Chapter 2
Intersecting Attractors

Jose Francisco Morales

2.1 Introduction

The attractor mechanism [1-4], initially discovered in the context of ' = 2 black
holes, has been recognized as a universal phenomenon governing any extremal flow
in supergravity, i.e. a flow with an AdS horizon. It applies to both BPS and non-BPS
black hole solutions in Einstein supergravities [5, 6], ungauged [7] and gauged [8]
supergravities with higher derivative interactions and general intersections of brane
solutions [9].

In these lectures we review a unifying framework [9, 10] for the attractor
mechanism underlying any extremal flow in supergravity. More precisely, we
consider general black p-brane solutions built out of intersections of branes (and
or fluxes) with AdS,, near horizon geometry. In complete analogy with what
happens in the case of extremal black holes p = 0, the solutions can be thought
as scalar attractor flows from infinity to a horizon where active scalars becomes
fixed to particular values determined entirely in terms of the black p-brane charges.
Moreover the near horizon geometry encodes the thermodynamical content (entropy
or central charges) of the boundary theory describing the microscopic degrees of
freedom of the black p-brane. The scalar flow generalizes the more familiar black
hole attractor mechanism to the case where a general set of branes charged under
forms of various ranks intersect on an extended p-dimensional hyperplane.

We focus on static, asymptotically flat, spherically symmetric and extremal
black p-brane solutions in supergravities at the two derivative level. The analysis
combines standard attractor techniques based on the extremization of the black hole
central charge [1-4] and the so-called “entropy function formalism” introduced
in [7] (see [11, 12] for reviews and complete lists of references). Like for black
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holes carrying vector-like charges, we define the entropy function for black p-branes
as the Legendre transform with respect to the brane charges of the supergravity
action evaluated at the near-horizon geometry. The resulting entropy function can
be written as a sum of a gravitational term and an effective potential Vg given as a
superposition of the kinetic energies of the forms under which the brane is charged.
Extremization of this effective potential gives rise to the attractor equations which
determine the values of the scalars at the horizon as functions of the brane charges.
In particular, the entropy function itself can be expressed in terms of the U-duality
invariants built from these charges and it is proportional to the central charge of
the dual CFT 4 living on the AdS,1, boundary. The attractor flow can then be
thought of as a c-flow towards the minimum of the supergravity c-function [13, 14].
Interestingly, the central charges for extremal black p-branes satisfy an area law
formula generalizing the famous Bekenstein-Hawking result for black holes.

We divide the review into two parts:

e In the first part, we illustrate the entropic attractor algorithm in the context
of extremal black holes and black strings in A= (1, 1) supergravity in D =6
dimensions (see [9] for similar results in D =7,8). We derive the entropy
function F and the near-horizon geometry via extremization of F. At the
extremum, the entropy function results into a U-duality invariant combination
of the brane charges reproducing the black hole entropy and the black string
central charge, respectively. Scalars fall into two classes: “fixed scalars” with
strictly positive masses and “flat scalars” not fixed by the attractor equations.
Flat scalars span the moduli space of the solution. The moduli spaces will be
given by symmetric product spaces that can be interpreted as the intersection of
the charge orbits of the various branes entering in the solution. In addition one
finds extra “geometric moduli” (radii and Wilson lines) that are not fixed by the
attractors. Entropy and central charges are entirely determined in terms of the
black hole(string) charges and do not depend on the moduli of the solution.

¢ In the second part we apply the entropic formalism to the study of AdS4 flux
vacua in A/ =2 gauged supergravities with an arbitrary number of vector and
hyper-multiplets [10]. We find generically a tower of AdS vacua with N' =1
unbroken supersymmetry and two A = 0 towers. We show that both supersym-
metric and non-supersymmetric solutions solve a supersymmetry inspired system
of linear differential equations. Finally we derive a U-duality invariants formula
for the cosmological constant characterizing the vacuum solution.

2.2 Area Law for Central Charges

Before specifying to a particular supergravity theory, here we derive a universal
Bekenstein-Hawking like formula underlying any gravity flow (supersymmetric or
not) ending on an AdS point. Let AdS; x X,,, with X, a product of Einstein
spaces, be the near-horizon geometry of an extremal black (d — 2)-brane solution in
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D =d + m dimensions. After reduction along X, this solution can be thought as
the vacuum of a gauged gravity theory in d dimensions. To keep the discussion, as
general as possible, we analyze the solution from its d -dimensional perspective. The
only fields that can be turned on consistently with the AdS; symmetries are constant
scalar fields. Therefore we can describe the near-horizon dynamics in terms of a
gravity theory coupled to scalars ¢’ with a potential V;. The potential V; depends
on the details of the higher-dimensional theory. The “entropy function” is given by
evaluating this action at the AdS; near horizon geometry (with constant scalars
@' ~u')

1

F = — Ix /=g (R-V;) =
167er/dx“/ g(R=Vy)

Q do(dd—1
Adss Taas | 4( . ) vl
167Gy Fads

with 7ags the AdS radius and §2 445, the regularized volume of an AdS slice of radius
one. Following [15] we take for £2445, the finite part of the AdS volume integral
when the cut off is sent to infinity. More precisely we write the AdS metric

ds® = rds(dp? — sinh?p dt* + cosh’p d 23 _,), (2.2)

witht € [0,27],0 < p < cosh™! ry and d 2,5 the volume form of a unitary (d-2)-
dimensional sphere. The regularized volume £2 445, is then defined as the (absolute
value of the) finite part of the volume integral [ d 4x /=g in the limit ry — oo.

This results into
Quas, = —2— 2.3)
AdSq = @—1 d—2- .
A different prescription for the volume regularization leads to a redefinition of the
entropy function by a charge independent irrelevant constant. The “entropy” and
near-horizon geometry follow from the extremization of the entropy function F

with respect to the fixed scalars ' and the radius rags

oF ~ aVy L
oul o
F
O R Vit d—1)d—-2) =0, (2.4)
drads

The first equation determines the values of the scalars at the horizon. The second
equation determines the radius of AdS in terms of the value of the potential at the
minimum. Notice that solutions exist only if the potential V; is negative. Indeed, as
we will see in the next section, V; is always composed from a part proportional to
a positive definite effective potential V¢ generated by the higher dimensional brane
charges and a negative contribution —Rx related to the constant curvature of the
internal space X' (see Eq.2.30 below). The “entropy” is given by evaluating F at
the extremum and can be written in the suggestive form
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d—2
F="20A — o opd (2.5)

where A denotes the area of X,,, £2;_, is the volume of the unit (d-2)-sphere,
and Gp = AG, the D-dimensional Newton constant. For black holes (d = 2),
this formula is nothing than the well known Bekenstein-Hawking entropy formula
S = % and it shows that F' can be identified with the black hole entropy. For

black strings (d = 3), %F = 32%5 reproduces the central charge ¢ of the two-
dimensional CFT living on the Ad S5 boundary [16]. In general, the scaling of (2.5)
with the AdS radius matches that of the supergravity c-function introduced in [13]
and it suggests that F' can be interpreted as the critical value of the central charge ¢

reached at the end of the attractor flow.

2.3 The Entropy Function

The bosonic action of supergravity in D-dimensions can be written as

SsuGra = /(R w1 —1gi/(¢)dp’ Axdp) — LNy, 5, (@) F" A*F" + Lwz),
(2.6)
with F4, denoting a set of n-form field strengths, ¢’ the scalar fields living on
a manifold with metric g;;(¢) and Lwz some Wess-Zumino type couplings. The
scalar-dependent positive definite matrix N4, 5, (¢') provides the metric for the
kinetic term of the n-forms. The sum over n is understood. In the following we will
omit the subscript 7 keeping in mind that both the rank of the forms and the range of
the indices A depends on n. We will work in units where 167G p = 1, and restore
at the end the dependence on Gp. For simplicity we will restrict ourselves here to
solutions with trivial Wess-Zumino contributions and this term will be discarded in
the following.
We look for extremal black p-brane intersections with near-horizon geometry of
topology Mp = AdS,1» x S™ x T4. Explicitly we look for solutions with near-
horizon geometry

q

2_,2 42 2 7.2 2 102

ds™ = ryas dSpgs, , + 15 dSgn + E i, Ao,
k=1

FA = pla“ + eV B,, ¢ =i, 2.7

with r = (rags. 7s, r), describing the AdS and sphere radii, and «' denoting the
fixed values of the scalar fields at the horizon. ¢ and 8, denote the volume forms
of the compact { ¥} and non-compact { ¥, } cycles, respectively, in M p. The forms
are normalized such as
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/ o’ =8, Bs = .. (2.8)
a x,
They define the volume dependent functions C?, C,.

/ o0 A xab = C. B, A#By = Crs, 2.9)
Mp Mp

describing the cycle intersections. In particular, for the factorized products of AdS
space and spheres we consider here, these functions are diagonal matrices with
entries

VD

c =g 2 Cy=4,—2
rs rs VO](E")Z

, 2.10
vol(X'e)?2 (2.10)
with vp the volume of Mp. Integrals over AdS spaces are cut off to a finite volume,
according to the discussion around (2.3).

The solutions will be labeled by their electric ¢/, and magnetic charges p!

defined as
Py = / FA,

qar = NAE * FZ = C”NAz‘exs, (211)
* X7

where we denote by %X the complementary cycle to X7 in Mp.

