@ =Tx0 a0 S, @3

d du dA

2. Mapping of a vector-valued function by a tensor-valued function:
d dA dx
—[A@W)x ()] =—x)+A) —. 2.5
FAOXOl=Tx 0 +A0 @.5)
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3. Scalar product of two vector- or tensor-valued functions:

dx
[x ) y(t)]—a YO +x (1), (2.6)
d dA dB

4. Tensor product of two vector-valued functions:

d d d
SEOeyol=Ter0+xne T 8)

5. Composition of two tensor-valued functions:

d dA dB
m [A)B@)] = EB ) +AQ@) TR (2.9)
6. Chain rule: e d A d
X du u
—x[u@)]= i @ Afu(®)] = FPRTE (2.10)

7. Chain rule for functions of several arguments:

dx du dx dv

—x[u(@),v@®)]= wa T A (2.11)
JA d JA d

—A [u(6) v ()] = ——” + 5 dj (2.12)

where d/du denotes the partial derivative. It is defined for vector and tensor
valued functions in the standard manner by

ax (u,v) — lim x (u+s,v)—x (u,y)

o lim - (2.13)

0A (u,v) — lim Alu+sy)—A (u,v)‘ (2.14)
ou s—>0 N

The above differentiation rules can be verified with the aid of elementary differential
calculus. For example, for the derivative of the composition of two second-order
tensors (2.9) we proceed as follows. Let us define two tensor-valued functions by

A+ -A@0) _ % 0,(s) = Bt+s)-B@®) _ @ (2.15)

01 () = K dr K dr

Bearing the definition of the derivative (2.2) in mind we have

lim Oy (5) = 0. lim 05 (s) = 0.
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Then,

9 AOB(@) = lim ALFTHBUFH —AOB@)
dr s—0 s

= }gr(l)% { [A ) + s% + 50, (s):| [B (1) + sg + 50, (s):|

—A(t)B(t)}
= 313(1){[% + 0, (s):|B(t) +A@) [% +0, (s):|}

dA dB dA dB
lims | — i =B Al) —.
+S£%s[ o O (s):| [ o O (s):| STBO+AWD

2.2 Coordinates in Euclidean Space, Tangent Vectors

Definition 2.1. A coordinate system is a one to one correspondence between
vectors in the n-dimensional Euclidean space E" and a set of n real num-
bers (xl, x2, ... ,x"). These numbers are called coordinates of the corresponding
vectors.

Thus, we can write

xX=x'(r) & r=r@"xx"), (2.16)
where r € E" and x' € R (i =1,2,...,n). Henceforth, we assume that the
functions x' = x’ (r) and r = r (x',x2,..., x") are sufficiently differentiable.

Example 2.1. Cylindrical coordinates in E3. The cylindrical coordinates (Fig.2.1)
are defined by

r=r(p,z,r) =rcospe; + rsinge, + zes (2.17)

and

r= \/("'6’1)2-}-("'92)2, z=r-e;,

r-eg

arccos ifr-e, >0,
Y = r r-e . (218)
27 — arccos ifr-e, <0,

r

where e; (i = 1,2, 3) form an orthonormal basis in E3.
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Fig. 2.1 Cylindrical coordinates in three-dimensional space

The vector components with respect to a fixed basis, say H = {hy,hs,...,
h,}, obviously represent its coordinates. Indeed, according to Theorem 1.5 of the
previous chapter the following correspondence is one to one

r=x'h; < x'=r-h', i=12...,n, (2.19)
where r € E" and H' = {hl, h?, ..., h"} is the basis dual to H. The components
x' (2.19), are referred to as the linear coordinates of the vector r.

The Cartesian coordinates result as a special case of the linear coordinates (2.19)
where h; =e; (i =1,2,...,n) sothat

r=xe; & x=r-e, i=12...,n. (2.20)

Let x' = x' (r)and y' = y' (r) (i = 1,2,...,n) be two arbitrary coordinate
systems in [E". Since their correspondences are one to one, the functions

xi =3 (yl,yz,...,y") & yi= (xl,xz,...,x”),i:1,2,...,n (2.21)

are invertible. These functions describe the transformation of the coordinate sys-
tems. Inserting one relation (2.21) into another one yields

yi — yAi ()fel (yl,yZ,'“,yn)7
32 (yl,yz,...,y”),...,)?” (yl,yz,...,y")). (2.22)
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The further differentiation with respect to y/ delivers with the aid of the chain rule

! ay’ axk ..
7=t =gy bi=l2n 22)

The determinant of the matrix (2.23) takes the form

dxk
ay/

dy! axk
dxk 9y/

oy
oxk

[yl =1=

. (2.24)

The determinant |3y’ /dxk | on the right hand side of (2.24) is referred to as Jacobian
determinant of the coordinate transformation y' = (x1 X2, x") (i=12,
...,n). Thus, we have proved the following theorem.

Theorem 2.1. If the transformation of the coordinates y' = ' (xl, X2, x")

admits an inverse form x' = &' (y',y*,...,y") ( = 1,2,...,n) and if J and K
are the Jacobians of these transformations then JK = 1.

