
Chapter 2
Theoretical Foundation

2.1 Introduction

Ab initio calculation of the electronic structure of molecules and solids have became
one of the most important tools in solid state physics. These methods allow us to
predict some properties (crystal structure, density, molecular geometry, adsorption
and cohesive energies, among others) of condensed matter systems without need of
any empirical parameters. By this way we can understand and calculate some prop-
erties of the systems that are very difficult or even impossible to measure experimen-
tally. We can also gain insight in the origin of some effects that cannot be explained
only with experimental data (such as conductance quantization in nanowires, or the
origin of the dipole at metal/organic junctions). However, the price to pay is that a lot
of computational effort is needed, compared with empirical or semi-empirical mod-
els. In order to reduce the computational time, a lot of approximations have been done
in order to get the best accuracy/resources ratio. This chapter will guide through the
state-of-the-art ab initio techniques necessary (some of them developed during this
work) to successfully simulate the systems that have been studied during this thesis.

2.2 Statement of the Problem

Let us consider a system of n nuclei and N electrons. In order to calculate the
properties of this system we should solve the following Schrödinger equation.
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where Rα = (Rα,x , Rα,y, Rα,z) are the spatial and sα the spin coordinates of the
nucleus α and ri are the spatial and si the spin coordinates of the electron i . This
is a partial differential equation with 3N + 3n variables, clearly impossible to solve
analytically or even numerically for the simplest system of interest. The first approx-
imation to be done is the Born-Oppenheimer approximation. Due to the big mass
difference between the heavy nuclei and the light electrons, we can decouple both
equations of motion. The electronic structure relaxation is much faster than nuclei
dynamics so we can consider that electrons “see” the ions as if they were frozen.
The nuclei dynamics can be treated classically, considering that they are affected
by a potential created by the electronic structure (V (Rα) = −∇Egs[{Rα}]). So the
equation we need to solve now is:
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that has “only” 3N variables. Although this equation seems very similar to (2.1), it is
necessary to point out that in this case {Rα} are parameters instead of variables, so for
example, the nucleus-nucleus interaction is just a number. However, this equation
is still impossible to solve. The main problem is the electron-electron interaction
potential (V̂ee = 1
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|ri −r j | ) that mix the position operators of the different
electrons. Without this potential, the equation is separable in N equations of 3 vari-
ables. Most of the approximations made in order to solve this equation are aimed to
transform this term and get separability of the problem. These approximations can
be classified in two types: approximations based on the wave function (often used by
chemists) or approximations based on the electron density (the most used, where the
DFT is the most common). We are going to give the main ideas of the wave function
methods on this section and we will explain in detail the DFT in the next one (for
extensive monographes see [1–3]).

2.2.1 Hartree Approximation

Hartree approximation is the most simple one. It consists on treating the electron-
electron interaction semiclassically, considering that each electron “see” a cloud of
negative charge that is the square modulus of the electronic wavefunction.

The deduction of the equation for this approximation is very simple. First it’s
necessary to realize that (2.2) can be derived [4] as the equation that makes stationary
the following expression:

〈Ĥ〉ψ = 〈ψ |Ĥ |ψ〉
〈ψ |ψ〉 (2.3)
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The Hartree approximation relies in considering a fully separable solution for the
Schrödinger equation ψ({ri }) = ∏

i φi (r). Introducing this ansatz on (2.3) we get:
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static field created by the nuclei, and V̂ H
ee is the so-called Hartree potential that has

the form of an electronic density cloud interacting with the electron:

V̂ H
ee = e2
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|r − r′| (2.5)

where the sum is extended over the occupied orbitals. As we need {φi } to build
V̂ H

ee , but only knowing the latter, the former can be obtained, we can only solve this
equation in a selfconsistent manner: we choose some initial {φin

i } that seem not to be
too different than the actual ones (for example, if we are calculating the electronic
structure of a molecule, the wavefunctions of the free atoms that belong to it, is a
good initial set). Then we calculate the Hartree potential and solve the Schrödinger
equation, and we get {φout

i }. Then we use this output as a new input (in fact, we use
a combination of the {φin

i } and {φout
i }, to avoid numerical instabilities), and obtain

a new output. Use this output again as a new input, and so on. When the input and
the output one-electron wave functions are very close to each other, we have found
a selfconsistent solution, and we can use it to calculate the electronic properties of
the system.

This simple approximation neglects completely any many-body effect (exchange
and correlation), and does not give good numerical results even for systems where
exchange and correlation are not very important. Moreover, it is very easy to see
that the electronic wavefunction is not anti-symmetric, and we have to introduce the
Pauli exclusion principle as an ad-hoc hypothesis. Despite the lack of accuracy of
this approximation, it is very pedagogical as it introduces the idea of selfconsistency,
and in the more sophisticated approximations the electron-electron interaction is of
the form: V̂ee = V̂ H

ee + other terms.

2.2.2 Hartree-Fock Approximation

The Hartree-Fock (HF) equation can be derived from Eq. (2.3), taking as an ansatz
the simplest anti-symmetric wave-function: the Slater determinant:
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If we introduce this expression into (2.3) we get the following integro-differential
equation:
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(2.7)
This equation is considerably more complex than the Hartree one-electron

Schrödinger-like equation (and more computationally “expensive” to solve). It is
important to remark that it contains a non-local term (the last one), with the advan-
tage of taking into account exactly the exchange, but no correlation effects at all, so
the electronic repulsion will be overestimated. In order to introduce these effects, we
have two choices: introduce them using a perturbative treatment (the Møller-Plesset
(MPn) methods) or using a more general ansatz (a linear combination of Slater-like
wave-functions) that is the basis of configuration interaction method.

2.2.3 Configuration Interaction

This method allow us to improve the HF results in a systematic (but expensive) way.
It is based on the fact that the exact solution to the Schrödinger equation is a linear
combination of Slater determinants.

|ψ〉 =
∑

i

ai |φ〉

where {|φ〉} is the infinite set of N -electron Slater determinants. Considering a subset
of {|φ〉} we obtain better results than using Hartree-Fock (the bigger the subset, the
closer to the exact energy). In order to obtain the eigen-energies and eigen-values
we calculate the matrix equation:

∑
j

Hi j a j = Eai ; where Hi j = 〈φi |Ĥ |φ j 〉 (2.8)

This method is very expensive computationally, but the main problem is the scal-
ability, because the time spent solving the equations grows as N ! with the number of
electrons N , that limits this method for very small systems. It is also not suitable for
extended systems (like solids) since for large N , the energy of the system E ∝ N 1/2,
violating the thermodynamic limit (unless we take the full—infinite—set of Slater
determinants).
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2.2.4 Møller-Plesset Perturbation Theory

It is based on time-independent perturbation theory.1 We consider that we have a
hamiltonian of the form Ĥ = Ĥ0 + V̂ where V̂ = Ĥ − ĤH F − 〈ψ0|Ĥ − ĤH F |ψ0〉
(ψ0 is the ground state wave function of Ĥ0), and solutions of Ĥ0 = ĤH F +〈ψ0|Ĥ −
ĤH F |ψ0〉 are well known. It can be easily shown [5, 6] that corrections to the
eigenvalues and energy at first order of perturbation theory are:

|ψ(1)i 〉 =
∑

j ( j 	=i)

〈ψ(0)j |V̂ |ψ(0)i 〉
E (0)i − E (0)j

|ψ(0)i 〉

E (1)i = 〈ψ(0)i |V̂ |ψ(0)i 〉

E (2)i =
∑

j ( j 	=i)

〈ψ(0)i |V̂ |ψ(0)j 〉〈ψ(0)j |V̂ |ψ(0)i 〉
E (0)i − E (0)j

(2.9)

The Møller-Plesset methods [7] (MPn) calculate the energy at n-th order of per-
turbation theory. MP0 (no perturbation) is just Hartree-Fock, MP1 correction is
Hartree-Fock also (the first order correction is zero), MP2 uses this second order
equation for the energy, MP3 uses the third order and so on.

2.2.5 Pseudopotential

In most of the chemical or solid state physical systems only the valence electrons (i.e.
the electrons in the outer shells) contribute to the bonding or band formation. The
core electrons are so deep inside the atom, and so strongly bonded by the nucleus
that they barely feel other atoms. So it is a waste of time to take into account a huge
number of electrons that aren’t important for obtaining the electronic properties of
the system.

Pseudopotentials [8, 9] are used to avoid the use of core electrons in the calcu-
lation. They have the same scattering properties than the system formed by nucleus
plus core electrons; and the wave functions of the valence electrons and the potential
strength are the same as the all-electron system for a distance greater than some
certain radius (rc). At distances smaller than rc, the pseudopotential is weaker than
the bare nucleus potential (it doesn’t diverge at r = 0 too), and the valence wave-
functions are smoother (they don’t need to have any nodes to be orthogonal to the
core electrons).

So, not only pseudopotential simplify a N electron system by a N − Ncore one, it
also allow us to work with well behaved and weaker potentials and smoother wave

1 An excellent introduction of this theory, with some practical examples can be found in [5],
Chap. XI.
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functions, that numerical methods can handle much more efficiently. Moreover, some
methods like plain wave-density functional theory methods (PW-DFT) will need a
much smaller basis set in order to describe properly the systems under consideration.

Good pseudopotentials need to have some properties. The most important one is
the transferability. That means that they have to reproduce the scattering properties
of the nucleus plus core electrons in a lot of different chemical environments (isolated
atom, molecules, crystals, etc.). It can be achieved just imposing norm conserving
(that means that the pseudo-wavefunction integrals need to be the same as the actual
ones) [10]. More sophisticated pseudopotentials are non-local (like the ones used in
this thesis) and a different potential is used for each angular momentum [11–15].
Recently a new generation of ultra soft pseudopotentials have appeared in the liter-
ature. They are not norm-conserving; but they compensate this including different
projectors in each angular moment [16, 17].

2.3 Density Functional Theory

The huge amount of theoretical ab initio research of very different materials (metal,
semiconductors, organic molecules) in the second half of 20th century relies on the
great simplification of the many-body Schrödinger equation due to the DFT and the
Kohn–Sham equations [18, 19].

Despite of its known deficiencies (most of them related with the difficulty of
finding a suitable exchange and correlation potential, see Sect. 2.3.2), the DFT has
better computational resources/accuracy ratio than the other wave-function based
methods (Hartree-Fock, configuration interaction, MP2...), so it is the suitable choice
for the study of large systems (of more than one hundred, or even one thousand
electrons). Although wave-function methods can be systematically improved (unlike
DFT), usually don’t work on extended systems (HF does not work well in metals,
CI does not recover the thermodynamic limit, MP2 diverges for the homogeneous
electron gas). That is another reason that encourage to use DFT in condensed matter
systems, instead of other methods.

This theory is based on the Hohenberg-Kohn theorem [18]: The energy (and
every observable) of a system of interacting electrons in a external potential (V̂ext )
is a functional only of the electronic density of the system E = E[ρ(r)]. Moreover,
the minimum of this functional occurs when the electronic density is the electronic
density of the ground state of the system (ρ(r) = ρgs(r)). The proof is very simple.