Let us now consider the “entropy function” associated to a black p-brane solution
with near-horizon geometry (2.7). The entropy function F is defined as the Legendre
transform in the electric charges g4, of Ssugra evaluated at the near-horizon
geometry

Ar
F = e”" gar — Ssucra

e qar— Rvp + 3 Nax p2pFC? — I Nys eV e™ Cry, (2.12)

Ir

The fixed values of r,u’,e!” at the horizon can be found via extremization of F

with respect to r, u',and e!":

oF or or
T Vi —

From the last equation one finds that

qar = Nasx eZ‘s Cry, (2.14)
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in agreement with the definition of electric charges (2.11). Solving this set of
equations for e in favor of ¢ 4, one finds

F(Q.r.u')=—=R(r)vp(r)+ 50" -M(r.u')- Q, (2.15)
with
M( i) _ NAZ(ui)Cub(r) 0 Q paz (2 16)
S 0 NAZ@)Cr(r) ) s )

and N4*, C"* denoting the inverse of N,y and C, respectively.
It is convenient to introduce the scalar and form intersection ‘“vielbeine”
’ .
VM Jab J'rs according to

Nas = VEVY Sy, c = jgacgbe, Cs=JmJs . (2.17)

From (2.10) one finds for the factorized products of AdS space and spheres

1/2
1(X")
Jab — Sab Yp , J/rs =g’ Vo 2.18
vol(X4) le/Z (2.18)

The electric and magnetic central charges can be written in terms of these quantities
as

VANE U T Zhv =WV I qas. (2.19)
Combining (2.17) and (2.19) one can rewrite the scalar dependent part of the entropy
function as the effective potential

Ver = Q7 -M(rou')-Q = LzMezMi 4 170 Zhy. (2.20)

mag ““mag

For the n = D/2-forms in even dimensions the argument is similar, except for
the possibility of an additional topological term

Ssucra = / (R1-3Tas @) FAASFE - Ras(@) FAAET).  2D)

(note that R4y = €R x4, with € = (=1)IP/2]), Following the same steps as before
one finds

Veirs Q7 - M(r.u') - Q, (2.22)
with

M(r ui) = Cab ((I+ GRI_lR)AE 6(7?'-,Z-_l)§) Q ( p;:l

TR)E @) qAa) - @29
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For R = 0 we are back to the diagonal matrix (2.16). In general, thus we obtain for
the D/2-forms an effective potential

Var =5 0" -M(r.u)-Q = 5 zMzMe, (2.24)
with
zZMe = Jha (WA pt 4 VAM g ), (2.25)

where VM = (V}, VAM) is the coset representative.
Summarizing, in the case of a general supergravity with bosonic action (2.6) the
entropy function is given by

F(Qv r, ui) = —R(I’)VD(I’) + Veff(uiv I’), (226)

with the intersecting-branes effective potential
1 T ‘
Ver =3 O - My(r,u)- Q,
n

= L zMazMe L Nz ZM 4 70, Z0,)) . 227)
n#D/2

where the first contribution in the second line comes from the n = D/2 forms.
Notice that there are two types of interference between the potentials coming from
forms of different rank: First, they in general depend on a common set of scalar
fields and second, they carry a non-trivial dependence on the AdS and the sphere
radii. Besides this important difference the critical points of the effective potential
can be studied with the standard attractor techniques for vector like charged black
holes.
The near-horizon geometry follows from the extremization equations

VVetr = 0, Verrdu' Y OF - VM, (r i) - 0, = 0, (2.28)

8 [~RG) v (r) + Ve, 1)] = 0 . (2.29)

We conclude this section by noticing that after reduction to AdS,;, the
D-dimensional effective potential V.t combines with the contribution coming
from the scalar curvature Ry of the internal manifold into the d -dimensional scalar

potential

1
Vi=—Ver— Ry (2.30)
VD

appearing in (2.1). Notice that the resulting potential is not positive defined and
therefore an AdS vacuum is supported.
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24 N=(1,1)inD =6

In this section we illustrate the entropy formalism in the context of ' = (1,1) in
D = 6 dimensions. In D = 6 dimensions, supergravities contain scalars, vectors
and two forms and one finds both black hole and black string extremal solutions.

24.1 N = (1,1), D = 6 Supersymmetry Algebra

The half-maximal (1, 1), D = 6 Poincaré supersymmetry algebra has Weyl pseudo-
Majorana supercharges and R-symmetry SO (4) ~ SU (2);, x SU (2) ;. Its central
extension reads as follows (see e.g. [17-19])

{1, Qf = vl 8 1yl Z (P 2.31)
: AB vo (4B

{Q”-’, Qf} = y;} Z;[L It y;}"Z,Sup ), (2.32)
A oAl _ o . 7A4 v — A4

{Qy, QS} =C;Z%" + Vi zZi, (2.33)

where A, A = 1,2, so that the (L,R)-chiral supercharges are SU (2)(L..r)-doublets.

. AB .
Notice that Z(tF) = Z /Evp) = 0, because the presence of the term Z (35 is
inconsistent with the bound p < D —4, due to the assumed asymptotical flatness of
the (intersecting) black p-brane space-time background.

Strings can be dyonic, and are associated to the central charges ZI[LAB], zZ LAB] in
the (1, 1) of the R-symmetry group. They are embedded in the 14 (here and below
the subscripts denote the weight of SO(1, 1)) of the U-duality group SO (1, 1) x
SO (4,ny). On the other hand, black holes and their magnetic duals (black two-
branes) are associated to Z44, Z/11 in the (2,2') of SO (4), and they are embedded
in the (ny + 4)1% of SO (1,1) x SO (4,ny).

In our analysis, the corresponding central charges are denoted respectively by
Z and Z_ for dyonic strings, and by Z,, , s and Z_, , ; for black holes and their
magnetic duals.

242 N = (1,1), D = 6 Supergravity

The bosonic field content of half-maximal N = (1,1) supergravity in D = 6
dimensions coupled to ny matter (vector) multiplets consists of a graviton, (ny +4)
vector fields with field strengths FZM , M = 1,...,(ny + 4), a three form field
strength H3, and 4ny + 1 scalar fields parametrizing the scalar manifold



2 Intersecting Attractors 55

SO (4,nv)
SO (4) x SO (ny)’

M = SO(1,1) x dimg M =4ny +1, (234

with the dilaton ¢ spanning SO (1, 1), and the 4ny real scalars 7/ (i = 1,...,4ny)
parametrising the quaternionic manifold %. The U-duality group is
SO (1,1) x SO (4,ny) and the field strengths transform under this group in the

representations
Ff': (ny +4),y,
Hy: 14 . (2.35)

The coset representative L/{"’, AM = 1,...,4 + ny, of % sits in

the (4, ny) representation of the stabilizer H = SO(4) x SO(ny) ~ SU(2)p x
SUQ2)r x SO(ny), and satisfies the defining relations

LMy LY = nag, LM% LY = gMV, (2.36)
with the SO (4, ny) metric n4y. It is related to the vielbein Vﬁ” from (2.17) by
VY =2 LY, (2.37)

and its inverse is defined by Lf,, LIX = 81‘1\,}. The Maurer-Cartan equations take the
form

Pyy = L d.Lay = Ly 0;Layd7, (2.38)

where Py is a symmetric off-diagonal block matrix with non-vanishing entries
only in the (4 x ny)-blocks. Here and below we use 8y to raise and lower the
indices M, N.

The solutions will be specified by the electric and magnetic three-form charges ¢,
p, and the two-form charges p4, ¢x. The quadratic and cubic U-duality invariants
that can be built from these charges are

L = pq. Iy = inaz pp¥p, T, = In"Fqagzq.  (239)

The central charges (2.19) and (2.25) are given by

Zmag M = e 2 Iy Ly 2 Zay = e?? I LJ?I qa,
1
Zi=—JE?pEte?yg). (2.40)
NG 3 V4 q)

Using (2.36), the U-duality invariants (2.39) can be rewritten in terms of the central
charges as
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1(Z3-22) = 1D,

ﬁiﬂMN Zmag,MZmag,N (Z+ + Z—) = (J3J22) 13,

s ZamZax (Zy = Z2) = (J3J9) I (2.41)

The effective potential Vg (2.27) for this theory is given by
Vet = 325 + 322 + 323y + 3 Zpag - (2.42)
From the Maurer-Cartan equations (2.38) one derives

VZmag,M = —Pyn Zmag,N - %de Zmag,Ms
VZam = Pun Zan + 5Py Zam.
VZi =Py Zx. (2.43)

with Py = d¢. The attractor equations (2.28) thus translate into

!
Pyn (ZamZean — Zmagm ZmagN) + Py QZ+Z - — %Zrznag,M +3Zam) = 0.
(2.44)

Splitting the index M into (AA) =1,....4,(A, A=1, 2) (central charges sector)
and I = 5,...,(ny + 4) (matter charges sector), and using the fact that only
the components P; ,; = P, ;; are non-vanishing, the attractor equations can be
written as '

Zyailear—Z Zmag,1 =0,

mag,AA

42,7 -7 Ziooe T ZaaiZd" = Zower + 23, =0. (245

mag,A/i
Indices A4, A are raised and lowered by €45, € ;3. We will study the solutions of these
equations, their supersymmetry-preserving features, and the corresponding moduli
spaces. BPS solutions correspond to the solutions of (2.45) satisfying

Zmag,] = Zel,] = Os (246)

as follows from the Killing spinor equation A}, ~ T}/, y*'e4 = 0 with T)], the
matter central charge densities.