One of the important consequences of this theorem is that

ay’

x| #0. (2.25)

-

Now, we consider an arbitrary curvilinear coordinate system
0'=0"(r) & r=r(0".0%....0"), (2.26)
wherer e E" and 9’ e R (i = 1,2,...,n). The equations
0 =const, i =1,2,....k—1,k+1,....n (2.27)
define a curve in E" called 0% -coordinate line. The vectors (see Fig.2.2)

or

305 k=12,....n (2.28)

8k =

are called the tangent vectors to the corresponding 8% -coordinate lines (2.27).

One can verify that the tangent vectors are linearly independent and form thus
a basis of E". Conversely, let the vectors (2.28) be linearly dependent. Then, there
are scalars @' € R (i = 1,2,...,n), not all zero, such that o’ g; = 0. Let further
x! = x'(r) (i = 1,2,...,n) be linear coordinates in E" with respect to a basis
H = {hl, hz, e ,hn}. Then,

a,.a_r ;or Ox/ L ox/
20!

0= i i = = — Y = —h;.
*E oxi 00t Y oei
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Fig. 2.2 Illustration of the tangent vectors

Since the basis vectors k; (j = 1,2,...,n) are linearly independent
;9 1.2
o — =0V, = 1,4, ,n
967 /

This is a homogeneous linear equation system with a non-trivial solution
o (i =1,2,...,n). Hence, axi/aef\ = 0, which obviously contradicts rela-
tion (2.25).

Example 2.2. Tangent vectors and metric coefficients of cylindrical coordinates
inE3. By means of (2.17) and (2.28) we obtain

0
g1 = o _ ., sinpe| + r cos ge,,
dg
ar
= — = @3,
&2 0z ?
ar .
83 = 5, T cosva + singes. (2:29)
r

The metric coefficients take by virtue of (1.24) and (1.25), the form

r200 ) 1 r200
[¢s]=[gi-g;]=|010]|. [¢"]=[gy] =| 0 10]. (230
001 001

The dual basis results from (1.21); by

1 1. 1
g = 5% = ——singe; + —cosgey,
r r r

g’ =gr=e

g’ = g3 =cosge, + singe,. (2.31)
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2.3 Coordinate Transformation. Co-, Contra- and Mixed
Variant Components

Let ' = 0/ (r)and & = 6 (r) (i =1,2,...,n) be two arbitrary coordinate
systems in [E”. It holds

__3r_3r391_ 907 P —12 532
gi_ﬁ_mﬁ_gjﬁ, i=1,2,...,n. (2.32)
If g’ is the dual basis to g; (i = 1,2,...,n), then we can write
: 06!
i -
g = 307" i=1,2,...,n. (2.33)

Indeed,

oo 00 0\ 30" 96!
g 8 = gw : glﬁ =8 -8 W&W

90" 96! 90" 90k 96! :
:8k — = :_T:ngl" .,.:1,2,..., . 234
! (aek 39/’) LY TR ) B A n. (2:34)

One can observe the difference in the transformation of the dual vectors (2.32)
and (2.33) which results from the change of the coordinate system. The transforma-
tion rules of the form (2.32) and (2.33) and the corresponding variables are referred
to as covariant and contravariant, respectively. Covariant and contravariant variables
are denoted by lower and upper indices, respectively.

The co- and contravariant rules can also be recognized in the transformation
of the components of vectors and tensors if they are related to tangent vectors.
Indeed, let

x=xg =x'gi=x8 =%g,. (2.35)

A=A’ g/ =AVgi0g, =A g, ®¢g
— A e =Az 08, =A g 08 (2.36)
Then, by means of (1.28), (1.88), (2.32) and (2.33) we obtain

- _ 00/ 06/
xi:x'gi:x'(gjﬁ)zxjﬁ’ (237)

, , 06! 96!
X! = . o' = . J— = S —
X xX-g X (g 86”) X 507 (2.38)
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i dok 90! a0k 90!

Ay = 2,Ag; = VA (g, Al 2.39
)= 808 (g" aet) (g’aef) 20 900 X (239)

o 90! 06/ 96" 96/
U _ GiAg) — k l = —

AT =gAg (g aek) A( ael) o 40

iy ‘ 90! 90! 96" 90!

Al. = _IA_- = k— A —_— :_TAk. 241
;=8 Ag; (g aek) (glaef) 80k a7 ™ (2.41)

Accordingly, the vector and tensor components x;, A;; and x', AV are called
covariant and contravariant, respectively. The tensor components A’ ; are referred
to as mixed variant. The transformation rules (2.37)—(2.41) can similarly be written
for tensors of higher orders as well. For example, one obtains for third-order tensors

A = %EB_GIA Aijk — 9" 96/ ﬂAm‘
EPY I Y T Y Ta = 907 060 a0t

(2.42)

From the very beginning we have supplied coordinates with upper indices which
imply the contravariant transformation rule. Indeed, let us consider the transforma-
tion of a coordinate system ' = 67 (6',62,...,60") (i =1,2,...,n). Itholds:

_ P
do’ 89"0]0 i=1,2,...,n. (2.43)

Thus, the differentials of the coordinates really transform according to the con-
travariant law (2.33).