Let Ĥ be the following hamiltonian:

Ĥ = T̂ + V̂ext + V̂ee (2.10)

where T̂ is the kinetic energy of the electrons, V̂ext the external potential, and V̂ee

the coulomb electron-electron interaction [20]. And let V = {V̂ext } be the set of
all possible external potentials with the property that the solution of the many-body
Schrödinger equation has a non degenerate ground state. If 
 = {|ψ〉} is the set of
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all the possible ground states of Ĥ , then we can define the following application:

A : V → 


And if N = {ρ(r)} is the set of the electronic densities of {|ψ〉}ρ(r) = ∫
d3r2 . . .

d3rN |ψ(r, r2, . . . , rN )|2 then we can define another application:

B : 
 → N

The Hohenberg–Kohn theorem shows us that both applications are bijective. So
let’s show that A is suprajective: If we have V̂ext , and V̂ ′

ext with V̂ext 	= V̂ ′
ext + C ,

and we assume that both have the same ground state

(T̂ + V̂ee + V̂ext )|ψ〉 = E |ψ〉
(T̂ + V̂ee + V̂ ′

ext )|ψ〉 = E ′|ψ〉 (2.11)

subtracting both expressions:

(V̂ext − V̂ ′
ext )|ψ〉 = (E − E ′)|ψ〉 ⇒ (V̂ext − V̂ ′

ext ) = (E − E ′) ⇒ V̂ext = V̂ ′
ext + C

(2.12)
that is against original assumption.

The proof of the suprayectivity of the second application is the following. Let |ψ〉
and |ψ ′〉 be two ground states of Ĥ and Ĥ ′ with densities ρ(r) and ρ′(r), that we
consider to be the same. Due to both are ground states it is easy to see that:

E = 〈ψ |Ĥ |ψ〉 < 〈ψ ′|Ĥ |ψ ′〉 = 〈ψ ′|Ĥ ′ + V̂ext − V̂ ′
ext |ψ ′〉 ⇒

E < E ′ +
∫

d3rρ′(r)(Vext (r)− V ′
ext (r)) (2.13)

If we repeat this for E ′ we find an analogous equation with primed and unprimed
variables changed. Adding both expressions and taking into account that
ρ(r) = ρ′(r) then:

E + E ′ < E ′ + E (2.14)

that is impossible, so necessarily ρ(r) 	= ρ′(r).
The consequence of this theorem (as mentioned before) is that every observable,

like the energy, is a functional of the density of the system. The definition of the
ground state is the state that makes the energy of the hamiltonian a minimum. In the
variational analysis language, the ground state is an extremal of the energy functional.
This will allow us to deduce the Kohn–Sham equations.
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2.3.1 Kohn–Sham Equations

We are going to separate from the energy functional the term due to the external
potential:

E = E[ρ(r)] = F[ρ(r)] +
∫

d3rVext (r)ρ(r) (2.15)

where F is an universal functional that does not depend on the external potential.
Kohn and Sham wrote, without loss of generality, the density as a sum of some
orthonormal functions, ψi (r), so that, ρ(r) = 2

∑N/2
i=1 |ψi (r)|2 and divided this F

functional in three terms with very easy physical interpretations.

F[ρ(r)] = Ts[ρ(r)] + EH [ρ(r)] + Exc[ρ(r)] where

Ts[ρ(r)] =
N/2∑
i=1

∫
d3rψ∗

i (r)(−
�

2

2m
∇2)ψi (r)

EH [ρ(r)] =
∫

d3rd3r′ ρ(r)ρ(r′)
|r − r′|

Exc[ρ(r)] = F[ρ(r)] − Ts[ρ(r)] + EH [ρ(r)] (2.16)

It’s clear that the Ts term can be considered as the kinetic energy of some hypothetical
non-interacting particles, whose wavefunctions are ψi (r), the EH term is Hartree
energy, and Exc is the part of energy functional that we don’t know. This equation
means that we can consider this hypothetical non interacting particles as the electrons
of the system, and the energy functional is the one-electron functional Eoe = Ts +
EH + ∫

d3rVext (r)ρ(r), plus a term Exc that contains all the many-body terms that
we don’t consider in the one-electron functional.

If the ground state is an extremal of the energy functional (the state where the
energy is minimum), we can use variational analysis. We have a constraint on the
total number of electrons

∫
d3rρ(r) = N , so we need to use a Lagrange parameter

μ, that will be renamed as εi . Using the Euler-Lagrange equation:

δ

δρ(r)

[
Ts [ρ(r)] + EH [ρ(r)] + Exc[ρ(r)] +

∫
d3rVext (r)ρ(r)+ εi

(
N −

∫
d3rρ(r)

)]
= 0

(2.17)

it is not difficult to get that:

δTs[ρ(r)]
δρ(r)

= −�
2∇2

2m
δ

δρ(r)

[∫
d3rVext (r)ρ(r)

]
= Vext (r)

δEH [ρ(r)]
δρ(r)

=
∫

d3r
ρ(r)

|r − r′| = VHartree(r)
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δExc[ρ(r)]
δρ(r)

= Vxc(r) (2.18)

Putting all together we get [19]:

(
−�

2∇2

2m
+ Vext (r)+ VHartree(r)+ Vxc(r)− εi

)
ψi (r) = 0 (2.19)

We need to remember that these equations are exact. We haven’t made any approx-
imation up to this point. We have decoupled a partial differential equation with 3N
variables to N partial differential Schrödinger-like equations of 3 variables. We need
to remember here, that neither εi nor ψi (r) have any physical meaning. They don’t
correspond to the electronic energy levels and considering them as that could result
in misinterpretation of the calculation results.

However, this non-physical spectrum (eigen-energies and eigen-wavefunctions)
compares reasonably well with the physical one and it is often treated as a reasonable
approximation to the exact spectrum. Why these non-physical quantities turn out to
be a good approximation for the physical ones?

Quasiparticles

This can be well understood if we introduce the idea of quasiparticles. Imagine that
you have a jellium solid: that means, an homogeneous electron gas with an homoge-
neous positive background to neutralize the system. Then you add an electron to the
system at a point r. What will be the form of the potential created by this electron at a
point r′?

If the electron does not interact with the electron gas, the potential will be simply
Vcoulomb = e2/(4πε0)|r − r′|.

This is considered in one-electron approaches like Hartree or Hartree-Fock. How-
ever, if the electron interact with the gas, things are not so simple. Physically, this
interaction will repel other electrons on the surroundings (due to Coulomb repulsion
and due to the Pauli exclusion principle). That means that the electron will be sur-
rounded by a “lack” of negative charge (that implies a net positive charge due to the
positive background, see Fig. 2.1). This is the so-called “exchange-correlation hole”
(see Sect. 2.5.1). Now the potential created by the electron will be smaller, due to this
exchange-correlation hole will screen the negative charge (see Fig. 2.1). So what will
be the potential now? In simple dielectric theory, the potential is calculated using a
dielectric constant ε = εrε0. A more accurate form of the potential can be written in
a similar way:

W (r, r′, ω) =
∫

dr′′ε−1(r, r′′, ω)Vcoulomb(r′, r′′) (2.20)
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(a)

(b)

Fig. 2.1 Schematic figure of quasiparticles. In case a, there is no interaction of e1 and e2 with
the surrounding electron gas. In case b, interaction between the electrons and the gas is working,
creating a charge hole around them, so the effective coulomb interaction of the quasiparticle is lower.
This allow to consider quasi-electrons as independent particles, explaining the good agreement of
using KS orbitals as quasiparticle orbitals

where ε−1(r, r′′, ω) is the dielectric function. Its properties and different approxima-
tions for its calculation belong to the linear response theory in many-body physics.
An extensive discussion about it can be found in [21, 22].

So instead of working with bare electrons (and holes), that are the ones that exists
physically, we can take the electron and its positive charge cloud and treat it as a
whole. This is not an actual particle but a quasiparticle. These quasiparticles can be
considered, in good approximation, as nearly independent particles. That is the reason
why the one-electron picture works pretty well. That is also the reason why, although
they don’t have in principle any physical meaning, Kohn–Sham eigenfunctions are
treated as reliable eigenfunctions of the interacting system. They are the quasiparticle
eigenvalues.

Despite this quasiparticle interpretation of the DFT spectra, in order to calcu-
late the energy of the electrons at ground state we need to realize that it is not just
E = 2

∑N/2
i=1 εi (factor 2 is due to spin multiplicity). There are terms that are not

correctly included in this sum. For example, the electron-electron Hartree contribu-
tion is counted twice: in Hartree potential for atom i we include the i- j interaction
term, and in Hartree potential for atom j we include i- j interaction too. This fact is
commonly called ’double counting’. Also, the exchange and correlation energy EXC

is not correctly evaluated, because it is considered as EXC = ∫
d3rρ(r)Vxc(r) that

is not true in general. So, the actual total energy is given by:
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E[ρ(r)] = 2
N/2∑
i=1

εi − 1

2

∫
d3rd3r′ ρ(r)ρ(r′)

|r − r′| + E xc[ρ(r)] −
∫

d3rρ(r)Vxc(r)

(2.21)

2.3.2 Exchange and Correlation Functional Approximations

When we want to put DFT in practice, we find a very important problem. We don’t
know the exact form of E xc and Vxc(r). So we need to do approximations, and our
results will no longer be exact. There are several approximations to calculate the
exchange-correlation energy (potential). The most common are:

Local Density Approximation (LDA)

It is the most simple one and it was proposed by Kohn and Sham in [19]. It relies on
the approximation that the exchange and correlation interactions are entirely local;
that means that exchange and correlation energy at the point r only depends on the
density at r. Under this consideration, we can use the exchange-correlation energy for
an homogeneous electron gas of density ρ (that is not, however, a trivial calculation
[23, 24]) to calculate the Exc functional:

Exc[ρ(r)] =
∫

d3rρ(r)εxc(ρ = ρ(r)) (2.22)

where ε(ρ = ρ(r)) = f (ρ), (the exchange-correlation energy depends only on the
density at each point).

Surprisingly this naive approximation works pretty well. However LDA has some
deficiencies that cause systematic failures when computing some properties of the
systems, such as:

• Bond lengths in LDA are systematically smaller than the ones found experimen-
tally, i.e. LDA overestimates the attraction between atoms.

• Cohesive energies in LDA are systematically bigger that the ones found experi-
mentally. This is related with the previous failure.

• It does not describe well the magnetic properties of some systems (for example
LDA predicts for the iron a paramagnetic FCC structure, instead of the ferromag-
netic BCC structure found experimentally.

• It does not describe well weak interactions (hydrogen bonds, Van der Waals inter-
actions, etc.) so it is not suitable for calculations involving water, ice, biological
molecules (proteins, DNA…), physisorbed molecules on metals, etc.

• V L D A
xc decreases as −ρ1/3 for atoms and clusters, instead of −1/r . Some anions

are not stable in LDA.
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Generalized Gradient Approximation (GGA)

This approximation corrects some of the deficiencies of the LDA, because it takes
into account not only the density at some point, but also the gradient of the density.
So the functional can be expressed as:

EGG A
xc [ρ(r)] =

∫
d3rρ(r)εxc[ρ(r),∇ρ(r)] (2.23)

The exact form of the functional is found imposing several limits and scale and
normalization rules. There are two types of GGA functionals: semiempirical [25,
26] (adjusted to reproduce good results in a big variety of molecules, but fail on
non-localized systems) and non-empirical [27] (based on physical arguments, can
handle a full variety of systems).