Let us finally consider the moduli space of the attractor solutions, i.e. the scalar
degrees of freedom which are not stabilized by the attractor mechanism at the
classical level. For homogeneous scalar manifolds this space is spanned by the
vanishing eigenvalues of the Hessian matrix VV Vg at the critical point. Using
the Maurer-Cartan equations (2.43) one can write VV Vg at the critical point as
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VVVeff = PI,AA PJAA (2 Zel,] Zel,./ +2 Zmag,] Zmag,./)
+P1’AA1P1’BB Q2ZysiZaps+2 Zmag,AA'Zm'dgsBB)
+PyPy QZ3 + 222 + 3 Z3 o s + 3 Za00)

+2 P‘?PI,AA (Zel,l Zel,AA + Zmag,l Zmag,AA)
= Hy i PP PPPP 2 H, i PPy + Hyy Py Py, (247)

which defines the Hessian symmetric matrix H with components H, , ; ;5. H; 44 #
Hy 4 . By explicit evaluation of the Hessian matrix for both BPS and non-BPS
solutions we will show that eigenvalues are always zero or positive implying the
stability (at the classical level) of the solutions under consideration here. We will
now specify to the different near-horizon geometries and study the BPS and non-
BPS solutions of the attractor equations.

243 AdS3x S3

Let us start with an AdS3 x S> near-horizon geometry, in which only the three-form
charges (magnetic p and electric q) are switched on (dyonic black string). There are
no closed two-forms supported by this geometry and therefore two-form charges are
not allowed. The near-horizon geometry ansatz can then be written as

ds* = r/fds a’s/fdSS + rS2 dsés, H; = pogs + e Pads;- (2.48)
The attractor equations (2.45) are solved by

Znagm = Zau = Z_ =0, orequivalently, (2.49)

Zmag,M = Zel,M = Z+ =0. (250)
Solution (2.49) has Z, > 0, whereas solution (2.50) has 7, < 0; they are both
%-BPS, and they are equivalent, because the considered theory is non-chiral.

Plugging the solutions (2.49) or (2.50) into (2.42) one can write the effective
potential at the horizon in the scalar independent form

VAdS 3

Ve =122 4122 = 1|22 _ 22|72 |3 = ( ) FARNCED

Vg3

Extremizing F in r, one finds the entropy function and near-horizon AdS and sphere
radii
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VAdS |Zo| /4
Vet = > Iy, Fads = F's = ,
Vg3 2
6 6
F =vgsixss | 5 — = | + Vetr = |12 . (2.52)
Tags  Ts

Now let us consider the moduli space of the solutions. Plugging (2.49) and (2.50)
into (2.47) one finds that the only non-trivial component of the Hessian matrix is

Hypy =273 +2Z2 = 4V > 0. (2.53)

Therefore, the Hessian matrix H for the AdS; x S? solution has 4ny vanishing
eigenvalues and one strictly positive eigenvalue, corresponding to the dilaton
direction. Consequently, the moduli space of non-degenerate attractors with near-
horizon geometry AdS; x S? is the quaternionic symmetric manifold

SO (4,ny)
M = . 2.54
BPS S0 (4) x SO (ny) 2.54)
This result is also evident from the explicit form of the attractor solution Z_ = 0:

only the dilaton is stabilized, while all other scalars are not fixed since the remaining
equations Ze y = Zmag,mu = 0 are automatically satisfied for pAr =g4=0.

244 AdS;x S?*x S!

For solutions with near-horizon geometry AdS; x S% x S!, there is no support for
electric two-form charges and therefore e = 0. We set also the electric three-form
charge e to zero otherwise no solutions are found. The near-horizon ansatz becomes

ds® = rags ds/idS} + 75 dséz +r7do?,
F = ptag, H; = pagrygl. (2.55)

The attractor equations (2.45) admit two types of solutions with non trivial central
charges

BPS: Zy =7,  Zou4 AZM =477 (2.56)
non—BPS: Zy =Z_  Z)., =4Z%. (2.57)

Plugging the solution into (2.41) one finds the relation

|31 T5| =2v2 23 (2.58)
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that allows us to write the effective potential (2.42) at the horizon in the scalar
independent form

2
Ver =325 = 3 |F 1L T:)°, (2.59)
with 1
V, V§
(J2J5)3 = 228t (2.60)
Vg2

The black string central charge and the near-horizon radii follow from
r-extremization of the entropy function F' and are given by

13
VAAS; 1/3 | (2 |Z5]
3 3
Vetr = 3 ver 13, rass = 2rs = ——3,
Vs2 2y
6 2
F =wasyxsixst | 57— — 5 | + Ver = T3] (2.61)
Tags;  Ts2

Note that the radius of the extra S! is not fixed by the extremization equations.
Besides this geometric modulus the solutions can be also deformed by turning on
Wilson lines for the vector field potentials A2 = c¢“. This is in contrast with the
more familiar case of black holes in D = 4,5 where the near-horizon geometry is
completely fixed at the end of the attractor flow. As we shall see in the following, this
will be always the case for extremal black p-branes. “Geometric moduli” describing
the shapes ad volumes of the extra circles and constant values of field potentials
along these circles remain unfixed at the horizon. It is important to stress, that
the extreme value of the entropy function does not depend on the moduli of the
solution and is given entirely by a U-duality invariant combination of the black
brane charges.

Now, let us consider the moduli spaces of the two solutions. The BPS solution
(2.56) has remaining symmetry SO (3) x SO(ny), because by using an SO (4)
transformation this solution can be recast in the form

Zogni =2260185.  Zy=Z_=2z.  Zam =0. (2.62)

Notice that both choices of sign satisfy the Killing spinor relations (2.46) and
therefore correspond to supersymmetric solutions. Plugging (2.62) into the Hessian
matrix (2.47) one finds

88776410810 ;831 Oanyx1
H=7 . (2.63)
01x4ny 6
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This matrix has 3ny vanishing eigenvalues and ny + 1 strictly positive eigenvalues,
corresponding to the dilaton direction plus the ny directions P; ;. Consequently,
the moduli space of the BPS attractor solution (2.56) with near-horizon geometry
AdS3 x S? x S! is the symmetric manifold

SO(@3,ny)

MR = 500) < 506

(2.64)

More precisely, the scalars along P; ,; in the (4,ny) of the group H decompose
with respect to the symmetry group SO(3) x SO(ny) as:

4,ny) - 3,ny) d (1,ny), (2.65)

and only the (1, ny) representation is massive, together with the dilaton. The (3, ny)
representation remains massless and contains all the massless Hessian modes of the
attractor solutions.

The analysis of the moduli space for the non-BPS solution follows closely that
for the BPS one. Now the symmetry is SO(4) x SO(ny — 1) and using an SO (ny)
transformation such a solution can be recast as follows:

Zmag,] = 22811, Z+ =7Z_= Z, Zel,M = Zmag,AA = Zel,AA =0. (266)
Plugging (2.66) into the Hessian matrix (2.47), now one finds

. 838,4i0p53671811 Oanyx1
H=: . (2.67)
01X4I’LV 6

This Hessian matrix has 4(ny — 1) vanishing eigenvalues and 4 + 1 strictly positive
eigenvalues, corresponding to the dilaton direction plus the 4 P, ,; directions.
Consequently, the moduli space of the non-BPS attractor solution with near-horizon
geometry AdS; x S? x S! is the symmetric manifold

S0(4,HV - 1)

SO4) x SO(ny —1) (2:68)

MnonBPS =

More precisely, the scalars along P; ,; in the (4, ny) of the group H decompose
with respect to the symmetry group SO(4) x SO(ny — 1) as:

(47 nV) - (47 ny — 1) @ (47 1) ) (269)
and only the (4,1) representation is massive, together with the dilaton. The

(4, ny — 1) representation remains massless, and it contains all the massless Hessian
modes of the attractor solution.
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245 AdS,x S3x S!

For solutions with Ad S, x S* x S! near-horizon geometry, there is no support for
magnetic two-form charges and therefore Z,, ;v = 0. The near-horizon ansatz
becomes

ds* = rig dsﬁds2 + 1§ dsgs + rid6?,

F* = e Bras,. H; = e Brgs,xs!- (2.70)
The fixed-scalar equations (2.44) admit two type of solutions

BPS : Zyagm = Zeis =0, Zy=—Z_.  Zy.,Zi' =477,

non —BPS : Zney = Zy 4 =0, Zy=-Z_, Zi,=4Z%.
(2.71)

Now one finds
JANT =23273, (2.72)

and the effective potential (2.42) at the horizon can be written in the scalar
independent form

Var = 322 = 3|20 T8, (2.73)
with ) , Vags
(LPI9)F = 5. (2.74)
Vi Vs3

Extremizing F in the radii r one finds

711/6
V _ g vAdSz |I/|% 7 _ lr _ |I3|
eff =5 — 75 I al°, AdS = IS = 73
V3 Vg 27tvS1
2 6
711/2
F = VAdS;xS3xS! | 72— — 3 + Vegr = |I3| / . (2.75)
Tadgs, Ts;

for the black hole entropy and AdS and sphere radii. Again, the radius of the extra
S is not fixed by the extremization equations. The analysis of the moduli spaces
follows mutatis mutandis that of the AdS; x S? attractors (replacing magnetic by
electric charges) and the results are again given by the symmetric manifolds (2.64)
and (2.68).
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Table 2.1 Supersymmetric M-intersections
0 1 2 3 4 5 6 7 8 9 10 Near-horizon

M2 — — ° . . ° . ° . ° — AdS; x S3 x T?
M5 — — . . . . — — — — °

M2 — ° ° . ° ° ° ° ° — - AdS, x S3 x T¢
M2 — ] ° . . ° ° — _

M2 — ° ° ° ° — — ) °

M5 — — ° . ° ° ° — - — - AdSy; x S? x T®
M5 — — ° . . — — ° . — -

M5 — — ° ° ° — — — — ° °

2.5 The Lift to Eleven Dimensions

The attractor solutions we have discussed have a simple lift to higher dimensions
all the way up to 11-dimensional supergravity. The black string solution with
AdS;3 x §* near-horizon geometry follow from dimensional reduction of M2M5
branes intersecting on a string. The solution with AdS3 x S? x S! follow from the
reduction of a triple M2-intersection on a string. Finally the AdS, x S3 x S'! near-
horizon geometry corresponds to a triple M5 intersection on a time-like line. The
orientations of the M2,M5 branes in the three cases are summarized in Table 2.1.