Example 2.3. Transformation of linear coordinates into cylindrical ones (2.17).
Let x' = x'(r) be linear coordinates with respect to an orthonormal basis
e; (i =1,2,3)inE3:

X=r-ei & r=xe;. (2.44)

By means of (2.17) one can write

x!'=rcosgp, x*=rsing, x’=z (2.45)
and consequently
0’ = —rsing = —x? o’ =0 o’ =Ccosp = x!
b PETS e TR T T T
3 2 a 2 a 2 2
i:rcosgo:xl, i=0, i=sin<p=x—, (2.46)
dp 0z ar r
dx3 ax? ax?
_— = O, - = 1 - = 0.

g 0z T or
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The reciprocal derivatives can easily be obtained from (2.23) by inverting the matrix
[ oxl gxl gl ] This yields:

dp 0z Or
dp X2 dp ! g _0
R T A R Rl
0z 0z 0z
2, 9%y %y 2.47
ox! 0x2 0x3 ( )
ar ! I or
FTERA oz M= ox3

2.4 Gradient, Covariant and Contravariant Derivatives

Let® = @ (0',0%...,0"),x = x(0',0%...,0")and A = A(0',62,....6")
be, respectively, a scalar-, a vector- and a tensor-valued differentiable function of the
coordinates 8’ € R (i =1,2,...,n). Such functions of coordinates are generally
referred to as fields, as for example, the scalar field, the vector field or the tensor
field. Due to the one to one correspondence (2.26) these fields can alternatively be
represented by

P=D(r), x=x(r), A=A(r). (2.48)

In the following we assume that the so-called directional derivatives of the func-
tions (2.48)

d o - @
— @ (r + sa) = lim (r +sa) (r)7
ds =0 0 s
d _
94 +s5a) — lim x(r+sa)—x (r)’
ds s=0 0 s
d A —A
YAG +5a)| =limACFO-AD (2.49)
ds =0 ™0 s

. . d

exist for all @ € E". Further, one can show that the mappingsa — ;- @ (r + sa) is:O’
a - Sx(r+sa)|_, anda - SA(r+ sa)| _, are linear with respect to the
vector a. For example, we can write for the directional derivative of the scalar

function @ = @ (r)

d d
—@[r+s(a+b) = —@|[r + s1a + 52b] , (2.50)
ds s=0 ds s=0
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where s, and s, are assumed to be functions of s such that s; = s and s, = 5. With
the aid of the chain rule this delivers

d
— @ [r + s1a + s2b]
ds

s=0
ad ds a ds
= —®[r+s1a+ 55— + —[r +s1a + 5] —
951 ds 0s2 ds ) [5=0
a a
= —& (r +s1a + s52b) 4+ — @ (r + s1a + 52b)
3.5‘1 S1 =0,52 =0 as2 S1 =0,52 =0
d d
= —&(r + sa) + —@ (r + sb)
ds s=0 ds s=0
and finally
d d d
—@[r +s(a+b) = —&(r +sa) + — @ (r + sb) (2.51)
ds s=0 ds s=0 ds s=0

forall a,b € E". In a similar fashion we can write

= Lq§ (r + saa) d(@s)

d
—@
(r + saa) =0 d(as) ds

ds

s=0

,YacE" VaeR. (2.52)

d
=0 —P(r +sa)
ds s=0

Representing a with respect to a basis as @ = a' g; we thus obtain

dqa(+) dqs(+") qu>(+ )
—_— r sa = — r sSa i =a — r Sgi
ds s=0 ds g =0 ds g s=0
d oo
= —®(r+sg)| g -(dgj). (2.53)
ds s=0

where g’ form the basis dual to g; (i = 1,2,...,n). This result can finally be
expressed by

= grad® -a, Vacl", (2.54)

d
— @ (r + sa)
ds s=0

where the vector denoted by grad® € [E" is referred to as gradient of the function
@ = @ (r). According to (2.53) and (2.54) it can be represented by

g'. (2.55)

d
grad® = — P (r +s5g;)
ds =0
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Example 2.4. Gradient of the scalar function ||r||. Using the definition of the
directional derivative (2.49) we can write

d d
— || + sa]| 5\/(r+sa)-(r+sa)

ds s=0

s=0

d
= 5\/r-r+2s(r-a)+s2(a-a)

s=0
1 2(r-a)+2s(a-a) _r-a
2yr-r+2s(r-a)+s*(a-a)|_, Il
Comparing this result with (2.54) delivers
r
grad |r|| = — (2.56)

Il

Similarly to (2.54) one defines the gradient of the vector function x = x (r) and the
gradient of the tensor function A = A (r):

d

—x (r + sa) = (gradx)a, VaeE", (2.57)

ds s=0

d

d_A (r + sa) = (gradA)a, VaelE". (2.58)
S s=0

Herein, gradx and gradA represent tensors of second and third order, respectively.