GGA correct some of the problems of LDA but not systematically.

• Reduces the error in formation energies, but not in bond length in molecules.
• It describes better hydrogen bonds.
• Tend (but not systematically) to reduce the error in energies and bond length in

solids.
• It stabilizes the BCC magnetic iron.
• It still has some deficiencies: small bulk modulus in semiconductors, open gaps in

transition metal oxides, etc.

Other Functionals

There are a full variety of other functionals apart from LDA and GGA. They can
include exact exchange or second order derivatives [28], for example Meta-GGA.
There are also hybrid methods that mix exact exchange (using Hartree-Fock) with
Exc. A new hybrid method is presented in this thesis (in the context of LCAO-OO)
and will be carefully explained later (see 2.7.3).

There is an special family of functionals that uses the Kohn–Sham non-physical
orbitals as an input, instead of charge density (Exc = Exc[{φi (r)}]). For a extensive
monograph of these functionals see [29].

2.4 The fireball Method

The fireball method is based on the work of Sankey and Niklewski [30]. It is an ab
initio local orbital tight-binding method, using a self-consistent version [31] of the
Harris-Foulkes functional [32, 33]. It has been implemented in a DFT code called
fireball [34, 35].
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Fig. 2.2 Differences in the radial part of a 3p silicon fireball, free and confined orbitals. Reprinted
from [36], Copyright (1998) with permission from Elsevier

2.4.1 Fireball Orbitals

The basis set used in the fireball code are constructed using ‘fireball’ orbitals. They
are atomic-like orbitals {φiα(ri )} (α = nlm) that are strictly zero beyond a certain
cut-off radius (RC ) (Fig. 2.2). So the orbitals used in the code are slightly excited
(this is the reason why they are called ‘fireball’ orbitals) but they reproduce better the
shape of the orbitals inside a molecule or a lattice (due to orthonormalization they are
more confined than free atomic ones). They also have the advantage of being strictly
zero beyond RC , so there are a finite number of interactions between the atoms in
our system (even if they are extended systems like solids or surfaces). Although all
electron calculations are possible in fireball, usually calculations are carried out
using only valence electrons: separable Kleinman–Bylander pseudopotentials [14]
are used to take into account the effect of the nucleus and the core electrons.

Before any calculation is done we need to calculate the ‘fireball’ orbitals basis
set. We have several degrees of freedom that give us a lot of flexibility in this choice:

• We can choose different RC for each shell of each atomic species.
• We can choose a minimal basis (only (2l + 1) orbitals for each l quantum number

shell): an sp3 basis or an sp3d5 basis.
• We can choose double basis set (2(2l + 1) orbitals for l quantum number); the

ground and the first excited wavefunction of the atomic hamiltonian (with the RC

condition) are used. There is no need to use both wavefunctions for all l, so it is
possible to use double basis for some l and simple for the others (the use of a
sp3d5d∗5 is common [37]).

• We can introduce an confinement potential, so the electronic tails would go
smoothly to zero.
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• We can mix ground state and excited state orbitals in order to construct an optimized
minimal basis set [38]. Or we can even use ground state and excited orbitals from
different calculations (such as ground state basis and ground state confined basis
or even basis of different atoms).

In order to know if our basis is a good one for the element (or elements) under
consideration, some tests are usually carried out: calculation of the lattice parameter
of the crystal, bulk modulus, the volume band structure (comparing it with PW-LDA
calculations [39]), surface properties, bond lengths, etc.

2.4.2 The Harris Functional

In Sect. 2.3 energy has been calculated using the Kohn–Sham functional, consid-
ering the output charge density ρout (r), obtained after the diagonalization of the
hamiltonian. Harris and Foulkes [32, 33] proved that the energy can be calculated
approximately without self-consistent process. The Harris functional is formally the
same as the Kohn–Sham functional, but using ρin(r) instead of ρout (r). The energy
difference between the results obtained with the Kohn–Sham and the Harris function-
als scale as the second order in the difference between the input and the self-consistent
density.

E Harris = E K ohn–Sham + O2(ρin − ρsc) (2.24)

By this way we can choose an arbitrary input density to do our calculations. In
fireball, for computational convenience it has the form:

ρin(r) =
∑
iα

nin
iα|φiα(r − Ri )|2 (2.25)

With this form of the input density, and the fact that the orbitals are confined, the
hamiltonian matrix elements involve (at most) three center interactions (on the form
〈φ(r − Ri )|V (r − R j )|φ(r − Rk)〉) and can be tabulated for several distances and
angles [30] and interpolated for the distances and angles of our calculations. That
means that no matrix elements’ integral calculations are made during the simulations.
That is one of the reasons why fireball is so fast.

This combination of fireball orbitals and Harris functional works well in dimers
and some solids but it fails in surfaces or in systems with big charge transfer between
the atoms. In reference [31] a self-consistent version of the Harris functional is
presented. In order to maintain the form of the input density in (2.25) to tabulate the
interactions, an output nout

iα are defined as:

nout
iα =

occ.∑
n

|〈ψn|ϕiα〉|2 (2.26)
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where ψn are the hamiltonian eigenvalues and ϕiα are the Löwdin orbitals [40].
These orbitals form an orthonormal basis set (the basis set of fireball orbitals is not
orthonormal), that is the most similar to the fireball one [41]. These orbitals are
calculated via:

ϕiα =
∑

jβ

(S−1/2)iα, jβφ jβ; where (S)iα, jβ = 〈φiα|φ jβ〉 (2.27)

The (S−1/2)matrix can be calculated by diagonalizing S and then taking the square
root of the main diagonal elements [6]. So, we can calculate the niα numbers in a self
consistent way nin

iα = nout
iα . These niα can be seen as the occupation numbers of the

orbitals of our system, linking this approach to the LCAO-OO method, explained in
Sect. 2.5.

We need to say here that the use of nout
iα has an implicit approximation, due to the

actual output density has the form:

ρout (r) =
∑

iα, jβ

nout
iα, jβϕ

∗
iαϕ jβ; where nout

iα, jβ =
occ.∑

n

〈ψn|ϕiα〉〈ϕ jβ |ψn〉 (2.28)

and taking into account only nout
iα means that we are considering that the non diagonal

elements (nout
iα jβ ; jβ 	= iα) are zero, that in general is not true. Moreover, note that

in Eq. 2.28 the wavefunctions are the Löwdin ϕ instead of the non-diagonal φ that
we use in (2.25). This is another approximation, motivated by the fact that ϕ are the
orthonormal wavefunctions more similar to φ. Other choices for nout

iα are available,
but this is the one that gives better results.

In practice, for a calculation in fireball there are always three steps. In the first
step we calculate the atomic orbitals of the elements that are present at our system.
In the second step we calculate and tabulate the two and three center integrals for
different hamiltonian matrix elements. In the third step we use the tabulated elements
to construct and diagonalize our hamiltonian until we find self-consistent occupation
numbers. Then we calculate the energy using the Harris functional and the forces
suffered by each atom, that allows us to do molecular dynamics (MD).

2.4.3 Exchange and Correlation

We want to tabulate the exchange-correlation potential as we have done for the
Hartree and kinetic energy term. The problem is that this potential is not linear in the
density (so if the density has the form ρ = ∑

i ρi , the potential cannot be written in
the form V xc(ρ) = ∑

i V xc
i (ρi )). Some approximations are done in order to tabulate

these interactions. Although LDA and GGA exchange-correlation functionals can be
implemented in these approximations, only LDA is available for all approximations
at the present version of the code.
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The first one, Sankey-Niklewski (SN) approximation [30], is based on a Taylor
expansion of exchange-correlation energy and potential. This approximation has
been improved adding terms beyond first order Taylor expansion [42, 43].

Sankey–Niklewski

We want to calculate the matrix elements 〈φiα|Exc|φiα〉, 〈φiα|Vxc|φ jβ〉. In the
Sankey–Niklewski approximation we just perform a Taylor expansion around an
average density ρiα, jβ .

〈φiα|Exc|φiα〉 � Exc(ρiα,iα)+ d Exc

dρ
(ρiα,iα)(〈φiα|ρ|φiα〉 − ρiα,iα) (2.29)

〈φiα|Vxc|φ jβ〉 � Vxc(ρiα, jβ)Siα, jβ + dVxc

dρ
(ρiα, jβ)(〈φiα|ρ|φ jβ〉 − ρiα, jβ Siα, jβ)

(2.30)
In this approximation, the average density is defined as:

ρiα, jβ = 〈φiα|ρ|φ jβ〉
〈φiα|φ jβ〉 = ρiα, jβ

Siα, jβ
(2.31)

Choosing ρiα, jβ this way, the second term of the Taylor expansion (that depends
on d2 Exc/dρ2) is identically zero, and the third term is minimized. Physically it
means that the effective density is calculated using importance sampling, because
the density is weighted more where the bond charge is high.

However this average density lacks for some deficiencies. First of all, it is not
defined when the overlap is zero. Moreover, there is no reason why ρiα, jβ and Siα, jβ

need to have the same sign, giving unphysical ρiα, jβ < 0. New methods, that correct
these deficiencies (that are fatal for transition metals) are needed. We will describe
them in the next paragraphs.

Horsfield

An attempt to improve the deficiencies of SN approximation was made by Horsfield
[42]. It calculate exchange and correlation using a multi center expansion of density
(an idea that will be used in McWEDA also). Different expansions will be made in
〈φiα|Vxc|φ jβ〉 depending whether i = j or not.

〈φiα |Vxc[ρ]|φiβ 〉 � 〈φiα |Vxc[ρi ]|φiβ 〉 +
∑
j 	=i

〈φiα |Vxc[ρi + ρ j ] − Vxc[ρi ]|φiβ 〉 (on-site term)

(2.32)
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〈φiα|Vxc[ρ]|φ jβ〉 � 〈φiα|Vxc[ρi + ρ j ]|φ jβ〉
+

∑
k 	=i, j

〈φiα|Vxc[ρi + ρ j + ρk] − Vxc[ρi + ρ j ]|φ jβ〉 (off-site term: i 	= j)

(2.33)

These integrals can be stored in data tables, just like in the SN approach. Although
this approximation is good in many cases, the on-site terms (i = j) are not accurate
enough for some systems (such as transition metals) and an additional term must be
included:

〈φiα|
(

Vxc[ρ] − Vxc[ρi ] −
∑
j 	=i

Vxc[ρi + ρ j ] − Vxc[ρi ]
)
|φiβ〉 (2.34)

Unfortunately these integrals cannot be stored in data tables. Moreover, most of the
computational time is spent in calculation of exchange-correlation terms, reducing
the efficiency.

McWEDA

A more sophisticated way to improve the SN approximation is the Multi-center
Weighted Exchange-correlation Density Approximation (McWEDA), developed by
Jelínek and coworkers [43]. This method has been used for all the systems studied
in this thesis.