After dimensional reductions down to D = 6, 7, 8-dimensions the solutions
expose a variety of charges with respect to forms of various rank. Indeed, a
single brane intersection in D = 11 leads to different solutions after reduction
to D-dimensions depending on the orientation of the M-branes along the internal
space. Different solutions carry charges with respect to a different set of forms
in the D-dimensional supergravity. They can be fully characterized by U-duality
invariants built out of the brane charges. The list of U-duality invariants leading
to extremal black p-brane solutions in D = 6,7,8 dimensions is displayed in
Table 2.2. As expected, there is a one-to-one correspondence between the entries
in this table and the solutions that follow from extremization of the entropy function
in the corresponding D dimensional supergravity. We list also the U-duality groups,
the representation content and the corresponding moduli spaces.

2.6 AdS, Flux Vacua

AdS; vacua arise in string theory compactifications with fluxes and can be thought
as the near horizon geometries of extremal black brane solutions. In fact, the vacuum
conditions of flux compactifications display many analogies with the attractor
equations defining the near-horizon limit of extremal black holes. This was first
shown in [5] in the context of N' = 1 orientifolds of type IIB on Calabi-Yau three-
folds. In that paper, first it was observed that the N' = 1 scalar potential has a
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Table 2.2 Electric and magnetic charges for M-brane intersections. p = 0, 1 corresponds to
intersections on a black hole and a black string respectively. ¢,(p,) denotes the electric(magnetic)
charge of the brane solution and n specifies the rank of the form

d p U-duality Charges Reps Moduli space
6 1 S0(5,5) DP3q3 10 x 10 So(ss?ggm)
1 pP2pa2p3 16, X 16, x 10 50540)333(; -
0 429293 16, X 16, x 10 sofﬁf&&g
oo SLe 3 5x§ s
1 D2P293 10’ x 10’ x 5 So(sgs.sza) -
! p3p3D2 5 x5 x10 gg_g;
0 q292P3 10 x 10 x 5 50(53?;3_520)(2)
0 4939392 5x5x10 ;é_g;
8 1 SL(3) x SL(2) Pags 3. 1) % (3,1) ( ﬁé—% )z
! Paq4 1,2) x (1,2) %8))
1 D2D344 3,2)x (3,1) x (1,2) %
1 Dp3p3ps3 3. )x@3,1)x3,1) gé_g;
0 4293 p4 3,2)x(3,1) x (1,2) %izz))
0 439393 3.1)x@3.1)x(3,1) %222))

form close to the A/ = 2 black hole potential, with the black hole central charge
Z replaced by the combination eTW involving the A/ = 1 Kihler potential K
and superpotential W, and with the NSNS and RR fluxes playing the role of the
black hole electric charges. Then, exploiting the underlying special Kédhler geometry
of the Calabi-Yau complex structure moduli space, the differential equations both
for black hole attractors and for flux vacua were recast in a set of algebraic
equations. Explicit attracting Calabi-Yau solutions were derived. A recent review
on the subject, including a complete list of references, can be found in [11].

Here we develop the above ideas focussing on a four-dimensional ' = 2 setup.
We consider general N' = 2 gauged supergravities related to type II theories via
flux compactification on non-Calabi-Yau manifolds. At the four dimensional level,
the family of supergravities we consider can be obtained by deforming the Calabi-
Yau effective action. The latter is characterized by the choice of two special Kéhler
manifolds .#; and .#,: while .#, defines the vector multiplet scalar manifold, .#;
determines via c-map the quaternionic manifold .# parameterized by the scalars in
the hypermultiplets [20, 21]. The deformation we study is the most general abelian
gauging of the Heisenberg algebra of axionic isometries which is always admitted
by .# [22-24]. From the point of view of compactifications, this deformation is
expected to correspond to a dimensional reduction of type IIA/IIB on SU(3) and
SU(3) x SU(3) structure manifolds (and possibly non-geometric backgrounds) in
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the presence of general NSNS and RR fluxes [25-30]. In this perspective, our setup
provides a unifying framework for the study of A/ = 2 flux compactifications of
type II theories on generalized geometries.

We start our analysis in Sect.2.6.1 by reconsidering the expression derived
in [24] for the N/ = 2 scalar potential associated with the gauging described
above. This expression is manifestly invariant under the symplectic transformations
rotating the flux charges together with the symplectic sections of both the special
Kihler geometries on .#| and .#,. We derive a convenient reformulation of the
scalar potential in terms of a triplet of Killing prepotentials P,, x = 1,2,3,
and their covariant derivatives. The P, encode the informations about the gauging,
and play a role analogous to the central charge Z of N' = 2 black holes, or to
the covariantly holomorphic superpotential eTW of N = 1 compactifications.
Interestingly, in our reformulation the only derivatives appearing are the special
Kéhler covariant derivatives with respect to the coordinates on .#; and ., with no
explicit contributions from the .#( coordinates orthogonal to .#;. This rewriting is
advantageous since it allows to study the hypersector with the powerful techniques
of special Kéhler geometry.

In Sect.2.6.2 we move to the study of the extremization equations for the
potential. These are spelled out in Sect.2.6.2, and resemble the attractor equations
of A/ = 2 black holes, though they are more complicated to solve. In Sect.2.6.3
we present a supersymmetry inspired set of linear differential equations that imply
the vacuum equations and encode all (supersymmetric or not) extremal solutions
we found. In Sect.2.6.4 we find explicit AdS solutions for the wide class of
supergravities whose scalar manifolds .#) and .#, are symmetric with cubic
prepotentials. These solutions generalize those derived in [31] in the context of
flux compactifications of massive type IIA on coset spaces with SU(3) structure,
allowing for an arbitrary number of vector multiplets (Sect.2.6.4) and hypermul-
tiplets (Sect.2.6.4), as well as for a large set of fluxes. In Sect.2.6.5 we derive a
manifestly U-invariant expression for the AdS cosmological constant. Appendix A.1
illustrates how the gaugings we consider can arise from dimensional reduction of
type II theories on manifolds with SU(3) structure.

2.6.1 Revisiting the N' = 2 Flux Potential

In this section we reconsider the scalar potential V' derived in [24] by gauging
the NV = 2 effective action for type II theories on Calabi-Yau three-folds,
and we reformulate it in terms of Killing prepotentials P, and their special
Kihler covariant derivatives. From a dimensional reduction perspective, V arises
in general type II flux compactifications on 6d manifolds with SU(3) and SU(3) x
SU(3) structure (and non-geometric backgrounds) preserving eight supercharges
[25-30]. An explicit dictionary between the gauging and the fluxes is presented
in Appendix A.1 for type IIA on SU(3) structures, together with a further list of
references.
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Scalars in N = 2 supergravity organize in vector multiplets and hypermultiplets,
respectively parameterizing a special Kéhler manifold .#, and a quaternionic
manifold .#p. In the cases of our interest, .#p is derived via c-map from a
special Kahler submanifold .#; [20,21]. For both type IIA/IIB compactifications,
we denote by #; + 1 the number of hypermultiplets (where the 1 is associated
with the universal hypermultiplet), and by A, + 1 the number of vector fields
(including the graviphoton in the gravitational multiplet), so that #; = dimc.#) and
hy = dimc.#,. Furthermore, we introduce complex coordinates 2, i = 1,...h;
on ./#,and x*, a = 1,..., h, on .#,, and we denote by

1
n{1=e'§‘(z ) I=0i)=01,....h,

A
nfze?(x ) A=(0,a)=0,1,....} (2.76)

the covariantly holomorphic symplectic sections of the special Kihler geometry on
A\ and .4, respectively. All along the paper, indices in a double font like I and A
correspond to symplectic indices. The respective ranges are [ = 1,...,2(h; + 1)
andA=1,...,2(h, +1).

To complete the geometric data on .#| and .#>, we introduce the respective

Kihler potentials K, K, Kihler metrics g;7, g5 , and symplectic invariant metrics
(Cl, (Cz N

o=l =
K, = —logl(Z gI—ZIQ1), gij = 0;9;K,

K, = —log i(X"Fy— XF ), g = 9a0;K

01
Cig = CII[J = (_]1 O) =Cypp=C% = CppCB° = -5,

CpC™* = —sf.

Finally, the coordinates 7' € .#, are completed to coordinates on .#Zg by the real
axions £1 = (&/,£,)7 arising from the expansion of the higher dimensional RR
potentials, together with the 4d dilaton ¢ and the axion a dual to the NSNS 2—form
along the 4d spacetime.