In order to evaluate the above gradients (2.54), (2.57) and (2.58) we represent the
vectors r and a with respect to the linear coordinates (2.19) as

r=x'h;, a=4dh,. (2.59)

With the aid of the chain rule we can further write for the directional derivative of
the function @ = @ (r):

d i i

aq) (r + sa) . = adi [(x" + sa") h;] .
B 1) d(x" + sa’) _ o
9 (xt + sal) ds - o oxi

0D . ) 0D .
—.hl . ]h i) = —4hl -a, V En.
(8x’ ) (a ]) (8x’ ) “ @€
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Comparing this result with (2.54) and bearing in mind that it holds for all vectors a
we obtain

D .
grad® = a—.h’. (2.60)
ox!

The representation (2.60) can be rewritten in terms of arbitrary curvilinear coordi-
nates r = r (91, 02,..., 9”) and the corresponding tangent vectors (2.28). Indeed,
in view of (2.33) and (2.60)

0D . 9D 9% . 0D .
do = —h'= ——h' = —g'. 2.61
& o 96% axi 961 261)
Comparison of the last result with (2.55) yields
d Rl .
&d)(r—i_s‘gi)s:o:_a@f’ i=12,...,n. (2.62)

According to the definition (2.54) the gradient is independent of the choice
of the coordinate system. This can also be seen from relation (2.61). Indeed,
taking (2.33) into account we can write for an arbitrary coordinate system 0 =
6" (0.6%,....6") (i =1.2,....n):

0 . AP 30, D _

gradd = —g' = =—3g/. (2.63)

307 901 0008 T 30
Similarly to relation (2.61) one can express the gradients of the vector-valued
function x = x (r) and the tensor-valued function A = A (r) by

ox

. 0A .
T ®g', gradA=_—QRg'. (2.64)

dx = ‘
gra 3

Example 2.5. Deformation gradient and its representation in the case of simple
shear. Let x and X be the position vectors of a material point in the current and
reference configuration, respectively. The deformation gradient F € Lin® is defined
as the gradient of the function x (X) as

F = gradx. (2.65)

For the Cartesian coordinates in E> where x = x'e; and X = X'e; we can write
by using (2.64),

ox oot . ‘ .
= — J = —@; J = l, : J
F= X7 Re ane, Re F.Je, Re’, (2.66)



2.4 Gradient, Covariant and Contravariant Derivatives 47

X2 22 v X2 X!
I I
€yl
1 T ””””” e
X x|
X2 ” 1
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X! € X!

Fig. 2.3 Simple shear of a rectangular sheet

where the matrix [F’ j] is given by

ox! ox! Ox!
8X21 8X22 3X§
[F{'j] _ | Ox7 0x7 9x” | (2.67)
aX! 9x2 9x3
ox3 ox? ox?
oX! 9x2 ox3

In the case of simple shear it holds (see Fig.2.3)
xl=X'4+yx?% =X X =X3 (2.68)
where y denotes the amount of shear. Insertion into (2.67) yields

‘ 1yo0
[F)]=]ot0]. (2.69)
001

Henceforth, the derivatives of the functions ® = @ (91, 02,..., 9"), X =
x (91, 02,..., 9”) and A = A (91, 02,..., 9”) with respect to curvilinear coordi-
nates 6’ will be denoted shortly by

0P ox 0A
¢si - wv X, = W’ A’i - w' (2'70)

They obey the covariant transformation rule (2.32) with respect to the index i since

I® 9 06F  O0x  Ox 90F  0A  0A 00F

001 9gk 001 007 9ok 001 90T 9ok 00! 27D
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and represent again a scalar, a vector and a second-order tensor, respectively. The
latter ones can be represented with respect to a basis as

xi=x]ig;=x;li g’.

A=A gi@gi=Auig" g =AY i gi®¢. 2.72)

where (o) |; denotes some differential operator on the components of the vector x
or the tensor A. In view of (2.71) and (2.72) this operator transforms with respect
to the index i according to the covariant rule and is called covariant derivative. The
covariant type of the derivative is accentuated by the lower position of the coordinate
index.

On the basis of the covariant derivative we can also define the contravariant one.
To this end, we formally apply the rule of component transformation (1.95), as
(8)|'= g% (e)|;. Accordingly,

X |'= g* Xy, xil'=g"*x;lk.

AR = gmAKL L Al = g Akl AN =g AN L (273)

For scalar functions the covariant and the contravariant derivative are defined to be
equal to the partial one so that:

Pli=d'=d, . (2.74)

In view of (2.63)—(2.70), (2.72) and (2.74) the gradients of the functions & =
@(0',0%...,0"), x = x(0'.0%....0") and A = A(0',67,...,0") take the
form

grad® = @|; g' = |’ g;,

gradxzxf|i g ®gi=)€j|,’ gj®gi=xj|i g ®gi=xj|igj®g;,

gradA =AY g, ® g ®g = Ayl g-Rg' g =A" ] s ®g @ g

=A g, g Qg =Aulg"Re R =A | gr0g' g
(2.75)