First of all, a new average density is used, using the weighting functions wiα

associated with the wavefunctions φiα defined this way:

φnlm = Rnl(r)ϒ
m
l (Ω)

wnl = |Rnl(r)|ϒ0
0 (Ω) (2.35)

so the average density is now:

ρiα, jβ = 〈wiα|ρ|w jβ〉
〈wiα|w jβ〉 (2.36)

that does not have the deficiencies of definition (2.31).
We can define a Generalized SN (GSN) approximation where this new ρiα, jβ

is used in the same scheme. However we can go beyond GSN approximation,
using the one center matrix element 〈φiα|Exc[ρi ]|φ jβ〉 (〈φiα|Vxc[ρi ]|φ jβ〉) where
ρi = ∑

α nin
iα|φiα(r−Ri )|2. This element will be the most important term in the total

exchange-correlation matrix elements so we can write the total exchange-correlation
potential as 〈φiα|Vxc[ρi ]|φ jβ〉 plus a correction.
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〈φiα|Exc[ρ]|φiβ〉 = 〈φiα|Exc[ρi ]|φiβ〉 + (〈φiα|Exc[ρ]|φiβ〉 − 〈φiα|Exc[ρi ]|φiβ〉)
(2.37)

〈φiα |Vxc[ρ]|φ jβ 〉 = 〈φiα |Vxc[ρi ]|φ jβ 〉+(〈φiα |Vxc[ρ]|φ jβ 〉−〈φiα |Vxc[ρi ]|φ jβ 〉) if i = j
(2.38)

〈φiα|Vxc[ρ]|φ jβ〉 = 〈φiα|Vxc[ρi + ρ j ]|φ jβ〉
+ (〈φiα|Vxc[ρ]|φ jβ〉 − 〈φiα|Vxc[ρi + ρ j ]|φ jβ〉) if i 	= j

(2.39)

From now on we will consider only the potential term (the same ideas hold for the
energy one). We will explain now the i = j case (on-site term). 〈φiα|Vxc[ρi ]|φiβ〉 is
a one-center integral and can be very easily calculated and tabulated. The correction
part (the term between parentheses) is calculated using the GSN approximation (due
to this term is a correction of the main one, the GSN correction should be good
enough). So the on-site term is written in McWEDA approximation as:

〈φiα|Vxc[ρ]|φiβ〉 = 〈φiα|Vxc[ρi ]|φiβ〉+ Vxc(ρiα,iβ)Siα,iβ + V ′
xc(ρiα,iβ)(〈φiα|ρ|φiβ〉

− ρiα,iβ Siα,iβ)− Vxc(ρ
i
iα,iβ)Siα,iβ − V ′

xc(ρ
i
iα,iβ)(〈φiα|ρi |φiβ〉

− ρi
iα,iβ Siα,iβ) (2.40)

where ρi
iα, jβ = 〈wiα|ρi |w jβ〉/〈wiα|w jβ〉. In the off-site case (i 	= j) the evaluation

of correction part is also done in the GSN approximation so:

〈φiα|Vxc[ρ]|φ jβ〉 = 〈φiα|Vxc[ρi + ρ j ]|φ jβ〉 + Vxc(ρiα, jβ)Siα, jβ

+ V ′
xc(ρiα, jβ)(〈φiα|ρ|φ jβ〉 − ρiα, jβ Siα, jβ)− Vxc(ρ

i j
iα, jβ)Siα, jβ

− V ′
xc(ρ

i j
iα, jβ)(〈φiα|ρi + ρ j |φ jβ〉 − ρ

i j
iα, jβ Siα, jβ) (2.41)

where ρi j
iα, jβ = 〈wiα|ρi + ρ j |w jβ〉/〈wiα|w jβ〉. Recently McWEDA approximation

has been improved [44], introducing the effect of charge transfer in 〈φiα|Vxc[ρi ]|φiβ〉
and 〈φiα|Vxc[ρi +ρ j ]|φ jβ〉, where ρi and ρ j in practice were considered the neutral
density (that makes the atom electrically neutral) instead of the selfconsistent ones. A
Taylor expansion is performed around the neutral density ρ0

i and ρ0
j , and we obtain:

〈φiα|Vxc[ρi ]|φiβ〉 � 〈φiα|Vxc[ρ0
i ]|φiβ〉 + dVxc

dρ
[ρ0

i ]〈φiα|ρi − ρ0
i |φiβ〉

〈φiα|Vxc[ρi + ρ j ]|φ jβ〉 � 〈φiα|Vxc[ρ0
i + ρ0

j ]|φ jβ〉 + dVxc

dρ
[ρ0

i + ρ0
j ]

〈φiα|ρi − ρ0
i + ρ j − ρ0

j |φ jβ〉 (2.42)
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This has corrected some deficiencies in the energy using extended basis sets, but
work on this direction is still in progress. In this thesis there is also some progress in
extending McWEDA to the local spin density approximation (LSDA), see Appendix
C for details.

2.4.4 Molecular Dynamics and Structure Relaxation

fireball can calculate the energy and the atomic forces acting on our system, so it
can be employed as a MD code. Moreover, because of the storage of integrals in data
tables make the code very fast, MD simulations can be performed in a reasonable
amount of time.

The forces can be calculated as the derivative of the total energy given by the
Harris functional:

Fi = − ∂Etot

∂Ri
= − ∂

∂Ri
(2

occ∑
i

εi )− ∂

∂Ri

⎛
⎝ 1

2

∑
j,k

Z j Zke2

|R j − Rk | − 1

2

∫
d3rd3r′ ρin(r)ρin(r′)

|r − r′|

⎞
⎠

− ∂

∂Ri
(Exc[ρin(r)] −

∫
d3rρin(r)Vxc[ρin(r)]) = − ∂EBS

∂Ri
− ∂(Eion−ion − Eee)

∂Ri
− ∂(δUxc)

∂Ri
(2.43)

A variation of the Hellman-Feynman theorem [45–47] is used to compute the
band structure force. This way, the derivatives with respect to the atomic positions
of the matrix elements ∂

∂Ri
〈iα|H | jβ〉 can be easily calculated using the tabulated

interactions and taking the derivative of the interpolation polynomials.
Using forces, not only we can do MD, but also we can relax the systems and find

the minimum energy positions of the atoms. There are two main ways of calculating
them in fireball: dynamical quenching and conjugate gradients.

Dynamical Quenching

This is a pure MD method for relaxing atomic positions of our system. It is based on
energy conservation. When the nuclei are in a minimum of potential energy they have
a maximum of kinetic energy. So, if we calculate the kinetic energy of the system
we can use it to know when we are in a potential energy minimum.

The mechanism of dynamical quenching is the following one: we have some
initial guess of the atomic positions of our system. Then we do MD, taking care
of the kinetic energy of the nuclei. Usually it increases (that means that the atomic
positions are moving towards a potential energy minimum), but when we find a MD
step where the kinetic energy is smaller than the previous one; then potential energy
has increased, that means that we have passed through a potential energy minimum.
If we don’t do anything, the system will go by, or at best, it will begin to oscillate
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around the energy minimum. In order to avoid that, a quenching is done, that means
that all atomic positions are frozen. In the following MD step, we allow the atoms
to move, and the kinetic energy begin to increase again, when it begins to decrease,
we freeze the atoms again, and then allow to move again, and then freeze, and so
on. When the forces (and the difference of potential energy between one step and
the previous one) are lower than a tolerance value, we consider that the system is
relaxed.

There is a more sophisticated variant of dynamical quenching. It consist on com-
paring the sign of the components of the velocity of each atom (vi,x , vi,y, vi,z) and
the analog components of the forces (Fi,x , Fi,y, Fi,z). If they are different, the com-
ponent of this atom is frozen (that means that the velocity component is set to zero).
By this way, we gain specificness. Instead of frozen all atoms at a time, we can freeze
only the velocity atom components that are moving each atom away from the energy
minimum.

Conjugate Gradients

This method is not so based on physical arguments, but in functional analysis of
several variables. We should consider the energy E as a function of several variables
(that can be treated as a vector X) E = E(X). In our case, the variables will be the
atomic positions (X = {Rα}). If we want to reach a minimum, we want to go through
the fastest direction (i. e. the direction where the function varies more quickly). This
direction is given by the gradient. If the initial positions of the system are given by
X = X1 then:

g1 = −
(
∂E

∂X

)

X=X1

= {Fα} (2.44)

So, the gradient can be calculated using the forces given by fireball. The
subindex 1 means that is the first iteration. Now that we know the direction we
want to move, we want to find the minimum along this direction. The equation of
the line along this direction is:

X2 = X1 + b1g1 (2.45)

Calculating the energy for several values of X2 (b1) we can interpolate the minimum
position.

Now that we have X2, we can calculate the gradient g2 and find the minimum
of X3 = X2 + b2g2 and get X3, g3 and continue until we get the minimum of our
system.

The problem of this method is that each line is orthogonal to the line of the
previous step, so we will need a lot of steps to find the minimum. We can use
conjugate gradients. In this case the new direction is not orthogonal to the previous
one, but a direction given by a linear combination of the old and new gradient. This
way there will not be sudden changes of direction, and each step will have some
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‘memory’ of the previous steps. A more in depth discussion of conjugate gradients
can be found on [48, 49].

This technique has the advantage of being really fast to relax the system. However,
it has two handicaps. The first one is that, by construction, it will find the local
minimum of our system closer to the original atomic positions, even if a more deeper
minimum (or even the absolute one) is also close to the original atomic positions.
However, the dynamical quenching explores better the phase space of the system and
is able to find deeper minima.

The other problem is that due to the inherent approximations in fireball, the
minimum of the forces and of the energy sometimes does not coincide (but the
difference is very small for the systems studied in this work). So sometimes, the
gradient of the energy does not point to the energy minimum, and the program can
go crazy because internal checks of the code. That is the reason why, we have used
dynamical quenching in this thesis.

2.5 LCAO-OO Method

The Linear Combination of Atomic Orbitals - Orbital Occupancies (LCAO-OO)
method is a variation of DFT based on second quantization Hubbard-like hamiltoni-
ans (see appendix A, B and [50]) that relies on the orbital occupancies niσ instead
of the charge density [51–53]. It is extensively analyzed in [52], including the proof
of Hohenberg–Kohn theorem in terms of orbital occupancies. It combines the sim-
plicity of DFT-like techniques with the power of a second quantized hamiltonian. By
this way, sophisticated exchange-correlation functionals, or many-body calculations
can be made in a intuitive way.