The quaternionic manifold .# always admits a Heisenberg algebra of axionic
isometries [22], which are gauged once fluxes are turned on in the higher-
dimensional background [23, 24]. The NSNS fluxes, including geometric (and
possibly non-geometric) fluxes, are encoded in a real ‘bisymplectic’ matrix 0},
while the RR fluxes are encoded in a real symplectic vector ¢*. Explicitly,
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1 A
I €4 ear A V4
= , ¢t = . 2.77

Abelianity and consistency of the gauging impose the following constraints on the
charges [23,24]

0TC,0 =0C, 0" =c"Q =0. (2.78)

In the context of dimensional reductions, these can be traced back to the Bianchi
identities for the higher-dimensional field strengths, together with the nilpotency of
the exterior derivative on the compact manifold [26,28] (cf. Appendix A.1).

The scalar potential generated by the gauging can be written as the sum of two
contributions: V' = Vns + Vi, where Vys can be seen to come from the reduction
of the NSNS sector of type II theories, while V& derives from the RR sector. Both
these contributions take a symplectically invariant form, and read [24]

Wns =—2€2¢[ﬁf§TM2§H1 +ﬁzTQM1QTHz
—T —T —
+4T1, ] 0" (ILTT, +T]) OCi I |
Ve=—3e"(c+ 08 Ma(c+ 0F). (2.79)

with "
01 = (C]QCy, (2.80)
while (M)y and (M)ap are symmetric, negative-definite matrices built respec-

tively from the period matrices (N7);s and (NV3) 4p of the special Kihler geometries
on ./, and ./, via the relation

1 —ReN'\ (ImN 0 1o
M = : (2.81)
(0 1 ) ( 0 (ImN)—l) (—ReN 1)

Nicely, expressions (2.79) for Vns and VR can be recast in a form that reminds
that of the NV = 2 black hole potential, with the NSNS and RR fluxes QE& and c*
playing a role analogous to the black hole charges. The black hole central charge
will here be replaced by the triplet of A/ = 2 Killing prepotentials P, , x = 1,2,3
which describe the gauging under study. These read

Py = Pi+iPr=2e’ 11, QCiIT,

P_ = Pi—iP,

26‘(’0 HZT Q C]ﬁ]

Py = ¥ 1] Cy(c + 08). (2.82)
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Here, P+ encode the contribution of the NSNS sector, while P; describes the
contribution of the RR sector [26, 28].

We find that the NSNS and RR potentials (2.79) can be recast in the suggestive
form

Vas = g’ DyPy D;Py + g/ DiP1 DiPy — 2|Py |

Ve = g’ DyP3D;P5 + | P32, (2.83)

whose main benefit is to involve only special Kihler covariant derivatives of the Py,
which are defined as

DiPy = (3; + 39; K1)Px, DyPy = (a + 10, K2)Px. (2.84)
Equation (2.83) are the expressions for Vs and Vg we are going to employ in the
next sections. An expression closely related to the above rewriting of Vg in terms
of P4 appeared in [24], and our derivation of I’k in terms of P; follows the same

logic. In order to prove the equivalence between (2.79) and (2.83) we employ the
following useful identities of special Kihler geometry [32]:

gD DT, = -1 (CTM,C, +iCy) — T, 11T (2.85)
g’ D, D5, = —1 (CIMLC, +iC,) — T, 117 . (2.86)

These yield
g’ D, P D5y = —2¢*(TT} 0"M,O M, + 21T, T Q" I, T, O C,IT))
g1D;PLD;Py = —2¢2(TT, 0M, Q" T, + 21T, CT QT I, T, Q C,1Ty)

2Py =8¢ TI, CT Q" T, 117 Q C, 11,

gD PsDyPs + P32 = —1 e (c + 08) Ma(c + 08). (2.87)
and the equivalence between (2.79) and (2.83) is seen by addition of these four lines.

It is instructive to compare the quantities in (2.82) with the black hole central
charge, which reads Zgy = HzT(Cz ¢, where here ¢ = (pA, q4) is to be interpreted
as the symplectic vector of electric and magnetic charges of the black hole. In
addition to the fact that we are dealing with two quantities (P4 and P3) instead
of a single one (Zpy), we face here the further complication that these do not
depend just on the covariantly holomorphic symplectic section I, of the vector
multiplet special Kéhler manifold ., but also on the scalars in the hypermultiplets.
However, the constrained structure of the quaternionic manifold, determined via
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c-map from the special Kahler submanifold .#, comes to the rescue, yielding a
relatively simple dependence of Py and P; on the 4d dilaton e? (appearing as a
multiplicative factor) and on the axionic variables £' (appearing in P3 as a scalar-
dependent shift of the charge vector ¢). Finally, the .#; coordinates enter in Py
via the covariantly holomorphic symplectic section 1}, making P+ a covariantly
‘biholomorphic’ object.

2.6.2 The Vacuum Equations

The extremization of the scalar potential (2.83) corresponds to the equations

3,V =0 & Vs +2Vr =0 (2.88)
@V =0« 0'My(c+ 08 =0 (2.89)

0V =0 < iCjg/ ¢*DiP_DiPy — D;P1Py + g DyDi Py D;P4 =0
(2.90)
,V=0<% iCahcgb];gCE (D_Eﬁ_D_ﬂ_D_F + D_553D_57_73) — D,P+P4 +2D,P:P5

+¢7DiD,PyD;P4 = 0. (2.91)

To write (2.90), we used the following characterizing relations of special Kéhler
geometry [33]

D;D;IT, = iCijxg"* D1, D;D;IT = gi;I;, (2.92)

where Cjji is the completely symmetric, covariantly holomorphic 3-tensor of the
special Kéhler geometry on .. The analogous identities obtained by sending
1 - 2andi,j,k — a,b,c have been used to derive Eq.(2.91). In particular,
these relations imply

DiD;Py = iCyrg™* D;P_, (2.93)

as well as
DyDyPy = iCapegD:P-  and  DyDpPs; = iCapegD:P3. (2.94)

The system of equations above, in particular Eqgs. (2.90) and (2.91), take a form
which reminds the attractor equations for black holes in A/ = 2 supergravity. In
the remaining of this section we will show how this set of equations is solved
by a supersymmetry inspired set of first order conditions accounting for both
supersymmetric and non-supersymmetric solutions.
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2.6.3 First Order Conditions

In this subsection we propose a first order ansatz which generalizes the supersymme-
try conditions and implies the vacuum equations (2.88)—(2.91). We refer the reader
to [10] for the proof that vacuum equations are solved by this linear ansatz. We will
later display some explicit examples of supersymmetric and non-supersymmetric
vacua satisfying this first order ansatz.

We consider the following set of equations, linear in the Py (and their deriva-
tives), and hence in the flux charges:

ie:l:iy—iﬁpi =uP;
+et "D PL = v D, Ps
DiPL =0 = D;yP_, (2.95)

where y, u, v, 6 are real positive parameters. While y will be just a free phase,
the other three parameters will need to satisfy certain constraints given below.
The ansatz (2.95) generalizes the AdS A/ = 1 supersymmetry condition, which
corresponds to the particular choice.'

susy & u=2, v=1, 0=0. (2.96)

Our aim is to implement the first order ansatz (2.95) to derive non-supersymmetric
solutions of the vacuum equations. For simplicity, we will restrict our analysis for
the case in which .#, is a special Kihler manifold with a cubic prepotential. The
ansatz (2.95) extremizes the scalar potential if the parameters u, v satisfy

%uvz—uzv—i—u—i—v =0, 2.97)
and—under the assumption that ., is cubic—if we further require that

D,P; = a30,K>Ps, (2.98)

with a3 given by

; : [4u 1 —v?e%? u
e3lArg(a3)+2lArg(733) - _ = —, IO{3|2 —— (299)
3v2—uve™* 3v

'The N/ = 1 conditions are completed by P; = —i ;i where I 7 0 is the parameter appearing in
the Killing spinor equation on AdS, related to the AdS cosmological constant A via A = —3|/i|>.
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Notice that by evaluating the modulus square of both its sides, the first of (2.99)
yields a constraint involving u, v, 6 only:

4urv?cos(20) = 3u*v —4uvt —4u+12v. (2.100)

We remark that Eq. (2.95) can be rephrased in the symplectically covariant algebraic
form

0= Q"I —iuPse'" ¥Re(e'7 1)), (2.101)
0= QCRe(e' 1)), (2.102)

0 =2QCIm(e'" 1)) + 2¢ ¢ (u + v)Re[e ™ P3C, 11, ]
—e?(Mpvcos — Cyvsin0)(c + @E). (2.103)

Notice that, precisely as in the supersymmetric case, the second equation actually
follows from the first one.

2.6.3.1 Explicit Solutions

In the next section we will present explicit vacuum solutions A, B, C (cf. (2.125)—
(2.127)) satisfying the linear ansatz, with the parameters u, v, 6 given by

AW=0: u=3=2/0 = [15-0)

BWN=0): u=v =2, ¥ = 1(1-i/3)

CWN=1): u=2 =2, e =1.

2.6.4 VYacuum Solutions

In the following we present explicit N' = 0 and N' = 1 AdS4 vacuum solutions of
the NV = 2 gauged supergravities under study.