2.5 Christoffel Symbols, Representation of the Covariant
Derivative

In the previous section we have introduced the notion of the covariant derivative but
have not so far discussed how it can be taken. Now, we are going to formulate a
procedure constructing the differential operator of the covariant derivative. In other
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words, we would like to express the covariant derivative in terms of the vector or
tensor components. To this end, the partial derivatives of the tangent vectors (2.28)
with respect to the coordinates are first needed. Since these derivatives again
represent vectors in E”, they can be expressed in terms of the tangent vectors g;
or dual vectors gi (i =1,2,...,n) both forming bases of E”. Thus, one can write

gij=Tyg" =Tlgr. i.j=12...n, (2.76)
where the components I';;; and Fi’; (i,j,k=1,2,...,n) are referred to as the
Christoffel symbols of the first and second kind, respectively. In view of the
relation g¥ = gKlg; (k =1,2,...,n) (1.21) these symbols are connected with

each other by
Il =gy, ijk=1.2....n. (2.77)

Keeping the definition of tangent vectors (2.28) in mind we further obtain
gij=ry=r, =g, Lj=12,...,n. (2.78)
With the aid of (1.28) the Christoffel symbols can thus be expressed by
Lijk =Tjik = givj "8k = &ji "&k> (2.79)

=T =gi;g =g;ig ijk=12..n (2.80)

For the dual basis g’ (i =1,2,...,n) one further gets by differentiating the
identities g’ - g ; = &' (1.15):

0= (8;),1(: (¢ gj)u=gung +8 g«

=gugi e (The) =gwg +Th ijk=12..n
Hence,
M =T =-¢g g =g g i.jk=12..n 2.81)
and consequently
gu=-Tg/l =-T, g/ ik=12..n. (2.82)
By means of the identities following from (2.79)
8ij ok = (gi 'gj) k=8i k8 +8 -&jk=Tij +Tjii, (2.83)

where i, j,k = 1,2,...,n and in view of (2.77) we finally obtain
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1

Fijk = 3 (Skivj + 8kjoi —&ijk ) - (2.84)

1 .
rf = Eg“ (g1ivj 817 —&ij1) . ik =1,2,....n. (2.85)

Itis seen from (2.84) and (2.85) that all Christoffel symbols identically vanish in the
Cartesian coordinates (2.20). Indeed, in this case

g,-jze,--ejz&j, i,j=1,2,...,l1 (286)
and hence

Lye =T} =0. i jk=12...n. (2.87)
Example 2.6. Christoffel symbols for cylindrical coordinates in B> (2.17). By
virtue of relation (2.30); we realize that g;;,3 = 2r, while all other derivatives
gik.j (i, J,k =1,2,3)(2.83) are zero. Thus, Eq. (2.84) delivers

Fii=Tan=r Tz =-r, (2.88)

while all other Christoffel symbols of the first kind I';x (i, j.k =1,2,3) are
likewise zero. With the aid of (2.77) and (2.30), we further obtain

Ty =¢''Tij =r Ty, T = g%Tijs = Ty,
I3 = o3 = Ton. i i=1.23 5 80
ij =8 ij3 = L3, 1,] =1,24,5. ( . )

By virtue of (2.88) we can further write
1 1 1 3
P=Ty=_. Ij=-n (2.90)

while all remaining Christoffel symbols of the second kind Fi]; (i, j,k=1,2,3)
(2.85) vanish.

Now, we are in a position to express the covariant derivative in terms of the vector
or tensor components by means of the Christoffel symbols. For the vector-valued
function x = x (91, 02,..., 9") we can write using (2.76)

X, = (Xigi),j = Xi,j gi +xigi,j
= g +xThe = (x",,- +xkF,ij)gi, (2.91)

or alternatively using (2.82)
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X, = (Xigl) =X 8 +xigl.;
= xp. 8 —xillg" = (xy—urh) e @92
Comparing these results with (2.72) yields

koij=12,....n. (2.93)

i i ki
X'|j=x"; +x ij, .Xilj:.Xi,j—xkF’j,

Similarly, we treat the tensor-valued function A = A (91, 02,..., 9”):
A= (A2, ®g))

=AY, g Qg +AVg,  Rg; +AYg, R gk

=AY g, ® g+ AV (F,-lkgl) g+ Alg; ® (F,l'kg/)

= (AY 4 +AYT) + AT ) gi @ g5 (2.94)
Thus,

A= AU, +AVT), + AT, ik =1,2,... 0. (2.95)
By analogy, we further obtain

Aijle= Ajj i —AT] — AuTh.

Al k= AL +AL T — AT, i jk=1.2,....n. (2.96)

Similar expressions for the covariant derivative can also be formulated for tensors
of higher orders.

From (2.87), (2.93), (2.95) and (2.96) it is seen that the covariant derivative taken
in Cartesian coordinates (2.20) coincides with the partial derivative:

-xi|j: Xi,j, Xilj=Xiij .