Equation 2.2 can be written in second quantization and atomic units as:

Ĥ =
∑
iσ

(εiσ + V psp
ii )n̂iσ +

∑
i, j 	=i,σ

(ti j + V psp
i j )ĉ†

iσ ĉ jσ +
∑

i jkl,σσ ′
Oi j

lk ĉ†
iσ ĉ†

jσ ′ ĉkσ ′ ĉlσ

(2.46)
where V psp

i j is the pseudopotential of the core electrons and the nuclei and:

εi =
∫

d3rφ∗
i (r)

(
−1

2
∇2 +

∑
α

Zα
|Rα − r|

)
φi (r)

ti j =
∫

d3rφ∗
i (r)

(
−1

2
∇2 +

∑
α

Zα
|Rα − r|

)
φ j (r)

Oi j
lk =

∫
d3rd3r′φ∗

i (r)φ
∗
j (r

′) 1

|r − r′|φk(r′)φl(r) (2.47)

This is the complete many-body hamiltonian of the system. The first two parts cor-
respond to one-electron terms while the last one contains the many-body terms of
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the system. We can rewrite the hamiltonian in a more physically meaningful manner,
and retain only important terms. The hamiltonian is written now as:

Ĥ =
∑
iασ

(εiασ + V psp
iα,iα)n̂iασ +

∑
iασ,iβ
iα 	=iβ

(tiα, jβ + V psp
iα, jβ)ĉ

†
iασ ĉ jβσ+

+ 1

2

∑
iασ,iβσ ′

iασ 	=iβσ ′

Uiα,iβ n̂iασ n̂iβσ ′ − 1

2

∑
iασ,iβ
iα 	=iβ

U x
iα,iβ n̂iασ n̂iβσ+

+ 1

2

∑
iασ, jβσ ′

i 	= j

Jiα, jβ n̂iασ n̂ jβσ ′ − 1

2

∑
iασ, jβ

i 	= j

J x
iα, jβ n̂iασ n̂ jβσ

+
∑

iασ, jβ,kγ σ ′
iα 	= jβ

kγ σ ′ 	=iασ, jβσ

hkγ,iα jβ n̂kγ σ ′ ĉ†
iασ ĉ jβσ −

∑
iασ, jβ,kγ

iα 	= jβ
kγ 	=iα, jβ

hx
kγ,iα jβ n̂kγ σ ĉ†

iασ ĉ jβσ

+ 1

2

∑
iασ, jβσ
kγ σ ′lδσ ′
all different

Oiα, jβ
lγ,kδ ĉ†

iασ ĉ†
jβσ ′ ĉkγ σ ′ ĉlδσ (2.48)

where the Latin indexes run in all the atoms of the system, and the Greek ones in
the orbitals of each atom, and

Uiα,iβ =
∫

d3rd3r′|φiα(r)|2 1

|r − r′| |φiβ(r′)|2

U x
iα,iβ =

∫
d3rd3r′φ∗

iα(r)φ
∗
iβ(r

′) 1

|r − r′|φiα(r′)φiβ(r)

Jiα, jβ =
∫

d3rd3r′|φiα(r)|2 1

|r − r′| |φ jβ(r′)|2

J x
iα, jβ =

∫
d3rd3r′φ∗

iα(r)φ
∗
jβ(r

′) 1

|r − r′|φiα(r′)φ jβ(r)

hkγ,iα jβ =
∫

d3rd3r′|φkγ (r)|2 1

|r − r′|φ
∗
iα(r

′)φ jβ(r′)

hx
kγ,iα jβ =

∫
d3rd3r′φ∗

kγ (r)φ
∗
iα(r)

1

|r − r′|φ jβ(r′)φkγ (r) (2.49)

Despite of the formidable form of this hamiltonian, we can give an easy physical
interpretation to all of this terms, taking into account the form of the integrals in (2.49).
Jiα, jβ (Uiα,iβ ) is just the electrostatic interaction of the charge cloud in orbital α of
atom i with the cloud in orbital β of atom j (i). Note that Uiα,iα is the interaction
of two electrons in the same orbital with spin up and down (that is usually not well
considered in DFT). The term hkγ,iα jβ takes into account how the hopping between
iα and jβ varies due to the interaction with an electron placed in kγ . Finally, the last
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Oiα, jβ
lγ,kδ term takes into account the effect on the hopping between iασ and lδσ due

to a transition of an electron going from kγ σ ′ to jβσ ′
For further discussion we are going to ignore terms of order greater than two

(h(x)kγ,iα jβ , Oiα, jβ
lγ,kδ ) and the exchange terms (U x

iα,iβ , J x
iα, jβ ), since they are not critical

neither for theoretical nor for numerical reasons. This way we will be able to see the
main physics of this model avoiding large formulas that obscure what we are really
doing. For calculations taking into account all the terms see [52, 54].

2.5.1 Local Density LCAO-OO

We can make a local density (LD) approach to our LCAO-OO hamiltonian. We
only need to write the energy of the system in terms of the occupation numbers
niασ : E = E[{niασ }]. We can split this functional in one-electron and many body
terms E = E[{niασ }] = E O E [{niασ }] + E M B[{niασ }]. Then, using a variation
of the Kohn–Sham theorem [51, 52, 55] we can introduce the following effective
hamiltonian.

Ĥ e f f =
∑
iασ

(εiασ + V psp
iα,iα + V M B

iασ )n̂iασ +
∑

iα, jβ 	=iασ

(tiα, jβ + V psp
iα, jβ)ĉ

†
iασ ĉ jβσ

(2.50)
where

V M B
iασ = ∂E M B[{niασ }]

∂niασ
(2.51)

Hartree and Exchange Functionals

The problem now is to find a many-body energy functional that depends on orbital
occupancies E M B[{niασ }] instead of charge density. The case of the Hartree term
can be easily derived just noting that the charge density can be written in function
of occupation numbers ρ(r) = ∑

iασ, jβσ niασ, jβσ φ
∗
iα(r)φ jβ(r), where niασ, jβσ =

〈ĉ†
iασ ĉ jβσ 〉, and that the Hartree energy is given by:

EH = 1

2

∫
d3rd3r′ ρ(r)ρ(r′)

|r − r′| (2.52)

Introducing the density in terms of the occupation numbers we get:
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EH = 1

2

∑
iασ, jβ
kγ σ ′,lδ

Oiα, jβ
kγ,lδ niασ, jβσnkγ σ ′,lδσ ′ � 1

2

∑
iασ,iβσ ′

iασ 	=iβσ ′

Uiα,iβniασniβσ ′

+ 1

2

∑
iασ, jβ,σ ′

i 	= j

Jiα, jβniασn jβσ ′ (2.53)

and the exchange energy can be written as2

EX = −1

2

∑
iασ, jβ
kγ σ,lδ

Oiα, jβ
kγ,lδ niασ,lδσnkγ σ, jβσ � −1

2

∑
iασ,iβ
α 	=β

Uiα,iβniασ,iβσniβσ,iασ

− 1

2

∑
iασ, jβ

i 	= j

Jiα, jβniασ, jβσn jβσ,iασ (2.54)

we need to note here that this is the exact exchange (considering U x
iα,iβ = J x

iα, jβ =
hkγ,iα jβ = hx

kγ,iα jβ = 0), not the LD exchange approximation (the functional (2.54)
does not depend on {niασ } but on {niασ, jβσ }). In order to get a LD-like exchange
approximation we use the following sum rule:

∑
jβ

niασ, jβσn jβσ,iασ = niασ

∑
jβ 	=iα

niασ, jβσn jβσ,iασ = niασ (1 − niασ ) (2.55)

Using the sum rule (2.55) we can write the exchange energy as:

EX [{niασ }] = −1

2

∑
iασ

J e f f
iασ niασ (1 − niασ ) (2.56)

where the effective interaction J e f f
iασ can be calculated as:

J e f f
iασ =

∑
jβ

j 	=i
Jiα, jβ |niασ, jβσ |2 + ∑

β 	=α Uiα,iβ |niασ,iβσ |2
∑

jβ
j 	=i

|niασ, jβσ |2 + ∑
β 	=α |niασ,iβσ |2 (2.57)

The physical meaning of this equation is very simple: is just the interaction between
the electron density at site i niασ , and its exchange hole (1−niασ ) (see the discussion
about quasiparticles in Sect. 2.3.1 for the physical origin of this hole).

This form of the exchange energy depends explicitly on the occupation numbers,
and can be used as an LD exchange energy. Later in this text (see Sect. 2.7.3) we

2 See, for example, [56], Sect. 4.7.
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discuss how to use this result to create local orbital hybrid functionals within the
fireball code.

Correlation Functional

We can assume correlation effects modify the exchange hole in such a way that it is
not localized outside the orbital iασ , but a fraction fiασ (0 < fiασ < 1) of the hole
is transferred back to the site iασ . This fiασ is related to the fact that Hartree-Fock
approximation (exact exchange and no correlation) does not take into account the
screening of the potential (see Sect. 2.3.1). Correlation energy can thus be written as:

EC = −1

2

∑
iασ

fiασ (Uiα,iα − J e f f
iασ )niασ (1 − niασ ) (2.58)

so the exchange-correlation functional reads as:

EXC [{niασ }] = −1

2

∑
iασ

fiασUiα,iαniασ (1 − niασ )−
∑
iασ

(1 − fiασ )J
e f f
iασ niασ (1 − niασ )

(2.59)

We have now all the terms of the many-body functional, and can write the effective
hamiltonian (2.50) as:

Ĥ e f f =
∑
iασ

(εiασ + V psp
iα,iα + V H

iασ + V xc
iασ )n̂iασ +

∑
iα, jβ 	=iα

σ

(tiα, jβ + V psp
iα, jβ)ĉ

†
iασ ĉ jβσ

(2.60)
where

V H
iασ = ∂EH [{niασ }]

∂niασ

V XC
iασ = ∂EXC [{niασ }]

∂niασ
(2.61)

and the ground state energy:

E =
occupied∑

n

εn + EH [{niασ }] + Exc[{niασ }] −
∑
iασ

(V H
iασ + V xc

iασ )n̂iασ

=
occupied∑

n

εn − EH [{niασ }] + Exc[{niασ }] −
∑
iασ

V xc
iασ n̂iασ (2.62)
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Fig. 2.3 Scheme of a system
partitioned in order to calcu-
late the electrical conductance
from 1 to 2

2.6 Calculation of Transport Properties

In this thesis we have analyzed the transport properties of molecular electronic
devices at the nanoscale (see Sect. 4.3). A brief introduction to the theory used to
calculate these properties will be given in this section.

2.6.1 Current Equation

From a theoretical point of view, let’s start with a system that can be divided in
two interacting subsystems like the one shown in Fig. 2.3 (this can be the case of an
STM, where the tip and sample are the respective subsystems). The Hamiltonian can
be written in second quantization as:

Ĥ = Ĥ1 + Ĥ2 + Ĥ1,2 (2.63)

where

Ĥ1 =
∑

i j

εi n̂i + ti j (ĉ
†
i ĉ j + ĉ†

j ĉi )

Ĥ2 =
∑
αβ

εα n̂α + tαβ(ĉ
†
α ĉβ + ĉ†

β ĉα)

Ĥ1,2 =
∑
iα

tiα(ĉ
†
i ĉα + ĉ†

j ĉα) (2.64)

(Latin indexes run over the orbitals in system 1 and Greek ones over orbitals in
system 2).

Now consider that we apply an external potential V to one of the electrodes. Now
an irreversible current will flow from one system to the other. In order to calculate the

http://dx.doi.org/10.1007/978-3-642-30907-6_4
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current through the system we will need non-equilibrium techniques. We are going
to use Keldysh formalism, that is explained in appendix Sect. A.2.4, to get the current
through the system. The interaction hamiltonian Ĥ1,2 will be treated as a perturbation
of Ĥ0 = Ĥ1 + Ĥ2 + external potential. One may think that is more “physical” to
consider the perturbation as the external potential, but calculations from this point
of view will be more complex, and no current will flow neither there is not external
potential nor interaction between subsystems.