For simplicity we focus on the case where the special Kéhler scalar manifolds
A\ and .4, are symmetric manifolds G/H with cubic prepotentials. The complete
list of symmetric special Kédhler manifolds with cubic prepotentials is given by the
cosets G/H displayed in the first row of the following table (see e.g. [22])



2 Intersecting Attractors 71

G SU(Lh - SUQLY) o _SO@.n) Sp(6,R) SU(3,3) S0*(12) E7(—25)
H U(1) U(1) Som=U() SUB)XU(D) SUGXSUG)xU()  SU®)xU(1) EsxS0(2)
Y Ga0) SO@4.n+2) Faw Eg(2) E7(—s) Eg(—24)
0 S0 SOm+2)xS0(4) USp(6)xSU@2) SUB)XSU(2) SO(12)xSUQR) E7xSUQ)
R 2 2,n+2) 14 20 32 56

Ry O n+1 6 3,3 15 27

The second row shows the quaternionic manifolds .# related to the special
Kihler manifolds in the first row via the c-map [20]. The third row displays the
symplectic G -representation under which the sections /7] or Hf transform. Finally,
the last row shows the H -representation under which the scalar coordinates (7' or
x%)on G/H transform.

We denote the cubic prepotentials on .#; and .#, respectively by

Xexbxe AVANA
_7: = %d“bC—XO R g = %dijk ZO ) (2104)
where d,. and d;j, are scalar-independent, totally symmetric real tensors.
Choosing special coordinates, for .#, we have
X = (1Lx),  Fa=(LL) = bdapex X"
fa = %dabcxbxc
Y = %dubcxgx§x§7 Vu = %dabcxgxg, Cabc = eKZ dubc
iV,

K, = —log(—8YV), 0, K, = VR (2.105)

where the complex coordinates x¢ are split into real and imaginary parts as x¢ =
x{ +ix§, with x§ < 0. Analogously, for .#, we have

z' = (1.7). gr =(-8.8i): g =tdipi 7,

1 i k
g = 5dijk?’z

V= ldpn'n'd. Vo= tdpn! 3, Ciji = e diji
- iV
Ki=—log(~8V).  9iKi="5. (2.106)

with z,’ < 0. For the case of supergravity with no hypermultiplets other than the

universal one, expressions (2.106) are replaced simply by Z° = 1, Gy = —i and
ki =1
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Moreover, the following relations involving the metric g,; = 9,0; K> on .#, are
valid:

1 _
8ab = gy VaVs = VVar), g = 2(x8xb —2v V%)
g’V = 4Vx§, gV, = 122 (2.107)
where V., = dup.x5, and Ve s its inverse. Similar relations hold for the

corresponding quantities on .#; witha,b — i, j and V — V.
To perform the forthcoming computations, it is convenient to introduce the
following holomorphic prepotentials Wy, Wj:

K1+K K
Pi=e 2 T'Wy, Py =e 2 T2 Wy, (2.108)
whose Kihler covariant derivatives are defined via
Dqu = (aa + aaKZ)WV 5

DWWy = (8, +8,-K1)W+, D,W_ = o;W_ =0,

DiW_ = (8; + : K)W-_, DiWy = oWy = 0, (2.109)

with d, K3 and 9; K; given in (2.105) and (2.106) respectively. Explicitly, recalling
(2.108) and (2.82), and taking m“4/ = m“; = 0 for simplicity, one finds

Wy =2XYea'Gr —eas Z"). Wo = 2X%e'Gr —ens Z").
Wy = X*qa +ea'§s —ear’) = Fap” (2.110)
Recalling (2.105) and defining f,, = d,p.x¢, we preliminarily compute:
Wy = 2(6a1g1 _eaIZI)v L W- = 2(ea1g_1 _eaIZI)v
W3 = qo +el& —ea& + fup® — furp”. (2.111)
To solve the vacuum equations (2.88)—(2.91) in full generality is a challenging
problem that goes beyond the scope of this paper. In the following we present some
simple solutions as prototypes of the general case.

2.6.4.1 Only Universal Hypermultiplet

We start by considering the case of a gauged supergravity with a single
hypermultiplet, which we identify with the universal hypermultiplet of string
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compactifications. Concerning the vector multiplets, we allow for an arbitrary
number of them, and we just require that the associated special Kihler scalar
manifold is symmetric and has a cubic prepotential,? specified by the 3-tensor d,p..
As it will be clear in the following, the latter assumption will allow us to perform
computations in a more explicit fashion. In addition we assume that the only non-
vanishing entries of the charge matrix Q be e,0 = e,. We remark that this choice
might be generalized by using U-duality rotations. The constraints (2.78) require
that e, p* = 0. For this choice of charges the prepotentials become

Wy = W_ = —2¢,x“,
Ws = qo + (qa — €aé)x* + p° f — p° fa, (2.112)

where all along this subsection we denote £ = £°.
It is convenient to introduce the following shifted variables (assuming p° # 0):

P P P qap*? 2P P,
X =X ——, qo = qo + - T Qa = Y4a — —5 »
p° P’ (pY)? p°
(2.113)
with
P=1Ydpp'p’p°.  Py=lducp'p°. (2.114)

In terms of these variables one finds

Wi = W_ = —2¢,x%, 0 Wy = 0, W_ = =2e¢,,
W3 = qo + (qa — Eeq)x* + Pofs 0. W3 = qu —eq + pofa ., (2.115)
with
f= % achaXbXC, f, = %dabcxbxc . (2.116)
In writing (2.115) we have used that e,p® = 0. Notice that since xj = x§,

the expressions in (2.107) can be equivalently written with the bold variable.
The advantage of using the bold variables introduced above is that the explicit
dependence on p“ is entirely removed. Finally we introduce the following quantities
built from the geometric fluxes e,:

R = 1d"e.epe. R =1depe, (2.117)

2In particular, the second property is relevant for type ITA compactifications on 6d manifolds M
with SU(3) structure, where the Kihler potential K, is expected to take the cubic form e~ %2 =
% /, mg J N J A J, where J is the almost symplectic 2-form on Ms. See Appendix A.1 for more
details.
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where d“*¢ is the contravariant tensor of the symmetric special Kihler geometry
satisfying
dape AP @B = 4 gl gdadsds), (2.118)

Solutions of the vacuum equations can be found starting from the simple ansatz
x‘ =x R, q. =0, (2.119)

with x = x; + ix, a complex function of the charges to be determined. This ansatz
can be motivated by noticing that once q, is taken to zero, the only contravariant
vector one can build with e, ’s variables is R“. Using (2.118) one finds the following
relations:

dupe R°R° =2Re, . R%e, =3R,
V= (x)R%, V, = (x2)*Re,, f=x’R?, f, = x’Re,,
Wi=-6Rx, Ws = (qo — 3RE x + p°R*x?),
0 Wy =0, W_=-2e,. 0, Ws=(p"Rx>—§)eq.
e Ki=2, e K = gy, (2.120)

Moreover, the covariant derivatives of the prepotentials take the form

D, W, Va W, (2.121)
aWx = 7 0Ux Wy, .
2V
with
2i 2ix;R(p°R x* —
ap =1-222 gy =1 ZRROPTRX=8) o)

3x qo—3REx + pOR2X3

Using the relations (here there is no sum over x):

gabDa'PxD};ﬁx = 3|ax7)x|2 s

iCape 8" ¢ DyP, DiPy = 2a’P (2.123)

"ZV

the scalar potential reads

V =eMtote @la, P —2) WP 4+ 5 @lasP + DAL (2.124)
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Extermizing with respect to xi », £, ¢ one finds the solutions

* Solution A (N = 0):

9o 1/3 5
x1=£§=0, Xy = —5"1/¢ (_pORZ) , e? = -1 5%

R \!/3
(poq%) ’

R4 1/3
. (2.125)
(w@)

W
=)

7
V=-g5

e Solution B (N =0):

1/3
xj=—-_x, = . U v £ = 4p°q(2) ! e? = V2 ﬂ v
TV T \20p0R2) 25R ’ Vi \apogz)
25R*\'?
V=== . 2.126
V3 (4p°q8) (2.120)

e SolutionC (N =1):

13 N\ 1/3 1/3
=y =1 0 / £=— P°45 ¥ = V2 53% 2R
Vis 2\ 20p°R2) 50R ’ V3 e )
1/3
2R
V=835 (5| . 2.127)
P4y

One also has to ensure e? > 0 and the positivity of the metric on the compact
space Ms. The latter condition in this case amounts to x5 < 0. The above solutions
generalize to an arbitrary number of vector multiplets the ones derived in [31]
in the context of flux compactifications of massive type IIA on coset manifolds.
Furthermore, they allow for non-vanishing charges p“, g, (satisfying p’q, = P,).