AT =AY i Aijle= Aijok Afj|k= A{j,k, i,jk=12...,n. (297

Formal application of the covariant derivative (2.93), (2.95) and (2.96) to
the tangent vectors (2.28) and metric coefficients (1.90);, yields by virtue
of (2.76), (2.77), (2.82) and (2.84) the following identities referred to as Ricci’s
Theorem:

gili=gi;—&il};, =0. g'l;=g".;+'T}, =0. (2.98)
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gij k= gij ok —&i T}, — gizrj-k =gijk —Liry —Tjri =0, (2.99)

g7 k= g" .k +g" Tl + gilrf}( =g g/ (—=gimsk +Toniks + Tikm) = 0, (2.100)

where i, j,k = 1,2,...,n. The latter two identities can alternatively be proved
by taking (1.25) into account and using the product rules of differentiation for the
covariant derivative which can be written as (Exercise 2.7)

Aijlk: a;lk bj +aibj|k for A = aibj, (2.101)

AVy=d' |y b/ +a'b/ |, for AY =a'b/, (2.102)
Al =a'lx by +d'bjlx  for Al =a'b;, i, jk=12,....n (2.103)

2.6 Applications in Three-Dimensional Space:
Divergence and Curl

Divergence of a tensor field. One defines the divergence of a tensor field S (r) by

1
divS = lim V/SndA, (2.104)

V—0
A

where the integration is carried out over a closed surface area A with the volume V'
and the outer unit normal vector n illustrated in Fig. 2.4.

For the integration we consider a curvilinear parallelepiped with the edges
formed by the coordinate lines 0',6%, 6% and 6' + AO', 6% + AG2, 03 + AG3
(Fig.2.5). The infinitesimal surface elements of the parallelepiped can be defined
in a vector form by

dAV = £ (d0’g;) x (d0"gk) = £gg'd0’/do", i=1,2,3,  (2.105)
where ¢ = [g122g3] (1.31) and i, j, k is an even permutation of 1,2,3. The corre-
sponding infinitesimal volume element can thus be given by (no summation over
i)
dv =dA" . (db'g;) = [d0' g, dO%g, dO°g5]
= [g18283]d0'd0*d6> = gdh'dH*de>. (2.106)

We also need the identities
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Fig. 2.4 Definition of the divergence: closed surface with the area 4, volume V' and the outer unit
normal vector n

sL(0" + A0Y)

dAM (6! 4 AGY)

A

91

Fig. 2.5 Derivation of the divergence in three-dimensional space

gk =lg182831k = Tl lgig283] + Tl lg1g123] + Ti [g18281]
=T} [g12285] = The. (2.107)

(¢g').i=gig +gg'i=Tlge' —Tigg' =0, (2.108)
following from (1.39), (2.76) and (2.82). With these results in hand, one can express
the divergence (2.104) as follows

divS = lim l/SndA
14

V—0
A
1S 4 . . 4 . .
:%iﬂlov;/ [S(0" + 207)ad® (0 + 207) + 5 (67) a4 (6") .
= AW

Keeping (2.105) and (2.106) in mind and using the abbreviation
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s'(0))=S(0")g(0")g' (6"), i=1.2.3 (2.109)
we can thus write
5 OF+AGk 67+ A6T

aivs = fim ~ 3" / / [s' (0 + A0') — ' (6)]d6) 6"
ok 0

. 3 0"+A0"0/’+A0/’0"+A9"a‘
o b 98" pianigpk
= lim 5> / / / -6 d0’ a6
ok 0J 6l

3

1 sty
- 3@0V;/?d% (2.110)
I

where i, j, k is again an even permutation of 1,2,3. Assuming continuity of the
integrand in (2.110) and applying (2.108) and (2.109) we obtain

. 1, 1 : 1 : , 4
divS = —s',; = — [Sgg'] .= —[S.igg' +S(gg') .. | =S.g'". (11D
g g g
which finally yields by virtue of (2.72),
divS =S, g' =S/ g/ =" g;. (2.112)

Example 2.7. The momentum balance in Cartesian and cylindrical coordinates. Let
us consider a material body or a part of it with a mass m, volume V' and outer surface
A. According to the Euler law of motion the vector sum of external volume forces
fdV and surface tractions #dA results in the vector sum of inertia forces X¥dm,
where x stands for the position vector of a material element dm and the superposed
dot denotes the material time derivative. Hence,

/xdm — /tdA—i—/de. (2.113)
m A 14

Applying the Cauchy theorem (1.77) to the first integral on the right hand side and
using the identity dm = pdV it further delivers

/p)'c'dV = /andA—i—/de, (2.114)
v A 4

where p denotes the density of the material. Dividing this equation by V and
considering the limit case V' — 0 we obtain by virtue of (2.104)
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pX = dive + f. (2.115)

This vector equation is referred to as the momentum balance.

Representing vector and tensor variables with respect to the tangent vectors
gi (i = 1,2,3) of an arbitrary curvilinear coordinate system as

¥=dg, o=0"g:®g;,, f=/fg

and expressing the divergence of the Cauchy stress tensor by (2.112) we obtain the
component form of the momentum balance (2.115) by

paiZUlj|j +7 i=1,2,3. (2.116)

With the aid of (2.95) the covariant derivative of the Cauchy stress tensor can further
be written by

o' k=0 +0 Tl + 0T, i, j k=123 (2.117)

and thus,

ol)j=0".; +o"T}; +o''T), i=123. (2.118)
By virtue of the expressions for the Christoffel symbols (2.90) and keeping in mind
the symmetry of the Cauchy stress tensors 0/ = o/! (i # j = 1,2,3) we thus

obtain for cylindrical coordinates:

1 1 12 13 30°!
Ujl]:U s(p+o- 7Z+o- sr—‘f— - )