When we add the perturbation Ĥ1,2, we can calculate the current that appears
using the Keldysh formalism. First of all, we are going to deduce the form of the
current operator Ĵ in second quantization. A good guess is that it will be proportional
to a product of an operator that creates one electron in subsystem 2 and annihilates
it on subsystem 1, that is Ĵαi ∝ ĉ†

α ĉi . We need to consider inverse current from
subsystem 2 to 1, so the form of the current operator in second quantization will be:

Ĵαi = lim
τ→0

Aαi ĉ
†
α(t + τ)ĉi (t)− Aiα ĉ†

i (t + τ)ĉα(t) (2.65)

In order to know the value of Aiα we will use the continuity equation:

∂ρ̂i i

∂t
=

∑
α

Ĵαi ; where ρ̂i i = ĉ†
i (t)ĉi (t) = lim

τ→0
ĉ†

i (t + τ)ĉi (t) (2.66)

on the other hand, making use of the equation of motion of the operator ρ̂i i (Eq. A.10)
we can find that:

∂ρ̂i i

∂t
= −i/�[ρ̂i i , Ĥ ] = lim

τ→0

∑
α

−i/�(tαi ĉ
†
α(t + τ)ĉi (t)− tiα ĉ†

i (t + τ)ĉα(t))

(2.67)
So comparing equations (2.65) and (2.67), we deduce that Aαi = −i tαi/�. Now,

in order to know the value of the current from system 1 to system 2 at the ground (non-
equilibrium) perturbed state |
0,H 〉 we need to calculate the following sandwich:

I (t) = e
∑
iα

〈
0,H | Ĵαi |
0,H 〉

= e lim
τ→0

∑
iα

−i/�(tαi 〈
0,H |ĉ†
α(t + τ)ĉi (t)|
0,H 〉 − tiα〈
0,H |ĉ†

i (t + τ)ĉα(t))|
0,H 〉)

= e lim
τ→0

∑
iα

tαi G
+−(i, t + τ, α, t)− tiαG+−(α, t + τ, i, t)

= e lim
τ→0

Tr[T21G
+−
12 (t + τ, t)− G

+−
21 (t + τ, t)T12] (2.68)

where we have used the matrix form of the Green-Keldysh function (see
Appendix A.2.4).
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2.6.2 Stationary Current

Usually we are interested in the stationary regime. In that case, G+− only depends
on time difference τ so we can work with the Fourier transform:

lim
τ→0

G+−(i, α, τ ) = 1

h
lim
τ→0

∞∫

−∞
d EG+−(i, α, E)ei Eτ/� = 1

h

∞∫

−∞
G+−(i, α, E)d E

(2.69)
If we rewrite (2.68) in the energy space, and we consider that there is no spin

dependence on the hamiltonian we can just add a factor 2 and we get [57]:

I = 2e

h

∞∫

−∞
d ETr[T21G

+−
12 (E)− G

+−
21 (E)T12] (2.70)

In our case, we are interested in rewrite (2.70) as a function of the unperturbed green
functions of the subsystems (G0

1,2). Using Dyson equation (A.48) it can be done
easily getting [58, 59]:

I = 4πe2

�

∞∫

−∞
d ETr[ρ 22(E)D

r
22(E)T21 ρ 11(E − eV )Da

11(E − eV )T12]( f1(E − eV )− f2(E))

(2.71)

where

ρ 22(E) = − 1

π
I m[G0,r

22 (E)], ρ 11(E − eV ) = − 1

π
I m[G0,r

11 (E − eV )]
D

a
11(E − eV ) = [I − T12G

0,a
22 (E)T21G

0,a
11 (E − eV )]−1

D
r
22(E) = [I − T21G

0,r
11 (E − eV )T12G

0,r
22 (E)]−1

f1(E − eV ) = 1/

(
exp

(
E − eV

kB T

)
+ 1

)
, f2(E) = 1/

(
exp

(
E

kB T

)
+ 1

)

(2.72)

We remember here that the voltage was included in the unperturbed subsystems; as
it is shown explicitly in (2.71).

The denominators D
r
22(E) and D

a
11(E − eV ) can be seen as renormalizators of

the hopping matrices: T
′
12 = D

a
11(E − eV )T12, and they take into account the

backscattering that tends to saturate the current. This interpretation is clear if we
make the series expansion of the denominator:

T
′
12 = D

a
11T12 = T12 + T12G

a
22T21G

a
11T12 + . . . (2.73)
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Fig. 2.4 Scheme of a system
divided in three parts in order
to calculate the electrical
conductance from 1 to 2
(Color figure online)

However, in this work we are interested on differential conductance g = d I/dV ,
in particular when V → 0. We will consider the electronic temperature as zero (that
is a good approximation in metals at room temperature). Using (2.71) we get for that
particular case.

g =
(

d I

dV

)

V →0
= 4πe2

�
Tr[ρ 22(EF )T

′
21 ρ 11(EF )T

′
12] (2.74)

This conductance can be interpreted as a coherent sum of conductance channels.
The analogy with Landauer formalism, based on conductance channels [60] is clear
if we write (2.74) in the form

g = 4πe2

�
Tr[tt+] (2.75)

where t = 2π ρ 1/2
11 (EF )T

′
12

ρ 1/2
22 (EF ) is the transmission matrix of the system. In

order to know the character of different channel and the contribution of orbitals to
that channel we can just diagonalize tt+.

2.6.3 Conductance with Two Electrodes

However, for some systems (like a C60 molecule between two gold tips, studied
in Sect. 4.3), it is more natural to divide the system in three subsystems instead of
only two. This option, that was not available in the standard conductance module of
fireball has been implemented during this thesis. In Fig. 2.4 we can see the division
of such that system.

http://dx.doi.org/10.1007/978-3-642-30907-6_4
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In that case we can use previous results, if we consider the system (α + 2) as
the previous system 2. In order to do that, we need first to calculate ρ and G of the
(α + 2) system. The density of states (DOS) is [20]:

ρ 0
αα = G

r,0
ααTα2 ρ 0

22T2αG
a,0
αα (2.76)

with (2.76) and (2.74) and taking into account that T
′
12 = [I − T12G

0,a
22 T21G

0,a
11 ]−1

× T12 = T12[I − G
0,a
22 T21G

0,a
11 T12]−1 we get:

g = 4πe2

�
Tr[Tα1 ρ 0

11T1α[I − G
r,0
ααTα1G

r,0
11 T1α]−1 ρ 0

αα[I − Tα1G
a,0
11 T1αG

a,0
αα ]−1]

(2.77)
and realizing that

G
r
αα = [I − G

r,0
ααTα1G

r,0
11 T1α]−1

G
r,0
αα = [(Gr,0

αα)
−1 − Tα1G

r,0
11 T1α]−1 (2.78)

we can rewrite (2.77) as:

g = 4πe2

�
Tr[Tα1 ρ 0

11T1αG
r
ααTα2 ρ 0

22T2αG
a
αα] (2.79)

Let’s see the physics of this equation. First of all, if we define �(i)
αα = Tαi ρ 0

i i Tiα

we get:

g = 4πe2

�
Tr[�(1)

ααG
r
αα�

(2)
ααG

a
αα] (2.80)

that is just the Fisher-Lee equation for the electrical conductance [61]. We can also
define a effective hopping T

′
12 = T1αG

r
ααTα2, and introduce it in (2.79). Using the

cyclic property of the trace we recover (2.74). Finally, we can connect this with the
Landauer formalism [60] defining:

t = 2π ρ 1/2
11 T

′
12 ρ 1/2

22 = 2π ρ 1/2
11 T1αG

r
ααTα2 ρ 1/2

22 (2.81)

We have checked that the conductance does not depend too much on the division
of the system (in two or three) as it should be, because the physical conductance
should not depend on how we calculate it.

2.7 Corrections of DFT Deficiencies

Although DFT in its LDA and GGA approximation is usually reliable enough for
most applications, its well known failures make its application meaningless for some
systems unless we correct these problems. Here we have focused in metal/organic



2.7 Corrections of DFT Deficiencies 47

interfaces; so the significant deficiencies of DFT-LDA (and GGA) we have to over-
come are the absence of Van der Waals (vdW) interaction in these functionals and
the underestimation of the gap (the last one is a failure of DFT itself, because it is
only a ground state theory). In this section we are going to describe the techniques
developed in this thesis to deal with these deficiencies.

2.7.1 Weak Chemical and Van der Waals Interaction

Here we adapt the discussion about long-range forces in [62] (Copyright 2011 Amer-
ican Institute of Physics).

Weakly interacting systems, such as some metal/organic interfaces like ben-
zene/Au(111) and TTF/Au(111), cannot be characterized accurately in a standard
DFT formalism. The reason is that the vdW interaction is nonlocal and long-range,
while exchange-correlation functionals in standard DFT methods are (semi)local and
short range, with a typical exponential decay (as stated in Sect. 2.3.2). Due to the
importance of this interaction (not only for interfaces but also for carbon nanotubes
or biological systems, for instance), a lot of effort has been directed in recent years to
develop a practical DFT approach that properly takes into account vdW interactions
for these systems (see, e.g. references [63–68]).

In order to accurately determine the vdW interaction between two subsystems (the
metal and the adsorbed molecules, in our thesis) we have used here an extension of
the LCAO-S2+vdW formalism, previously developed for noble gases and graphitic
materials [69–71]. We consider that the exchange and correlation is correctly taken
into account within each subsystem (metal and organic molecule) but the LDA-like
exchange and correlation between subsystems is not well considered, so we take it
away, and introduce later with a better approximation. That means, in a first step we
consider:

Vxc[ρM + ρO ] = Vxc[ρM ] + Vxc[ρO ] (2.82)

where ρM and ρO are the electron density of the metal and organic molecule respec-
tively. So we define an electron density for each subsystem and approximate the LDA
exchange-correlation energy as the sum of the exchange-correlation energies for the
different subsystems. This can be done easily within McWEDA scheme.

After that we introduce the exchange correlation between subsystems in a way
that takes into account the dispersive forces. In order to reproduce Van der Waals
energy we have used the following simple but correct atom-atom form:

EvdW (R) = − fD(R)C6/R6 (2.83)

where R is the distance between atoms, and the factor fD(R) eliminates the vdW
contribution for short distances [65, 66, 72]. We are going to use two different
damping factors common in literature. The first one has the form fD(R) = 1 −
exp(−α(R/Rc)

8) [65], where Rc is the sum of covalent radii and α = 7.5 × 10−4 is
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Table 2.1 LDA and exact gaps for organic molecules studied in this thesis and some inorganic
semiconductors

Gap/molecule Benzene C60 TTF PTCDA Si Ge

LDA gap 4.7 1.6 2.6 1.6 0.55 0
Exact 10.39 4.95 6.3 4.7 1.17 0.74

chosen to reproduce the c lattice constant of graphite. The second one has the form
fD(R) = 1/(1 + exp(−d(R/RvdW )− 1)) [66] where d = 20 and RvdW is the sum
of Van der Waals radii of the elements under consideration [66]. A similar approach
although with different radii can be found in [72]. The choice of the damping factor
fD(R) changes less than 0.2 Å the value of the adsorption distance of molecules [62,
73]. However the adsorption energy is clearly affected (changes of around 100 %
are found). But as we are interested in electronic structure properties in this thesis
(where only distance between both subsystems is important) and as we have used
simple basis for our calculations (so adsorption energies are not very reliable), we
consider that this method has a good balance between accuracy and computational
cost for our needs.