One can easily check that the solutions we found fall into the linear ansatz
described in the last section with u, v, 6 given by

AN=0: u=3v=2,% ef‘):\/g(\/?—i)

BWN=0: u

v =2 =11-iV3)

CN=1: u

|
[\®)
<

|
»
QN

=)

|

_
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2.6.4.2 Adding Hypermultiplets
The three solutions above can be generalized to the case of a cubic supergravity with
arbitrary number of vector multiplets and hypermultiplets. For simplicity we focus
again to the case where the vector multiplet scalar manifold is symmetric. Here we
consider a vacuum configuration with non-trivial charges: ed, eq = e, pO, qo,
while q, and all remaining charges in QEI% are set to zero. Recalling (2.113), the
prepotentials and their derivatives are now given by
Wy = 2x%(e,' gi — eq), Wy =2(es gi —eq) oWy = 2x“eajgij ,
W =2x%e,' i —ea),  0aW-=2(ed'gi —eq).  O;W- =2x%,'gij .
Wi = qo +x"(ea' & — eat”) + p°f. 0 Ws = ea'& — eat” + p'ta .
(2.128)
where g;; = d,-jkzk. Again we follow an educated ansatz
X' = x R, 7 =z8 § =0T, (2.129)
where we defined
R = %d“bcebec, R = éd“bceaebec
ST = e, R?, T = tdipS'S'S* . T, =1diuS/s*.  (2.130)
In addition we impose the following relation between the NSNS charges

djred ey’ ef = Bdape = Tied =BRes, T=BR, (2131

for a positive number 8. With these assumptions, one has the following simplifica-
tions

V = (x2)3 sz Va = (XZ)ZReuy f == X3R2, fa = XZR [

V=(2)T. Vi = ()T, g=2T, g =T
Wy =6Rx (2BR— 1), 0. Wy = 2(Z*BR — ey, Wy = 4xzT;
Ws = qo—3Rx £+ p'R%X, W = (p"Rx>—£)e,, (2.132)

where we introduced

£ =£—BRC. (2.133)
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The new equations in the presence of additional hypermultiplets can be solved by

taking
[3

Plugging this into W4 and D, W4 one gets Wy = —24xR and D, Wy = —8e,.
Comparing with (2.120), one finds that the Killing prepotentials P, are related to
those found in the last section after the replacements

A

0 —>¢ E—E V—e*v (2.135)
with
1
N A 2
e = 20 t¢ £=£"—BRC ¢ =64k = (%) (2.136)

More precisely the Killing potentials in the cases of #; > 0 and h; = 0 are related
via P>0(g, &) = ¢ PI=0(p, £). This implies that the three solutions (2.125)—
(2.127) generalize to the case of arbitrary number of vector and hypermultiplets
after the replacements (2.135) leading to

1

1/3 1,3\ 3

xw(i)w’ gN(POq%)/ o (BB
p°R2) R P°q; )

R,B3 %
Vo~ (poqf) : (2.137)
0

where we omit numerical coefficients depending on the particular solution A, B, C.
Notice that the combination £ 4 BR ¢ is a flat direction of the potential.

2.6.5 U-Invariant Cosmological Constant

In this section, we propose a U-duality invariant formula for the dependence on
NSNS and RR fluxes of the scalar potential V" at its critical points. This defines the
cosmological constant A = V|5, —g -

As considered in the treatment above, the setup is the following. The vectors’
and hypers’ scalar manifolds are given by .#, = G/H and .#. Here, G/H is a
symmetric special Kdhler manifold with cubic prepotential (d -special Kéhler space,
see e.g. [22]), with complex dimension /,, coinciding with the number of (abelian)
vector multiplets. On the other hand, .# is a symmetric quaternionic manifold,
with quaternionic dimension /; + 1, corresponding to the number of hyermultiplets.
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The manifold .#( is the c-map [20] of the symmetric d-special Kahler space
MM = 9G] < Mo, with complex dimension /;. Thus, the overall U-duality
group is given by

U=GxY < SpQ2h, +2,R)x Sp(2h; +2,R). (2.138)

The Gaillard-Zumino [34] embedding of G and ¥ is provided by the symplectic
representations R and Re, respectively spanned by the symplectic indices A
and I. The RR fluxes sit in the (2h;, + 2) vector representation R (as above,
a=1,...,hpandi = 1,..., hy throughout)

pO
s I (2.139)
q0

qa

whereas the NSNS fluxes fit into the (2/; + 2) x (2h; + 2) bi-vector representation
RG X Rg

mAI mA
oM =CiPoy = ( ! ) . (2.140)

1
—€4 —€4]

A priori, in presence of ¢* and Q*, various (G x ¢)-invariants, of different orders
in RR and NSNS fluxes, can be constructed. Below we focus our analysis on
invariants of total order 4 and 16 in fluxes, which respectively turn out to be relevant
for the U-invariant characterization of A for the solutions A, B, C of Sects.2.6.4.1
and 2.6.4.2.

2.6.5.1 Only Universal Hypermultiplet
Special Kihler symmetric spaces are characterized by a constant completely
symmetric symplectic tensor da, a,a,a,. This tensor defines a quartic G-invariant
74 (c*) given by
Iy (c*) = dayasnsn,c™ .. ™ (2.141)
= —(P°90 + P90’ + 3dabe 907" P"P° — 54" p°quvg.
+dubcda€fpprQeCIf )

A similar definition holds for the symplectic tensor dy, 11,1, of the symmetric coset

G| .
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For the explicit solutions we have found, we take RR fluxes ¢ with p® # 0 and

l dabchPC
2 p>

qa (2.142)

Plugging this into (2.141) and using the relation (2.118) (holding in homogeneous
symmetric d-special Kihler geometries) one finds

2 . 1 dubc @ pb pe
T4 (64) = —(p°) ¢} with Q = qo+ E# )
(2.143)
Notice that the full dependence on p“ is encoded in the shift g9 — qo and therefore
we can, without loosing in generality, restrict ourselves to the simple choice ¢* =

(p°, 0, qo.0). The NSNS and RR fluxes are then given by

P’ 0

A 0 A 0 A0

ct = , = , =0. 2.144
« or=| 0 (2.144)
0 —e,

Besides Z,(c*) one can build the following non-trivial quartic invariant
24 Q%) = dumnanic™ Qg Qp” 0p* = —4p°d ™ eaerec = —p°R. (2.145)

Let us remark that Zy(c Q%) is also invariant under the group SO(2) = U(1) which,
due to the absence of special Kihler scalars z' in the hypersector, gets promoted
to global symmetry. 4 = SO(2) is thus embedded into the symplectic group
Sp(2,R) via its irrepr. 2, through which it acts on symplectic sections (Z°, G).
The SO(2)-invariance of Z,(c Q3) is manifest, because the latter depends on the
SO(2)-invariant Z,((Q4)?) = (Quo)* + (0%)* = (Qauo)* (no sum over A is
understood).

It is easy to see that solutions A, B, C given in Egs. (2.125)—(2.127) depend
only on the two combinations Z4(c*) and Z,(c Q°) given in (2.141) and (2.145)
respectively. Upgrading these combinations to their U-duality invariant forms we
can then write a manifestly (G x U(1))-invariant formula for the AdS cosmological
constant at the critical points

A—V~—M~Q—4 (2.146)
- TP’ et '

Notice that RR and NSNS fluxes play very different roles in their contribution
to A. Indeed, the cosmological constant grows quartically on NSNS fluxes and fall
off quadratically on RR charges. It would be nice to understand whether this is a
general scaling feature of the gauged supergravities under study.
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2.6.5.2 Many Hypermultiplets

Next let us consider the case with arbitrary number of hypermultiplets. From
(2.137), it follows that the solutions in this case depend only on the combinations
Iy = (p°qo)? and Zis ~ (p*)*RB> ~ ¢*Q'%. In order to write the solutions in a
U-duality invariant form we should then find an invariant Z;¢ built out of 12 Q’s and
4 ¢’s that reduce to (p°)* RB* on our choice of RR and NSNS fluxes. The following
(G x ¥)-invariant quantity does the job

4 112\ _
Ti6 (C Q ) = dﬂlﬂzﬂshdH5H6H7HsdH9H10H11H12dA1131132131dA2135136137dA313913101311 X

Ay LA A Bl Bl
Xdp,BBgB,C € 2¢h3¢ MO R (2.147)

The explicit expression of Zj6 (¢* Q'?) is rather intricate. Nevertheless, this formula
undergoes a dramatic simplification when considering the configuration of NSNS
and RR fluxes, supporting the solutions found in Sect. 2.6.4. As before we encode
the full dependence on p? in the shift g9 — qo and therefore we restrict ourselves
to the charge vector choice A= ( po, 0, qo, 0). More precisely, we take NSNS and
RR fluxes with all components of Q*%, ¢ zero except for

Qai = _eaiv QaO - _eas CO = poﬂ CO = qO ’ (2148)

where e, satisfy the constraint (2.131) for some € R;. A simple inspection to
(2.147), shows that contributions to Z;s come only from the components d l.(} P

—é dijx of dr, 1, and a’oblbzb3 = —éd“b" of dap,B,B, - Indeed using (2.118) one finds
4
Tis (c*0") = v (»°) RB, (2.149)
with?
1
= —6(d“b"dabc + hy +3)%. (2.150)

We conclude that the explicit vacuum solutions A, B, C obtained in Sect.2.6.4
can be written in a manifestly U-duality invariant form in terms of the U-duality
invariants Zy(c*) and Zis(c*Q'?). In particular the value of the cosmological
constant A is given by the (G x G)-invariant formula

e

A=V ~ =
Zs (cH)*

(2.151)

3nterestingly, the quantity d“4¢d,;., appearing in (2.150) is related to the Ricci scalar curvature R
of the vector multiplets’ scalar manifold G/H , whose general expression for a d-special Kahler
space reads R = — (hy + 1) hy + d**“d., see [35-37].
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Appendix

A.1 Flux/Gauging Dictionary for IIA on SU(3) Structure

Gauged N' = 2 supergravities with a scalar potential of the form studied in this
paper can be derived by flux compactifications of type II theories on SU(3) and
SU(3)xSU(3) structure manifolds. While we refer to the literature (see e.g. [25,27,
29-31,38-40]) for a detailed study of such general N' = 2 dimensional reductions
and the related issues,' in this appendix we provide a practical dictionary between
the 10d and the 4d quantities, with a focus on the scalar potential derived from
SU(3) structure compactifications of type IIA. In particular, we illustrate how the
expressions one derives for Vg and Vg are consistent with the scalar potential (2.79)
studied in the main text.