0,32
2j 21 22 23
ajlj =0 a(p+a 2 +0 ar+75

33
) o
¥ l; = 031,(/, +0* . 403, —ro'' + —. (2.119)
r
The balance equations finally take the form
30_31
pa' =o', +o'? +o", +——+ .
2 2 2 23 o* 2
pa- =o 1’¢—|—0' R ,r+7+f s
o»
pa’ =o', 402, 40P, —ro'l + —+ . (2.120)
In Cartesian coordinates, where g; = e; (i = 1,2,3), the covariant derivative

coincides with the partial one, so that
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Uij|j: ol j = Oijyj - (2.121)
Thus, the balance equations reduce to
pX1 = o111 +012,2 +013.3 + f1,
pXy = 021,1 +022,20 +023.3 + f2,
pX3 = 031,1 +032,2 +033.,3 + f3, (2.122)

where X; = a; (i = 1,2,3).

Divergence and curl of a vector field. Now, we consider a differentiable vector
field ¢ (91, 02, 93). One defines the divergence and curl of ¢ (91, 02, 93) respec-
tively by

. .1
divt = ‘1111)1()? / (t -n)dA, (2.123)
A
.1 o1
curlt = lim — / (nxt)dA = — lim —/(t x n)dA, (2.124)
V>0V V>0V
A A

where the integration is again carried out over a closed surface area A with the
volume V' and the outer unit normal vector n (see Fig.2.4). Considering (1.66)
and (2.104), the curl can also be represented by

1 N n
curlt = — lim — / tndA = —divt. (2.125)
V>0V
A

Treating the vector field in the same manner as the tensor field we can write
divt = ¢, -g' =1'|; (2.126)
and in view of (2.75), (see also Exercise 1.44)
divt = tr (grad?) . (2.127)
The same procedure applied to the curl (2.124) leads to
curlt =g’ xt,;. (2.128)

By virtue of (2.72); and (1.44) we further obtain (see also Exercise 2.8)
i i ik 1
cutlt =1¢;|; g/ x g' =e/""—t;|; gr. (2.129)
g

With respect to the Cartesian coordinates (2.20) with g; = e; (i = 1,2,3) the
divergence (2.126) and curl (2.129) simplify to
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divt =t/ =t',  +12 0+ 5= t1,1 +tr0 +13.3, (2.130)
curlt = ejikti,j e
= (zo—h3)el+ (hha—t3,1) e+ (1 —ti2)es. (2.131)

Now, we are going to discuss some combined operations with a gradient, divergence,
curl, tensor mapping and products of various types (see also Exercise 2.12).

1. Curl of a gradient:

curl grad® = 0. (2.132)
2. Divergence of a curl:
div curlt = 0. (2.133)
3. Divergence of a vector product:
div(u xv) =v-curlu —u - curly. (2.134)
4. Gradient of a divergence:
graddivt = div (grads)” (2.135)
graddivt = curl curlt + div gradt = curlcurlt 4 At, (2.136)

where the combined operator At = div gradt is known as the Laplacian.

5. Skew-symmetric part of a gradient

1 —
skew (gradt) = Ecurlt. (2.137)

6. Divergence of a (left) mapping
div (fA) = A : gradf + ¢ - divA. (2.138)
7. Divergence of a product of a scalar-valued function and a vector-valued function
div (®@t) =t - grad® + Pdivt. (2.139)
8. Divergence of a product of a scalar-valued function and a tensor-valued function
div (®A) = Agrad® + PdivA. (2.140)

We prove, for example, identity (2.132). To this end, we apply (2.75);, (2.82)
and (2.128). Thus, we write
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curl grad® = g/ x (CD|,- gi) =D, g/ xg' + b, g x gi’j

:@,ijgjxé’i—q)n' Flijgjxé’kzo (2.141)

taking into account that @,; = @,;;, I}, = T}, and g’ x g/ = —g/ x g

@#j,i,j=12,3).

Example 2.8. Balance of mechanical energy as an integral form of the momentum
balance. Using the above identities we are now able to formulate the balance of
mechanical energy on the basis of the momentum balance (2.115). To this end, we
multiply this vector relation scalarly by the velocity vector v = x

v-(pX) =v-divo +v- f.
Using (2.138) we can further write
v-(pX)+ o :gradv =div(vo) +v- f.

Integrating this relation over the volume of the body V' yields

d 1
I (Ev'v)dm%-/a:gradvdV:/div(va)dV—i—/v-de,
m 4 4 4

where again dm = pdV and m denotes the mass of the body. Keeping in mind
the definition of the divergence (2.104) and applying the Cauchy theorem (1.77)
according to which the Cauchy stress vector is given by ¢ = o n, we finally obtain
the relation

d 1
& (Ev'v)dm—}-/a :gradvdV:/v'tdA—i-/v-de (2.142)
m v A v

expressing the balance of mechanical energy. Indeed, the first and the second
integrals on the left hand side of (2.142) represent the time rate of the kinetic energy
and the stress power, respectively. The right hand side of (2.142) expresses the power
of external forces i.e. external tractions ¢ on the boundary of the body A and external
volume forces f inside of it.