2.7.2 Underestimation of the Gap

The obtention of an accurate semiconductor gap is critical to understand the
metal/organic interfaces as will be shown in Chap. 3. As stated before, DFT is unable
to give a correct gap, even if we know the exact exchange-correlation functional,
because it is a ground state theory. However, in systems where electrons are not
strongly correlated, the quasiparticle image is still valid and we can consider that the
distance between the eigenvalue of the highest occupied molecular orbital (HOMO)
and the eigenvalue of the lowest unoccupied molecular orbital (LUMO) are a first
approximation for the real transport gap.

Unfortunately, this approximation is not good even for systems with low corre-
lation. In Table 2.1 we can see the difference between the LDA gaps and the experi-
mental ones. In molecules, the transport gap is considered as the difference between
ionization (I E) and affinity (A) energies Et

g = I E − A for the experimental case
and as Eg = εLU M O − εH O M O for LDA.

Table 2.1 shows that the difference between LDA and experimental gap can be
more than 100 % (and even predict that some well known semiconductors are metals).
The main reason for this underestimation is the fact that this naive approximation
does not take into account the SIC, due to the interaction of the new electron (hole) in
the LUMO (HOMO) and the pre-existing charge (Fig. 2.5). In the next subsection we
present some corrections developed during this thesis. They rely on a parameter (β in
hybrid functionals, U in scissor operator) that cannot be calculated in a straightfor-
ward manner. Moreover, in metal/organic interfaces there is an additional effect that

http://dx.doi.org/10.1007/978-3-642-30907-6_3
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Fig. 2.5 Up Scheme of the different effects that determine the actual gap of an organic molecule
over a surface. The LDA gap gives an underestimated and surface distance independent gap. At large
distances, SIC opens the gap and gives the measured gas phase gap. However, when the molecule
approaches to a metallic surface, the effect of the image potential tends to reduce the organic gap.
Down Dependence of the benzene gap with distance when it is approaching different surfaces.
Reprinted from [74] Copyright (2009) by the American Physical Society (Color figure online)

does not appear in bulk semiconductors or gas phase molecules: the image potential.
This can be understood classically considering that the introduction of a charge in
a molecule over a metal (creating an ion) will have, as a response, an image charge
inside the metal in order to get a constant potential in the metal surface, disturbing
the molecular spectra (Fig. 2.5). In Chaps. 3 and 4, we will show an easy but reliable
way to calculate the gap taking into account these effects, and then getting a value
for these unknown parameters (β and U ).

http://dx.doi.org/10.1007/978-3-642-30907-6_3
http://dx.doi.org/10.1007/978-3-642-30907-6_4
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2.7.3 Hybrid HF-LDA Functional

In this thesis we have developed and introduced in fireball an hybrid HF-LDA
functional (see Sect. 5.6 and [75] for a practical use of it) based on the LCAO-OO
approach. Hybrid functionals have been mentioned at the end of Sect. 2.3.2, but here
we present a large discussion.

Standard hybrid hamiltonians are based on the adiabatic connection [76, 77].
The derivation of these kind of functionals is based on “turning on” adiabatically
the electron-electron interaction. Let’s consider the following many-electron hamil-
tonian:

Ĥλ = T̂ + V̂ext,λ + λV̂ee (2.84)

where 0 � λ � 1 and V̂ext,λ is an external potential that depends on λ. When λ = 1
we obtain the physical system, so V̂ext,1 = V̂ion . For every 0 � λ < 1, Ĥλ gives the
exact ground state electronic density of the physical system (but not the exact physical
wave function). If we denote |ψλ〉 as the normalized antisymmetric wavefunction that
minimizes the expectation value of T̂ +λV̂ee, the exchange-correlation energy of the
physical system is given by:

Exc[ρ(r)] =
1∫

0

Exc,λ[ρ(r)]dλwhere Exc,λ[ρ(r)] = 〈ψλ|V̂ee|ψλ〉 − EH [ρ(r)]

(2.85)
Becke [78] considered that integral (2.85) can be calculated using trapezoidal

rule, and he took the following energies for the edge points: The HF exact exchange
energy when λ = 0 and the LDA exchange correlation energy when λ = 1. So in a
first approximation:

EXC � 1

2
Eexact

X + 1

2
E L D A

XC (2.86)

Better results can be obtained if we consider other values of the fraction of HF
exchange and LDA exchange-correlation. By the mean value theorem, there exists a
value β that makes the following equation exact:

EXC = βEexact
X + (1 − β)Eλ=1

XC (2.87)

Our approach, although leads to very similar results is based on a different assump-
tion. In the LCAO-OO method, the local density-like E L D

X [{niασ }] and exact-like

E H F
X [{niασ, jβσ }] form of the exchange functional are the same, as long as J e f f

iασ have
been calculated using the formula (2.57), so EXC = βE H F

X + (1 − β)E L D
XC is exact

for all β. But this is no longer true for the functional derivatives (i.e. potentials),
so the exchange potential VX = βV H F

X + (1 − β)V L D
X does depend on the value

of β. In appendix B is pointed out that the size of the gap depends critically on the
exchange potential, so the value of β can be used to determine it.

http://dx.doi.org/10.1007/978-3-642-30907-6_5
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In our case β has been tuned to obtain Eg = E L D A
g + U where U is calculated

following the ideas of Sect. 4.2.1. The exchange-correlation potential is derived using
Eqs. (2.54), (2.56) and (2.61). We obtain:

(V L D−O O
X )iασ, jβσ = −J e f f

iασ (
1

2
− niασ )δiα, jβ

(V H F−O O
X )iασ, jβσ = −Uiα,iβniασ,iβσ δi, j − Jiα, jβniασ, jβσ (2.88)

Implementation in FIREBALL

The fireball method does not calculate exchange and correlation using LCAO-OO
but using McWEDA, that is an approximation to the LDA exchange and correlation.
So in order to take the LDA exchange away we have just subtracted to V McW E D A

XC

the V L D−O O
X part (Eq. 2.88). Then we add V H F−O O

X , so the exchange-correlation
matrix elements are:

(V hybrid
XC )iασ, jβσ = (V McW E D A

XC )iασ, jβσ −β(V L D−O O
X )iασ, jβσ +β(V H F−O O

X )iασ, jβσ
(2.89)

The values of Uiα,iβ and Jiα, jβ have been calculated using the program gcluster
[52].

Molecule Interacting with a Metal

The Hartree-Fock approximation does not usually work properly on metals, so in
the case of a molecule interacting with a metal, the former will be treated via hybrid
functional, while the latter via standard DFT (that means that the matrix elements
V XC

iα, jβ , where i or j (or both) are index of metallic atoms, will be calculated with
standard McWEDA LDA approximation).

It is necessary to take into account that, for a molecule interacting with a surface,
the sum rule (2.55) is no longer true, because only a fraction α of the exchange-
correlation hole is inside the molecule, so the sum rule needs to be written now
as: ∑

jβ;i 	= j
i, j∈molecule

niασ, jβσ n jβσ,iασ = αiασniασ (1 − niασ ) (2.90)

So E L D−O O
X and V L D−O O

X reads now as:

http://dx.doi.org/10.1007/978-3-642-30907-6_4
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E L D−O O
X [{niασ }] = −1

2

∑
iασ

J e f f
iασ αiασniασ (1 − niασ )

(V L D−O O
X )iασ, jβσ = −αiασ J e f f

iασ (
1

2
− niασ )δiα, jβ (2.91)

The V H F−O O
X part remains unchanged (we didn’t use the sum rule (2.55) to

deduce it).
As we will see in Chap. 5 the value of α is very high in the case of aromatic

compounds adsorbed on metals. For pentacene/Au(111) this value is greater than
0.9, while in first tests in benzene/Au(111) α ∼ 0.7–0.9. These values depends on
the σ or π character of the orbitals (the π orbitals have a lower α due to its greater
interaction with the metal surface.

2.7.4 Koopmans’ Shift

In this section we present another method to correct the underestimation to the LDA
gap. This method relies on Koopmans’ theorem [79] and estimates the SIC error.

The actual transport energy gap (Et
g) is the difference between the ionization (I E)

and affinity (A) energies:

I E = E[N − 1] − E[N ]
A = E[N ] − E[N + 1]

Et
g = I E − A = E[N + 1] + E[N − 1] − 2E[N ] (2.92)

If we consider −εH O M O (the energy of the HOMO) as I E and −εLU M O (the
energy of the LUMO) as A following the spirit of Koopmans’ theorem [79], we
obtain the underestimated DFT gap. In order to correct it we have to take into
account somehow the SIC. Here we consider that this electron (hole) is described
by the Kohn–Sham LUMO (HOMO) eigen-wavefunction, neglecting the electron
relaxation effects. This self-interaction is introduced as a correction for the LUMO
(HOMO) eigen-energy δA (δ I E).

In the LCAO-OO scheme, the orbital occupancies of the N + 1 (N − 1) system
can be computed from the N occupancies, neglecting electron relaxation, as:

nN+1
iασ = nN

iασ + δn′
iασ ; nN−1

iασ = nN
iασ − δniασ where

δn′
iασ = |〈φiα|LU M ON 〉|2; δniασ = |〈φiα|H O M ON 〉|2 (2.93)

For the sake of simplicity we are going to focus on the change of electron affinity
due to the extra electron, and consider its spin is upwards. It is just [80]:

http://dx.doi.org/10.1007/978-3-642-30907-6_5
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A = E[N ] − E[N + 1] = εo.e.
N+1 + 1

2

∑
iα,β
α 	=β

Uiα,iβ(n
N
iα↑ + δn′

iα↑)(nN
iβ↑ + δn′

iβ↑)+

+ 1

2

∑
iα,β

Uiα,iβ(n
N
iα↑ + δn′

iα↑)nN
iβ↓ + 1

2

∑
iα, jβ
i 	= j

Jiα, jβ(n
N
iα↑ + δn′

iα↑)(nN
jβ↑ + δn′

jβ↑)+

+ 1

2

∑
iα, jβ
i 	= j

Jiα, jβ(n
N
iα↑ + δn′

iα↑)nN
jβ↓ − 1

2

∑
iα

J e f f
iα↑ (n

N
iα↑ + δn′

iα↑)(1 − nN
iα↑ − δn′

iα↑)

− 1

2

∑
iα↑

fiα↑(Uiα,iα − J e f f
iα↑ )(n

N
iα + δn′

iα↑)(1 − nN
iα↑ − δn′

iα↑)

−
[

− 1

2

∑
iα,βσ

iα↑	=iβσ

Uiα,iβnN
iα↑nN

iβσ + 1

2

∑
iασ, jβ

i 	= j

Jiα, jβnN
iα↑nN

jβσ

+ 1

2

∑
iα

J e f f
iα↑ nN

iα↑(1 − nN
iα↑)+ 1

2

∑
iα

fiα↑(Uiα,iα − J e f f
iα↑ )n

N
iα↑(1 − nN

iα↑)
]

(2.94)

we can group terms that, that are linear in δn′
iα↑, and quadratic in δn′

iα↑. With
some math we obtain:

A = E[N ] − E[N + 1] = εo.e.
N+1 + ∂(EH + EX )

∂niα↑
δn′

iα↑ + δA[O(δn′2
iα↑)] (2.95)

It is obvious that the terms linear in δn′
iα↑ are already taken into account

on εDFT
LU M O . So the first non-vanishing correction terms are of second order in

δniα↑. These values for the ionization (I E = −εH O M O + δ I E) and affinity
(A = −εLU M O + δA) can be written as [80]:

δ I E = 1

2

∑
i 	= j

Jiα, jβδniα↑δn jβ↑ + 1

2

∑
α 	=β

Uiα,iβδniα↑δniβ↑

+ 1

2

∑
iα

J e f f
iα δn2

iα↑ + 1

2

∑
iα

fiα(Uiα,iα − J e f f
iα )δn2

iα↑

δA = −1

2

∑
i 	= j

Jiα, jβδn
′
iα↑δn′

jβ↑ − 1

2

∑
α 	=β

Uiα,iβδn
′
iα↑δn′

iβ↑

− 1

2

∑
iα

J e f f
iα δn′2

iα↑ − 1

2

∑
iα

fiα(Uiα,iα − J e f f
iα )δn′2

iα↑ (2.96)
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It has been found that this approximation gives good results [80, 81] for the gaps
of a variety of π -conjugated organic molecules, in particular, the results are better
for larger molecules, due to electron relaxation effects become less important.