A.1.1 SU(3) Structures and Their Curvature

An SU(3) structure on a 6d manifold Mg is defined by a real 2—form J and a
complex, decomposable? 3—form 2, satisfying the compatibility relation J A2 = 0
as well as the non-degeneracy (and normalization) condition

é.Q/\.Q = %J/\J/\J = vols # 0 everywhere. (A.1)

£2 defines an almost complex structure /, with respect to which is of type (3, 0).
In turn, / and J define a metric on Mg via g = JI. The latter is required to be
positive-definite, and vols above denotes the associated volume form.

SU(3) structures are classified by their torsion classes W; , i = 1,...5, defined
via [46]:

d] = %Im(Wl.Q) +Wond +Ws
dQQ=WinJ AT +Wrn] +Ws5AS2, (A2)
where W) is a complex scalar, W, is a complex primitive (1,1)—form (primitive
means W) A J A J = 0), Wi is a real primitive (1,2) + (2,1)—form (primitive
& Wi A J =0), Wyis areal 1-form, and W5 is a complex (1,0)—form.
Reference [47] provides a formula for the Ricci scalar Rg in terms of the torsion

classes. We will restrict to W, = W5 = 0, in which case the formula is

Re = L(I5|Wi|* = WauWs — W3 W3). (A.3)

'In this context, see also [41—45] for studies of compactifications preserving N = 1.
2A p—form is decomposable if locally it can be written as the wedging of p complex 1—forms.
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This can equivalently be expressed as

Revols = —3[dJ A*d] +d2 A*d 2 —(dJ AQ2) A*(d] A2)]. (A4)
as it can be seen recalling (A.2) and computing

dQ2 A*d Q2

12|I/Vl|2VOZ6 —J AW, /\Wz
= (12|W]> + WaaW>)vols
dJ AxdJ = (9|Wi|* + WsWi)vols

(dJ A 2)Ax(dJ A 2) = 36|W;*vols. (A.5)

A.1.2 The Scalar Potential from Dimensional Reduction

The 4d scalar potential receives contributions from both the NSNS and the RR
sectors of type IIA supergravity. These are respectively given by

ad

Vas = —— | (LH A%H —Rgx1
NS AV Me(z Ak 6 * )
e -
= [H/\*H—i—dJA*dJ—i—d.QA*d.Q
W Ju.
—(dJ A Q) AT AD) ] (A.6)
et )
VR:7 (Fg*x1 4+ FA%F, + FyAxFy + Fg AxFg), (A7)
M

and the total potential reads V' = Vs + Vr. In (A.6), H is the internal NSNS
field-strength, V = f M volg, and ¢ is the 4d dilaton e = ¢72¢Y, where we are
assuming that the 10d dilaton ¢ is constant along M. The k—forms F, appearing in
expression (A.7) are the internal RR field strengths, satisfying the Bianchi identity
dFy—H AFj_; = 0. The Fg form can be seen as the Hodge-dual of the Fy extending
along spacetime, and the term Fg A * Fg arises in a natural way if one considers type
ITA supergravity in its democratic formulation [48].

A.1.2.1 Expansion Forms

In order to define the mode truncation, we postulate the existence of a basis
of differential forms on the compact manifold in which to expand the higher
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dimensional fields. For a detailed analysis of the relations that these forms need
to satisfy in order that the dimensional reduction go through, see in particular [27].
We take wp = 1 and @° = vls and we assume there exist a set of 2—forms W,

. . V ’
satisfying
Wy A *wp = 4 gap vols, Wy A wp = —dgpedF, (A.8)

where g,; should be independent of the internal coordinates, d,,. should be a
constant tensor, and the dual 4—forms @* are defined as

@ =—5g" xwy. (A.9)
From the above relations, we see that
wg AP = —83 @°, Wy Awp Awe = dgped” . (A.10)

We also assume the existence of a set of 3—forms o, ,81 , satisfying

ar A B = 8] @°. (A.11)

A I

Adopting the notation w* = (@4, ws)T = (@°, 0% wo,w,)” and o' =
(B',ar)T, we see that the symplectic metrics C appearing in the main text are here
given by

(C]iJ = —/aHAaJ, (Cgm = —/(a)A,a)B), (A.12)

where the antisymmetric pairing (, ) is defined on even forms p,o as {(p,0) =
[A(p) A a6, with A(px) = (—)%pk , k being the degree of p, and [ ]e selecting the
piece of degree 6.

The basis forms are used to expand £2 as

I I —&L
2 =7 a,—Q,,B = e 21710[]1, (A13)
and J together with the internal NS 2—form B as:

J =Vw,, B =bo, = et =Xxo—Fi0 = e_%ﬂfxa)A,
(A.14)

where in the last equalities we define o = Cpa? = (a;,—p")7 and wy =
Capo® = (w4, —@*)T, and we adopt the symplectic notation defined in (2.76).
Here, (Z1,G;) and (X4, F4) represent the holomorphic sections on the moduli
spaces of §£2 and B 4+ iJ expanded as above, which (under some conditions
[26-28]) indeed exhibit a special Kéhler structure, and correspond respectively to
the manifolds .#; and .#, of the main text. Notice that here X4 = (X%, X%) =

(1,x%) = (1,=b* — iv*), while F4 = g(—f/,, where the cubic holomorphic function
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F = édubc Xuﬁ—le is identified with the prepotential on .#,. The Kéhler potentials
on .7, and .#, are recovered from K = —logi [ 2 A2 and K, = —log%f JA
J A J, the latter yielding the metric g,; appearing in (A.8). Notice that (A.1) implies
e K ==K = gy,

The matrices M defined in (2.81) are given by

Miy = —/Olﬂ A kay, Mg = _Z/(eBwA)k A*(ePws),
k

(A.15)
and from the second relation one finds that the period matrix N> on .#, reads

dabcbabbbc ldahcbbbC 1 + gabbabb gabbb
2 , ImN,p = —4V ! ,

1
jdabcbth dabch

gabbl7 8ab
(A.16)

which is in agreement with the expression derived from F via the standard formula
[49]

ImF4p XPImFpe X & P2F

Nug = F 2i , Fup = ————.
AB AB A e Fep X E AB = X A9 B

(A.17)

Finally, we also require the following differential conditions on the basis forms:

do, = ela, do" = Lo, do® =0, (A.18)
where the eg = (eal ,eqr) are real constants, usually called ‘geometric fluxes’.
Defining the total internal NS 3—form as H = H™ 4 dB, and expanding its flux
part as

HY = —6‘01061 +€01,31 = —egoq[, (A.19)

with constant eg, we can define eHA = (eg, e, and thus fill in half of the charge
matrix Q introduced in (2.77):

I _ eﬂA
O, = Nk (A.20)

As noticed in [28], more general matrices, involving the mg charges as well, can
be obtained by considering non-geometric fluxes, or SU(3) x SU(3) structure
compactifications. The nilpotency condition d> = 0 applied to (A.18), together
with the Bianchi identity d H = 0, translates into the constraint

EHA(ZBH =0 with ey = (Cmei, (A.21)

which, taking into account (A.20), is consistent with (2.78).
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In the following, by using the above relations we recast in turn expressions
(A.6) and (A.7) for Vns and Vg in terms of 4d degrees of freedom, and show their
consistency with (2.79).

A.1.2.2 Derivation of Vyg
Recalling the expansions of J, H and §2 defined above, using the assumed

properties of the basis forms, and adopting the notation introduced in (2.76), one
finds

/dJ Axd] == el Ml,ﬂjeg, /H AxH = —b1bB e, Ml,me‘]]; ,

/d.Q A*d2 = %H{Ieﬂg“bemﬁf, /(dJ AR2)A*(d] AR)

_ K H]I a. b —J

= v {eavy ebjnl,
where we define b4 = (—1,b%). Plugging this into (A.6), we get the NSNS
contribution to V', expressed in a 4d language:

e2® —B — —I
Vi = —W[XAeEl M ye X7 — St Mleq(g® — 4v“vb)ebJH1] . (A22)

Recalling (A.16), noticing that ﬁ(g“b — 4vvb) = —(ImN;) 7190 — 4ek> (X“Yb +
X“X?), and recalling that e X1 = ¢ K2 = 8V, we conclude that (A.22) is
consistent with (2.79).

A.1.2.3 Derivation of Vi

We consider the modified field-strengths G = [e_B F ] «» Which satisfy the Bianchi
identity dGy, — H i A Gr—, = 0, and we define the expansions

Go = p°, G, = plw,, Ay = o

Gy = G{+dA; = (qa—eat)d’.  Gs = G{—H"AA3 = (qo—eq §)ad".

The Bianchi identities then amount just to the following constraint among the
charges
plel =0, (A.23)

which, recalling (A.20), gives the last equality in (2.78). Then the integral in (A.7)
reads
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> / FensFi =) / (@ Gunx@’ Gl = (c+08) Ma(c+08). (A24)
k k

where for the second equality we use (A.15), and here (¢ + @S)A = (p4, qu—
eaé DT The expression for Vg we obtain is therefore consistent with (2.79).
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