Example 2.9. Axial vector of the spin tensor. The spin tensor is defined as a skew-
symmetric part of the velocity gradient by

w = skew (gradv) . (2.143)

By virtue of (1.158) we can represent it in terms of the axial vector
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w=W, (2.144)

which in view of (2.137) takes the form:
1
w = Ecurlv. (2.145)

Example 2.10. Navier-Stokes equations for a linear-viscous fluid in Cartesian and
cylindrical coordinates. A linear-viscous fluid (also called Newton fluid or Navier-
Poisson fluid) is defined by a constitutive equation

o =—pl+2nd+ A (trd) I, (2.146)

where
1
d = sym (gradv) = > [gradv + (gradv)'] (2.147)

denotes the rate of deformation tensor, p is the hydrostatic pressure while n and
A represent material constants referred to as shear viscosity and second viscosity
coefficient, respectively. Inserting (2.147) into (2.146) and taking (2.127) into
account delivers

o = —pl + n|[gradv + (gradv)"] + A (divw) L (2.148)

Substituting this expression into the momentum balance (2.115) and using (2.135)
and (2.140) we obtain the relation

ov = —gradp + ndiv gradv + (n + A) graddivy + f (2.149)
referred to as the Navier-Stokes equation. By means of (2.136) it can be rewritten as
pv = —gradp + (2n + A) graddivw — neurlcurly + f. (2.150)

For an incompressible fluid characterized by the kinematic condition trd = divy =
0, the latter two equations simplify to

v = —gradp + nAv + f, (2.151)

pv = —gradp — ncurl curly + f. (2.152)

With the aid of the identity Av = v.;|" (see Exercise 2.14) we thus can write

ov = —gradp + nv.i|" +f£. (2.153)
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In Cartesian coordinates this relation is thus written out as
pvi = —p.i +n (Vi1 +vien +vizz) + fi, i =1,2,3. (2.154)

For arbitrary curvilinear coordinates we use the following representation for the
vector Laplacian (see Exercise 2.16)

Av = g (Vi 420k —TF TV 4+ TR T = Tk V) g
(2.155)
For the cylindrical coordinates it takes by virtue of (2.30) and (2.90) the following
form

2.1 1 1 —11 -3.3
Av = (r"vhn+v vl +3r v s +2r ,1)g1
—2.2 2 2 —-1.2
+ (r Vi v Fvisz 4y ,3)g2
—2.3 3 3 —11 1.3 -3
+(r Vi v v =2rT v T v s v)g3.

Inserting this result into (2.151) and using the representations v = V' g; and f =
f1g; we finally obtain

.1 fl ap n 1 %! N 92! N 9! n 3 ov! n 2
V= fl—- = -ttt —+ =,
P 17 r2 0p? 0372 or2  ror 3o

ap 1052 92?2 022 1 av?
2 2 0D Loy onve onve  Lov
=1 0z (r28<p2+3zz+3r2+r8r)’
ap 1o 9% 923 2! 13 V3

3 _ 3 ¥ 1oy a7 ' 20v W
pv. = f ar 77(,,2 anz + azz + 972 , a(p + r o }"2). (2156)

Exercises

2.1. Evaluate tangent vectors, metric coefficients and the dual basis of spherical
coordinates in E3 defined by (Fig. 2.6)

r (p,¢,r) =rsingsinge; + rcos e, + r cos ¢ sin pes. (2.157)
2.2. Evaluate the coefficients YT (2.43) for the transformation of linear coordi-

nates in the spherical ones and vice versa.
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Fig. 2.6 Spherical coordinates in three-dimensional space

2.3. Evaluate gradients of the following functions of r:

(a) ||Tl||’ ) r-w, (c)rAr, (d)Ar, (€)wxr,

where w and A are some vector and tensor, respectively.

2.4. Evaluate the Christoffel symbols of the first and second kind for spherical
coordinates (2.157).

2.5. Verify relations (2.96).
2.6. Prove identities (2.99) and (2.100) by using (1.91).

2.7. Prove the product rules of differentiation for the covariant derivative (2.101)—
(2.103).

2.8. Verify relation (2.129) applying (2.112), (2.125) and using the results of
Exercise 1.23.

2.9. Write out the balance equations (2.116) in spherical coordinates (2.157).

2.10. Evaluate tangent vectors, metric coefficients, the dual basis and Christoffel
symbols for cylindrical surface coordinates defined by

s s
r(r,s,7) =rcos—ej + rsin—e; + zes. (2.158)
r r

2.11. Write out the balance equations (2.116) in cylindrical surface coordi-
nates (2.158).

2.12. Prove identities (2.133)—(2.140).
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2.13. Write out the gradient, divergence and curl of a vector field ¢ (r) in cylindrical
and spherical coordinates (2.17) and (2.157), respectively.

2.14. Prove that the Laplacian of a vector-valued function ¢ (r) can be given by
At = t,;|'. Specify this identity for Cartesian coordinates.

2.15. Write out the Laplacian A ® of a scalar field @ (r) in cylindrical and spherical
coordinates (2.17) and (2.157), respectively.

2.16. Write out the Laplacian of a vector field # (r) in component form in an
arbitrary curvilinear coordinate system. Specify the result for spherical coordi-
nates (2.157).
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