This Koopmans’ shift can be used not only for the HOMO and LUMO but for all
the molecular levels, we only need to change in (2.93) δniασ = |〈φiα|H O M ON 〉|2
by δniασ = |〈φiα|L EV E L N 〉|2 where |L EV E L N 〉 is the eigen-wavefunction of the
level we want to correct.

So the Koopmans’ shift is a good way to improve the underestimation of DFT
gap. In particular we can combine it with the scissor operator (see next section) in
order to get an improved hamiltonian to calculate, among other things, transport or
density of states.

2.7.5 Scissor Operator

We have shown how the Koopmans’ shift can deal with the underestimation of the
DFT gap, including self energy terms. In Sects. 3.6 and 4.2.1 we will see a method to
estimate the gap of our molecules interacting with a metal surface. In this thesis, in
order to obtain this corrected HOMO-LUMO gap in our hamiltonian (and play with
the relative alignment between organic molecules and metals, as in Chap. 5) we have
used the scissor operator. If |μi 〉 (|νi 〉) are the empty (occupied) molecular orbitals
of the isolated, but deformed, molecule (with the actual geometry of the molecule
on the surface) then the scissor operator read as:

Ôscissor =
∑
μi

(ε +Δ)|μi 〉〈μi | +
∑
νi

(ε −Δ)|νi 〉〈νi | (2.97)

where Δ acts on a different way on the occupied (empty) molecular states, and
therefore changes the value of the energy gap, and ε move all molecular orbitals in
the same direction. This scissor operator allow us not only to include SIC in the gas
phase molecule, but also to tune the gap and the relative alignment between metal
and molecular levels in the case of a molecule interacting with a surface.

The case of a molecule over a surface deserves some comments. Although |μi 〉
(|νi 〉) are defined for the isolated molecule and we shouldn’t use them when it is
interacting with the metal, we obtain that this approximation works very well (see
Chaps. 4 and 5) as long as the deformed molecule geometry (instead of the gas phase
one) is used.

We can rewrite it in the fireball atomic basis, in order to introduce it in our
hamiltonian. Equation (2.97) reads then:

http://dx.doi.org/10.1007/978-3-642-30907-6_3
http://dx.doi.org/10.1007/978-3-642-30907-6_4
http://dx.doi.org/10.1007/978-3-642-30907-6_5
http://dx.doi.org/10.1007/978-3-642-30907-6_4
http://dx.doi.org/10.1007/978-3-642-30907-6_5
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Oscissor
i j =

∑
k

Δk〈i |
k〉〈
k | j〉 =
∑

k

Δk〈i |
(∑

l

ckl |l〉
)( ∑

m

c∗
km〈m|)| j〉

=
∑
k,l,m

Δkcklc
∗
km〈i |l〉〈m| j〉

Oscissor
i j =

∑
k,l,m

Δkcklc
∗
km Sil Smj (2.98)

where Δk = ε − Δ for k ∈ occupied levels and �k = ε + Δ for k ∈ empty levels
and 
k are the eigenvectors of the energy eigenvalues.

2.8 Other Methods for Correcting the Gap

As we have said, the underestimation of the DFT gap is the most important prob-
lem for the systems that we are studying on this thesis. In the previous section, we
explained the methods used here to deal with this failure. For the sake of complete-
ness, a couple of state-of-the-art methods will be shown. Moreover, they can be
inspiring later for some approximations

2.8.1 GW Method

GW Form of Selfenergy

The GW method relies on many-body green functions and self-energy formalism
(Sect. A.2). It provides a way to calculate the self-energy in a reasonably amount of
time with good accuracy. The deduction of the form of the selfenergy can be found
on [82]. The form in time space and energy space is just.

�GW (r, r′, τ ) = i�G0(r, r′, τ )W (r, r′, τ )

�GW (r, r′, ω) = i�

2π

∞∫

−∞
dω′G0(r, r′, ω + ω′)W (r, r′, ω′)eiω′τ (2.99)

where W (r, r′, ω) is the screened coulomb interaction, in (2.20). The reason for the
name of the method is now clear. It is important to say that this is an improvement
with respect to the HF form of the self-energy�H F (r, r′) = i�G0(r, r′, 0−)Vcoulomb

(r, r′), because the screened potential W (r, r′, ω) is considerably smaller than the
coulomb potential. Besides it introduces dynamic effects since it is energy dependent.
To sum up GW selfenergy takes into account exchange and a part of the correlation
trough the screening potential.
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Fig. 2.6 Comparison of characteristic direct and indirect LDA, GW and experimental gap for a
big variety of semiconductors. The numbers after the chemical symbols are the references for those
values in [83]. Reprinted from [83], Copyright (2000) with permission from Elsevier (Color figure
online)

Practical Implementation

It can be demonstrated [83] that the quasiparticles energy in the GW approximation
can be calculated using formula:

εGW
i = εK S

i + 1

Zi
〈φK S

i |�GW (ωK S
i )− Vxc|φK S

i 〉 where

Zi = 1 − 〈φK S
i |1

�

∂�GW (ωK S
i )

∂ω
|φK S

i 〉 (2.100)

where we have assumed that the self-energy correction to the Kohn–Sham potential
�GW (r, r′, ω) − VXC (r)δ(r − r′) is small and we can use first-order perturbation
theory. Moreover, we have considered that ωGW

i −ωK S
i = εGW

i /�− εK S
i /� is small

so we can perform a Taylor expansion around ωK S
i . This approximation means that

we don’t need to compute explicitly the temporal dependence of �GW .
So in practice, we first have to know the dielectric function ε−1(r, r′′, ω). We can

calculate it using polarization matrix and random phase approximation (RPA) [84,
85], that is accurate but very expensive computationally, or calculate is using plasmon
models [83, 86, 87]. Moreover, the exchange and correlation parts of �GW are
separated (the screened potential W is rewritten as W = Vcoulomb +(W −Vcoulomb)),
because the exchange part can be calculated analytically.
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As can be seen in Fig. 2.6, GW approximation leads to really good results if we
compare gap energies calculated using this method with the experimental results, or,
at least it gives better results than LDA. The main problem of this method is that
it is much more costly computationally than DFT, even if approximations for the
dielectric function are used.

2.8.2 LDA+U Method

The origin of this method is to try to improve standard LDA functional for band sys-
tems where coulomb repulsion on localized orbitals introduces an important source
of correlation, such as transition metal oxides, where we have delocalized electrons
in s and p bands (where LDA works pretty well) and electrons localized in metal d
bands, where the electron-electron repulsion U is important.

The LDA+U method is introduced as a functional that treats delocalized electrons
correlation in a LDA fashion, and localized ones in a Hubbard-like way. If we take
the standard Hubbard hamiltonian (A.8), the underlying idea of LDA+U is simple.

Ĥ =
∑

i

ε0n̂iσ −
∑

i

t (ĉ†
i+1σ ĉiσ + ĉ†

iσ ĉi+1σ )

︸ ︷︷ ︸
delocalized, one electron

+
∑

i

U n̂i↑n̂i↓
︸ ︷︷ ︸

localized,correlation

E[ρ(r)] = E L D A[ρ(r)] + EU [{niασ,iβσ }] (2.101)

Note that EU is a functional of the occupation numbers instead of density. This is
because this is the natural language in a Hubbard-like approach to localized electrons.
We also need to include a double counting term that takes out the electron correlation
already taken into account in LDA.

We are going to summarize here the basic formulas of the method. For a complete
description of the method see references [88, 89]. Consider a transition metal with d
orbitals where we have imposed spherical symmetry, then the simplest EU repulsive
term one can write is EU = 1

2U ef f ∑
m 	=m′ nmnm′ , where m,m′ are the magnetic

numbers of the d electrons, U ef f is calculated as in (2.49), but using the screened
coulomb potential W (2.20) instead of the unscreened one. The double counting
term Edc, that takes out the interaction taken into account in LDA can be written as
Edc = 1

2U ef f N (N −1)/2 (where N = ∑
i ni . So this simplified LDA+U functional

can be written as:

E = E L D A + EU − Edc = E L D A + 1

2
U ef f

∑
m 	=m′

nmnm′ − 1

2
U ef f N (N − 1)/2

(2.102)
The atomic energies are now (using Janak’s theorem [90]):
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εL D A+U
m = ∂E

∂nm
= εL D A

m + U ef f (
1

2
− nm) (2.103)

This means that the LDA eigenvalues are shifted by −U ef f /2 if the level is filled
(nm = 1) and by +U ef f /2 if the level is empty (nm = 0).

This method is closely related to our LCAO-OO approach. First of all, a more
complete description of the method includes not only Hartree-like corrections but
also exchange-like ones, as well as non-diagonal occupations nm,m′ [89]. The
simplified model explained here correspond to the particular case of [89] where
nσm,m′ = nσmδm,m′ , U = 〈m,m′|Vee|m,m′〉 and the other 〈m,m′′|Vee|m′,m′′′〉 terms

are zero. Moreover, the matrix elements involved in EU calculation in [89] are noth-
ing but the ones in (2.49), and the form of the functional can be derived using a
mean-field approximation of the LCAO-OO Hamiltonian (2.50) (approximating all
the operators n̂iασ by its mean values niασ ).

A point of caution with the LCAO-OO method analogy has to be taken. In this
case the electron-electron potential Vee is not the bare one but the screened one (so
fiασ is not needed anymore to take into account correlation). This converts LDA+U
in a post-HF theory. This screened potential relates the LDA+U method with the
GW one. The relationship between this method and GW and HF ones is extensively
studied in [91].

In Sect. 3.6 the ideas of Cococcioni et al. [92] are used to extend this method from
metal transition oxides to organic molecules over metal surfaces.
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